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PREFACE 


American Cii^il Engineering Practice presents the fundamental principles, procedures, 
and data of modern civil engineering in concise form for reference purposes with illustra¬ 
tions from current practice. It replaces the American Civil Engineers' Handbook, whi h 
was first published in 1910 with Professor Mansfield Merriman as editor in chief. This 
handbook was revised through five editions, all based upon the original plan devised by 
Professor Merriman. It was recognized from the beginning as one of the most useful 
reference books available to the civil engineering profession. By 1950, however, the 
handbook had become obsolete because of the extraordinary development of new knowl¬ 
edge and new methods in civil engineering. It was quite apparent that an additional 
revision to bring it up to date would not adequately serve the needs of the modern civil 
engineer. For this reason American Civil Engineering Practice was written and is now 
offered as an entirely new reference work with changed scope and format. 

The original handbook was intended as “a source of facts, formulas, tables, and methods 
which could be found more readily there than by referring to textbooks.” The new work 
goes beyond that objective to present the fundamentals and techniques of the entire 
field of ci^^l engineering. It is intended to be a comprehensive reference source and a 
time-saving expedient for professional engineers and engineering students. Derivations 
generally are omitted, but methods not adaptable to mathematical expression are clearly 
explained and illustrated by examples. Where practicable, emphasis has been placed 
upon the planning aspects of civil engineering as well as technical design and construction. 

In scope American Civil Engineering Practice covers the recognized technical and pro¬ 
fessional specialties. The fundamental engineering sciences, such as mathematics, me¬ 
chanics, electricity, thermodynamics, and fluid mechanics are fully treated in a companion 
volume. Handbook of Engineering Fundamentals, edited by Ovid W. Eshbach. Likewise, 
data on materials of construction are presented m Handbook of Engineering Materials, 
edited by Douglas F. Miner and John B. Seastone. Together these three books, all pub¬ 
lished by .John Wiley & Sons, provide a complete reference library covering all of the usual 
problems likely to arise in civil engineering. 

American Civil Engineering Practice is subdi^dded into thirty-four sections and pub¬ 
lished in three volumes. Each volume covers a broad field of civil engineering and is a 
complete entity. Volume I contains metropolitan and community planning, surveying, 
traffic, highways, airports, railroads, soil mechanics and site planning, foundations, earth¬ 
work, tunnels, and mathematical tables. Volume II is devoted to the general fields of 
hydraulic, sanitary, and harbor engineering, and Volume III to masonry, reinforced con¬ 
crete, steel, and timber structures. Each volume contains its own index. 

In the planning of the book it was decided that each section should be written by a 
recognized authority in that specialty. Fortunately this was possible, and it will be noted 
that the list of contributors contains the names of some of America’s most (.hstmguished 
consulting engineers, engineers in civil service, and professors of cu’il engineering. 

The editor takes this opportunity to thank the contributors for tiioir coupecatinn. 
Appreciation is also expressed for the cooperation of many who permitted tfie u-^e of mate¬ 
rial published elsewhere. Such contributions are recognized where thev appear in the 
te.\t, and it is noped that none have been overlooketl. 

ix 


X 


PREFACE 


The preparation of a reference hook of thi>. magnitude involves many problems of 
planning and organization of material and consistency in stvie and typography. It is 
practically impo-'&ible to eliminate all errors in a first edition, but earnest efforts have been 
exerted hy the contributors and by the editor to keep them to a minimum. 

Robert W. Abbett 

Xew York, -V. 

August. 1956 
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METROPOLITAN AND COMMUNITY PLANNING 


INTRODUCTION 

The field with which this section is concerned is planning for the unified development 
of cities and their metropolitan environs, as expressed through determination of the com¬ 
prehensive arrangement of land ii'-o-s and occupancy and the regulation thereof ^ As 
thus defined, planning provides the ba^ic physical framework for all urban public works 
and private developments that the civil engineer is called upon to design. However, the 
planning process involves much moie than a meshing together of construction projects. 
Behind the phvsical plan, there niu^'t be a considered background of economic and social 
objectives which are desirable and feasible of realization. 

A planning program may customarily be divided into four logical steps: 

1. irurveyi—collection of the facts. 

2 .-Vnalysis and interpretation to determine future objectives and requirements. 

3. Formulation, of plans and of procedures for their effectuation. 

4 Actual con-tructioii and implementation of the plan. 

In practical operation, these step© will overlap to a considerable extent The work must 
be divided into appropriate subject headings, each of which will involve the four steps or 
p^oce^•^e5 lifted above. Local priorities inu-^t be taken into account, but the various com¬ 
ponent featuies of the plan should be ‘-arned forward simultaneously and progrea-sively. 
For example, it would evidently not be good practice to complete a school building program 
one year and to start a street and lughwav plan the next, or to evaluate the future economy 
of the community without reference to the determination of required residential lot sizes. 

Civil eiigiiieer.-' who are experienced in plannmg techniques may be placed in charge of 
any or all of the four basic steps in the prog.'-ain, as they relate to one or more of the com¬ 
ponent features of the plan. These engineers will work closely with professionals trained 
in economic", public administration, finance, sociology, urban geography, architecture, 
landscape architecture, and law, City and regional plannmg embraces all these fields, and 
the professional planner must have great breadth of knowledge and perception to enable 
him to correlate the contributions of each. 

The civil engineer who is engaged in planning will logically become coordinator of the 
work done by the engineers who design individual projects included in his plan. The basic 
capacities of structures, highways, s-ewens. water mams, and electric power lines are deter¬ 
mined by the concepts, objective.", and framework of the plan. This fundamental inter- 
rolatinn.>hip between general planning and detailed engineering design has made the plan¬ 
ning field very attractive to civil engineer." They are particularly qualified to assume the 
responsibility for the many decisions that together determine the technical soundness and 
adequacy of the plan More and more, the general public is recognizing the special fitness 
of the civil engineer for making the over-all plan as well as the detailed designs that derive 
from it, Many early city plans of great imagination, daring, and foresight failed of realiza¬ 
tion for lack of practicality and from ignorance of sound design principles. 

It IS because of this key position of the planning function in the entire field of civil 
engineering that the decision was reached to place the treatment of its principles and tech¬ 
niques at tl.e beginning of this liandbook. Xo attempt is made to summarize tlie history 
of past accomplishment" and progre"'=; m urban planning. Xor will the reader find any 
imprfc''ivo aiiav of .siati"Tics. Up-to-ilate figures are readily available in piibh'-ations that 
are i-sued currently With each year tliey change The "tati>tios m this section have been 
included, not for factual reference, but rather to illustrate basic pnriciples, standards of 
good pracTiM*. method." of anal\-"i", an«l compari."ons between related fat'tor" 

Certain subject headings that are properly a part of the urban planning field have been 
ormtted from this section because thev are covered fulK lu other sections of the handbook. 
In this category are railroads and railroad terminals, airport location and {ic^-ign. water 
supph , and seweiage systern.s. Certarn other .subjects, of which traffic ami transit are 
examples, are here treated onI> as to their impact on metropolitan planmng Traffic 


1 This definition is based up(.iii the statement of purposes of the American Institute of Planners 
modified to omit those phases of plannmg that are at state, regional, and national levels. 
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engineering is the subject of a separate section, and transit engineering is properly a com¬ 
bination of the railroad, automotive, and electrical fields. 

The basic planning problems of urbanized areas may be said to follow the sequence of a 
cycle characterized bv four recognizable stages- growth, (b) congestion, (c) decay, 
(d' decentralization. 

It IS against the evil effects of this cycle that the planner is pitted in all his professional 
work. Growth needs to be guided in the public interest. Congestion can be prevented 
when foreseen in time, and otherwise must be relieved. The danger signs of deeaj- should 
be recognized bj- the planner before others see them Decentralization to the environs of a 
metropolitan region provides the opportumtj- for guided redevelopment of the center. 
The old area is thus enabled to start afresh and, aided by sound plans, to avoid the pitfalls 
of its past. 


1. ECONOMIC BASE 


In order to plan for the future of a region, a city, or a town, it is necessary first to evaluate 
its economic potential. The likelihood of growth, both in pioductivily and m number of 
people, should be predicted on the basis cf several alternate and reasonable sets of as¬ 
sumptions. Industrial, .service, and retail opportunities all require analj-si-. and tliere are 
evidently a multiplicity of factors that must be taken into consideration 

Basic vs. Service Employment. The V. S. Census of the Labor Force provides a first 
measure of the economic type of the communitv. As a general rule, lor each worker lu 
basic manufacturing employment, there is at lea.-t one person emplot ed in trade, service, 
and professional occupations. Any figure over for manufacturing woi kers i,- ni.liciuive 
of an exceptionalK high degree of industralizanoii. of which Gary, Ind , i- an example. 
New York Cit.v, with its great emphasis on merchandising, banking, general business, and 
amusements, reveals only ‘dS.O*^ manufacturing employment 119501 Washington, D. C., 
has but 7 3% of its resident emplo.vees working m industries Figures for these and other 
cities with a wide range of characteristics are given in Table 1. 

Table 1. Manufacturing Employment for Representative Cities, as a Percentage of 

Total Employment, 1950 


City 

Per Cent 

Gary, Ind. 

54 3 

Elizabeth, N. J. 

51 6 

Bridgeport, Conn. 

51 3 

Dayton, Ohio 

43.2 

Camden, N. J 

43. 1 

Toledo, Ohio 

38.2 

Chicago, III. 

3t).7 

New York, N. Y. 

28 0 

Evanston, 111. 

18.3 

Atlanta, Ga. 

16 8 

San Francisco, Calif. 

i t> 6 

Sacramento, Calif. 

9 4 

Miami, Fla. 

8.0 

Washington, D. C. 

7 3 


Source: 17tb U. S. Census: Census of Population, Vol. II, Characteristics of Population, Table 35 

Barring exceptional cases, such as a predominantly resort town, an\' marked imbalance 
between manufacturing and other employment points to the desirability of seeking to 
broaden the local economic base by encouraging activities that are deficient but hold 
promise of being strengthened. 

Economic Position Relative to a Larger Territory. Figure 1 illustrates a simple method 
for comparing the economic position of a communitv with that of the county or larger area 
of which it IS a part, or with neighboring communities. At the same time, the trends of 
growth, or retrogression, between business censuses are presented. For an\- given economic 
activity such as retail sales receipts, the relation of a town to its county is derived by the 
following formula: 

= 100 
^ t'e 

where It = index number for the retail-trade position of the town relative to the countv. 
= per cent of the county’s retail trade done in the town 
= per cent of the county’s population living in the town. 
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By using this method, the strong points and weaknesses of the community can be quickly 
ascertained. If, for example, the community were the principal trading center of the 
county, the value of It would be 150-200, or even higher. In Fig. 1, the reverse is true. 
Retail trade is weak in the town, and It = 61.3 for sales receipts, 1948, At the right 
side of Fig. 1, the percentage changes are shown for the interval 1939 to 1948, After 
careful analysis and appropriate study of contributory local conditions, it becomes pos¬ 
sible to advise the community as to which economic activities offer the best promise for 
continuing strength, which activities require reinforcement in the interest of balancing the 
economy, and which are so seriously deficient that they appear to be unsuited to the 
locality and unrewarding as subjects for attention. 

Figure 1 shows the application of the relative index number method only to retail sales 
and establishments as a whole. It should be separately applied to the major census classi¬ 
fications of retail trade (food, apparel, furniture, etc.) and is equally adaptable to census 


Indices 0 100 200 300 400 500 



data for manufacturing employment, nuniber of manufacturing establishments, and value 
added by manufacture. It can also be used to advantage for evaluating wholesale trade 
and service occupations, and for »uch economic yardsticks as postal receipts, bank clearings, 
savings bank deposits, and electric power sales. 

Factors in Industrial Location. From the standpoint of industry, centrality in relation 
to a large distribution market is important. However, in view of the strong trend toward 
dispersion of industry to surburbaii locations, coupled with the construction of through 
highways, a sufficient degree of centrality can often be achieved on the outskirts of a 
metropolis The factor that is usually second in importance is an adequate labor force, 
either locally available or residing within easy commuting distance. Third, and most 
obvious, there must be available industrial sites on good land. Other factors that influence 
industrial location and therefore affect the industrial potential of a community are trans¬ 
portation network, including interchange terminals, availability of raw materials; clieap 
powei and fuel; nearness to related industries; local living conditions; cheap land or cheap 
factory space fiir rent; and local a»&easment and tax levels. 

Causes of Economic Growth and Retrogression. It is necessary to ascertain why the 
economic po'>irion ol a commamty is changing, and not merely to record the amount of 
the changes. In -iOme ca.se-3, growth or emerging w'eakness may result from broad national 
or regional trends over winch no single community can exercise control. More frequently, 
and ospecialh in retrogressions, the fault is local and can be ascertained and corrected. 
For example, lack of adequate and convenient automobile parking space in the heart of a 
business district will cause sales to fall off and is an open invitation to the development of 
competing retail centers. Public opinion surveys have been found valuable as a means 
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of determiiiing what the local residents ihemselves consider to be the major deficiencies 
of their town. Table 2 represents an 85% canvass of all families living m a community 

Table 2. Opinion Survey of Local Conditions 


Services and Conditions Voted Per Cent 

as Needing Improvement of votes 

Street paving 48 

Sidewalks 58 

Street lighting 45 

Refuse removal 8 

Parks and street trees 40 

Fire Department 8 

Police Department 20 

Water supply 21 

Sewerage system 10 

Grade crossings 84 

Sw’amp conditions 44 

Playgrounds 40 


of 5000 population. As a matter of practice, a representative 15-25% sample would be 
sufficiently indicative. The listing of items should be varied to cover local problems and 
requirements. 


2. POPULATION 

The economic base of a community and its attractiveness as a place to live are the 
principal determinants of its future population expectanc\'. Growth may be faster or 
slower than normal, depending upon national economic trends that affect the birth rate. 
However, if the local economic base is unstable, out-migration will counterbalance even 
birth-rate peaks such as have been experienced during and after World War II. 

The fact that the sole purpose of all facilities and services in a community is to meet the physical, 
economic, social, cultural and governmental needs of the population makes it evident that a study and 
understanding of the growth, distiibution, composition and other characteristics of the population, and 
the trends m such characteustics, are basic in the preparation of a plan for the future development of 
the community. 

Growth. Analysis of past growth helps to evaluate the strength of the fundamental 
economic and social forces that have controlled the development of a community, and to 
estimate the extent to which these forces may continue their control m the future. The 
slope of a growth curve plotted on normal cross-section paper indicates the arithmetic or 
absolute rate of population increase. If plotted on semiloganthmic paper, the slope be¬ 
comes the percentage rate of increase. Both methods should be used in a thorough analysis. 
In Fig. 2, the left-hand diagram i* on arithmetic scale, and the right-hand on semilogarith- 
mic. The two communities A and B are growing at the same percentage rate, and their 
curves therefore appear as parallel lines on the semiloganthmic scale; but as A is larger 
than B, its arithmetic growth curve, at the left, rises much faster than that of B By 
contrast, communities C and D have the same arithmetic rate of grow'th; i.e., each is lu- 
creaMng by 200 persons per year. Hence, curves C and D are parallel on the arithmetic 
scale at the left; but D—the smaller community—has a faster percentage growth, as shown 
b\- Its steeper curve in the right-hand diagram. 

Separate growth curves for a group of cities of comparable size and characteristics arc 
helpful in the analysis of past trends, and also as a rough guide to the future of the city 
being studied. 

Future population can be estimated by many methods. Those that are purely mathe¬ 
matical generally prove to be fallacious, even when applied to ver\- large areas. At one 
time, population curves were extrapolated bv straight line projection, on arithmetic or 
semilogarithmic paper, whichever seemed better to fit the records of the past. When 
growth was observed to occur at a faster and faster rate, exponential curve.s came into 
favor. Later, because of the slowing down of decennial population increments, equations 
producing reversed curves that approach a horizontal asymptote were found to give rea¬ 
sonable results. Ail these methods consist of fitting an empirical equation to past data, 
and then calculating its values for future years They therefore ignore future basic changes 
in the economic potential and the incidence of unforeseen inventions and social forces 


’ Loral Planning Adimnulratiun. b3' L^d'slas Segoe, International Cit>' Managers’ Association, 2nd 
Ed., 1948, p. (57. 
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“The result has a dangerous fascination because the prediction seems to be growing out of 
the past and to be an inevitable statement of what the past implies for the future.” - 
The shortcomings of purely mathematical methods based on past statistics are best 
illustrated by the sudden “flattening out” of population curves during the depre-'ion of 
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Fig - Absolute and percentage rates of population growth 


the 1930’s, followed by the swift upturns resulting from the war migration and high birth 
rates that characterized the 1940’s. Neither phenomenon was related to any statistical 
e\'idence available in the censuses of 1930 and prior decades 

Ail acceptable method of prediction, which is less rigid mathematically, is to plot the 
percentage that the population of area A has borne to that of one or several larger areas 
of which A IS a part (Fig 3). These percentage curves can then be extended 10-30 years 
into the future by the exercise of considered judgment. The fact that several curves are 
used requires an adju^'ted interplay of their projections. The merit of this method is that 



Pig. 3 Morristown, N. J , populs-tion as percentage of Morris County population, 1880-1970 

only the largest area has to be estimated In absolute terms. The populations of all smaller 
areas are derived from it by application of the percentages. Unusual forces will have 
smaller effect upon very large areas, such as a group of states or the entire United States. 
Another advantage of this method is that the effects of the anticipated local economic 
potential can be brought into the process of estimating. 

An entirely different method of estimating population growth, illustrated in Figs. 4 
and 5, derives from projecting the trend of differences between birth rates and death rates, 
and the trend of differences between in-migration and out-migration. The extrapolations 

2 Regional Survey of New York and Its Environs, Vol. II, 1929, p. 110. See pp. 107 ff. for detailed 
discussion. 
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may be done by personal judgment or by the use of empirical equations. This general 
procedure is useful in predicting future school population over a short term of years, but 
presents pitfalls when applied to total population growth. Accurate migration data are 
difficult to obtain for small areas, and their extrapolated trend derives not from past ex¬ 
perience but fro.m the incidence of the future economic potential. Crude birth rates and 
crude death rates flOOO times total births nr deaths divided b>' total population} are in- 
adeciuate and actually misleading as an index of population trends. "This apparent para¬ 
dox arises from the fact that the birth rate is the resultant of two influences, namely, first, 



1920 1930 1940 1950 1960 1970 


Fig 4 Vit.il statistics. West Oiange. N J , l')2h-lU70 

the fertihtv of that part of the population which is in the reproductive period of life; and 
second, the prevailing age distribution (population pyramid) which determines what pro¬ 
portion of the total population thus contributes to tlie annual progeny.” ^ For good re¬ 
sults, therefore, it is necessary to utilize specific birth rates derived from the number of 
women of child-bearing age, and to compute separate death rates for each of many age 
groups. 

In order to estimate population for intercen.sal years, or to project a curve for a few 
years be\ ond the last ceiisu-. an accepted method is to obtain the record of building per¬ 
mits (or preferably certificates of occupam-v, if availablei n-ued m each year These 
figures, aiter adjustment for vacancies, are then multiplied by the estimated size of family 
taken from the trend curve. Other methods involve use of public utility meter records, 
telephone installations, or birth and death stati.-.tic3. The mo-t apj.ropriate technique 
will generally depend upon the form and availahihtv of local data 


3 Modern Trends in the Birth Rate, by -\lfred J Lotka, Annals Am. .icaj. Political and Social Sci. 
\'ol. 188 (November 19361. 
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Sources of Demographic Data. For most planning purposes, the published reports of the 
Bureau of the Census, U. S. Department of Commerce, furnish all necessary basic popula¬ 
tion data. Where small areas are involved, it may be necessary to arrange for special 
tabulations b^- the Bureau. 



JjUJ Total population increase 
1920-1930 


--— 


1,310.400 




524,500 


1930-1940 « 

1940-1950 ..1445,000 

k\ 
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Fig 5. Net mijrration and natural increase m New York City, 1920 to 1950. City Planning Com¬ 
mission. New York. N. Y. 

Records of births, deaths, and marriages by years are obtained from municipal, county, 
and state offices of vital statistics. Birth and death rates must be computed from accept¬ 
able intercensal estimates of population. 

Autiioritative predictions for the growth of the United States are contained in; 

Forecasts of the Po-pulaHon of the United States, by Ageand Sex, 19-^5-20)0, Bureau of the Census, 1946. 

Forecasts of the Population of the Untied States, 1945—1975, by P. K. Whelpton, Bureau of the Census, 
1947. 

Periodic re\dsed estimates and forecasts are issued by the Bureau of the Census for the 
United States and for major political subdivisions. 

For states and smaller areas, forecasts are customarily prepared by state development 
agencies and by county and local planning boards or bureaus of vital statistics. All such 
estimates should be checked and ev'aluated for their degree of reHabilit>'. 

Distribution. Studies of the geographic distribution of population are often of greater 
significance to the planning engineer than knowledge and prediction of total growth. Dis- 
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tribution gives an accurate picture of density as related to housing types and zoning and 
is essential in calculating future requirements for schools and local recreation areas. It 
also IS a vital factor in evaluating highway and public transportation facilities. 

Population distribution is customarily shown on “dot maps,” where each dot represents 
a definite number of persons or families (Fig. 6j. By utilizing dots, circles, and other sym- 

















1-10 METROPOLITAN AND COMMUNITY PLANNING 



Fig 7 Density of population, 1940, City of East Orange, N .1 


Age composition is host presented in terms of numbers and percentage of persons in each 
age group, as recorded by the U. S censuses. Charts usually take the form of “population 
pyramids.” with 'separate figures for males and females (see Fig Sb The trend of changes 
in age conipo-ition must be tnken into account m estimating future school clasT^room re¬ 
quirements, and m determining space needs for playgrounds, small park^, and othei public 
improvernent< appropriate to the various age groupings. The present trend toward an 
oldr^r population means an increased demand for facilities to caie for the aged In Boston, 
the number of people in the age group of 60 years and older increased between 1930 

and 1950, despite the fact that the total citj population grew by only 2 0%. 

Race and nationality of population, when large numbers of a particular ethnic or foreign- 
origin group are involved, have resulted in the formation of well-defined colonies that have 
a significant bearing on neighborhood structure and social need.-. The present trend is 
toward the breaking up of these colonies, but it will be nian\' years before the process is 
complete. Becaii-.c of restrictions on immigration from abroad, and the rapid as-miilation 
of second-generation families, many of the “foreign” colonies have already' lost their former 
specialized characteristics, and rarely present any unusual problems in the field of physical 
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planning. Established Negro districts, because of the lower average income level of their 
inhabitants, call for thoughtful analysis and appreciative understanding of their social and 
economic needs. In most cities these districts are characterized by serious overcrowding 
of housing, which was not designed for the present occupants, with resultant excessive 
population densit\' and high rates of tuberculosis and infant mortality. 



9630 0369 

9630 0369 

Per cent of total population 

Fig. 8. Age diatnbution, the city of Framingham, the state of Massachusetts, and the L’mted States 

1930 and 1940. 


Size of family is the determinant of housing demand for a given municipal population. 
This is illustrated by the figures in Table 3. which are for an eastern town which has had 
only a moderate population growth. In connection with Table 3. it may be observed that 

Table 3. Effect of Size of Family on Housing Demand 


Year 

Population 

Size of 
Family 

Required 
Dwelling Units * 

1900 

11,267 

5.20 

2170 

1910 

12,507 

4.73 

2646 

1920 

12.548 

4 32 

2905 

1930 

15 197 

4 07 

3731 

1940 

15,270 

3 80 

4018 

1950 

17,078 

3.48 

4900 


♦ Excluding allowances for vacancies and doubling up. 

in 50 years the total population mcreased roughly 50%, while the required number of 
dwelling units is 125% greater. 

Size of family ha^ aKo exercLsed a marked influence on the t\ pe of housing and number 
of rooms desired. Tlie current piepoiiderant demand for foui-rooni and hve-room houses, 
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and for three-room apartments, would not have fitted the normal family size of a genera¬ 
tion ago. For purposes of analyzing housing demand, average family size is not sufficient, 
and must be supplemented by breakdown figures giving the number of families of each 
size in the potential market. 

The increasing longevity of the American population may be expected to counteract tho 
long-term contraction in average size of family. And the presence of more old people will 
produce a renewed demand for houses with three and four bedrooms. 

It is significant to note that the phenomenal rise in the birth rate from 1941 through 
1953 has not reversed the trend toward smaller family size. The “war Icabies” were born 
to j’oung couples whose marriages had been deferred by service in the armed forces. 
On present evidence these families do not appear to be raising more children, on average, 
than the families that were formed 10 years earlier. 

3. LAND-USE PROPORTIONS 

Existing Land-Use Map. As an essential preliminary to a master plan, it is necessary 
to map and analyze the existing uses of the land. The land-use map should show recog¬ 
nized classifications, usually those listed in Tables 4 and 5, as a minimum. Local circum¬ 
stances will often require further refinement of these classifications, such as single-fainiU' 
on plots over 3 acres, single-family on 1-3 acres, etc.; and automobile filling and 8er\hee 
stations, automobile garages and parking lots; storage uses. 

Selection of precise land-use classifications for a particular community should accord 
with the existing zoning ordinance use district classifications or with proposed new zoning 
classifications—and preferably with a workable combination of both, when feasible. Other¬ 
wise, it is difficult if not impossible to correlate the land uses with their corresponding zones. 
This correlation is highly desirable as a measure of the degree of conformity of zoning pro¬ 
visions with the pattern of existing uses. 

The land-use map can best be prepared by means of waxed-paper patterns, so that 
black-and-white reproductions can be made in quantity at full or reduced scale. Individ¬ 
ual prints may be colored by hand for display purposes. 

Land-Use Tabulations. After the existing land-use map is completed, the areas of land 
in each categorj- should be measured and tabulated. Percentages of land area by category, 
and acreage in use per 100 persons, can then be derived. 

Table 4 gives percentages of “net developed area” by principal classifications, for five 
municipalities. Communities vary so greatly in the extent of vacant land and land in 
streets that these items are shown separately as surcharges, after first being deducted from 
total usable area. 

Table 4. Proportions of Net Developed Area of Various Municipalities, by Major Urban 

Land Uses 

(“Net developed area” is the total city area less streets, vacant land, and land under water.) 

Cape 


Single-family 

Maplewood, 

Mo. 

63.4 

Girardeau, 

Mo. 

52.4 

Montclair, 
N. J. 

68 0 

Morristown, 
N. J, 

42.9 

Yonkers, 
N. Y. 

29.7 

T wo-family 

4.7 

1.6 

4.8 

n.4 

4.6 

Multifamily 

2.2 

0.7 

2.4 

7.9 

7.2 

Total residence 

70.3 

54.7 

75.2 

62.2 

31.5 

Business 

4.0 

3.0 

3.0 

7.4 

5 8 

Industry and railroads 

20.3 

28.0 

3.5 

6.9 

4 7 

Parks and playgrounds 

1 3 

3 8 

7.9 

11.0 

8.0 

Other public and semi- 

public 

4. I 

10.5 

10.4 

12.5 

40 0 

Total net developed 
area 

100.0 

100.0 

100 0 

100 0 

100.0 

Surcharge for streets 

29.6 

64 6 

22 2 

19. 1 

28.5 

Sui charge for vacant 

43. 1 

264.0 

J7 7 

41.7 

49 3 

Total p*>T cent of net 

developed area 

172.7 

428.6 

139.9 

160.8 

177.8 


.Sources* Figures for Maplewood and Cape Girardeau are deiived from data in Urban Land Ubes, 
by Harlaiid BaithnlMuiew, Harvard University, 1932. Montclair figuies are derived from a city pl.n 
report prepared by Harold M. Lewis. Morristown and Yonkers data are from the files of McHugh and 
McCrosky ( 1949 - 50 ). 
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Table 5 presents the same data as Table 4, but in terms of acreage per 100 persons. 
Even after the above-noted adjustments for vacant land and streets, it will be observed 
that there are wide variations in both tables within each category. Obviously, no rigid 
set of “standards” can or should be established as a guide for future planning. There is 

Table 5. Acres per 100 Persons for Major Urban Land Uses in Various MunidpalitieB 


Cape 



Maplewood, Girardeau, Montclair, 

Morristown, 

Yonkers, 


Mo. 

Mo. N. J. 

N. J. 

N. Y. 

Single-family 

2.90 

3.96 4.79 

2.92 

1.28 

Two-family 

0.22 

0.01 0.33 

0.78 

0.20 

Muitifamily 

0. 10 

0.06 0.17 

0.54 

0.31 

Total residence 

3.22 

4.03 5.29 

4.24 

1.79 

Business 

0. IS 

0.23 0.21 

0.50 

0.25 

Industry and railroads 

0.94 

2.13 0.25 

0.47 

0.20 

Parks and playgrounds 
Other public and semi¬ 

0.06 

0 29 0.55 

0.75 

0.34 

public 

0. 19 

0.80 0.73 

0.85 

1.72 

Total net developed 





area 

4.59 

7.48 7.03 

6.81 

4.30 

Streets 

1.55 

4.91 1.57 

1.30 

1.22 

Vacant 

1.98 

20.09 1.24 

2 84 

2. 12 

Total usable area 

8. !2 

32.48 9.84 

10.95 

7.64 

Sources: Maplewood and Cape Girardeau data are from Urban Land Uses, by Harland Bartholo¬ 
mew, Harvard University, 1932. Montclair data are derived from planning report by Harold M. 
Lewis. Morristown and Yonkers data are from files of McHugh and McCrosky (1949-50). 

no substitute for detailed knowledge of the community and understanding of its aspira- 

tions and realizable economic potential. 

In comparing one community with another, the 

special characteristics and peculiarities of each must be known 

more fully than they can 

be presented in tables such as these. 




The wide degree of variation in land-use proportions is exemplified by the data in 
Table 6, which gives the low, average, and high figures for 48 self-contained cities. 

Table 6. Percentage of Developed Area Occupied by Major Urban 

Uses in 


48 Self-Contained Cities 



Less than 50,000 

50,000- 150,000 150,000 and Over 

Total 

Type of Use 

17 Cities 

20 Cities 

11 Cities 

All 48 Cities 

Single-family residence 

32.86 

35.42 

32.49 

33.53 

Two-family dwelling 

3.29 

3.23 

4.39 

3.88 

Multiple dwelling 

1.75 

1.52 

3.26 

2.51 

Commercial use 

2.60 

2.54 

3.24 

2.93 

Public and semipubhc use 

H.25 

7.61 

9.87 

9.24 

Parks and playgrounds 

5.07 

6.40 

8. 10 

7.21 

Light-industnal use 

4. 19 

2.29 

3.17 

2 97 

Heavy industrial use 

2.63 

3.38 

3.75 

3.51 

Railroad use 

4.09 

4.75 

4.69 

4.65 

Streets and alleys 

32.27 

32.86 

27.04 

29.57 

Total developed area 

100 0 

100.0 

100.0 

100.0 


Source: Urban Land Use—1949, Eldridge Lovelace, J. Am. Inst. Planners, summer, 1949. 


Notwithstanding the fact that rigid standards would be undesirable, it is evident that 
marked divergence from normal proportions is indicative of special local conditions. 
They can thenibe properly taken into account in future land-use planning. 

Municipal versus “Contributory Area” Land-Use Map Boundaries. When possible, the 
land-use map and resulting quantitative analysis should not be confined to the usually 
arbitrary political boundaries of the municipality. For communities of small to medium 
size, the statistical area should embrace all developed territor 3 ’ that is directly contribu¬ 
tory to the business center. For large cities with semi-independent satellites> separate 
mapping and tabulation will usually be indicated for the city itself and for the city plus 
satellites. Problems of jurisdiction frequently impede the an^j-sis of land uses over as 
broad an area as would be desirable. Judgment of the relative importance in a particular 
case has to be balanced against the complications involved. 
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Proportionate Land-Use Trends in New York Region. The Regional Plan Association, 
Inc., publishes basic data on land-use acreage and proportions for all counties within the 
New York Region.’- As evidence of long-term trends, it is significant that from 1925 to 
1940 the population of the Region as a whole increased 26%, while the area of closeh’ de¬ 
veloped residential land expanded 56%. This change was accompanied by a decrease in 
population densit\' from 41 to 33 persons per gross acre Another interesting trend was 
revealed 90% of the areas closelv developed between 1925 and 1940 were within 1 mile 
of railroad stations or rapid-transit hne.s. as contra'?ted with 9S% before 1925. As of 1940. 
59% of the total developed area within the commuter zone was used for urban residence 
and local business. 5% for principal industries, and 36% for public and semipublic u->es 
Land Uses and Future Planned Proportions in New York City. Mapping and tabulating 
existing land uses are principal tools for shaping a long-term land-use master plan and for 
considered revi.'ion of the zoning ordinance and map that are to effectuate the plan. 
Table 7 is derived from the 1948 land-use survey ot New York City and gives predicted 
acreage and proportionate requirements for the year 1970 All figures have been calcu¬ 
lated on the ba.sis of “net developed area,” with streets and vacant land shown as sur¬ 
charges, as in Table 4 

Table 7 is an illustration of long-range quantitative calculations. In determining re¬ 
quired areas for 1970, allowance has been made for reduction of population density' and 

Table 7. Land-Use Proportions in New York City, 1948, and Planned Estimates for 1970 

1948 1970 


Per Cent 


Per Cent 


of Net 

Acres 

of Net 

Acres 


Classification 


Developed 

per 100 


Developed 

per 100 

Acres 

Area 

Persons 

Acres 

Area 

Persons 

Residence ♦ 

41,020 

42. 1 

5 23 

59,550 

48 6 

6.95 

Commerce 

Auto storage and 

1,930 

2.0 

0 25 

2,160 

1.8 

0 25 

services 

1.450 

I 5 

0.18 

1,880 

1.5 

0 22 

Manufacturing and 






industry 

6.660 

6 8 

0.85 

10,160 

8.3 

1.18 

Transport airports 
Other transportation 

5,360 

5.5 

0.68 

5.360 

4 4 

0.62 

uses 

3.570 

3 7 

0 46 

3.570 

2.9 

0.42 

Parks, playgrounds, 







public and private 
institutions, and 







cemeteries 

37,250 

38.4 

4.76 

39.720 

32.5 

4.62 

Net developed area 

97.240 

100 0 

12.41 

122.400 

100.0 

14.26 

Surcharge for streets 

57.790 

59.4 

7.39 

57.790 t 

47.1 

6.73 

Surcharge for vacant 

36,540 

37.6 

4.66 

11.380 t 

9 3 

1 32 

Total usable land 

191.570 

197.0 

24.46 

191,570 

156.4 

22.31 

Population 

Population per resi¬ 

7,835,099 



8,585.000 



dential acre 

191 



144 



Population per net 
developed acre 
Population per usable 

81 



70 



acre 

41 



45 




* Includes residential buildmes with stores on the ground floor, 

t Sufficient vacant land is mapped with streets to accommodate the population increment, 
t Principally in the Borough of Richmond (Staten Island). 

Source; This table Is derived from data in Plan for Rezoning the City of Ne-w York, by Harrison. 
Ballard, and Allen, 1950, and from supplemental official sources, 

diminishing size of family in residential districts, and for parking and recreation space in 
new developments. For industn,*, the 1970 figures take into consideration the trend to¬ 
ward one-story construction and the need for accessory automobile parking space. This 
statistical plan for 1970 was the basis for the proposed new zoning ordinance and map. 
which were published in 1950. 


‘ Regional Plan Association, Inc., New York, Bulls. 63 (1944) and 73 (1947). 
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Types of Area. Both in analyzing existing residential areas and in planning for their 
future, it is good practice to classify them in terms of quality' and potential, as well a" by 
t\'pe of housing development. The Chicago Plan Commission set up eight categories, 
with proportions of total residential area m the city as given below: ^ 


Per Cent 


1. Blighted 6.0 

2. Near blighted 8.6 

3. Conservation 36.3 

4. Stable 23 3 

5. Arrested development 7.4 

6. Progressive development 0.9 

7. New growth 4.7 

8. Vacant—suitable for residence 12.8 


100 0 


Each category was statistically defined in terms of percentage brackets for age of struc¬ 
ture, condition, rent, and extent of residential use, as determined fiom land-use survey 
data The incidence of each combination of factors corresponding to one of the eight 
categories was determinable by supeiimposition of block charactei isiics maps For this 
purpose, acetate overlays afford a simple technique. 

In New York City, the Mayor’s Committee on City Planning utilized a senes of twelve 
categories, which include«.l the indicated future type of housing development, as well 
factors of economic and physical condition. The New York list and the proportions of 
total residential area w’ere as follows. ^ 

Per Cent 


1. Suigle-faiilily high rent 8.0 

2. Single-fatmly medium rent 29 5 

3. Two-family 8.8 

4. Unripe and impractical 19 7 

5. Prematurely developed 5 9 

6. Declining residential (in transition 

to non-ie-sidential) 1 4 

7. Rehabilitation 4.2 

8. Deii'olition and low-rent housing 2 7 

9. High-rent apartnieiits 1.6 

10. MediUm-rent apaitments 12.4 

11. High-rent garden apaitrnents 2.0 

12. Medium-rent garden apartments 3 8 


100.0 


Assignment of blocks and aieas to the above twelve categories involved quantitative 
correlation of over thirty factors derived from the land-u-^e survey and other planning 
studies. This detail wa.s fully justified by the complexities of the New York pattern and 
tlie great amount of basic ilata that had been compiled. 

For small cities, the following residential categories, or a similar listing, is generalh 
accepted to be sufficient: 

1. Blighted. 

2. Conservation. 

3. Stable. 

4. New growth. 

These can later be further subclassified by housing type, for purposes of the future 
land-use plan and zoning revision. 

Establishment of Neighborhood Boundaries for Planning Purposes. By the above- 
described process of residential land-use analysis, the boundaries of many clearly defined 
and reasonably homogeneous communities logically emerge upon the maps. Such com¬ 
munities should be broken down into neighborhoods, with areas and population sizes 
appropriate to be served by an elementary school, public librar\ branch, recreation spaces, 
and other usual facilities Avhicii people share. The neighborhood thus becomes the unit or 
cell for replanning the residential districts of the city. 

^ Master Plan of Residential Land Use of Chicago, Chicago Plan Commission, 1943, pp 67 ff 

- Cit>j Wide Studies, Part I, Baste Factors in the Planning of the City of Neu York. Mayoi's Committee 
on Cit\ Planiurg, 1940, p. 74. 
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Fig 9. EnvironiuentHl survey form. Committee on tlie IlyRiene of Housing, American Public Heultli Association, 1946 
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A caution should be expressed against carrying the process too determinedly into the 
field of administrative government. Often times, clear neighborhood boundaries do not 
exist and cannot be realistically drawn. Also, the area of service for an elementary school 
is not necessarily the appropriate area for a police precinct, a fire precinct, or a garbage- 
collection district. Experience shows that the plamiing neighborhood is best limited in its 
application to fundamental residential problems of housing, education, and recreation. 
Furthermore, it is a unit created for convenience in statistical and physical planning, and 
b\' no means an area set apart with a theoretical wall around it. Nothing could be further 
from the democratic tradition or from the purposes for which its boundaries are e.stabhshed. 

Delineation of Substandard and Redevelopment Areas. Techniques of analysis for 
blighted residential areas have been developed more highly than those for residential 
neighborhood's presenting leos critical problems. The Committee on Hygiene of Hou'sing, 
.American Public Health Association, has been a leader in this field. Detailed schedules 
and a system of “penalt>' points*’ have been evolved. The method has been applied in 
many cities. The results justify the amount of work required, by giv'ing comparative 
data that are beyond challenge in their completeness and reliability. An APHA environ¬ 
mental survey form is reproduced in Fig. 9. For application of the method, reference 
should be made to the published manual of the committee.^ 

When an APH.A. environmental survey cannot be undertaken, satisfactorily detailed 
data can be abstracted from the U. S. Census of Housing reports giving block statistics. 
Combined incidence of such factors as high percentage of structures needing major repairs 
or lacking private baths, low rent, and old age makes it possible to demarcate the badly 
blighted residential areas in a preliminary way. Field checks should then be conducted 
to refine the boundaries. 

In a simplified statistical method used in St. Louis, residential buildings were anaij'zed 
by application of penalty scores as follows. * 

Penalty Points 


1 . 

No running water 

25 

2. 

.A,ge of building 

20 

3. 

No private bath 

20 

4. 

Needing major repair 

20 

5. 

Tenant-occupied 

10 

6. 

Overcrowding 

5 


.Maximum total 

100 


The above technique was supplemented by various studios of social conditions, includ¬ 
ing juvenile delinquency, adult crime, incidence of various disea.ses, and other available 
indices. 

Statistics must be reinforced by mature judgment. They cannot be used blindly or 
arbitrarily without reference to public opinion In practice, the detailed survey data do 
not themselves determine the areas mo-^t appropriate for clearance and redevelopment: 
rather they furnish the basis for selection of those areas that profe.ssional and political 
judgment agree to be most advisable. 

Rebuilding Old Areas. P.ebuilding obsolete and suK-standard urban areas for middle- 
and low-mconie families is one of the greatest challenges to the professional planner, to 
government, and to private capital. The most authoritative treatment of tiiis complex 
problem i- contained in two volumes edited by Coleman Woodbury: Urban Redevelopment- 
Problems and Practices, and The Fidure of Cities and Ufban Rfdeiflopm^nt, L’niversity of 
Chicago Press, 1953. In tliir? article, it is not fea-^ible to do more than present the basic 
factor.", the present framework for solutions, and an analysis of a tvpical redevelopment 
project. 

AMth some notable exceptions of semicharity and fiduciary de%'elopments, private ini¬ 
tiative ha- not Vjecn able to make oiit^tanding progres" in the rebuilding of blighted neigh¬ 
borhood." The costs of land acquisition and new construction have been too great, and 
the prospective economic return too small. Efforts have had to be confined principally to 
rehabilitation of existing group-s of building", which tloes not gcnerall\' create needed 
enlargement of open space or make these buildings ht the living requirements of tenant 
ramilios of an income group for whirh they weie not oiiginally de."igneu. In many ways, 
the converted town man."ion is potentiallv a worse shun than the ‘‘old law” tenement. 

In the late 1930 s. the United States Government, acting through local housing authori¬ 
ties. em’oarked on a program of low-income hou"ing construction, with federal subsidies 

^ An Appraisal Method for Measuring the Quality of Hous'iig, OperaHons Manual (3 Vols.'), Com- 
nnttee on the Hygiene of Housing, American Public Health As"ociation. 

Criteria Used in Delimiting Redevelopment Areas, J Am. Inst. Planners, Summer 1950. 



RESIDENTIAL AREAS 1-19 

to achieve the deaired level of rents. The original program has been extended and ampli¬ 
fied b\' further legislation. 

In recognition of the fact tliat the difficulty encountered by private enterprise in re¬ 
building blighted areas stems largely from the economic problem of high land costs, the 
National Housing Act of 1949 (Title I) established a new program of slum clearance and 
urban redevelopment. TliL program provided for a write-down of land-acquisition and 
site-preparation costs to the economic reuse value, with the difference financed by a com¬ 
bination of federal and municipal capital subsidies Under this program, predominantlv 
residential land may be redeveloped for either new residential or noii-residential use 
Existing non-residential land may be redeveloped only for re-sidences. and vacant land is 
also eligible for residential development under certain conditions As of December 1953, 
federal capital grant reservation.s totaling $246,408,000 had been approved for 211 
localities. 

This new approach to urban rebuilding holds great promise. Its success will depend 
upon the volume of private capital that can be attracted. A priin-ipal limitation is that 
the areas must usually be redeveloped for a higher-income group than their present 
occupants, and this higher group is smaller numerically than the families now living under 
substandard conditions. 

The Housing Act of 1954 continued the general policies of the 1949 Act, and placed 
added stress on local municipal cooperation m the whole field of urban renewal, with 
improved coordination between public hoiising and the newer program of redevelopment 
projects financed by private funds under federal mortgage guarantee. 

When rebuilding slum areas for new residence use, it is generally' desirable that the new 
population density should not exceed the old. Otherwise, pioblems of school adequacy 
at once arise. Reductions in density should be the goal in badl>’ crowded neighborhoods. 
For economic reasons, this is not always possible of achievement. With good land plan¬ 
ning, plus provision of schools and play spaces outside the project site, satisfactory condi¬ 
tions can result even with considerably higher densities than prevailed before demolition. 
The most notable examples are furnished by the work of the New York City Housing 
Authoiity. Its projects rely on low site coverage, to compensate for high buildings and 
high population density. Coverages of 13-22*^ are typical practice, and heights of apart¬ 
ment projects range from 6 to 14 stones. 

Among major private-investment housing developments in New York, Peter Cooper 
\'illage has a net coverage of 24^ and rises 15 stories, and Stuyvesant Town covers 25^ 
of its site, with a height of 12 stones Both are owned by the ^ietropolitan Life Insurance 
Company. 

In developing framework plans for a city, the professional planner needs to consider the 
level of densities for residential rebuilding in terms of resulting land requirements for 
accessory uses, service uses, and places wliere the people will work. A New York Citv 
analysis revealed that increase in net density m residential areas beyond a certain point 
will result in a decrease in theoretical gross density for the entire section of the city to 
which the residential districts are contributory.^ A density point of diminishing eco¬ 
nomic returns is therefore reached It cannot be exceeded without (a) sacrificing proper 
space standards for facilities accessory to residence use, or (b) diminishing the economic 
base of the community. 

Derivation of the maximum effective density can be achieved for known or reasonably 
assumed values of the many variables involved. It is not readily susceptible to presenta¬ 
tion in the form of an equation that can be applied to any cit\'. This field of iiiquiry 
merits further research, as it may prove to be the determinant of the future economic 
stability of our cities, as well as the best guide to planning their amenities. 

Table 8 shows a lu pothetical example evaluating the future residential utilization of a 
slum site selected for redevelopment. 

In the example given in Table 8, if the land had been calculated at its full cost of $3.75 
per square foot, instead of at $1 00, the average rent per apartment per month would 
have had to be increa&ed from $117.50 to $143.00. Calculation^ such as the»e are greatly 
expedited by the use of specially prepared nomograms. 

For simplicity, the example in Table S was set up with rent aa the unknown factor to be 
ascertained. In practice, a certain rent level must be achieved to meet the predetermined 
housing market. In such cases, the problem must be “worked from both ends,” so as to 
find the upset maximum capital cost of land and buildings per dwelling unit. Then, by 
deducting the construction cost, the required reuse value of the land i'j obtained, and the 
necessary write-down of land cost pei dwelling unit can readil.\' be derived This mat* 


^ Rioud >pecifitations lor Urban Rt*de-\ elopinent, b\ F. Dvidd J. Am. /«sr. Planners 

liiiO. * 
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Table 8. Analysis of a Residential Redevelopment Project 


Present conditions 

Site area 20 acres 

Present assessed value, total $2,315,000 

Present assessed value, per square foo Z65 


Acquisition cost, per square foot 3.00 

Site preparation 0.75 


Total site cost 3.75 

Reuse value 1.00 


Capital grant 


2.75 


Dwelling units now on site 
Vacant dwelling units 
Families eligible for public housing 
Families able to relocate on site 

Families which must be privately rehoused elsewhere, and 
which possibly require the assistance of a relocation bureau 


1215 

35 

200 survey 

500 


Proposed project 
Net coverage 
Number of stories 
Floor area per dwelling unit 
Density 

Total dwelling units 


13% 

7 


1000 sq ft (gross) 

39.6 families per acre 
792 


Land cost per family, at reuse value $1,100 

Building cost per family 9,900 


Total project cost per family 


11,000 


Interest rate on 70% mortgage 
Amortization period of mortgage 
Assumed percentage of vacancy 


5 1/4% 

20 years 

3% 


(а) Rent required to pay carrying charges on mortgage 
Per cent return on 30% equity 

Amortization penod of equity 

(б) Rent required to pay carrying charges on equity 
Ratio of assessed value to project cost 

Tax rate 

(c) Rent requiied to pay taxes 
Maintenance cost 

Avg. number of rooms per d.u. 

(d) Rent required to pay maintenance 

Total required average rent (a + 6 c + d) 
or 


$54.25 per d.u. per month 
7% 

40 years 

$21.00 per d.u. per month 
50% 

3 5% 

$16.50 per d.u. per month 
$80.00 per room per year 
3.75 

$25.75 per d.u. per month 
$1 17,50 per d.u. per month 
$33.50 per room per month 


then be expressed in terms of dollars per square foot, and also as total dollars of required 
capital grant. 

Development of New Areas.® Opening up new areas for residential growth generally 
involves the laying out of new streets and lots. This process of land subdivision is subject 
to detailed review and approval by official local planning boards, pursuant to the enabling 
acts of a great many states. Legal and administrative procedures are discussed in Art. 13. 
Here, the matter of standards of design and layout requires brief treatment. 

Since the mid-1930’s, the trend has been increasingly toward integrated development, 
with the subdivision of land and the construction of houses both carried out by one com¬ 
pany. The evils of premature subdivision, auction sales of vacant lots, petty land specu¬ 
lation, and sporadic home building are thus largely avoided. The Federal Housing Ad¬ 
ministration’s function of guaranteeing mortgage loans has been a great stimulus to 
orderly development. It has established standards for street ]a\'Out, street improvements, 
lot sizes and arrangement, and building design and construction, which are higher than 
formerly prevailed. Builders not operating under FHA mortgage guarantee must evi¬ 
dently compete for purchasers with those who do. 


® Much of this material has been abstracted from the author’s subdivision development review in 
Present Status of City Planmn^. Zoning, and Subdi\'ision Development in the United States, a par>er 
presented at the Pan-Amencan Engineering Congress, Rio de Janeiro, 1949, by Harry W Alexander, 
Harold M Lewis, and Theodore T McCrosky, Members ASCE 
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Good modern subdivision design provides combinations of curvilinear streets, loop 
streets, and cul-de-sacs, rather than the old-fa&hioned gridiron pattern, which failed to 
discourage through vehicles from traversing residencial neighborhoods and causing traffic 
hazards. Figure 10 illustrates an effective rearrangement of a gridiron plat, in conformity- 
with up-to-date prmciples of design ^ The developer obtained an increase m number of 
lot? and a decrease in street area and improvement coats. The city secured dedication of 
a school site Note also that the redesign provides off-street parking at one of the group*' 
of shops 

Modern practice usually requires a minimum lot width of 60 ft, with widths of 75-100 ft 
and over by no means uncommon ® Lot depth should be twice the width, as a general 
rule, but shallower depth may be dictated by local cur>tom. 

Subdivisions that are intended to be served by septic tanks require larger lot size-; than 
thoae that have sanitary sewers. Minimum size will depend on character of the soil and 
s^lope of the land. A stipulation of 10.000 sq ft is rea^onable for average condition*'. 
When, in addition, the water supply is to be furnished by wells, still larger lot size*' are 
necessary to protect the public health. Depending again on soil conditions, numnium 
area." of 20-25,000 aq ft are good piactice.® 

St feet area can be held cloae to of the total, as against 25-35% a generation ago. 
The difference may now be dedicated or reserved for paiks, playgrounds, and school ‘-iie**. 

In developments that are only moderately curvilinear, blocks are best laid out wuii 
their long dimensions roughly north and south. In temperate latitudes, this has been 
proved to give the best sunlight penetration Blocks may have a maximum lengtli up to 
2000 ft. but. when longer than SOO-lOOO ft. public cross-block walks should generallv be 
provided. These are a great convenience to pedestrians but may be considered a nui>ance 
to abutting owners. Cui-de-sac streets should not be longer than 300-500 ft. depending 
on lot Sizes and number of families to be served. At their dead-ends, turnaround circles 
at least SO ft in diameter between cuibs should be provided. 

Minor residential .''treecs are now laid out 50 or 60 ft wide between property lines, and 
roadways are generallv 26-34 ft between curbs. Sidewalks can be omitted, on one or both 
Sides, in developments featuiing large lots, provided that the street pattern is designed so 
that little traffic will be geneiaied by the frontage between iiiteisoctions 

Maximum and minimum street grade-^ are customarily fixed by local planning board". 
Their value.s necessarily depend m part on local topographic conditions. For minor 
Streets, grades should be held to a maximum of 8%. if feasible; a mimrnum grade of 0 5% 
is good practice to assure adequate .surface drainage 

There is an interesting trend toward inclu'sion within the same building development of 
houses having a considerable range of price. This is recognized as socially and economi¬ 
cally sound, as it gives a healthy balance to the lite of the community. In a single pro.iect. 
prices may range from $10,000 to $18,000 or from $14,000 to S25,0OU. Great extreme" aie 
not usually advisable. 

Increasing thought is being given to the integrated layout and construction of dewlop- 
ineiit." of neighborhood unit scale—sufficient in total population to support a grade "cliool, 
"hopping district, library, churches, and other commuuiry facilities. 

An entire new town. Park Forest, has been built 3') miles south of Chicago This vill 
eventually house 8000 families in five contiguous neighborhoods, each with its own elemen¬ 
tary school. Land has also been set aside for a planned mdusliial district, so triat the town 
can be a reasonably self-contained economic unit. 

Figure 11 provides a means of deterimning the land cost per lot for varving width*' and 
depths of lot and various land prices per acre This chart is premised on rectangular 
blocks of 600-ft or 1200-ft length. It may be used, by interpolation, for other bluck 
lengths, and with discretionary atijustments it will give approximate land costs for lots 
m street layouts that are moderately curvilinear 


~ A'^complii-hmerits 195''’, City Planninti Commission, Lo> Aracle'«, Calif., p. 31. 

^ The Community Builders Handbook, Uiban Land l'J.34, p. GS. See also Home Builders 

Mauuzl for Land Decelopmenf, National A^■;oclati'm of Hone Hmldei.-, 

9 For detailed treatment, see Land Planning for Sanitatj Drainage and Water Supply m Surburban 
.uid Op ‘ii Country Subdivisions, by Robert C. Hoovei, J. Am. Insf. Planners, W'liiter 1951. 

Thi<! diagram was prepared by the author and previously |)ubhshed in Land Subdivision, ASCE 
Manual of Engineering Practice, Nov. 16, 1939. 
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Fig 10 Effective rearrangement of a gridiron plat The revised plat below discourages through 
trarfic on local residential streets, thereby reducing the traffic hazard School facilities are located in 
proper relation to the area to be serv'ed Advantages to the subdivider are lower street impro\ement 
ciMts resulting from decreased street area, and an increase in the number of lots for sale Depa:*tment of 
City Planning, Los Angeles, Calif. 
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5. BUSINESS DISTRICTS 

Central Districts. Growth of Area of Influence. The size of metropolitan area that is 
capable of bemg contributory to a central business district has grown with the progress 
of the transportation industry. Before the railroads, the center could be reached only on 
foot or by horse or horse-drawn vehicle. The railroads greatly increased the radius of 
accessibility, but only within narrow sectors along their lines. With the advent of the 
electric streetcar and rapid-transit trains, the existing sectors wddened out and new’ sec¬ 
tors became suitable for residential development. The automobile, used as a commuting 
vehicle, has virtually eliminated sector boundaries and at the same time has agam ex¬ 
tended the radius of convenient access. 

In the mid-nineteenth century, a city rarely extended more than 2 miles from its center, 
giving an effective area of influence of 12 sq mi. Today, the radius of the metropolis is 
15-30 miles, and its area may therefore encompass 700 to over 2500 sq mi. In the 1930’s, 
it was anticipated that the radius would be still further increased by airplane commuta¬ 
tion service and the use of private planes. This development has not materialized to any 
significant extent 

The Urge for Centrality. As transportation developments widened the area of influ¬ 
ence of the urban hub, it w’as inevitable that business would concentrate more and more 
around the center. Skyscrapers are evidence of the demand for centrality. As need for 
accessible space increased, property values at the center rose rapidly, more skj’scrapers 
w’ere built, and the business focus began to spread out. This, in turn, caused site values 
along surrounding streets to rise in anticipation of potential higher profit. As the price 
of land rose, the opportunity for a profitable return engendered the construction of more 
skyscrapers, thus straining the capacity of streets and transit systems and producing a 
demand for more transportation facilities to improve access to the center.^ Accessibility 
created concentration. Concentration created congestion. Congestion was relieved, for 
a while at least, by increasing the means of accessibility. This is a vicious circle. "We 
have pursued the ideal of location to the point of destroying its advantages.” 2 With 
the limits of concentration and of accessibility now nearly reached, the circle has begun 
to break. Congestion has become the force that is impelling decentralization. 

Solution hy Creation of Multiple Foci. If all transit lines lead to one center, that is the 
sole focus. But, if the transit lines are laid out to provide four major junction points 
withm the central city, then there are four foci. This simple truism was realized too late 
to prevent overconcentration in our large cities, but may aid those that are not yet choked 
by congestion. The principle applies equally to the layout of urban expressways. Further 
single-focus concentration can be discouraged, and new centers encouraged, by a system 
of radial highw'ays stretching outward, not from the old center, but from a ring highway 
surrounding it at a reasonable distance.* 

Solution hy Rebuilding the Center. The age-old centripetal forces are being weakened 
by congestion and counteracted by the centrifugal urge toward decentralization. In 
these circumstances, two schools of thought have developed. One would rebuild our 
urban centers, advocating high concentration of both business and residence, but with 
sufficient open space to prevent a repetition of congestion. The other school emphasizes 
the construction of new satellite towns in the emnrons of the urban region, which would 
absorb the future increment of metropolitan business and residential growth and also 
siphon out excess concentration from the present center.* 

Le Corbusier, a leading exponent of concentration, envisages "green cities” composed 
of great skyscrapers sturounded by wide open spaces. The Empire State Building has a 
density of nearly 10.000 w’orkers per acre. Such a building would stand alone in a park¬ 
like setting. The largest-scale approach to Le Corbusier’s doctrine is probably the Radio 
City development in New York, which by conscious civic design combines massive build¬ 
ings and high density with a considerable area of open space The working population 
is roughly 3000 per acre. Another example is the United Nations group in New York. 

The satellite-town school is originally indebted to the writings and constructive work 
of Ebenezer Howard in England, who was the moving spirit in developing Letchworth 
and Welwyn Garden Cities. His thesis has been carried forward by F. J Osborne and 

1 For the full expKJsition of this thesis, see Effect of Urban Decentralization upon Transit Operation 
and Policies, by Harland Bartholomew, Proc. Annual Convention Am. Transit Assoc., 1940. 

2 Surging Cities, by T. T. McCrosk>’, Charles A. Blessing, and J. Ross McKeever, Greater Boston 
Development Committee, Inc., 1948, p. 101. 

3 This pnnciple is illustrated by the expressway plan for the Boston region. Long-range plans for 
Chicago, San Francisco, and other major cities also furnish examples in point. 

* This treatment is developed in part from Tke Urban Pattern, by Gallion and Eisner, 1950. 
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others in England, where new towns are being built under government auspices, and by 
many able professionals in the United States. 

The American movement for satellite towns has been given impetus by recognition 
that decentralization of industry provides, among its other advantages, a means of reduc¬ 
ing the potential damage from atomic attack. If industry be deliberately decentralized, 
as a matter of pohcv, it is manifest logic to provide for the accompanying decentralization 
of the homes of employees 

The difference of opinion between the advocates of well-designed concentration and the 
exponents of satellite towns cannot be resolved on the philosophical plane. The central 
cores of our cities contain many obsolete areas, whicli are far more likely to be replanned 
and rebuilt than to be abandoned. Industry and residence are decentralizing of their own 
accord; and satellite towns, both old and new, are growing much faster than central cities. 
The answer is a combination of planned rebuilding at the center and planned decentralized 
development on the fringes The latter should a^'sorb at least the increment of metro¬ 
politan busmess and residential growth. The problem was abb’ summed up by Thomas 
Adams in these words. ® 

The evils of congestion in centers are a consequence of badly organized and ill-planned centralization 
but not of centralization in itself. The remedy is to he found neither by stemming the tide of outward 
movement from the centers nor by artibcially piornoting the outward flow without any improvement of 
organization and planning. 

For ourselves we prefer the term “Recentralization” to define the kind of movement that is 
w'anted. . . . 

And at a later point in his discussion: 

What is needed is properly to regulate the movement so as to increase its usefulness in defeating the 
evils of over-centrahzation on the one hand, and to counteract the bad effects of ribbon development and 
the spoliation of country districts, on tne other liar.d. 

Principles for Central District Rebuilding. When opportunities can be created for 
large-scale rebuilding of central business districts, reference to the follotving check list of 
principles and design features will assist in avoiding the causes of congestion: 

1. Assembly of entire block—or preferably superblock—sites for redevelopment, with re¬ 
design of the local circulator^' system and elimination of minor streets when feasible. 

2. Restriction, by zoning provUions. of permitted building bulk. The floor-area ratio of 
the Equitable Building in New York is 35. It was about the last of the sheer wall skj'- 
scrapers. The New York City Zoning Resolution of 1916 prevented its repetition. The 
floor-area ratio of the Empire State Building is 32, but the street facades rise o^ly five 
stories, all the rest of the floor space being in the tower. The floor-area ratio of the Radio 
City group is only 12. 

3. Mandatory provision of off-street loading bays for trucks, in appropriate sliding^cale 
ratio to floor area.® 

4. Mandatory provision of off-street parking space for passenger automobiles, proportioned 
to floor area and type of use.^ 

5. Street widening by arcading of sidewalks under the buildings. 

6. Consideration of two-level streets, as typified by Wacker Drive in Chicago. 

7. Construction of expressways, preferably depressed below surface grade in congested 
areas, and leading from the periphery of the business district to the principal satellite 
towns. Where the terrain permits, these radial expressways should stem from a ring 
expressway having a diameter of ^/ 2“2 miles and surrounding the center. 

8. Concentration of new office space in towers, separated from each other by open space 
or by low buildings. (Space on the lower floors of office buildings is less desirable, and its 
quantity should therefore be minimized.) 

9. Underground access to rapid-transit stations from all principal buildings, b 3 ’ construc¬ 
tion of subsurface arcades. 

Shopping Subcenters and Neighborhood Centers. With the outward spread of urban 
areas, local shopping centers of varying size and importance logicailj’ developed to serve 
their contributory communities and immediate residential neighborhoods. Stores were 
located at street corners and along main arteries in ribbon fashion. Little or no provision 
was made for automobile parking. These out-dated busmess developments have created 
insoluble parking and traffic problems and constitute a danger to vehicles and pedes¬ 
trians alike. 

New local shopping centers should be integrated into the neighborhood they serve. 
Parking area, in the ratio of 2-3 times the retail floor area, is essential. It may be situated 

5 Recent Advances in Town Planning, by Thomas Adams, 1932, pp. 5 and 10. 

« See Table 16. 

7 See Table 14. 
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in front of or behind the stores, or on near-by lots permanently reserved for this essential 
acoooory us-e. If abutting upon a mam arteiv, the shopping center should be protdded 
with a servi--e road on which no parking i» allowed for any purpose. 

Surburban Regional Shopping Centers. As a combined result of residential decentraliza¬ 
tion plus traffic congestion in cential retail distiicts. a new pattern of merchandising has 
me into being Tiie largc-c^uale snbvi’ban ^enonal shopping center is a post-World 
Wa^* 11 fleve’opnient It i-^ rlovirn*-rl to serve Yu-tnallv all the customer desires of an en¬ 
tire sector of a metropolitan re-^’on. 

Statistics -w several of the principal centers are given in Table 9. 

Table 9. Suburban Regional Shopping Centers 



Site Area, 

Selhng Area, 

Auto 

Name and Location 

acies 

sq ft 

Parking 

Westchester Shopping Center, 

Los Angeles 

73 

262,000 

3300 

National Suburban Center, 

Framingham, Mass. 

70 

502 000 

6000 

Northgate, Seattle 

50 

650 000 * 

3000 * 

Eastland Plaza, Detroit 

103 

1,250,000 

6000 


♦ Plus area for planned expansion. 

If the average area required for parking one car is taken at 300 sq ft (including aisles), 
the parking ratio for these shopping centers ranges from 1.4 to 3.S sq ft of parking space 
per square foot of selling area Local conditions, including extent of public-trari'^it pa¬ 
tronage, must be taken into account in determining parking needs. Best practice, for 
average conclitions, indicates a lainirnum ratio of 2.5-3.5. 

A suburban regional shopping center should preferably be located at the intersection 
of two arterial highways or expressways, but with all access provided bv' its own service 
roads. Location within or adjoining an established retail district is usually not desirable, 
as the center should not be subjected to local competition and must not be hampered b}' 
street traffic 

The following is a well-considered statement of the objectives that these large centers 
should achieve: = 

1. To be completely, conveniently, and flexibly geared to the private automobile. . . . 

2 To provide an even greater density of productive pedestrian traffic per square foot of displayed 
merchandise than exists in present cities. 

3 To leduce costs of occupancy, selling, publicity, and delivery ... in structures designed to obtain 
a higher ratio of net-selling space to gross aiea, greater sales per square foot, and economical operation at 
either normal or peak. 

4. To make available in the area the style and luxury merchandise not now available there, and keep 
within the area some of the purchasing power being dispersed elsewhere, . , . 

5. To proride a calculated balance between shopping and recreational facilities, each classification 
contributing inci eased volume to the other. 

Suburban regional shopping centers invoK'e a great investment and must therefore be 
most carefully analyzed to determine their potential sales volume and earning power. 
The primary trade area is customarily delimited by including all communities within 
30-min average driving time by preferential routes. The number of families and average 
income by municipality or section should be determined from census data. Appiopriate 
percentage discounts from the total families in each community are next applied, depend¬ 
ing on driving time involved. The greater the tune, the smaller the proportion of families 
that can be expected to patronize the center. 

As a further step, the residue of families not eliminated by the time-distance factor 
must be reduced by a judgment percentage to allow for the competitive attraction of 
local stores in or near each home community. Separate competition factors are needed 
for (at general merchandise, apparel, furniture, furnishings and appliances, and (h) food. 
The above categories are census classifications for which detailed sales figures are pub¬ 
lished for all but very .minor political subdivisions. 

By application of this method, with extensions and refinements to suit the particular 
case, a sound estimate of the trade volume of a projected shopping center can be pre¬ 
pared. However, no procedure of this kind can be purely statistical, and experienced 
judgment must be used. 

Analysis of the tributar\' area wull determine the number and type of stores that should 
be included within a suburban regional shopping center. It is recognized standard prac¬ 
tice to build the pulling pow'er of the center around a branch of a well-known city depart- 

8 The North Shore Shopping Center, Tke Am. City, July 1947, p 124. 
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ment store and to include one or more branches of high-grade “specialty shops.” One 
or two super markets are usually included. Competition within the center is a favorable 
factor as it attracts a larger total patronage. 

With these as the nucleus, there can be 15—50 or more small shops each offering a partic¬ 
ular line of goods or services. A commercial bank is practicalh- e^ential, and a branch 
savings bank and a po^t office are desirable. Restaurants of various price ranges are a 
necessity-, and at least one gasoline filling station is required. Some major centers have 
found it advantageous to include an office building for professional and general business 
tenants. The question of whether to allot space for a moving picture theater and other 
commercial recreation uses must also be considered. Lastly, and of great importance to 
the success of these enterprises, is the provision of free nurseries and plaj’grounds with 
professional supervision. 

Suburban shopping centers may be expected to plav an increasingly important role in 
the economy of metropolitan regions. They are a major manifestation of the decentrali¬ 
zation trend. If well planned and operated, they should help to reduce congestion in the 
old central retail districts and to acliieve a better balance between the forces of centrip¬ 
etal and centrifugal grov'th. 


6. INDUSTRIAL DEVELOPMENT 

The professional planner is concerned w'ith the problem of pro'viding for the location 
and space needs of industries that are deemed suitable to the community or region, and 
with the changes in transportation requirements that accompany any major industrial 
growth or shift. He also has occasion to make plans for redevelopment of existing indus¬ 
trial districts. Actual design of industrial sites—placement of buildings and location of 
spur tracks, handling facilities, and employee parking areas—does not generally come 
within his field of work. It is important to stress, however, that the modern trend of in¬ 
dustrial requirements dictates a pattern of one- or sometimes two-story buildings laid out 
for belt-line production and surrounded by a large acreage of land for plant expansion, 
paiking. and landscaping 

Old Heavy-Manufacturing Districts. Established heavy industrial plants and districts 
must usually be accepted by public authorit\- as the>' stand. Plant investment is so great 
that the:.' cannot be moved, except bv decision of management. Public provision can be 
made for amelioration of the traffic conditions they create, and smoke-control measures 
can minimize their adverse effects upon adjacent development. 

However, when such industrial plants face the necessity for expansion, it will frequently 
be found that their increment of floor space can more advantageously be built at a de¬ 
centralized location. This will usually have a beneficial effect on peak-hour transit load¬ 
ing. as many workers will commute outward from the city to the plant, rather than inward 
to the old center. Sometimes, even ver> large plants are abandoned, as the result for 
example, of moving to a more efficient satellite .site. In such cases, the municipality, 
through its planning board, gams the opportunity to study the optimum reuse classifica¬ 
tion of the land and to make appropriate zoning revisions, if indicated 

Old Light-Manufacturing Districts. Liglit manufacturing presents different problems, 
and usually offers greater scope for gradual improvement of the districts where it is es¬ 
tablished. Many such districts are in central locations and are characterized by lack of 
parking space and by old buildings that are inefficient for modern production, because of 
inadequate floor area, poor column spacing, narrow staircases, small elevators, lack of 
handling space on the ground floor, etc. Such buildings are often intermingled with retail 
stores, tenements, and office buildings, so that efficiency is further reduced by street traffic 
congestion ^ Unfortunately, there are many marginal enterprises that can make a profit 
only by leasing cheap space in outmoded structures. However, with increasing emphasis 
on efficiency, as a result of high labor costs for lost time and motion, the demand for good 
layout IS increasing. 

The opportunitv exists to demolish whole areas of these substandard buildings, replan 
their sites, and redevelop with modern loft buildings that will pro\ude efficient space for 
tenant manufacturers, whether their need be for a mere 2000 sq ft or for several whole 
floors. If the obsolescent district is predominantly blighted residential, as mea.sured bv 
land area, its redevelopment for light manufacturing qualifies for federal capital grants- 
in-aid, under the terms of Title I of the National Housing Act of 1949 (see also Art 4 
p. 1-19.) 


1 Surging Citia, by T. T. McCrosky, Charles A. Bltssing, and J. Ross McKeever, Greater Boston 
Development Committee, Inc , 1948, p 106. 
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The principal desideratum in redevelopment for light industry is to achieve extensive 
plottage. The new buildings can then offer large rentable area on a single floor, and still 
have open spiace for light and air and for off-street loading and parking facilities. Sites 
1 acre in size are bv no means excessive for a single loft building. Sites smaller than 100 
X 100 ft are no longer considered good practice, and even this size is inadequate for lian- 
dling generated traflic. 

Planned Industrial Districts. A large industrial corporation, when faced by the problem 
of costly congestion in its present location, coupled often with the need for expansion, 
can move out and build itself a new plant in open country,'. A small corporation, with 
limitations on its financial capacity, may not have this choice. It is dependent upon 
rented space and the availability of streets and spur tracks used jointly with other com¬ 
panies. To meet the requirements of small indu'-tries. without sacrifice of quality of facili¬ 
ties pro^dded, many variations of cooperative enterprise have been evolved. The basic 
pattern has been summarized as follows’ - 

A private development corporation acquires a large acreage of industrial land, lays out and builds 
necessary streets and railroad spur tracks, installs water mams and utilities, provides storage ware¬ 
houses, constructs docks, if the location is on a waterfront, and then sells or leases parcels of land or 
buildings to individual industrial companies. The corporation undertakes to finance both land pur¬ 
chases and construction costs. It usually erects the buddings, relieYang individual industries of this 
problem Location and style of all structures are made to conform with general plans for the develop¬ 
ment of the entire tract. The corporation usually maintains appropriate cafeterias, club rooms, and 
medical clinics. It centralizes the management of all rail and truck operations. The cost of these many 
features is included m the lease or purchase agreements of the individual companies, which thus obtain 
an extent and quality of ser-vice that they could not otherwise afford. 

Outstanding examples of this type of enterprise are the Central Manufacturing District 
in Chicago, which owns an aggregate area of 850 acres of land, with more than 300 in¬ 
dustrial companies; and the Clearing Industrial District, which has over 2000 acres on 
the outskirts of Chicago. Other examples are Bush Terminal in New York, the Fairfax 
and North Kansas City Industrial Districts in Kansas City, Northwest Terminal Com¬ 
pany in .Minneapolis, and the Boston Wharf Company. The latter controls nearly 100 
buildings with 4,500,000 sq ft of floor space.* 

7. TRANSIT 

City Planning Objectives. The construction of expressways induces new volumes of 
automobile drivers and passengers, part of wiiom are diverted from the public transit 
lines. Because of this, it is sometimes considered that the expressway and the mass- 
transportation route are competing facilitie.^^. From the planning standpoint, this is not 
the case. 

New express highways have not cured transit jams, and new- subways have not solved highway traffic 
congestion. Better transit and better highways are both essential parts of the modern transportation 
network. The problem is not which to build, but how- much more of each Probably no region can 
afford a completely adequate system of express highways and subways.^ 

The following statement summarizes the objectives of good tran.sit planning as related 
to preparation of a comprehensive master plan. 2 

(1) Coordination of routes and services in order to bring about the most desirable distribution of 
urban population: 

(2 ) Direct route's from the central business district to all residential areas ha-ving a population density 
of 10 persons per acre or more: 

(3) Integration of streetcar and bus lines into a well-coordinated system, and elimination of any 
unnecessary duplication of lines and service; 

(4) Adequate cross-town routes, including direct service to large centers of industrial employment, 
large recreational areas, and the like, and 

(o) Good routing plan and expeditious flow in the central business district. 

In the achievement of any or all of these, the transit system is dependent upon the proper execution 
of the other parts of the comprehensive plan, particularly the street plan and the zoning plan. 

2 Ibid., p, 108. 

3 This subject is treated m detail in Organized Industrial Districts, by Robert L. Wngley, Jr., J. Land 
and Public Utility Econ., May 1947. 

1 Surging Cities, by T. T. McCrosky, Charles A. Blessing, and J. Ross McKeever, Greater Boston 
Development Committee, Inc., 1^48, p 96 

2 Modern Transit—Key to Community Planning, by Harland Bartholomew, Tomorrow's Cities, 
Amenr an Transit Association, 1944, p. 8. 
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Types of Transit Facility and Their Capacities. Table 10 lists the principal types of transit 
vehicles and compares their hourly passenger-carrying capacity with that of the private 
automobile. 

Table 10. Passenger-Carrying Capacities per Lane per Hour 


Mode of Transport 
Automobiles on city street 
Automobiles on expressway 
Buses on city street 
Buses on expressw-ay 
Streetcars on city street 
Streetcars on own right-of-way 
Local subway trains 
Express subway tiains 


Number of Passengeis 
per Laiie per Hour 
600-1.270 * 
2.250-2 550 t 
3 870-9 100 t 
6 300-15.000 § 
6.300-13 500 il 
10 800-16 200 ^ 
32 000 ** 
50.000 tT 


♦Range is computed from 1.5 persons per car (rush hour) to 1.7 persons per car. and from 400 to 
750 cars per lane per hour. 

t Range is computed fiom 1.5 to 1.7 persons per car, at 1500 cars per lane per hour. 

+ Range is computed for buses with 32 seats plus 11 standees, and buses with 55 seats plus I 5 stand¬ 
ees, for schedules of 90-130 buses per hour. 

§ Range is contputed for buses with 55 seats plus 15 standees, for schedules of 00-21.3 buses per hour. 
'' Range is computed for stieetcars carrj-ing 90 passengers, for schedules of 70-150 streetcars per hour. 
^ Range is computed for streetcars carrying 90 passengers, for schedules of 120-180 stieetcais per ho\ir. 
** Trams carrying 800 passengers, scheduled at 40 trams per hour 
tt Trams carrying 1000 passengers, scheduled at 50 trams per hour. 


Theoretical and actual capacities are seen to vary widely with size of vehicle and sched¬ 
uling. Table 10 gives a considerable range of values. becau>o the M’hedule that can bo 
maintained is usually dependent upon the size and efficiency of terminal oi other loading 
facilities. With expressway operation, it is theoretically possible to schedule a solid lane 
of buses on 6-sec headway, giving a discharge capacicv of 000 buses or 42.000 passengers 
per hour. The Port of New York Autliority*'^ bus terminal operates on o-&ec outbound 
headway in rush hours (720 buses per hour), but its discharge makes use of both west¬ 
bound lanes in the Lincoln Tunnel. It i;- desirable to point out that the loading of buses 
in Stalls at a terminal gives them a decided advantage over the loading of streetcars at a 
platform alongside the mam track. The streetcar lane capacities given in Table 10 pre¬ 
suppose (a) multiple loading positions on several platforms in a terminal, or (b) a con¬ 
fluence of routes, with passengers boarding the streetcars before the routes come together. 

It can be computed from Table 10 that a lane of large buses on a city street can carry 
8.1 times as many passengers per hour as a lane of automobiles averaging 1.5 persons per 
car under the favorable condition of a 750-car-per-hour discharge rate. It is evident that 
public transit, if well patronized, is the most efficient way to obtain maximum utilization 
of available roadway area in congested downtown districts. 

Streetcars vs. Motor Buses. It used to be (’onsidered that the motor bus should be used 
onlj' for outlying feeder service and for light-load downtown lines, and that the streetcar 
was far superior for heav\’-traffic city routes. This doctrine has been negated by the expe¬ 
rience of a groat many large cities where streetcars have been replaced b\' buses even on 
the most heavily traveled lines. Transit capacity has been increased, because the street¬ 
cars used to be caught behind slow trucks, which the bus can avoid. Furthermore, traffic 
flow has been improved, because the streetcars impeded the progress of private automo¬ 
biles. Public acceptance of the bus appears to be complete, and there are few if any sur¬ 
face streetcar lines that need be considered permanent fixtures m the transportation plan. 
Exception should be made of operations involving streetcars that run a part of their 
route in subw^ays and the balance on the surface, as in Boston and Philadelphia. 

Trolley-buses are not included iii Table 10. Their passenger-carr\mg capacity per lane 
IS recognized to be somewhat less than that of streetcars, but in excess of buses. Their 
special application is in situations where the electric railway company has a large un- 
arnortized investment in power houses, and therefoie finds that converting to trolley¬ 
buses is financially more feasible than to gasoline buses. The trollc\ -bus also has the oper¬ 
ating advantage of a faster acceleration than the gasoline bus. It suffers from some of the 
shortcomings of the streetcar: rigidity of route and maintenance cost of overhead wires. 

Subways. Because of their exceedingly high construction cost, subways are financially 
possible only in very large cities, and even tlien are restricted to special and unusual con¬ 
ditions of routing and population distribution. There must be a dense residential con¬ 
centration along the route, or the certaint\ that high densit\ will be built up a.s a result 
of the subway construction. Also, there must be a highh- concentrated business district 
foi the suhwa\ to serve. Major cities that have grown to their present size without sub- 
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ways can rarely meet these two conditions. The downtown center may be highly con¬ 
centrated but the residential population is usually spread thinly over the land, so that 
only a multiplicity of surface transit lines can give ser\T.ce close to the people’s homes. 
The Chicago subway s\'stem is not an exception, as it is intended as the eventual replace¬ 
ment for the elevated lines which shaped the earlier pattern of growth. San Francisco, 
however, should be mentioned as a possible exception. Its exceedingly hilh' terrain and 
the fact that Market Street is the backbone of the street system combine to indicate that 
a subway might be logical. In seeking the solution to transit problems, the planning 
engineer should not count too heavily on unstudied proposals to build subways. Thor¬ 
ough technical and economic analysis is essential. Also, it should be remembered that 
subwa\- lines have sometimes proved the cause of congestion rather than its cure. 

Railroad Commuting Service. In the larger metropolitan regions, railroad commuta¬ 
tion service long preceded the development of transit lines. During recent years, the 
railroads have been losing commuting riders to public transit and priv'ate automobiles, 
despite great increases in total suburban population. On Ughtlv traveled lines, the rail¬ 
roads are faced with the alternatives of continuing an unprofitable operation or abandon¬ 
ing service entirely. On heavy-traffic lines, the demand for service sometimes exceed.'? 
trunk-line track and terminal capacity. A compensating factor, of potential significance, 
is the reverse-flow rush-hour traffic induced bv industrial decentralization. 

From the planning standpoint, the indicated long-term solution may take one of the 
following form? 

1. Consolidation and interconnection of railroad commuter service and existing mass- 
transit service, using the railroad tracks but operating the transit equipment under transit 
management. 

2. Abandonmert of railroad commuter trackage and reuse of right-of-way for automo¬ 
biles and express buses. 

Public Owership of Transit Systems. Detailed evaluation of the trend toward municipal 
or public authority ownership and operation of transit lines is beyond the scope of this 
article. Mass transportation of passengers is essential to every metropolitan region. 
When rising costs make its continuance no longer financially possible under private cor¬ 
porate auspices, there is no other alternative than public ownership. The corporation’s 
service should, in the long run, pay its own way. In most cases, in actual practice, the 
deficit from commuter-line operation is made up from trunk-line freight revenues. Public 
transit need not pav its own way, as deficits can be defrayed from real estate taxes. At 
pre.sent cost levels, if a privately or publicly owned transit system were to fix its fares on a 
self-supporting basis, they w'ould usually be at or above the level of diminishing returns. 
A substantial proportion of the system’s passengers would desert the mass-transit lines 
and drive their own cars, or in some ca.ses would move back into the central city. 

Railroad Electrification. Unique planning opportunities arise when a railroad electrifies 
ita passenger and terminal operations. The tracks can then be covered over and used as 
sites for new buildings that will literally change the face of the city. In the days of steam- 
tram operation in New York, Park Avenue above 42 Street was an open railroad yard. 
The luxury hotels and apartment houses that now line this avenue stand on columns 
erected between the tracks. Part of the Park Square office buildmg district in Boston was 
also a former railroad yard. 

Routing of Transit Lines. The principle of multiple foci of transit routes has been 
discussed in .4rt. 5 as being the most effective means for creating a decentralized pattern 
of central business district growth. The outstanding example is the “inner circle” of the 
underground railway system in London. Trains are operated in both directions around 
this route and intercept every radial line. The junction stations are the focal points for 
business centers that would not otherwise have come into being. The most nearly equiva¬ 
lent -A.mencan example is the elevated loop in Chicago, which made it possible for the 
central district to spread out over an area of more than i/o sq mi. 

By contrast. New York has no inner circle or loop. The early elevated and subway 
lines were laid out roughly parallel to the axis of Manhattan. They focused all their 
traffic in the downtown financial district, and extended across the East River to make 
this district accessible to the principal population concentrations of Brooklyn. Only m 
comparatively recent years, with the construction of the line across Manhattan at 59 
Street into Queens, and with the construction of other cross-town routes further south, 
has there been created a system of junction points, where decentralized growth can logi¬ 
cally develop. However, with one exception, all the New York subway lines are radials 
rather than intercepting circumferentials. 

With modern emphasis on construction of expressways, the planning engineer has the 
opportunity to correct many major deficiencies of past practice in the layout of transit 
routes. As a general rule, every expressway and most express parkways should be de¬ 
signed for use by transit facilities. Transit may take the form of rail service on a central 
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right-of-way, or may be provided by express bus service on the highway itself. In the 
latter case, special design of bus turnouts at loading stations is required. These stations 
should be of double-deck construction to provide for transfer to transit lines situated on 
arteries that cross the expressway above or below its grade. 

Integration of transit with expressway design la the most significant planning develop¬ 
ment in the field of urban transportation. Failure to integrate will result in congestion of 
the expressways by commuting private cars, and in continuance of inadequate and un¬ 
popular transit service on crowded surface streets. 

Riding-Habit and New-Route Analysis. Table 11 gives consolidated riding-habit figures 
for representative cities. The "riding habit” is the quotient of the total revenue transit 
rides per annum divided by the population in the area served. Riding habit is a useful 
measure of over-all transit demand and has its greatest value in analyses of the financial 


Riding Habit in Representative Cities 


Table 11. 

Riding 

Habit,* 


City 1950 

Population over 1,000,000 

Chicago 218 

Detroit 154 

Los Angeles 96 

Philadelphia 211 

Population 500,000-1,000,000 
Baltimore 168 

Buffalo 170 

Cincinnati 162 

Milwaukee 260 

New Orleans 229 

San Francisco 24! 

Population 250,000-500,000 

Dallas 154 

Fort Worth 115 

Indianapolis 136 

Louisville 195 

Rochester, N. Y. 190 

San Antonio 136 

San Diego 109 


* Total revenue passengers, divided by popu¬ 
lation in area served including suburbs). 


Riding 

Habit,* 


City 1950 

Population 100,000—250,000 

Corpus Christi 78 

Des Moines 130 

Evansville 177 

Fort Wayne 145 

Gary 54 

Omaha 154 

Savannah 119 

Shreveport 155 

Tacoma 131 

Trenton 123 

Utica 102 

Population 50,000-100,000 

Binghamton 92 

Evanston 177 

Harrisburg 193 

Springfield, Ill. 139 

York, Pa. 58 


Source: Transit Operating Reports, 1950, 
Part 1, System-\\'ide Totals, Bull. 72, .\merican 
Transit .Association, July 1951. 


feasibility of general ser\’ice improvements. For study of individual routes, and espe¬ 
cially of projected new routes, other data are required, as the riding habit gives only t!ie 
consolidated experience of all operating lines, whether heavily or lightly patronized. 

To evaluate the prospective earnings of a new route, it is best to seek comparison with 
the most closely equivalent line already in local operation. Items that should be as'^er- 
tained for the old line include; 

1. Population served per route mile. 

2. Rides per capita of contributory population per annum. 

3. Effects of feeder and junction lines. 

4. Extent of profit or Iosj^. 

In applying these compaiative data to the proposed line, with necessary adjustments, 
a factor must be introduced for new building development. This should include housing 
known to be projected, plus additional residential construction that the new line would 
be expected to induce. 

In many cases, the importance of developing general good will by rendering a desired 
service to the public will be the deciding factor. H*>wever, the transit operator must have 
an advance estimate of the probable extent of losses, before deciding whether it is prudent 
to as.sume a new liability. 

Terminals. Modern practice requires the provision of off-street ternunals for radial bus 
and streetcar lines. The continuing use of street '•pace is inefficient and constitutes a cause 
of congestion that should assuredly be removed whenever feasible. Piogress so far has 
been largely confined to construction of terininals for suburban lines, the local city serv¬ 
ices usually continue to load on the public streets. This is often inevitable, as these local 
lines are through-haul operations and mav not have any dominant loading point where an 
off-street station would be feasible 

In December 1950. the Port of New York Authority opened its terminal for bus lines 
using the Lincoln Tunnel to New Jersey. This terminal occupies the entire Manhattan 



1-32 METROPOLITAN AND COMMUNITY PLANNING 


block between 8 and 9 Avenues from 40 to 41 Streets (200 by 800 ft). Eighty-five per 
cent of the buses enter and leave on grade-separated roadways directly connected with 
the tunnel portals, and therefore are entirely removed from the congested surface streets. 
There are 53 loading berths or platform positions for long-haul buses, and 87 for short- 
haul suburban ser’vdce. The building is 4 stones high, with pro\’ision for parking 450 
private automobiles on its roof. Over 50% of costs are recouped from rentals of stores 
and concessions. 

Today, a bus terminal is needed even in the small town of 10,000-20,000 population. 
Its retail-trade economy is dependent in part upon bus-riding patronage. These potential 
customers should not be expected to wait on street corners in the rain or to huddle in the 
entrances of stores. Profusion should be made in the master plan for an attractive bus 
station and waiting room, and a sufficient number of covered bus stalls off the street. 
Local requirements of la\’over and loading will determine the number of stalls to provide. 
The original design should be capable of expansion to handle anticipated future increases 
in service. 

Operating Practices. Determination of schedules, locations of stops, and practices 
regarding fare collections and transfers are usually outside the province of the planning 
engineer. However, his special knowledge of the integration of transit with the city plan 
may give him opportunities to suggest improved operating practices For example, in¬ 
auguration of skip-stops and a “pa\'-as-you-leave'’ policy in the downtown area may con¬ 
tribute materiallj- to the relief of traffic congestion, and thus obviate the need for restric¬ 
tive traffic regulations and expensive street improvements. 


8. MOVEMENT OF GOODS 

This article is mainly restricted to those aspects of freight and commodity handling 
that relate directly to the work of the planning engineer. Section 6 of this volume includes 
treatment of the problems of railroad terminal design, and Sect. 10, Vol. II, is devoted to 
port development. 

Port Facilities. All seventeen of the cities in the United States with over 500,000 
population are ports. Most owe their origin and, in varying degree, their subsequent 
growth to water-borne commerce. Although the freight car and the motor truck have 
largely superseded the cargo vessel in handling domestic freight shipments, the role of a 
port in an urban economy will continue to be of great significance. A. major ocean port 
generally is and will remain the most vital single factor in the future economy of its metro¬ 
politan region. 

A ship may be said to earn money only when under way. Time at dock is lost time. 
A principal requirement for an efficient port is therefore the provision of facilities for 
rapid handling of cargo. In St. Louis, it has been estimated that 60% of the cost of river 
freight is in the handling at terminals.^ 

Few planning engineers will have occasion to design docks or to determine their equip¬ 
ment. However, they should take steps to interest the proper authorities in assuring their 
adequacy to meet the needs of shipping and to prevent loss of trade to competing ports. 

The particular role of the planning engineer is to integrate the physical development 
plans for the port with the over-all master plan for the city and region. In basic terms, 
the port must have good accessibility by rail and by highway. No matter how good the 
facilities of the port itself, it cannot function efficiently if its traffic is bottlenecked in con¬ 
gested city streets. 

Rail Freight. The land-use pattern of many cities and regions has been crystallized by 
the location of the railroad network, yards, and terminals. In the interests of efficient 
planning, freight terminals should be close to the primary origins and destinations of the 
commodities they handle. Freight classification yards, by contrast, should be on the 
periphery of the urban area, so that they will not constitute barriers to anticipated growth 
or damaging influences upon adjacent development. Also, peripheral location reduces 
train and car movements in the congested area, with resulting savings in time and cost. 
Chicago furnishes an example of railroad yards that were once at the edge of the built-up 
area but have long since been swallowed up by the spread of the city. Planning oppor¬ 
tunities exist in Chicago and many other cities to relocate railroad yards on the outskirts, 
and thus to recapture their present sites for higher and more profitable economic uses. 

The larger urban regions present the problem of multiple service by many separately 
owned freight railroads, each ha^dng its own tracks and each handling shipments to and 


^ Guide Plan, Missouri-Illincns Metropolitan Area Deielopment, prepared for the Metropolitan Plan 
Association, Inc., by Harland Bartholomew and Associates, 1948. 
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from all parts of the metropolitan area. The recognized solution is to provide a belt-line 
railroad, under joint ownership. Inbound freight can then be routed from the trunk rail¬ 
road \’ia the belt line to the terminal that is most convenient for ultimate delivery to con¬ 
signee. Outbound freight can be similarly handled. By this means, length of truck haul 
through city streets wiU be reduced to a minimum. 

Chicago has both an outer and an inner belt line. The New York Connecting Railroad 
performs the same function, but has recourse to carfloat ferries for transfer between the 
Brooklyn waterfront and the trunk-line termmals on the west side of the Hudson River 
in New Jersey. Equivalent belt-line faciUties, in various forms and under differing types 
of ownership, exist in most of the large metropolitan regions. St. Louis and Boston are 
other outstanding examples. As a general rule, belt lines have not been provided in the 
smaller cities. Their absence presents a planning problem of increasing importance. 

The situation has been summed up as follows: - 

If a merchant or manufacturer receives goods from New York or New Orleans or Miiw'aukee, or if he 
wishes to make shipments to Pittsburgh or Indianapolis or Denver, he should not be compelled to go to a 
different part of the city to receive or deliver the goods arriving or leaving by a particular line. He 
should be able to use the nearest and most conveniently located freight station, whatever may be the 
destination of his goods or by whatever line they may be carried. This is a fundamental economic 
principle which holds good whether the town be large or small, whether the transportation lines sertnng 
it be few or many. 


A major urban planning requirement, not always recognized, is the provision of rail- 
truck interchange terminals, for handling pick-up and delivery of l.c.l. (less-than-car- 
load-lot) freight. Such termmals, when served by a belt hne, can concentrate a substan¬ 
tial proportion of these movements at a centrally located facility where consignments can 
be assembled, combined, and handled with maximum efficiency The outstanding exam¬ 
ple is Inland Freight Terminal Number One, completed m 1932 by the Port of New York 
Authority. It occupies an entire block, 800 by 200 ft, on the lower west side of Manhat¬ 
tan, and provides joint service to nine trunk-line railroads. This great terminal has 15 
floors of warehouse, manufacturing, office, and loading space, and is the third largest 
building in the world, by cubical content. It handles more than 300.000 tons of l.c.l. 
freight plus 225,000 tons of railway express per year. It has resulted in most substantial 
savings in trucking, handling, and rail-freight costs, and by consolidation of truck loads 
has reduced congestion of pick-up and delivery service on the streets. 

Trucking. Movement of freight by truck, other than in pick-up and delivery service, 
is a recent development and presents new planning problems that have grown to critical 
proportions. 

The high incidence of over-the-road trucking is emphasized by the following representa¬ 
tive figures: ® 

Per Cent 
Received 

Commodity by Truck 


Milk, 75 metropolitan areas with 69,000,000 population 100 
Live poultry, 11 principal metropolitan areas 99.7 

Shell eggs, 14 principal metropolitan areas 97.7 

Livestock, total receipts at stockyards 75.6 

Butter, 11 principal raetropohtan areas 55.4 

Fruits and vegetables, 20 principal metropolitan areas 46.5 

Cheese, 11 principal metropolitan areas 43.0 

Sand and gravel, total products of mines 70.4 


The Automobile Manufacturers Association has reported a study of all freight and 
express traffic originating in the New York Central S\'stem territory, conducted by the 
“Ship Coal by Rail Committee” of East Sj-racuse, N. Y. The proportions of total ton¬ 
nage shipped by truck, classified by length of haul, were found to be as follows: * 

Per Cent 


Intra-terniinal 96 

25-100 miles 82 

100-300 nules 68 

300-500 miles 44 

500-1000 miles 28 

Over 1000 units 3 


i Planning the Modem City, by Harold McLean Lewis, John Wiley & Sons, 1949, Vol. 1, pp. 67-68. 
3 All data, except for sand and gravel, are from the H. S. Department of .Agriculture, as abstracted 
from tables published by Automobile Manufacturers Association. Sand and gravel data are from U. S. 
Bureau of Mines. Figures are for 1952, except as follows: milk, 1948; sand and gravel, 1951. 

* Motor Truck Facts, Automobile Manufacturers Association, 1949, p. 26. 
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A questionnaire survey by the Association of American Railroads in 1949 ^ revealed 
that the preponderant reason why shippers use trucks was “shorter transit time.” This 
answer constituted 75% of all r^plit's. Other significant primar 3 ' reasons were “lower 
fosts” and “less handling.” Such explanations as “less loss and damage” and “less mark¬ 
ing and packing” were cited as prirnar\- reasons by negligible percentages of the shippers. 

The above facts and figures ernphasize tlie vital role that the motor truck plays in the 
American metropolitan economy. Tliere are nearlj- 10.000,000 trucks in the United States 
(1954b and approximately 30 per cent are registered in the 115 most important urban 
counties. If they are to function with efficiency and without disruption of street-transit 
and passenger-automobile traffic, the following special types of facilities must be provided 
as intrinsic components or recommendations of the master plan: 

1. Mixed-traffic express highway's leading close to the center of the metropolitan region 
(s.'i contrasted with parkways reserved exelu&ively for private passenger cars). 

2. Truck termmals for interchange between over-the-road and local pick-up and de¬ 
livery trucks. 

3. Off-street loading berths for all buildings that are major origins or destinations of 
truck freight. 

In addition, under the heading of traffic regulation, it has been found desirable to limit 
the length of trucks permitted in central business areas during congested hours of the 
day,® and in extreme cases to restrict pick-up and deliverj' operations to off-peak hours. 

The Port of New York Authority has constructed two large Union Motor Truck Ter¬ 
minals. Their statistical descriptions are given in Table 12. The Authority published the 
following statement, in explanation of the need for its New York terminal: 

The current situation, which this union terramal seeks to eliminate, is characterized by: 

1. Wasteful use of over-the-road equipment to effect deliveries and pick-ups in congested areas. 

2. Inadequate and scattered individual termmals which result m: 

(а) Wasteful utilization of over-the-road units to transport interchange freight between terminals 
m contrast to transferring freight across a platform in a union terminal. 

(б) Wasteful utilization of local pick-up and delivery equipment because trucks operate only 
partially loaded if restricted to small zones, or if fully loaded, have to cover large zones, thus 
wasting equipment and manpower. 

(c) Waste of manpower occasioned by low’er productivity per man, both in local deliveiy and in 
individual platfoim operations, than would be secured by union terminal operations. 


Table 12, Port of New York Authority Union Motor Truck Terminals 


Location 
Site area 

Dimensions of building 
Dnuensions of freight platform 
Number of truck beiths 
Rated capacity 
Capacity per truck berth 
.^oproxuiiate cost 
Opened for operation 
Estimated savings m truck-miles 


New York 

Lower Manhattan, near 
Holland Tunnel 
3.67 acres 
1000 X 160 ft 
800 X 80 ft 
144 

2000 tons/day 
13 9 tons/day 
$10,000,000 
November 1949 
1,830,000 per yr 


Newark * 

Route U. S. 1, north of 
Newark Airport 
29 acres 
ll74 x 202 ft 
1000 X 100 ft 
160 

2500 tons/day 
15.6 tons/day 
$ 8 , 200,000 
July 1950 
2,000,000 per yr 


* This terminal was leased in 1951 to the U. S. Army Air Force. 

Source; The Port of New York Authority Marine and Inland Terminals, 1949. 


In 2 L 2 sq mi of St. Louis, there are reported to be 114 separate truck terminals. “Sev¬ 
enty-eight buildings serving 170 truck Iine> were located in compliance with the proposed 
St Louis Master Plan, while 36 buildings serving 115 truck lines are located in conflict 
with the zoning provisions of the proposed plan.” ® Construction of one or more consoli¬ 
dated freight interchange terimnals for iail-truck-water transport is recognized by the 
Bi-State Development Agenev of the Missoun-IIlinois Metropolitan District as requiring 
a high priont\' in its planning and construction program ® 


\h'tracted from summary report in Mt/'.yr Truck Facts, Automobile Manufacturer'^ Association, 
p 2o. 

'■ Example' Regulations of New York City Department of Traffic, 1951. 

* Se'v York Union Motor Truck Terminal, The Port of New York Authority, May 1949. 
s Guide Plan, Missouri-Illinois Metropolitan Area Development, prepared for the Metiopolitan Plan 
As'''Ctation, Inc., by Harland Bartholomew and Associates. 1948, p. 31. 

9 K Bi-:^tate Compact for Metropolitan St Louis Area Development, by vY. Philip Shatfs, State 
mie'^ts, magazine published by the Council of State Governments, April 1949. 
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In 1947, the Boston City Planning Board issued a detailed report recommending con¬ 
struction of a union motor truck terminal.^® The statistical data therein presented are 
indicative of good practice in the analysis of metropolitan requirements. 

Many of the findings of the report were derived from a questionnaire sent to a 20% 
sample taken from the membership list of the Massachusetts Motor Truck Association 
(242 letters sent) plus a large number (188 letters) to other common carrier trucking 
firms. The following major conclusions were derived from the questionnaire and other 
sources of information: 

1. Approximately 7200 tons of freight in small consignments are picked up or delivered 
dailj’ in the downtown area by roughly 2000 trucks trav’eling 30,000 truck-miles. 

2. About 2300 tons of freight are interchanged daily between common carriers in the 
Boston area. 

3. The present loading factor for the average of all trucks is only 44% of capacity. 

4. A truck interchange terminal could attract 2400 tons per day of pick-up and delivery 
business, plus 400 tons of interchange freight. 

5. Average loading factor could be doubled. 

6. A 12.5% reduction in all pick-up and deliver^' truck traffic through the streets would 
be realizable. 

7. The terminal would save 27 cents per ton of freight handled at its platforms, plus 
51 cents on each ton of freight picked up or delivered. 

8. Gross annual saving to truckmen and shippers (and eventually to the public) would 
be m the order of magnitude of $800,000. 

The Boston City Planning Board recommended that a single terminal designed to 
handle 2800 tons daily should have the following features: 

Site area of at least 9 acres. 

Administration and storage floor area of 90,000 sq ft 

Platform or platforms totaling 1250 ft in length, with back-up spaces for 200 trucks, 
and equipped with a mechanical conveyor system. 

Access roadways and parking areas. 

Further analysis of Boston’s problems of freight origination, routing, and downtown 
congestion led the Planning Board to recommend that the above capacity be divided 
between two terminals, one to the north and the other to the south of the central district 

Examination of the St. Louis and Boston cases indicates clearly that major union truck 
interchange terminals, whether financed by public or private corporate funds, will not 
and should not be viewed as replacements for all existing private facilities. Tiieir role iii 
the metropolitan plan is to consolidate the centers of operation of large numbera of the 
smaller companies at one or several strategic locations, and to attract thereto a signifi¬ 
cant portion of less-than-truckload business of t!ie maj'ir over-ihe-road common carrier" 
This function of partial unification will reduce street congestion and costs of operation. 
Total unification in any large city, on the other hand, would tend to increase haulage dis¬ 
tances, overconcentrate the streams of truck traffic, and tiiereby defeat its own prime 
purposes. 

These considerations point to the great importance m the regional plan of reaching an 
authoritative determination of the number and location of union truck terminals to be 
provided. The following check list of factors should be considered; 

1. Location and relative tonnage of existing truck terminals. 

2. Location, number, and relative tonnage of truck freight generation centers (light- 
manufacturing districts, etc.). 

3. Number of main radial highways extensively utilized for intercity truck shipments, 
and relative tonnage by route. 

4. Number of trucking companies and other truck operators b\- type of operation and 
size of fleet: local pick-up and deliver^' common earners, indu&tr\--owned pick-up and 
delivery fleets, metropolitan area common carriers, general over-the-road common car¬ 
riers, interterminal operators, etc. Representative loading factors for each. 

5. Influence lines for origin and destmation of iieavy truck traffic volumes 

6. Determination as to which existing terminals should best be superseded by the pro¬ 
posed union terminals. 

7. Estimate of tonnage, by classifications, to be diverted to the proposed union 
terminals. 

8. Check of alternate terminal-location plans, to secure near-miniruum track travel on 
do-wntoH-n streets. Calculation of potential savings on haulage costs. 

9. Congested streets and intersections to be relieved b\- provision of new terminals. 

10. Optimum routing between proposed terminals, for interchange tiaffio. 


Report on a Union Motor Truck Terminal Jot Boi^ton, City Planiui.g, Beaid, October 1947. 
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11 Traffic flow on local streets induced by proposed terminal sites, adequacy'’ of street 
^\*idths and driveway accesses, and effect upon surrounding properties. 

12. Determination as to whether truck-trailers are to be restricted in pick-up and 
delivery operations. 

13. Land value of alternate sites, foundation conditions, etc. 

14. Determination of number of berths required, site and building sizes, capital cost, 
potential savings in handling costs, etc. 

A theoretical principle is implicit in the planning of union truck terminal locations: 
The terminaU. in an ideal plan, would be spaced circumferentially at or near the intersec- 
tion^ of the inner belt highway with the most important radial arteries, and their rela¬ 
tive .-izes would be determined by combined weighted judgment of the magnitude of 
truck traffic on the radials plus the nearness of the terminals to the major truck tonnage 
generators. 


9. TRAFFIC GENERATORS 

Section 3 of this volume is devoted to traffic engineering. This article is restricted to 
those aspects of traffic generation that relate directly to the work of the planning engineer, 
i.e., the determination of the quantitative relation of land use to traffic generation as a 
ba^i." for restrictions on building iiae and bulk and for the requirements of off-street load¬ 
ing and parking. 

Traffic Generation by Size of City. The following tabulation shows the percentages of 
all persons bound for the central business district who travel by private automobile, for 
a sene* of cities and groups of cities in which recent check counts have been made: 

Per Cent by 
Automobile 


Average of 8 citiejs under 100,000 population * 81.2 

Averaee of 6 cities of 100,000-500,000 population * 69,1 

Washington, D, C. 65 

Kansas City 51 

Boston 25 

Pan Francisco 25 

Chicago 20 

New York (Manhattan) 10 


* Parking. Eno Foundation for Highway Traffic Control, 1946, p. 26, 

These percentage.'! are principally influenced by the ax'ailability, speed, convenience, 
and popular acceptance of mass-transportation lines. With some exceptions, public car- 
rir>r service has been most highly developed in the largest cities, which at the same time 
present the worst conditions of street congelation and traffic delay to the private driver. 

Traffic Generation by Express Highways. The inference may be drawn that any marked 
improvement in public transportation would diminish the proportion of travelers using 
private automobiles, Plowevcr. when the improvement is accompanied hy a material 
incroa'^e in fare.®, this result may fail to be achieved. On the opposite hand, an 3 ' notable 
iin]>rovement in highway facilities, such as construction of a new radial expres.sway, will 
invariably induce a new volume of traffic that did not prexdously exist. It ■will thus in- 
crea'^e the percentage of automobile riders to the central district. This induced traffic 
ma\ amount to a •'Urcharge of 3U^ or more, 

Lxprc?®wa\-s relieve the traffic load on existing parallel streets, even though thej' may 
Thern-'clve’? become congested. However, except for a .'.mall proportion of through inter¬ 
city vehicles, all traffic on a radial expre^swav must eventually become local traffic on 
local streets, in order to reach ultimate destinations The onlj’ exception is the traffic 
that terminates at the exit from the expresswaj-, either in a convenient parking lot or in a 
gara::o located for direct acce-s. Kecognition of the importance of discouraging express¬ 
way vehi-'Ies from congesting local streets wa® a prime reason for construction of the Bat¬ 
tery Parking Garage m lower Manhattan, at the junction of tfie West Side Express Iligh- 
wav, the BrookUn Batrerv Tunnel, and tlio Battery Park T’nderpass connecting witli 
East River Drive This garage has a capacity of 1050 cars and is the property of the 
X ‘w York (. ity Bridge and Tunnel .\uthority. 

Traffic Generation by Specific Land Uses. Tlie majority of the parking survey> cou- 
<ii:cted in recent years have determined parking demand in terms of quantity of space, 
il.ration of use, and purpose of trip It has been less usual to relate the quantitative 
demand to the floor area or other appropriate nmasure of size of the various tvpes of 

.\rt o, Bnsine&s Solution by Cie.ititin of Multiple Foci. 
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building that the automobile parkers have as their destinations. Several pilot studies are 
leported in Urban Traffic, a Function of Land Use. by Robert B. Mitcliell and Chester 
Hapkm (Columbia University Press, 1954). This significant book is primarily concerned 
with the analysis of basic concepts related to the interaction of land use and vehicular 
traffic. There is need for more field re^search, and a broad study has been initiated b\- 
the Eno Foundation for Highway Traffic Control (Julv 1954). An actual survey -was 
conducted in Oakland. Calif., in August 1949. It covered 1161 ofT-street parking stall 
Spaces provided by the Downtown Merchants Association on a .'ale.s ticket validation 
basi.-' (free parking for first hour, and 15 cents per hour thereafter) Table 13 gives an 
abbreviated summary of the findings.' 


Table 13. Summary of Parking-Space Demand 


(Created on 2-4-hr week daj' by various traffic generators, and relationships with floor area or other 

basic units.) 


Generator 
Department store A 
Department store B 
Office building A 
Office building B 
Retail and mail-order store 
General market 

Neighborhood shopping community 

Hotel 

Theater 

Publ’C high school 


Gross Floor Area or 
Other Basic Unit per 
Parking Space Required 
283 sq ft (selling area) 

51 8 sq ft i.sfclling area) 

1628 sq ft (net rentable area) 
81 8 sq ft 
I816sq ft 
199 sq ft 
813 sq ft 
2. 7 guest rooms 
19.1 seats * 

1263 sq ft or 7.5 students 


* An unusually low experience figure. See Table 14. One parking space for each 4-12 seats is the 
gerit-ral lange of design requirements 


The parking requirements given in Table 13 are representative of the type of data needed 
for technical j^olution of the parking problem. These data furnish the basis for private 
ofT-street jiaiking regulations to be included in the zoning ordinance, and also measure 
the demand for public parking areas to be provided by the municipality, so as to over¬ 
come existing deficiencies. 

.Actual figures for the demand generated by different land uses will vary widely from 
city to city. Extents of the public transit trade and walk-to-shop trade are the principal 
variables. Free parking versus parking for a fee is also an important factor. 

Traffic Generation by an Office Building. The following example is illustrative of the 
t 3 'pe of analysis required to evaluate the effects upon the city plan of major traffic genera¬ 
tors. The figures are entirely hypothetical, but derive from reasonable assumptions and 
representative experience. 

A skyscraper office building is proposed for a central site in a city of 133,000 people. 
The plot measures 200 x 100 ft, fronting on three streets. The zoning ordinance permits 
a 10-»tory structure on 60% av^age lot coverage The skyscraper will therefore contain 
120,000 SQ ft of gross floor area and mav be assumed to house a working population of 1000. 

In a cit 3 ' of this size, at leastffi0% of the workers would normally arrive by automobile. 
Allowing I 5 employee’? per car in the ru?>h hour, the building will generate an all-day 
parking demand for 400 car spaces Utilization of the open area on the lot ('40%) would 
accommodate only about 30 cars. If the balance of 370 spaces were provided on a sep¬ 
arate open parking lot, its area woul J need to be 2 1-2 5 acre* (250-300 gross sq ft per car 
stall). If 370 spaces were built into the building itself, they -would occupy 5 or 0 floors— 
an obviou? imp! acticability. 

In addition to employee parking, tiiere be provi-ion for visitors Assume 50 visi- 

tor-^’ automobiles to be the maximum at any one time. Curb space ano-?. the 200-ft build¬ 
ing front plu?^ 100 ft on each of two Mde frontages would accommodate only about 15 car^, 
after allowance toi corner rlearance. fire hydrant’?, etc. Ilencc, 35 vFitor'.’ cars Inu^t 
preferablv be parked off the •'treot. as other curb locations ma\- be expected to be needed 
lor the cu-tomers of other buildings. The end result is that our lO-'tory office building 
should have a separate acccsMiry parking area of 2.25-2.75 acre^ This roughly corre¬ 
sponds to an entire city block uieaMiring 200 x 500-600 ft. and i-' apt)roximately equal to 
the total grO"^ floor area of the buildmg. 

I OrJ-Str^^t Parkiv^ Rcpii'^emenf'-, by John G. Marr, Planmn^, American Society of Pianriing Official 
1949 , {) . 7 ') 
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What happens when the 400 employees’ cars converge upon this office building in the 
morning? Assume that they all arrive within a 30-min period, and that they approach 
in equal volume from four directions, on four access streets. Each street will then have 
a generated traffic load, for this building alone, of 100 cars in 30 mins. For typical traffic- 
light-controlled streets, this is the equivalent of roughly one-half of one vehicular lane, 
running at comfortable capacity. 

Now let it be assumed that 30% of the 1000 total workers arrive by bus. These 300 
transit riders will require only five or six modern buses in all, divided among the four 
directions of the compass and spaced out over 30 min. It is e\'ident that this does not 
result in any abnormal demand for bus terminal facilities. Even if all the workers arrived 
in buses, not more than 20 loads would be needed; spaced out over half an hour, and 
allowing 4 min per bus in the terminal, 3 or 4 bus stalls would suffice. 

The remaining 10% of the workers arrive on foot. They present no problem. If the 
entire 1000 workers enter the building in 30 min through doorways on three of its sides, 
and if the sidewalks are 15 ft wide and each person spends an average of 1 min on the 
sidewalk outside the building, there would be. at any one time. ISO sq ft of sidewalk area 
per pedestrian bound to the building. Studies indicate that comfortable walking area is 
onlv 15 sq ft per person, and averages as low as 6 sq ft prevail on crowded sidewalks. 

Traffic Generation of a Business District. It is worth while to carry this hypothetical 
analysis several steps further. Our city of 133,000 population can be assumed to have 
roughly 50,000 total workers. If representative proportions are used, the following break¬ 
down of employment results* - 


Manufacturing 

40% or 

20.000 workers 

Retail and wholesale 

25 

12.500 

Bu-=iiness and professional 

8 

4.000 

Transportation i 
Government I 

Education f 

Other > 

27 

13,500 

Total workers 

100% 

50.000 


It may next be assumed that the following will require central business district space: 


Manufacturing 

15% or 

3 000 workers 

Retail and w-holesale 

60 

7.500 

Business and professional 

80 

3,200 

Other classifications 

10 

1.300 

Total central district workers 

15,000 


From the above tabulation, it is seen that the rush-hour traffic load, before shoppers 
arrive, will be 15 times the traffic generation of our 10-story skyscraper. Required aggre¬ 
gate off-street parking area, assuming that all curb space is needed for transients, will be 
roughly 40 acres, including space for visitors other than shoppers. If there is a 60-min 
spread m morning arrival times, the 6000 automobiles will require 15 full lanes on the 
access streets. The 4500 bus passengers can be handled in 90 buses, or roughly one everv 
3^4 min from each of the four directions. A minimum of 6-8 bus stalls would be mdi- 
r ated. As in the single building example, the people who walk to work would present no 
problem of sidewalk congestion. 

Zoning Requirements for Parking. In order to help prevent future building construc¬ 
tion fiom intensifying the already critical parking problem, an increasing numb?r of 
cities now require the pro^dsion of off-street parking area as an accessory’ to new buildings 
of certain types. Over 300 cities now have regulations of this kmd. 

Table 14 briefly reviews the requirements found in the ordinances of 155 cities,^ with 
additional data drawn from other sources as noted. This table is actually a composite of 
present practice, rather than an authoritative guide. When the planner is drafting zon¬ 
ing prori&ions for a particular city, he should first analyze the local quantitative demands 
for parking space 

Examination of Table 14 leads to the conclusion that the range of zoning requirements 
for a particular land use is too broad to be justified by variations in local conditions. 
There is also a great diversity of methods for computing these requirements, the extent 
of which is only partially revealed by the tabulated data. John Marr has pointed out in 


2 Based on Fort Wayne, Ind., with some modifications. 

.Abstracted from Zoning for Parking Facilities, Highway Research Board, Bull. 24. 
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Table 14. Zoning Requirements for Off-Street Parking Space 

Square Feet ol Fir'-cn." S <ape Required Other Basis for 




--- 


Computation 

Land Use 

Minimum 

Average 

Maximum 

of Requirements * 

1- and 2-fam. 

100 sq ft per d.u. 

181.6 sq ft per d.u. 

300 sq ft per d u 

1 space per d.u. 

dwellings 

Mulnple-fam 

33 sq ft per d u 

166 8 sq ft per d u 

420 sq ft per d u 

1 space rer d.u. 

d.u.’s 

Hotels 

20 sq ft per room 

81.2 sq ft per room 

300 sq ft j>er room 

1 space per 3-6 rooms 

Hospitals 


26 7 sq ft per bed 

0.72 space per sq ft of 
sleeping area 

0.6 sq It per sq ft of 
gross flioor area 

1 space per 6-10 beds 

Mortuaries 

Restaurants 


480 sq ft per room 

1 space per 50 sq ft of 
patron use • 

1 space per 100 sq ft 
of g'‘OSs floor area • 

0 6 sq ft per sq ft of 
gross floor area, 
plus 0 3 sq ft for 
each sq ft of gross 
floor area over 3000 

1 space per 50 sq ft of 
floor area 

1 space per 5 seats 

Theaters 

13 sq ft per seat 

0.08 space per seat 

30 sq’t per seat 

0.23 space per seat 

50 sq ft per seat 

0 5 space per seat 

I space per 4-12 seats 

Auditoriums 

12.6sq ft per seat 

29 7 sq ft per seat 

50 sq ft per seat 


and churches 

Schools 


40 sq ft per seat 
(college) 

12 6 sq ft per seat 
(high school) 



General busi¬ 

ISsqft per ft of lot 

32 sq ft per ft of lot 

40 sq ft per ft of lot 

0.92 sq ft per sq ft of 

ness office 
buildings 

frontage 

frontage 

frontage 

floor area 

i space per 400 sq ft 
of net floor area 

Industry 

1 space per 4 employ¬ 

1 space per 3 employ¬ 

1 space per 2 employ¬ 

Total parking space 

Retail stores 

ees 

ees • 

1 space per 750 sq ft 
of floor ^ea * 

ees • 

equaling 1-3 times 
floor area 

1 space r>er 200 sq ft 
of floor area 

1 space per 300 sq ft. 
of floor area excee i- 
mg 4000 sq ft 


• The figures in this column and other figures marked • are drawn from miscellaneous sources, including Parking 
Manual, American Automobile Association, and various loning ordinances not covered in the Highway Research Board’s 
bulletin cited below. 

Source. Data are from Zonmg for Parking Facilities, Highway Research Board, Bull 24, except as noted above 

his analj'sis of these same data, for example, that there are twenty-one different units of 
measurement for general business requirements.^ 

It may be anticipated that further survey knowledge, supported where necessary by 
empirical computations, will lead to greater uniformity of space requirements Varia¬ 
tions would then reflect only the differences in local conditions. Also, when this type of 
zoning provision becomes less experimental, a higher degree of standardization m units 
of measurement will logically follow’. 

Another problem, integrally related to the provision of private off-street parking space, 
is the location and adequacy of ingress and egress driveways. This ^an be handled satis¬ 
factorily by requiring that the plan of driveway facilities be submitted for approval by 
the Zoning Board of Appeals, and subject to advisory technical report b\' the Planning 
Board. In this connection, it should be pointed out that certain roucenirated generators 
of traffic, such as outdoor theaters, require an ample car reservoir outside their pay gates. 
Otherwise, traffic will back up on the runnmg lanes of the tributary highways. 

Loading Space. Many zoning ordinances require in new buildings of certain types the 
pro\-ision of off-street loading and unloading bays for trucks. New York City require¬ 
ments are as given in Table 15. There are certain exceptions, for whi-^h leference should 
he made to the full text of the zoning amendment. The New York Citv Planning Com- 

^ (.)iT-Street Pa:kiug K^'quireinents, .John G Mar., Flanni'iz. Anipr.'-.ni of Planning 

(->fhcials, 1949, p. 61 
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Table 15. Reqixired Off-Street Loading Berths for New Construction, City of New York * 

Off-Street Loading Berths Shali Be Provided 
as Set Forth Below 


For the Uses Set Forth in 

In the Following Area 


Required 

the Subsections Below 

Districts 

Square Feet of Floor Area 

Berths 

For all hospitals, m addition 

In all area districts 

From 10,000 to 300.000 

1 

to any spaces provided for 
ambulances 


For each additional 300,000 
or fraction thereof 

1 additional 

For ail undertaking estabhsh- 

In all area districts 

From 2,500 to 5,000 

1 

ments and funeral parlors 


For each additional 10,000 
or fraction thereof 

1 additional 

For all hotels and offic-es 

1. In B area districts 

From 75,000 to 300,000 

For each additional 300,000 
or fraction thereof 

1 

! additional 


2. In all other area distncts 

From 25,000 to 100,000 

From 100,000 to 300,000 

For each additional 300,000 
or fraction thereof 

1 

2 

1 additional 

For all retail sales and serv¬ 

1. In B area districts 

From 25,000 to 40,000 

1 

ice uses 


From 40,000 to 100,000 

For each additional 150,000 
or fraction thereof 

2 

1 additional 


2. In all other area districts 

From 8,000 to 25,000 

From 25,000 to 40,000 

From 40,000 to 60,000 

From 60,000 to 100,000 

For each additional 150,000 
or fraction thereof 

1 

2 

3 

4 

1 additional 

For all wholesale, manufac¬ 

1. In B area districts, except 

From 15,000 to 40,000 

1 

turing and storage uses, or 

w’bere such distncts coincide 

From 40,000 to 80,000 

2 

any combmation of such 

with manufacturing and un¬ 

For each additional 80,000 or 

1 additional 

uses 

restricted use districts 

fraction thereof 



2. In B area distncts, where 

From 8,000 to 25,000 

1 


such districts coincide with 

From 25,000 to 40,000 

2 


manufactunng and unre¬ 

From 40,000 to 60,000 

3 


stricted use districts, and in 

From 60.000 to 80,000 

4 


all other area districts 

For each additional 80,000 
or fraction thereof 

I additional 

• .48 amended to April 29, 1954. 




mission also drafted a set of less restrictive retroactive truck-loading requirements for 
existing buildings devoted to retail sales, service, wholesale, manufacturing, and storage 
uses. However, these regulations for existing buildings were disapproved by the Board 
of Estimate and are therefore not in effect. 


10. RECREATION AREAS 

Park and Playground Standards. Requirements for outdoor recreation areas differ 
from city to city and depend upon such variable factors as economic and social back¬ 
grounds, population density and age distribution, local scenic resources, topography, and 
climate. Precise standards therefore cannot be established, but as the basic needs of all 
urban populations are similar, it is possible to indicate appropriate ranges of requirements. 
By exercise of judgment, these can be used both for evaluating the adequacy of existing 
facilities and as a basis for planning additions to park systems. 

Table 16 is a synthesis of recommended standards compiled from studies made by the 
National Recreation Association and other agencies 

As a very rough measure of adequacy, it is sometimes stated that combined park and 
playground area should equal 10% of city area and provide 1 acre of recreation space per 
100 population. These two standards are mutually consistent only when the population 
density is equal to 10 persons per gross acre of the city. For higher densities, 10% of 
city area gives insufficient recreation space. New York City has 13.0% of its total area 
in parks, but still provides only 1 acre per 293 people. 

It is apparent that the 10% standard can be ver>' misleading. For example, a town 
might have one large park, but practically no small neighborhood parks and playgrounds. 
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Calculating recreation needs in terms of 1 acre for each 100 population is open to similar 
criticism. However, if recognized purely as a combined standard which must later be 
divided into its components, it will yield reasonably good results for communities of 
medium and high population density. 


Table 16. Park and Playground Standards 


Type of Facility 

Playlot 

Playground 


Minimum Size 
2400-5000 sq ft 
3.25 acres for 2000 pop. 
4.00 acres for 3000 pop. 
5.00 acres for 4000 pop. 
6.00 acres for 5000 pop. 


Playfieid 20-30 acres 


Neighborhood 1 V2“2 acres 

park 

Large recreation 50-100 acres 
park 

Park reservation 1000 acres 


M aximum 

Travel Distance 

V 4 -niile walk 
1 /,- 1 / 2 -mile walk 


1 / 2 -I-mile walk 


Size Related to Population 

1 playlot per 30-60 families 
1 acre per 800 pop 
2.3 acres for 200 children 
3.05 acres for 450 children 
4.45 acres for 800 children 
6.25 acres for 1200 children 
I acre per 800 pop 
I playfieid per 20,000 pop. 


l/ 4 -V* * * § 2 *od*e walk I acre per 500-1300 pop 


1-3 miles 


1 park per 40,000 pop 


Age Group 
Served 
2-6 yr 
6-14 yr 


High school 
students 
and adults 
Primarily 
adults 
All ages 


Ready acce^ by Serves a city or urban 
auto or public region 

transportation 


Sources; Most of the data in this table are taken from Standards for Municipal Recreation .4reas, by George D Butler, 
Recreation, July-August 1948. Mr. Butler has drawn on the Standards of the National Recreation .Association, of which 
he is Director of Research, and also on recommendations of the .American Public Health .Association, National Park 
Service, and other authorities. 


Table 17 gives percentages of park area, and acres of park per 100 persons, for a wide 
range of American cities over 25,000 population. It will be observed that many of the 
listed cities have better than 10% of park area, whereas only a few show more than 1 
acre of park per 100 persons. 


Table 17. Park Acreage as a Function of City Area and Population, for Representative 




Cities, 1950 


Park .Acre¬ 

Per Cent 



Total Land 


age per 

of City 


Popu¬ 

Area.t 

Park 

100 Popu¬ 

Area in 

City 

lation * 

acres 

Acreage f 

lation § 

Parks § 

New York, N, Y. 

7.835.099 

204.982 

26,644 

0.341 

13.0 

Chicago, Ill. 

3,606.436 

132,200 

6.024 

0. 168 

4.6 

Philadelphia, Pa. 

2.064.794 

81,408 

8.393 

0.406 

10.3 

Cleveland, Ohio 

905,636 

46,800 

2,360 

0.261 

5.0 

St. Louis, Mo. 

852,623 

39.000 

3,048 

0.358 

7.8 

Boston, Mass. 

790.863 

28.100 

3,019 

0.382 

10.7 

Seattle, Wash. 

462,440 

43,800 

2.953 

0 639 

6.7 

Toledo, Ohio 

301,358 

23,700 

2, 154 

0 715 

9. I 

Pasadena, Calif. 

184,087 

12.400 

1,223 

0 663 

9.9 

Salt Lake City, Utah 

181,718 

33.600 

1.555 

0 856 

4.6 

Wichita, Kan. 

166,306 

13,500 

2,650 

1.591 

19.6 

Utica, N. Y. 

101,429 

10.100 

686 

0.677 

6.8 

Huntington, W. Va. 

78,836 

8,060 

800 

1.017 

9.9 

Springfield, Mo. 

66,302 

8,700 

453 

0 684 

5.2 

Ogden, Utah 

56,910 

10,570 

1.200 

2 1 10 

11.4 

Asheville, N. C. 

52,208 

9,280 

400 

0 766 

4.3 

Fargo, N. D. 

37,981 

3,200 

470 

1 239 

14.7 

Beloit, Wis. 

29,541 

3,070 

323 

1 093 

10 5 

Santa Fe, N. M. 

27,547 

17,320 

31 

0. 113 

0.2 

Attleboro, Mass. 

23,665 

17,480 

37 

0 156 

0.2 


*U. S. Census of Population, 1950. 

t Areas of the United States, 1940, U. S. Census. 

t Recreation and Park Yearbook, National Recreation .Association, 1951. "Park acreage" includes 
playgrounds and playfields other than those on school sites. 

§ Computed by the author. 
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Fig. 12. Parks and playground?, 
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Morristo\\Ti, N. J , 1949. 
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The National Recreation Association has published suggested standards for a large 
number of special athletic facilities that should be pro\'ided within the public parks and 
play areas. The following tabulation gives the more important of these standards: ^ 


Baseball 

Softball 

Tennis 

Golf 

S^Mmmmg pool 


I diamond per 6000 population 
1 diamond per 3000 population 
1 court per 2000 population 

1 hole per 3000 population (18-hole course sufficient for typical city of 50,000) 
Adequate to serve 3% of population at one time, on basis of 1 5 sq ft of water area 
per perspn in the pool *- (100 x 60-ft pool thus adequate for a community of 1 3,000) 


Recreation Surveys. In order to measure the sufficiency of a recreation system and to 
plan for its future, two basic surveys are customarily indicated. First, there must he an 
inventory of the existing facilities: wkat and where and how large are the questions to be 
answered. Separate maps should generally be prepared for playlots and pla\’grounds, 
for playfields, and for parks. The available areas and types of recreational ser\'ice should 
be tabulated. Second, it is necessary to know the intensity of local use of each facility, so 
as to gage the standards that would be appropriate to apply. These will generally fall 
w’ithin the ranges given in Table 16. Sufficient indication of intensity of use may be ob¬ 
tainable from Park Department and Athletic Commission records of attendance, sup¬ 
plemented by personal observation. If statistical data are inadequate, an attendance 
survey should be made. 

Determination of Adequacy of Recreation Areas. The recreation standards in Table 16 
involve minimum sizes, radius of influence, and ratio of size to population. There should 
be plotted on the .survey maps the effective area of influence of each separate existing rec¬ 
reation space. If population density is low, this area will be circumscribed by the max¬ 
imum walking distance determined as the suitable standard for the community. In 
communities of irregular street systems, or restricting topographic barriers, the area of 
influence will evidently not be a true circle. Corrective adjustments must be made. 
When population density is medium to high, more people will live within the allowable 
walking distance than can be served by the available recreation area. In such cases, the 
effective area of influence can best be determined from the population dot map or from 
block statistics of dwelling units. Any unusual age composition characteristics of the 
contributory population should be taken into account, such as a concentration of small 
apartments containing a low proportion of children of playground age. A simple exam¬ 
ple of a map showing existing parks and tributary areas is given in Fig. 12. 

Some existing neighborhood parks and playground.s will be found to be smaller than 
the minimum sizes indicated in Table 16. These must be analyzed on the basis of the 
limited scope of fai'ilities they can provide. Other recreation areas may be of adequate 
size, but far from fullv developed m terms of baseball diamonds, tennis courts, swimming 
pools, and other facilities and equipment they could accommodate. These present an 
administrative rather than a physical planning problem. The land is there, and the 
planning enguieei should recommend its proper development as funds become available. 

At this stage, the series of survey maps will show all areas of the community that are 
adequately served In- one or several different types of recreation area, and all those areas 
that aie deficient in the provision of playlots. playgrounds, playfields, and neighborhood 
parks. As the problem is generally an immediate one, these maps should be based on 
present population, so as to reveal existing space deficiencies that require current remedial 
action. 

Correction of Existing Recreation Space Deficiencies. The unserved or insufficiently 
served areas of the community must next be inve-atigated for potential park and play sites. 
Required sizes shoul'l be determined by the same procedure de^'Cribed for evaluating 
existing recreation spaces, combined computations involving radius, population to be 
served, and niinuauin area, for each separate type of facility. 

General preferential locations will be revealed by the maps. Sometimes public land is 
available in other administrative jurisdictions, and transfers to the Park Department can 
be arranged. It is also profitable to search the records of real estate tax deliiiquencv. 
M any cities and towns have found that they can obtain needed sites by foreclosure of tax- 
defaulted land^. Emphasis should also be placed on opportunities to enlarge e.xisting 
park' arid playgrounds that are below acceptable minimum size. 

B\' this process, an immediate recreation plan is built up from the survey' data. This 


.Abstracted fioni Schedule for the Appraisal of Community Recreation, National Recreation Associa¬ 
tion, 19-10 

- .A fevi-c'd standard. In 1940, the National Recreation Association suggested 20 sq ft per person in 
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plan. howe%’er, is limited to the correction of existing recreation space deficiencies for the 
present population. It is only the first step toward the long-term plan. 

The Recreation Master Plan. To provide for the future, the immediate recreation plan 
must be restudied in the light of anticipated population growth and di:?tribution I>o- 
nornic base studies and the general future land-use plan give the foundation for popula¬ 
tion exx>ectancy in each section of the coinmunin. The anal\>is procedure described m 
the previous sections should be repeated, substituting future population stati^li- s for 10 
or 20 years hence. Different areas of influence wiU re-^ult for the exi.'ting recreation spacer, 
and different area requirements for addiiion> to the svitem uill enicrge. Vacant land-' 
that are ripe for residential growth must be brought into con-'ideraiion for the hr>t time. 

The re-^ulting recreation master plan will indicate the fle-'irability of modifications in 
the luimediate plan. For example, if the immediate plan .-'hows need for a 4-af rc play¬ 
ground in an unserved neighborhood, and the master plan reveals that b acres will be re- 
quned 20 years from now, it will usually be wise to obtain the entire b-acre site at one 
time, and then to develop its full potential giadually as the population increases. By 
similar rea.soning, in districts of expected high-den-^itv re.^idential gro^dh. it will be better 
to provide one 2-acre neighborhood park immediately, and a second of the same size within 
a few years, than to acciuire a 3-acre site halfway between, to satisfy only the immediate 
need. 

Just as the long-range master plan is an extension of the immediate plan in order to 
meet future expansion, so tlie first-stage acquisition program derives from splitting up 
the master-plan proposals into a schedule of priorities. 

The initial step of preparing a tentative immediate plan is sometimes omitted. This 
can have a great disadvantage from the standpoint of public relations. The people know 
their present problem, at lea.st in terms of the general deficiencies they want corrected at 
once. The planner should not. therefore, ask them to comprehend a plan for 20 years 
hence, while he himself delilioratoly ignores technical analysis of tlie problem facing the 
public today. The people will readily grasp the immediate plan, and can tlion appreciate 
the reasons for minor modifications that will make it fit into the plan for the future. 

Regional Parks. Suitable sites for large parks will often be found to he well beyond the 
local municipal boundary lines. Provision of these facilities is goneralh' a matter for the 
jurisdiction of the state or county, or an mtermunicipai park auchont\. The location 
and extent of these regional recreation areas will depend upon the available land, its spe¬ 
cial attractiveness and scenic features, and on the relative needs for jiarticular types of 
use such as beaches, mountain resorts, and yachting, as evaluated m terms of financing 
considerations. 


11. SITES FOR PUBLIC BUILDINGS 

Civic Centers. In the early years of the twentieth centurjq as a result of the influence of 
the Chicago World’s Fair of lSft3. many American cities embarked on ambitious plans 
for CIVIC centers. They had outgrown their old city halU and courthouses and aimed to 
create harnioniou.s groupings of new buildmg> of monumental design. Tliese great cen- 
ter.s were not intended to be built in a dav. They were planned on ample ■'ites, and new 
buildings have been added through the years. Among the outstanding civic-center de¬ 
velopment'' of this tradition are tho-se of Francisco, St. Louis, Cleveland, and Denver 
A good rnanv other citie-s made •similar plans, which for various rea-'On-'— U'Uallv finan¬ 
cial—could not be earned into execution. A common error was that these plans were 
too grandio-'e, and often unrelated to the needs of the community and t!ie piacticahties 
of land replanning. 

The second half of the twentieth centurv offers new opportunities to achieve good 
civic-ci Titer ijlanning and c»',n<trucHoii. scaled to immediate and fleaih' enieigmg need-'. 
Many large cities are now nearing their x>robable ultimate poiiulation expeftaiuy. Future 
governmeiu floor-area requirements can therefore l^e escimateti more elo-'seiy than wa-^ 
po'.sible 40 years ago. The old public buildings are clearly outdated mid inadequate. In 
fact. It ha^ become custornarv for cities to rent private office ^pace to 'upplement their 
public quarter-5. There is also an awakened popular understanding of the enlarged re- 
spon-'ibilities and needs of government. Tins combination of crvstalhzed need and favor¬ 
able reception by the pi^ojile fits into the x»attern of the urban redevelopment program 
e.-5tabh-5hed by the National Housing Act of 1949 ^ It is quite U'-uai to find .''Cveral blocks 
of antiquated tenements practically m the shadow of the central bu'-mes-' di'trict. Re- 
X>lacement of the old citv liall can become part ot the plan for rebiuhling the slum area- 
of the city. 


1 See Art. 4, under the headinc Rebuilding Old Area-* 
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Local requirements and desires must alwaj’S determine the particular governmental 
functions to be given place within a ci\'ic center. The following is a considered check list, 
but should not be interpreted as representative of any accepted standard of good practice: 


Aquarium 

Art gallery 

Auditorium 

Board of education 

Bus terminal 

City hall 

College 

County offices 

Courts of law 

Federal offices 

Fire headquarters 

Garage for city-owned vehicles 

Garage for public parking 

Hall of records 


High school 

Hospital 

Museum 

Opera house 

Planetarium 

Police headquarters 

Post office 

Public library 

Public market 

Radio and television station 

Railroad passenger terminal 

Sports arena 

State offices 

Tourist information bureau 


Many functions on the above list could evidently be combined into one building, for 
example, county offices and county courts of law, federal offices and post office, art gal¬ 
lery and museum. Certain of the tabulated uses are usually considered mutually incom¬ 
patible: public markets, hospitals, and high schools furnish instances in point. None of 
these are normal parts of a civic center. They are included in the list for the sake of com¬ 
pleteness, because under special local site conditions a plan might embrace a very great 
range of facilities without loss of integrity and harmony. One effective site composition 
is to provide a grouping of civic buildings around a plaza, which can be used for public 
assembly. The market places of medieval towns are obvious examples of this concept of 
design. 

Civic Subcenters. In large municipalities, the planning board needs to prepare separate 
master plans for the location of police precinct stations, fire stations, branch libraries, 
health centers, and other types of public ser\’ices that require sites within separate neigh¬ 
borhoods rather than a single structure for citv-wide coverage. Such specialized parts of 
the master plan are customarily worked out in close collaboration with the cognizant 
administrative departments. The planner’s position of strength in these studies is that he 
can integrate and coordinate a wide range of separate and seemingly unrelated require¬ 
ments. Through this process, he can evolve plans for combinations of sendees and group¬ 
ings of public buildings in effective civic subcenters, often focusing around a community 
high school. The planned development can be laid out in toto, and the entire needed site 
acquired. Construction of individual facilities should then proceed gradually as capital 
funds become available. There ^an be no set rules. The functions of the planning engi¬ 
neer are to synthesize space requirements, to .select suitable sites for adoption as parts of 
the master plan, to prepare schematic site plans, and to include cost allowances in the 
long-term capital program. Subsequent detailed development of such projects is the 
province of the architect. The indicated procedure obviates random site selections by 
individual departments without reference to other municipal requirements, and without 
control by an over-all master plan. 

Individual and Isolated Buildings. By no means all municipal buildings can or should 
be grouped in civic centers and subcenters. Centralization of municipal functions must 
be examined by the common rules of need and reason. It can be greatly overdone. 

The seat of government is customarily kept separate, for example, from public markets 
and docks. Water filtration and pumping stations, sewage-treatment plants, and gar¬ 
bage incinerators hav'e their locations fixed primarily by geographic factors. A municipeil 
garage for public parking might be badly needed in the business district, whereas it might 
be too far off the beaten track if placed in the civic center. 

In every city and town there will be special or local site requirements for individually 
placed municipal services. Under the more advanced state planning statutes, all public 
building locations are subject to review by the planning board in relation to the master 
plan. In some instances, the plan will have already made prov'ision for the particular 
need. In others, review by the planning board will serve to assure that the proposed 
facility will not be incompatible with other long-term improvements planned for the 
immediate neighborhood. 


12, PUBLIC SCHOOLS 

Capacity and Space Standards. Size of city, population density, traditions of past 
practice, and financial limitations all exercise great influence on local policy as to standards 
and planning for future school requirements. The problems are very complex. Partly 
for this reason, even large school systems with competent staffs of analysts are prone to 
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call in specialized consultants or seek the assistance of professional planners. As a re¬ 
sult, there is a trend toward greater uniformity of standards, and an increasing adminis¬ 
trative desire to overcome the recognized inadequacies of criteria used in the pa.-'t. 

Table 18 gives the basic school standards tU'.ed by the Los Angeles Cils' Planning Com¬ 
mission, in preparation of its master plan. Los Angeles has been selected for purposes of 
illustration becau'*e it has the acute problems that are characteristic of fast-growing cities 

Table 18, School Types and Space Standards in Los Angeles * 




Age 

Service 


Site 



Group, 

Radius, 

Students 

Area.t 

Type of School 

Grades 

yeai s 

miles 

per School 

acres 

EleruentHry 

Ki ndergarten- 6 

5-n 

3/8-5/8 

250-750 t 

10 

Junior high 

7-9 

12-14 

1-11,'2 

1000-1500 

20 

Senior high 

10-12 

15-17 

2~21/o 

1800-2200 

40 

Junior college 

13-M 

18-20 

5-6 

2500-6000 

100 


* As used by the City Planning Commission for its Master Plan of School Requirements, 
t These site standards are more generous than ordinary practice (see text) 

X From the standpoint of administrative economy and efficiency, some authorities consider that 400 
elemeutary pupils is the minimum erfective number, and that schools over 700 do not yield any eco¬ 
nomic or educational advantages (see Planning ike Modern City by H. M. Lewis, John Wiley & Sons, 
Vol. I, p. 224. 

of great frize, and at the same time has set its standards at a quality level rarely found ex¬ 
cept in small and progressive municipalities. This has been possible because Los Angeles 
still has largo open areas within its corporate boundaries, and provision for sites conform¬ 
ing to these standards can generally be made at the time of land subdmsion. It should 
also be pointed out that Lo.■^ Angeles builds single-story school stiuctures. as is now usual 
ill modern practice. The site areas shown in Table 18 are planned for utilization in the fol¬ 
lowing approximate proportions: 



Per Cent 

Building coverage 

30 

Playground 

50 

Campus and automobile parking 

20 

Total 

100 


It will be noted at once in Table IS that Los .Angeles has a Kb-3-3 educational sy&te nd 
plus provision for 2 years of junior college. This accords with the gmieral trend of educa¬ 
tional thinking. The old and traditional K8-4 sy. 2 tem ia being progreasjvelv changed 
over, but there are many jurisdictions where it still prevails. In some school districts, a 
K4-4-4 system has been found to be the most deairable. Deciaions as to type of organiza¬ 
tion and the best time to change from one to another vest in the local board of education 
and not in the planning board. However, conaiderations lolated to scheduling of major 
bonded improvements in the planning board’s capita) program may provide an oppor¬ 
tunity to work with the board of education in coping with this problem 

Tributary Areas for School Plant Planning. The total area under the jurisdiction of a 
board of education is referred to a “school dicstnct.” It ma\ be of greatei or less extent 
than the territory within the corporate limits of a single municipality. One school dis¬ 
trict will usually include a considerable number of .school buildings, each of which will 
have its own “attendance district.” for purposes ol efficient and convenient apportioning 
of the total school district enrollment among the several school.-^. 

Except in very large school district's, the determination of the capacitv requirements 
of the di-strict as a wliole. plus the approximate siting of new buildings, will usually com¬ 
plete the contiibution of the professional planner. The board of education and school 
superintendent can then proceed to work out attendance di-trict boundaries, which must 
frequently be adju.-ted fiom year to year. However, in cases where the school district 
extends over a wide and sparsely settled area, embraces several communities, or takes in 
an entire cu.\' of substantial "ize, the planner will need to make separate statistical studies 
of the attendance district.s tributarv to each existing school or geographic grouping of 
related schools. 

Data Needed for Planning Future School Requirements. To the extent that proves 
feasible, it is desirable to develop tlie following basic and derived data and estimates for 
each geographic area for which a separate calculation of school plant requirements is to 
be prepared: 

t Elementary .school. Kindergarten through 6th grade 
Junior high 7th, 8th, and yth grades 
Senior high 10th, 11th, and 12ih grades 
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1. Total population and average size of family, for 2 or 3 U. S. census years. 

2. Intercensal estimates of population and number of fanailies, for each year. 

3. Number of births, by years. 

4. Birth rate, by years. 

5. Estimated future birth rate, by 5 'ears. 

6. Change in total number of dwelling units, for each year since the last U. S. census. 

7. Predicted futuie changes in total number of dwelling units, by years. 

S. Predicted future number of families, by years (allowing for appropriate vacancy 
ratios). 

9. Past school enrollment, by years and grades, extending back at least 20 years if com¬ 
parable statiatics are available. 

10 Calculated total births for each future year. 

11. Past-experience factor: kindergarten enrollment, expressed as percentage of total 
births 5 years prior.^ (This percentage is conditioned by enrollments in parochial and 
private schools and by the mobility of the population.) 

12 Past-experience table for recent classes graduating from high school, showing the 
size of class at completion of each grade, expressed as a percentage of the size of each 
class when it completed kindergarten.^ 

13. Past-experience coefficients: ® 

(a) Number of grade school pupils per family. 

(b) Number of junior high school pupils per family. 

(c) Number of high school pupils per family. 

14. Recent experience as to number and per cent of enrollment by grades represented 
by children not born in the statistical district (in-migration). 

15. Recent experience as to number and per cent of lost enrollment by grades, repre¬ 
sented by children born in the statistical district who moved away before completion of 
the next higher grade. 

16. Preschool census of all children by year of birth and probable year of entrj’ into 
kindergarten.* 

17. Separate determination of anticipated experience coeflBcients for number of children 
per family due to enter school, by years, from: 

(a) New single-family-house districts.^ 

(b) New multiple-dwelling districts.^ 

18. Experience factors for most recent U. S. census year: 

(a) Per cent of 5- to 14-year age group represented by K-8th grade enrollment. 

(b) Per cent of 15- to 19-year age group represented by 9-12th grade enrollment. 

19. Estimate of the numerical size of the ^ to 14-year and 15- to 19-year age groups for 
future intercensal and census years. 

Factors Affecting Choice of Procedure. The list given under the previous heading has 
been stated to be desirable. It will be recognized that many of the items provide alternate 
or overlapping methods of prediction, which are useful for the purpose of checking and 
adjusting separate estimates for mutual consistency. It will frequently be found that 
some of these items cannot be ascertained without extensive surveys and research, which 
may not be feasible to undertake. The planner must therefore use his judgment in devel¬ 
oping a sound procedure consistent with existing or readily obtainable data. 

The combined incidence of items 14 and 15 is reflected in the experience coeflBcients of 
item 12, unless very recent building construction is initiating a markedly different trend. 

In large jurisdictions, such as whole cities, item 13 is often used as a substitute for items 
10-12 and 14-19. The application of these coeflBcients, with appropriate adjustments for 
the future, will give total estimated annual school enrollment, by groups of grades, without 
the refinement of separate predictions for each grade. In Los Angeles, this method was 
applied to the probable ultimate total population and number of families in each well- 
established residential neighborhood. For new areas not yet developed, Los Angeles used 
the following coeflBcients, which were derived from recent local experience: 

Pupils per 


K-6th grade 

Family 

0.5 

7-9th grade 

0.214 

10-12th grade 

0.214 

13-14th grade (junior college) 

0 214 


* In many school districts it will be preferable to use the first grade as the basis, because a substantial 
number of children do not enter school in the kindergarten grade. 

3 The grades should be grouped to accord with local policy; K8-4, or K6-3-3, etc. 

4 Because the age composition of families moving into newly constructed developments will generally 
be younger than average, these coeflBcients may diverge widely from past school-enrollment experience 
in old-established neighborhoods. 
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Items 16 and 17 provide a verj’ accurate method for determination of coefficients for 
estimating enrollment in future kindergarten and primary grades. They should be re¬ 
sorted to in cases where internal statistical evidence indicates that other, more generalized 
procedures result in manifest disparities. 

By contrast, items 18 and 19 represent a short-cut method of estimating, which has 
application when more refined procedures cannot be applied, for lack of basic data or 
available staff tune. If the future numerical size of the basic age groups is carefully calcu¬ 
lated from birth-rate trends and considered estimates of new residential construction, it 
has been found that satisfactory predictions will result from this technique. 

From the pre'vdous discussion, it will be clear that no single procedure has general 
application. Availability of data and special conditions in the local jurisdiction will 
largely determine the estimating method to be adopted. In any particular case, this pro¬ 
cedure should be tested against the 2 or 3 years of the immediate past, to determine 
whether it yields figures that are in accord with the actual enrollments for these years. 
For example, if school records for 1953 and prior years, plus new buildmg construction 
data for 1954, are utilized, the estimated enrollments for 1954 should agree closely with 
the actual enrollments. 

Calculation of Future School Enrollments. When the most practicable procedure has 
been determined, it should be applied to the years of the future, so as to prepare a detailed 
tabulation for each year of the anticipated enrollment by grade or groups of grades. 

Illustrative examples of the methods of prediction described herein would serve no valid 
purpose, as all the indicated computations can easily be made for any given set of data. 
The local experience of individual school districts varies widely, and none may be con¬ 
sidered typical. Estimates made in the years following the close of World War II have 
had to take account of abnormal fluctuations in the birth rate. The postwar boom in 
residential construction, to correct the housing shortage, has also produced an atypical 
situation, which in many cases requires detailed analysis. 

Because of the many variables and “unknowns’' that are involved in the prediction of 
school capacity requirements, it is not sound policy to extrapolate very far into the future. 
Quite apart from unpredictable birth-rate fluctuations, any major divergence from the 
assumed rate of new residential construction will introduce a substantial cumulative 
error. In view of the special conditions after World War II, to which reference has beai 
made, current good practice indicates that estimates should be projected forward until 
the peak enrollment has been passed. In terms of combined enrollment from kindergar¬ 
ten through twelfth grade, this wave will usually be found to reach its anticipated crest 
between 1961 and 1965. 

Again because of the imponderables involved, every prediction of school requirements 
should be re-examined frequently as new data on actual residential construction, actual 
birth rates, and actual enrollments become available. Best practice calls for recalculat¬ 
ing all estimates once a year. This process will also lead to refinements in procedure and 
in the selection of coefficients to fit emerging local conditions. The economic base of the 
community and its school districts is fundamental to all such processes of prediction. If 
the economy shows signs of change, or of rate of change, it is essential to sound planning 
that all school enrollment estimates be revised. 

Provision of Required Increments in School Plant Capacity. The practical or optimum 
capacity and also the maximum realizable capacity of the present school plant can be 
determined in consultation with the school authorities.® The differences between antici¬ 
pated enrollment and present capacity measure the additional seating needs for future 
years. These figures are then converted into required number of new rooms and number 
of new schools, on the basis of local standards for room capacity and school size.® 

The determination of where and how to provide the indicated future additions to 
school plant capacity is an intrinsic part of the comprehensive master plan. Some exist¬ 
ing schools may have ample sites to support physical additions to the present buildings. 
In other cases, existing school sites can be enlarged. 

Where the development of new residential areas is involved, or where existing schools 
cannot be enlarged or are too far apart, it is evident that new sites must be found. Land 


5 Planning for the long term should be premised on optimum capacities, but temporary enrollment 
peaks can be presumed to be handled by utilizing maximum-capacity figures. 

6 Room-capacity standards vary widely. For grade schools, 30 pupils per room is a usual figure, but 
school districts generally prefer to reduce classes to 25 or less when financially feasible. Design capacities 
of 35 and even 40 are not uncommon in large cities where the cost of pro\nding small classes is beyond 
the bonding and operatmg budget limitations of the board of education. In junior high schools and high 
schools, the platoon system is usually in operation, with rooms permanently assigned to particular 
subjects, rather than as the “home rooms” of individual classes of predetermined enrollment. The 
capacity of a platoon-system school is therefore a function of the sizes of the various student groups 
taking different subjects during the hour when the maximum number of classes is scheduled. 
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acquisition should usually be undertaken as soon as the requirements have been clearly 
ascertained, lest the most suitable sites be developed for private purposes before they can 
be obtained. Figure 13 illustrates a composite plan for existing and future school sites and 
recreation areas. 



Fig 13 Proo of •■‘Icnientarj--school and recreational area.s, City of East Orange, N. J 


Size and spaomer of sites should accord with good modern usage tempered by local poli¬ 
cies and condition's, ^yhe^e possible, close spacing of moderate-sized grade schools ir, 
preferable to siting larger schools further apart. All sites should be of ample area to sup- 
pC'it a reasonable extent of unforeseen enrollment growth. 

It is axiomatic that grade-school children ought to be able to walk to school without 
crossing heavy traffic a’•ce^ie^. This aim cannot always be achieved in the near-term fu¬ 
ture. but should be realized in maximum possible degree when the entiie school construc¬ 
tion program is completed. In open areas, the provision of school bu.=;es will be perma- 
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nently necessary, and efficient routing of these buses will be a ruling factor in choosing 
ne*v school locations. Present and future public-transit lines will frequently be a principal 
determinant for high school sites. 

As a general rule, sites fronting directly on main streets and highways should be avoided 
for elementary schools. Such sites may have special advantages for high schools, pro- 
^’ided that ample building setbacks are possible. It is not considered good practice to 
place schools in established businesa districts, or adjacent to land that is zoned for busi¬ 
ness expansion. The types of retail stores that are prone to grow up around a school are 
usually considered incompatible with the best interests of the pupils. 


13. PLANNING LAW AND PROCEDURES 

State Enabling Acts for Municipal Planning. Local official planning is performed as an 
exercise of the police power—the protection of the public health, safety, morals, and 
general welfare. This is among the powers implicitly reserved to the several states by 
Article X of the Constitution of the United States. As the police power vests in the state, 
it can be exercised by political subdudsions of the state only when officially delegated to 
them. In the case of planning powers, this delegation takes the form of enabling acts 
adopted by the state legislature, or charter provisions established pursuant to state 
authority. 

The great majority of state planning enabling acts are patterned on “A Standard City 
Planning Enabling Act,” which was prepared by the Advisory Committee on City Plan¬ 
ning and Zoning of the U. S. Department of Commerce in 1925-1927. The first printed 
edition was issued in 1928, with a foreword by Herbert Hoover, then Secretary of Com¬ 
merce. He stated: 

The report recommends, first, a clearly defined permanent planning branch m the local government, 
in the form of a commission, which formulates a comprehensive plan and keeps it up to date. The com¬ 
mission then advises the legislative and executive branches of the municipality, and the public, as to the 
importance of the plan and promotes conformance to it in the laying out of new streets, the construction 
of public works and utilities, and the private developnent of land. Close attention was given to every 
detail here, as elsewhere in the act, that would help make good planning popular and effective. 

In subsequent years, the separate state enabling acts have been extensively amended, 
with the result that they now differ considerably from each other in matters of detail. 

The discussion in this article is principally confined to the New York State Planning 
Enabling Act, which is reasonably typical and representative of good practice. 

When a municipality creates a planning board pursuant to the New York State Plan¬ 
ning Enabling Act,^ the board, ipso facto, has certain powers stipulated in the act. These 
include the authority to prepare a master plan, to review public improvements in relation 
thereto, to report on proposed changes in the official map, and to prepare general reports 
on any matter relating to the planning and development of the municipality. 

Certain other powers recited in the state enabling act are permissive only. The local 
governing body may grant them to its planning board or may withhold them, as it sees 
fit. If not specificially granted by ordinance, they are deemed to be withheld. The 
authority to review and approve subdivision plats is the most important of these permis¬ 
sive powers. Another, which hsis rarely been granted, is the power to modify zoning regu¬ 
lations with respect to a submitted plat, simultaneously with its approval. A third, of 
considerable importance, is the provision that the local governing body may “provide 
for the reference of any matter or class of matters to the planning board before final action 
thereon. . . 

Municipal Planning Ordinances. The local ordinance establishing a municipal planning 
board should customarily repeat the wording of the state enabling act as to the delegation 
of specific powers, or alternatively may state that the board shall exercise such and such 
powers “pursuant to the provisions of the state enabling act,” which should then be cited 
by its official designation. It is considered unwise to paraphrase or otherwise tamper with 
the verbiage of the state law', as to do so will in\'ite the danger of adverse court decision on 
grounds of an unauthorized delegation of authority. Unless there are compelling local 
reasons to the contrary', the local legislative body w'ill be well ad\'ised to grant to its plan¬ 
ning board all the permissive powers recited in the state law. The maximum benefit will 
thus be derived from the planning process. 

The Master Plan. The master plan, in New York State, is required to show: 

. . . existing and proposed streets, bridees and tunnels and the appr’-aches tbeieto, viaducts, parks, 
public reservations, roadways m parts, sites for '»iiblic buildmzs and stiuctures, zoning distncts, pier- 


1 There are separate acts for cities, villages, and towns, but their basic provisions differ very little. 
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head and bulkhead hues, waterways and routes of public utilities and such other features existing and 
proposed as will provide for the improvement of the city and its future growth, protection, and develop¬ 
ment, and Mill affoid adecjuate facihties for the public housing, transportation, distribution, comfort, 
convenience, public health, safety and general welfare of its population. 

The above li-Jt was later •'iiiiplified and grouped under seven headings by Edward M. 
Bassett. His statement reads as follows ~ 

It IS a mistake for If-gislation to require and for planning conmiissions to include in a mastei plan 
subjects which are no pan of a community plan that affects land areas. The following subjects should 
be show 11 in tht- master jilan and no others 

1. Streets Mhioh include pedestrian and vehicular budges and tunnels, 

2. Parks Mhieh include park^ways; 

3. Sites for public buildings. 

4. Public re'^ervatioiis, 

o. Zonirig di'-tncts, which words refer to any governmental unit where the regulations differ in 
different districts ^ 

6. Routes for public utilities; 

7. Pierhead and bulkhead lines. 

It is universal good practice for the master plan, which is in effect a map or series of 
maps each showing certain features of the plan, to be accompanied by extensive recom¬ 
mendations in text or tabular form. These will generally include standards for population 
density, subdivision regulations, tiaffic regulations, suggested housing and building code 
provisions, a capital budget and long-term capital program, and proposals for improve¬ 
ment of the economic base. These items, although often considered to be parts of the 
master plan, should more properly be classified as means for effectuation of the plan, or 
as basic components of the planning process. In a strict construing of the law, the master 
plan is limited to those community use-^ and markings of land areas that comprise the 
elements of planning and can be shown on a map.’ 

The master plan is an informal document prepared and adopted by the planning board, 
after public hearing, and designed to guide the future development of the municipahtv 
by showing the approximate locations of all compouetit improvements, both existing and 
proposed. 

The Official Map. The official map is a separate and distinct document from the master 
plan, under the laws of New York and other states that follow the standard enabling ai't 
The official map requires formal adoption by the local legi-dative body. In contiast with 
the master plan, it shows the exart location of improvernems. existing or authorized. For 
example, a new expressway would be indicated diagrammaticallv on the master plan, 
whereas it would not be placed on the official map until its preci-so location, alignment, 
and grades had been survo\ed and determined Many citieo adopt an “a-s official 
map, which is in fact no more than a street and park iitap, drawn approximatelv to scale. 
This action is taken paitly as a means of preventing the construction of buildings in the 
bed of paper stieets shown on the “official map.” and paitly as a fitst step toward a more 
exact senes of documents. Adoption of thc'-c appioximaie official maps should not be 
prevented, but it is important to recognize them for what they are. In law, the duuen- 
sion-5 recorded on a true official map are final and conclusive with respect to the precise 
location of lines or bouiidane." of stieets, parks, and other public places. The ofliciai map 
of the City ot New York coiisi.sts of a great many thousand separate surveys, each showing 
the alignment and grade or change of alignment and grade oi a street or group of lelateci 
streets, etc. The ordinary city map, preparerl by a city engineer’s office, is merelv an 
approximate lepresentation, at small scale, of the full detail contained on a true official 
map. 

Integrity of Master Plan and Official Map, Once adopted, a master plan becomes a 
frame of reference for guKling the location of all principal municipal iiuprov3ine]its. 
streets, parks, public building -'ites. housing project'*, redevelopment areas, public school 
sites, etc In some states, ail such projected improvements are required by state law 
be referred to the planning board for report, and a report of disapproval can be overrid¬ 
den only by a two-thirds vote of the local legislative body. In other states, the board 

2 The Master Tlan, by EdMaid M. Bassett, 1933, p. 142. 

^ In adnunistrative practice, zoiim'r districts are custonianly shown on a separate map, which ac¬ 
companies and forums pair of t!,e zoiiing ordinance. This is essential, as tin* zoning ordinance and map 
require local legislative enuctrn''nt, m hereas the master plan usually does not Abo, the zoning map is 
customarily prepared under tiie jui i«;diction of a zonins commission, which may or may not be the same 
body as the planning board It i** appiopnaif. for the master plan to show a future pattern for the dis¬ 
tribution of land uses This is more neaily ideal, and more generalized as to boundaries, than the precise 
nmp of zoning districts. 

Parap!ira*ed from statemeni by Edwaid M Bassett, op. ext., p, 11. 
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renders purely advisory reports. Under either procedure, the planning board becomes 
the protector of the integrity of the master plan. 

Siiiular processes apply to the official map. After rlie map has been adopted by the 
governing body, no street or park can be laid out or opened unless it conforms. If it does 
nut conform, the official map may be amended by the Leal legislature, after report by the 
planning boaid. Since the official map is an integral step in effectuating the master plan, 
the planning board’s reports on official-map amendments are again highly significant in 
protecting the recommendations of the plan. 

Subdivision Regulations and Approval of Plats. It has previously been noted that the 
power to approve plats, under the terms of the standard enabling act. is m the permissive 
category. When granted to the planning board by the local governing body—and auch 


introduefory 
siaiemeni 
Authority of the 
planning 
hoard 

Definitions 


General 

requirements 
and principles 
for the 
3ubdii 
of land 


Preliminary plat 


Final plat 


Specifications 
and standards 
for ■improce- 
ments 

Procedure for 
resubdivisions 
Administraiiun 


Table 19. Outline of Subdivision Regulations 

Importance of adequate regulation, advantages to the municipality, avoidance 
of ill-considered sireet layouts, ec.ual treatment for all land developers, etc. 

Excerpts from the state enabling act and the local ordinance enipov.enng the 
boaid to approve plats Formal atateinent that all subdivisions, as defined 
by law, must be submitted to the board and approved before being filed for 
record. 

Copy of the state-law definition of a “subdivision." (In some states, the divi¬ 
sion of a tract of land into two or more parcels is a subdivision. In ether 
states, a subdivision must also include one or more new streets not shown on 
the official map.) Other definitions as desirable. 

Conformance with master plan and official map. Standards for minimum and 
maximum block lengths and widths, arrangement of street and lot patterns, 
cui-de-sacs, visibility on horizontal and vertical cuives, maximum giades, 
easements for utilities, rnimmum lot sizes, buildiiig lines, ofi-street parking 
area, buffer strips adjacent to industrial tiacts, avoidance of frontaging lots 
on arterial highways, location of water lines and sewers, required park and 
playground areas, setting aside of school sites, preservation of natural features 
of the terrain, etc. 

Explanation that the subdivider shall submit a "preliminaiy plat," "'•hich need 
not be an exact survey, to facilitate review by the board and furnish the basis 
for requested modifications of layout and stipulating required site iinprcve- 
ment-s. This procedure saves the subdmder the expense of detailed aurve>s 
and other lequirements for the final plat, until his contemplated s''hcme has 
received general appro\ al. 

Listing of inforniation to be shown on the preliminary plat or submitted with 
it, including contours, profiles of streets, tentative plans for drainage and 
se'-.age lines, relation to adjoining street svatem, etc. 

Procedure for approval of preliminary plat us a condition precedent to s .omittui 
of final plat. 

Procedure for submission, and statutory fee, if any. Number of requireu ^..pies, 
size, scale, etc. 

Listing of infoimation to be shown on the final plat or submitted with it, includ¬ 
ing surveyed lines of streets, certificate of surveyor, notation of lands offered 
for dedication or specifically withheld, location of monuments, street profiles 
and cross sections, certificate of title to the property, etc. The final pint 
usually shows less information than the preliinmary plat, but all lecorded 
lines must be dimensioned m accordance with an actual ceitified survey of 
the land. 

Certificate of owner that all required impioveinents have been installed pursuant 
to the final plat, or in lieu thereof the filing of a perfoi aiance bond or cash 
deposit, in amount fixed by the board or the municipal engineer, sufficient to 
cover the full cost of uil such improvvineuts. It is now accepted practice to 
require the subdivider to install street paving, curbs, guUeis, 'sidewalks, 
sewers and water lines, house connections, and other irriprovemenis necessary 
to the utilization of the lots snown on his plat Provision of Certain iiupro%e- 
inents can be waived in special ca^es, and the list of requirements will vary 
with local policy and practice 

Procedure for pubhe advertisement and heaimg, and for official approval of the 
final plat Requirement that the plat, when approved, be filed for record ui 
the office charged with the recording of deeds. 

Detailed official rec{uiren.ent& of the niunicipuhty, governing type of pavement, 
method of construction, installation of utilities, etc These may be covered 
by local law or separate regulation, in which case the text should be reprinted 
as an appendix to the subdivision regulations 

In genera! piactice, a resubdivismn is subject to the same regulations as an 
original subdivision 

Provision lor written waiver and vauution uf subdivision regulation require¬ 
ments. Piocedaie for am» adment of legulations 
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grant is customary—it is important that the planning board prepare and adopt a set of 
subdivision regulations, for the guidance of developers and the information of the general 
public. Failure to adopt subdivision regulations can be the source of great uncertainty 
and ill-feeling as to the requirements that may be imposed as prerequisites to approval of 
specific plat.s. The regulations establish uniform standards of la\'out and design. They 
should be written in great detail and should contain a sav'ing clause providing that the 
planning board may elect to waive parts of its requirements in a particular case. 

The heading"? and descriptions in Table 19 conform to good practice for the content of 
subdivision regulations. 

State laws customarily include a sav'ing clause pro\’iding that, if a planning board fails 
to act upon a subdivision plat within a stipulated number of days, such plat shall be 
deemed to have been approved, and a certificate to that effect shall be issued by the 
appropriate officer 

Street Lines, and Buildings Projected in the Bed of Mapped Streets. The laws of many 
states, following the provisions of tiie standard enabling act. provide that the ina.'ter plan 
and official map may show street hues for the widening of existing streets or for the estab¬ 
lishment of new streets, in advance of actual public acquisition of the land included within 
such lines (Tlie'C lines, in some jurisdictions, are called “building setback lines Court 
decisions .supporting the establishment of such street lines in advance of land takings have 
been handed down in Pennsylvania. New York, Ohio, Virginia, Michigan, and other states. 
There have also been adverse decisions. Planning engineers should proceed cautiously in 
the application of this procedure They will usually be on safe ground if their new street 
lines aie reasonably related to the public safety and general welfare; and if the municipal¬ 
ity has the definite intention to acquire the land, by purchase or condemnation, within a 
reasonable number of years after fixing these street lines on its official map.^ 

It Is important to make clear that the establishment of a street line on the official map, 
without concurrent payment of compensation, is an exercise of the police power. Subse¬ 
quent acqui'*itioTi of fee to the land mav be by dedication, purchase, or eminent domain 
(“condemnation”; proceedings. Official-map street lines are a method for laying out and 
or widening, streets. These lines must be clearly distinguished from front-yard 
requirements written into the text of a zoning ordinance. Fixing the depth of a front 
yard is also an exercise of the police power, but in sound legal practice it must not be uti¬ 
lized a? a subterfuge to facilitate subsequent widening of a street. For new subdivisions, 
a planning board may require the dedication of land for the widening of bounding streets, 
provided that sin-h action be reasonable 

Once a street line or lines hav'e been established on the official map, no owner may 
thereafter be granted a permit to erect a structure within the Une.s defining the bed of 
the street lie niust set back to the new street line: and if the zoning ordinance requires 
a front >ard. its depth is measured from this new street line. As a safety valve to take 
care of exceptional hard.ships. the zoning board of appeals “shall have power . . . to grant 
a permit for a building in such street . . . which will as little as practicable increase the 

cost of opening such street . . . . or tend to cause a change in the official map.and 

surh board may impose rea.sonable requirements as a condition of granting such permit 
which requirements shall inure to the benefit of the city.” ® 

Legal Authority for Planning beyond Municipal Boundaries. It is not uncommon for 
state enabling acts to authorize the geographic extension of plannrng-board powers into 
territory bevond the corporate limits of the municipality. Subdivisions within 3 or 5 
miles of the municipal line may thus be made subject to review, and the master plan may 
embrace contiguous areas deemed by the board to be affected. In usual practice, such 
extraterritorial powers are limited to lands not situated in any political jurisdiction which 
ha^ a separate jilanmng board. 

County and Regional Planning Boards, It is axiomatic that neither a master plan nor 
the control of future land development can, m effective practice, stop at the arbitrary 
boundaries <if a city. town, or village. In order to achieve geographic continuity, the 
laws of an increasing number of states provide for the official e&tabli.shment of county 
planning boards and of regional boards, to exercise their functions in cooperation with 
cxi?>iing local boards, or to act m lieu of local boards where none exist 

County or regional boards have been created in the Los Angeles Region, in Lane County, 
Oregon, in Alleghany and Bucks Counties, Pennsylvania, and m more than ten of the 22 
counties in the New York Region. There are abo a large number of joint city-county 


5 For detailed treatment of this subject, reference should be made to Building Lines and ReservatKjris 
or Fu'ure Streets, by Russell Van Ne»t Black, 19.3.j, and/n/ormaPon Rept. 1, American Society of 
Planning r)fficiais, 1949. 

^Quoted from New York State Enabling Act for Cities, General City Law, Art. 3, Sect. 35, 
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boards, in many states, where the principal city dominates the economy of its count\'. 
At the present stage of administrative thinking, there is an open question as to whether a 
regional planning board should be granted other than advisory power, unless the many 
political jurisdictions it embraces are bound together in some structure of integrated re¬ 
gional government. 

Where no statutory* provision exists for creation of a county or regional planning board, 
and where extraterritorial power is not delegated, it devolves upon each local board to 
achieve coordination of planning and uniformity of regulations by means of exchanges of 
views between cognizant agencies. 

Public “Authorities.” Although somewhat apart from the field of municipal planning 
as such, it is desirable, for purposes of completeness, to refer briefly to the public corporate 
authorities that have been created and empow’ered by law both to plan and to construct 
and operate public improvements. The^e authorities finance their work by the sale of 
revenue bonds, to the paymei.t of which the faith and credit of the state or municipality 
are usually not pledged. They are extrainunicipal corporations rather than planning 
agencies per se. Notable examples in point are the Metropolitan District Commi^-'ion 
(Boston), the Port of New York Authority (New York-New' Jersey), the St. Louis Bi- 
State Agency (Missouri-Illinois), the Mystic River Bridge Authority (Boston), the Cali¬ 
fornia Toll Bridge Authority (San Francisco Bay areab and the New Jersey Turnpike 
Authority. 

The following check list gives the principal types of functions that have been delegated 
to planning and development authorities. Most such authoritie.s have a specialized char¬ 
acter, and in no instance have all these acli^^ties been given into the jurisdiction of any 
single agency. 

Functions of Regional Authorities 

1. Port development, including ownership and operation of piers and terminals. 

2. Airport development—planning, construction, and operation, 

3. Toll bridges and toll tunnels, together wiih their connections to state highways and 
city streets. 

4 Regional park and recreational facilitie.^. beyond the capabilities of local municipali¬ 
ties. 

5. Rail-truck-water interchange terminals. 

6. Metropolitan transit systems and interurban bus terminals. 

7. Grain elevators and storage warehouses. 

8. Water supply and conservation. 

9. River and harbor pollution and sanitation control; sew’erage systems. 

10. Belt-line freight railroads. 

11 Produce markets. 

12. Industrial development. 


14. ZONING 

Definition. “Zoning is the regulation by district.-, under the police power of the height, 
bulk, and use of buildings-, the ii:>e of land, and the den-icy of population. Most state 
enabling act.-5 for zoning require that the regulation^ .-hall be uniform for building- of the 
same cla-- throughout the district.’’^ For example, an ai)artmcnt hou-e m one di-ituft 
would be governed by a different set of provisions than an apartment house in another 
di-Tri<-t. hut the regulation- for all apartment hou»e-- in a given di-inct would be the .-anio. 
Zoning also i- reeognized to ineUide requirement" for minimum "pa''e-^ around building- 
Extent of Zoning in the United States. A- of 1953 there were between ISOO and 2000 
municipal zoning oidniaiices in effect ' OnK <*ne city over 251),()!'*) dul mu have a zoning 
ordinance, and all l-ur r.bout five citie-. over lUiJ.oiK) were zoned. 

Ruling Legal Decisions. The legality of zoning as a proper exerci-e of the police power 
has been firnily e'tal)li-hed I'or legal iii-lruetion on tl.c manv intneaiae- of zoning, the 
reader -hrnild refer to standard textbook-, mi the law 

State Zoning Enabling Acts. In the inaionty of -tates, the zoning enabling acts, like 
planning law-, now (lo-eI\ loflow the pmvi-ion-. «)iiginaiiy recnmmeiuled by a committee 


^ Zoning, by Kdwaid M. Ba-sett, 193G, p 45 
- The Munucipnl ihar Bovk, 1954, p 293 

3 The following are anu'ng the standard works: The Lau nf Ci':j Plnnuing ■md Zoning, by Frank B. 
Williams, 1922; Legal Aspects of Zotm.g, by N. F Baker, 1927, Zoning, by Edward M. Bassett, 1936, 
The Lau' of Zoning and Planning, by Charles A. and Aiden H Kalhkopf, 1049, with Suppleriieiit and 
Digest, 1951. 



1-56 


METROPOLITAN AND COMMUNITY PLANNING 


of the Department of Commerce."^ This Standard State Zoning Enabling Act included a 
grant of power to regulate population density as such, which under preYdous laws had 
been subject only to indirect contiols. 

The Pennsylvania City Zoning and Building Regulations Enabling Act is typical and 
representative of good practice.® The following excerpts give the basic giants of power: 

Section Pou'er to Regulate and Restrict Building Operations: Districts. Cities ruay, by ordinance 

regulate and restrict tiie height, number of stones, bulk, and size of buildings and oihei structures, the 
percentage of lots that mc.y be occupied, the size, depth, and Width of yards, courts, and other open 
spaces, the Uensity of population, and the location and use of buildings, structures and land for trade, 
industry, residence, or other purpose^, and n ay make different regulations for different distiicts thereof, 
and may altei the same . . 

Section J).! I i Board of Appeals. Council shall appoint a board of appeals. . . . The board of appeals 
shall have the following powers 

1 To hear and decide appeals wnere it is alleged there is error in any order, requirement, decision, or 
deternunatior made by an administrative official in the enforcement of the provisions of this subdivision 
or of any ordinance adopted pursuant thereto. 

2. To hear and decide special exceptions to the terms of the ordinance upon which such board is re¬ 
quired to pass under such ordinance 

3. To authorize upon appeal in 'specific cases such variance from the terms of the ordinance as will not 
be contrary to the public interest where, owing to special conditions, a literal enforcement of the pro¬ 
visions of the ordinance will result in unnecessary hardships, so that the spirit of the ordinance shall be 
observed and substantial justice done. 

Zoning Ordinances—Municipal Procedure. Pursuant to the state enabling act, the 
governing body of a mumcipalit.v ® appoints a zoning commission or committee to prepare 
its original zoning ordinance. In some states, the planning board may be designated as 
the zoning commission. The ordinance is required to be based on a comprehensive plan, 
and to show reasonable consideration to the character of the districts and their peculiar 
suitability for particular uses, It is therefore essential that the planning staff prepare a 
detailed map of land uses as they now exist, and a more generalized map representing the 
ultimate desiderata of a future land-use plan. The latter can be adopted as a part of the 
master plan. The zoning map will generally depict a pattern of permitted uses that is 
less laeal and less restrictive than the plan, but more logical in arrangement and more re¬ 
strictive than the existing conditions revealed bv the “as-is” land-use map. 

The detailed provisions in the text of the ordinance and the location of district bound- 
a’lus on the zoning map must be rrasonable. This is the fundamental criterion for judging 
every zoning question in the courts of law. The decision as to what is reasonable may 
hmgc on legal precedent or may be reached on the basis of the inherent merit of the in¬ 
stant case. The law is a Living thing, and the courts have usually taken a constructive 
attitude toward new techniques and procedures if they are shown to be clearly related to 
the general welfare. 

There is an increasing tendency to write zoning ordinances, and to construe them, as 
positive measures to protect property owners, rather than as negative measures that 
merely restrict improper utilization of land. In modern practice, therefore, a good ordi¬ 
nance states, in so far as possible, what may be done, rather than what may not. The 
distinction is in part psychological, but is of considerable importance in achieving good 
legal draftsmanship. 

Form of Zoning Ordinance. The form and arrangement of zoning ordinances vary 
greatly. They are determined to some extent by the requirements of content appropriate 
to the particular municipality. The original New York City Zoning Resolution (1916) 
provided three separate maps to define use. height, and area districts, respectively. Single- 
map ordinances are now practically the universal rule. Most of the older ordinances, 
following the New York model in their textual form, contained individual sections for 
ear'll use dbtrict. stating permitted and prohibited uses only The regulations for height, 
area of lot, coverage, yard dimensions, density of population, etc., were then placed in 
entirely separate sections, one for each such subject. In modern usage, the text is gen¬ 
erals. arranged so that each use-district section is self-inclusive, with all the principal 
height and area clauses, etc., contained therein. Certain subject matter, common with 
minor modifications to all districts, is still usually reserved for separate sections with 
headings such as Supplemental Use Regulations and Supplemental Height and Area 
Regulations. The first would include the special provisions for garages and off-street 

■1 A Standard State Zoning Enabling Act, Advisory Committee on Zoning, appointed by Secretary 
Herbert Hoover, Rev. Ed., 1926. 

^ This act applies to third-class cities. Separate but eqmvaient acts are in effect for municipalities of 
other classes. 

« In certain states (Wisconsin and California, among others) there is legislative authority for county 
•oiling ordinances. 
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parking, truck-loading berths, clubs and institutions, filling stations, advertising signs, 
etc. The second would group together all the special clauses relating to height (steeples, 
water towers, etc ), and the pernutted variations in standard lot and yard requirement's. 

Some of the most recent ordinances sex up all their basic use, height, and area provisions 
in the form of tables, which are legally constituted as parts of the ordinance. For a simple 
situation, all fundamental information can be assembled in a single large table. If tiie 
requirements are more complex It is ea.sier to understand the provisions if they are sep¬ 
arated into one or several use tables, plu.^ a height and area table. In any case, there will 
still be necessity for text sections giving supplemental regulations, as previously described. 
The basic provisions in the tables shotild be referenced bv footnotes to these supplemental 
regulations, m cases where significant exceptions are involved. The tabular form of 
ordinance is not recommendjd for very large cities, e.xcept as noted below. The complex¬ 
ities of big-city zoning require too extensive supplemental text, with the result that the 
tabulated basic requirements be 'ome subject to a great multiplicity of special provisos, 
and partake of the nature of an index of references. An exception should be made of the 
classification of permitted UbC'^. The proposed new zoning resolution for the City of New 
York arranges all uses into eighteen groups A simple table then shows which combina¬ 
tions of groups are permitted in each of the fifteen basic zoning districts.^ 

Outline of Zoning Ordinance Content. Table 20 gives the table of contents of a zoning 
ordinance which is considered repre-sentative good practice for a medium-sized city (150,- 
000), with a normal incidence of complexities. In this example, the ordinance is in modi- 


Table 20. 


SECTION 1 
SECTION 2 
SECTION 3 
SECTION 4 
4-A 
4-B 

SECTION 5 
SECTION 6 
6-A 
6-B 
6-C 


6-D 

6-E 

6-F 

6-G 

^H-10 

6-H-20 

6-H-30 

&-H-40 

6-H-50 

6-H-60 

6-H-70 

6-H-80 

6- H-90 
SECTION 7 

7- A 
7-B 
7-C 
7-D 
7-E 
7-F 

7- G 

SECTION 8 

8- A 
8-B 
8-B-lO 
8-B-20 
a-B-30 


Section Headings and Subheadings, for a Representative Zoning Ordnance * 

(Minor paragraph subject headings omitted) 

Title and Short Title 
Declaration of Purpos? 

Application of Regulations 
Definitions 

Meaning and Scope of Certain Terms 
Definitions of Ternu 
Districts and Zoning Map 
Use District Regulations 

Table* Residential and Commercial-Residential Usee 
Table* Public, Semipiiblic, and Institutional Uses 

Table* Business, Commercial, and Industrial Uses, excluding Manufacturing 
Operations, Storage, and Moto -Vehicle Uses 
Table: Motor-Vehicle Uses 
Table: Storage Uses 
Table. Manufacturing Uses 
Prohibited Uses 
Supplemental Use Regulations 

Residential and Commercial-Residential Uses 

Clubs, and Philanthropic or Similar Private Institutions 

Motor Vehicles. Private Garages for 

Motor Vehicles, Private Cpcn-.4ir Parking Areas for 

Motor Vehicles, Semipubhc Garages for 

Motor Vehicles, Semipubhc ^‘pen-Air Parking Areas for 

Motor Vehicles, Public Garages for 

Motor Vehicles. Public Open-Air Parking Areas for 

Truck Loading or Unloading Berths 

Motor-Fuel Filling Stations and Service Stations for Motor Vehicles 
Advertising Signs in B or BA Districts 
Manufacturing Operations Not Otherwise Classified 
Non-conforming Uses and Non-conforming Structures 
Unlawful Uses Not to be Construed as Non-conforming 
Continuance of Non-confornnng Use 
Extension of Non-conforming Use 

Reconstruction of Structure Used by a Non-conforming Use 
Change of Non-conforming Use 
Abandonment of Non-conforming Use 
Discontinuance of Non-conforming Advertising Signs 
Building Regulations 

Building Regulations by Districts (large table) 

Strpplemental Building Regulations 

Residential Buildings in More Intensive Use Districts 

Floor-Aiea Ratios 

Height 


7 Plan for Rezoning the City of Netc York, by Harnson, Ballard, and Allen, 1950, pp. 172 ff 
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Table 20. Section Headings and Subheadings, for a Representative Zoning Ordinance * 

—Continued 

(Minor paragraph subject headings omitted) 


8-B-40 

8-B-50 

8-B-60 

8-B-70 

8-B-80 

SECTION 9 
SECTION 10 
lO-A 
10-B 
10-C 
lO-C-10 
iO-C-20 
10-C-21 
lO-C-30 
10-C-3I 
lO-C-40 
lO-C-50 
lO-C-60 

lO-C-70 

lO-C-80 

10-C-90 

10-D 

lO-D-lO 

lO-D-20 

IO-D-21 

10-D-30 

10- D-40 
SECTION 11 

1 !-A 

11- B 

SECTION 12 

12- A 
12-B 
12-C 
12-C-lO 
12-C-20 
12-C-30 
12-D 
12-E 

SECTION 13 
section 14 
SECTION 15 


Lot Area, Lot Width, and Lot Area per Family 
Lot Coverage 

Side Yards and Rear Yards 

Front Yards 

Courts 

Completion of Existing Buildings 
Board of Appeals 
Organization 

Appeals on Interpretation of Zoning Ordinance and Map 
Special-Exception L'ses 

Conditions and Guiding Prmciples 
Procedure 

Expiration of Permits for Special-Exception Uses 
Special-Exception Uses Construed as Conforming Uses 
Special Use* Previously Authorized 

Residential and Commercial-Residential Special-Exception Uses 
Public-Semipubhc and Institutional Special-Exception Uses 
Business, Commercial, and Industrial Special-Exception Uses, excluding Manu¬ 
facturing-Operations, Storage, and Motor-Vehicle Uses 
Motor-Vehicle Special-Exception Uses 
Storage Special-Exception Uses 
Manufacturing Special-Exception Uses 
Variances 

Guiding Principles, Pursuant to General City Law 
Procedure 

Expiration of Permits for Variances 
Specific Types of Variances 

Variances Construed as Non-conforming Uses or Structures 
Interpretation 

Zoning Ordinance Prescribes Minimum Re<juirements 
Relation of Zoning Ordinance lo Other Pro\nsions of Law 
Enforcement 
General 

Building Permits 

Certificate of Occupancy and Use Permit 
Certificate of Occupancy for a Building 

Use Permit for a Structure Other than a Building, and for the Use of a Lot or Land 
Fee for Certificate of Occupancy or U*e Permit 
Inspection of PIelul•^e^ 

Violations. Penalties, and Injunctions 
Validity of Ordinance 

Amendments. Supplements, and Changes in Regulations and District Boundaries 
When Effective 


* Ordinance prepared by T. T. McCrosky. 


fied tabular form, with quite extensive supplemental regulations. The headings should 
not be followed too closely but are useful as a check list. In larger cities, many other 
intiicacies and special problems must be met Each such city requires individual analy¬ 
sis. It would be unwise to apply a standard form, how'ever detailed, as the basis for writ¬ 
ing a zoning ordinance for a city of great size. 

The Zoning Board of Appeals.® Nearly all states now provide for municipal appoiniinent 
of a zoning board of appeals. Thi-j is a quasi-judicial body who^^o basic function is to 
rule upon exceptional matters that cannot be detailed in the ordinance. Its mam purposes 
are well stated in the excerpt from Pennsylvania law, previously quoted under the head¬ 
ing State Zoning Enabling Acts. 

Variances should be confined to case.s involving unique circumstances of hartlship. 
peculiar to the particular lot in question, and must not adversely affect the neighborhood. 
It ha'^ been clearly established bv the courts that the board of appeals may not usurp the 
municipal legidative prerogative. In other wmrds, if a requested variance is of -^uch a 
radical nature that it should more properly be made the subject of a legislative change in 
the zoning map. the board should deny the variance. Permission to build a retail store 
m a residential zone would be an example in point. The granting of imju-uper u^e vaii- 
ances will seriously undermine the validity of the zoning map. In New Jersey and some 


* In some states, known as “zoning board of adjustment.” 
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Other states, to guard against the abuse of the power to grant variances for use, the board 
may only recommend to the local legislature that a use variance be granted. 

In all states, variances are construed as an appellate jurisdiction of the board. Adjudi¬ 
cation of the location of zoning district boundaries and of the meaning of clauses in the 
text of the ordinance is also appellate jurisdiction. By contrast, the power to permit 
special-exception uses is a matter of original jurisdiction A special-exception use i« one 
which is '=jperifically listed in the ordinance text as permissible in one or more zoning dis¬ 
tricts “on special approval of the board of appeals and subject to appropriate conditions 
and safeguards.” In good practice, the board of appeal section of the ordinance con¬ 
tains a detailed statement of general standards and principles, eriiimiated by the local 
legislative body for the instruction of the board in passing upon special-exception use". 
Each such use should further be enumerated, with an appropriate statement of the type 
of specific conditions and safeguards that the board will be expected to impose.® As an 
example, in permitting a gasoline filling station m a local retail district, the ordinance 
might list the following subject matter of conditions and safeguards: 

1. Location of pumps on private property and set back from street line. 

2. Location and adequacy of entrances and exits. 

3. Planting and screening of adjacent properties. 

4. Prevention of glare from flood light." 

5. Provision of off-street parking for cars awaiting ?er\'ice. 

6. Location and type of signs. 

As a condition precedent to board of appeals’ jurisdiction over a filling station as a 
special-exception use, the ordinance might also provide that no filling station may be 
located within 200 ft of the entrance to a church or school or place of public a.ssembly. 

Some special-exception uses are customarily' made subject to ad\'isory report by the 
planning board, as a supplement to their review by the board of appeals. This applies 
to tjTJes of uses that directly affect tlio master plan, such as the location of public schools, 
playgrounds, airports, large-scale residential development?—often with accessory retail 
stores, designed regional shopping centers, etc. The original jurisdiction should, how¬ 
ever. vest in the board of appeal, which body would then be required to refer the matter 
to the planning board for report. A few post-World War II ordinances have delegated 
original jurisdiction over special-exception u.<es to the planning board This raises a 
doubt as to legal validitv, inasmuch as state zoning enabling acts uniformly provide that 
the zoning board shall be the body ha^^ng jurisdiction over special-exception uses, and do 
not recognize planning boards in this connection. 

Special Zoning Problems. Oterzonxn^. Most municipalities whose ordinances date back 
many years are overzoned for business and also overzoned for apartments. This defect 
will be determined by quantitative tabulation of existing land uses as contrasted with the 
areas of corresponding zoning di.'tricts. In the long run. overzoning usually depreciates 
property values, although it may encourage profitable short-term speculation in unripe 
vacant land The problem is a difficult one. When engaged in comprehensive revision of 
a zoning ordinance and map. the planning engineer should seek to reduce overzonmg to a 
percentage surcharge that is consonant with prospective demand and sufficient to avoid 
creating scarcity values Whether or not this is locally practicable, some part of the ex¬ 
cess general business frontage can at least be rezoned for local retail business, and some 
part of the excess apartment zoning can be reclassified for two-story garden apartments 
or group houses. 

Rptroactire Elimination of Xon-con forming Uses. Most zoning ordinances provide for 
the indefinite continuance of lawful non-conforming uses (i e., uses not permitted by the 
zoning ordinance in the district in which they are situated, but legally established therein 
before its enactment). In the early days of zoning, it was e.xpected that these non-con- 
furming uses would gradually be abandoned. Thi^ hope has not been realized. 

Many non-conforming uses are seriou-riy prejudicial to the general welfare. Factories, 
stores, filling stations, and billboards in residential districts are examples in point. It is 
possible in some states to zone thorn out retroactively,*® but in many jurisdictions it will be 
found inexpedient to do so. When writing such provisions, il is wise to stipulate a reason¬ 
able period of continuance, as a matter of right At the close of this period, the owners of 
non-conforming uses should further be accorded the privilege of appeal to the zoning board 
for a further continuance for a limited additional period, which would be granted only if 
they can produce evidence that they have not yet been able to amortize their investment 
The length of the first period should depend on whether the non-conformity is merely a 


® For detailed treatment see The Necessity for Adequate Standards for Boards of Zonxng Appeals in 
Special Exception Cases, by Ralph W. Crolly, 1949. 
iO Hadacheck v. Sebastian, 36 S. Ct 143 (1915). 
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use of land, such as a junk yard, or a substantial building. The length of the second period 
should be discretionary with the zoning board, with indication of minima and maxima 
stated m the ordinance for its guidance 

Off-Street Parking and Loading Space. This subject is treated in Art. 9, Traffic Genera¬ 
tors. Because automobile registration is still increasing relative to number of families, it 
ia wise to require for multifamily residence districts accessory parking space in the ratio 
of one car space per family. However, it must be recognized that this requirement will 
often not be feasible in the most densely built areas of large cities. 

Zoning Protection of Transport Airports. Airplane take-off and approach zones beyond 
the ends of runways at commercial airports require limitation of building heights in order 
to protect the public safety. In preparing appropriate regulations, reference should be 
made to the latest technical standards of the Civil Aeronautics Administration. 

New Departures in Zoning. Staiemeni of Legislative Purposes. It is now considered good 
practice to start a zoning ordinance with a detailed listing of local legislative purposes 
and intents. These derive from the police power, but should be stated in more specific 
terms than the customary phraseology of the state enabling act. For example, instead of 
a declaration that the ordinance is adopted simply “to protect the public health, safety, 
and general welfare,” the following objectives can be spelled out. A listing such as this 
i? important in any court case where the intent of the local legislative body may be called 
into question. 

DeclaratioTi. of Purposes 

This zoning ordinance is adopted pursuant to the .State Zoning Enabling Act of the State of . . . , to 
promote and protect tl e public health, safety, and general welfare, and in furtherance of the following 
related and more specific purposes 

1. To guide and regulate the orderly growth, developmciu, and redevelopment of the City of ... in 
accordance with a well-considered plan and with long-term objectives, principles, and standards deemed 
beneficial to the interests and welfare of me people. 

2. To protect the established character and the social and economic w^ll-being of both private and 
public property 

3. To promote, in the public interest, the utilization of land for the purposes for which it is most 
desirable and best adapted. 

4. To secure safety from fire and other dangers, and to provide adequate light, air, and convenience of 
access. 

5. To prevent overcrowding of the land and excessi\e density of population. 

6. To minimize and, where possible, to prevent traffic congestion on public streets and highw’ays. 

7. To conserve the value of buildings and to enhance the value of land throughout the city. 

f^Iinimum and ''Look-Alike” Houses. Rising building costs since World War II have 
led 10 the widespread construction of houses of very iuulted size, so as to avoid pricing new 
homes out of the market. Theise houses are much smaller than those built in the past. 
Many have been built with less than 700 sq ft of gross ff or area. Also, to achieve maxi¬ 
mum economy, groups of them are customarily built alike, almost alike. Municipali¬ 
ties have found that minimum houses do not pay enough taxes to defray their share of the 
expense of local government '”'■1 public education. Property owmers’ associations consider 
that developments of minimum and “look-alike” houses depreciate the character and value 
of established neighborhoods. Can they be restricted bv zoning provisions, as an exercise 
of the police power*’ There is disagreement among zoning authorities. More court deci- 
Mons of a clarifying character are needed. 

In New Jersey, and also in Texas, a minimum floor area per family, applied uniformly 
throughout the municipality, has been upheld by the courts as being reasonably related 
to the public health and welfare. But to require 1800 sq ft in a “good” district and only 
1000 sq ft in a modest district is not supported by these cases, and has been the subject 
of an adverse decision in Pennsylvania It ma\' be added that the courts have decided, 
tune and again, that zoning cannot stipulate a minimum price or value as a criterion for 
pormis-ible house construction. Pursuant to this line of reasoning, minimum houses can 
continue to invade “good” neighborhoods. 

Is the “public w’elfare” substantially invoU'ed? If several score large houses were 
sh.own to have depreciated in value as the direct result of the intrusion of minimum houses 
inro their neighborhood, and if these large houses obtained reductions in their asse.ssed 
valuations on this ground, then the tax rate of all other properties in the municipality 
would be proportionately increased. This might furnish the foundation for a court case, 
on the grounds that an increase in the tax rate brought about by construction of mini- 


Lionshead Lake, Inc., v. Wayne Township, New Jersey, 89 A. 2d. 693, Supreme Court (1952) 
Thompson v. City of Carrollton, Texas, 211 S. W. 2d. 970. Medinger et ux., v, Springfield Township, 
Pennsylvania, 118 Atlantic Reporter 2d. 118. Supreme Court (1954). 
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mum houses would be against the public welfare. No clear-cut case of this kind has as 
yet been decided (July, 1954). 

In order to prevent “look-alike” houses, some zoning ordinances have been amended 
to require that new houses on the same street, or within a stated distance of each other, 
shall have stipulated features of distinctive difference. In some cases, such provisions 
have been made the subject of separate special ordinances. The legality of these clauses 
has not been established and must be viewed with reasonable doubt. As in the case of 
mimmiun houses, it would need to be proved that the regulations bear a demonstrable 
relationship to the public welfare. Esthetic considerations have been upheld when sec¬ 
ondary to some other legally recognized purpose, but not as an end unto themselves. 

Requirement of Acreage Lois for Residences. It has been mentioned that the early 
enabling acts did not provide for regulation of population density’’. Consequently, many 
ordinances were drawn without mirdmum-lot-size clauses. Neighborhoods of large homes 
and estates thus obtained no zoning protection. They had to rely entirely upon private 
deed restrictions to prevent the cutting up of adjcuning land into small lots. 

Within recent years, it has become customary to establish zoning districts requiring 
V 2 “acre, 1-acre, and 2-acre lots. There are instances of 5 acres and even larger required 
area. Numerous court cases have approved a 1-acre classification, and 2-acre lots were 
upheld in a ruling decision of the New York Court of Appeals (highest state court) 
The test of validity is the reasonableness of the regulation for the lands to which it applies. 

The right of a municipality to zone for 1-acre and 2-acre lots, in neighborhoods already 
established in this pattern, can be extended to apply to vacant areas where provision of 
municipal services for more intensive development would be impractical and unreasonable. 

The purchasers of minimum and “look-alike” houses can ill afford, and usually do not 
want, an acre of ground. And the builder of small homes cannot generally provide a lot 
of this size in any suburban location suitable for development. As a result, a zoning re¬ 
quirement of 1 acre or 2 acres per house is an effective method for preventing the infiltra¬ 
tion of minimum houses into good neighborhoods, and can also be used to dUcourage in¬ 
appropriate colonies of “look-alike” houses in new subdivisions. This procedure, under 
present court decisions, offers the most practical solution for achieving these objectives. 

Exclusion of New Residential Construction from Industrial Zones. Just as residential 
neighborhoods are entitled to protection from the encroachment of industry, so it has come 
to be recognized that established industrial districts should be protected from residential 
intrusion. In each instance, there is mutual incompatibility. Modern ordinances there¬ 
fore prohibit all future residential construction in heavy industrial zones. Exception must 
be made for living quarters of caretakers and watchmen employed upon industrial prem¬ 
ises. The retroactive elimination of existing residential buildings has not been attempted. 

Floor-Area Ratio. Recent zoning ordinances for large cities employ the ratio: 

Total gross area on all floors of building 
ground area of lot 

as the basic control over building bulk. Other controls (height restrictions, yard and court 
sizes, land coverage, and building setbacks) become secondary. These latter serve to 
assure reasonable placing and proportioning of the building, but its over-all size is gov¬ 
erned by the floor-area ratio. (See also Art. 5.) Appropriate floor-area ratios are deter¬ 
mined for each residential and non-residential district by considering current trends in 
desirable building construction practice and also the long-term objectives of the master 
plan. 

Usable Open Space. In residential districts, a few recent ordinances require that every 
lot shall provide a certain number of square feet per family of “usable open space.” This 
is to assure at least a modicum of recreation area, in addition to required off-street parking 
spaces and small landscaped or paved yards, Mmimum size standards must be stipulated. 
The proposed New York City zoning resolution permits the inclusion of roof and balcony 
areas as usable open space in the higher-density districts. 

Unobstructed Area for Light Access to Windows. The proposed New York City zoning 
resolution incorporates an ingenious procedure for assurmg light and air to legally- re¬ 
quired windows. This new method, developed by Karnson, Ballard, and Allen, requires 
that for a given district a certain number of “units of light access’’ be unobstructed from 
each window. Measurements and calculations are made with the aid of devices resem¬ 
bling protractors. 


12 Diliiard v. Village of North Kills (N. Y.) 275 App .. JOO. 

13 Sotiie zoning practitioners piefer to calculate the a.>or-ar.*a rati.> fron the t jial netrentable floor 
area, exclusive of halls, stairs, elevators, and j:e and storage space. 
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Large-Scale Deielopme-nts The theory and practice of zoning grew up in the years 
■when every building was erected on a distinct and separate lot of its q-wti. With the mod¬ 
em trend toward large-scale campus-t\'pe developments, there may be a dozen or more 
buildings on one supeilot. Demarkation of individual rear, side, and front yards for each 
building would be meaningless, even if possible of achievement. Good zoning practice 
now therefore provides that such developments be considered as a whole, preferably as 
special-exception uses under the original jurisdiction of the board of appeals. They may 
also be made subject to an advisorj’ report by the planning board (addressed to the zoning 
board; on features of their site plan. It is usual for the ordinance to stipulate the spacing 
between buildings, which may be proportioned to their height, ■vvdth a stated irreducible 
minimum. Ordinance* frequently specify also that the average density of the entire de¬ 
velopment shall not exceed that permitted by the zoning ordinance for the district in 
which the project is situated. This allows for combinations of elevator apartments, 
walk-up garden apartments, and group houses in a zone which would not otherwise per¬ 
mit the elevator-apartment density. 

Shopping center* on *ite.'> of 2 up to 100 or more acres can similarly be regulated as 
special-exception uses m hu*ines* zones. There is an alternate procedure, somewhat less 
desirable, which derives from the fact that a zoning change from a residence to business 
elassification is usually required. This probability can therefore be foreseen by establish¬ 
ing a “designed shopping center district” m the ordinance text, but not upon the zoning 
map. Later, when a desirable project is pul forward, the legislative body amends the map 
by placing the ^ite m this dc'.igned shopping center district. 

"Mixed Residential" Theory As a corollary to the modern trend toward large-scale 
residential development*, some planner* advocate that residential use zoning be done 
solely on the basis of den*it\. without regard to type of building (single-familj’, group 
house, multifamily, etc i. Thi* principle would permit low-density elevator apartments in 
established single-family detached-home neighborhoods. It is considered by other author¬ 
ities to be a reversion to the limited zoning techniques of the early ordinances, which 'W'ere 
adopted before the establishment of single-family districts was clearly upheld by the 
courts. Home o-vvriership has grown up under the protection of these single-family zones. 
There ■will be instances where “mixed residential” zoning will find valid utilization, but 
the application of this theory should be approached with extreme caution in anj' situation 
involving neighborhoods of owner-occupied homes. 

Noh~Xmsanc^ Business and Industry in Residential Xeighborhoods. Certain types of 
non-residential uses, such as research laboratories, insurance offices, and book-publishing 
plants, are not particularly objectionable in residential neighborhoods, provided they have 
low land coverage on large lot* and are screened from adjoining properties. Performance 
standards for degrees of noise and odor have been established in order to determine 
whether a given industry should be permitted in a residential zone. On this basis, it is 
argued by some that qualifying industries should be permitted in residential zones as a 
matter of right, or as special exceptions subject to approval by the zoning board of appeals 
or by the planning board or both. Conservative authorities fear that this doctrine may be 
^'onstrued as putting aside the dicta of the Euclid Village case, in which the U. S. Supreme 
Court ruled that industry and business can properly be excluded from residential areas. 
Tliey adhere to the view that major non-residential uses—particularly those creating 
heavy traffic and it* attendant hazards—should not be permitted in residential zones. If 
the location is deemed suitable for business or industry', and this use is not damaging to 
existing residential development, they consider that the proper remedy is to rezone the 
laud by ordinance of the local legislative body 

An effective method, now in accepted usage, is to create appropriately located “permis- 
.‘^ive business (or industrial) zones.” within ■w'hich no major non-residential use may be 
established except on approval of the board of appeals with appropriate safeguards, and 
further subject to advi;or\' report by the planning board. As these permissive zones 
sliould preferably exclude new residential construction, they should not be spread over 
extensive areas of the zoning map, far in advance of known or clearly prospective demand. 

Transition Zoning. Because of the great divergence between permitted utilization of 
property in. for example, business and residential zones, modern ordinances customarily 
provide special transition provisions where such zones abut one another. As a simple 
example, a corner store in a business district may be prohibited from having an entrance on 
its side-street frontage ■within a certain number of feet of a residential zone boundary. 
Again, a store which has a side lot line in common with a residential zone boundary may 
be required to provide a side yard, even though no side yards are stipulated in the business 
district proper 


ViUagf of Laclid (Ohio) .4nibler Realty Co . 272 C. S. 365, 47 S. Ct. 114 (1926). 
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This subject has a great many possibilities and ramifications. For detailed authoritative 
treatment, reference may be made to TransUion Zoning, by Arthur C. Comey, Harvard 
City Planning Studies, 1933. A caution should be expressed against enactment of too 
many special transition clauses. The result will be overcomplexity and confusion, with 
the attendant danger of adverse court decision. 

Rural Zoning. This article is pointed toward the problems of municipal—and therefore 
largely urban land —zoning. It would not be complete without passing reference to the 
application of zoning principles to rural and forest areas. The outstanding contribution 
in this field has been made under county zoning powers in the State of Wisconsin. The 
objective has been to prevent the setthng and farming of wide areas in which the soil is 
poor, or which are so isolated that exces&ive governmental costa would result in the process 
of providing roads, schools, and other needed improvements. 

Another phase of rural zoning is the protection of highways in open country from deface- 
ment and exploitation by billboards and commeicial roadside enterprises. The protection 
of highways is also important from the standpoint of reducing the toll of traffic accidents. 
Both objectives have been successfully accomplLshed, under state or county authority, by 
ribbon residential zoning of the frontage on each side of the highway, to a depth of 200 
or even 500 ft. 

15. CAPITAL PROGRAMS 

Reed for Long-Range Financial Planning. 

The techniques of city and regional planning are now well established. Not planning, but the carrying 
out of plans is the real challenge. . . . While considerable progress has been made in the preparation 
of master plans, few major cities have set up official financial programs.i 

The process of long-range financial planning involves estimating the capital cost of the 
construction projects shown on the master plan, arranging these projects by categories 
(parks, streets, schools, other public buildings, etc.), and assigning to each its relative 
order of urgency. Analysis of the municipality’s financial capacity will determine the 
dollar value of work that can be undertaken in each year, and a financing schedule can 
thus be laid out. Annual expenditures for debt ser\ice and operation are then calculated, 
so as to show the effect of the program upon future tax rates. 

In the City of New York, the charter requires the City Planning Commission to prepare a detailed 
capital budget each year, and also a more generalized capital program for the succeeding five years. 
These documents are officially adopted by the City Council and the Board of Estimate.^ 

The charter of the City of New York states that subsequent amendments to the capital 
budget shall require “recommendation in writing by the city planning commission, ap¬ 
proved by the affirmative vote of two-thirds of the members thereof plus approval by the 
board of estimate and certification by the mayor, the city council, the comptroller, and 
the city clerk.” Some other large cities have similar procedures, but their capital budgets 
are more informal in character and do not bind the administration to adhere to them. 
Baltimore, San Francisco, Cincinnati, and Cleveland are in this category. Philadelphia 
occupies a middle ground, having the requirement of adherence, but with less strict provi¬ 
sions than New Y'ork City for the authorization of amendments. 

The financial program serves to fulfil! a customary provision of state planning enabling 
acts: 

In preparation of the master plan, the planning board shall give due consideration to the ability of 
the municipality to carry out, over a period of years, the various public or quasi-public projects em¬ 
braced in the plan without the imposition of unreasonable financial burdens ^ 

Every capital improvement of “today” may be said to become a current budget item 
of “tomorrow.” Without the capital program, there is no evidence that the master plan 
can be financed. With the capital program, the projects comprised m the plan are fitted 
into the fiscal structure of the municipality, their financial practicability and scheduling 
are tested: and their effect upon future borrowing capai ity and tax budgets is evaluated. 

Exclusion of Non-Tax-Supported Projects from the Capital Program. Engineering cost 
estimates must be prepared for all capital improvement'^ to be included in the long-range 
financial plan. It is customary to screen out tae lollowmg type-^ ot projects, as they do not 
affect municipal borrowing capacity or future tax rates 

1. Proprietary projects (water •'Upply. municipal electric lighting plants, airport develop¬ 
ment, etc.) to the extent financed bv rate-^ or revenues. 

1 Surging Cities, by T T. McCrosky, Chaik-s A BloSsing, and J. Ross McKeever, Gieater Bostoa 
Development Committee, Inc , 1948. p 150. 

2 Ibid., p. 151. 

3 Quoted from New Jersey Municipal Planning Act of 1953, lection 1 2. 
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2. Assessable improvemenis (local sewers, paving, sidewalks, etc.* to the extent financed 
by benefit assessments on affected properties. 

3 State and federal hightcays to the extent financed by non-municipal funds. 

4. Other projtcts, federal, state, and county, to the extent financed by non-municipal 
funds. 

5. "Authority” projects (toll bridges, markets, parking lots, etc.) to the extent financed 
by revenue bonds not supported by the faith and credit of the municipality. 

In connection with item 5, it will be necessary to reach an advance decision as to whether 
normal municipal financing or authority financing shall be resorted to. The particular 
advantage of authority financing for such items as off-street parking lots is that the bonds 
are thereby- exempt from the legal debt-mcurnng capacity of the municipality. If a city 
is cloae to its statutory debt limit and is empowered by state law to create a parking 
authority', it can thus conserve its bonding capacity for other essential projects such 
schools and parks. However, a price must be paid Because authority bonds are not 
backed by the city’s faith and credit, they usually command up to 1% higher interest than 
general obligation bonds. This differential will bulk large for untried authorities embark¬ 
ing on netv ventures. By contract, the Port of Xew York Authority can float bond issues 
at much the same interest rales as the City of New York. Another disadvantage of 
revenue-bond financing is that the advance estimates must indicate a substantial excess 
of receipts above expenditures, in order to assure the marketability of the bonds. The 
Greater Boston Development Committee, Inc., calculated that using public-credit bonds 
and thereby reducing the interest rate and the excess of receipts would result in sufficient 
savmg m fixed charges on a proposed combination of a vehicular tunnel and a bridge to 
finance the debt service on $50,000,000 of arterial highw'ay approaches.^ The State of 
Connecticut has benefited by this policy; recent toll bridges have been financed by state- 
credit bonds, even though they were estimated to be self-supporting. The same is true 
of the New York State Thruway Authority’s bonds. 

Capital Improvement Schedules. To revert to the subject of municipal capital costs for 
master-plan projects, after making all deductions listed under items 1 through 5 above, the 
planner will have arrived at the amouni of net capital cost of each project to the munici¬ 
pality, which is payable out of lax budget funds. The next step is to determine which 
projects, or parts of projects, should be financed on a “pay as you go” basis, directly out 
of current tax levies. The remaining projects, constituting the balance of annual capital 
outlaj’s, must be bonded. They will therefore be paid, principal and interest, out of future 
ta'*: levies. 

It is sound policy to finance as much work as feasible by pay as you go, in order to 
save interest charges and also to avoid hv'pothecating the municipality’s permissible bor¬ 
rowing capacity. The method is particularly applicable to purchases of equipment which 
will last only a few” years and to other capital items that are known to recur nearly every 
year. lor example, a large city may need to replace one school, or build a new school, 
every year for 40 years to come. If each school costs $2,000,000, a city operating on the 
pay as you go plan would put $2,000,000 for this purpose in its tax budget each year. 
How’ever, if this city financed its schools by 40-year serial bond issues at an average interest 
rate of 2%, each school W'ould then cost approximately $2,925,000. At an interest rate of 
4%, the cost per school would be $4,042,000. In other wor Is, the city would pay twice 
over for every school it built, or more than $160,000,000 in interest and a.nortization to 
construct 40 schools costing only $80,000,000 to build. 

On the other hand, a small city may need one new high school, costing $6,000,000, with 
indications in the city plan that no other new high school will be required for 40 v'ears. 
It IS preferable to spread the coat of this one school over a long term of years, so as to avoid 
saddling such an expensive project upon the taxpayers in the current budget of a single 
year.® 

In order to determine how much the annual tax budgets can reasonably include in the 
pay as you go classification, the planning engineer w'ill need to perform the analyses of 
future assessed valuations, revenues, operating expenses, tax rates, borrowing capacity, 
etc., described under the next heading of this article. It is best to carry these computa¬ 
tions forward simultaneously with preparation of the annual pay as you go and bond issue 
schedules, by applying cut-and-try techniques. The end result will be a pair of schedules 
which are considered to fit safely within the municipality’s anticipated taxing and borrow¬ 
ing power for each year of the program. 


* Unpublished study, 1947. 

5 These examples of school costs are abstracted, with modifications, from Surging Cities, by T T 
McCrosky, Charles A. Blessing, and J. Ross McKeever, Greater Boston Development Committee Inc 
1948, pp. 151 ff. ’ 
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It is necessary' to determine, from local precedent or state regulation, the appropriate 
terms for various categories of bond issues, schools, rights-of-M'ay, paving, trunk sewers, 
parks, etc. Intere.st rates must then be chosen on the ba.sis of the recent local credit rating 
and anticipated long-term trends in the municipal bond market. Prudence requires that 
moderately higher rates be assumed than the current credit of the municipality commands. 
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Fig. 14 Typical capital budget charts. 


Most municipal financing is now done by serial bonds, payable annually in equal or 
substantially equal installments. Sometimes, a bond issue is payable in atuounis which 
will make the annual sum of interest plus amortization equal to a constant debt-serv.oe 
figure. As a third alternative, local practice may call for term bonds supported by perio lie 
paj'ments into a sinking fund. 
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Table 21. Framework for a Capital Budget 


Item 

Assessed valuation 


Population of the munici¬ 
pality 

Per capita assessed valuation 


Redemptions of ‘‘old bonds” 


Interest on ‘‘old bonds” 

Debt s'-rvice on ‘old bonds” 
Per capita muniripal operat¬ 
ing and maintenance costs 


Per capita county land state) 
taxC' paid b> municipahty 
Per capita pa\-as->ou-go 
cost' tor old” improve¬ 
ment' 

Per capita revenues 


Per capita tax levy’, excluding 
debt st-rvice 

Tax levy, exjlading debt 
service 

Tax levy, including debt 
service on “old bonds" 


Future pay-as-you-go appro¬ 
priations for master-plao 
projects 

Redemptions of “new bonds” 


Interest on “new bonds” 


Debt service on “new bonds” 
Annual cost of capital 
program 
Total tax levy 


Tax rate 


Statutory debt limi t 


“Old bonds” outstanding in 
each year 

“New bonds” outstanding in 
each year 

Total bonds outstanding in 
each year 

Unencurnt>er»'d margin of 
debt-incurring capacity 

Per cent of debt limit used 


Property tax on a typical 
house 


1950 1951 1952 1953 1954 1955 1956 1957 1958... 1965 {or so) 

(for purposes of calculating tax rates). This is usually the total assessed 
vcduation f‘‘grand list”) of taxable real and personal property, plus the 
value of utility franchises and other items as provided by law. See com¬ 
ment on line 3. r 

Eatuiiates for the future should be conservanve but realistic. (Jee Art. 2 for 
estimating procedures ^ 

Line ! divided by line 2 Projection of the curve of assessed valuation per 
capita furnishes a valid method for determining future assessed valuations 
to be entered on Ime 1 

An ‘‘old bond” is one is>.>ued before preparation of the capital program. The 
redemption schedule should be obtained from the municipal treasurer or 
other cognixant official 
Figure to be obtained as in Ime 4. 

Line 4 plus line 5. 

Actual total cost of government figures should be obtained for 10-15 past 
years, so as to be able to extrapolate the per capita trend into the future. 
A curv’e should be drav.m Appropriate allowances must be made for future 
operating and maintenance costs of master-plan projects 
Procedure similar to line 7, but adjustment must be made for the relative 
rates of growth of the county arid the mumcipality. 

Same procedure as for line 7 


(from ail sources other than general property taxes: e.g , state and county aid. 
licenses, and fees). Same procedure as for Ime 7, but care must be taken to 
avoid overweighting of non-recurring “windfalls.” 

Sum of imes 7, 8. and 9, minus line 10. 

Lme 11 multiplied by the population for each year Gme 2). 

Line 12 plus line 6 Line 13 is the future net cost of government paid by real 
estate taxes, before adding m the annual pay-as-you-go and debt-servncc 
costs of carrying out the master plan It is at this point that the planning 
engineer must start his eut-and-try procedure to determine how many new- 
pay-as-you-go appropriations, and how much d»-bt service on master-plan 
bonds, can be supported in each future year, without incurring an excessive 
tax budget and tax rate, and without prejudicing the legal debt-meurnng 
capacity 

These are m addbioo to the prevailmg pay-as-you-go experience recorded on 
line 9. See previous discussion of the pay-as-you-go principle. 

(issued to finance master-plan projects). These are df-terimned from the 
bonded improvement schedule, and will involve cut-and-try technique to 
arrive at a considered judgment of the optimum size of bond issues to be 
scheduled for each year 

Same technique is involved as for line 15 For purposes of computation, it 
may he assumed that all bond interest is payable seniiannualiv on Janu-iry I 
and July 1, and that all redemptions are made on July I This simplifica¬ 
tion will give good average results. 

Line 15 plus line 16. 

Line 14 plus line 17. 

Line 13 plus line 18 This is the future annual cost of government borne by 
general property taxes including the annual cost of the capital program for 
carrving out the master plan 

lane 19 diviJM bv ime I Some states have placed a linuiation on the tax 
rate for municipal ooemting and maintenance costs In such cases, this 
pirtul tax rate must be computed separately from lines 7. 10, 2, and I 
(leg^! lioTowing capacitv ' This is usually a percentage of the tix.ible 
asoe'sed valuation, fixed by state law In man\ junsd’ctions, howfc\er. it 
is a percentage of the average of the taxable assessed valuations for several 
prior vears Also, in some states, the valuation of persona! property, utility 
franchises, etc . must be excluded m computation of the statutory debt limit 
A convenient date, such as Decemlier 31, mast be u'ed consistently. Accurate 
figures should be obtained from the municipal treasurer, or derived from the 
data supplied for purposes of filling in line 4 
Use same calendar date as for hne 22 Figures derive from the schedule of 
new bond I'sues and annual redemptions. 

Line 22 p’us hne 23. 

Line 21 minus lme 24. 

Line 24 divided by line 21 and expressed as a percentage The capital pro¬ 
gram should not crowd the debt limit To protect the credit of the munici¬ 
pality. the percentages shown on line 26 ought not usuallv to exceed 75-85'") 
Conferenees with local offic’als and municipal liond specialists should guide 
the planner’s judgment Much wifi depend on the expected rate of growth 
of the mumcipalitv l! rapid population increase is predicted, the percent¬ 
age should be q'Dte conservative, as failure to realize the anticipated growih 
woiiM reduce actual future debt limits far l>elow their estimated levels 
Line 20 multiplied by the assessed valuation of a typical house The figures 
on ime 27 enable property owners to compare present taxes vnth the esti¬ 
mates for future taxes during the years of carrying out the master plan. 
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The fact that separate improvements are initially financed by small sales of bond notes, 
which are subsequently redeemed by consolidated bond issues, can generally be ignored. 
Short-term bond notes carry a lower interest rate than long-term bonds, so any disparity 
will be on the safe >ide. 

Effect of Capital Program on Future Tax Rates and Borrowing Capacity. It is good 
practice to carry the ^tudie.'- of the financial plan at least 6 year'^ into the future. Ten to 
15 years is preferable, it is advantageous to show the financing of a >ub~tantial propor¬ 
tion of the entire master plan, lather than only the first few sear? of an oiiieih' program. 
Also, the peak of annual debt a-ervice in "Uppott of master-plan projea>. 'Upc-iimposed 
upon peaks m the oo^t of other governmental services, inav produce hnihc' tax rates 10 
or 15 years hence than 6 years hence. Calculations should therefore be lun out into the 
future until all foreseeable peak-? have been pa.'.-jcd 

The list of Items in Table 21 is typical of thoce that need to be computed for eacli year ^ 
The tabulation should begin 1 or 2 years in the pa«t >o as to record a-tual figures from 
published sources, and then extend 10 or 15 years into the future bach of the-^e items will 
therefore be a line m a table and the rolum?is of the table will be ihe year>. In Table 21, 
explanatory notes are given for each line, where needc-d to in. Ik ate procedures 

involved. Figure 14 illustrates many of the item? in Table 21, b>' gT-apli-fal analysis of a 
typical capital program. 

Modifications and Periodic Revisions of Capital Program. Many dUTeicnt and equally 
adequate capital piograms can be prepared for the same ?chedule of imi?t jr-pUm improve¬ 
ments. The good judgment of the planning engineer is a ruling factor in all the decisions 
that must be made in the long step-by-step procedure that has been described. Even 
more significant, however, will be the policy decisions of municipal government depart¬ 
ment heads and legislative members. Because of their knowledge of pa?t practice and 
their understanding of public opinion, the planning engineer ?hould seek their guidance 
in working out desirable modifications of his tentative schedule?. 

Properlj’ prepared, the capital program gives both mumcix-ial officials and citizens a 
clear view of the financial road ahead. To keep this view lu good focu-^, it h necessary 
that the program be adjusted and amended periodically in the ligh’’ of changing condition.^, 
including new knowledge of such ba.«ic factors as assessed valuation-*, late of population 
grow’th, going interest rates, and dollar value indices. In good piattice. the capital pro¬ 
gram is re-e.xamined once each year. \\ hen thus kept up-to-date, it can bcciniie a per¬ 
manent guide to succeeding municipal admini-?traiions. I»ffinal adhereiue to the capital 
program wull give proof to the electorate that the master plan is accepted a? a living force, 
and that each year will see further progress toward its goals. 

6 In actual practice, the list must be varied somewhat to accord wuh local lequi'-einents and avail¬ 
ability of data. It may be found that the municipal capital program will have to be set up entirely 
separately from the board of education’s capital program, in cases where their ideographic boundaries 
do not coincide. 
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SURVEYING INSTRUMENTS AND ADJUSTMENTS 

By George B. Whitmore 


1. CHAINS AND TAPES 

The term chain formerly meant either a Gunter’s chain 6t) ft (4 rods) long, having 100 
links of 7 92 in. CO 60 ft^ each; or an engineer’s chain 100 ft long, having 100 links of 1 ft 
each. The Gunter's chain was much used m early land surveys. Chains have been almost 
entire^’ displaced by heavy steel tapes, but the use of the term chain persists, and engi¬ 
neers’ or surveyors’ steel tapes are sometimes erroneou.sly called chains. Also, the measur¬ 
ing of fli''tance=! with a tape is usually called chaining, rather than taping. 

Cloth, metallic, glass fiber, and «iteel tapes are in common use. Cloth tapes stretch so 
readily that they are seldom u.sed for surveying. Metallic tapes are cloth tapes with 
fine bronze wires woven into them to prevent stretching, and are made in lengths from 
25 ft to 100 ft. It IS not uncommon for metallic tapes, when subjected to rough usage and 
to alternate wetting and drying, to become from 0 2 to 0.5 ft in error in a length of 50 ft. 
Woven gla.ss fiber tapes are now frequently used instead of metallic tapes because of their 
better accuracy and durability. 

Steel tapes may be obtained in lengths up to 500 ft, but the most common lengths are 
50 ft, 100 ft, 200 ft, and 300 ft. The shorter tapes are usually made of thin ribbons of 
steel: the longer tapes are made heavier in cross section so that they will withstand rougher 
usage and will not become kinked so readily. The light tapes are usually graduated 
throughout their length into feet, tenths, and hundredths; while the heavier tapes are 
generally marked only at every foot: except that tapes used in building construction are 
usually graduated in feet, inches, and fractions of inches. In some tapes the zero point is 
at the outer edge of the ring attached to the end of the tape: while on others the zero point 
is placed on the tape at 0.2 to 0 5 ft from the end ring. Special steel tapes fitted wdth a 
thermometer, and a .spring-balance handle for registering the amount of tension, or pull, 
can be obtained from manufacturers. Tapes that will not be used for extremely accurate 
w'ork can be mended by riveting to the back of the tape a piece of an old tape of the same 
w'idth, or by using any of the various splicing clips that are available. 

A new 100-ft tape is usually intended to be of standard length at 6S®F w’hen under a 
tension of 10 lb and supported throughout its length. Any steel tape w'ill vary in length 
wdth variations in temperature and pull. Also, the method of supporting the tape wfill 
cause the distance spanned by the tape to vary. However, in many surveying operations, 
sufficient accuracy can be attained without regard to any of these factors. For surveys 
which require greater accuracy, the correct length or span of the tape for various measur¬ 
ing conditions should be determined, and appropriate corrections applied 

The change in the length of a steel tape caused by changes in temperature will be sig¬ 
nificant in precise work. Each change in temperature of 10°F ■will change the length of 
the tape by about 1'15,000, or about 0.007 ft per 100 ft. Thus for a 50°F change in tem¬ 
perature, the length of the tape will change by 1:3000, or about 1.7 ft per mi. The change 
in the length of a steel tape caused by temperature changes is determined by the formula 

Ct = ciU - 

in which is the temperature correction in feet; c is the coefficient of expansion per °F 
(average for tape steel = 0.0000065); is the Fahrenheit temperature of the tape at the 
time of use: t, is the Fahrenheit temperature at which the tape is considered to be of cor¬ 
rect length, or “standard” temperature; and L is the nominal length of the tape in feet. 
The length of the tape will be longer, and the correction -wdll be plus when tm is higher 
than tg. The same formula can be used to compute the temperature correction for the 
full length of a measured course, in which case L is the nominal length of the entire course. 

The change in a tape length caused by a different tension, or pull, is also significant in 
precise work. Each change of 10 lb in the tension applied to a lightweight steel tape 
(say 1 Ib for a 100-ft tape) will cause the tape to stretch or shorten by approximately 
1:8000 (about 0.012 ft per 100 ft, or about 0 7 ft per mi), the exact amount depending on 
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the cross-sectional area of the tape and the modulus of elasticity. The puli correction 
mav be determined by the formula 

^ (Pm - Ps) ^ 


in which Cp is the pull correction in feet, bemg plus (longer tape) when Pm is larger than 
Ps", Pm is the tension in pounds applied during the actual taping operation; Ps is the ten¬ 
sion in pounds for which the tape is considered to be of standard length: Lt is the nominal 
length of the tape in feet; S la the cross-sectional area of the tape in square inches; and E 
is the modulus of elasticity, average for tape steel being about 29,000,000 lb per sq in. 
The changes in length of any tape that are caused by applying different tensions can be 
readily determined by direct test The rear end of the tape should be tightly fastened to 
a point on a smooth surface, as a floor. Various tensions, measured with a spring balance, 
should then be applied to the forward end of tape. By noting the position of the gradua¬ 
tion mark at the forward end of the tape for each different tension, the corresponding vari¬ 
ations in length can be determined 

When a tape is not supported throughout its entire length, it sag.^ between points of 
support, taking the form of a catenary, and the ground distance that it then spans is less 
than the distance that would be spanned by the same tape when supported throughout, 
assuming the tension to be the same. For a heavy tape (say 3 lb per lOU ft of length) under 
20 lb pull, and supported only at the zero and 100-ft points, the sag correction would be 
approximately 1:1000, or about 5 ft per mi. The correction for sag for any length of un¬ 
supported tape is determined by the formula 


C. 


W^L 

2iPm^ 


in which C, is the correction in feet to be applied (minus, because the tape is spanning a 
shorter length) for each unsupported section of the tape; W is the total weight of the tape 
between supports, in pounds; Pm is the actual tension applied to the tape, in pounds; and 
L is the unsupported length of tape 

The reduction in the span of a tape, due to its sag, may also be determined by direct 
observation. While supported throughout, the tape should be stretched to a specified 
tension, as measured by a taping spring balance, and the zero and 100-ft points marked 
The tape should then be raised off the ground and placed on supports almost directly 
over the tape marks on the ground. With the tape stretched under the same tension, the 
zero mark of the tape is pluml'ed exactly over the zero mark on the ground. The 100-ft 
mark of the tape is then plumbed to the ground, and the difference between its location 
and the previous ground mark represents the shortening of the span of the tape for the 
tension used. This test can also be applied to svny fractional part of the tape length. 

The pull and sag formulas, combined, may also be used inversely to determine (approxi¬ 
mately) the tension required to make the horizontal span of an unsupported tape approxi¬ 
mately equal to its nominal length. The combined formula would be 


Pn (approx) 





m which Pn is the so-called “compensating puU,’' in pounds, necessary both to stretch the 
tape and reduce sag so that the spanned length is approximately the same as the nominal 
length, and the other terms are the same as in preceding formulas. In the case of an ex¬ 
tremely heavy tape, or a long span, it would be impractical to apply sufficient tension to 
accomplish this compensation. The “compensating puli’’ may also be determined by trial. 

Where unusually precise tape measurements are required, the tape to be used should 
be tested and “standardized” by the U S. Bureau of Standards, Washington. D. C 
Unless otherwise requested, the Bureau of Standard' will determine the correct length of 
any 100-ft tape (in good condition) to the nearest 0.001 ft. at when supported 

throughout, and under 10 lb tension. On a project where several tape" are to be u.sed and 
a high order of accuracy is required, one of the tapes should be standardized, and then 
set aside and used only for calibrating other tapes A simple procedure for calibrating a 
tape in the field is as follows. (1) on a smooth, protected surface (as a building floor, or 
shaded sidewalk) stretch the standardized tape under the same tension as was applied 
in the Bureau of Standards test, and transfer fine pencil marks or scratches to the sup¬ 
porting surface from the zero and 100-ft points: (2) immediately strctcli the uncali¬ 
brated tape over the same course, under the same tension, and precisely s^cale (under a 
magnifier) m thousandths of a foot, the amount that it is longer or shorter than the stand¬ 
ardized tape; (3) add or subtract this small difference to the absolute length of the stand¬ 
ardized tape, as given in the Bureau of Standards certificate, to obtain the absolute length 
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of the second or unstandardized tape, for the same pull, temperature, and conditions of 
support as obtained at the time the Bureau of Standards test was made on the first tape. 
For any other conditions of support, tension, or temperature, the correct length of the 
second tape can be calculated by use of the preceding formulas 

Tapes made of a special nickel steel called “Invar” change in length only slightly with 
change in temperature. The coefficient of expansion for different types of Invar varies 
somewhat, but an average would be from one-tenth to one-twentieth of that for steel. 
Invar is a relatively “soft” metal, not as springy as steel, and hence will bend and kink 
more quickly. Use of Invar tapes is therefore usually limited to extremely precise triangu¬ 
lation base lines and first-order geodetic traverses. Invar tapes are also useful as com- 
panson tapes, for local calibration of steel tapes. 

Other causes for variations in tape measurements are: careless plumbing, incorrect 
alignment, and fluttering caused by wind 

Plumbing is the operation of transferring any point on a horizontal tape to the ground 
under the tape by mean.-^ of a plumb bob. Inaccuracies due to this process can only be 
avoided by using great care In the plumbing procedure the work is facilitated by mea.sur- 
ing downhill. Even when great care is taken in plumbing, so much error is introduced 
that for accurate results it is usually better to measure the inclined distance from the 
horizontal axis of the instrument to the station mark ahead, measure with the vertical 
arc of the transit the angle of inclination of the tape, and compute the horizontal dis¬ 
tances by means of the versine of the angle of inclination; i.e., horizontal distance = in¬ 
clined distance minus (inclined distance X versine angle). This computation can usually 
be done i\ith sufficient accuracy by means of a slide rule. This method requires a set-up 
of the transit at every other tape length. Another way to measure inclined distances is 
to tape directly from stake to stake in one tape length; and set the instrument up at everv 
other stake and measure the vertical angle to a point above the station point on either 
side of the instrument equal to the vertical distance of the horizontal axis of the transit 
above its stake. This will give the inclination of the tape. Still another method is to 
measure tbe inclined distance from stake to stake and obtain the difference in elevation 
by leveling When much slope taping is to be done it is usually more expeditious lo use 
a 200-ft or 300-ft tape. 

Alignment errors are not likely to be large; therefore lining in the tape by eye is exact 
enough for most measurements. If in measuring lOO-ft tape lengths a point is 1 ft out of 
line it will introduce an error of only O.OOo fi in the tape length (1:20,000). The error 
due to poor alignment may be comptited by the formula c — a = A^/2c, where c is the tape 
length or fractional tape length: h is the offset from the correct line; and a is the correct 
length. Thus, if one end of the tape is on line and the other 0.8 ft off line the error in that 
one tape length is 0.8^/200 — 0.003 ft. Of course, there will be a similar error in the next 
tape length, making a total error of 0.006 ft The shorter the tape length the greater is 
the error due to poor alignment 

With a steel tape, if ordinary care is taken in plumbing and alignment, and with rough 
corrections made for temperature, an accuracy of 1:5000 can be readily obtained. For 
accuracy of 1:10,000 or better, it is necessary to apply corrections for temperature, pull, 
and sag. and to keep the tape closely on line. 

In all measurements it is of utmost importance to distinguish between errors which 
tend to balance and those which continually accumulate, the latter being far more impor¬ 
tant. For those which tend to balance, the number of errors which will probably remain 
uncompensated, according to the method of least squares, will be the square root of the 
total number of opportunities for error. For example, if a 100-ft tape is 0.02 ft too long 
a cumulative error of about 1 ft will be made in measuring a line 1 mile long. If, on the 
other hand, the tape lengths are not marked closer than 0.05 ft, the total error made by 
this compensating error of 0.05 ft will be usually about ■v'52 X 0.05 = 0,.36 ft. 


2. VERNIERS 

The Vernier is a device for determining the subdivision of the smallest division of a 
scale more accurately than can be done by simply estimating the fractional part. Its 
accuracy depends upon the fact that one can judge more accurately when two lines coin¬ 
cide than he can estimate a fractional part of a space. The simplest form of vernier (Fig. 1) 
is used on some kinds of leveling rods. It is constructed by making the entire length of 
the vernier equal the length of 9 divisions on the scale, and subdividing this vernier length 
into 10 equal parts. In this way 1 division on the vernier equals 9/io of a division on the 
scale, so that ah is Vio and cd is -iio of a scale division. If the vernier is raised until a be¬ 
comes opposite b then the reading will be 701; if raised untile comes opposite d the reading 
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is 702. The number of the line on the vernier that coincides with some line on the scale 
is the number of tenths of the smallest division on the scale that the index poirit lies above 
the scale diAUsion just below it. 

Transit Verniers are usually made double, one on each side of each index, so that angles 
can be read in either direction. For transits reading to minutes the vernier s -ale is made 
by dividing a space equal to 29 half-degrees of arc into 30 parts, so that the 
difference in length of 1 division of the circle and 1 division of the vernier is 
equal to 1 min of arc. If the vernier is placed so that its zero point (or the 
index) coincides with the 0° mark on the circle, then the first lines on either side 
of the zero of the vernier fail to coincide with the corresponding lines on ° 
the circle by just 1 min, the second lines on each side of the zero of the vernier 
will fail to coincide with their corresponding marks on the circle by just 2 nun, 
and so on. If the vernier is moved along the circle so that the first line ne.xt 
to the zero of the vernier exactly coincides with its corresponding line or the 
circle the reading wiU be 0°01'; and if the vernier is moved 1 min more the ^ 

second lines \m 11 coincide and the reading will be 0° 02' Therefore m reading 3 
an angle on a transit, read the position of the vernier index rui the circle, read¬ 
ing the angle in the same direction that the telescope has moved and estimate 
roughly the number of minutes the index has passed over from the graduation 
next back of it on the circle, then follow along the vernier in the same direction 
and find the vernier line which coincides with some line on the circle and add 
the number of this line to the circle reading. Thus, Fig 2 represents a l-nun ^ 

transit circle with double vermer which reads, if the telescope (which ahvav's 
moves \\nth the vernier) has mo\ed clockwise, 274^23'. If il has moved 
anticlockwise it reads 85® 37'. For a 1-min instrument the circle is divided 
mto 30-min spaces and there are 30 divisions on the vernier; a SU-sec instru- Fig 1 
ment has the circle divided into 20-min spaces with 40 divisions on the vernier, 
a 20-sec instrument has the circle di\nded usually into 20-min spaces witli 00 divisions on 
the vernier; and a 10-sec instrument has the circle divided into 10-min spaces with b - 
divisions on the verniers. 

Single Verniers which are to be read in either direction must be numbered from botn 
ends, and the index at either one end or the other is set at 0® on the circle depending upon 
which direction the angle is to be measured. These single verniers are used on tiansU'? 
reading to 10 sec or 20 sec where a double vernier would be so long as to interfere witli tiie 
standards. Another type of single vermer called the folded vernier is sometimes used ou 
the vertical c’’^de of transits and on alidades of plane tables. It is like any single ven ie, 
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Fig 2 Transit circle with double vernier 

except that the index is the middle division of the vermer. In reading it, if a coincidence 
is not reached by passing along the vernier in the proper direction, it is necessary to pass 
to the other end of the vernier and continue in the same direction, toward the center, until 
the coincidence is found 

Retrograde Vernier. The verniers described above are all direct verniers in which the 
smallest division of the vernier la smaller than the smallest division of the circle. The 
retrograde vernier is one in which the smallest division of the vermer is larger than the 
smallest division of the circle. It is seldom used on survejdng instruments. 


3. THE COMPASS 

The Surveyor’s Compass is an instrument for determining the difference m direction 
between any horizontal line and a magnetic needle. The needle is balanced on a pivot in 
the center of a compass box so that it can swing free in a horizontal plane, the pivot being 
the center of a circle which is graduated usually to half-degrees and numbered from 0® to 
90® in both directions from the N and S end of the compass box. The pivot and the circle 




2-06 


SURVEYING 


are secured to a brass frame on which are two vertical sights placed on. the line passing 
through the pivot and the N and S points of the compass box. When the compass is being 
carried or moved in any way, or is otherwise out of use, the needle must be kept raised 
from the pivot by the lifter: otherwise the finely pointed pivot is sure to be blunted b 3 ' the 
pressure of the jeweled cap, rendering the needle sluggish and unreliable. The compass 
is connected to the tripod by a ball-and-socket joint which is clamped in position after 
the instrument has been leveled by means of two spirit levels attached to the frame at 
right angles to each other. The frame has a spindle which fits into the ball-and-socket 
joint so that after the instrument has been leveled it can be swung around in a horizontal 
plane. In the northern hemisphere a small countervreight is attached to the S end of the 
needle, as the X end of the needle w’ould dip downward if not counterbalanced. When a 
compass is moved from one localitv’ to another, the amount of dip of the needle maj’ be 
different, and hence the compass needle may be out of balance in the new' location; that 
is. one end or the other maj' touch the glass cover, and the compass needle would then not 
swing freely on its pivot. Correct balance of the needle can be restored by sliding the 
counterweight slightly in the appropriate direction. 

In use, the compass is first set up over the proper point and leveled, and then sighted 
along the line w’hose direction is desired. Since the needle stands still and the box turns 
under it, the letters E and W on the box have been reversed from their natural position 
so that the reading of the needle w’lll give the proper quadrant. To obtain the bearing of 
the line in the direction it is sighted it is important to follow this rule. When the X point 
of the compass box is toward the station whose bearing is desired, read the X end of the 
needle fthe end to which the counterbalance is not attached in northern hemisphere). 
When the S point of the box is tow’ard the station, read the south end of the needle. The 
term “station” as here used means anj' point on the survey line. Bearings are usually 
read to the nearest quarter of a degree. The bearing looking in the opposite direction 
along the line is called the reverse bearing. To avoid a parallax error the needle should 
be read by looking along the needle, not across it. 

Precautions, Before the bearing is read the glass should be tapped lightly over the 
end of the needle to be sure that it is not touching the under side of the glass. If the 
needle appears to cling to the glass it probably indicates that the glass has become elec¬ 
trified, and this difficultj' can be removed by placing the moistened finger on the glass. 

In the use of the compass great care should be taken that no iron or steel is near the 
instrument to attract the needle from its true position. The chain, pins, ax, pocket knife 
are fruitful sources of errors. Straj* direct currents in the ground (usuallj’ leakage cur¬ 
rents from street-rail waj' systems^ affect the compass so seriously that it is of little use in 
cities for obtaining even an approximate magnetic meridian. It is customary to take the 
forward and reverse bearing of lines so that any local irregularity of the decimation ma.v 
be detected. If the bearing of AB taken from Station A and the bearing of BA from Sta¬ 
tion B do not agree it indicates that at either A or B there is local irregularity To deter¬ 
mine at which station it exists, take the bearing of BC with the compass at B, and then 
with the eonipas.s at C determine the bearing of CB. If these agree it indicates that there 
is no local irregularity at B. 

Adjustments of the Compass. (1) The bubbles are adjusted like those on the horizontal 
plate of a transit (2) Straightening needle and centering pivot point- Bent needle may 
be detected by reading both X and S ends when N end is held opposite a given graduation, 
and then by reading both ends again when S end is held opposite same graduation, take 
needle out and bend it with pliers at the middle until the end reads the same in either 
position Pivot ma\' be centered by finding (bj- trial) position of maximum difference 
between end readings on different parts of the circle, and then bending pivot so that end 
readings agree. rS) demagnetizing needle: rub with a bar magnet from center towards 
ends, using X end of magnet for .S end of needle, and vice versa. 

The Pocket Compass is a hand instrument for obtaining roughly the bearing of a line. 
There are two kinds, the plain and the pn.-^matic. The former is much like the surveyor’s 
compass, except that it has no sights. In the prismatic compass the graduations, in'^tead 
of being on the compass bo.x, are on a card w-hich is fastened to the needle (like a manner’s 
compass' arul which moves with it. This compass i-^ generally provided with sights. 
The bearing can i>e read, by moans of a prism, at the ^ame instant that the compass is 
sighted along the iine. 

The Brunton Pocket Transit is a pocket-sized compass usually' hanfl-held but some¬ 
times mounted on a Jacob staff. It has peep sights and a hinged mirror cover which inaj' 
be tilted so that the level bubbles and compass circle may be read while taking a sight. 
The level tubes are mounted on an auxiliary rotatable segment having a graduated arc in 
the same plane as the compass circle. When the instrument is turned in a vertical plane 
one of the level tubea serves to indicate when the segment is leveled on its then horizontal 
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axis so that the instrument can also be used as hand level or as a clinometer for reading 
v'ertical angles. The same sights and mirror system are used for all operations. 

The Index Error of a compass, or of the needle of a transit when used as a compass, is 
the amount by which its sight line deviates from the magnetic bearing shown by readings 
of the needle. It can be determined approximately by taking a sight on a line having a 
known true bearing, at a place where the declination has been determined, as at a mag¬ 
netic station of the U. S. Coast and Geodetic Survey. 

The Magnetic Declination is the bearing of magnetic north, east, or west of true north. 
As of 1945, in the Carolinas and the states l^ung north and northeast of them, West declina¬ 
tion prevails, reaching a maximum of 22° in northern Maine. In other parts of the United 
States, the declination is generally East, having values as high as 22 V’ 2 ’ in the neighbor¬ 
hood of Seattle, Wash. Typical values for a few other regions of possible interest to 
American engineers are as follows: Fairbanks, Alaska, 29 2 / 4 ® E, San Juan, P. R., 6 V 4 ° W; 
Caracas, Venezuela, S^U°'E; Honolulu, Hawaii, 11 1 / 2 ® E; Manila, Philippines, 1° E. 
The declination is subject to changes of several kinds. 

The Secular Change is a gradual movement which continues for many years in the 
same direction, but ultimately reverses. It is variable at any place and different in dif¬ 
ferent places. It cannot be predicted or expressed by means of any known empirical rule. 

The Daily Variation consists of a swing of the needle from its extreme easterly position 
at about 8 .a..m. to its most westerly position at about 1:30 p.m. The needle is likely to 
reach its mean position at about 10 a.m. and 5 p.m. This daily variation has an amplitude 
that varies from 5 to 15 minutes of arc. 

The Annual Variation (about 1' in amplitude) is a yearly fluctuation so small that ii; 
need not be considered in surveying work. 

Irregular Variations, due to disturbances of solar origin, are uncertain in character and 
cannot be predicted. Though usually small, these variations sometimes become large, 
resulting in the so-called magnetic storms associated with auroral activity. 

Isogonic Lines are curves drawn on a map so that each one connects all the places where 
a particular value of the declination is found at a given time. When an exact value of the 
declination is required, it must be found by a series of observations at the point in ques¬ 
tion. The validity of such a measurement, however, is restricted to the immediate vicin¬ 
ity of the spot. For other points, or for a generalized value pertaining to an extended 
area, an approximate value maj' be scaled from a chart. Isogonic charts are always 
smoothed to some extent; they cannot show the intricate, local detail characterizing the 
real distribution. Isogonic charts of the United States are based on observations made 
by the U. S, Coast and Geodetic Survey at about 8000 stations, and are issued by that 
agency at 5-yr intervals. A simplified version of the one for 1945 is illustrated in Fig. 3. 

4. THE TRANSIT AND ITS ADJUSTMENTS 

The Engineer’s Transit, a view of which is shown in Fig. 4. has two spindles one inside 
the other, to each of which is attached a horizontal circular plate, the outer spindle being 
attached to the lower plate and the inner one to the upper plate. Attached to this upper 
plate are two standards supporting the horizontal axis of the telescope. The motion of 
this horizontal axis and of the two spindles is controlled by clamps and slow-motion (tan¬ 
gent) screws. On the upper plate are two spirit levels, which are used m leveling the in¬ 
strument Most transits have four leveling screws; but those made for triangulation work 
usually have only three. When the instrument is provided with a telescope bubble and 
a vertical arc it is called an engineer’s (or surveyor’s) transit; if it does not have these 
attachments it is called a plain transit. 

The Telescope has 2 lenses cemented together for its objective, and an eyepiece that is 
usually made of 4 lenses if the instrument is an erecting transit, 2 lenses if inverting. An 
inverting instrument gives a somewhat better illuminated field. The cross-hair ring is 
located just ahead of the eyepiece. In some instruments, mainly the older models, the 
lele.scope is focused by moving the objective away from or toward the eyepiece. Most 
of the later-model instruments employ a system of interior focusing in which an additional 
lens between the cross hairs and the objective is moved back and forth This system has 
a number of advantages The telescope barrel is nearly dustproof and waterproof, there 
is no appreciable wear in the focusing lens slide, there is less change in telescope balance 
in focusing on near objects (most noticeable on levels), and the stadia constant (/ plus c 
factor) is zero. Interior lens surfaces are now usually given a special coating to reduce loss 
of light from lens-surface reflections, thus effecting a 15 to 30% brighter image. The two 
outer lens surfaces are not usually coated as part of the coating may be worn off, giviiur 
the lens an appearanr-e of being partly covered by a film. The line of sight, or line of coi- 
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limalion, is the straight line drawn through the optical center of the objective and the 
point of intersection of the cross hairs. Focusing is the adjustment of the eyepiece and of 
the objective so that the cross hairs and image of the object can be clearly seen at the 
same time. The magnifying power of a telescope is the amount by which an object is 
increased in apparent size. It is equal to tan 1/2 A/tan 1 / 2 a (or nearh A/a), A being 
the angle subtended by the object as seen through the telescope and a the angle as seen 
by the unaided eye. It may be found approximately as follows: Hold a rod a short dis¬ 
tance from the instrument and view it through the telescope with one e>'e; at the same 
time look at it directh' with the 
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enough so that any slight shock will allow motion. A w'aterproof bag should be carried 
at ail times to cover the instrument if it rains or w'hen the instrument is exposed to dust. 
When the transit must stand out in the rain the cap should be put over the object glass; 
if water should get into an exterior-focusing telescope, take out the eyepiece, cover the 
open end of telescope tube with cloth, and allow' it to dry out. Any parts of the inst.^u- 
ment that have been wet should he wiped dry, especiall> the veitical arc, but be careful 
not to touch the edges of the arcs. One should always avoid placing the hands on exposed 
graduations, as it will tarnish the metal. In cleaning the lenses use a fine camel-hair 
brush, and for screw threads u^e a stiff clean tooth brush and apply a very little watch 
oil after cleaning, but do not apply oil to exposed screws, except for cleaning. 

Important Adjustments of the Transit. (.1) To make the plane of the plate bubbles 
perpendicular to the vertical axis of tlie instrument. (2i To make the line of sight per¬ 
pendicular to the horizontal axis. (3) To make the horizontal axis perpendicular to the 
vertical axis of the instrument. These three adjustments are made to depend on the 
principle of reversion, the effect of an error being doubled by a reversal of the instrument. 
Each adjustment should be repeated to test its accurac>'. 

1. Adjustment of the Bubble Tubes. Bring plate bubbles in center of respective tubes 
by means of leveling screws. Turn 180° in azimuth; half the apparent error in bubbles is 
the real error; so bring bubble halfway back by screw’s on the bubble tubes. Adjust each 
bubble independenth'. 


- ~/7 

^ Tripoli heap 
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2. Adjustment of the Line of Sight. First adjust the vertical cross hair so it will lie iii 
a plane perpendicular to the horizontal axis. Set up and level the instrument. Leveling 
the instrument is not necessary for this part of the adjustment, but as it is an essential 
part of the second portion of this adjustment it is w’eU to level at this time. Sight the 
vertical hair on a well-defined point, clamp both plates, rotate telescope about horizontal 
axis. If point does not appear to travel along the vertical cross hair, loosen screws hold¬ 
ing cross-hair ring, and, hy tapping lightly on one screw, rotate ring until above condi¬ 
tion is fulfilled. Then tighten screws and proceed with the second part of the adjustment 
as follows sight tele-'cope at point A (200 to 300 fti and clamp vertical axis: revolve tele¬ 
scope on horizontal axi." and set a point B in line of sight and same drstance approximately 
from instrument a:? A but in the opposite direction. Points A and B should be at about 
the same elevation. Loo.'-en clamp, turn 1S0“ in azimuth ami sight A again, clamp, re¬ 
volve telescope on horizontal axis, and set point C in line of sight bc'^ide point B. Mark 
or note a point D one-fourth the distance between C and B measured from C. To adjust, 
move the cross-hair ring lateralh' until vertical wire falls on D, by loosening the screw 
on one side of the telescope and tightening that opposite. If the transit has an erecting 
eyepiece move the ring in the direction D to C; if an inverting eyepiece, move ring in the 
same direction C to D. 

3. Adjustment of the Standards. Set up and level the transit. Sight on some high 
point A and clamp vertical axis. Lower telescope and ^et point B in line of sight about 
level with telescope. Reverse telescope and turn in azimuth ISO’, sight on B, and clamp. 
Raise tele.'Copo until point -1 is visible and note point C in Ime of sight and at same height 
as A. If C does not fall on A, loosen pivot cap screws at adjustable end of horizontal axis 
and raise or lower the end of the axis by means of capstan-headed screw under a.xis until 
the ■\'ertical wire will fall on a point midway between points A and C. The adjusting 
screw should bo brought into position by a right-hand turn, otherwise the block on which 
the horizontal axis rest.s may stick and not follow the screw. The cap screws should then 
be tightened just enough to avoid looseness of the bearing. 

If the instrument is badly out of adjustment it is better that all adjustments be made in 
proper order, then repeated in the same order until no error is found at any point. 

To adjust the vernier of the vertical circle so it will read 0® when the telescope bubble 
is in the center, loosen the screws holding the vernier, and tap lightly until the zeros coin¬ 
cide. This adjustment eliminates index correction in measuring vertical angles provided 
the line of sight is parallel to the bubble tube. 

The peg adjustment for making the line of sight of the telescope parallel to the bubble 
tube of the telescope is made in the same manner as for a level instrument, as described in 
Art. 5 

To eliminate effects of errors in adjustment and still obtain accurate results the instru¬ 
ment must be used as follows. To avoid errors in the plate bubble, level up. turn 180® in 
azimuth and bring bubbles halfway back by means of leveling screws. This makes the 
vertical axis truly vertical, and the bubbles should remain in the same parts of their re¬ 
spective tubes as the instrument is turned about the vertical axis. Errors in line of sight 
and horizontal axis are avoided by using the instrument with telescope in its direct and 
then in its reversed position and taking the mean of the results, whether the work is run¬ 
ning lines or measuring angles. Errors of eccentricity in the spindles are eliminated be¬ 
taking the mean of the readings of the two opposite verniers, and errors of graduation of 
the circle are nearly eliminated by reading the angle in different parts of the circle or by 
measuring the angle by repetition. Where only one vernier is read in determining an angle, 
always read the one that was set. 

The Optical-Reading Theodolite has been popular in Europe for some time, and is being 
increasingly used in the L’nited States. Its principal points of difference from a tran.sit 
are that the graduated circles are of glass: both the horizontal and vertical circles are seen 
in an auxiliary reading telescope situated immediately adjacent to the main telescope, 
the images of the graduations being brought into view by means of an internal sy.stem of 
lenses and prisms; and the two opposite portions of each graduated circle are seen simul¬ 
taneously in juxtaposition in such a manner that a mean of the two opposite sides of the 
circle is obtained with one reading. The circles are brightly illuminated and the gradua¬ 
tion marks are clear and sharp. For daytime work a small mirror is adjusted .so that light 
is reflected to and projected through the glass circles. For night w’ork light from a small 
flashlight bulb is used to illuminate the circles and the reticle. An optical plummet is 
usually provided, this being in effect a vertical collimator built into the instrument, which 
facilitate' exact centering of the instrument over the station, especially in windy 
weatlier. 

Various sizes of optical-reading instruments are available, the large models giving direct 
readings to either 0.1" or 1", and the smaller models giving direct readings to either 10" 



THE LEVEL AND ITS ADJUSTMENTS 


2-11 


or 1'. On most of these instruments interpolated readings can readily be made to the 
tenth part of the direct reading. Optical-reading theodolites are much smaller in size 
and weight than conventional American instruments having equivalent accuracy. 


5. THE LEVEL AND ITS ADJUSTMENTS 

A Level Instrument is a telescope with a delicate spirit level attached to it so that when 
the bubble is in the center the line of sight is horizontal, or tangent to a level surface, which 
is a curve every point of which is perpendicular to the direction of gravity. The two com¬ 
mon tj-pes are the wye and the dumpy levels. In l>oth of these instruments the telescope 
IS mounted on a vertical axis about which the telescope can swing, and is leveled by means 
of four leveling screws. In American precise level instruments, and in most European 
instruments, three leveling screws are used. 

In the Wye Level the spirit level is attached to the telescope which reats in two Y-shaped 
supports, which in turn are fastened to a horizontal bar to which the vertical axis is at¬ 
tached. The telescope can be taken out of the Y's, turned end for end. and replaced, when 
testing the bubble for adjustment. 

The Dumpy Level has its vertical axis, the horizontal bar, and the support.^ of the 
telescope all in one piece, to which the spirit level is attached. The dumpy level will 
stand much rougher usage than the wye level, has fewer wearing parts, and allows fully 
as precise work. Practically the only advantage the w'ye level has over the dumpy is that 
the adjustment of the line of sight can be mote conveniently tested. The precautions in 
u.'^e of the level and us care are similar to iho>e described for the transit m Art. 4. 

The Locke Hand Level is simply a metal tube with plain glass covers at its end.s and 
w’ith a small spiiit level on top. When looking through the tube the bubble is seen on one 
side of the tube m a mirror tiirough a lens, on the other side the landscape is viewed. 
When the bubble is in the center of the tube tite observe! can note iieie the horizontal line 
which appears in the center of the bubble tube cuts a rod and in thia way do approximate 
leveling. 

Principal Adjustments of the Wye Level, (,1) To make the line of sight coincide with 
the axis of the wyes, or parallel to it. (2) To make the line of sight and axis of bubble tube 
parallel. (3^ To make the axis of the bubble tube perpendicular to the vertical a.xis. As 
in the transit instrument, most of the adjustments depend upon the piinciple of 
reversion 

1. Adjustment of Line of Sight. First make the horizontal cross hair truly horizontal 
when the mstiument is level. This- adjustment is tested by sighting, after leveling, on a 
point and noting whether the cross iiair appears to remain on the point as the telescope 
is moved in azimuth. If an adjustment is necessary it is done by rotating the cross-hair 
ring as described in the case of the second adjustment of the transit. After this adjust¬ 
ment is made loosen the clips which hold the telescope in the wyes. Sight the intersection 
of the cross hairs at a point and clamp. Rotate the telescope 180® in wyes. If the cross 
hairs do not remain on the point they must be moved halfway back to the point by means 
of screws on the cross-hair ring. On some older instruments each cross hair must be ad¬ 
justed separately by means of its proper ring screws, but on modern instruments the verti¬ 
cal wire is set perpendicular to the horizontal wire by the manufacturer, and so both wires 
are moved together. 

2. Adjustment of Bubble by Indirect Method. Bring the bubble iii the center of its 
tube and clamp in that po.''ition. Rotate telescope in wyes a few degrees around its hori¬ 
zontal axis; if the bubble moves, correct the entire error by means of the horizontal cap¬ 
stan screws at one end of the bubble tube. Then clamp the telescope over the pair of 
leveling screws and bring the bubble into the center of the tube, lift the telescope from 
the wyc.s, turn it end for end, ami leplace in the wyes without jarring tlie instrument. 
Correct half the apparent error bv the veitical adjusting screw of the bubble tube. 

3. Adjustment of the Wyes. Level the instrument, then bring the bubble exactly to 
the middle over a pair of leveling .''Ciews. Then turn the telescope ISO® about its vertical 
axis and correct half the apparent eiior by means of the adjusting screw ot the w'ye sup¬ 
port. Since the bubble i.s brought to the center of the tube at each rod reading, this last 
adjustment in no way affects the accuracy of the leveling work but i.-' a convenience. 

When the two circular lings on the telescope of a wye level are not truly circular or 
equal, the instrument should be used as a dumpy level. In this case the clips should 
always be securely clamped, and the adjustments should be performed as for a dumpy 
level. 

The Adjustments of the Dumpy Level are the same m purpose as for the wye level, but 
because of the con<ruction of the instrument are done in a different order and by a differ- 
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ent procedure in some cases. They are: (1) To make the horizontal cross hair truly hori¬ 
zontal when the instrument is level. (2) To make the axis of the bubble tube perpendicular 
to the vertical axis. (3) To make the line of sight parallel to the axis of the bubble. 

1. Adjustment of the Cross Hairs. This is done as described under the first adjustment 
of the wye level. 

2. Adjustment of Bubble Tube. Le' el the instrument and carefully center the bubble 
over a pair of leveling screws. Turn the telescope 180° in azimuth and correct half the 
apparent error in the bubble by means of the adjusting screws of the level tube. 

3. Adjustment of Line of Sight by Direct or “Peg” Method, Select points A and B 
about 300 ft apart at approximately the same elevation. Set up instrument between A 
and B, about 30 ft from A\ with bubble centered take reading on near rod A, then on far 
rod B. Move the instrument and set it up at a point between A and B, about 30 ft from 
center the bubble, and read near rod B and far rod A. These two sets of observations give 
two independent determinations of the difference in elevation between the two points. 
The true difference m elevation is the mean of the two results. Knowing the true differ¬ 
ence of elevation from B to ^-1, the correct value for the reading on the far rod A can be 
calculated, as indicated below: 


Inairument near Station A 
Reading on rod A = 3.971 

Reading on red B = 4 937 

Difference in elevation A to B —0.966 
True difference in elevation = 0.997 


Instrument near Station B 
Reading on rod B = 5.064 

Reading on rod A = 4.0:>6 

Difference in elevation B to A 1.028 


Correct reading on rod A for instrument at set-up near B will therefore be 5.064 — 0.997 
- 4.067. 

To effect the adjustment, leave the instrument set up near B, point to the rod at .4, 
bring bubble to center of tube, and keep it there while raising or lowering the cross-hair 
ring by means of its adjusting screws until the cros.s hair falls on correct rod rending. 

The “peg” adjustment may be used for adjusting the line of sight of the wye level, 
except that in viewing distant rod A the horizontal cross hair is placed on the correct rod 
reading, and the bubble is brought to center by means of its adjusting screws The “peg” 
adjustment is also used for the hand level. 

In using the “peg” method for transits the adjustment may be made either oy moving 
i.he cross-hair ring, or by moving one end of the level tube. If the cross hair is moved the 
adjustment of the line of collimation must be tested; if the bubble tube is moved, the 
vertical arc must be adjusted. 

In a precise instrument having an extremely sensitive bubble, it is not advisable to 
attempt to adjust the bubble for a very small deviation between the level bubble and line 
of sight. This deviation is known as C, and is the amount of inclination in feet of the line 
of sight from true level per 100 ft of horizontal distance. If C exceeds 0.005 ft, the bubble 
should be adjusted. In the foregoing example, if the distance from rod A to rod B had 
been 300 ft. and if at each set-up the distances from instrument to near rod and far rod 
had been 30 ft and 270 ft, respectively, the rate of inclination C would be approximately 
0.013. This is derived by dividing the error of 0.031 ft in the reading on far rod A by the 
net distance of 240 ft, or 2.4 in hundreds of feet. 

To eliminate the effect of errors in the adjustment of the line of sight, the bubble tube, 
or the wyes, the length of the backsight and foresight should be made approximately equal 
for each set-up. In running a line of benchmark levels, however, it is satisfactory to bal¬ 
ance (approximately) the total of all foresight distances and backsight distances for all 
the set-ups between each two adjacent benchmarks, rather than'balancing the sights on 
each set-up 

Tilting Dumpy Level. In this type of instrument the line of sight can be slowly inclined 
upward or downward by turning a micrometer screw located at the eyepiece end of the 
telescope. The pivot may be located either at the center of the instrument or at the for¬ 
ward end under the objective lens. In many of these instruments the cross-hair ring is 
fixed in position by the manufacturer and should not be disturbed; therefore the principal 
adjustment is to make the level bubble parallel to the line of sight, using the “peg” method 
previously described. 

Many instruments of this type are provided with either a mirror, or a set of prisms with 
supplementary viewing telescope, for observing the position of the bubble with the left 
eye while simultaneously viewing the rod through the main telescope with the right eye. 
Xn efficient pri.sm arrangement shows the two ends of the bubble side by side, the bubble 
being centered when the images of both ends coincide. 
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6. LEVELING RODS 

Two general types of rods, target and self-reading, are in common use. The target rods 
are intended to be read only by the rodraan, while the self-reading rods are read directly 
by the levelman. In most respects self-reading rods are preferable to target rods. 

Tiie Philadelphia rod, commonly used in the United States, is an extendable wooden 
rod of two sliding sections, about 7 ft in length when not extended (short rod) and about 
13 ft in length when fully extended (long rod). It can be used either as a self-reading rod 
or as a target rod. When the lower section, or “short rod,” is used as a target rod, the 
target is moved up or down on the rod, according to the levelrnan’s directions, and read¬ 
ings are made by noting the position of the target’s special scale on the front-face gradua¬ 
tions. When the rod is extended, the target is set at a designated graduation near the top 
of the rod, the upper section of the rod is slid up or down, and the target reading is made 
by noting the position of a special scale in contact with the graduations on the back face 
of the rod. 

Many special types of graduations for self-reading rods are in use Usualh' the figures 
on the face of a self-reading rod are made of some definite height, as 0 06, 0.08, or 0 10 ft. 
and of a thickness such as 0.01 or 0.02 ft, as an aid in making accurate rod readings Some 
lods are in three parts, and these usually can be extended or jointed together to make a 
length of 16 ft. There are also available a variety of rod graduations that are printed on 
flexible bands or tapes, usually of heavy impregnated fabric. These can be tacked or 
glued to narrow wooden boards or staffs, and are satisfactory for leveling of low accuracy 
and for stadia surveys. 

When accurate leveling is required, each level rod to be used should be periodically 
calibrated for over-all length. Wooden rods tend to shorten or lengthen with age and 
with seasonal humidity changes. For most leveling surveys, it will be sufficient to deter¬ 
mine the length of the rod by comparing it with a finely graduated steel pocket tape. Rods 
that are seriously incorrect for length should be discarded. The errors in leveling caused 
by using a level rod of incorrect length will be in proportion to the vertical difference in 
elevation. If a 10-ft rod is short or long by 0.02 ft, then a difference of elevation of 100 ft, 
as measured with this rod, will be incorrect by 0 2 ft 

A self-reading rod for precise leveling is made of a single piece of wood (not extendable), 
with the fine graduations painted on an Invar tape. The numbering and coarse gradua¬ 
tions are painted directly on the wood, on either side of the Invar strip. The Invar tape 
is fastened to a steel shoe at the bottom of tlie rod and is kept taut by spring tension at 
the top of the rod. Thus neither moisture nor temperature will significantly change the 
length of the rod. A circular spirit level is usually attached to each Invar rod, to insure 
accurate plumbing. 

7. THE ALIDADE AND ITS ADJUSTMENTS 

The telescopic alidade and plane table are frequently used on engineering surveys, in 
addition to their traditional use in mapping. For many kinds of surveys the plane table 
is a versatile and efficient instrument. 

The principal adjustments of the modern telescopic alidade are for leveling and coUi- 
matioii. 

The adjustment of the level bubble which strides the telescope (often called the strid¬ 
ing levelj should be tested frequently. The test is made by clamping the telescope, 
bringing the level bubble to center by the slow^-motion screw’, lifting the striding level from 
the telescope, reversmg it end for end, and replacing it on the telescope in reversed position. 
If the bubble runs off from center, the level is adjusted by bringing the bubble halfway 
back to center, by means of the vertical adjusting nuts at one end of the tube. The ad¬ 
justment should be checked, and further adjusted, if necessarj’, by releveling the alidade 
by means of the tangent screw', and again reversing the bubble. This test and adjustment 
should be made frequently, at least once during every rlay of use. 

When a new level vial is installed in the tube, a test for lateral adjustment, or side swing, 
should be made. The pin, m the top of the telescope, that keeps the level tube attached to 
the telescope should first be unscrewed and removed. The level tube is then replaced on 
the telescope, and, after centering, is rocked slowly from side to side through an arc of 
about 10”. If the level is in good lateral adjustment, the bubble w'ill stay centered through¬ 
out all positions. If not, it should be adjusted, by means of the side adjusting screws, so 
that it W’ill stay centered during the rocking The locking pin must be replaced as soon as 
this adjustment is completed. 
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The coUimation adjustment of the telescopic alidade is made in two steps. The verti- 
cality of the vertical wire is tested first. The alidade is placed on a level surface, and the 
vertical wire is sighted on a nearby point. The telescope is then raised or lowered by the 
observer, who notes whether the vertical wire stays in contact with the point sighted. 
The same test can be made by making the vertical wire coincide with the vertical edge of 
a building, or a plumb line, and then noting, while raising and lowering the telescope, 
whether the wire remains parallel to the vertical test line. If the wire is found to be not 
vertical, the screws for the cross-wire ring should be loosened, and the ring rotated as re¬ 
quired to make the vertical wire run truly vertical. 

The second step of the collimation adjustment is to make the line of sight parallel to 
the telescope axis, and is accomplished as follows: Make the intersection of the cross wires 
coincide with a sharp object some distance away, rotate the telescope 180° through its 
supporting sleeve, then note the position of the intersection of the cross wires with respect 
to the object sighted. If the intersection of the cross wdres remains on the object sighted, 
the adjustment is good. If not, the reticle screws should be loosened slightly, and the 
cross-wire ring moved halfway toward the point sighted. The operation should be re¬ 
peated until the cross-wire intersection stays on any sighted object when the telescope is 
rotated 180°. 

The circular level, used for leveling the plane-table board, should be kept in good 
adjustment. It is tested by placing the alidade on a level surface. If the circular bubble 
is then centered, it needs no adjustment; if not, the bubble should be brought to center 
by means of any one or two of the three adjusting screws. 

Alidades of recent manufacture maj* have a movable vernier arm 'wdth a separate level 
tube attached. This is called the side level, control level, or vernier level. In reading 
vertical angles with this type of instrument, the index angle can be made zero, by bringing 
the vernier level bubble to center before reading the vertical arc. Its adjustment is tested 
by (1) placing the alidade on a horizontal surface; (2; leveling the telescope by means of 
the striding level (which has been previously adjusted); (3) setting the vernier of the 
vertical arc at zero; and (4; turning the adjusting screw or capstan-headed nuts at one 
end of the vernier level until its bubble is centered. 

The compass needle should be tested for proper bolance, and the counterweight adjusted 
as necessary, whenever an alidade iy moved from one locality to another. 

Manufacturers align the blade of each alidade closely perpendicular to the instrument’s 
horizontal axis, but this is not a necessary requirement. 


SURVEYING PROCEDURES 


8. TRANSIT SURVEYING 

The transit is commonly used for prolonging a straight line, for measuring angles of 
traverse and tnangulation, and for laying off angles in land subdivi.sion and in laj'out for 
construction. The angles measured for traverse may be the deflection angle (the angle 
between the last course produced and the next coursei. the interior angle, the clockwis.e 
angle, or the azimuth angle. A straight line is extended by netting up the transit at any 
point B on the line, with both clampT tight, back.dghting any point A on the line, “plung¬ 
ing" the telescope so that it point.s forward along the line, and setting point C anywhere 
on the line AB extended. To eliminate adjustment errors, repeat the process, beginning 
the backsight with telescope inverted, so that m the second foresight the telescope will be 
direct. If the two points oo e-tablishcd at foresight C are different, take a mean position. 
The line BC may then be further extended bv occupying new .station C, hacksighting B, etc. 

In measuring a deflection angle the telescope has to be inverted, and any error in the 
line of collimation vill therefore be introduced into the deflection angle. This error may 
be eliminated as foUo^^^: measure the angle first ^\ith the telescope direct and then, with¬ 
out changing the circle reading, invert tiie telescope and "double" the angle; half the final 
angle is the correct angle. To avoid this necessitv of reversing the telescope and repeating 
the angles some survej'ors prefer to measure the interior angles directlj'. Deflection angles 
should be recorded as R ('right' or L (left). The algebraic sum of the deflection angles of 
a closed traverse •^houhl equal 3G0°. If the interior angles are road, the sum of ail the 
interior angles of a closed traverse should be (h - 2' X 180°. where/i i-the numbei of sides. 

In measuring clockwi.se angles the transit is set up at B, the A vernier is set to read 
0° 00', and backsight station A is 'lighted The uppei-moiion clamp is then loosened, the 
telescope is pointed on lore.-^ight station C. and the A vernier is read. To eliminate errors 
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of adjustment the angle should be measured twice and a mean value taken, the telescope 
being inverted for the second turning. 

For Azimuths, the instrument is first set up at point A with the circle set at 0° and the 
lower clamp loose. The telescope is turned so as to point toward magnetic south or true 
south (true meridian is the better reference direction! and lower motion clamped. Then 
the upper plate is undamped, B sighted, and the angle read m a clockwise direction. 
This gives the azimuth of the line AB, an azimuth angle being the total angle read in a 
clockwise direction from the south around to 360°. The instrument is then taken to B 
so as to obtain the azimuth of BC. Invert the telescope and backsight on A, the vernier 
remaining at the same reading it had when azimuth AB was read, clamp the lower motion, 
turn the telescope to its direct position, loosen the upper clamp, and sight C. This will 
give the azimuth of BC referred to the same meridian as AB. Evidenth' this method does 
not eliminate any error in the line of collimation adjustment. By the azimuth method, 
when the survey is about to he dosed the azimuth of the first line AB can be obtained by 
setting up again on A and using the last course as a backsight. The difference between 
the first determination of the azimuth of AB and its final determination gives directly 
the total error in the angular work. 

When great accuracy in angle measurement is required, it is nece.ssarj' to repeat the 
measurement several times: this is called the repetition method. To measure an angle 
by repetition, set up the transit at Ay set the verniers at 0°. sight B, and tighten the lower 
damp Loosen the upper damp and sight C; read and record the angle. Lea\nng the 
two plates damped together, unclamp the lower clamp and sight B: undainp upper damp 
and sight C; and read and record the angle. Half this angle should check closely the first 
angle read, and the result obtained is more exact than the first angle It is e^'ident that 
by repeating this process six times with a 1' instrument, and dividing by 6, an angle to 
about 10" can be obtained. This method of repetition might be carried even further, but 
ordinary transits are not good for results much closer than 10". 

This method of repetition can be readily applied to laying off an angle. The angle is 
first laid off with a single reading and a point is set; then the angle which has been laid 
off is measured by repetition as described in the previous paragraph. If it is found to be 
in error, say by 20", the point on the stake is moved (offset) in the proper direction a dis¬ 
tance equal to the distance from the point set to the ms-trunient time* tan 20 *ec 

The precision required in angle measurements depends on the purpo.'-e of the survey. 
In traverse, as well as in most other work, it is desirable to have angular measurements 
con.sistent in precision with the distance measurements. In general, if distances are accu¬ 
rate to the nearest 0.01 ft, angles should be mea.sured to the nearest 15": but, if angles are 
measured only to the nearest minute, distances to the nearest 0.1 ft (sometimes to tlie 
nearest foot) are close enough, depending on the length of the course*. A proper appre¬ 
ciation of the relation of distances and angles may be had if it is borne in mind that for a 
course of 100 ft an offset of 0.03 ft subtends T of arc, and that this is approximately 
1.5 ft per mi. 

The error of closure of a traverse in. which the angles are measured to the nearest minute 
and the distances to a tenth of a foot should not e.xceed 1/5000. But where the angles 
are measured to 15" and the distances to hundredths of a foot, a closing error of better 
than 1-'10.000 may be obtained. 

Checks on Traverses. In traverses which enclose an area there is a mathematical 
check on the distances provided the angles are correct, as shown in Art. 25. But in trav¬ 
erses which do not close there is no check on the distances other than by remeasureiuent 
of the lines (preferably m the opposite direction from the first measurement), except by 
cut-off lines which form closed traverses of portions of the survey. The angles can be 
checked by determining the “true” bearing of the first line of the traverse by solar or stel¬ 
lar observation, and whenever it is desired to check the angles the “true” bearing of anv 
course can be deicrinmed by another meridian observation ^ The meridian can be deter¬ 
mined to the nearest minute by solar observation and much closer by observation on the 
polestar. 

As a check against large errors in the angles, the magnetic bearing of each line should be 
read when practicable and compared with the calculated bearing. The calculated bearing 
of the first line is assumed to be its observed bearing; the calculated bearing of any other 
line is obtained from the calculated bearing of the line next preceding combined with the 
measured angle between the two lines. 

A traverse is calculated by the method of rectangular latitudes and departures: the area 
enclosed by a traverse may then be calculated by any of several methods. .'Specimen cal¬ 
culation-^ for latitude and departure and for area of tract are given in Art 25 and 26. 


1 See Art 11 for astronomic azimuths and convergence of merio’ans 
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Supplying Closing Side of a Traverse. If the latitudes and departures of the several 
courses of a traverse which does not close are computed, the algebraic sum of the latitudes 
gives the latitude of the closing side and the algebraic sum of the departures gives the de¬ 
parture of the closing side (Art. 26). The square root of the sum of the squares of these 
two elements gives the length of the closing side, and the tangent of its bearing is its 
departure divided by its latitude. 

To Cut Off an Area by a straight line from a point on a side. Plot the field and the 
known point, draw a trial line from this point to an angle in the other side of the field so 
as to lay off approximately the required area. Then the sides and bearings of all the 
lines except the trial line across the field are known; and its length and bearing can be 
computed as explained in the previous paragraph, and the area of the portion cut off com¬ 
puted by the D.M.D. method (Art. 26). The difference between this area and the area 
required is a triangle whose base is the trial line and whose altitude can be readily com¬ 
puted, from which the distance along the side of the field from the end of the trial line to the 
correct point can be computed. Then the closing side can again be calculated and the area 
cut off computed bj’ the D M D. method, which should this time give the desired result. 

To find the area cut off by a line m a given direction from a given point, let the cut-off 
line be AC. This problem may be readily solved by drawing a line from A in the traverse 
to the corner B which lies nearest the other extremitv' C of the cut-off line The area of 
the portion of the traverse cut off by AB is then computed (Art. 26), and to this area is 
added or from it is subtracted the area of the triangle ABC. 


9. CROOKED BOUNDARY PROBLEM 


Crooked or Curved Boundaries, such as brooks, are often located by measuring the 
perpendicular offsets from the traverse line which has been run alongside the brook. The 
curvature of the boundary maj' be so flat and uniform that it will be feasible to take the 
offsets at regular intervals, while in cases where the boundary change^ in direction abruptly 
it is necessary to take the offsets only at the points where these changes occur. In either 
case there will be the areas of several traiiezoids to compute to find the area between the 
traverse line and the boundary, hut if the offsets are taken at equal intervals then the com¬ 
putation may be made by one of the following methods- 

By the Trapezoidal Rule, Area = (l-2)d(he + 2Th 4* h/), where d = common interval 
between offsets: hg and h/ = end offsets of the series of trapezoids: and « sum of inter¬ 
mediate offsets. This rule assumes that the boundary n a straight line between adjacent 
offsets. 

Simpson’s One-Third Rule assumes that between adjacent offsets the boundary is a 
curve (a parabola). By this rule Area =* (d/Z)(ht -f- 2-/iodd -r 4lAeveD + ^/). where 
d = common interval between offsets, hg and A/ = end offsets of the series; 212^odd = 
twice the sum of the odd offsets except the first and last (the 3rd, 6th, 7th, etc.); 4ZAeven 
= four times the sum of the even offsets (the 2nd. 4th. 6th, etc.). For this rule to apply 
there must be an odd number of offsets; if there is an even number, compute the area of 
one end trapezoid separately. 

To Straighten a Crooked Boundary is to run a straight line cutting the crooked boundary 
so as to make the lots on either side of the straight line have the same areas as they have 
with the crooked boundary for the division line. To do 
this, first run a trial line AB (fdg. o \ then measure proper 
offsets to the crooked boundary, and compute the areas 
X. Y, and Z on each side of AB between it and the crooked 
boundary. The sum of X and Z should equal Y, for 
A’ + Z is the amount taken from lot M, and Y is the 
amount taken from lot N. If A' 4- Z does not equal Y the 
difference is the amount the trial line has taken from one 
lot than it taken from the othe*- so this whole difference must be returned. For 

example, suppose the original area of lot M = 50.0D0 and lot X = 40.000. When AB is run 
it is found that the area of A" = 300. Y = 1000, and Z ~ 500- that is, the trial line AB 
has made lot M = 50.000 — SOO + 1000 =» 50,200, and lot X = 40,000 — 1000 4~ 800 = 
39,800. An area 1000 — (300 4- 500) = 200 must therefore be taken from lot M and 
added to lot X by running the final line AD so as to make the area ADB equal to 100. 
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10. OBSTACLES AND INACCESSIBLE DISTANCES 

A Random Line is sometimes required on account of obstacles on line. If it be required 
to run the line AB (Fig. 6), neither point being visible from the other, a random line AX 
can be run. Measure the perpendicular distance 
BC and also AC. The length of AB mav then 
be computed, and any desired point may be set 
on the line AB as ioilows: Suppose a point D is to 
be set on AB and that a perpendicular from D 90**^ -D B 

meets AC at E, then AE = AD X AC/AB, and Tio 0 

ED = BC X AD/AB By this method, then, it 

may not be necessan. to run out and actually measure the line AB The angle CAB can 
be found from CB and AC. 

If a straight line such as AX cannot be run, a traverse composed of several straight 
lines and angles may be made to connect A ami B, and, using AB as the closing side of 
a closed traverse, its length and direction may be computed (Art 25), and also the co¬ 
ordinates of any point in the traverse may be found referred to AB so that distance.^ may 
be laid off from the traverse which vvnll define any desired points on AB. This traverse 
method, since it involves the measurement of angles, will not lend itself as readilv to 
accurate results as the case first described where the random line is a straight line In 
running a straight line where it is necessary to produce the line by reversing the telescope 
it should always be done by taking the mean result of a double reversal, the telescope 
being erect in taking the first backsight and inverted when taking the second backsight, 
so as to eliminate any error in the line of coUimation. 

An Equilateral Triangular Traverse about an obstacle is a special case of the above 
method. Let the obstacle be on the line AB (Fig. 7); the instrument is set up at f’. an 

angle of 120° is laid off, and a 'take set a sufficient 
dt.-itance away at D, and CD is measured The tran'sit 
IS then set up at D and an interior angle of 60® laid 
off so as to run a line tliat will cut AB. thus line is 
made equal to CD and stake E is set. ^Vith the in¬ 
strument af E an angle i.s laid off equal to 120°, 

which siiould be sighting along AB if the work has 
been done accurately. Fvidently CD = ED =* CB. 
120 * Fhis method is weak in accuracy owing to its depeml- 
D ence upon angle measurements A diglit error in 
E anv angle will introduce an appreciable error m CE 

If CD IS short the error in CE is small, but the error 
Fig 7 m producing EB by an angle laid off from the -hort 

side ED is likely to be large. 

Running Parallel Line Past Obstacle. One of the most exact ways of producing a 
straight line past an obstacle of limited size, such as a house, is to run an offset paiallel 
transit line past the obstacle as follows The instrument is set up at C (Fig. 8) and a right 
angle ACC' laid off ^Wth the transit. CC' is made any convenient distance which will 
bring the auxiliary line beyond the obstacle. Similar y. point A' is set opposite point A. 
and sometimes a second point B' opposite B These points A' and B' need not be set by 
means of a transit set up at A and B it AA' is short. Tlio mstr ament i-* then set up at C' 
and backsighted on A', the sight is checked on B', the telescope invcrtc'd, and point D', 
E' and F' set on line. Leaving the telescope inverted, another barkMglit !■> taken on A', 
and the process repeated to eliminate anv error in the line of oollimation Then the transit 
is moved to point D', and a right angle turne<l off. and pomt D ~et, the distance D D licing 
made equal to C'C. Then by 

setting up at D and sighting A.' B' Auxiliary' C' D' line E’ F' 
ahead on F{FF' = DD'). and 
checking on point E{EE' = 

DD'), the transit line is again 
run forward in its original 
location. The distance CD' Fig s Runnmi: i>arallel nne pa-t onstucU; 

is carefully measured, which 

gives the distance CD, and thus it appears why it is so necessary that the lines C C and D D 
shall be laid off at right angles by means of the transit. The other offsets AA , BB , EE 
and FF' are not in anv way connected with the measurement along the line: they simp]\' 
define the direction of the line, so that if convenient it is often only necessary to show these 
distances as swing offsets for the transitman to sight on. The swing offset is given by 




sit c\i!Ad line 


'90° 





2-18 


SrRVEYING 


swinging a tape in a horizontal arc about .-i as a pivot. The zero point of the tape is held 
at A. and at the distance AA’ out on the tape a pencil is held verticalh' on which the 
transitinaii sights when the pencil appears to be swung out farthest from A so that his line 
of sight will be tangent to the arc. The offsets BB' and EE' are not absolutely necessary, 
but they serve as desirable checks on the work, and in first-class surve\-irig they should 
not be omitted. Foi ubviou^ rea^ona the offsets AA' and FF' should be taken as far back 
from the obstai le a^ is practicable 

Should the house be in a holluw so that it is possible to see over it with the instrument 
at A, the p(ar.t F, or a foresight of some sort, should be set on line beyond the house to be 
used as a fore:;ight when the tran-^it is set up again on the original line. The distance 
may be obtained by an offset line around the house. Sometimes it is possible to place 
exactly on line on the ridgepole of the house a nail, which gives an excellent backsight when 
extending the line on the other side of the building. 

If the building has a flat roof and it is pos.5ible to set a point on the roof exactly on line, 
move the instrument to this point on the roof and prolong the line in this way. Under 
these conditions the traiisitman will have to be extremely careful in the use of his instru¬ 
ment on account of its insecure foundation. If he walks around the tiansit he will find that 
it affects the level bubbles and the position of the line of sight; it is therefore well for him 
if possible to stand in the same tracks while he backsights and foresights. Sometimes 
two men. one in front and one behind the transit, can carry on the work under these con¬ 
ditions more accurateh- and conveniently. This method insures an accurate prolongation 
of the line, but the distance through the building must be found by an offset method, by 
plumbing from the edge of the flat roof, or by inclined measurements. 

To Measure an Inaccessible Distance where the line is visible, as across a pond, several 
method-^ may be employed 

1 Lay off from the transit line AC (Fig 9) a line AB which passes by the end of the 
pon>l so that it ran be laped and set stake B] then set up the instrument at B and lay off 
ABC = 90', point C being obtained bv inter.-iecting the main transit line Measure angle 
(\iB and side AB. from whir’n Af = AB cos CAB; or, better. AC = AB -h AB exsec 
CAJ5, The measurement of tbe angle at C and of CB will serve as checks. 



Fig. 9. Fig 10. 


2. With the instrument at A (Fig. 10) and a swing offset of 100 ft from C (some point 
on the mam traverse line on the other side of the pondi measure the angle between CA 
and a tangent AB to the swing offset. AC = lOO^sin CAB. 

3. Any line AB (Fig. 11; may be laid off along the shore of a river, and a point C set on 
the main traverse line across the river; measure angles A and B, and C as a check, and 
from AB as a base compute AC by trigonometry If AB is run perpendicular to CA and 
made some number of hundred feet long the computation is greatlv simplified. 



Fig 11 Fig 12. 


To Obtain the Distance between Two Inaccessible Points A and B (Fig. 12) by observa¬ 
tions from two accessible points C and D, measure DC and angles ADC, ADB, ACB and 
BCD. Compute CB m triangle CBD, AC in triangle ACD, and then m triangle ACB 
compute AB. 

To Obtain the Inaccessible Distance AB (Fig. 12) between two accessible points by 
observation on two inaccesaible points C and D when distance CD is known, measure angles 
CAD. DAB, CBD and ABC. Assume AB = 1. Then compute CD by the process de¬ 
scribed in the above paragraph. Ttiis gives a ratio between AB and CD, and. since CD 
IS known, the actual length of AB may be computed. 
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11. OBSERVATIONS FOR AZIMUTH 

Astronomical Data Required. In making astronomical observations for surveying 
purposes it is necessary to have available, from published tables, certain astronomioal 
calendar data. For surveyors whose work will be mainly confined to observations for 
astronomic azimuth, the Ephemeris, a pamplilet prepared annually by the U. S. Bureau 
of Land Management (published by the Government Printing Office;, is satisfactory. It 
contains all the necessary data for computing either Polaris or solar azimuth observations 
that are intended to have an accuracy tolerance of about 30". 

It is also necessary to know’ the latitude and longitude position of the instrument 
station, but in the United States the&e can ordinarily be determined with sufficient accu¬ 
racy by identifying the instrument station on an official government map that shows paral¬ 
lels of latitude and meridians of longitude, and scaling the position. The topographic 
quadrangle maps of the U. S. Geological Survey are ideal for this purpose, but. if these 
are not available, any reliable government map or chart on a scale of 1! 2-50,000 or 1: oU'hOOO 
should suffice for observations that are to be made with an ordinary engineer’s tian-^it 

In some a^>tronomic calculations it is necessary to convert mean solar time to I?:oal 
time, and vice versa. As a mean time interval of 12^0”^ is equivalent to 12^02-'‘'U' of 
sidereal time, a mean-time interval may be converted to a sidereal interval b\' 
ing it by 1.003 (approximately): and sidereal time would be multiplied by 0.097 to cun- 
vert it to mean time. 

Polaris at Elongation. In northern latitudes the simplest method of determining the 
direction of the true meridian is by sighting Polaris when it i" at eastern or western «.i>>ii- 
gation. About half an hour before the computed time of elongation the transit should be 
set up at the point through wdiich the meridian is desired. The cross hairs .uust be ill imi- 
nated by means of a flashlight or a lantern. Set the vertical hair on the star anri clamp the 
plates. It will be observed that the star moves very slowly m azimuth, to the left if ap¬ 
proaching western elongation, to the right if ea.''tern elongarion A^ the star neai ^ it-' 
elongation it no longer moves in azimuth but -will move vertically, downw'ard it at western 
elongation, upward if at eastern elongation. This shows that the po^^ition of elongatmn 
has been reached, and the time -should be in close agreement iwithm a few mlnute•^' with 
the time of elongation as given m the Eph^-vn'ris Now low’ei ihe tele^cojve without di.-5- 
turbing It" azimuth, and ^et a point on a stake seveial hundred fc-ut to the noith of the 
transit, in line with the veitical hair. Next quickly reverse the telescope, re-ievel the plate 
levels if neces-sary, point again at the star, and set another point on tne stake. It the-e 
two points are clo^e but do not exactly agiee, take a point midway )>etweo;i tlieia. Tt) 
obtain the mciidlan lay off from rlii" la^t point an angle equal to the azimut'i of the "tar 
at elongation, wh’ch may be taken fiom a table ot Polaiis az' nuth" Tiiv :n“iidian point 
will be to the right (o: east) ot the sta*- il the observation wa." made at we"toiii elungafin, 
and to the left lor \ve."t ■ il the ob-^eivaiion was made at ea"*:.*!!! elongation. 

When it is desired to determine tlie azimuth of a line other tiiaii the meridian, the angle 
may be mea-'Ured between the "tar when at elongation and some refeience mark on t!ie 
desired Ime The sum oi difference of the computed azimuth of Polari". and the measured 
angle from ^tar to maik. is the azimuth of the mark from north 

If a table of azimuths of Polari.s at elongation ia not available, but the ."tar’s declination 
is known, the azimuth of Polaiis (or any other circumpolar "tan may be found by the 
equation sin Z = sin D <qc L wliore Z i" the "tar’s azimuth from the north. D the dei hn i- 
tion of the star taken from an Ephem't's. and L the latitude of the ob"erver The tirn*-* 
of elongation of Polaris is given in the Ep'-fmeyis. At northern latitude 40', we"t''rn 
elongation of Polari" will follow upper culmination by 5^55.4“', aiul ea^tefn elongation wiU 
precede uppc*r culmination In the "amc amount, ihower eulrmuation follow" or prei-ede." 
upiier culmination by IP’oS.O"' 

Culmination of Polaris. If the time of culmination of Polaris i" krn'wn, a rough de¬ 
termination of meruhan may be made bv pointing the telescope upon Polaris at that exact 
instant. Such a determinanoii may be in error 1' or 2', however, as the star moves most 
rapidK m azimuth when at its culmination 

Polaris at Any Hour Angle. It accuiate "ideieal time at the instant the star is sighted 
is known (it can be calculated from .accurate "tandard time or local mean rime provided 
longitude po^^it^on i" knownu an obseivacion on Polaris for azimuth nia\' he lakeii at an\' 
time. The azimuth ul i^olaiis i." then found bv "olvmg the PZ.s tiiangle. The hour angle 
t of Polaris is fouivl by subtracting its right ascension fiom the sidereal time at the instant 
of observation. The azimuth i?. then computed by the formula 

sin t 

tan Z = - - -z-- - - 

c<»s L tan D — sin L cos l 

where L = the latitude. D = the de* Imatiosi, and Z = the azimuth. 
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Azimuth may be determined with considerable accuracy by this method, if the angle 
from star to mark is measured with sufficient precision, and if the time of sighting the star 
is accurately determined. If a standard-time watch is used, the accuracy of the sidereal 
time of pointing will depend on the accuracy of the longitude position as well as the watch 
accuracy. It is customary to take several different observations, compute each one 
separately, and take a mean for final azimuth value. When the Ephemeris prepared by 
the Bureau of Land Management is available, the azimuth of Polaris at any hour angle, 
for any given latitude and declination, may be taken directly from tables. 

By the Altitude of the Sun. If the azimuth of a line AB is to be determined, set the 
transit over A and set the vernier to read 0". Sight the vertical hair on B and clamp the 
lower motion. Loosen the upper clamp, place a dark glass over the eyepiece, and observe 
the sun as follows In the forenoon sight fir.st on the right and lower edges of the sun (simul- 
taneouslyl using the vertical hair and the middle horizontal hair, and read the watch, the 
vertical angle, and the horizontal angle; take two more observations in the same way. 
Then sight on the left and upper edges, taking the same readings as before and the same 
number of observations as before If the transit has a complete vertical circle it is advis¬ 
able to reverse the telescope between these tw'o half sets of observations. The index error 
should be determined after the sights on the sun are finished. The error of the watch should 
have been determined pre^dously by comparing with railroad tune or by radio. After 
completing the pointings on the sun the pomt B should again be sighted and the 0° read¬ 
ing verified (If the observation is being made in the afternoon sight the left and lower 
edges and then the right and upper edges.) Before calculating the azimuth the intervals 
between readings should be examined for errors. The change in azimuth per minute of 
altitude should be nearly the same as found from the four intervals. The means of the 
SIX altitudes, the six honsontal angles, and the six watch readings correspond to a single 
observation on the center of the sun in some position. To obtain the true altitude the 
mean of the vertical circle readings must be corrected for index error and must be dimin¬ 
ished by the amount of the refraction. (See Table 1.) It should also be increased by the 
parallax, which is but 9^ times the cosine of the altitude. The latitude of the place must 
be known. This may be scaled from a reliable map to the nearest minute, or found by 
observation. The declination of the sun must be taken from the Ephemeris. The azimuth 
of the sun’s center (from the north» is then computed by the formula 


cos 


- Z — ^ 

2 V cos L cos h 


in which a = (1/2) (L A k -j- p), and L,k, and p stand for the latitude, altitude, and polar 
distance, respectively. In the forenoon Z will be measured toward the east, in the after¬ 
noon toward the west. Avoid taking observations when the sun is near the meridian. 
Best results are obtained when the sun’s bearing is about east or west. 


Table 1. Refraction Correction 
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6 

8.5 

12 

4.5 

18 

3.0 

40 

1.2 

7 

7 4 

13 

4.1 

19 

2.8 

45 

1.0 

8 

6.6 

14 

3.8 

20 

2.6 

50 

0.8 

y 

5.9 

15 

3.6 

25 

2.« 

55 

0.7 

10 

5.3 

16 

3 3 

30 

1.7 

60 

0.6 


Convergence of Meridians.^ An astronomic azimuth that is used as a fixed azimuth m 
a system of plane surveys must first be converted to a grid azimuth, by applying a correc- 
ti n for convergence of meridians This varies according to the latitude of the azimuth 
obsc^rvation, and the distance of the observation station east or west of the central meridian 
of the grid system. It is computed from the formula 


Cm" = 52.13 X d Xtan<f> 

in which Cm" is the angular allowance for convergence of meridians in seconds; d is the 
east or west distance in miles along the parallel from the observation station to the central 
meridian of the grid system; and 0 is the latitude of the observation station. If grid azi- 


i See also Art. 35 
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muths are counted clockwise from the south point, astronomic azimuths that are located 
east of the central meridian should be decre^ed to convert to a grid azimuth, and in¬ 
creased if located to the west. 


12. STADIA SURVEYING 



Fig. 13. 


The Stadia Method is one in which distances are measured by observing through the 
telescope of a transit, on a graduated rod. the space included between two horizontal hairs 
called stadia hairs. If the rod is held at different distances from the instrument different 
intervals on the rod are included between the .stadia hairs, the 
spaces on the rod being proportional to the distances from the in¬ 
strument to the rod, so that the intercepted space is a measure of 
the distance to the rod. This method furnishes a rapid means of 
measuring distances m filling in details of topographic and hydro- 
graphic surveys. It is used either with a transit or alidade. It 
provides a means of measuring inaccessible distances such as across 
water surfaces, the errors of mea^^uremencs are compensating rather 
than cumulative, and it affords an accuracy sufficient for many 
kinds of work, being applicable even to surveying for area of such 
lands as wood lots or farms, for an accuracy of 1 part in 500 may 
be attained with the stadia. The rod used may be of any desired 
pattern of self-reading rod. the Philadelphia rod being a good type 
for short distances. It is well to use a rod with the graduations 
represented by some diagram which can be seen distinctly a long 
distance away, 1000 to 2000 ft. Portions of two of these rods are 
shown in Fig. 13, with the reading of the three cross hairs marked 
in the figure. 

The Fundamental Principle of the stadia is the simple geometric proposition that in 
two similar triangles homologous sides are proportional. The vertex of these triangles is 
not the center of the transit but is at a point m front of the objective a distance equal to 
F. the focal length of the objective, so that the distance from the center of the instrument 
to the rod = (F/i)(s) -{- (F + c), where i is the distance between the upper and lower 
stadia hairs; s is the intercepted space on the rod; and c is the distance from the center of 
the instrument to the objective Evidently (F -|- c) is practically a constant for any 
external-focus instrument, for transits it varies from 0.75 to about 1.35, depending upon 
the style of instrument, so for all ordinary purposes it may be taken as 1 ft. For telescopes 
with internal focus the stadia constant (F -p c) is zero; hence this term should be omitted 
from the stadia formulas when this type of instrument is used. The other function {F/i)8 
is a variable, but as it is almost always customary to have the stadia hairs spaced so that 
F/i = 100 this reduces the equation to Distance = 100s -P 1. Every hundredth of a 
foot on the rod is then a measure of 1 ft of distance. 

Inclined Sights. Since it is the horizontal distance which is required it is necessary to 
reduce all inclined readings to the horizontal, and when the difference in elevation between 
the instrument station and the rod station is desired the vertical distance also must be 
computed from the inclined sight. In practice it is customary to hold the rod plumb rather 
than perpendicular to the line of sight, so that it is evident that if the line of sight is in¬ 
clined it will subtend an interval on the rod which is too great depending upon the angle 
of inclination, a, and the distance the rod is from the instrument. By trigonometric 
proof, with one slight assumption, it may be shown that the 

Vertical Distance = (F/i)S'{l^2) sin 2a -p (F -P c) sin a 
Horizontal Distance = (F/i)s'Cosr a -p (F -p c) cos a 

For the ordinar>' conditions (when F/i = 100 and F -p c = 1) and making the approxima¬ 
tions that sin a ~ (1/2) sin 2a and cos a = cos- a in the last terms of the above formulas, 
which are nearly correct for small angles. 

Vertical Distance = (100 X rod interval -p l)(l/2) sin 2a 
Horizontal Distance = (100 X rod interval + 1) cos® a 

In practice the relation of the stadia intercept on the rod to actual horizontal distance 
on the ground is determined by trial for each instrument. A tape is used to measure 
accurately, on level ground, a distance of 1000 ft to 1500 ft, each 100-ft station being 
marked. The stadia rod is then held succ»^ively at each of these 100-ft marks, and the 
stadia intercept on the rod is recorded. These measured values for stadia distance would 
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Table 2. Reductions of Stadia Observations 


Vertical Heights for 100 Ft. Inclined Distance 


Mir.'ttes 

0® 

1° 

2° 

3° 

4° 

5° I 

6° 

70 

8° 

9 

1 

0 

0 

00 

1 

74 

3 

49 

5 

23 

6 

96 

8 6£; 

10.40 

12.10 

13 

78 

15 

45 

2 

0 

C6 

1 

80 

3 

55 

5 

2S 

7 

02 

8.74. 

10.45 

12 15 

13 

84 

15 

51 

4 

0 

12 

1 

86 

3 

60 


\54 

7 

07 

8 80 

10 51 

12.21 

13 

89 

15 

56 

6 

0 

17 

1 

92 

3 

66 

5 

4 t 

7 

13 

8 85, 

10.57 

12 2b 

13 

95 

15 

62 

8 

0 

23 

1 

98 

3 

T"? 

5 

4j 

7 

19 

8 91, 

10 62 

12 32 

14 

01 

15 

67 

10 

0 

29 

2 

04 

3 

78 

5 

52 


25 

8 97; 

10.68 

12.3a 

14 

06 

15 

73 

12 

0 

35 

2 

09 

3 

84 

5 

57 

7 

30 

I 

9 03‘ 

10 74 

12 43 

14 

12 

15 

78 

14 

0 

41 

2 

15 

3 

90 

5 

63 

7 


9.08 

10 79 

12 40 

14 

17 

15 

84 

16 

0 

47 

2 

21 

3 

05 

5 

o9 

7 

42 

9 14 

10 85 

12 55 

14 

23 

15 

89 1 

18 

0 

52 

2 

27 

4 

01 

5 

75 

7 

48 

9.20, 

10.91 

12.60 

14 

28 

15 

951 

20 

0 

58 

- 

33 

4 

07 

5 

£0 


55 

9.25. 

10.96 

12.66 

14 

34 

16 

00 

22 

0 

64 

2 

38 

4 

13 

5 

86 

7 

59 

9.31 

11.02 

12.72 

14 

40 

16 

06 

24 

0 

70 

2 

44 

4 

18 


92 

7 

65 

9 37' 

U 08 

12.77 

U 

45 

16 


26 

0 

76 

2 

50 

4 

24 

5 

98 

7 

71 

9.43I 

11.n 

12.83 

14 

51 

16 

17 

28 

0 

81 

2 

56 

4 

30 

6 

04 

7 

76 

9 48' 

U 19 

12.88 

14 

56 

16 

22 

30 

0 

87 

2 

62 

4 

36 

6 

09 

' 

82 

9 54: 

11.25 

12 94 

14 

62 

16 

28 

32 

0 

93 

2 

67 

4 

42 

6 

IS 

. 

1 

88 

9.60' 

11.30 

13.00 

14 

67 

16 33 

34 

0 

09 

2 

73 

4 

48 

6 

21 

7 

94 

9 6> 

11.36 

13 05 

14 

73 

16 


36 

1 

05 

2 

79 

4 

53 

6 

27 

7 

99 

9 71 

11.42 

13.11 

14 

70 

16 

44' 

38 

1 

11 

2 

85 

4 

59 

6 

33 
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05 

9 77 

11 47 

13 17 

14 

84 

16 

50 

40 

1 

16 

2 

91 

4 

65 


38 

« 

11 

9 83 

11 53 

13.22 

14 

90 

16 

55 

42 

1 

22 

2 

97 

4 

71 

6 

44 

8 

17 

9.88 

11.59 

13 28 

14 

95 

16 

61 

44 

1 

28 

3 

02 

4 

76 

6 

50 

8 

22 

9 941 

11.64 

13 33 

15 

01 

16 

66 

46 

1 

34 

3 

08 

4 

$2 

6 

56 

8 

28 

10.00 

11.70 

13 30 

15 

06 

16 

72 

48 

i 

40 

3 

14 

4 

88 

<■ 

61 

8 

34 

10 05 

11.76 

13 45 

15 

12 

16 

77 

50 

1 

45 

3 

20 

4 

94 

6 

67 

8 

40 

10.11' 

11.81 

13 50 

15 

17 

16 

83 

52 

1 

51 

3 

26 

4 

99 

6 

7', 

8 

45 

10 it' 

11 87 

13 56 

15 

23 

16 

88 

54 

1 

57 

3 

31 

5 

05 

6 

79 

8 

51 

10 23 

1! 93 

13 61 

IS 

28 

16 

94 

56 

1 

63 

3 

37 

5 

n 

6 

84 

8 

57 

10 28 

11 98: 13 67 

15 

34 

16 

99 

58 

1 

60 

3 

43 

5 

17 

6 

90 

8 

63 

10.34 

12 04 

13.73 

15 

40; 17 

05 

60 

1 

74 

3 

49 

5.23 

6 

96 

8 

6S 

10.40, 

1 

12.10 

13.78 

15 

45 

17 

L_ 

10 

_J 


Horizontal Corrections 


Distance 

0 


1° 

2 


3° 

i 

i 

5 


6 

! 

7 

n—1 
1 8® 

9 


100 

0 

0 

0.0 

U 

i . 

0.3 

0 5 

0 

8 

1 

1 1 

I 

5 1.9 

, 

5 

200 

0 

0 
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0 

2 j 
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1 0 ' 

1 

5 

-) 
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3 

O' 3 9 

4 

9 
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0 

0 

0 1 

0 

4 1 
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1.5 

2 

3 

3 

3 

4 

5 1 5.8 

7 

4 

400 

0 

0 

0 1 

0 
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1 1 

2 0 

3 

0 

4 

4 

6 

0 1 7.8 

9 

8 

500 

c 

U 

0 2 

0 

6 1 

1.4 

2 5 , 

3 

8 

5 

5 

' 

5 t 9.7 

12 

3 
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0 

0 

0 2 

0 

7 ’ 

1 6 

' 

2 9 ' 

4 

6 

6 

5 

8 

1 

9 116 

14 

7 

700 

u 
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0 2 

0 

8 ' 

1 9 

3 4 ' 

5 

3 

7 

6 

10 

4 ■ 13 6 

17 

2 

800 

f. 

u 

0 2 

* 

u 

2 2 

3 9 

6 

1 

8 

7 

n 

9 1 15 5 

W 

6 

900 

(J 

n 

0 3 

1 

1 

2 4 

4 4 

6 

8 

9 

8 

13 

4 1 17 ' 

?•) 

1 

1000 

0 

u 

0.3 


2 1 

2 7 

4 9 

' 

6 

10 

9 

14 

9 j 19.4 

24 
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Table 2. Reductions of Stadia Observations —Continued 


Vertical Heights for 100 Ft. Inclined Distance 


Minutes 

10 


11 

3 

12 

o ! 

13 

o 

14'= * 

t 

15 


16 

i 

17 

1 

IS 


10 

3 

0 

17 

10 

18 

t O 

20 

34* 

21 . 

92 

23 

47‘ 

25 

00 

26 

50' 

2 7 

96 

29 

39 

30. 

78, 

2 

17 

16 

18. 

78 

20 . 


21 

97 

23 

52 

25. 

05 

26 

53[ 

28 

Ul, 

29 


30 

83 

4 

17 

21 

18. 

84 

20 

4-t| 

T> 

02 

23 

58 

25 

10 

26 

59 

2 S 

06 

29 

48i 
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87 

6 

17 

26 

IS 

89 

20 

50 

22 

08 

23 

63 

25 

15 

26 

64 

28 

10 

29 

.S3i 

30 

92 

8 

17 

32 

18 

95 

20 

0 ?' 

22 

13 

23 

68 

25, 

20 

20 

69 

28 

15 

29 

5S 

30. 

97 

10 

17 

37 

19 

00 

20 

60 

22 . 

18 

23 

73 

25 

25 

2 o 

74 

28 

20 

29. 

62 

31. 

Oil 

12 

17 

43 

19 

05 

20 

66 


23 

23 

7S 

25 

30 

26 

79 

2 S 

25 

29 

67 

31 

06: 

14 

17 

48 

19. 

11 

20 

71 

22 

28 

23. 

83 

25 

35 

26 

84 

28 

30 

29. 

72 

31. 

10 , 

16 

17 

54 

19 

16 

20 

76 

22 

34 

23 

88 

> c 

40 

26 

89 

28 

34 

29 

76 

31. 

15 

18 

17 

59 

19 

21 

20 

81 

22 

39 

23 

93 

2 ' 

45 

26 

94 

28 

39 

29 

81 

31. 

19' 

20 

17 

65 

19 

27 

20 

87 

22 

44 

23 

99 

25 

50 

26 

99 

28 

44 

29. 

86 

31. 

24’ 

22 

17 

70 

19 

32 

20 

92 

22 

49 

24 

04 

25 

55 

'>7 

04 

28 

49 

29 

90 

31 

28i 

24 

17 

76 

19 

3S 

20 

97 

22 

54 

24 

09 

25 

60 

27 

09 

28 

54 

29 

95 

31 

33| 

26 

17 

81 

19 

43 

21 

03 

22 

60 

24 

14 

25 

65 

27 

13 

28 

58 

30 

00 

31 
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28 

17 

86 

19 

48 

21 

03 

22 

65 

24 

19 

25 

70 

2 7 

18 

28 

63 

30 

04 

31 
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30 

17 

92 

19 

54 

21 

13 

22 

70 

24 

24 

25 

75 

27 

23 

28 

68 

30 

09 

31 

47 

32 

17 

97 

19 

59 

21 

18 

22 

73 

24 

29 

25 

80 

27 

28 

28 

73 

30 

14 

31 

51 

34 

18 

03 

19 

64 

21 

24 

22 

80 

24 

34 

25 

85 

27 

33 

28 

77 

30 

19 

31 

56 

36 

18 

08 

19 

70 

21 

29 

22 

85 

24 

39 

25 

90 

27 

38 

28 

82 

30 

23 

31 

60 

38 

18 

14 

19 

75 

21 

34 
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91 

24 

44 

25 

95 

27 

43 

28 

87 

30 

28 

31 

65 

40 

18 

19 

19 

80 

21 

39 

22 

96 

24 

49 

26 

00 

27 

48 

28 

92 

30 

32 

31 

69 

42 

18 

24 

19 

86 

21 

45 

23 

01 

24 

55 

26 

05 

27 

52 

28 

96 

30 

37 

31 

.74 

44 

18 

30 

19 

91 
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50 

23 

06 

24 

60 

26 

10 

27 

57 

29 

01 

30 

41 

31 

.78 

46 

IS 

35 

19 

96 

21 

55 

23 

11 

24 

63 

26 

15 

27 

62 

29 

06 

30 

46 

31 

.83 

48 

18 

41 

20 

02 

21 

60 

23 

16 

24 

70 

26 

20 

27 

67 

29 

11 

30 

51 

31 

.87 

so 

18 

46 

20 

07 

21 

06 

23 
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26 

25 

27 

1 

72 

29 

15 

30 

55 

31 

92 

52 

18 

51 

20 

12 
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.71 
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24 

80 

26 

30 

27 

77 

29 

20 

30 

60 

31 

56 

54 

18 

57 

20 

IS 
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.76 

23 

32 

24 

S' 

26 
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27 

.81 

29 

25 

30 

65 

32 

01 

56 

18 

62 

20 

23 

21 

81 

23 

J7 

24 

90 

26 
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86 

29 

30 
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69 

32 

05 

58 

18 

68 

20 

28 
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87 

23 

42 


95 

26 

45 

27 

91 

29 

34 

, 30 

74 

32 

09 

60 

18 

73 

20 

34 

1 21 

_ 

.92 

23 

.47 

lA 

.00 


50 


96 

29 
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.78 

32 
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Horizontal Corrections 


Distance 

10 '" 

11 ° 

12 ° 

13° 

14° 

15° 

16° 

17° 

18° 

19° 

100 

3.0 

3.6 

4 3 

5.1 

5.9 

6 7 

7.6 

8 5 

9 5 

10.6 

200 

6.0 

7 3 

8 6 

10.1 

11.7 

13 4 

15.2 

17.1 

19 1 

21.2 

300 

9 1 

10 9 

13 0 

15.2 

17.6 

20.1 

22.8 

2.5 6 

28.6 

31 8 

400 

12.1 

14 6 

17.3 

20 2 

23.4 

26.8 

30.4 

34 2 

38.2 

42.4 

500 

15.1 

18.2 

21.6 

25.3 

29.3 

33.5 

38.0 

42.7 

47.7 

53 0 

(500 

18. 1 

21 8 

25.9 

30.4 

35,1 

40.2 

45.6 

51.3 

57 3 

63 6 

700 

21.1 

25 5 

30.2 

35.4 

41.0 

46,9 

53 2 

59 8 

66.8 

74 2 

800 

24 2 

29 1 

34 6 

40 5 

46 8 

53.6 

60 8 

68 4 

76 4 

84 8 

900 

27.2 

32 8 

38.9 

45 5 

52 7 

60.3 

68.4 

76 9 

85 9 

95 4 

1000 

30. ’ 

36 4 

43.2 

50.6 

58.5 

67.0 

76.0 

S5.5 

95. S 

106.0 
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then be used in the formulas instead of the theoretical values given by the expression 
(100 X rod interval + 1). 

In most stadia survevs no attempt is made to read the rod intercept closer than the 
nearest 0.01 ft, thus gi^dng the distance only to the nearest foot. When distances of less 
accuracy are satisfactory, as in most topographic work, the constant (F 4- c) may be 
neglected; also, there would be no need of applying the horizontal correction for vertical 
angles under 3°. 

Distances are read by setting one of the stadia hairs on a whole footmark, by means of 
the vertical arc clamp and tangent screw, and counting the feet, tenths and hundredths 
of a foot between the stadia hairs. Great care should be taken not to mistake the middle 
horizontal cross hair for a stadia hair. This can be avoided by always making a mental 
estimate of the distance. Occasionally a half-interval may be read when something ob¬ 
structs the view of the whole interval. 

The Vertical Angles are taken by sighting the middle cross hair on a point on the rod 
whose distance above the foot of the rod is equai to the distance from the horizontal axis 
of the telescope to the station beneath the transit. The distance is known as the height 
of instrument (H.I.); it is not the .same as the H.I. in ordinary leveling, which is the dis¬ 
tance of the telescope above the datum. When tne middle hair is sighted at the H.I. 
point on the rod the line of sight is parallel to a line drawm from the station under the 
transit to the foot of the rod, and the vertical angle read is the inclination of this line, so 
that the difference in elevation of the two stations can be directly computed. 

It is sometimes impossible to set on the H I. point on the rod owing to obstacles in the 
line of sight. In such a case the angle is taken when sighting at some convenient footmark 
on the rod, and this reading of the middle hair on the rod is recorded in the notes with the 
vertical angle. The H.I, point is sometimes marked by a red cloth band, its position being 
changed at each new set-up of the instrument. 

The Order of Fieldwork is as follows. First read the distance and record it. then set 
the middle hair on the H.I. point of the rod and the vertical hair on the rod. Signal the 
rodman to go to the next point, and while he is mo\nng to the next point read the horizon¬ 
tal circle, the vertical arc and its index correction if necessary. Unless elevations are re¬ 
quired, the H.I. is not used, and the vertical arc will not be read except for angles of 3® 
or more. 

Beaman’s Stadia Arc. A device for simplifying the calculations of elevations in the 
field consists in using only those vertical angles for which the differences in elevation are 
simple multiples of the rod interval. This principle is used in the attachment devised by 
Beaman for the vertical arc of the transit or plane table. On this attachment are marked 
the numbers giving multiples of the rod interval, the zero graduation being marked 50 
instead of 0 so as to make it easier to determine which are plus and which minus angles. 
In using a transit with this attachment the observer reads the distance, turns the tangent 
screw of the telescope until the index line is opposite some line on the attached arc, and 
then notes the rod reading of the middle cross liair. The difference in elevation between 
the telescope and the reading on the rod is (50 minus the reading of the ard times the rod 
interval. From this result must be subtracted the rod reading to give the difference in 
elevation between the telescope and the foot of the rod. Evidently no stadia tables or 
slide rule are needed when this attachment is used 

Stadia Computations. Reduction of stadia field notes is usually done by means of 
tables, diagrams, or stadia slide rule, rather than by direct use of the formulas. The 
stadia slide rule is the most convenient when the reductions are required in the field, as 
in plane-table surveys. The difference in elevation can be most rapidly obtained by means 
of a diagram or stadia slide rule, while the horizontal distances can be rapidly computed 
by use of a table of horizontal corrections which gives the distance correction to be sub¬ 
tracted from the inclined reading to obtain the horizontal distance, to which must be 
added the instrument constant (F -H ci for instruments having external-foGu'^ telescopes. 
The stadia reduction tables presented here give, for vertical angles up to 20®. the difference 
in elevation for an inclined distance of 100 ft. If the inclined reading is 612, the instrument 
constant 1 ft, and the vertical angle 4° 42', the difference in elevation = G.13 X 8.17 
= 50.1 ft. Since the rod intervals are read as a rule to only three significant figures this 
multiplication can be accomplished with sufficient accuracy by means of the ordinary 
10-in. slide rule. The 50.1 ft is recorded in the notes, and this difference in elevation is 
applied to the elevation of the station over which the transit is set to give the ele^^atlon of 
the point desired It will be seen from an inspection of Table 2 that a half-nunute greater 
verti<^al angle would have increased the difference in elevation by a little less than 0.1 ft, 
which show’.s the importance of reading the vertical angle carefully and of applying its 
index correction. Even without a special stadia reduction table, vertical heights may be 
computed if a table of horizontal corrections is available. A condensed table of horizontal 
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corrections can be made which can be pasted on a leaf in the back of the notebook. After 
the horizontal distance has been found by use of this table, the vertical height can be 
computed by multiplying the horizontal distance by tlie tangent of the vertical angle, 
'.hich can be conveniently accomplished by use of the tangent scale on an ordinary slide 
’ lie. 


13= MINE SURVEYING ' 

An underground survey is based on precisely the same principles as a land-surface 
survey. The methods of reading angles and measuring distances, of computing azimuths, 
bearings, latitudes and departures, coordinates, and elevations, and of plotting the results 
are alike in all essentials. In their practical details, however, a number oi differences are 
introduced by certain peculiar conditions under which a mine survey has to be conducted. 
These conditions are. (1) Working in the dark reouires that both the point to be sighted 
and the cross hairs of a telescope must be illuminated (2) Working in constricted places, 
and in passages through which traffic must not be interrupted, often requires the use of 
special devices for mounting the instrument. (3) Stations must be placed in the roof, 
when possible, to assure their pernianence and Ydsibilitj'. (4) Steeply inclined sights are 
more prevalent, requiring that a transit shall always be in perfect adjustment; with very 
steep sights, an auxiliary telescope is required, invohnng a correction in the reading of 
angles. (5) A higher degree of accurao>- is usualh- required than in ordinary surface sur¬ 
veying; in this respect, mine surveying is comparable with the locating of bridge piers or 
the boundaries of city real estate This is because, in most of the important problems in 
mine engineering, aside from mere mapping, an error means loss of time and money in the 
subsequent mining operations Furthermore, it frequently happens that a complete cir* 
cult cannot be made, whereby the error of closure can be determined and distributed, or 
a mistake located and corrected: hence careful work by refined methods is the only assur¬ 
ance of accuracy. (6) Shaft plumbing is a special problem, peculiar to underground 
surveying. 

Transferring a meridian into the mine is one of the important steps. This is usually 
done by means of two hea\T plumb bobs hung on ^ires from the staging above the shaft. 
The transit is set up both above and below on this line, and thus an azimuth line is estab¬ 
lished between the surface and the workings. In order to have as long a base as possible 
the plumbs should be hung near the shaft casing Wires used for shaft plumbing are of 
iron, steel, copper, brass, or Phosphor bronze. In any case, the size of the wire should be 
as small as will safely carry the weight of the bob; B & S No. 20 or 24 is convenient. Iron 
wire is easily obtainable, and its ductility permits the bob to stretch out its kinks without 
breaking. 

In the Case of an inclined shaft, who.f-e the method of two plumb bobs would not be 
feasible, the meridian may be transferred underground by setting up the transit at the 
mouth of the shaft, taking a backsight on a surface station, then taking a foresight down 
the shaft, and measuring the inclined distance. The transit station at the surface, and the 
foresight point in the mine, should be placed so as to make the line of sight as nearly hori¬ 
zontal as possible. The transit is then set up at the bottom of the shaft, a backsight taken 
on the top station, and the traverse earned into the mine. The utmost care must be taken 
to eliminate all errors of adjustment of the transit, for the accuracy of all the underground 
survey depends upon this process. The telescope should be reversed, and the mean of the 
direct and reversed sights should be taken as the location for the foresight point. It is 
well to repeat the procedure several times, for checking purposes 

Underground traverses are run through the passages in the mine It is often necessary 
to introduce very short lines into the traverse, and since the azimuth is transferred to dis¬ 
tant parts of the mine through these short lines great care must be taken to eliminate all 
instrumental errors by reversing the telescope and using the mean of the two results, re¬ 
peating the operation several times for good accuracy. The positions of walls and work¬ 
ings are located by measurements from the traverse line. The station points are usually 
placed in the roof, a spad in a wooden plug making a good station mark 

Notes of mine surveys are kept m customary form, with provision ior a column f<jr 
vertical angles, as most of the traverse courses are inclined. Sketche.s are general^’ used 
to show details, such as the location and extent of slopes. The different station points 
of the survey are numbered consecutively. For convenienne. stations on the first level 
are numbered 101, 102, etc., and on the second level, 201, 2i'2. and so on. 

If the whole survey system, above and below ground, 1.3 based on the same set of coordi- 


^ This article is composed raainly of verbatini f xtracts from Mining EnKineers Handbook, by Robors 
Peele, 3rd Ed., 1941, John Wiley & Sons. X-Yi. York 
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nate axes, nearlv every problem in mining engineering can be readily solved by the appli¬ 
cation of the principles of trigonometry, or analytical or descriptive geometry. To mini¬ 
mize the possibility of error in computation it well to take a's the origin of coordinates 
a point well to the south and west of the entire workings; negative coordinates are thus 
avoided For the same reason elevations should be referred to a plane well below the deep¬ 
est working.s 

Surveying for Patent. By patent proceedings are meant the proceedings neces-sary to 
obtain from the gtjvernmenr a feo-aiinple deed of a mining claim Title to metalliferous 
land as granted bv the United States conveys the right to all minerals included in the 
downward prolongation of the poition of vein cut off by the vertical end boundaries of 
the claim The federal law allows a claim to cover 1500 ft located along the direction of a 
vein and oUO ft of surface ground on either side of it. These are maximum dimensions 
and may be ''-'•duced by local laws. For further information see the Manual of Instructions 
for the Surity of the Mineral Land of the United States,- prepared by the Bureau of Land 
Management, Washington, D. C. 


14. SPIRIT LEVELING 

Spirit leveling procedures are described in Art. 38. “Geodetic Leveling,” in Art. 71, 
“Profile Leveling,” and Art. 72, “Cross Sections,” and in Art. 5. “The Level and Its Ad¬ 
justment,” and Art. 6, “Leveling Rods.” The principal requirements for accurate leveling 
work are. (1 1 to keep the level bubble in good adjustment, and always to check the center¬ 
ing of the bubble just prior to making each rod reading: (2’ to keep the backsight distance 
and foresight distance in each set-up appioximateU equal: (3' to prevent the accumula¬ 
tion of a large difference between backsight and foresight distances by keeping the total 
of both the backsight and foresight di-jtances nearly equal m each section of line between 
adjacent benchmarks: (4) to keep ail sights short enough so that the smallest graduations 
on the rod, or the target mark, can be seen dUtinotly, (5i to take suitable check readings 
for the purpose of eliminating blunders in reading the foot or tenth of foot; (6^ to use as 
turning points and benchmarks only objects having a distinctive liigh point, making sure 
that the bottom of the rod rests on the same point for both the backsight and foresight; 
and (7} to have the rod plumb 

Benchmark Levels. Leveling surveys that are for the purpose of determining the eleva¬ 
tions of a series of benchmarks are called benchmark levels. These should never be of less 
than third-order accuracy.^ which require a minimum closure of 0 05 ft \' M, M being the 
lerigih of the level circuit in luile.s. When possible benchmark levels should be run between 
exi'^tmg benclimark.s of equal or higher accuracy, in which case the circuit length .V is the 
distance between the existing starting and closing benchmarks. In other cases the bench¬ 
mark levels should be double run. in order to eliminate blunders and prove the precision 
of the w'ork. On some construction projects the later construction surveys, such as profile 
levels, can be used as a rough check on the bench levels. However, the profile levels are 
usually run with less accuracy than the benchmark levels, and so cannot be relied on to 
detect errors of less than 0,1 ft m the benchmark levels. 

Whenever benchmarks on laean-sea-level datum are not located near enough to estab¬ 
lish sea-level datum for a project, a local datum is used, or an approximate sea-level datum 
is a's.surned. An assumed datum is based on the best available information. An aneroid 
barometer may be used to e.stablish approximate sea-level datum elevation of the first 
benchmark At a later time, when practicable, the benchmarks should be connected to 
sea-level datum. 

In the benchmark levels for a construction project, such as a new highway, the new 
benchmarks should be set at intervals along the route on permanent and substantial 
objects that will not be disturbed during the construction work to follow. The minimum 
distance between benchmarks will depend on project conditions and requirements, and 
may range from about 500 ft to 1 mile. Satisfactory benchmarks for this purpose include 
a well-marked point on a large boulder or on solid rock outcrop, a well-marked point on 
a bridge pier or a substantial building, a spike driven m a large tree or telephone pole, and 
a non-corrodible metal plug set in a concrete post that e.xtends below frost line. 

Lengths of Backsights and Foresights. Proper lengths of backsights and foresights 
depend on the distance at which the rod can be read clearly, according to the accuracy 
required, as well as on the steepness of the ground slope. Under ordinary conditions, 

* May be out of print, but it is available in offices of the Bureau of Land Management, in public 
libraries, etc 

1 See “Geodesy and Control Surveys” in this section for definitions of all orders of accuracy for level 
suiv'eys. 
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sights should be kept under 500 ft, and preferably under 300 ft if rod readings are to be 
made to the nearest 0.01 ft. On warm days in sunshine, especially in the summertime and 
in the tropics, heat waves in the air may make it necessary to shorten the sights consider¬ 
ably in order to attain the desired accuracy. In deserts and other hot places, leveling 
should be done during the early morning hours, or durmg the niglit with the use of lights. 
The length of each backsight and foresight should be determined by stadia or by pacing, 
and be recorded in the notes so that the total for all the backsight and foresight distances 
can be approximately balanced for each independent section of the line. 

Three-Wire Leveling. When utmost precision in benchmark leveling is required, it is 
advisable lo read all three hairs of the telescope, making sure that the bubble is centered 
for each of the three readings. A mean of the three readings is then computed, and taken 
as the correct level-sight reading, providing that it checks clo-seb' with the middle-wire 
reading, and provided also that the interval between the upper and middle hairs agrees 
satisfactorily with the interval between the middle and lower hairs. The notes should 
provide a column for the backsight distances and the foresight distances, and their cumu¬ 
lative totals, thus providing the means of equalizing (approximately) the total of the 
backsight and foresight distances for each section of the line. 

Curvature and Refraction Correction. A level line is a curved line, approximately 
parallel to a sea-level surface. The line of sight of a surveyor’s level is a straight line that 
is tangent to the curved level line at the instrument station. Also atmospheric refraction 
bends the line of sight upward by a slight amount. A correction should be applied in 
running precise benchmark levels, especially wlien an unusually long sight is taken, as 
for a river crossing. The combined correction for curvature and refraction is. for sights of 
300 ft, about 0.002 ft; for 500 ft, about 0.005 ft; and for 1000 ft, about 0.020 ft. For longer 
sights the amount of the curvature and refraction correction, in feet, may be computed 
closely enough for most purposes from the expression 0.574 D“, where D is the length of the 
long sight in miles. The correction theoretically is subtracted from any single rod read¬ 
ing, for either a foresight or a backsight. However, no correction is required if the back¬ 
sight and foresight distance for each instrument set-up, or if the total of backsight and 
foresight lengths for a sestion of level line, are kept nearh' equal. 

Reciprocal Leveling. It is sometimes necessary to determine the difference of elevation 
between two points so situated that it is not pra<‘tical to make the foresight and backMght 
distances nearly equal. A typical case is where a level line must be earned across a river, 
or over a deep ravine. To overcome the effects of uncertainty in the amount of correction 
for curvature and refraction that should be applied to the long sight, it is customary, in 
precise level work, to use what is called reciprocal leveling. In the case of a river crossing, 
for example, the instrument should be set up a few feet from turning point .1 on the near 
bank, a backsight taken on A. then a long foresight taken on the rod at turning point B 
across the river. The instrument is then moved across the river and set up a few leet 
from turning point B, a backsight across the river is taken on the far rod at A, then a 
foresight is taken on the near rod on turning point A. The second set-up should be made 
as soon as possible after the first sel-up, in order to have the vertical refraction conditions 
on the two long sights ver\’ nearly the same. The difference of elevation resulting from 
the first set-up on the near bank at A may be different from the difference of elevation 
determined from the second set-up on the fat bank at B, but the mean of the two should 
be nearly a true difference of elevation, and be free from the effects of curvature and le- 
fraction, as well as improper bubble adjustment It is customary to reduce the rod read¬ 
ing on each long sight by applying a correction for curvature and lefrac-tion. and altiiough 
this should make the two differences of elevation agree much better, it would not cliange 
the value of the mean difference of elevation. 


15. TRIGONOMETRIC LEVELING 

Finding the Difference in Elevation of two points by means of the horiz >nial distance 
between them and the vertical angle is called trigonometric leveling. It is used clnefly 
in determining the elevation of triangulation stations and in obtaining the elevation of a 
plane-table station from any visible triangulation point of known elevation. In tiiangula- 
tion work the vertical angles are usually measured at the same time the horizontal angles 
are measured, so as to obtain the elevations of triangulation points as well as their hori¬ 
zontal positions. The vertical angle is measuied to some definite point on the signal 
whose height above the center mark of the station was determined uhen tlie signal was 
erected, and the height of the instrument above us station should be mea.sured and re¬ 
corded In the most exact work the angles are measured with a special vertical circle 
instrument. In less preci.^e work an ordinarv tiieodohte whose vertical arc reads by 
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Verniers to 30"^ or to 20" may be used, but with such instruments only single readings can 
be made. The best results vnXh. such an instrument are obtained by taking the average 
of several independent readings half of which are taken with the telescope direct and the 
other half with the telescope inverted. In every case the index correction, or reading of 
the vertical arc when the telescope is level, must be recorded. 

Simultaneous Observations. The chief difficulty in obtaining accurate results by 
trigonometric levelmg is due to the uncertainty of the angle of refraction, that is, the angu¬ 
lar deviation of the line of sight on account of the refraction of the air. This varies with 
the locality, the temperature, and the atmospheric pressure, so that the only way its effect 
can be practically eliminated is by taking simultaneous observations between two stations, 
in which case 


hi — K tan — ( 0:2 • 


ai) 1 + 
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where hi — ho = difference in elevation of stations in feet; K — arc of the earth subtended 
between plumb lines through the two station points, approximately equal to the distance 
between the two stations in feet; ai and ao are the simultaneously observed vertical angles; 
R = radius of earth at latitude of the stations; for most work it is close enough to use log R 
(in feetj = 7.32068. 

Observation at One Station. If the observation is made at only one station the refrac¬ 
tion coefficient must be known and applied to the \'ertica! angle. The refraction coefficient 
is m = r/c, whence r — me, where r = the angle of refraction and c = the angle at the 
center of the earth between the two stations. For a single observation 
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In this formula the letters have the same significance as in the formula for simultaneous 
observations above. In solving for hi — hi, approximate values are first obtained by 
omitting the last factor; the approximate values are then substituted in the last factor 
and corrected values are computed. 

From a large number of observations the U. S. Coast and Geodetic Survey has deter¬ 
mined values of m as follows. 


For lines crossing the sea 0.078 

Between primary points (high elevation) 0.071 
For interior of the country, about 0.065 

Clarke, in his Geodesy, gives: 

For rays crossing the sea 0.0809 

For rays not crossing the sea 0.0750 


Rough Determination of the difference in height may be found by multiplying the hori¬ 
zontal distance by the tangent of the vertical angle and applying a single correction for 
curvature and refraction by the formula h =s ^/1.7426, where K is the distance in miles 
between the stations and h is the correction in feet. If K is expressed in units of 1000 ft, 
then h = 0.02 X (nearly). This correction is applied so as to increase the difference in 
elevation if the vertical angle is plus, and it should decrease the difference in elevation if 
the vertical angle is minus. This method is used for the stadia and plane table except that 
for ordinary sights or for rough work the curvature and refraction correction is omitted. 


16. BAROMETRIC ALTIMETRY 

The barometer may be used as a means of measuring differences in elevation, since 1 in. 
in the height of the mercury column is equivalent to about 900 ft in altitude. The atmos¬ 
pheric pressure varies also with changes of temperature and humidity, so that it is neces¬ 
sary in measuring differences in altitudes wdth the barometer to determine the amounts 
of these variations and to make proper aDow'ance for them. The ordinary cistern mer¬ 
curial barometer and the aneroid are used in surveying. The latter, on account of its 
compactness and sensitiveness, is more generally employed. 

Two types of aneroid barometers are used in surveying. The small or pocket-type 
barometer is useful in making a reconnaissance or in determining the elevations for small 
scale maps. On the pocket aneroid are tw'o scales, the inner one corresponding to inches 
of mercury and the outer one to feet of altitude, the zero of the altitude scale being in most 
instruments at 31 in. on the mercury scale. The outer scale should not be movable with 
reference to the inner scale, for the number of feet of altitude corresponding to 1 in. of 
mercury is different in different parts of the scale. Aneroids marked “compensated” are 
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supposed to be adjusted so that changes in temperature of the instrument will not affect 
the readings. The instrument should be handled carefully in order to avoid disturbing 
its delicate mechanism. When it is to be read, tap the case lightly to be sure the instru¬ 
ment has adjusted itself to the changed pressure. It should stand a few minutes before 
it is read to allow it to come to the true reading; it should not be allowed to become heated 
by exposure to the sun’s rays or to other conditions of abnormal warmth; it may be held 
in either a vertical or horizontal jiosition when being read, but as the readings in these 
two positions are different it should be held in the same position at all stations. The larger 
and more precise aneroids are used for profile surveys and to establish spot elevations for 
control of photogrammetric mapping when elevation tolerances of ±5 ft are permitted. 

Aneroid altimeters capable of giving good results should have the following character¬ 
istics: They should have no inertia due to friction: they should be free from lag and come 
promptly to the correct reading; they should have locks so that ordinary shocks have no 
effect and the instrument can be safely transported. They should be fully compensated 
for temperature. 

This type of instrument cannot of course overcome variations in pressure due to atmos¬ 
pheric changes, any more than can any other t>T)e of barometer. To obtain the most 
accurate results from aneroids, it is necessary to provide one or more extra instruments 
for the purpose of ascertaining the changes in atmospheric pressure that may occur while 
the work is being done. The extra aneroids are called the base aneroids, and each of these 
is usually stationed at a point of known elevation within the project area. Frequent 
readings are made on each base aneroid for the purpose of measuring and recording the 
changes in atmospheric pressure. The procedures commonly used are known as the two- 
base and one-base methods. 

The general procedures for the two-base ^ and one-base methods are described under 
“Topographic Surveys and Mapping.” It should be noted that temperature and humidity 
corrections are not required for the two-base method, but are necessary for accurate work 
in all other aneroid-altimetry procedures. Most surveying aneroids have these corrections 
listed on a chart attached to each instrument. When using tw’o or more aneroids as a set, 
it is necessary to calibrate them by comparing their altitude readings taken at the same 
time on the same point. If there are differences, one of the instruments is regarded as 
the master instrument, and an appropriate constant or index correction is then applied 
to all readings made on each of the other instruments The section on topographic sur¬ 
veying also includes a general description of the so-called leap-frog method of aneroid al¬ 
timetry, a “moving-base” method, which is well suited for determining elevations of a 
series of points along a route that would extend a considerable distance from a fixed-base 
station. 

WTien only one aneroid is available, a reading should be taken at the first station when 
the work is being started, and again on the same station at the end of the trip, or end of 
the day’s work, whichever occurs sooner. The difference between these two readings is 
assumed to represent a continuously progressive change in atrnosplieric pressure, at that 
point and for the area, and interpolated corrections for the times when the aneroid was 
read at other stations must then be calculated and apphed to those readings. 

17. PLANE-TABLE SURVEYING 

The Plane Table is an instrument by means of which points are located in the field by 
graphical methods directly on the map, which is fastened to a table top supported on a 
tripod. The plane table is the only sur\'eying instrument admitting of a rapid solution 
of the Three-Point Problem in the field; this makes it practicable to locate stations inde¬ 
pendently of each other, so that errors cannot accumulate as they do m traversing. The 
most important advantage of the plane-table method over other topograpiiic methods, 
however, is that all the sketching is done in the field, where the topographer can see the 
form of the ground that he is mapping. He can sketch details at once in their proper posi¬ 
tion, without burdening his memory and without making elaborate notes. For this reason 
the details may be accurately sketched from a much smaller number of located points 
than would be required, for instance, by the transit-and-stadia method. 

The plane-table method has the disadvantage of requiring more time for the field work 
than other methods, and it is also more dependent upon favorable weather than a method 
where the map is not exposed. But taking into account both the field and office work the 

1 An instruction pamphlet on the two-base method, titled Instructxons for Altimeter Su-n-eys Used in 
Supplemental Control, is available on request to the Topographic Division, U S Geological Sun‘ey, 
Washington 25, D. C. Also, aneroid manufacturers furnish comprehensive instructions for several 
different techniques of aneroid altimetry. 
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plane table will prove to t>e much more economical than the transit and stadia for work 
in open country, and at the same time the results obtained will be sufficiently accurate for 
most topographic w’ork. 

The Plane Table Itself consists of a board, usually about 24 by 30 in., mounted on a 
tripod with a device for leveling and clamping the board, the Johnson baU-and-socket 
leveling device and clamp being the most commonly employed. The alidade consists of 
a telescope mounted on a horizontal axis resting in w\'e supports, which are connected to 
a metal column at the base of which is attached a flat piece of metal about 18 in. long hav¬ 
ing both edges straight and parallel to the telescope. On thi.s base are a circular spirit 
kn'el for leveling the table and a magnetic needle for orienting by compass. The telescope 
has a vertical motion onl\' and a vertical arc. The entire instrument is moved about in 
azimuth on the board and sighted as desired 

At every instrument station the initial operations are: (1) level the plane table board; 
(2) orient the map sheet; (3) if the location of the instrument station is unknown, deter¬ 
mine its position on the map sheet: and (4^ determine elevation of point occupied and HI 
(height of instrument). Orientation and instrument location may be determined by any 
of the methods described in the following paragraphs. 

Base-Line Orientation and Control Extension. In order to begin a survey w'ith a plane 
table It Will in general be necessary to have on the map two plotted points corresponding 
to two points on the ground the distance between which is known and at least one of 
w'hich can be occupied with the table. The simplest method of locating points by means 
of the plane table without measuring any distance is as follows: The base-line ah is plotted 
on the plane-table sheet, representing, to some scale, the measured base AB. The table 
is set so that a on the map is vertically above A on the ground and the table is leveled: 
then one edge of the alidade is placed along the base-line ab drawn on the map, the table 
is then turned in azimuth until the telescope sights the signal B, and the horizontal motion 
clamped. The line ah is now parallel to AB and the table is said to be oriented. The ali¬ 
dade IS then placed so that the straightedge passes through a, the telescope is sighted to 
some signal C, and a line of indefinite length drawn toward C. The point c on the map 
^representing the signal C) is somewhere on this line. If the table is now moved to B 
{b being set vertically over B) and the process of orienting the table and sighting toward C 
is repeated, the point c is located on an indefinite line through h\ hence it lies at the inter¬ 
section of these two lines ac and be. The triangle abc is similar to the triangle ABC, and 
each line on the map is parallel to the corresponding line on the ground. In a similar 
manner anv number of points may be located. 

Orientation by Magnetic Compass. To use the needle for orientation of the plane 
table, it is necessary to have a magnetic north line drawn on the map sheet. This is ob¬ 
tained as follows: (1) accurately orient the map by occupying one control point and sight¬ 
ing another, etc.: (2) with alidade in appro.xirnate center of board, swing the alidade until 
the needle lines up with its north index mark, (3) draw a line along the edge of alidade 
ruler for its full length; this will be a magnetic north line. In orienting by needle, place 
the edge of the alidade ruler adjacent and parallel to the magnetic north line: then swing 
the board in azimuth until the needle is aligned with its north index mark. Orientation 
bv compass should not be attempted near railroads, electric transmission lines, large 
bodies of steel or iron, or in volcanic regions. 

If the map is oriented by compass at an unknown location, the position of the instru¬ 
ment station on the map must ne.xt be determined When a control point is located 
nearb\', the alidade’s ruler edge is placed adjacent to the control point and is rotated in 
azimuth around the control point as a pivot until the vertical hair of the telescope bisects 
the target at the control point, a fine line being then drawn lightly in pencil from the con¬ 
trol point toward the new location The distance between the two points is then deter¬ 
mined by stadia or taping, and is plotted on the sight line. If two or more such control 
fxjints are visible, a location for the new station should be determined from each of them, 
taking a mean position in ca.se of minor discrepancies. In case two distant control points 
are visible from the new station, the position of the plane-table station on the map sheet 
may he determined by drawing a sight line from each of the control points, the location of 
the new station being at the intersection of these lines, called resection lines. 

Plane-Table Traverse. In running stadia tra%’erse by plane table the board is first 
orienterl by compass, or by occupying a known station and backsighting to another known 
.-’■ation. which is often of neces.sity the previou.sly occupied station of the traverse. How¬ 
ever. the accurac\- of the orientation will be greatly increa.sed if a distant control point 
or previously mapped feature can be used as a backsight rather than a nearby point. 
The telescope is then pointed to the next forward station of the traverse, a foresight line 
drawn toward it, and the stadia distance measured and plotted. Each plane-table tra¬ 
verse should he made to close on a previously established control point, so that an indica- 
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tion of its accuracy can be determined from the size of the closure. If the closure is within 
satisfactory limits, the positions of the stations of the traverse should be adjusted graphi¬ 
cally on the map sheet on a prorata basis 

Locating Points by Resection. It sometimes happens that it is desired to locate a 
plane-table station from a base only one end of which can be occupied by the table. In 
such a case we may procewl as follows* Let A and B represent the points on the ground 
at the ends of the base line, C is the signal which is to be located, and ah represents the 
base line plotted on the plane-table sheet, ^et up at .4. the end of the base which arces- 
sible, and orient the table bv sighting B with the alidade along ah. Then, centering the 
alidade on a, diaw an indefinite line toward C. This line should be drawn the full length 
of the alidade. The table i" then taken to C and oriented by means of the indefinite line 
jU )t drawn. Since the po>uion of c on the indefinite line i> not known it is nece.ssarv to 
estimate its position on the map and to use this point m placing the table over point 
If the alidade is now centered on h and sighted toward B, a resection line may be drawn, 
and this line will cut the fir^t indefinite ime, thus locating the point c desired Thus, with¬ 
out going to station B, ilie same line ha" been drawn on the map that would have been 
obtained by an intersection from B. It is evident that this rejection method may bo ad¬ 
vantageous even if B could be occupied, for point C has been located without taking the 
time required to go to station B. The position of c found by this method .should be checked 
if possible by lesection lines from other points whose positions are known to be correct. 

The Three-Point Problem. One of tlie great advantages of the plane table is that it 
may be set up at any place where three tnangulation points (plotted on the sheets can he 
seen and the position of tins plane-table station located on the sheet simply by observa¬ 
tions from this point. The position of the plane table is found by means of the so-called 
Three-Point Problem, which, in this case, is an application of the principle of lesection 
The two graphical solutions of this problem chiefly used in plane-table surveying are 
known as (1) Lehmann’s method, or the Triangle-of-error meih(>d and (2) Bessel’s 
method, or the Inscribed Quadrilateral. The former is a trial invthod, but it is the more 
rapid of the fwo for ordinary work and is used in practice far more than the latter method. 
Bessel’s method gives a direct solution and consequently requires leas experience than the 
former. It has the disadvantage, however, that in certain p«jaitions of the signals a part 
of the required geometric construction falls outside the iniiits of the plane-table sheet, in 
which ease the solution is not practicable. 

Lehmann’s Method. If three signals A. B. and C have their plotted pn«.iiions at fz. h. 
and c, and if the table is set up at f) and oriented correctly. tiiS resection hne« drawn 
from a, b. and t. will all pa»s througli d, the plotted posi¬ 
tion of D. Since there is no means of accuratelv orient- 


ing the table, the position of d being unknown at the 
start, the table must be oriented approxi’natelv bv esti¬ 
mation. If the plane table is not oriented e.xa(‘t!\' the i- 

three resection lines will not ordinanU pass thiough a ^ 

common point but will form a triangle known as the Table 

triangle of error (Fig 14i. From tlii'? triangle of error 'rb 

the true position of d may be e.stiniated. and by a second 

trial a new triangle of enor may be obtained w'hich is ^ q 

smaller than tlie former. Bv successive tnals this tri- Pjq 

angle may be made so small tliat it is almost a point. 

In practice very few trials are necessary, the triangle often being reduced to a point in 
the second trial, so that the method is in reality rapid 

If the table is on the circumference of the circle through the tliree .signals ns position 
is indeterminate. When point D ls inside triangle ABC it is in a favorable position for an 
accurate location. If the table is outside this triangle there are certain positions of the 
signals which are not favorable, especialh* when the angles subtended by the sides of 
the triangle formed by the signals are small and the middle signal is farthest from D, but 
if the middle signal is near D the location of d is strong. 

If D lies inside the triangle ABC then d will he inside the triangle of error, and vice 
versa. If a circle is passeti through a, b, and the intersection of the resection lines from 
a and b it will pass through the true position of d. similarly a circle through b, c. and re.sec- 
tion lines from b and c may be sketched and in this manner a close estimate of tlie position 
of d made for the second trial. The distance of d from any resection line is proportional 
to the distance of the table from the signal from which that line was drawn. 


Locating Points for Mapping. Rod readings for filling in map details may be located on 
the map by alidade direction and stadia distance in the same manner as a foresight station 
in plane-table traverse. It the rod is at a well-defined feature that should be located in 
exact position on the map. the alidade’s ruler edge should be placed in contact with the 
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point representing the occupied station, a light pencil line should be drawn toward the 
rod location, and the distance should be read and plotted with the same care required for 
plane-table traverse. However, if the rod reading is only for determining the location of 
an elevation for sketching contours in gently rolling terrain, slightly less accuracy in 
determining and plotting direction and distance will be satisfactory. Certain types of 
features ma\- be located on the map by taking two or more intersection cuts to them. 
Also, the elevation of “cut-in” features may be determined by reading a vertical angle 
to the same point on the feature with each cut, the distances required for computing 
elevations from the vertical angles being scaled from the map, after the position of the 
feature has been determined. 

Elevations by Plane Table. Differences of elevation are determined by using the 
alidade in the same manner that a transit would be used for this purpose However, be¬ 
cause the plane-table outfit is not as stable as a transit, it is necessary to check the center¬ 
ing of the striding level bubble before taking eaeh level shot; and in the case of vertical 
angles either to read the index angle or center the control bubble before taking an inclined 
readiii 


18 . HYDROGRAPHIC SURVEYING 

Hydrographic Surveying is the term apphed to the processes used in surveying any 
hod'.’ of water. The determination of the topography of the bottom of a lake, harbor, or 
othe^ body of water is a common problem In connection with such surveys the character 
of the matenai composing the bottom is often desired The field work is usuallj- done by 
nrst establishing certain points on shore, by tnangulation or traverse, to which the hydro- 
graphic survey may be referred, and then measuring (usually from a boat) the depth of 
the water at various points and iletermining the position of these points. Besides the 
ordinarv transit and tape outfit, a sounding pole or lead line and a boat with the necessary- 
equipment will be required. A tide gage should be set up in tidal waters and in lakes 
where the water level changes rapidly The sounding poles are made like self-reading rods 
gra<iuated to tenths of a foot. A shoe is sometimes attached to the bottom, provided with 
a cup-shaped cavity which, if smeared with tallow or soap, enables samples of material 
to be collef’ied. The lead line consists of a long chain or a hemp or cotton line at the end 
of which IS attached a lead weight. A brass sash chain gives very satisfactory results, with 
cloth tags of various colors for foot marks. Where there is not much current a 6- to 10-lb 
weight will suffice for depths up to 40 ft. 

Methods of Locating Soundings. There are six general methods of locating soundings’ 
fl) The boat is rowed on a range at a uniform rate of speed and the soundings are located 
by time intervals (2i The boat is rowed on a range line and the positions of the soundings 
are “cut in” by a transit angle taken on shore or by an angle taken with a sextant from 
the boa: (3) The boat may or may not be rowed on any definite range, and its position 
IS located by angles taken simultaneously by two transits on shore or by angles taken 
simultaneously to shore point.*? from the boat by means of two sextants. (4) The positions 
of the soundings are lonated by the .stadia method. (5) The positions of the soundings arc- 
defined b>' the intersection of fixed ranges. (6) A ware or line is stretched across a stream 
from shore to .'^hore and soundings are taken at different points along this wire and located 
by niea«?ured distance.s from one end of it 

Locating a Sounding by a Range and an Angle. In still water where there is no difficulty 
in keeping the boat in any desired position soundings may be conveniently located by 
keeping the boat on a range line of known position marked on shore by two objects such 
a.^ range pole.s. and then “cutting m” the position of the leadsman by means of a transit 
angle taken from shore at the instant the sounding is made. The ranges may be fan¬ 
shaped II the pivot point of the system of ranges is some steeple or other object located tsr 
enough back from the shore so that the lines will not diverge too rapidly. The record-'r 
wntca in hi.-i notebook the depth'^ as they are called off by the leadsman and also the 
tiinc-.'5 when th ? soundings are made He al.-o notifies the leadsman by calling out “rjound 
a'ooui 5 sec before each sounding is de-^Jired. The leadsman takes the soundings ao quickly 
as possi'ole. usually within 2 or 3 sec of the desired time When soundings are located by 
two angles taken with transits on shore, soundings are usually taken at 15-, 20-, or 30-sec 
intervals, and a location made each minute by the instrument men at the instant the signal 
is given by the signalman in the boat The chief of party usually acts as signalman and 
directs the work in the boat, and sees that the boat is kept on the ranges (if anj' arc used' 
and that the boat is so propelled as oroperly to cover the area to be sounded. The sigrril 
is given by holding up a flag for about 10 sec and dropping it suddenly the instan* the 
sounding is taken, at w’hich moment the transitmen on shore take angles to the leadsi.ian 
o: to his har.d if visible While, rej, and soinotimo.s black flags are used for signaling. 
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Both the recorder’s and the instrumentmen’s notes should show the colors of the signal 
as well as the time for each located sounding, thus giving two means of identifying the 
angles and the corresponding soundings. This double check is of particular value where 
the lines of soundings are long In tidal waters the tune record is required also as a means 
of reducing the soundings to Mean Low Water or to whatever other datum is used. The 
tide-gage readings and times are recorded throughout the day. 

Where the soundings are taken with a view to obtaining every slight change in the slope 
of the bottom, instead ot taking the soundings at a given interval of time it is desirable to 
take them as frequently as the leadsman can conveniently handle the pole or line. In 
this method the boat is usually rowed on a range and the instrumentmen on shore ‘ cut 
in” only those soundings that are designated by the signalman in the boat The time in 
this case is recorded to the nearest second- As a rule every sixth or eighth sounding is 
located. 

In plotting notes like these where the soundings are quite close together the points 
which were ‘ cut in” are located on the plan and the intermediate readings are interpolated 
between them; the soundings are assumed to be equally spaced between the located 
ones. 

Locating a Sounding by Two Angles from a Boat. A common method of locating sound¬ 
ings when ranges are not used is by taking two angles simultaneously from the boat to 
three signals, or any previously determined points A, B, and C, on shore. This is an ap¬ 
plication of the Three-Point Problem that is frequently used in plane-table work. It is 
essential that the signals or points should be fixed stations; such points as buoys or floats 
will not give satisfactory locations. 

In measuring angles from a boat it is necessary to employ some instrument which does 
not require a steady support like the transit. For this reason the angles are usually taken 
with two sextant.s. These two angles are sufficient to locate the position of the soundings, 
except in the one case where the boat happens to be on the circumference of the circle 
passing through the three signals between which the angles arc measured. 

This method is less frequently employed than the “range and angle” method or the 
“two angles from shore” method, because it often happens that the two angles taken with 
the sextant do not give good intersections; this is especially true when the soundings 
extend far from shore. Furthermore, if the signal happens to be high above the shore, 
and consequently not at the level of the boat, the angle measured will be enough different 
from the horizontal angle to introduce serious error into some parts of the work. 

Use of Sextant The sextant is an instrument adapted to measuring angles in any 
plane. Because it can be used by an observer who is on a moving object, such as a boat, 
it is especially valuable for hydrographic work. It is employed not only for taking angles 
from a boat in locating soundings but is also in common use for making astronomical 
observations which are necessary in determining the latitude, longitude, and time at sea. 
The frame ABI (Fig. 15) is usually of brass, on the under side of which is attached the 
wooden handle D. The index arm IE is pivoted at I, the center of the arc AB, and this 
arm can be swung around / as a center so that the vernier T' can pass from A to B on the 
arc (or limb) and can be set at any position on the arc by means of the clamp C and tan¬ 
gent screw T. At / is a plane glass mirror called the index glass; it is attached rigidly to 
the index arm and perpendicular to the plane of the sextant, its reflecting surface being 
over the pivot about which the index arm revolves. Rigidly attached and perpendicular 
to the frame of the sextant is the plane horizon glass H, the upper half of which is trans¬ 
parent and the lower half is a mirror; this glass is set so that its plane is parallel to the 
index glass when the vernier is set at 0°. The telescope is at F. K and L are colored 
glasses which are hinged so that they can be swung around the pivot into the path of the 
rays of light to protect the eye of the observer in making observations on the sun. 

It should be borne in mind that the angle measured with the sextant is not the hori¬ 
zontal angle, but is the angle lying in a plane defined by the two objects and the eye 
of the observer; th-- objects »ighted should therefore be near the shore level unless the 
sextant is far from shore. 

The vertex of the angle la not a fixed point; it movea farther awa^' from the instrument 
as the angles grow smaller for the lines defining the angle pass from the two objects through 
the center of the mirror I and of the gla-'s H 

The hmb AB is graduated into spaces which are really lialf-degrees, but on account of 
the construction of the instrument each of these is marked as a whole degree, so that the 
scale has an extent of 120°. The graduations are so subdivided that the angles can be 
read in most instruments to 10"; in some of the smaller instruments the vernier reads only 
to half-minutes. In the ordinary sextant the arm is from 5 to 8 in. in length. A pocket 
sextant having an arm about 2 in. long is ver> convenient for reconnaissance surv'eys and 
for filling in the details of more acv,urate suivcvs. 
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To Measure an Angle with the sextant, hold the instrument by its handle in the right 
hand and turn it so that the plane of the sextant coincides with the plane through the 
two objects to be observed, with the telescope on the upper side of the sextant if the angle 
is hcrizontal, or on the left-hand side in the case of a vertical angle Without changing the 
plane of the sextant twist it in the hand =?o as to turn the telescope toward the left-hand 
object and observe it through the upper (iiansparentj portion of the horizon gla.^s. Then, 
holding the instrument as steady as possible, turn the index arm with the left hand until 
the other object appears in the silvered portion of the horizon glass opposite the first point. 



Bring the second point exactly opposite the first one by means of the clamp and tangent 
screw of the index arm. The coincidence of the images should be tested by twisting the 
instrument a little so as to make the reflected image move back and forth across the direct 
image. Read the vernier and apply the index correction. The telescope is not used for 
rapid work such as locating soundings; the sight is simply made through the ring in v/liich 
the telescope fits. 

Echo-Sounding Instruments capable of giving good accuracy in measurement of water 
depths (as shallow as 1 fathom) are now in general use among the larger hydrographic 
surveying organizations. In echo sounding, depths are determined indirectly by measur¬ 
ing with electric equipment the time required for sound waves to travel, from a point 
just under the water surface and near the boat to the tiottom and back again. The sound 
waves are emitted in rapid succession, and the time intervals are automatically recorded 
as depths, in feet, meters, or fathoms, on graph paper as a continuous profile of the bot¬ 
tom. The route of the profile, and position fixes along the profile route, may be deter¬ 
mined by the use of surveying methods previously dessnbed. 


19. STAKE-OUT SURVEYS 

Setting Batter-Boards for a Building. One of the mo.st common tasks of the surveyor 
IS to set the batter-boards for the excavation and construction of the cellar of a new build¬ 
ing. For a brick or stone building the lines to be defined are the outside lines of the build¬ 
ing, and the elevation desired is usually the top of the first floor. For a wooden building 
the line usually given is the outside line of the brick or stone underpinning, and the ele¬ 
vation given is the top of this underpinning on w'hich the sill of the house is to rest. Some¬ 
times the outside line of the sill is desired instead of the outside line of the underpinning. 
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There should be a definite understanding in regard to these points before the work of stak¬ 
ing out is begun. 

The first work is to stake out the location of the building by accurateh' setting tem¬ 
porary stakes at all of the corners of the building—in Fig. 16 at A, B, C, D, E, and F. A 
stake should be set at G also so that the entire work can be checked b}' nieasuiing the di¬ 
agonals AC and BG, and FD and EG. These checks should always be applied where 
possible. Then the posts for the batter-boards are driven into the ground 3 or 4 ft outside 
the Ime of the cellar so that they will not be disturbed 
when the walls are being constructed. On these posts, 
which are usually of 2 x 4-in. scantling, 1-in. boards 
are nailed. These boards are set by the surveyor so l 
that their top edges are level with the grade of the top 
of the underpinning or for whatever other part of the 
building the grades are required. After the batter- 
boards are all in place they should be checked roughly 
bj' sighting across them; they should all appear at the 
same level. Sometimes, however, on account of the 
slope of the ground some of them have to be set a def¬ 
inite number of feet above or below grade. 

Then the lines are to be marked b\' nails driven in 
the top of these batter-boards. The transit is set up , 
on one of the corner stakes of the house at B (Fig. I6i, 
for example, and a sight is taken on C. This line is 
then marked on the batter-board beyond (at g) and 
on the one near the transit (at c). Then a sight is 
taken along BA and this line is produced both ways 
and nails set on the batter-boards at I and d. In a j 
similar manner all of the lines are marked on the 
batters. These points should be marked with nails 
driven in the top-edges of the batter-boards, and there i h § 

should be some lettering on the boards to make clear Fig 10 

which lines have been given. It is well for the sur¬ 
veyor also to show these marks to the builder or inspector and have it clearly understood 
just what parts of the structure these lines and grades govern. See Arts. 6S, 78, and 79 
for other types of stake-out surveys. 

Athletic Grounds 

In the layout of athletic grounds several important things must be kept in mind; (1) 
the orientation, so that the sun will not shine in the eyes of players or the spectators, (2' 
drainage, (3) seating capacity around the grounds, (4) use of the grounds in different 
seasons for many types of sports, and (5) access from suitable automobile parking areas. 
A baseball, football, or tennis ground should be laid out so the afternoon sun will not 
interfere with the players. Few permanent divisions or obstructions should be installed. 
ProYusion should be made for use of temporary but serviceable divisions or markers for 
each season use. Some of the most permanent combinations are a football field inside a 
running track, which, if laid out properly, can serve also for soccer, baseball, football, 
and track meets. 

Running Tracks should be as a rule b’s or ^■'’4 mile in length, because on tracks of these 
lengths a full number of laps (or half laps) are required for the ordinary dashes of 220, 
440, and 880 yd, thus bringing both the start and the finish of the race in front of the 
grandstand A good running track should be not less than 15 ft wide on all portions ex¬ 
cept in front of the grandstand, where it should be mude 20 to 25 ft -wide for use in 100-yd 
dashes, in which race the contestants are usually “bunched.” For these short dashes the 
straightaway portion of the track is usually lengthened beyond the curve so as to allow 
at least 40 ft be.\'ond the finish line. The curves at the ends of an oval field track sliould 
not be sharper than 100-ft radius if it is possible to avoid it. The line for measurement of 
the length of a running track is IS in. from the pole, and in a horse racetrack it is 3 ft 
froin the pole. A good running track can be made in three layers: 8 in. of rock, 2 in. of 
cinders, and 2 in. of 3 parts screened cinders to 2 parts screened clay loam 

A quarter-mile track with curves of 99- to l25-ft radius at its ends on the distance 
measuring line will allow placing a football gridiron inside the oval. The 99-ft radius pro¬ 
vides a 17 b' 2 -ft and the 125-ft radius a 43 1 2-ft strip for turf between the sidelines of the 
football field and the curb line of the running track. Two plans for placing a football 
he'd inside a 1 / 4 -mile track are given in Fig. 17 Extension of the straight courses for the 
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track are A, B, C, and D for the 125-ft radius track and E, F, G, and H for the 99-ft radius. 
One or more of them may be used for starting lengths in the dash races so that the finish 
line will be in front of the grandstand. 8 ome i' 4 -mile tracks are tabulated on page 2-36 
(distances in feet; Measurement of length is 1.5 ft from the track side of the curb. An 
end radius shorter than 99 ft does not provide a wide enough strip between the gridiron 

I 




Home base and batman's boxes 

Fig 18 Baseball diamond, home base, and batman’s boxes. 

and the track, and a radius less than 95 ft is too short for the runners. The best radius 
to use is about 125 ft, as it provides more width and makes the field area more adaptable 
for other games. 

Football Grounds should be 360x 160 ft, and on level ground; the goal lines are 300 ft 
apart, but the goal posts are 360 ft apart. Lines 5 yd apart and parallel to the goal lines 
are laid out to aid m estimating distances made in the plays. The goals are placed in the 
center of the ends of the field: the goal poles are 18 V 2 ft apart, and the horizontal cross 
bar 10 ft above the ground. It is of importance, if a good football field is to be made, to 
screen the surface material through a half-inch screen. Also, the field should be mulched 
to support a good turf. Further details are given in Fig. 17. 

A Baseball Diamond is laid out as shown in Fig. IS. The size of the field itself is limited 
only by the space available, but should be not less than 350 ft square. The regulation 
field must have a batting range of 250 ft along ihe foul line, and preferably should have 
300 ft. Also, there should be no obstruction within 60 ft of the home-plate corner of the 
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diamond, a clear space of 90 ft being preferred; a backstop closer than 60 ft to the home 
plate requires a ground rule and special building for protection of spectators. The ground 
should be as near level as possible; there must not be more than a 15-in. fall from the 




Fig. 19 Tennis courts. 


pitcher’s box to the ba.se lines or to home plate, and the base lines should be level. The 
official junior diamond for boy.s under 16 years is 82 ft square and has a pitching di'stance 
of 50 ft, although younger boj'S frequently use a 75-ft diamond and 45-ft pitching distance, 

iv'ith a batting range of 200-250 ft. 

90'^ The official softball diamond size is 60 ft square, 

With a 43-ft pitching distance. Girls, women, and 
-T- 1 - 1 —I t — i -, , small boys sometime^ use a 45-ft diamond and a 


pitching diff.taiice of 35 ft. 



Tennis Courts are laid out as shown m Fig. 19. An area of 120 x 66 ft i.s about the 
minirnuin for a good tennis court. It should hav'e surface drainage provided by gu’ ling 
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the court on a slight slope (about 6 in. per 100 ft) from the center toward the sides. The 
net posts are placed 3 ft outside the side lines, and are 3.5 ft high; the net should be 3 ft 
high at the center. 

Field Hockey gruund.s aie laid out as shown in Fig 20. The lengtli i.s 270 to 300 ft, but 
the width must h>e not less than 120 ft nor more than 180 ft; always ISO ft, if possible. 



In Lacrosse, as shown in Fig. 21. the field is rectangular, the standard total length being 
330 ft and the standard width ISO to 210 ft. Two pairs of goal posts are set symmetrically 
in the field 240 ft apart. Posts iii each pair aie G ft apart with the cross bar between set 
at a height of 6 ft. 

In Soccer the field is rectangular, not less than 165 ft nor more than 225 ft wide, and 
not less than 300 ft nor more than 360 ft long. The field is marked and goals are located 
as in Fig. 22, 



In Basketball the rectangular court is not less than 42 ft nor more than 50 ft wide and 
not less than 74 ft long. The field is marked and the goals are located as in Fig. 23. Tiie 
two hoops are 18 in. in diameter, and on each one a net is hung. Top of hoop is 10 ft 
above the floor. 

Badminton Courts are rectangular and are laid out as in Fig. 24. The net extends 10 ft 
on eacli side of the central line of the courts and at nght angles to it; it is 5 ft high at the 
center and 5 ft 1 in, at the posts. 
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Fig. 24 Badminton court. 



2-40 


SURVEYING 


In Quoits the rink should be about 80 ft long and 25 ft wide. The pitching distance 
is 54 ft. Sticky pottery clay should be used around each iron pin so that the quoit will 
stay where it lands. 


PROPERTY SURVEYS 1 


By Sol A. Bauer 

For simplification, the term “property surveys’' will be used to define this field, also 
referred to as “land surveys” and “boundary surveys.” Although property surveying is 
based upon the same mathematics, and uses the same instrumentation, as that used in 
engineering surveying, there is the fundamental difference that property surveying re¬ 
quires, in addition, a thorough knowledge of the laws of boundaries and the location of 
the various sources of public records, access to, or ownership of, volun records of 

old feurve\'s; and a knowledge of local history and local customs of prope. irvey prac¬ 
tice, both present and past. 


20. GENERAL PROCEDURE FOR PROPERTY SURVEYS 

Every parcel of land whose boundaries are to be surveyed should be made to conform 
with the recorded title boundaries of such land. The surveyor, prior to making such a 
survey, should acquire all available data, including deeds, maps, certificates of title, street 
center lines, and other boundary-line data in the \’icinity. He should compare and analyze 
all the data he has obtained, and make the most nearly correct theoretical legal de¬ 
termination possible of the position of the boundaries of the parcel in question. He 
should then make a field survey, traversing and connecting all available monuments 
appropriate or necessary for the location, and coordinate the facts of this field survey with 
the predetermined theoretical analysis. After careful adjustment of the various calls of 
the descriptions and titles to actual conditions as obtained in the field, monuments mark¬ 
ing the corners of the parcel in question should be set Since boundary determinations 
are essentially legal problems, and since laws governing such matters varj’ considerably 
in different localities, it is necessary that each boundary survey be given individual study 
in the light of its own complications, and as affected by the laws and statutes of the local¬ 
ity in which the property is situated. 

21. LEGAL ASPECTS OF PROPERTY SURVEYS 

The task of the property surveyor is more often the reestablishment of old boundaries 
rather than the fixing of new ones. In either case a knowledge of the laws of boundaries 
is essential. This subject can be treated in this book only in the briefest terms, and will 
nece^anly be limited to a listing of a few of the more important legal aspects of property 
surveying. The laws of boundaries of the United States are in a large measure based upon 
old English common law, augmented, supplemented, and sometimes contradicted by the 
precedence of innumerable court cases. 

Function of the Land Surveyor. The primary function of the property surveyor is 
that of fact finder. Lnder normal conditions, in resurveys of land, he does not have the 
right to fix disputed boundaries, correct contradictions in deeds, or even interpret the 
legality of situations. Disputes can be settled only by the courts, but voluntary agree¬ 
ments to correct exi.sting errors can be handled by the legal proresses of new conveyances. 
However, the opinions of a practicing property surveyor of good repute often are sufficiently 
regarded, in an entirely extralegal sense, to the extent that his opinion is accepted by title 
companies, other owners, lawyers, and the courts themselv'es. 

Field Notes and Survey Plat. The notes that are the record of the work of the survey^ 
and the plat of survey that constitutes the record of the final result of the survey 
and the opinions of the surveyor, should in all cases be so complete as to indicate fully 
the manner in which the work w’as performed, the degree to which the investigation was 
carried, and the reasons for the opinions favored by th* surve’"jr. 

Right of Entry. The property surveyor ordinarily does not haw the right of ciitrv 
upon properly adjacent to that of his client. Where it is necessary to enter upon aij.t- 
cent lands, greatest care should be main tained to avoio damage to the trespassed iands!^ 

J With grateful acknowledgement to David G Knapp, U. S 'Toast and Geodetic Survey forsu^vs- 
tions on sum-eys using the magnetic needle, and to W H Richards, U S Dureau of Land Management 
for suggestions used in An 2-3,‘-Umted States Pubhc Land Rectangular Surveys ” ' ’ 
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Control of Conflicting Elements. In theory, the problem of the surveyor in a resurvey 
is “to retrace the footsteps of the original surveyor.” Therefore, physical marks left un¬ 
disturbed by the original surveyor tend to have priority over and above the calls of the 
deeds drawn from the original survey. Also, the locations of the original monuments 
become of prime importance in resurveys, and the recorded bearings and distances become 
secondary. However, because of the increased accuracy of modern instrumentation and 
procedures, combined with the relative instability of ordinary monuments, there is a 
growing tendencj’ for courts to give greater weight to course and distance, especially where 
there is clear indication that the work was performed with care and skill sufficient to justify 
the change from the historic preference for physical monumentation. 

Proration. In theory, one of the first steps of the surveyor engaged in a resurvey is to 
calibrate his tape to that of the original survej'or, particularly in resurveys of subdivided 
lands Assuming that a reasonably constant relationship can be determined between the 
length of lines as measured in an original survey with modern remeasurements, it is en¬ 
tirely proper that intermediate points of that survey or subdivision be reestablished by a 
uniform proration of any excesses or shortages that may be found. Except for the rules 
established by the U. S. Bureau of Land Management (formerly General Land Office) 
for the resurvey of the public lands (see Art. 23), proration should be regarded as a method 
of calibration rather than as a general method for the elimination of error or discrepancy 
in measurement. It is generally true that large variations between deeded and actual 
lengths of lines are not properly subject to proration, because such variations ordinarily 
result from erroneous monuments, shifted lines, or mistakes that cannot be adjusted or 
corrected under the theory of calibration and proration. The simplicity of the proration 
method for the distribution of error has often tempted engineers and surveyors to use it 
erroneously, thereby compounding property-survey problems. 

Intent, When land and boundary records are doubtful or contradictory, the surveyor 
must not arbitrarily interpret them in a manner favorable to the interests of his client. 
Instead, he must remain unprejudiced and try to discover, as would all courts of law, the 
original intent, or “the expressed intention of the parties gathered from all parts of the 
instrument . . . and read in the light of existing conditions and circumstances.” ^ Of all 
the general legal principles applicable to property surveying, this is perhaps the most 
important. 

Occupation, The underlying theory of “retracing the footsteps of the original surveyer” 
has given importance to what is ordinarily called “occupation” by surveyors. Occupation 
can be anything from a precisely monumented line to such things as fences, hedgerows, a 
swath of trees, or even the edge of a plowed field. Lacking any other indication of the 
intent of the convej'ance, it sometimes becomes necessary, particularly in rural communi¬ 
ties, to fall back upon such “occupation” as may exist. It should be emphasized, in cases 
of boundary-line determination by occupation, the plat or survey should indicate clearlv 
^hat occupation was the basis of the determination. Also, the careful surveyor will limit 
his responsibility to the statement that such occupation was the best evidence obtainable 
and that, in his opinion, land ownership should correspond with the occupation, at the 
same time carefully explaining the manner in which the occupation differs from the calls 
of the deed descriptions. It is further advisable that the surveyor, if he fails in every 
effort to determine the property line by some more precise method, indicate to the neigh¬ 
boring owners on each side of the line in question, the line that the surveyor plans to 
recommend, and obtain their mutual agreement for his fix of the line. A good method for 
legalizing such an agreement is to get the adjoining owner to sign the plat or suivey, en¬ 
dorsing and agreeing to the lines shown thereon. 

The ease with which occupational boundaries can be located, together with the diffi¬ 
culties encountered in making a thorough search of the records of adjoining properties 
'frequently necessary in ascertaining the true position of a property line), often result in 
the arbitrary and immediate use of occupation, however hazy and ill-founded it may be. 
It ib a fundamental precept of hxiundary law that occupation alone should be used only as a 
last resort, particularly if the occupation is not in agreement with the calls of the deeds. 

Adverse Possession. Adverse possession of another person’s land, when accompanied 
by certain legally prescribed acts and circumstances, may result, through court action, 
in the vesting of title in the name of the possessor. The origin of this form of title acquisi¬ 
tion is found in old English common law. where it resulted from a sociological change, 
marking the end of the feudal svstem of England There are many requirements that 
limit and make difficult the matter of acquiring land in this manner. The mere fact of 
adverse possession does not convey title, transfer of title because of adverse possession 
can be finally effected only by court action. 


1 Penley v Emrnomf. 117 Maine 108, 102 Atl 972. citmj; Perry v Busu-ell, 113 Maine 399, 94 Atl 483. 
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Priority of Deed. The increasing use of title companies, for the purpose of searching 
title and certifying as to the validity of the title to any parcel of land, has brought about 
an increased importance to the calls of the deeds of record. Because title searches are 
based priniarilv on the evidence in recorded, written documents, and are only occasionally 
supplemented by actual ground surveys, the specific calls of the written document have 
become inereasinglv important. It is being increasingly recognized that property suivevs 
should be based mainly on the public records, at the same time recognizing all conditions 
adverse or contracUctorv to the deed of record, and publicly noting any physical variations 
found bv the actual ground survey Conflicts that are the result of faulty records should 
be corrected bv jnoper legal action that will bring the records into agreenient with the 
ac^'epted pln -ical conditions. The surveyor is not legally qualified to change or contra¬ 
dict the recQid document. 

Riparian Rights. Owners of lands fronting upon water courses, lakes, streams, seas, or 
other bodies of water have, under certain conditions, riparian rights, sometimes limited 
to access to and u^e of the body of water, and sometimes e.'Ctending to actual title of the 
land^ in the bed of t^ie body of water The shifting of such bodies of water presents prob¬ 
lems of ownership that are too highly specialized to be discussed herein. It is sufficient 
to state that, in general, there are three types of water-boundary changes; avulsion, ero¬ 
sion. and accretion. Avulsion, in simplest terms, is the change in the area or boundaries 
of a tract caused by a sudden change in the course of a body of water; accretion is the 
slow and almost imperceptible action that causes the land in question to be increased in 
size: and erosion is the slow, almost imperceptible action that causes the land in question 
to bo reduced in .size. 

Legal Descriptions, Land descriptions in deeds, and other legal documents, are called 
legal descriptions, although m their present forms many of them have often become highly 
technical engineering documents. The law recognizes various priorities of control m the 
calls of deeds, but such priorities are occasionally reversed by modern practice. In any 
attempt to determine the position of property lines, a thorough study of all related deeds 
and legal descriptions i.s essential. This study will often include the chain of title, formed 
by the succession of deeds, beginning with the original owner, of whose property the one 
in question was once a part. The adjoining title.s should be studied similarly, and due 
consideration should be given to the priority of the senior title over the junior title out of 
the original owner m common. 

Contradictions. As in most matters of law. the basic theory of property-boundary 
law often is contradicted by specific court decisions, and no conclusions of importance a=' 
to property-line location should be made without a very careful analysis of the facts, 
weighed against the laws of boundaries applicable to the case. It is further to be noted 
that the laws of boundaries often varv from state to state, and it is therefore necessary for 
the surveyor to become familiar with the laws and applicable court decisions ol each 
communitj' in which he operates. 

22. TECHNICAL STANDARDS FOR PROPERTY SURVEYS 

Property surveying has been practiced in the Ignited States since its settlement, but, 
until recently, no nationally established standards for property surveying had been jle- 
veloped. In 1940. after three years of w’ork by several of the leading surveyors through¬ 
out the United State.s, a document entitled “Technical Standards for Property Surveys” 
was approved and adopted by the American Congress on Surveying and Mapping.^ Those 
standards, which establish general principles of practice, rather than detailed procedure'', 
have been subsequently approved by several state and local engineering and survevmg 
societies. 

23. UNITED STATES PUBLIC LAND RECTANGULAR SURVEYS 

That part of the United States acquired by the Federal Government by cession from 
the states, treaty and purchase, now embraced in the States of Alabama. Arizona, Arkan.^a--. 
California, Colorado, Florida, Idaho, Illinois, Indiana. Iowa, Kansas, Louisiana, Michigan. 
Minnesota, Mississippi, Missouri, Montana. Nebraska, Nev'ada, New Mexico, Noith 
Dakota, Oklahoma, Ohio. Oregon, South Dakota, Utah. Washington, Wisconsin. Wyom¬ 
ing and the Territory of Alaska, comprised the original public domain. The rectangular 


1 Copies may he obtained from the American Congre<=« on Sun'cying and Mapping. Box 470. Ben¬ 
jamin Franklin Station. Washington 4, D. C . 
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system of surveys has been extended over this area as the basis for the identification, ad¬ 
ministration, and disposal of the public lands. 

The rectangular system of surveys was inaugurated by the Ordinance of Ma\- 20, 1785, 
of the Continental Congress. Im¬ 
portant constructive modifications 
of the system were made during the 
period from 1785 to 1832. While 
numerous refinements of practice 
and improvements of methods have 
been introduced during subsequent 
years, the basic elements of the sys¬ 
tem are unchanged. The surveys in 
the continental United States are 
largely completed, approximately 
116,000,000 acres remaining unsur¬ 
veyed. mostly in the Pacific Coast 
and Rocky Mountain states. Basic 
legislation provided that: 
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F 1 rsi ■ The public lands shall be divided 
by north and south lines run atcordiuL to 
the true meridian, and by other* erc'^'-ing 
them at right angles, so as to form lown- 
bhips- of SIX miles square, unless where the 
line of an Indian reservation, or of tracts 
of land heretofore surveyed or patented, or the course of navigable rivers* may render this impracticable, 
and m that case this rule must be departed from no further than such particular circunia-tances require 

Second The corners of the tov\nships mu.*t be niaiheJ with progressive numheib from the beginning: 
each distance of a mile between such corners must also be distinctly marked with marks different from 
those of the corners 

Third The township shall be subdivided into sections, containing as nearly as may be, six hundred 
anil forty acres each, by running through the same, each way, jiarallel lines at the end of every two 
miles; and by making a corner on each of such lines at the end of every Riile ^ The sections shall be 
numbered, respectively, beginning with the number one in the northeast section, and proceeding west 
and east alternately through the township with progressive numbers till the thirty-six be completed. 

The following is a general outline of the survey piocedure. 

1. The establishment of independent initial points, each to serve as an origin for surveys 
to be extended from such points. 

2. The survey of principal meridians and base lines originating at the initial points. 

3 The establishment of guide meridians initi¬ 
ated at base lines and of standard parallels initi¬ 
ated at principal meiidiaiia at intervals of 24 
nuleb. (Earlier piactice 30 tu 30 miles > 

4. The subdivision of the 24-miIe quadrangles 
into townships by the establishment of range 
hues as true meridians and township lines as 
east and west lines at intervaU of 6 miles. Tlie 
townships are designated by numbering them 
according to the plan shown in Fig. 25 

5. The subthvision of townships mto 36 sec¬ 
tions by running parallel lines through the town- 
ahips ftom south to north and Irom east to w'est 
at di-'tances of 1 mile, numbered fioin 1 to 36, 
according to the plan shown in Fig. 20. 
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^ Authority for the establislimerit of section hues at intervals of 1 mile was contained in the Act of 
May 10, 1800 (2 Stat 73). and the Act of April 29, 1950 
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The section lines are usually surveyed from south to north and from east to west in 
order to place the excess or deficiency of measurement on the north and west side of the 
tow’nship. The meridional lines usually are run parallel to the east boundary for normal 
distances of 5 miles from the south boundary. The remaining portion of each meridional 
section line is run as a random line, to connect with corners on the northern exterior 
boundary of the township. The east-w’est lines are also run as random lines, connecting 
with previously establiished corners on the meridional section lines, and, for the western 
tier of sections in each township, connecting with corners on the %vestern exterior boundary. 
A random line is always recorded in the field notes and shown on the official plat as a true 
line. Also, when a random line through brush or timber deviates significantly from the 
true ime, a re-run i& made for the purpose of blazing the true line. This plan results in 
25 regular sections containing 640 acres. The sections along the north and w'est bound¬ 
aries are subdivided on a plan which pro\udes for lots to absorb the fractional areas result¬ 
ing from excess or deficiency in measurement and the convergency. 

Meandering. All navigable bodies of water and other important rivers and lakes are 
segregated from the public lands by the traverse of the margin thereof at ordmarj* high- 
water elevation. Such a traverse is termed a meander line. It is a recognized legal prmci- 
pie that meander lines are not boundaries but are run for the purpose of defining the 
sinuosities of the bank or shore line and as a means of ascertaining the quantity of the 
land embraced m the survey. The actual bank or shore is the boundary, and w'hen the 
high-w’ater mark changes gradually, ownership changes with it. 

Corner Monuments. Permanent marking of the lines and corners of the rectangular 
surveys has been accomplished by the use of durable native materials for the corner 
monuments during the period from 17So to 1910. Stone monuments were used when 
available In timbered regions, wood posts w’ere set. In prairie regions, charred stakes, 
stone, charcoal, or distinguishable material were used. In all cases, accessories such a«i 
mounds of stones, pits, bearing trees and objects are established. Since 1910, a standard 
iron post with brass cap for appropriate marking has been used for monumenting the 
public land surveys. 

Resurveys. Under certain conditions Congress has authorized resurveys of the public 
lands. The legislation contemplated that the necessity for retracement and remarking 
lines of the older rectangular surveys should be demonstrated and that all land owners 
and other interested parties should be notified. A resurvey involves the re-running and 
re-marking of the lines of an original survey. In the words of the U. S. Supreme Court 
in the case of Cragin v. Powell (128 U. S. 691); 

The making of resurveys or corrective surveys of townships once proclaimed for sale is always at the 
hazard of interfering with private nghts, and thereby introducing new complications A resurvey, 
properly considered, is but a retracing, with a view to determine and establish lines and boundaries of 
an original survey, 

Where federally owmed lands are involved, the identification and proper monumentation 
of the public land survey lines is often required. The rules of resurvey procedure are in 
harmony with leading court decisions and are intended to protect the valid rights of the 
owners of privately owmed lands as well as to identify' the boundaries of the public lands. 

Field Notes and Plats. The written record of the public land surveys consists of the 
field notes and plats. The preliminary field notes are kept by the engineer or surveyor in 
pocket field tablets. The final field notes are transcribed in standard form and arrange¬ 
ment from the field tablets, and, upon approval by the appropriate supervising officer, 
become the official record. The plat is prepared from the field notes, and in addition to 
showing directions, lengths of lines, and topography, pro'V’ides designation and area for 
all parcels of public land shown thereon. Ordinarily an original survey of public lands 
does not ascertain boundaries; it creates them The running of lines in the field and the 
preparation of the field notes and plat are not in them'selves sufficient to constitute official 
survey'. Such survey does not become official and effective for designation and disposal 
of the public lands until accepted by the Director of the Bureau of Land Management. 

The field notes and plats of the public land survey's are on file m the Bureau of Land 
Management, U. S. Department of the Interior. Photostatic copies of these records may 
be secured from that agency' at established prices The original plats and field notes in 
the following states have been transferred to the state authorities and in nearly all cases 
are filed in the state capitals: Alabama, Arkansas, Florida, Illinois, Indiana, Iowa, Kansas, 
Louisiana, Michigan, Minnesota, Mississippi, Missouri, Nebraska, North Dakota, Ohio, 
Oklahoma, Wisconsin. 

Restoration of Lost Comers and Subdivision of Sections. The sections are not ordi¬ 
narily subdivided in the field in the execution of the public land surveys, the government’s 
function being fulfilled when the section boundary monuments are established and the 



MAGNETIC-COMPASS SURVEYS 


2-45 


official record in the form of field notes and plat prepared and approved. The function of 
the private surveyor or engineer is to identify the sectional subdmsions which have passed 
into private ownership. His work will usually involve the location and recovery of the 
original official corners and the subdivision of the section into fractional units shown upon 
the official plat. 

The general rules controlling the location of patented lands are as follows: 

1. That the boundaries of the public land surv^eys. when approved and accepted, are 
unchangeable. 

2. That the original corners must stand as the true corners which they w’ere intended 
to represent, whether or not in the places shown by the field notes. 

3. That lost or obliterated corners are to be restored to their original locations. 

A lost corner is one whose position cannot be determined. be\'ond reasonable doubt, 
either from traces of the original marker or from acceptable evidence or testimony that 
bears upon the original position, and whose location can be restored only by reference to 
one or more interdependent corners. The restoration of a lost corner is based upon the 
principles of proportionate measurement between the nearest known corners of the orig¬ 
inal survey. This subject is discussed in detail in Chapter V of the Manual of Surveying 
Instructions,^ and in a pamphlet entitled Restoration of Lost or Obliterated Corners and 
Subdivision of Sections.^ 

The method to be followed m the subdivision of a section into quarter sections is to run 
straight lines from the estabJi.shed quarter-section corners to the opposite quarter-section 
corners; the point of intersection of the lines thus run will be the corner common to the 
several quarter sections or the legal center of the section. 

Preliminary to the subdivision of quarter sections, the quarter-quarter- or sixteenth- 
section corners will be established at points midway between the section and quarter- 
section corners, and between the quarter-section corners and the center of the section, 
except on the last half mile of the lines closing on township boundaries, where thev should 
be placed at 20 chains, proportionate measurement, counting from the regular quarter- 
section corner. 

The quarter-quarter- or sixteenth-section corners having been established as directed 
above, the center lines of the quarter section will be run straight between opposite corre¬ 
sponding quarter-quarter- or sixteenth-section corners on the quarter-section boundaries. 
The intersection of the lines thus run will determine the legal center of a quarter section. 

In applying the rules for the subdivision of sections when the lands are in private owner¬ 
ship, the surveyor or engineer should keep in mind that disputes over land boundaries must 
come before the local courts unless settled by agreement between the parties. The laws 
of the state and the decisions of its courts must be considered, particularly in matters of 
agreement between adjoining owners, acquiescence, and adverse possession. 


24. MAGNETIC-COMPASS SURVEYS 

Surveys with the magnetic compass, or with the compass needle of a transit, do not meet 
modern survey standards; they are included in this chapter primarily for an understanding 
of the proper use of compa.ss bearings in making retracement surveys of old compass sur¬ 
veys. Magnetic-needle bearings are read only to the nearest quarter of a degree, any 
attempt at higher precision being \ntiated by the daily variation. In many places, the 
local irregularities in magnetic declination cause further discrepancies. 

In re-running old lines, the recorded compass bearing theoreticalh' must be modified 
by the amount of secular change in declination that has taken place since the bearings 
were first determined. Tables of secular change are issued regularly by the U. S. Coast 
and Geodetic Survey. The tables extend back to colonial times throughout the United 
States. However, tlie difficulty of determining the date of the original compass oliserva- 
tion, the unknown quantities of that observation (its accuracy, its application to the 
particular line, the ^kili of the observer, etc.), in addition to the fact that many so-called 
compass bearings in early deeds were often merely assumed beanng.s and often merely 
carried over from earlier or neighboring deeds of equally questionable origin—all these 
factors limit the strict application of the theory of magnetic variations listed above. 
The surest method of reestablishing old lines with compa.ss bearings is to observe one or 
more well-defined lines of the old survey, and calculate from those observations the change 


2 Originally prepared by Bureau of Land Management, available from Superintendent of Docu¬ 
ments. Government Pnntmg Office. Washington 25. D C Also available is a pamphlet called Specific 
cation3 for Descriptions of Tracts of Lands for Use in Executive Orders and Proclamations 
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of bearing due to the various factors of change, always bearing in mind that an angular 
accuracy of a quarter of a degree is probably the best that can be expected of old compass 
readings. 


25. TRANSIT AND TAPE TRAVERSE 


The transii-and-tape method is ordinarily used for measurement of traverses in property 
surveys A traverse may run from one pair of fixed geodetic (or control) monuments to 
another pair of fixed control monuments, which type of traverse will herein be called a 
“position closure”, or the traverse may run from some point of beginning, in a closed cir¬ 
cuit back to the same point of beginning, which t\'pe of traverse will herein be called a 
‘‘loop closure,” 
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Those figures connected \^ith dotted hues are multiplied and accumulated negatively. 

The total of positive and negative atcuruulaticas equals twice the area of the figure 
This entire calculation can be performed on modern automatic calculators requiring only 
the recording of the final result. 


2.4 = 219339 Si sq ft 
*4 = 109670 sq ft 

Fig. 27. (Continued). 


Angles, Position Closure. In position closures, the coordinates of geodetic control 
monuments and the azimuths between them are held fixed in accordance with the records 
of the control surv'ey. Angular observations are begun from the fir^t pair of control monu¬ 
ments, and each angle between the first pair of the control monuments and the final pair 
of control monuments is observed by transit readings, repeated a sufficient number of 
times to insure accuracies within the limits of the specifications foi the work. A minimum 
angular obaervation with any instrument should consist of one reading with the telescope 
in a direct position, and one reading with the telescope in an inverted position, the mean 
of the two readings being used for the value of the angle, unle>3the mean differs from the 
first reading so much as to indicate a mistake in either reading. 

The observed angles are added to (or subtracted from, as the case may be) the azimuth 
of the first pair of control monuments. The difference between the azimuth so calculated 
for the final pair of control monuments and the fixed azimuth of that pair of control 
monuments is the total angular error of the trav’erse. That total error divided by the 
number of angles observed is the correction per angle to be applied for angular adjustment 
of the traverse, before final adjustment. (See sample calculation, Fig 28 ^ This equal 
distribution of angular error assumes a uniform condition of observation. It i*^ advisable 
to rondu t field observations so as to keep all observations of uniform con.dstency. In 
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(Record) 

1499123 N C N89*02'43'E181S10 ^ 


982J49E 

(Reo^) 




a 



Assume lines C-D and F-E and points C, D, F, and E are fixed by geodetic or 
other good control. 


Observed Bearings 
Cb NS9°02'43''E record 
CB S0'0'17"E calc. 

3A S12‘=19'47''E calc. 

.-iF X61°39'43"E calc 
oj- ( X52'’48'33^E calc. 

^ } No2'49'0S*’E record 

Angular error — ^ 


Corrections Ad;. Bearings 

NS9=02'43"E 

- 9^ S0’0'0S"E 

-IS' Sl2=iy'29"E 

-f26" .\6r40'09'E 

4-35" N52=49'08"E 


= 8 8" per angle 


Correction is clockwise, i.e., NE and SW = -r 
N\V and SE = — 



N E 


c 




1499.123 

982.349 record 

CB 

S0°O'0S'£ 

41S IS 

1.0000000 0.0000388 

-418 ISO 

-r0.0l6 

B 



^080.943 

982.365 

BA 


^2 82 

0 9769536 0 2134519 

-80 911 

+ 17 678 

A 



1000 032 

1000.043 

AF 

N61“40'09"E 

117.70 

0.4745620 0.8802221 

-55.S56 

-103.602 

F 

_ 


1055 888 

1103.645 



818 70 


1055.848 

1103.596 record 





0.040 

9.049 




f \/So«'+ 0049* 

= 0.0633 




Error of closure ■; 0 0633 _ 1 






1618.70 9.770 






Lat. Adj. 

Dep. Adj. 





0040 _ 0 00647 

0 049 _ 0.00792 





619 “ 100 

619 100 




X4.18 

« -0 027 

= -0 033 




X5.01 

= -0 032 

= -0 040 




X6.19 

= -4 040 

= -0.049 



Noie: In the above calculations only the figures in bold type would have to be calculated if modern automatic calculating 
machines are used. The individual latitudes and departures reinam inside the machine where they are algebraically added, to 
give the resulting coordinates. 

.adjusted Closure 



N 

E 


Lai. Dep. tan a == 

dep. 

lat. 

a 

COB 

sin 

Length 

c 

1499 123 

982.349 

record 







CB 




-418 207 - 0.017 0.0000406 

O'WOS' 

1.0000000 

0.0000388 

418.207 

B 

1080.916 

983.332 

calc. 







BA 




- 80 916 + 17 671 0.2183869 

12"i9'09' 

0 9769743 

0.2133572 

82 823 

A 

1000.000 

1000.003 

calc. 





0.8802313 


AF 




+ 55 848 +103.693 1.8549097 

ei“40'13" 

0 4745449 

117.688 

F 

1055.848 

1103.596 

calc, and 










rec. 

Check Closure 










N 


E 






C 


1499.123 


982.349 record 





CB S0‘’0'08"W 

418.207 








B 


1080 916 


983 333 






BA S12‘ 

’19'09"E 

82.823 








.4 


1000.000 


1000.004 






AF N6r40'13"E 

117.688 








F 


1055.848 


1103.596 calc, and record 



(See above for functions) 

Nate: Above calculation indicates full calculation when performed on modern automatic calculating machine. Individual 
latitudes and departures remain inside of the macbme where they are algebraically added to give the resulting coordinates. 


Fig 28 Samr*le calculation, position closure 
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angular observations, field conditions often limit the length of some of the sights. Where 
one course of a traverse, for example, is one-half the length of the other courses in the 
traverse, it is proper to give the angle or angles affected by the short sight twice the 
correction of the other angles. 

Angies, Loop Closure. In loop closure, all angles are similarly observed, and the angular 
closure is distributed as described above for position closure. In a closed loop the sura 
of the angles mathematically should equal 180° multiplied by {n — where n is the num¬ 
ber of sides in the loop. 

Horizontal Distances. Horizontal distances between all angle points are measured 
generally by steel tape. Usual practice is to measure e tch line between successive angle 
points separately, though railroad and highway surveys often carry a continuous measure¬ 
ment throughout the traverse, the length of any single course being obtamed by subtract¬ 
ing the station values of the angle points. 

Accuracies. Angular and linear measurements should be approximately equal in 
accuracy. Since high precisions require greater care and more time, it is often found that, 
in rural and sparsely developed communities, low orders of surveying accuracies are com¬ 
mon. The rapid change of land values from low to high, chat is characteristic of American 
communities, has demonstrated the danger of calibratmg survej’ing precisions according 
to the apparent land value of the moment. The “Technical Standards for Property 
Surveys” (see footnote 1, Art. 22) recommends a minimum traverse accuracy (closure) 
of 1/10,000 for any survey involving the conveyance of land or the determination of 
boundaries. An even higher order of accuracy may be ad\'isable in city areas. 

Commensurate with such precision, angles should be observed to an accuracy of at least 
±20"; this precision generally requires four to six repetitions of each angle with the 
ordinary 1' American transit. The same precision can generally be obtained with from 
two to four repetitions with optical theodolites which read to 0.1' by estimation. In gen¬ 
eral, with a 1' transit, the mean of angles observed six times should fall within 30" of the 
first reading. Optical theodolites reading to 0 T. and using four repetitions, will generally 
show a mean varying not over iO" from the first reading. 

Consistent linear accuracy requires alignment of the tape ends within approximately 6 
in. of the straight line, both horizontally and vertically Linear distances should always 
be corrected for temperature (to the nearest 2°), honzontalness in the event of inclined 
measurements, and absolute length. If the tape has been calibrated, absolute length can 
be obtained by calculating and using the tape at a tension that would theoreticallj’ bring 
it to its proper length. 

It is to be remembered that, because of the behavior of compensating errors, no one 
traverse closure, whether position closure or loop closure, is by itself a true indication of 
accuracy. The theory of probability indicates that, at any fixed precision, closures of 
more than double the true accuracy will occur in about 2h% of the cases, and closures of 
less than half the true accuracy in approximately 18% of the cases. It is further to be 
remembered that loop closure is merely a measure of consistency of work rather than a 
measure of true accuracy, unless care has been taken to elimmate the various accumuiatiiig 
errors. Only an instrumental and procedural method that has been sufficiently tested to 
guarantee a specific accuracy can be relied upon for true accuracy. 

Adjustment of Traverse. For both position and loop closure, the angular error is first 
distributed as described above. The traverse is then closed by calculation, using the 
latitude and departure method. (The latitude of the course equals the distance tunes the 
cosine of the bearing: the departure is the distance times the sine of the bearing.) Where 
control monuments are available, the plane coordinate's oi the angle points should be 
computed. The original calculations of a traverse will invariably disclose some error of 
closure, which is best adjusted in accordance with the so-called “compass rule,” wherein 
the errors of both latitude and departure are distributed to the individual courses ac¬ 
cording to the ratio of individual course length to the total length of the traverse. 

Calculations of traverses may, of course, be made by the use of logarithms and loga¬ 
rithmic functions. Preferred practice, however, because of the faster speed, is to use mod¬ 
ern calculating inacliines, with natural seven-place or eight-place trigonometric func¬ 
tions.^ Such examples of calculations as are herein sho^n (Fig. 27 and 28) are assumed to 
have been made in this manner. 

After distribution of the latitude and departure errors, the adjusted bearing and 
distance of each course are calculated from the adjusted latitudes and departures. As a 
final check, it is advisable to recalculate the traverse, using the adjusted bearings and 
distances, to insure that both latitude and departure errors of closure have been eliminated 


^ The U S Coast and Geodetic Survey has complied a table of natural sines and cosines to eight 
decimal places, known as Specx(d Publication 231 This is for sale by the Superintendent of Documents, 
U. S Governiiient Printing Office, Washington. D C. 
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(see Figs. 27 and 28). The length of each course can be calculated cither by dividing the 
adjusted latitude by the cosine of the adjusted bearing, or by dividing the adjusted de¬ 
parture by the sine of the adju^Tcd bearing It should be noted, however, that greater 
accura^v will re.'ult hy dividing whichever value i.< the larger by its respective function, 
since this results in the ereate.'^t number of sigmhcant figures being used 

The problem of adyasting two or more interlocking loop closures that are not tied to 
control monuments is frequently encountered. It has been found that mo^t conMSten: 
result- are usually obtained h\ adjimiing the several loiips in the order of the aize of then 
respective errors of closure In other words, naviiig three connected loop closure:^, witn 
calculated errnr- ot ciosuie of, 1 lO.OOtt. 1 lo.OdO, and 1’20.0U0, the loop having the 
large-t error of clo-ure 1 10,000. m fir-t adju.sted as described above. Its bearing-, dis¬ 
tance-. and ' ooidnmtes are then considered fixed, and the closures of adjacent loops are 
recomputed a- po-ui"n clo-uro- I'sing tne recomputed closures, the remaining loopa are 
reevaluated the one having the larger error of closure is adjusted next, and the bearing- 
and distances of its courses are then held fixed while the closures of any adjacent loops are 
recalculated, and so on This method will tend to result m an etjualizing of each successive 
cloMire. but in no case should the adjustment result in any loop bemg reduced m accuracy- 
to an amount below that which is acceptable for tlie work. 


26. AREAS OF TRACTS 

Double Meridian Distance Method. Assuming that calculated latitudes and departures 
are available, a convenient method of computing the area enclosed by the traverse loop 
I'i by the double meridian distances. The double meridian distance is the sum of the 
departuie- of the two ends ot each course of the Traverse. Beginning with the most west- 
eriv point of the traverse, the double meridian di-.tance of the first clockwUe course from 
tiiat point is equal to its departure The double meridian distances of other courses equal 
tl.^' ilouble meridian disi.tnce of the preceding course, plus the departure of the preceding 
Connie, plus the departure of the course itself The double meridian di.stance of the la-t 
course should be numerically equal to the departure of the last course. It must be borne 
ir, mind that, in calculating double meridian distances with the traverse courses taken in a 
clockwise direction, cast departures are positive, and west negative. All double meridian 
distances are considered positive. 

Xext. muitiplv the latitude of each course by its corresponding double meridian dis¬ 
tance, thereby obtaining a senes of north products and south products. The difference 
between the summation of the north product> and the south products is double the area 
of the tract (8ee .sample calculation. Fig 27 ^ 

Crisscross Multiplication Method. Another method of calculating areas that is con¬ 
venient when automatic calculating machines are available, and when the plane coordi¬ 
nates for the angle points of the traverse are available, is known as the “crisscross” method 
ol multiplication. In this method, the north coordinate of a beginning point is multiplied 
by the ea-t coordinate of the next clockw'ise angle point. To that is added positively the 
products of oacli successive northing coordinate, with its following easting coordinate, 
until the point of beginning has been reached Then the northing coordinate of the be¬ 
ginning point is multiplied negatively with the easting coordinate of the next angle point 
ir a counterclockwise motion, and so on, negatively, back again to the point of beginning. 
The result, which i- the difference obtained by subtracting the total of the negative re¬ 
sults Irorn the total of the positive results, is the double area of the tract. The advantage 
of this system lies m the fact that the entire calculation can remain inside the computing 
inauhine with no tabulation nece-sary—until the final answer. If a diagram showing ad- 
jusTC'l corirdmates is used, the procedure can be followed directly from the diagram, with¬ 
out 'he tabulation of the coordinates. Its disadvantage arises from the lengthy senes of 
multiphcations. all of which muM be correctly made or the entire process must be repeated. 
In the sample calculation given herein. Fig. 27 coordinates connected with the heaYy,' lines 
are multiplied and added positively, while those connected with the dotted lines are multi¬ 
plied and added negatively, resulting in the double area. 

Areas by Planimeter. Areas can also be deternuued with relatively good precision by 
the use of planimeters. 

Accuracy of Area Calculation. In all calculations of areas, it is to be remenibeied that 
the resultant area is accurate only to the same number of significant figures us there are 
in the shortest side of the tract. 

RtSiq 
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27. USE OF STATE PLANE COORDINATES 

The permanence of marks or monuments of land boundaries, the finding of such monu¬ 
ments, the replacing of them when they have been moved or destroj’ed are serious matters 
to all surveyors and owners of land. No monument has j-et been de\dsed which is not sub¬ 
ject to movement or destruction by the elements or the works of man. Permanence of 
position of a latid corner can be assured (if the survey work meets prescribed standards 
of accuracy) by relating that position to the positions of many other monuments by 
mathematical means, so that, unless all are sunultaneousiy destroj'ed, those which remain 
may be used to recover and reestablish the missing points. Such correlation of survey- 
monuments is of particular advantage in those areas which were not originally suhlivided 
by the United Slates public land surveys. The geodetic control surveys of tlie U. S. 
Government form a convenient and dependable local ctintrol survey into which the sur¬ 
veyor can tie his property survej's, thereby automatically establishing mathematically 
fixed relationships between all surveys in the region. 

The state plane coordmate systems de\'ised by the U. S. Coast and Geodetic Survey 
provide a plane-survey procedure for the mathematical location and description of land 
corners and boundaries. Information on simplified formulas for converting state plane 
coordinates into geographical coordmates, and vice versa, as well as data on the tnangula- 
tion control available within any state or region, are available in official government pub¬ 
lications.^ As of 1950, 24 states had adopted enabling legislation permitting the use of 
stale plane coordinates for property description purposes. 


GEODESY AND CONTROL SURVEYS 


By Lansing G. Simmons 


Geodesy is the science that deals with the determination of the size and the shape of the 
earth. Theoretical geodesy is a complex subject and has no direct bearing on engineering. 
The engineer is concerned, however, with geodetic control surve\dng, which might be 
considered a branch of geodesy. The principal differe.nce between geodetic control >ur- 
veying and precise plane surveying is that account must be taken of the curved surface 
of the earth in calculating geodetic survey observations. Geodetic .survey's include tri- 
angulation. traverse, astronomic observations, spirit leveling, and trigonometric leveling. 
These are the basis of country-wide mapping and large-scale engineering construction 
projects. Geodetic survey methods are used m controlling and laying out large projects 
such as dams and reservoir areas, bridges, tunnels, and city surveys. On local projects 
of this type the curvature of the eartli may be neglected, and the tnaiigulation and tra¬ 
verse surveys may be computed on a local plane-coordinate sj'stem, or preferably, m the 
United States, on the official state sj'Stem of plane coordinates. 

Geodetic triangulation and traverse surveys are graded according to accuracies iu 
accordance with the criteria listed below: 


Accuracy 


^Maximum 
-\verage 
Triangle 
Closure, sec. 


Maximum 
Linear 
Closure 
Expressed 
us Ratio 


First order 
^Second order 
Third order 
Fourth order 


1 0 1.25.000 

3.0 1.10 000 

5.0 1:5,000 

.Anything lower than third order 


In trianaulation one form of linear closure is the di'^crepancy between the length of a 
triangle side as computed from a ba-^e length through a chain of triangle'^, and the meas¬ 
ured Imgth of that side, tins being determinable <»rily when there are two base lines or 
known length^ in the tnangulation system. Anotlier form of linear closure m triangula- 
tion is the discrepancy between the computed po.suion and the fixed position of a tie sta¬ 
tion of established trianciilation that is of equal oi higher order; or, similarly, it may be 
the position closure developed in a loop of tnangulation. In traverse the clo'Ure is the 
h^-])Otenu'e of the lantiule and departure elosures. 


i Available from L' S Coast and Geodetic Survey, Wa^hmston 25, D C For information on use 
of state plane coordinate .systems, Nee U S Coast and Geodetic Survey Special Publication 235, on the 
state plane coordinate systems 
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28. GENERAL PROCEDURE FOR TRIANGULATION 

Triangulation is a series of connected, and sometimes overlapping, triangles. At least 
two of the angles of each triangle must be measured with utmost precision by transit or 
theodolite. It is preferable to measure all three angles of each triangle whenever possible, 
as this proTudes a check on the accuracy of the angle measurements, and permits the 
three angles to be adjusted to equal exactly 180° for each triangle. The length of one of 
the triangle sides must be known, and the lengths of all other triangle sides of the scheme 
are then computed by the sine formula. The known length may be either a newly meas¬ 
ured base Une, or it maj’ be one of the triangle sides of a pre^nous tnangulation scheme 
which is tied in and used as one of the triangle sides of the new survey. 

The successive steps in a triangulation survey are (1) a reconnaissance, for the purpose 
of determining the location of the vertices (stations) of the triangles and the location of 
the base lines; (2) measurement of the base lines; (3) measurement of the angles at each 
station; ^4) adjustment of the triangle closures; (5) computation of the azimuth and 
length of each triangle side; and (6) computation of the latitude and departure of each 
triangle side, and the plane coordmates of each triangulation station. 

Before starting a triangulation survey in the United States, inquiry should be made of 
federal and state agencies regarding the possibility of existing geodetic triangulation in 
the area Information on federal control surveys can be obtained from either the U. S. 
Coast and Geodetic Survey or the Map Information Office of the U. S. Geological Survey, 
both at Washington, D. C. Although government triangulation stations and lines may 
not be suitable m every case for use as base lengths, they will usually be helpful in supply¬ 
ing a starting azimuth and a state plane-coordinate position 


2S. TRIANGULATION RECONNAISSANCE 

Tne purpose of the reconnaissance is to determine the location of the vertices of the tri¬ 
angles, or triangulation stations. In selectmg triangulation stations, consideration must 
be given to the intervisibility of the lines over which observations are to be made; accessi¬ 
bility and strategic location of the station sites for best ser\dng the project at hand; the 
strength of the angles that will be used in computing the lengths of the triangle sides; and 
the heights of any observation towers or elevated signals that may be needed. If there is 
no suitable government triangulation in the area, it will be necessary to provide a base 
line in the new scheme. The best base-line sites are usually along railroad or highway 
tangents. In the absence of either it may be necessary to select a site across open and 
fairly flat ground. Astronomic azimuths, ■when necessary", are generally observed over 
the base line. 

A generalized outline of the triangulation scheme should first be plotted on the best 
available map of the area. A field inspection must then be made in order to determine a 
final location for each triangulation station. It is sometimes necessary to revise the 
scheme several times in order to find a system of stations that will give strong triangles 
and at the same time not require excessively high observing towers or sighting signals. 
In determining signal heights for short lines, only the intervening obstructions, such as 
buildings, trees, and ridges, need be considered; but for long lines the effect; of the curva¬ 
ture of the earth must also be considered. The reconnaissance engineer must also guard 
against selecting lines passing near smokestacks or other heated obstacles, including large 
structures and hillsides which may produce differences of temperature. Such lines of sight 
may be subject to unusual horizontal refraction, w'hich could be the cause of errors in the 
angle measurements, and hence produce large triangle closures. 

The reconnaissance problems are greatly reduced in cleared, hilly country, where all 
lines may be tested by actually sighting over them. It is m gently rolling and timbered 
country where ingenuity and perseverance will be required if the best triangulation scheme 
is to be found. Great economy can result from a well-planned reconnaissance survey 
therefore the engineer performing this work should be thoroughly familiar with all phases 
of triangulation. 


30. STRENGTH OF FIGURE 

It is also necessary- that the final scheme be made vp of strongly shaped triangles. In 
computing the length of an unknown side in a triangle the two angles that are used (one 
opposite the knowm side, the other opposite the unknown side) are called the distance 
angles. Where these angles are near 90°, the length computation is mathematically very 
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strong, as the sine of such an angle changes very slowly. Conversely, when the distance 
angles approach 0° or 180° the length computation is very weak, as the sine then changes 
rapidly. As a general rule, therefore, the angles of the triangles should be within the 
range of 30° to 150°, The ideal scheme of triangles for an area would be made up of nearly 
equilateral triangles, with aU angles bemg approximately 60°. 

In addition, it is desirable to have a scheme of triangles that will make it possible to 
compute the length of each triangle side by two or more different routes, or chains of tri¬ 
angles, from the original base length. This usually maj- be accomplished by observing 
extra diagonal sights, or by adding a few extra stations, as illustrated in Figs. 29 and 30. 
Figure 29 shows a scheme of simple triangles m which there can be no independent check 
on the computed lengths of the sides funless an additional base length is provided, as at 



line FG]. In Fig. 30, however, the diagonal sight AD and the new stations H and /, with 
new sights BH, CH, DH, AJ, FJ. and GJ. piovide a scheme in which all lengths can be 
computed through two independent sets of distance angles. It is obvious that the scheme 
illustrated in Fig. 30 is much stronger mathematically than that in Fig. 29. The figure of 
four triangles bounded by stations A, B. D, and E in Fig. 30 is known as a quadrilateral. 
The figure of four triangles bounded Dy stations A, B. F, and new unoccupied station / 
is a four-sided central-point figure (which is not as strong a.s wlien the angles at station J 
are measured). The figure bounded by stations B, C\ and D. with new station H in its 
interior, is called a three-sided central-point figure. 

When several different arrangements of stations and observable sights are practical, 
the scheme of triangles that wdl result in the mathematically strongest lengths should 
usually be adopted. The comparison o: the strength of one set of distance angles with 
another through a triangulation scheme can be reduced to a mathematical basis by use of 
the formula (or table) known as the strength-of-figure formula. Full details on the use 
of the strength-of-figure formula, and comparisons, are available in any standard text on 
geodesy. 


31. TRL4NGULATION BASE LINES 

At least two tapes, preferably three. shouM be used in base measurement. These should 
be standardized for length and coefficient of expansion by the National Bureau of Stand¬ 
ards, or carefully compared with a tape so standardized. To insure utmo.st accuracy, the 
tapes should be standardized in the te,<ting laboratory under the same conditions of ten¬ 
sion and support as will be employed in the held. Geodetic base tapes are usually 50 m long 
and made of a nickel and steel alloy, such as Invar oi Lovar, which has a low coefficient 
of expansion in comparison with steel. Tins reduces errois resulting from poor tempera¬ 
ture determination. Gnod-quaUty steel tape.- cf either the 50-ni length or 100-ft length 
will be .satisfactory for rnan.i' local trianguiation -urvei-s, particularl.i' if used on cloudy 
days or at night when the determination of the tape’s temperature will be more reliable. 
A special tape-stretching apparatus, including a spring balance, is employed to bring the 
tape to the standard tension during the measurement 

For bases measured over open groun i or alone the side of a highwa.v, the first operation 
is to drive 2 x 4-in. stakes, at t.ipe-leiietli intervals, obtaining alignment by transit. If 
taping stakes are not convenient, portable taping tripods ma.v be used instead. The 
stakes (or tripods) are used a.s supports for the ends of the tape, and for marking the tape- 
end locations. In taping over stakes or tripods, the middle of the tape is supported on line 
and grade by a nail driven horizontally into a stake, or bj- some adjustable device carried 
by the middle tapeman. Stakes are not nece.ssary when tlie base is measured along a rail 
or pavement surface, but care must be taken to eliminate friction between tape and rail. 

A base-taping party ordinarily consists of six men- one each for the rear and forward 
tape stretcher, one each for the rear and forward tape contact, one to tend the support at 
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the middle of the tape, and one to record. A smooth marking surface, such as a copper 
strip, should be fixed on the top of each stake or tripod. After tension is applied (usually 
20 lb for a 100-ft tape and 33 lb for a oO-m tape) the zero mark of the tape is brought into 
comcidenoe with the starting point or contact mark on the rear stake, and a fine scribe 
is made opposite the mark at the forward end of the tape. Two calibrated thermometers, 
one being tied to the tape about 1 m from each end graduation, are read and recorded for 
each tape length The base line should be divided by semipermanent marks into sections- 
from h 2 to 1 mile in length, and each section should be measured twice, once forward and once 
backward, using a different tape for each measurement. In first-order work the two 
measurements over each section should agree within about 1:100,000, and the totals of 
the forward and backward measurements over the whole base should agree w'ithin about 
1:300,000 The tolerances lor second- and third-order base lines are about two and tiiree 
times, respectively, those for first-order work. 

When the base cannot be laid out in one straight line, the angle stations must be occu¬ 
pied with a theodolite, and the angles should be measured with about second-order-tn- 
angulation accuracy (see Art. 32, “Tnangulation Angles”). When the end of a measured 
base line along a highway or railroad is not suitable as an angle observing station, the 
true station is established at an approximate right-angle offset a shoit distance from the 
end of the measured Imt. It will then be satisfactory to use a transit for measuring the 
offset angle, and an ordinary steel tape for mea^uring the offset distance. 

An elevation must be taken on each tape support m order to provide elevation differ¬ 
ences for reducing the slope measurements to horizontal. An ordinary v,-\'e or dumpy 
level, or a transit equipped with a spirit level, will give sufficient accuracy for this pur¬ 
pose, provided that the grades are low. In no case should the grade exceed 10% if first- 
order results are sought. 

In calculating the base line, the measured lengths must be corrected for slope, tempera¬ 
ture, length of tape, and reduction to sea level. For all practical purposes these correc¬ 
tions may be computed as follows. 

Slope correction — —d^/2l 

where d = difference of elevation of the tape ends and I * length of tape. 

Temperature correction =* -rCl{t — ta) 

where C = coefficient of expansion of the tape, I = the length, i == the mean temperature, 
and to = the temperature of standardization. 

The correction for the length of the tape is the difference between its nominal length 
(e.g.. 50 m or 100 ft) and its actual length at standard temperature as determined by 
standardization under the same conditions of tension and support as used m the field- 
This eliminates the need for sag and tension corrections. 

In geodetic surveying all horizontal d^tarices are assumed to be on the spheroid at sea 
level; hence all distances measured above (or below) sea level must be projected to the sea- 
level datum. This correction = —Sih/r). where S is the length of base at the mean eleva¬ 
tion h. and r is the mean radius of curvature of the earth, which may be taken as 20,900,000 
ft or 6,370,000 m. 

All these corrections can be easily computed with a slide rule, or taken from tables 
appearing in many textbooks on surveying. The accompanying sample computation in¬ 
cludes all necessary corrections: 


Computation of Base Section 


Tape Lengths 

Tape Readings, ft 

Diff. Elev., ft 

Slope Corr., ft 

Temp., 

N.B.-i 

100 

0.52 

0.001 

77 

1-2 

100 

1.44 

0.010 

75 

2-3 

100 

2.60 

0 034 

76 

3-4 

100 

0 91 

0 004 

78 

4-5 

100 

i 24 

0.007 

78 

5-6 

100 

3.71 

0 068 

80 

t)-7 

100 

0.82 

0.003 

79 

7-8 

100 

4.29 

0 092 

79 

8-9 

100 

1.20 

0.007 

80 

9-10 

100 

2 45 

0.030 

80 

10-A 

2.767 

0.00 

0 000 



1002.767 


0.256 Sum 

78.2 Mean 


Length of tape at std. temp, of 68°F = 99.9943 

Tape corr. = — 0 0057 per 100 ft 
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Reduction, North Base to A 
Feet 

1.002 767 

-0 057 = iO 03 X -0 0057 
-0 256 

-!-0 066 = 0 00000645 X -f 10.2 X 1003 

-0 042 = { __'N X 1003 

\20,900.000/ 

Reduced length 1 002 476 

If the ba^e contains angle points, each straight portion should be projected onto the line 
joining the base terminal stations hy niuitiplying its length by the cosine of the angle it 
makes ^uth that line. All angles should De measured and the loop closure distributed 
equalh- among the angles 

32. TRIANGULATION ANGLES 

The angles of a triangulation scheme iaa\' be measured with either a good transit or a 
theodolite, depending upon the accuracy sought. A theodolite is essentially of the same 
design as a transit, but has a more accurately divided circle, microscopes for reading the 
circle, and a more powerful telescope. A theodolite is generally* employed for first- and 
second-order tnanguiation. in which the average triangle closure is kept within 1 and 3 
sec respectively. Either a 1 ran 5 .it or theodolite ma>- be used on third-order (average triangle 
closuie of d sec or les^; or iowor-accuracy triangulatiun. 

A direction theodolite can be read moie accurately than it can be pointed, therefore 
repetition of the angles for the purpose of more precise readings of the circle is not neces¬ 
sary, and no lower motion is provided The circle may be turned about the vertical axis, 
by hand, independently from the alidade. A trip jd may or may not be available. If not. 
a speciallj* constructed tripod built at each station 15 used to support the instrument. 
Where the theodolite must be elevated in order tu obtain a clear line of sight, the sup¬ 
porting tripod—usually 01 2 x 4-in lumber witti 1 x 4-in. bracing—should be independent 
of the scaffolding supporting the observer 

The transit or repeating theodolite should have a vernier reading to lO" or 20^^. Third- 
order work can be attained with a 30" transit and first- or second-order work can be at¬ 
tained with a lO" transit, provided that a sufficient number of repetitions are made on 
properly designed signal targets. 

The design of the targets or signals upon which the theodolite pointings are made is of 
great importance in obtaining accurate results. The method of supporting the target is 
not important, but the object to be sighted on must he perfectly symmetrical and cen¬ 
tered over the station. Ordinar\' range poles held in place by special tripods or guy wires 
will be satisfactory for relatively short lines on second- or third-order tnanguiation. In¬ 
tersecting vanes mounted on a straight vertical pole are adequate for second-order tri- 
angulation, hut the pole should be sighted on whenever possible, resorting to the vanes 
only for the longer lines. The best color for the target depends upon the predominant 
background. Yellow and orange have been found best for all types of backgrounds. 
For night observations an electric Mgnal lamp is by far the best type of target for first-order 
work It may be a modified automobile spotlight, or even a flashlight for shorter lines. 


Nominal length 
Tape corr. 

Slope corr. 

Temp corr. 

Sea-level corr. I'Mean elev. = 867 ftj 


33. ANGLE OBSERVATIONS BY DIRECTION THEODOLITE 

In first-order work as many as 16 ob^jcrvations are made of the directions of each line 
of the scheme, with the telescope both direct and reversed. In order to balance the errors 
of graduation of tlie theodolite circle, measurements are made using several different 
parts of the circle. Since all modern tiieodolites iiave two reading microscopes iSO^ 
apart, the circle is advanced between each set of observations., direct and reverse, 

where A' is the number of sets. For the best-grade theodoiite.s. 16 sets are usually re¬ 
quired for first-order triangulation, S sets for second-order, and 4 sets for third-order. 

The observer should first check the tripod or instrument stand for rigidity. An initial 
signal is then selected, the telescope pointed on it, and the circle set to read near 0°. 
Proceeding clockwise, a pointing and circle reading are made on each signal in order, 
until all signals have been observed upon. The telescope is then reversed, and the point¬ 
ings and circle readings made in the reverse order, ending on the initial signal. This con¬ 
stitutes one set or position of the circle. The circle is advanced the proper interval and 
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the second, third, etc., sets are observed until the program is completed. Although it is 
impossible to eliminate completely the error of “run” of the micrometers, its effect can be 
substantially canceled from the results by advancing the initial micrometer reading along 
with the circle reading at the beginnmg of each set. The advance of the micrometer 
should be one-fourth the graduation interval, approximately. Thus, if the graduation 
interval is o', the micrometer should be advanced about 1' 15'' between sets of observa¬ 
tions. For example, the first four initial circle settings for a 16-position obser'vdng pro¬ 
gram with a 5' circle graduation interval would be. 

1. 0^00'30" 

2. 11° 01'45" 

3. 22° 03'00" 

4. 33° 04' 15" 

34. ANGLE OBSERVATIONS BY REPETITION METHOD 

The use of a transit or repeating theodolite in triangulation requires that the angle be 
accumulated on the circle. The usual method is to measure the angle six times with the 
telescope direct, reading the circle after the sixth measurement, then measure the ex- 
plement six times wuth the telescope reversed, again reading the circle after the sixth 
measurement The last reading ^houId equal the initial reading except for errors due to 
pointing and imperfections of the instrument. All movements of the alidade, when the 
upper motion is free, should be from left to right or clockwise. This tends to eliminate 
the effects of drag on the clamp and vertical axis bearings. Each angle between adjacent 
signals should be measured, including the one necessary to close the horizon. The hori¬ 
zon closing error is distributed equally among the angles and the result constitutes one set. 
For a 10" repeating theodolite, one set will usually give third-order results: two or three 
sets, second order; five or six sets, first order. The principle of advancing the circle and 
vernier between sets applies to repeating instruments in the same manner as for direction 
instruments. For second- and third-order tnanguiation a proportionate additional num¬ 
ber of sets should be taken with 20" and 30" transits. For first-order results only a 10" 
repeating theodolite should be used 

36. TRIANGULATION COMPUTATIONS 

It is convenient to list the results of triangulatioii angle observations as directions that 
are referred clockwise to some arbitrarily selected target or signal as 0° 00' 00". Any 
angle may then be determined by taking the difference between the two directions in¬ 
volved The listing of directions is done directly from observations that are made with 
a direction instrument. If a repeating instrument is used, a list of directions may be made 
up by adding successively the individual angles, choosing any station as the initial, ordi¬ 
narily the one farthest to the left. The directions must next be corrected for any eccen¬ 
tricity of the theodolite or signal. 

Eccentric Reduction. At times it is not possible to set the theodohte or target over the 
station mark. The observed angles must then be reduced to what they would have been 
had instruments and targets been centered. The problem is best solved by correcting 

each line or direction for the 
‘‘swing” necessary to reduce 
it to the line between station 
centers. A sketch should be 
drawn so that the direution of 
the swing may be deierriimed 
without mistake. In Fig. 31, 
Fig 31. Eccentric matrument station. A and B are the station cen¬ 

ters and E is the eccentric 

theodolite position. The observed direction EB is to be reduced to the true direction AB. 
The amount is equal to angle 6 or angle ABE. The distance d between E and A and the 
angle a bX E between A and B are measured. The length AB or s is known approximately 
by scaling from a map or from a rough computation of tnangle-side lengths. From the 
law of sines, sm d ^ d sin a/s. Since 0 is usually a very small angle, the expression can 
be written 0"= d sin a/s sin 1". In this case the correction is clockwise or plus in sign. 
The problem is the same for an eccentric signal. When all directions have been reduced 
to center, the corrected angles are computed from the differences of the final directions. 
The next step is the computation of the triangles. 
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Computing the Triangles. The sum of the three spherical angles of a triangle should 
equal 180° plus the spherical excess of the triangle. The spherical excess is proportional 
to the area of the triangle and amounts to 1" of spherical excess per 76 sq mi of area; 
therefore, unless the triangles are very large, the spherical excess may be neglected. In 
any case the amount by which the three observed angles fail to sum to 180° is divided 
by 3 and applied, with the correct sign, to each angle to form a plane triangle whose angles 
sum to 180° exactly. If one of the stations of a triangle is not occupied by the instrument, 
as at J in Fig. 30, the angle at that station must be “concluded,” by subtracting from 180° 
the sum of the other two observed angles of the triangle. The plane triangle is used to 
compute the unknowm lengths by the law' of sines; that is, the lengths of the sides of a plane 
triangle are proportional to the sines of the opposite angles. Thus, the lengths of the 
unknown sides may be computed progressively, starting from the measured base line or 
from a triangle side of known length from a previous survey. 

If it is desirable to increase the strength of a scheme of triangulation by observing extra 
lines to form quadrilaterals or central-pomt figures, it is certainly worth while to make some 
sort of a computational adjustment. A rigid least-squares adjustment is the best, but a 
simpler method can be employed which will bring about geometric consistency. For 
example, consider the quadrilateral ABDE in Fig 32. Number the angles as shown in 
Fig. 32. The numbering can start at any angle, but it must be consecutive and in the 
direction which completes a triangle with the first four angles. 

There are four triangles in the quadrilateral, each composed of four observed angles. 
The sums of the sets of four angles must be made to add to exactly 180°, spherical excess 
neglected. The first step is to correct the angles in triangles ABD and AED by applying 
one-fourth the closing error to angles 1, 2, 3, 4, and 5, 6, 7, 8, as shown in columns 2 and 3. 
This closes the quadrilateral to exactly 360°, and it remains only to balance the other two 
triangles, AEB and BED, to exactly 180° by applying one-fourth the remaining closing 
error with one sign (minus) to angles 1, 2, 7, 8, and the other sign (plus) to angles 3, 4, 5, 6 
column 4. The quadrilateral is now closed exactly and is consistent as far as the angles 
are concerned. 




(1) 

(2) 

(3) (4) 

(5) 










After 

After 
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Log Sine 1" 



Log Sine 

1" 

I. 

28" 

'51' 

26.01" 

9.683 

6131 +38.2 

2. 46'’35'08.39" 

9.861 

1775 

+ 19.9 

3. 

77 

58 

50 23 

9.990 

3731 + 4.5 

4. 26 34 

35.37 

9.650 

6884 

+42.1 

5. 

20 

35 

39.93 

9.546 

2348 +5O.0 
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53 
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9.683 

6245 

2. 

05.40" 

9.861 
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53.22 

9.990 

3745 

4. 

32.38 

9 650 

6758 


5. 
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9.546 

2515 

6. 

51.48 

9.912 

5535 


7. 



35.73 
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8403 

8 . 

49.87 
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6900 






9.190 

0908 



9.190 
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From the law of sines, the sum of the logarithms of the sines of the odd-numbered angles 
should equal that ot the even-numbered angles. The discrepancy in the example is 636 
in the seventh decimal place, the sum being smaller for the odd-numbered angles The 
eorrection, in seconds, to each angle is obtained by dividing this discrepancy by the sum 
of the log-sine difference^ for V’. The correction is, in this case, plus for the odd-numbered 
angles and minus for the even-numbered angles. Since each triangle is made up of two 
odd- and two even-numbered angles, the angle balance is maintained In case a log-sine 
difference is minus in -ign, as for angles over 90*^. it need only to be treated algebraically, 
and subtracted m obtaining the sum of the log-sine differences. 

The same general principle may be applied to central-point and other figures. 

Position Computation. In triangulation of hunted extent, where position is defined by 
rectangular coordinates, the positions of the new points may be computed by latitudes and 
departures as in plane survey ing. Azimuths are usually reckoned clockwise from ^outh 
as zero, west being 96^, north ISO', and east 270°. The coordinate position of each new 
station can be determined by at least two routes; therefore unless the entire network has 
been made geometrically consistent by some such device as a least-squares adjustment, 
there will bo slight di-'Crepancies in the two or more sets of coordinates. In this case an 
arithmetic mean .should be taken and held fixed. For e.xample, m Fig. 29. as>uming the 
plane coordinates of station? C and D are known, the coordinates of new station B should 
be computed by line and also by hne DB. Then, after fixing the coordinate position 
of station B, the position of station E should be fixed by taking the mean of the two values 
determined b.'-' the two lines DE and BE. and so on through the entire scheme. 

After the position.? of all stations of a network have been so fixed, complete geometric 
consistency can be attained, if desired, by calculating a final plane azimuth and distance 
for each triangle aide. Thus i? accompU'hed by making an inverse computation from the 
final latitude and departure value for each side, which in turn are derived from the final 
coordinates fixed for each station. 

When official goveinmental or state geodetic control is available within the area, the 
plane-coordinate >ystein used should be tlie state-wide system of plane coordinates estab¬ 
lished by the U. S. Coast and Geodetic Survey ‘ In these state coorfhnate system.'®, the 
surface of the earth i? projected mathematically upon cones or cylinders, which are then 
unrolled into plane suifaces, forming dependable projections or maps of the areas. In 
this way. a strip of the eartli’s surface 158 miles wide and of indefinite length can be repre¬ 
sented on a single plane .'•urface. and errors of scale (distance) caused by the distortion 
created by representing the curved surface of the earth upon a plane surface will not ex¬ 
ceed 1*10,000. or about 1 ft in 2 miles. 

It should be noted that, when working on a plane-coordinate system, no allowance need 
be made for convergence of meridians, but grid azimuths, and not astronomic or geodetic 
azimuths, must be consiatently employed. On a local grid system, an observed astronomic 
azimuth, or a true geodetic azimuth, may be converted to a grid azimuth by applying a 
correction for convergence of meridians, computed (closely enough) from the formula 

C" — SX" sin 0 

in which O'* is the correction for convergence of meridians in seconds of arc, AX'' is the 
difference in longitude in ^e<M>nds of arc between the location of the astronomic azimuth 
and the central meridian of the local grid system, and <i> is the latitude of the point at 
which the astronomic azimutn is ob&eru'ed. 


36. GEODETIC TRAVERSE 

Geodetic traverse is essentially the same as plane traverse, the chief difference being 
the refinement of the equipment and procedure employed. The length-measuring equip¬ 
ment and procedure are identical to those for triangulation base hne?. In fact, a tri- 
angulation base line is equivalent to one course of a geodetic traverse. However, certain 
precautions required for basc-lme measurement are not necessary in ti averse. Usually 
only one precise measurement is made with the calibrated tape and special equipment, an 
approximate measurement by ordinary taping methods being used as a check for detecting 
blunders. Also, there is no limit to the size of the angle at the main angle stations in 
traverse work. The angle-measuring equipment is the same as for triangulation. although 
the theodolite need not be as large or as precise. The targets or signal lights are generally 
smaller, as traverse courses are almost always much shorter than triangulation line.s. 
Range rods, or pole targets of 2 x 2-in. lumber, are satisfactory for daylight signals, and 


* See U S Coast and Cieodetic Sur\ey Speexal Pub 23.5, “The State Coordinate Systems ’ 
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flashlights are generally of sufficient size for night-time signals. Taping bucks (portable 
rigid taping tripods), or stakes driven in the ground, should be used to support the tape 
ends. Tapes of 100 ft or more in length should be supported in the middle. For traverse 
of second- and third-order accuracy the tape may be supported throughout, as on a pave¬ 
ment or railroad rail. In all cases the tape end supports must be leveled over to deter¬ 
mine slope corrections. 

The tape supports, either stakes or taping bucks, are first plated in position along each 
traverse course, using a transit for alignment, and making a preliminary measurement 
with a steel tape for position along the course. The precise taping is then accomplished 
in the same manner as for triangulation base lines. In first-order work, oH-rn Invar tapes 
are much preferred. In second- or third-order work steel tapes ma\' be employed. In all 
cases the tapes should be frequently checked againat a standard tape used for that pur¬ 
pose only. 

The observing of the angles of the traverse may follow or precede the taping. Night 
observations are preferred for first-order work. The number of observations of the angles 
is usually about half of that for the corresponding order of triangulation. Extreme care 
is required in centering the signals and instrument, and no eccentric set-ups should be 
permitted. 

Where two main angle stations are intervisible, but the terrain does not permit direct 
taping between the points, it may be necessary to measure a broken base with supple¬ 
mental angle stations and project the lengths of the supplemental courses to the main 
course. The azimuth for the traverse is then carried through the main angle stations. 
The angle between any supplemental course and the main course should be kept as small 
as possible, preferably under 20®. 

37. TRAVERSE COMPUTATIONS 

The measured lengths are corrected in the same manner as triangulation base lines, the 
only exception being that no sea-level reduction is necessary for surveys to be computed 
on a local rectangular coordinate system. A further correction is desirable, in high-order 
work, when the computation is based on a state coordinate system, this being the correc¬ 
tion for the scale of the projection in the particular area of operation. For limited areas, 
such as small counties, the scale factor may be combined with the sea-level factor to ob¬ 
tain one combined factor for reducing lengths for these purposes. 

The grid azimuths are computed through the main traverse courses, u»ing the known 
starting azimuth and the observed angles When a tie is made to another known grid 
azimuth, the error of closure is distributed equally among the measured angles. 

The X and y coordinates of a plane rectangular system are based on the conventional 
latitudes and departures of plane surveying. Distribution of the closure error of a single 
traverse line should be on a simple prorata basis. 

Where the traverse lines form a network of loops, it i?' best to determine the positions of 
the junctions by some scheme of weighted means. The coordinate position ot each junc¬ 
tion should be determined several times by various route^j of the traveise survey, with the 
weight of each determination being inversely proportional to the length of the route. 
The weighted mean is then held as fixed for the position of the junction. Each link in the 
net is then adjusted between fixed junctions. The final length and azimuth of each course 
are then determined from the adjusted coordinates by a simple right-tnangle computation. 


38. GEODETIC LEVELING 


Geodetic leveling differs from ordinary’ leveling chiefly in the refinement of the equip¬ 
ment. The standard specifications for first-order leveling require that observations be 
made over each line m both directions, and that the two observed differences of elevation 
agree w’lthin the iiiuits indicated below. The=e limits apply aUo to loop cio-iures and to 
line closures between previously established first-order benchmarks. Closure limitations 
for the orders of leveling arc as fiillows 


Order of Leveling 
First order 
Second order 
Third order 


Closure 

4.0 mm\ E, or 0.017 ft\ M 
8.4 mniV A', or 0.035 ft\ M 
12.0 min\ K, or 0 050 ftxCtf 


where K is the distance in kilometers and M the distance in miles. 
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First- or second-order accuracy is possible only with a leveling instrument possessing a 
high-power telescope and a sensitive spirit level. Specifications usually call for a magni¬ 
fying power of at least 40 and a sensitivity of 5" or better per 2-mm run of the level bubble. 
The instrument should be provided with a fine-thread tilting screw to control the final 
leveling, and a device for viewing the position of the bubble at the same time the rod is 
read. 

Two self-reading rods, in either meters or yards, with the small graduations being on 
Invar strips either to centimeters or to hundredths of yards, are employed in geodetic 
leveling. The strip is set in the face of a wooden staff, which is generally about 10 ft 
long. 

The back of the staff is usually graduated to tenths of feet. A thermometer is set in 
the back of the staff, for measuring rod temperatures. A spot level is also attached to the 
back of the staff, to insure verticality of the rod. Steel pms about 1 ft long, driven into the 
ground, are generally used as turning points, except that, when leveling along a railroad 
track, the head of a rail spike serves well for this purpose. 

It is required that the level constant C, a function of the angle between the level axis 
and collimation axis, be kept very small. At the beginning of each day's work this con¬ 
stant is checked by the “peg” method. If the level constant so determined can be reduced 
by instrument adjustment, the spirit level is adjusted, not the cross hairs. 

Lengths of foresights and backsights should be kept very nearly equal, and their sums 
between benchmark should not differ by more than 20 yd. With a high-grade leveling 
instrument, sights up to 150 yd may be taken when atmospheric conditions permit, which 
seldom occurs except on cloudy days. The normal length of sight ranges between 60 and 
110 yd, slope of ground permitting. The reticule is provided with three equally spaced 
stadia cross hairs, with a stadia constant of about 1 in 300. 

The telescope is pointed so that the vertical cross hair coincides with one edge of the 
leveling rod. Three rod readings are then taken, one for each of the three horizontal 
cross hairs, interpolation being made to the nearest millimeter or thousandth of a yard. 
The rod is then turned so that the back of the rod faces the instrument, and a check read¬ 
ing is made to the nearest hundredth of a foot for the middle horizontal cross hair. The 
upper and lower stadia intervals should be very nearly equal, and the foot reading on the 
back of the rod should check the mean of the three readings on the face of the rod. after 
conversion from feet to meters or yards is made. Backsights and foresights are taken 
first at alternate set-ups of the instrument, as this tends to eliminate any systematic 
error resulting from settling of the instrument. 

The procedure for second-order leveling is the same as for first-order except that each 
line is run only once. Third-order leveling may be accomplished with the ordinary dumpy 
or Vfye level, and wooden rods of either the self-reading or target type may be used. The 
trend is toward the use of tilting levels and self-reading rods even for third-order work, 
because of the greater speed and accuracy attained. 


PHOTOGRAMMETRY 


By George D. Whitmore and Morris M. Thompson 

39. APPLICATIONS OF PHOTOGRAMMETRY 

Photogrammetrj', the science of obtaining reliable measurements by means of pho¬ 
tography, has important applications in many fields, including engineering, military in¬ 
telligence, geology', forestry, and agriculture. In engineering, photogrammetry is used 
in preparing topographic and cadastral maps; in route-location studies for highways, rail¬ 
ways, transmission lines, and pipe lines; in detailed site surveys for dams, bridges, power 
plants, airports, and other construction projects; in municipal and regional planning; and 
in property valuations, assessments, and acquisition. An advantage of photogrammetry 
over traditional ground surveys is the increased speed and facility with which mapping 
of large-size projects can usually be accomplished. 

Photogrammetry techniques are u&ed extensively by several agencies of the Federal 
Government in their mapping programs. States, municipalities, and many mdustnes 
also use photogrammetry extensively. Although photogrammetry is used by many dif¬ 
ferent organizations and for many different purposes, the general principles underhung 
its use remain the same in all cases. 

The photographs used in photogrammetric work may be taken with the optical axis 
of the camera lens horizontal, vertical, or oblique. The utilization of photographs that 
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are taken from ground stations with the axis of the camera lens horizontal, or nearly so, 
is known as terrestrial photogrammetry. The principal purposes of terrestrial photogram- 
metry are (1) the construction of contour maps of terrain with steep slopes, where it is 
difficult to run a ground survey or to obtain satisfactory aerial photographs, and (2) the 
extension of ground survey control. The utilization of vertical or oblique photographs 
taken from an airplane is known as aerial photogrammetry. The usual purpose of oblique 
photography is to increase the ground area covered by each exposure, \ ertical aerial 
photographs are used in the great majority of photogrammetric projects. 

Engineering uses of aerial photographs are mainly: (1; as simple pictures of the terrain; 
(2) as matched groups of photographs, or mosaics; (3) as a source of information for the 
construction of planimetric or plane maps; and (4) as a source of information for the 
construction of relief or contour maps. 


40. SCALE OF AERIAL PHOTOGRAPHS 


A vertical aerial photograph differs from a map because (1) the negative, at the time oi 
exposure, is usually not parallel to the ground it represents, resulting in a distorted repre¬ 
sentation of the terrain, and (2) relief of the terram causes images on the photograph to 


be displaced from true map position. If the 
camera axis were truly vertical at the time 
of exposure, and if the ground were perfectly 
flat, then the photograph would be the gen¬ 
eral equivalent of a map of uniform scale. 
Assuming that the conditions of true verti- 
cality of camera axis and flatness of ground 
could be obtained, the following relationships 
would hold (Fig. 33): 

Let / — focal length of camera lens. 

H = height of lens above ground. 

AB = distance between two points on the 
ground. 

ah =s corresponding distance on the photo¬ 
graph. 



Fig. 33 Vertical photography of level ground 


Then scale of photo = ab/AB =//// If/is 

in inches and H is in feet, scale = f/\2H. For example, if the focal length is 6 m. and the 
height of lens above ground is 12,000 ft, then 


scale = f/H = 6/(12 X 12.000) - 1/24,000 


Ordinarily, the height of the lens above ground is not accurately known, and the scale 
of the photograph is not uniform because of tilt and ground relief. The approximate seal? 
of the photograph can be determined by comparing the distance between two weIl-defiiie-1 
points on the photographs with the corresponding distance scaLd from a map or measured 
on the ground. To reduce the effects of tilt and relief, such a scale line should pass near 
the center of the photograph and the two end points should be at approximately the same 
elevation and equally distant from the center. As an example of a scale calculation, let 
ah = the distance between points a and b on a photograph = 8 in., and let at = corre¬ 
sponding distance on a 1/25,000 map = 7.68 in. Then 

Photo scale = 8/(7.68 X 25,000) = 1/24,000 


It should be noted that the scale of aerial photographs can be readily changed by making 
enlargements or reductions, called “ratioed ' prints, and that this has the same effect as 
changing the value of the focal length (/) of the camera lens. 


41. AERIAL CAMERAS 

The most commonly used type of aerial mapping camera has one lens, or lens assembly, 
and is known as a sin gle-lens camera. The dimensions of film negatives to be Uced for 
mapping purposes are usually 9 x 9, 7 x 7, or 7 x 9 in., these dimensions being referred to 
as the “format.” The lens of each camera has a particular focal length whose precise value 
is close to but not exactly equal to the nominal value. For the same flight height, cameras 
having shorter focal lengths produce smaller-scale photographs than those having longer 
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focal lengths, (photo scale = f!H). Nominal focal lengths of 4, 5.2, 6, and S.25 in. are 
commonly used m the United States for mapping purposes. 

The extent ol gri)und area photographed by a camera at a given flight height depends 
on the format, focal length, and angle of coverage of the lens. The angle ol coverage ia 
the central angle of the cone of light rays admitted by the lens. Figure 34 shows the cover¬ 
age obtained with a camera having a 9 x 9-in. format, focal length of 6 m , and angle of 

coverage of 90°, asj'Uming a flight 


Ground 


Plan of 
ground 



height of 10,000 ft, no tilt, and no 
relief. On the plan of thejnegative. 
the solid outline indicates the area of 
the negative which is utilized. On 
the plan of the ground, the solid out¬ 
line indicates the ground area re¬ 
corded on the photograph. On both 
plans, the dashed circle indicates the 
total area included in the held of the 
lens, but only that portion within 
the solid outline is recorded on the 
negative. A similar figure can be 
constructed for any camera whose 
focal length, format, and angle of 
coverage are known. 

Cameras having a longer focal 
length have, as a rule, either a 
smaller angle of coverage or a larger 
format, usually the former, since 
formats larger than 9 x 9 in. are in¬ 
convenient to handle. Thus, for a 
given flight height, longer-focal- 
Icngth photographs have a larger 
scale but usually cover a smaller 
area. 

Cameras having a 9 x 9-in. format 
and S i' 4 -in. focal length have an 
angle of coverage of approximately 
72° and are known as normal-angle 
cameras. Cameras having a 9x9-in 
format and 6-in. focal length have an 
angle of coverage of approximately 
90° and are known as wide-angle 
cameras. Other commonly used 
wide-angle cameras have a focal 
length of 0.2 in. with a 9 x 9-in. 
format, or a focal length of 4 in. 
with a 7 X 7-in. format. 

Single-lens cameras consist of 
three mam parts: the film magazine, 
the camera body, and the lens cone. 


Fig 34 Relation uf i;round coverage to flight height, precision-type cameras the lens 
focal len^cth. an:'ie of coverage, and format cone usually cannot be detached 

from the camera body in the field, 
and the lens is locked m place in the lens cone by means of a dowel pin. These non¬ 
removable features serve to insure against any change in the relation of the lens and lens 
axis to the plane of the negative. 

I’re-cnt-day mapping cameras are instruments of high precision. The lens must meet 
ngorous ctandanjs with re.-pect to distortion, resolution, and other optical properties. 
Tlie len.s and other precision parts of the camera must be manufactured and assembled 
with great care Provision must be made to hold the film perfectly fiat in the focal plane 
at the instant of exposure. This can be accomplisheid either by a vacuum or a pressure 
sj-stem. In the vacuum system, the film is held flat by means of 3 perforated plate that 
forms one side of a shallow box and fits against the back surface of the film. The per¬ 
forated plate i.s connected to a tubing through which a partial vacuum is formed in the box 
and the atmospheric pressure on the front of the film pushes it firmly against the plate. 
In the pressure system, air under pressure is employed to flatten the film against a focal 
plane backing plate. In either system, the pressure is released after each exposure so that 





RELIEF DISPLACEMENTS ON 'VERTICAL PHOTOGRAPHS 2-63 


the correct amount of film for the next exi30''Ure may be unwound from one spool and 
wound on the other. The camera must be .^^o assembled that the focal plane is exactly 
perpendicular to the optical axis The shutter is usualU' mounted between component's 
of the lens .'O that all parts of the noirative may be expO'^eil simultaneously 

Multiple-lens cameras are used when it is desired that each exposure cover a much 
larger area than could be included with a smgle-lens camera. The units of a mu3tiple-ifU' 
camera are u^sually arranged ao that there is one central unit which takes a vertical photo¬ 
graph while each ol the other units takes an oblique pdiotograpn. all expo-ures being mad-/ 
simultaneously. The obliques can bo rectified and matched with the vertical .so a.s t(. give 
the equivalent of a single vertical view Three-, four-, five-, and nine-lens camera:^ have 
been used successfully for reconnaissance mapping. 


42. PHOTOGRAPHIC FLIGHTS 

For the guidance of the airplane pilot, it is necessary to prepare a flight map. based on 
the best available map of the area. On the flight map aie .'nown the flight line for each 
strip of photographs, and information concerning flight heiglit^. spacing between succc-- 
sive photographs, cameras to be u»ed. and sijecial requuduenT^ A g' ) 0 ' i flight map re-'iiirs 
from careiul planning of the photographic project and llelp^ to iimuie adequate and effi- 
ent photographic coverage. 

The mam geometrical considerations in planning ver*ical photography are (T diremo*' 
of flights, {2i focal length and flight height, d:}) -pacing par .jverlap of photog; iphs al'.i.u 
the flight line, and (4i spacing (or overlap of photographs between finriit lines 

If possible, aerial photographic flights should be fiowii ' 1 > pa.'-allel ’’o the long dimension 
of the project, (2' perpendicular to parallel liiie'^ of lO-.t.-d. md ' A paiadel to the iidge-j 
and valleys. Usually these conditions cannot be met .'•’mnltar,enu-lv and the fiioiGo of 
direction is determined by the relative importance of the-e fartor-' m the particulai proj-'ft 
under consideration. In most cases, the flights are arr:.iig<.‘d to 'un north-south or ea-'t- 
west, whichever more nearly meets the above requirement- 

The determination of the most suitable focal length and fin:- : r.cirri’- (impends on rhe 
purpose of the photography. For most uses, the scaie of the phi/t. .gr.iphy m an impor¬ 
tant consideration. Since the photographic scale is/ ti, the - ’.ile iii' rea-e^ directly wit;, 
the focal length and inversely with the flight height. Tnu- foi .-imh .mrpo-e:? as the de¬ 
tailed study of engineering construction sites, requiring la:g^—^''ale photogiaphy. a rela¬ 
tively long fucal-iength lens, low flight height, or both, i ia% be iruin .tied. (Jn the other 
hand, for exteimive mapping projects, a relatively small :de h de-ired in or.ier to merea-e 
the area coverage of each photograph, and keep the emro I-.-urvev re<inire!i'eiits at a mini¬ 
mum; standard topographic mapping photograpliy 'l.ereh:)rc u-naihr flown at higher 
altitudes and taken with shorter focal-length camera- than are required for detailed 
surveys. 

43. OVERLAP OF PHOTOGRAPHS 

In order that a satisfactory map or mosaic may be prepared from aerial photographs^ 
and in order that the photographs may be examined sterco'?copically, the adjacent ex¬ 
posures must cover overlapping areas on the ground. The amount of overlap of adjacent 
photographs along the line of flight is called forward overlap, while the amount of overlap 
of photographs m adjoining parallel strips is called side overlap. The forward overlap is 
usually made about 00% of the area of each photograph, in order that each photo¬ 
graph in a strip, with the exception of the one at each end, will ini-lude the principal 
points (photo centers) of three successive photographs. An important re-ult of the OO^c 
overlap is that every point on the ground photographed, except at each end of the flight 
line, appears on at lea:^t two photographs. 

For most photogrammetne work, the side overlap, o'- overlap between flights, should 
preferably be about 25% of the area covered by each photogr.aph. The amount of side 
overlap is .subject to great variation because (!' it difficult to guide an airplane on straight 
parallel courses, and (2) relief and tilt cause displacement-' of images. 


44. RELIEF DISPLACEMENTS ON VERTICAL PHOTOGRAPHS 

The only points that will be in their proper relative positions on an aerial photograph 
are the points lying in the datum plane, which i** the horizontal plane selected as a refer¬ 
ence elevation for computing the scale of the photograph. The datum plane for each proj- 
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da 

^ -1^0 Negative 


ect is usually fixed at any 
convenient elevation that is 
approximately the same as 
average ground elevation for 
the project. 

In a truly vertical photo¬ 
graph the plumb-point image 
coincides with the principal 
point, the point at which the 
lens axis intersects the nega¬ 
tive plane. In Fig. 35, Ka 
represents the elevation of 
the top of the monument A 
above the datura plane which 
contains the plumb point N. 
.4Jso, hB represents the de¬ 
pression of the bottom of the 
cut B below the datum plane. 
If all objects were in the 
datum plane, the negative 
would have a scale of f/H 
over its entire area. In na¬ 
ture, .4 /Va = A'N, but on 
the negative these distances 
are recorded as an and a'n, 
respectively. The scale of 

distance an is//(//’ — Ha), which is inconsistent with the general scale of the negative, 
f/H. Likewise, the scale of distance bn + hs). 

The amount of relief displacement da on the negative is evaluated as follows: 

f^a'Oa is similar to AA "OA' 
da/DA =* f/H or daH « DAf 
AnOa is similar to AA'AA"* 



Fig. 35 Displacement due to relief. 


•*. ra/I>A = f/hA or hAta - DAf 
daH - hATa and da = hAfa/H 

In general, 

d = hr/H (1) 

The amount of relief displacement of images on an aerial photograph will therefore vary 
according to: (1) the elevation h of the object above or below the datum plane; (2) the 
distance r of the image on the photograph from the image of the plumb point, which in 
turn depends on the focal length/; and (3) the altitude H of the aerial camera. It is readily 
seen from inspection of Fig. 35 that the displacement is radialh' outward from the plumb 
point if the object is higher in elevation than the datum plane, and radially inward toward 
the plumb pomt if the object is lower in elevation than the datum plane. 

Equation 1 is useful for determining the correct locations on a vertical aerial photograph 
K)f images of objects that are displaced by ground relief, providing H and h are known. 
Equation 1 may also be used to determine the approximate height of any object shown 
on the photograph, when H is known, by scaling values for r and d directly from the photo¬ 
graph, and solving for the height h. 

Relief displacements are the cause of many unusual effects on vertical aerial photo¬ 
graphs. For example, the image of a long highway tangent that runs across hilly country, 
when located near the edge of a photograph, will appear as a series of curves, or as a wig- 
giy ime, rather than as a straight line. However, if any point of the same highway tan¬ 
gent happens to he directly below the camera, so that the image of the highway tangent 
Is in effect a Ime radiating from the center of the photograph, it will appear on the photo¬ 
graph as a straight line. 


46. EFFECT OF TILT ON VERTICAL PHOTOGRAPHS 

Because of winds, high speed, and other Bight conditions which cause banking and 
tipping of an airplane, it is difficult to maintain the optical axis of the camera in an exactly 
vertical position. Practically all aerial photographs are made while the axis of the lens is 
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tilted from the vertical, and the resulting photographs are not of uniform scale. For 
man}' purposes, however, the effect of a small amount of tilt on photographic scale can be 
ignored. 

Figure 36 shows the effect produced on a photographic negative by tilting of the axis of 
the camera through an angle 6 from the vertical. The principal point of the tilted negative 
is the point p at which the lens axis intersects the tilted negative. The principal point of 
an untilted negative, for the same exposure station, is the point n' at which the lens axis 
intersects the untilted photograph: it comcides with the plumb-point image. The vertical 
plane containing both of these principal points is called the principal plane. The lower 



view in Fig. 36 is a projection on the principal plane. The upper view is an auxiliary view 
on a plane parallel to the tilted negative, with the horizontal negative revolved mto that 
plane. The unprimed points represent positions on the tilted negative. The plane of the 
tilted negative intersects the plane of the horizontal negative in a line which is called the 
axis of tilt. The trace of this axis on the principal plane is the point i, which is known as 
the isocenter. AOpi and AOn'i are congruent triangles, and therefore ip = n'i. If the 
angle of tilt is less than 5°, which is about the practical limit of tilt for vertical aerial photo¬ 
graphs, the distances ni and n'i may be considered equal and therefore ni and ip may be 
considered equal. Consequently, the isocenter may be considered to be equidistant from 
the principal point and the plumb point on the tilted negative. The displacement of any 
image due to tilt occurs in a radial dnection from the isocenter. 

The image of point A appears at a on the tilted negative and at a' on the untilted nega¬ 
tive, and the distance ia is less than io'; however, the distance ib is greater than ib’. It is 
thus indicated that the scale of the depressed side of a tilted negative is smaller than the 
scale of a horizontal negative at the same exposure station, while the scale of the raised 
side is larger than the scale of the horizontal negative. It is also apparent that the differ¬ 
ence in scales between the tilted negative and the untilted negative increases as the dis¬ 
tance from the isocenter increases. Therefore, any area that is a rectangle on the datum 
plane will appear as a trapezoid on a tilted photograph. Figure 36 shows this effect for a 
square on the ground whose sides are equal to AB. 
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Various formulas that have been developed for computing the displacement caused by 
tilt show that the displacement varies approximately as the square of the distance from 
the isocenter. However, most aerial photographs now being made for engineering work 
are so nearly vertical that, for many purposes, thej" may be assumed to be true verticals. 
Precise plotting instruments solve the tilt problem by graphical or mechanical means. 
The analytical solution of tilt problems, a lengthy process, is not required in most of the 
practical applications of photogrammetry. 


46. RADIAL-LINE PRINCIPLE AND APPLICATION 

It has been shown that the displacements caused by tilt are radial from the isocenter 
while those caused by relief are radial from the plumb point. An accurate determination 
of these two points can be made if the angle of tilt and axis of tilt are known, but it is a 
laborious procedure. However, if the tilt is held within 3^, and the relief of terrain is not 
more than 109o of the flight height, the distances of the isocenter and plumb point from 
the principal point are so small that the principal point may be regarded as the center of 
radiation for combined tilt and relief displacement This approximation, known as the 
raflial-line assumption, enables the aerial photographs themselves to be used as a means of 
establishing the map locations of a number of points on each photograph of a strip. 

According to the radial-Une assumption, the true direction of an object from the princi¬ 
pal point of the photograph is a straight line from the principal point through the image 
of the object. When two photographs are properly oriented with respect to each other 
and their principal points plotted, radial lines from each principal point through images 
located in the common overlap area will, at their intersection, establi'sh the true map posi¬ 
tion of such images at the scale of the line joining the principal points of the photographs. 
Thus, angles that are measured at the principal point of each aerial photograph may be 
regarded as true angles, and hence procedures similar to those of plane-table tnangulation 
may be used in extending horizontal control through a strip of photographs. Triangula- 
tion by re&ection is used to establish the map location of the principal point of each photo¬ 
graph, and triangulation by intersection is used to establish the map locations of a number 
of photographic control points. 

The principal points of successive photographs are located on a map or on a control 
plot that will become the base sheet for a map, by application of the three-point principle. 
According to this principle, the position of any point can be determined by measuring the 
angles from it to three other points whose positions are already known. In compiling a 
photogramnietric control plot, the three-pomt principle is applied as follows: Three points 
of known location are plotted accurately on the map; also, these three known points and 
the principal point are marked on the photograph. The three known points may be ground- 
survey control points, or photographic control points previously established by radial-line 
procedures. Two of the three points should be located in the overlap area of the first 
two photographs of the strip. A sheet of tracing paper or transparent celluloid is placed 
over the photograph, the principal point is marked on the traemg, and radial lines are 
drawn on the tracing from the principal point through the images of the three control 
points, these lines being extended for some distance beyond the control points. The 
tracing is next placed over the map and is moved about until the radial lines pass through 
the plotted positions of the control points on the map. When the tracing has been prop¬ 
erly oriented, the location of the principal point may be pricked through onto the map, by 
means of a needle point. 

The principal point of one photograph is thus located on the control plot, and it becomes 
a new known point. Radial lines from it to the selected photographic control points in 
the forward overlap area are transferred from the photograph to the control plot, by use 
of a tracing or templet. The principal point of the next photograph along the strip is then 
determined by a three-point resection, using two of the original known control points and 
the newly located principal point of the fi^rst photograph. When the second principal 
point has been located on the map sheet, radial lines, or ra 3 'S, are drawn from it to the 
photographic control points that were selected on the first photograph, and the points of 
intersection of these new rays with the previous raj's serve to establish the map position* 
of those new photographic control points. Before removing the tracing or templet from 
the control plot, rays to the selected new photographic control points in the forward over¬ 
lap area of the second photograph are drawn. This procedure of resecting b\' the three- 
point method in order to locate on the map the prmcipal point of each photograph, and 
intersecting for the new photographic control points, is continued throughout the several 
photographs of each strip, until another known control point, or group of points, is en¬ 
countered. By establishing radial-line intersections for each such fixed point the closure 
discrepancy' for each photographic flight is determined. If the closure is within acceptable 
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limits, appropriate adjustments along the strip are made, and the control plot for that strip 
is ready for use as a map base. The accuracy of the photographic control points can be 
greatly strengthened by carrying the radial line control forward for two or more strips 
simult aneously. 

It should be noted that three photographic control points should be established in the 
overlap zone that is common to each set of three photographs. One of these should be 
the principal point of the middle photograph, and each of the other two should be located 
near the side edge of the photograx>hic strip. It is also noted that the use of the radial-line 
procedure is comparable, in part, to the use of backsights and fore-bights in ground survey¬ 
ing. With an overlap of more than 50^. each photograph shows the image-^ of the princi¬ 
pal points of the preceding and following photographs as well as its own principal point. 
The direction on an^- photograph from its prmcipal point to the principal point of the 
preceding photograph corresponds to a liacksight along the flight line. Similarly, the di¬ 
rection to the principal point of the lollowing photograph corresponds to a fore-bight along 
the flight line. These sights along the flight line are veiy useful for determining tlie correct 
orientation of the tracings for successive photographs. 

Figure 37 illustrates the metliod of selecting photographic control points for radial-line 
work on a strip of four vertical aerial photographs, having three ground control points in 
the first exposure and one 
ground control point in 
the fourth exposure. The 
map sheet on which it is 
desired to establish the 
position of the photo¬ 
graphic control points 
originally has only the 
ground-survey control 
plotted on it. By the use 
of transparent tracings, 
the prmcipal point, Pi, is 
located on the map by the 
three-point principle al- 
leady described, using the 
known points .4, B, and C. 

The next principal point, 

P-i, 13 located on the map using radials to the three points A, B, and Pi. whose positions 
have already been established. The map position of a -2 and hi can then be determined by 
the intersections of radial lines from Pi and P-i. Principal point P 3 can then be located on 
the map by using radials to as, b>, and P 2 . This process is continued until the checkpoint 
D is reached. 

The application of radial-line methods is facilitated by the use of slotted templets in 
place of transparent sheets. A commonly used type of templet is made from cardboard. 
A circular hole, corresponding to the principal point of the photograph, is punched in the 
center of the templet. Elongated slots, representing radial lines to image points, are cut 
so as to radiate from the center of the hole. After each photograph is properly marked, it 
is laid on a templet sheet and the points are pricked through to serve as guides for cutting 
the slots. The slots are made long enough to provide for the scale differences usually 
encountered. 

The templets are assembled over a map base on which the known control points have 
been accurately plotted and a fixed stud is fastened at each such known point. A stud 
is inserted in the center hole of each templet but not fastened to the map base. An un¬ 
fixed stud is also provided for each photographic control point to be located. Each of the 
templets containing a slot pertaining to a given photographic control point is placed so 
that the stud representing that point slides in the appropriate slot. When the templets 
are laid down on the map base in their proper relationship, the floating studs ride in the 
slots, causing the templets and unfixed studs to shift into their final assembly. The 
positions of the photographic control points are then pricked onto the ba^e by pushing a 
pin through the hollow center of each stud. 



Fig 37 Metliod of selecting photographic control points for radial* 
line plot 


47. STEREOSCOPIC PERCEPTION 

If two photographs of the same area or object, taken from different exposure stations, 
are properly oriented and viewed simultaneously, the observer has the impression of view¬ 
ing a relief model of the terrain covered by the photographs. Stereoscopic vision is facili¬ 
tated by the use of an instrument called a stereoscope. 
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Simple stereoscopes are of two general types: direct ^wing and mirror. Direct-viewing 
stereoscopes are generally preferred, but they can only be used when relatively small-sized 
photographs are being observed. When larger photographs are to be observed, it is 

necessary that a system of 
Eye base — mirrors be used, because 

larger photographs must 
necessarily be spread con¬ 
siderably farther apart than 
normal eye-separation dis¬ 
tance. Both types of simple 
stereoscopes are illustrated in 
Fig. 38. Use of the stereo¬ 
scope greatly facilitates cor¬ 
rect interpretation of aerial 
photographs, because the 
\ I three-dimensional vnews in- 

V Apparent position variably give a clearer con- 

of point a ception of the relief and ele¬ 

vation of natural terrain, and 
Direct-Viewing Type clarify the details of man¬ 

made structures. Minor but 
important differences in ele¬ 
vation, such as embank¬ 
ments, cuts, ditches, and 
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Fig. 38 Simple stereoscopes. 


stream banks, are readily de¬ 
tected, and approximate ele¬ 
vation differences estimated, 
by means of simple stereo¬ 
scope observation. 

In using a stereoscope with 
aerial photographs, it is nec¬ 
essary to orient a pair of 
overlapping photographs 
and the stereoscope so that 
the flight line on both photo¬ 
graphs forms a straight line 
parallel to the observer’s 
eyes and the axis of the 
stereoscope, and in such posi¬ 
tion that the left eye sees 
only the left-hand photo¬ 
graph and the right eye only 
the right-hand one. 


48. INTERPRETING AERIAL PHOTOGRAPHS 

The ability to identify visible feature of terrain from their photographic images, or to 
determine the existence of hidden features by the configuration, of visible features, is a 
skill which is acquired through practice and experience. The stereoscope should always be 
used in interpreting aerial photographs, "when overlapping pairs are available. Shadows 
often serve as useful guides in the identification of features. (It is usually helpful to orient 
the photograph so that the shadows fall toward the observer.) Objects such as radio 
towers, water tanks, bridges, church spires, and tall buildings are often clearly revealed by 
their shadows in the photograph, even though the image of the feature itself does not serve 
to identify it. A bridge may appear on the photograph as a narrow strip, whereas the 
shadow may indicate whether it is of arch, truss, cantilever, or suspension construction. 

Many cultural features are identified by the regularity of their outline or alignment. 
Straight or smoothly curved lines indicate roads, railroads, canals, power lines, fences, or 
other aligned cultural features. Roads usually appear as narrow light-colored bands. 
Major highways usually are distinguished by long tangents, easy curves, and regularity 
in width. Unimproved roads appear lighter in color and irregular in width and generally 
have sharp turns. Railroads usually show narrower than highways and are easily dis¬ 
tinguished by their long tangents, regular curves, heavy cuts and fills, stations, round- 
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houses, sidings, and freight yards. Buildings appear as small rectangles, L-shapes, T- 
shapes, or other characteristic outlines. The observer can soon iearn to identif3^ a wide 
variety of cultural features hy their characteristic appearance. 

Natural features are irregular, in contrast to the geometric patterns of man-made 
features. Streams are easilj’ identified by their winding courses, variable widths, and the 
pattern of vegetation along their banks. Open bodies of water appear m tones ranging 
from ver\' light for mudd3' water to ver3’ dark for clear water. The position of the sun 
also affects the appearance of water bodies. The shore line of w’ater features can be studied 
in great detail on aerial photographs. 

The outline, size, and density of wooded areas can likewise be clearly discerned on aerial 
photographs. Evergreen forests appear as dark, dense masses, whether the photography 
IS taken in the summer or winter. Deciduous forests also appear dark and dense on sum¬ 
mer photograph3’; but, on photographs taken in the wdnter, when the leaves are off, the 
ground is clearh’ visible through the trees. For this reason, most mapping photography 
of wooded areas is obtained in wdnter or earl3’' spring. 

Cultivated fields appear as rectangular areas, usually darker than the uncultivated lands, 
except that freshly plowed damp ground usuaU\' has a light-gra3’ tone. Orchards are 
easily identified b3' the regular pattern of the trees. 

The interpretation of photographs for special purposes, such as ph3'siographic, geologic, 
agronomic, and other technical uses, requires detailed study of tones and textures and 
their relationship to vegetative cover or land forms. 


49. MOSAICS AND PHOTO-MAPS 

-A.n aerial-photograph mosaic consists of a group of overlapping vertical aerial photo¬ 
graphs matched together as well as possible to form a unified picture of the desired area. 
A photo-map is a mosaic on which certain map features have been added. Mosaics and 
photo-maps are frequentlv- used as temporar3' substitutes for conventional maps, but for 
some purposes the3’ serve better than maps. Mosaics are said to be controlled, or uncon¬ 
trolled, depending on whether ground-surve3' control points are available, and the degree 
of accuracy attained, A mosaic that is compiled from only one or two flights, and covers 
a long and narrow route, is commonly called a strip mosaic. 

Controlled mosaics are compiled on a base sheet of composition board on w'hich are 
plotted all available ground-surve3* and photographic control stations. The scale for the 
base sheet (sometimes called a control plot), is usuall3* selected so as to be an3' convenient 
scale that is as near as practicable to the average scale for all of the photographs that are to 
be used. The locations on the base sheet for the principal point of each photograph, as 
well as for several photographic control points for each photograph, are then determined 
by a radial-line templet procedure, as explained in Art. 46 . Each photograph to be used 
in the mosaic is then carefuUv' measured and compared with the control points shown 
on the base sheet, and from this comparison the scale and tilt of each photograph are de¬ 
termined closeb' enough for the purpose. Each photograph that does not fit the control 
points shown on the base sheet is then ratioed (enlarged or reduced) as necessary for 
changing its scale, and also, when necessary, is rectified for the purpose of eliminating the 
effects of tilt. Each photograph is then trimmed of excessive overlap and is carefulbv 
pasted in place on the base sheet, getting the best fit possible with all control points and 
at the same time getting the best possible image match with all adjoining photographs. 
Lettering and other pertinent map data are then added, as desired. 

If several copies are required, a film negative of the original mosaic is made b3' a large 
map-copNing camera, the negative being enlarged or reduced at this time in order to obtain 
the desired final scale. Contact prints (or enlargements or reductions) are then made from 
this negative in the usual manner, when and as needed. 

Uncontrolled mosaics are made by less rigid methods and are less accurate than con¬ 
trolled mosaics. Nevertheless, a reasonabi3' useful composite picture of the terrain can 
be obtained b3’ means of an uncontrolled mosaic. The effects of the various distortions 
can be minimized by using onK’ the net central area of each print. 


60. PHOTOGRAMMETRIC MAPPING INSTRUMENTS 

Photogrammetric mapping instruments range in character from relativeb' simple 
devices, used for the production of maps of relativeh’ low accurac3', to elaborate plotting 
machines designed for mapping to a high standard of precision. Such instruments may 
be grouped into the two general categories of monoscopic and stereoscopic. Monoscopic 
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instruments are used only for transferring planimetric map features from photograph to 
map. and. because they pro'vdde no convenient way of correcting for relief displacements, 
are not suitable for accurate map work in hilly or mountainous terrain. Stereoscopic 
instruments utilize the prmciples of stereoscopy for depth perception and measurement, 
and hence are suitable for use in topographic mapping. Als>o, most stereoscopic plotting 
instruments provide a means of correcting for scale distortion caused by tilt, and image 


displacements caused by relief, and hence are suitable for accurate mapping 

In most of the modern stereoplotiing instruments, a so-called stereoscopic model, to 
true scale, is formed from each pair of overlapping photographs. Then, with a “floating 
mark’’ m the field of view, it is possible to follow a contour line in the stereoscopic model 
and to raise or lower this mark to correspond to different contour elevatioria. The floating 
mark is a vi-^ible point which can be seen at the same time that the stereoscopic model is 
being viewed. (Due of the most widely used types of floating mark consists of a small 

illuminated hole in the 



center of a platen which 
can be adjusted in a verti¬ 
cal direction; as the platen 
is moved vertically, the 
floating mark appears to 
move up or down. By 
using a drawing device 
connected to the floating 
mark, the operator may 
correctly delineate, in 
both plan and elevation, 
all map features appear¬ 
ing in each model. 

The principle of stereo¬ 
scopic height measure¬ 
ment is illustrated sche¬ 
matically in Fig. 39. It 
is assumed that the photo¬ 
graphs are printed on 
transparent plates so that 
the floating mark can be 
seen at the same time the 
photographs are view^ed. 


Fig 39 Stereoscopic height measurement. The images of the top and 


bottom of the monument 


appear on the left and right photos at the positions indicated by ol and a't, and an and 
a'R, respectively. If the two photographs are view'ed stereoscopically, wuth the horizontal 
plane containing the floating mark adjusted vertically so that the floating mark is at the 
intersection a'm of the rays u'l a'm and a'Ra'm. it will appear that a'm lies in that plane. 
Point Om. however, will appear to be at a higher elevation, and the amount by which the 
plane of the floating mark must be raised to appear to be at is a measure of the differ¬ 
ence in elevation between the top and bottom of the monument. 

The effectiveness or general efficiency of stereopiotting instruments is usually expressed 
in terms of an empirical constant known as the C factor. 


C factor = 


_ Flight hei ght 

Least contour interval accurately plottable 


If a plotting system is shown to be capable of plotting standard-accuracy 20-ft contours 
'but not smaller! when the flight height is 12.000 ft, the C factor is 12,000/20 = 600. 
<l'onversely. if the C factor is known to be 600 and it is desired to know what the flight 
height should be for the accurate plotting of 20-ft contours, the flight height is evaluated 
as 20 X 600 = 12,000 ft. The optimum value of the C factor for a given plotting instru¬ 
ment IS sometimes a controversial issue and may var>- considerably for different project.s, 
according to the type of terrain (w’ooded or cleared, grazing or cultivated! and the amount 
of haze in the atmosphere. In general. C-factor values range from about 100 for the least 
accurate instruments up to about 1500 for the most accurate instruments. 

Photogrammetne mapping instruments of the Multiplex type (including also the Kelsh 
plotter and the ER-55! are widely used in the United States. In the Multiplex system, 
the images of two overlapping photographs are projected through colored light filters, one 
red and one blue, onto a white platen mounted on a movable tracing instrument. The 
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operator i-s able to view the rebultant stereoscopic model by use of colored spectacles, one 
lens being red, the other blue, to match the colors of the filters. A floating mark of the 
type previously described is mounted m the center of the platen; as the ok-vation of the 
platen la adjusted up or down tne floating mark appears to move up or down. A vertical 
scale i--! provided on the platen’s support for measuring changes of elevation. A pencil 
mounted verticalh' below the floating mark can be brought into contact with the map 
S'heet for the delineation of detail, Planiinetric feature-5 are complied by pushing the 
tracing table along the feature—raising and lowering the platen so that the floating mark 
appears always to be on the ground A contour is traced by locking the platen at the cor¬ 
rect elevation and pushing the tracing table around the topographic feature so that the 
floating mark is always just tangent to the ground. Proper delineation of detail is con¬ 
tingent on the correct orientation of the Multiplex projectors. Each projector has adjust¬ 
ments so that its orientation can be made to duplicate the aerial-camera orientation at the 
instant the corresponding negative was exposed. These adjustments include three linear 
motion^, x. y, and 2 , for recovering the space coordinates of the exposure station. The 
X motion is generally parallel to the flight course, the y motion is generally horizontal and 
perpendicular to the flight course; the z motion is generally vertical. Three rotational 
motions about the ar, y, and z axes {x tilt, y tilt, and awing' serve to recover the orientation 
of the lens axis at the instant of exposure. The photographic images used in the Multiplex 
projectors are printed on small glass plates called diapositives. The diapositives are made 
from the original negatives in a reducing printer apecifically designed for the purpose. 

Photogrammetric mapping instruments of the “universal" type, such as the Zeiss 
Stereoplanigraph and the Wild Autograph, provide a means of carrying out. -with a high 
degree of efficiency, mapping projects that have unusually exacting requirements. Pro¬ 
jection and viewing in these instruments are accomplished by means of elaborate optical 
or optical-mechanical trains. Because of the complexity and high initial cost of the uni¬ 
versal type of instruments, they are not as widely used in the United States as the Multi¬ 
plex type. 

In addition to their use for the compilation of map detail, both the Multiplex type and 
the universal type of instrument are used for the extremely important function of aerotri- 
angulation, or extension of control. In aerotriangulation with a photogrammetric instru¬ 
ment, successive pairs of photographs in a strip are oriented to form a continuous bridge 
and the entire bridge is adjusted to ground-survey control located at the ends of the atrip: 
control required for intermediate models is then obtained from the adjusted bridge. 

51. PHOTOGRAMMETRY IN TOPOGRAPHIC MAPPING 

One of the most important applications of photograinmetry is in the preparation of 
topographic maps. By using any of the more accurate photogrammetric map-plotting 
instruments, in combmation with low-altitude and large-scale aerial photographs, it is 
jjo&sible to produce maps of standard accuracy with 1-ft or 2-ft contours, at scales such 
as 1 in. equals 50 ft or 100 ft. Many of the detailed topographic maps of cities and metro- 
Ijolitan areas are prepared by photogrammetric procedures. The topographic quadrangle 
maps of the United States Government, usually published at scales of 1:24,000 and 
1:62,500, are prepared by procedures making extensive use of aerial photograinmetry. 
Aeronautical charts with 500-ft and 1000-ft contours, at scales of 1:250,000, 1:500,000, and 
1 : 1 , 000 , 000 , are prepared from aerial photographs, usually oblique photographs. There 
are few topographic mapping projects covering extensive areas in which phologrammetry 
IS not utilized m one way or another. This does not mean, however, that ground sur¬ 
vey's can be entirely eliminated. On the contrary, the ground-survey phases of photo- 
grainmetnc-topographic mapping usually cost more than the photogrammetric phases. 
For example, control surveys must still be done largely by ground-survey methods, and 
ground surveys are also required for field checking the photogrammetric compilations, 
and tor completing those portions of each map sheet that cannot be done, or are not 
econoiiiicaily done, by means of aenal photographs. Map details of the type that are 
necessarily procured by ground surveys include, for e.xumple, names, features hidden 
within toresis or behind tall buildings, and cadastral information. Also, where the terram 
is extremely flat, the contours usually can be obtained more economically by means of 
conventional ground surveys. In general, however, the use of photograrnmetry will prove 
to be an economy for most topographic mapping projects. It is true that a considerable 
investment for specialized photogrammetric equipment is required, and that specially 
trained key personnel are necessary. Where equipment and tiained personnel are not 
immediately available, the services of the private-practice photograrnrnetin' organizations 
should be investigated. 



2-72 


SURVEYING 


62. PHOTOGRAMMETRY FOR THE CIVIL ENGINEER 

Although the more advanced applications of photogrammetrj* usually require costly 
equipment and the services of photogrammetric specialists, there are a number of ways 
in which the general civil engineer can make profitable use of this powerful implement 
without the need of extensive specialized training or a large investment in equipment. 
He should at least be aware of the following facts about photogrammetry: 

(a) Most of the area of the United States has been photographed by the United States 
Government. These photographs, with the exception of those covering certain restricted 
areas, are available at a nominal cost. An inquiry to the Map Information Office, U. S. 
Geological Survey, Washington, D. C., will enable the engineer to obtam complete in¬ 
formation regarding the availability and character of aerial photography covering anj' 
area in which he is interested. 

(b) Simple stereoscopic observation of pairs of overlapping photographs affords a quick 
and useful means of reconnaissance or of rough physical inventory of the terrain, cover, 
geology or culture of an area. With practice, it is not difficult to acquire considerable 
skill in stereoscopic photointerpretation. A pocket stereoscope is a simple and inexpensive 
device that should be standard equipment in every civil engineering office. 

(c) An extensive literature in the field of photogrammetry is available, notably the pub¬ 
lications of the American Society of Photogrammetry. The Society's quarterly journal, 
Photogrammetric Engineering, is the principal medium for the presentation of current de¬ 
velopments, while the Manual of Photogrammetry is a comprehensive reference work cov¬ 
ering practically all phases of photogrammetry. 

(d) Although precise photogrammetric plotting instruments are costly, there are avail¬ 
able several relatively inexpensive instruments capable of performing useful, if limited, 
objectives. 

(e) In the absence of a map, aerial photographs or a mosaic can serve as a temporary' 
map substitute. 

When the civil engineer's practice includes surveying and mapping problems that can 
be economically solved by advanced photogrammetric techniques beyond his own ex¬ 
perience, he may find it profitable to use photogrammetry in one of two ways: 

(а) If the occurrence of advanced problems is only occasional, the engineer can employ 
a firm specializing in photogrammetry, thereby eliminating the need to purchase equip¬ 
ment or hire additional personnel. Before entering into such an arrangement, the engineer 
should be reasonably sure that the photogrammetric solution of the problem will be cheaper 
or better than a field-survey solution. The cost aspect can be decided by comparing his 
own estimate of the cost of a field-survey solution with the bid or estimate submitted by 
the photogrammetric firm. The quality of the survey can be assured by providing ade¬ 
quate specifications to govern the project. The accuracy of a map or survey obtained by 
photogrammetric means is stated in exactly the same form as if the product were obtained 
by field-survey means, for the accuracy statement applies to the product, not to the 
means of obtaining it. A photogrammetric survey can also be better than a field survey 
in another sense: time of completion. Thus, even if it is neither cheaper in direct cost 
nor more accurate, a photogrammetric survey may save money by permitting earlier 
completion of the project. 

(б) If advanced problems occur frequently and are broad enough in extent to warrant 
the investment, the engineer can purchase photogrammetric plotting equipment and e m- 
ploy photogrammetric personnel. The choice of the equipment to be purchased depends 
on the nature of the work, the accuracy required, and economy of operation; this choice 
is sometimes a rather difficult one and may entail extensive investigation. With the aid 
of excellent instructional literature now available, the engineer’s technical employees usu¬ 
ally can be readily trained in the operation of photogrammetric equipment. 
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TOPOGRAPHIC SURVEYS AND MAPPING 

By George D. Whitmore 


53, GENERAL PROCEDLTiES 

The procedures ordinarily employed in topographic surveying may be grouped into 
four basic techniques, briefly described as follows: 

(a I Cross-section surveys, m which the area to be mapped is covered by parallel pro¬ 
files, spaced at appropriate intervals, as 25, 50, or 100 tt, with elevations determined for 
regular stations along each profile at suitable intervals, as 25, 50, or 100 ft, and with extra 
elevations being taken as plus points at all abrupt changes in slope For irregular terrain 
an additional set of cross profiles might be required. This method is widely used for 
obtaining topography of a narrow strip of terram. as for a proposed highway or railroad 
iucation, but it probably is not economical otherwise except for site-survey map^ of small 
areas 

(b) Transit-stadia surveys, in which transit-tape traverse lines with elevations are run 
at random throughout the mapping area, with stadia “side shots” being taken from each 
transit station as necessary to cover the adjacent areas. The traverse stations and side 
shots are later plotted on the map sheet, and used as guides in sketcliing the planimetric 
features and contours. A disadvantage of this and the cross-section procedure is that 
the sketching usually is done in the office and the sketcher therefore is handicapped by not 
being able to view the terrain directly. To offset this disadvantage, a combination of 
transit and plane table is sojnetimes used, in which both the plane table and the tran^t 
are set up near each other at each instrument station. The iransitman reads the stadia 
distance and determines the elevation of each side shot in the usual manner, but does not 
read the azimuth angle. The plane-table operator simultaneously plots each transit 
reading, using the alidade to obtain azimuth to the rod, and sketching the map details 
for each set-up while directly viewing the terrain. 

(ci The plane-table method, dec-cnbed in Art. 57 

(d) The photograrnrnetric method, in which both planimetric features and contours 
are, as much as feasible, identified. meaMired, and plotted from aerial photographs. This 
procedure greatly reduces, but does not by an>' means eliminate, the need for conventional 
around survey’s. For example, gruuiid surve>’s are still necessary’ for horizontal and 
vertical control, for locating contours in flat terrain, and for locating features not visible 
m the photographs by means of field-completion surveys. These latter include names of 
places and features, pohtical-subdivision boundaries, public-land lines, property corners, 
pipe lines and wire lines, road and budding classifications, features hidden within wooded 
areas, and several very small features such as springs, private cemeteries, and wells. 
On some projects it is satisfactory to do field-completion work in advance of the photo- 
grammetric compilation, in which case the missing features are delineated on a set of 
aerial photographs. In most cases greater efficiency is obtained by doing the field-com¬ 
pletion surveys after the photogrammetrio compilation sheet is available. In. that case 
the compilation sheet is reduced or enlarged to a suitable field scale, by use of a map¬ 
copying camera, and is then printed as a blueline print on a scale-stable plane-table sheet. 
This is taken to the field, and is checked, corrected, and completed, as may be necessary. 
This is the general method used by the U. S. Geological Survey on its standard quadrangle 
maps of United States areas, the principal phases being: (1) procurement of aerial photo¬ 
graphs; (2) basic control: (3} supplemental (picture-point) control: (4) compilation of 
photogrammetric manuscript sheet; (5) field-completion survey's hv plane table (which 
may include complete contour surveys in flat areas); (6j map finishing operations, in¬ 
cluding final inking and editing. 


54. CONTROL SURVEYS FOR MAPPING 

Control surveys for topographic mapping are necessary on all projects which cover 
more than a few acres. The cost of control surveys is substantial, m relation to the total 
mapping cost, and may range from a few to 50%. Significant sa\nngs may be achieved 
by finding the most favorable locations for the control surveys, and by utilizing those pro¬ 
cedures which are most appropriate for the accuracies required. 

Horizontal-control surveys protnde a series of base lines or base stations on which the 
less accurate surveys for locating map details are originated and closed, xhe most eco* 
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nomical locations and distribution for horizontal-control surveys will depend on both 
the map scale and the mapping procedures to be used. The minimum accuracy required 
in the horizontal-control surveys, if used only for mappmg. depends mainly on the map 
scale. 

Vertical-control surveys provide benchmarks and other accurate elevations on which 
the less accurate surveys for contouring are originated and closed. As a general rule, more 
control elevations are required for photogrammetric procedures than for conventional 
ground-survey procedures. The most economical locations and distribution for control 
elevations will depend on both the contour interval and the mapping procedure The 
minimum accuracy required for vertical control is directly related to the contour interval 

Control surveys are further differentiated according to the accuracy attained as first 
order, second order, third order and fourth order. Local control surveys that are to be used 
only for map preparation seldom require any accuracy higher than third order, and 
usually fourth order will suffice. The control-survey methods that will be most efficient 
or economical lor an\' mapping project will depend on several factors, includmg the t\'pe 
of terrain and the accuraci' required. 

Third-order hozizontal control mu^-t have accuracy and closures of 1:5000 or better, 
with fourth order including all accuracies of les.s than 1:5000, Horizontal-control .sur¬ 
veys for mapping should contain no blunders or errors larger than the least plottable 
distance on the map. and this criterion can be used to determine the accuracy necessarv 
and the techniques that will be satisfactory in the surveys for horizontal control. Lsually 
a combination of a main scheme of control of third-order accuracy, with fourth-order 
accuracy for a supplemental scheme, will be found economical. Horizontal-control sur¬ 
veys of third-order or better accuracy are usually executed by the conventional methods 
of triangulation in mountainous terrain, and transit-tape traver.se in non-mountainous 
terrain, or hy modifications and combinations of tnangulation and traverse. When the 
horizontal control is established by means of transit traverse, it is customary to run the 
vertical control over the same routes and use the traverse monuments as benchmarks. 

Third-order vertical control must have accuracy and closures of better than 0.05 ft 
X v^. m which is the length in miles of the level line or circuit, all work of lower 
accuracy being cla^.^^ed as fourth order. Vertical control of third-order accuracy can be 
accomplished onh' by conventional .spirit-level surveys. For mapping purposes, elevations 
that are correct withm one-tenth of the contour interval will usually be satisfactory; hence, 
unless the lines are long, fourth-order accuracies will ordinarily suffice. 

55. FOURTH-ORDER CONTROL METHODS 

Transit traverses, with distances determined either by taping or stadia, are commonh* 
employed in obtaining fourth-order horizontal control for large-scale maps. Fourth-order 
elevations of the traverse stations are then conveniently established by trigonometric 
levels (vertical angles) over the traverse course.'^, or. in flatter terrain, by fly levels. If 
the terrain is such that traverse taping is difficult, stadia distances are not practical, and 
conventional triangulation is not economical, a procedure known as the subtense-base 
method is sometimes efficient. In this procedure the length of each course of the traverse 
is determined by (a) measuring an accurate but short base line at each traverse station, 
laid out perpendicular (or nearly so) to the traverse course; and (b) occupying the station 
at the other end of the course with theodolite, and precisely measuring (to within a few 
seconds) the small angle subtended by the base line. Tlie length of the traverse course is 
then computed by the tangent formula. An Invar bar of fixed length, called a subtense 
bar, and usually 4 m in length, may be used instead of the measured base line, but, be¬ 
cause the subtense bar is relatively short, the traverse courses must also be kept shorter 
than when tape-measured base lines are used. For reliable fourth-order work, the ratio 
of the short perpendicular ba^G to the traverse course should average to be of the order of 
1:20, and should seldom exceed 1:40. 

In hilly terrain, when a main-scheme triangulation survey has been completed and the 
stations are flagged, the three-point method of locating new stations, with angles meas¬ 
ured b\- transit or theodolite, is usually efficient. If vertical angles are observed at the 
same time, and appropriate corrections applied for cur\'ature and refraction, station ele¬ 
vations reliable from within a few tenths of a foot to a few feet can usually be obtained, 
the accuracy being mainly dependent on the length of sights and size of vertical angles. 
In this procedure, as in all types of trigonometric leveling, the simultaneous measurement 
of reciprocal vertical angles will usually increase the elevation accuracy considerably, 
because the errors caused by changing refraction conditions are largely eliminated. 

The intersection method of locating a number of new control stations is economical in 
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certain types of terrain. New stations are “cut in” by measuring horizontal and vertical 
angles to each such intersection station with theodolite or transit from two or more of the 
basic triangulation stations. Plane-table triangulation, including intersected “cut in” 
stations and resected three-point stations, is an efficient method for small-scale mapping, 
elevations of the stations being determined at the same time by means of vertical angles 
measured with the alidade. 

When elevation control only is required, a variety of procedures are available, par¬ 
ticularly when a planimetric map, or base map, has been previously compiled by photo- 
grammetr\-. It is then feasible to determine the horizontal distance between any two 
planimetric features by scaling on the base sheet, and to use such scaled distances in con¬ 
nection with field-measured vertical angles for determining elevation differences. This 
combination has led to the development of several economical procedures. For example, 
a line of trigonometric levels can be carried acros.s country by measuring only the vertical 
angles from one well-defined planimetric feature to another. It is necessary, of course, 
that the stations of such a line all he “well-defined” planimetric features or other definite 
points that can be positively identified on the aerial photographs, and hence can be shown 
in accurate location on the base map. 

56. CONTROL ELEVATIONS BY ANEROID ^ 

There are several procedures available for utilizing the precision-type aneroid barome¬ 
ters, on projects where occasional elevation errors of up to 4 or 5 ft are permissible. In 
all procedures utilizing aneroids it is necessary* to determine a continuous record of the 
changes in atmo.spheric pressure which occur within the project area during the period 
of survey. This may be determined with fair reliability by either the one-base or the two- 
base method. In the one-base method one aneroid is left at a base station within the area 
to be covered by each day's work, and a dial reading is made at regular 5' or 10' intervals 
during the entire time that the roving field aneroids arc in use. It is then assumed that 
the changes in atmospheric pressure which occurred at the base aneroid occurred simul¬ 
taneously at each field aneroid 

The two-base method requires two base aneroids within the project area, one located 
as near to the lowest elevation for the project as may be convenient, and the other located 
at as high an elevation within the project as may be convenient. Simultaneous readings 
are made of each base aneroid at regular intervals throughout the working day. The 
atmospheric pressure change to be applied to each roving aneroid reading is determined 
by a simple prorate method, depending mainly on the altitude of the field aneroid with 
respect to the high-base and low-base aneroids. 

It is claimed that maximum accuracy with aneroids is achieved by the so-called “leap¬ 
frog” method. In this procedure two aneroids are u^ed to carry forward a line of eleva¬ 
tions. Both aneroids, A and B, are read at the same time at the .starting point. Aneroid 
A then remains at the starting elevation while aneroid B advances to the first now station. 
Both A and B are then read at the same instant. Aneroid B remains at its station until 
aneroid A arrives, then both are agam read, at the same tune. Aneroid A then advance? 
to the next station on the line, and the whole procedure is repeated for each section of the 
line. This.technique gives, in effect, a measurement and record of the atmo.^pheric pres¬ 
sure changes at the points where elevations are being determined. It should furnish un¬ 
usually' reliable elevations when the line can be terminated on a fixed elevation, with 
clo.sure distributed linearly, as this -would eliminate the inaccuracies caused by a sloping 
isobaric plane. 

57. PLANE-TABLE METHODS 

When topographic maps are to be prepared by a field-survey method, the plane table 
and alidade are the preferred equipment among experienced topographers. This prefer¬ 
ence seems to extend even into the field of large-scale survey s, including those of city areas, 
subdivisions, and industrial developments. The accuracy of the plane table m surveying 
for large-scale maps is limited mainly by the limitations of stadia-distance accuracy. 

There are three general ways in which the plane table is u.^ed, depending on the type of 
base map, or plane table sheet. The first is known as the “white-paper” method. It is 
the traditional plane-table procedure, m which the field topographer is supplied with a 
plane-table sheet showing only' control points. This method is now used mainly on large- 
scale, small-interval maps uf relatively small projects, but it is also an efficient method of 
making preliminary investigations and reconnaissance surveys of proposed developments. 


1 See also Art 26, p. 2-28, on Barometric Altimetry 
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The second general method is to prepare first an accurate planimetric base sheet, by 
photogrammetry, and to use this as a plane-table field sheet. The field surveyor’s job is 
thus greatly reduced, his principal task then being, in theory', the addition of contours 
and spot heights to the map, Actually he must also check all the features taken from 
the aerial photographs, in order to ascertain that they exist as shown and are properly 
classified and symbolized. Also, all planimetric features that were not visible on the 
aerial photographs, such as boundary' monuments, unmarked property hnes, and fea¬ 
tures hidden within wooded areas, must be searched out and located on the map sheet. 
Even so, the advantage of a planimetric base sheet is considerable, because the plani¬ 
metric features that are shown can be used in the same manner as horizontal control 
stations. Thus the need for long plane-table traverses, or extensive plane-table triangula¬ 
tion, is eliminated or greatly reduced. This method is most advantageous in flat or gently 
rolling terrain. In hilly or mountainous terrain, particularly if clear of forests, it would 
usually be more economical to use photogrammetric procedures for the contours as well 
as for the plammetiy'. 

The third general method is similar to the planimetric base method, except that either 
accurate aerial-photograph mosaic sheets, or ratioed prints of single photographs, are used 
as plane-table base sheets. This method is practical only when the terrain is quite flat, 
otherwise the displacements of photographic images caused by ground relief become 
troublesome As soon as relief displacements become serious, a compiled planimetric 
base sheet becomes a more satisfactorj- method. Also, because it is difficult to do fine- 
line, pin-point drafting on photographic-emulsion surfaces, the photographic base sheets 
must usually be made to a considerably larger scale than is needed for the final map. 


68. PREPARING ORIGINAL MAP SHEETS 

Distances (and azimuths) from topographic maps are determined by scaling, rather 
than by reference to written dimensions, as is so with such items as subdivision plats 
and building plans L is therefore desirable that each original topographic map sheet 
be prepared by such procedures and with such care as will insure consistent scaling ac¬ 
curacy. The original projection of rectangular-coordinate grid lines, which are used as 
guide lines for the plotting of all horizontal control points, must be plotted with pinpoint 
precision, using beam compass, steel straightedge, and best-quahty scales. Grid lines 
are usuallj’ a-paced at such convenient distances as will represent about 5 m. on the map 
sheet. The usual requirement is that both the grid projection lines and the horizontal 
control points (having positions expressed in terms of rectangular x and y coordinates) 
shall be plotted in correct relative position within 1/200 in., the same tolerance also being 
required for the over-all dimensions of the map sheet. Also, when a mapping project 
requires more than one map sheet, hairline accuracy is necessarj’ in matching features 
which cross the margin of adjoining maps. 

Because of the emphasis on scale accuracy in topographic maps, the preferred practice 
is to use scale-stable drafting materials throughout as much of the mappmg procedure 
as is feasible. In plane-table mapping, it is especially important to use scale-stable field 
sheets, because of the extremes of dampness and dryness that are encountered during field 
work. The present preference is for metal-mounted map sheets, these being made of 
good-grade drawing paper mounted on both sides of sheet metal or heavy foil, usually 
aluminum. A drawing material of coated glass fiber is scale stable and takes both pencil 
and ink fairly well Plastic sheets are reasonably scale stable, but most of these materials 
do not take or retain pencil work as well as drawing paper Materials that have shrink¬ 
age or expansion that is uniform in both directions are not so troublesome as those that 
have differential distortion. 

It is standard practice in many mappmg organizations to prepare the original map 
sheet (called work sheet, compilation sheet, or manuscript sheet'* at a scale that is from 
20 to 50% larger than will be required for the final map. In that case the accuracy toler¬ 
ances that are permissible on the final map can be enlarged proportionally for the larger 
scale used on the original map sheet. 


69. MAP FINISHING PROCEDURES 

The operations that follow the completion of the original manuscript sheet are called 
the map finishing procedures. These include all the operations necessary to prepare the 
map for reproduction, i.e., the final drafting and lettering, the checking, and the map 
editing. 
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The conventional linen tracing, with hand-drafted lettering, may be satisfactory for 
some of the large-scale special-purpose maps, especially when only a few copies are re¬ 
quired, or only a few users are involved. Tracing linen has the disadvantage of under¬ 
going sizable differential shrinkage and expansion with changes of atmospheric humidity. 
These difficulties can be largely eliminated by using transparent plastic sheets (as vinylite 
or acetate film) instead of linen, but such materials do not yet offer good drafting surfaces 
as ordinary drafting inks do not apply readily and uniformly, and tend to chip off easily. 
Also, the hard surfaces of plastic materials tend to dull drafting pens very rapidly. A 
translucent sheeting of impregnated glass fiber expands or contracts very little with 
humidity changes, and takes drafting inks better than most plasties. 

When a large-size map-copying camera is available, hand tracing of the original manu¬ 
script sheet may be eliminated entirely. The procedure is briefly explained in a report 
dated January 1946, by the Committee on Topographic Surveys, Surveying and Mapping 
Division, American Society of Civil Engineers, as follows; 

Much of the accuracy of a map may be lost through its manner of reproduction. Why go to the cost 
of time and money to make a map whose limit of accumulated error throughout is V 50 inch on the map 
scale and then lose this accuracy many times over through reproducing it by tracing linen and blue 
printing, in •which the over-all error may be as much as V 4 inch. Tracing linen alone may change scale 
between morning and night by more than 0 10 inch. 

A film positive, made on low shrinkage film or on glass, at map scale may be made by photography, 
from any properly pencilled map sheet Prints from these film positives made by the ozalid or other 
dry reproduction processes will be much nearer to exact scale than blue prints from tracings on linen. 
The cost will be less than preparing the linen tracing Maps of large and important projects, especially 
where many copies are needed, should be reproduced by photo-lithography or by engraving. 

When a map is to be printed by photolithography in only one color, the lithographer’s 
copy may be the original manuscript sheet, neatly inked and lettered. For some pur¬ 
poses, the original manuscript of a one-color map need not be inked, but can be prepared 
neatly enough in pencil. 

When the map is to be in several colors, each separate color must be carefully drafted 
on a separate sheet, called a color-separation guide sheet. “Stick-up” lettering, printed 
on sheets of thin celluloid or rice paper in a conventional printing press, is affixed in place 
on the map drawing with wax or paste. Printed *‘stick-up” is also used for symbols that 
are repeated many times on the map, including such as tufts depicting marshland and 
a variety of patterns that indicate different types of woodland. In the reproduction proc¬ 
ess, a glass-plate negative at publication scale is made of each color-separation drawing, 
by means of a large-size copying camera. Only the inked features and “stick-up” will 
show on these negatives, the camera exposure being timed so that the uninked blueline 
features do not photograph. For each negative a lithographic press plate on sheet metal 
(zinc or aluminum, coated with an albumen emulsion) is made, by contact printing in 
a vacuum printing frame. Each press plate is separately installed in an offset-lithographic 
press, and the final map sheets are run through the press once for each separate plate or 
color. 


60. TOPOGRAPHIC FEATURES AND SYMBOLS 

The features that are commonly shown on topographic maps may be grouped into 
four principal categories, these being: (a) cultural features, or works of man, including 
names and other descriptive information; (bl water and drainage features; (c> vegetative 
cover and land uses* and (d) hj'psography, or the depiction of terrain relief and eleva¬ 
tions. Maps that do not show hypsography are called planiirietric maps or plans 

Cultural features include all land-surface transportation w’ays and communications 
utilities; all structures of sufficient size to be appropriate on the map scale, including 
buildings, bridges, dams, piers, and wharves; political-subdivision boundary lines; and 
monuments, such as benchmarks, traverse stations, and boundary stones. Large-scale 
maps may show also such details as private-property boundaries, water hydrants, man¬ 
holes, telephone and elect^lc-i^e^vice poles, street curbs, lamps, sidew’ulks. and outside 
stairways. As much as possible all feature-? to be shown on the map should be drawn to 
correct scale and in complete detail, use of artificial symbol^ being held to the minimum. 
When the nature of any symbol is not self-evident, an explanatory note (called label) 
should be shown adjacent to the symbol. Where special and unfamiliar symbols are re¬ 
quired wdth such frequency that individual labeling would be impractical, the map should 
carry a legend, or explanatory notes. A few typical symbols for planimetnc and topo¬ 
graphic maps are illustrated in Fig. 40. 

Water and drainage features include all natural and constructed waterways, and all 
bodies of water, as lakes, ponds canals, ditches, marshes, and sw^amps. Such features as 
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water tanks, standpipes, conduits, and swimming pools are also classified as water 
features- 

Vegetative cover and land-use features varj' accordmg to the type of map and its scale. 
On the topographic quadrangle maps of the United States Government only certain types 
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of woodland cover are shown, as woods, brush, orchards, and vineyards. On special- 
purpose map.s the u-e of each land unit may be indicated, us grazing land cropland 
forestland, and wa.steland. On veiv large-scale maps, such a.s those for architectural 
studies or city subdivisions, each individual tree and bush should be locatcrl and described 
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H 3 'psography may be depicted hachures, hill shading, form lines, contours, and spot 
elevations, singly or in combination. Related features such as levees, spoil banks, sand 
dunes, sand and gravel beaches, drj* lake bottoms, and mine-waste areas are usualh' 
depicted by sj’mbols. heights being indicated b\' means of spot elevations Individual 
spot heights or elevations are customarih' sho^m for such features as hilltops, saddles, 
bridge floors, water surfaces, and intersections of streets, roads, and railroads. 

Contours are ordinarilj' used on topographic maps made for engineering purposes. 
When the area being mapped include^ both hilK' and flat terrain, it la cuatoniur\' to show 
auxiliary' or supplementary- contours across the flat arena, these being lines of short dashes 
or dots, so that they- may be readily distinguished from the conventional full-line con¬ 
tours. The interval for supplementary- contours la usually one-half the regular interval 
for the map, although supplementary- contours at one-fourth mterval and one-flith inter¬ 
val are also utilized when there are extreme differencea between hill alopes and flat areaa. 

Approximate contours are thoae that cannot be shown within the tolerance required 
for conventional contours, but nevertheless are reasonably- reliable in indicating approxi¬ 
mate elevations of topographic features. Approximate contours are usually shown m Ime-i 
of medium-length dashes, so that they can be di'>tiriguished trom supplementary contour.'. 

Form lines, which resemble contours in appeuiance. are used on reconnai-iaance-type 
maps to depict the more significant topographic features. No attempt la made to main¬ 
tain a uniform vertical distance or interval between adjacent form lines, and therefore form 
Imes cannot be relied upon for yielding even approximate elevations of topographic fea¬ 
tures. although spot elevatioiia of prominent topographic features, when available, should 
be shown. Form lines are shown by means of long daahes. and are thus distinguishable 
from conventional, supplementary, and approximate contours 


61. MAP ACCURACY SPECIFICATIONS 

The minimum accuracy to be attained in any topographic map can bo specified rather 
definitely and in simple terms, and tests for determining the compliance of any- map 
sheet with the accuracy specifications can be readily made. The “standard’* map ac¬ 
curacy specifications of the United States Government, lor maps of all scales and con¬ 
tour intervals, are briefly as follows: 

Horizontal accuracy. For maps on publication scales larger than K 20,000, not more 
than 10 per cent of the points tested shall be in error by more than h'so inch, measured 
on the publications scale; for maps on publication scales of 1 ) 20,000 or smaller, b' 5,.1 inch. 
These limits of accuracy shall apply in all cases to positions of well defined points only. 
“Well defined” points are those that are easily visible or recoverable on the ground, such 
as the following monuments or markers, such as bench marks, property boundary monu¬ 
ments: intersections of roads, railroads, etc.; corners of large buildings or structures (or 
center points of small buildings): etc. 

Vertical accuracy, as applied to contour maps on all publication scales, shall be such 
that not more than 10 per cent of the elevations tested shall be in error more than one- 
half of the contour interval. In checking elevations taken from the map. the apparent 
vertical error may be decreased by assuming a horizontal displacement within the per¬ 
missible horizontal error for a map of that scale. 

Similar specifications are recommended by- the American Society of Civil Engineers 
in Manual 10. Technical Procedure for City Surveys. 

With slight modifications, the so-called standard specifications can be applied to almost 
any topographic mapping project, regardless of the map scale or contour interval How¬ 
ever, the horizontal-accuracy tolerances may become impractical when the map sheets 
are prepared un trailing linen, vellum, umnoanted paper, or other materiaU that will 
shrink anil expand unevenly with changes in humidity, and that do not permit pinpoint 
plotting and fineline drafting. In such cases, the tolerance for horizontal di'pLifement 
might well be increased to . and even to a la'-ger amount in unu-^ual circumstances. 

There is nut much to be gained, however, by liberalizing the usual hall-interval tolerance 
foi standard contours. Actually', this tolerance is not difliculc to obtain, provided that 
appropriate procedures and equipment are used, and provided also that the contour inter¬ 
val is in proper relation both to the map scale and the type of terrain involved In con¬ 
sidering accuracy specifications for special-purpose maps, it is well to beai- in mind that 
a small-scale map of standard accuracy may- be as useful as a larger-scale map of sub¬ 
standard accuracy; and that large-interval contours of s>tandard accuracy may be as useful 
as smaller-interval contours of substandard accuracy. 

Topographic maps are usually tested for accuracy' compliance by- means of traverse-and- 
profile surveys. The horizontal accuracy of a map may be sample tested by- running an 
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accurate transit-tape traverse at random across any section of the mapped area, originating 
and closing on stations of the control surveys. All “well-defined planimetric features” 
lying along or near the traverse route are tied in, so that the plane coordinates of each 
such feature can be computed. Each test feature is then plotted on the map sheet, and 
the distance on the map, to the nearest ^'200 is scaled from the plotted test point to 
the map location for the same feature. Contour accuracy may be conveniently tested 
by determining an accurate elevation at each significant change of slope along the traverse 
route. The location of each such test elevation is then plotted on the map sheet, and 
the value of the test elevation is compared with the elevation of the plotted test point 
as interpolated from the contours of the map. In steep terrain, if the elevation difference 
at any test point exceeds the tolerance, either or both of the contours adjacent to the 
test point may be temporarily shifted or displaced in any direction on the sheet, by the 
same amount that is permitted for horizontal displacement of the planimetric features. 
It should be noted, however, that this provision for an imaginary contour “shift” will 
be helpful only where the contours are very closely spaced on the map. 


ROUTE SURVEYS 

By William T. Pryor 


62. ROUTE LOCATION METHODS 

The location for a highway, railroad, transmission line, canal, or pipe line is determined 
from information supplied through three types of surveys, i.e., reconnaissance (usuallv- in 
two stages), preliminary survey, and location survey The first stage of reconnaissance 
will determine whether a proposed project is feasible, and if so. whether more than one 
location is available. The second stage of reconnaissance will determine the best route 
for more detailed survey. 

The preliminary survey will involve a thorough investigation of a band of territory 
that may vary in width from a few hundred feet to a mile or more. The end result may 
be a strip topographic map covering the route selected during the reconnaissance. The 
variations of alignment, grade, and cross section may then be studied, and the line selected 
which is most suitable and economical 

The location survey includes the staking of the selected location on the ground for 
construction. As the work progresses minor adjustments in line and grade are made, to 
obtam most advantageous location. 

It should be noted that on many projects there will be no definite subdivision into 
types of surveys, e.g , reconnaissance and preliminary surveys may be simultaneous op¬ 
erations, and preliminary surveys may become location surveys where the problem is 
relatively simple. Conversely, where the problem is complicated, as for a new highway 
location in a well-developed area, the first operations of the location survey may be mainly 
for the purpose of obtaining more accurate and detailed information for refinement of 
design, and thus would be in reality a second-stage preliminary survey. New surveys 
would then be required along the actual location zone, including alignment, profile, cros.s 
sections, right-of-way surve\' 2 , and soil and foundation data. In these cases the center 
line may be significantly changed during the process of redesign, and the staking or restak¬ 
ing of the adjusted location, as well as slope staking, structure staking, and right-of-way 
staking, would necessarily be delas ed until the redesign had been completed. 


63. RECONNAISSANCE SURVEYS 

In all route surveys, before most field work is started, maps of the area should be as¬ 
sembled and studied. Topographic maps, such as the quadrangle sheets of the U. S 
Geological Surve\'. are especially useful. Geologic maps, soil maps, county highway maps, 
and other maps of the area will provide valuable supplemental data. Aerial photographs 
are especially useful for reconnaissance purposes, as they will provide supplemental 
topographic and land-use information, or can be used instead of topographic maps when 
none are available When no maps of any sort are available, the photographs can be 
assembled into an uncontrolled mosaic, for use as a map substitute. Also, the indi-vidual 
photographs should be examined stereoscopically for best identification and interpreta¬ 
tion of information that may not be represented on maps. 
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The first stage of a reconnaissance is to lay out on the best available map each general 
route that appears to be feasible, givmg due regard to the fixed controls. The locating 
engineer should then traverse the area by car, on horseback, or on foot, to become familiar 
with the area and its special conditions, and to note the changes that have occurred smce 
the map was prepared, as well as features that were omitted from the map 

When neither maps nor photographs are available, the entire investigation must be 
made in the field, and survey data for preparing a reconnaissance map must be obcamed. 
Approximate field measurements will suffice for this purpose; hence distances may be 
measured by pacing or by odometer; bearmgs of courses may be obtained by compass; 
and elevations may be determined by aneroid barometer and/or Abney level. Tne end 
result of the first-stage or area reconnaissance should be a map, mosaic, or other exhibit 
showing each feasible route m correct relation to all others, and to the prmcipal controls; 
or the location of each route may be marked on the ground. 

When it is found that two or more routes of nearly equal desirability are available, a 
second-stage reconnaissance of the alternatives, more complete and detailed, should be 
made. This is accomplished by carefully examining each route in the field. If large-scale 
photographs for each route are available, however, or can be pro\nded, an intensive ster¬ 
eoscopic examination of them will be the best means of obtaining comparative information 
for each route as to topography, soils, drainage areas, land use, and other required data. 
In order to compare the alternatives fully it may be necessary to prepare a reconnaissance 
estimate of the construction cost for each feasible route. In that case, it will be desirable 
to obtain data on directionality, length, lise and fall, serviceability, acces^^bility, land 
values, characteristics of subsurface materials, elevations of high-water marks, erosion 
tendencies and treatments, local sources of suitable con.«truction materials, and all other 
qualities that -^ill aid in comparing the alternatives. 

If the reconnaissance investigations are not adequate for the selection of the best route, 
additional surveys by transit, level, tape, or photogrammetry will be required. These 
more detailed surveys are called the preliminarj’ survey, and their mam purpose is to 
obtain all the information needed for determination (design^ of the best position for the 
works on the selected route, although they sometimes must be used also to complete the 
comparison of routes of nearly equal qualities. 

64. PRELIMINARY SURVEY 

The preliminary survey of a highway or railroad location supplies information that is 
used in designing alignment and grade. It includes (Ij a transit-iape traverse, called the 
P line, that follows as near as practicable the route selected during the reconnaissance; 
(2j benchmark levels; (3) profile levels along the same line; and (4) topographic and prop¬ 
erty-ownership surveys and map of a strip area on both sides of the traverse. On those 
projects where the traverse stations and benchmarks will be used later as position controls 
for the location survey and other purposes, it is ad\*isabie to make the preliminary surveys 
of third-order accuracy or better, and to describe and reference the traverse stations and 
benchmarks for future recovery. It is desirable to use permanent-tj'pe benchmarks, 
and to include these as Instrument stations in the traverse whenever practicable. 

The traverse should be based on a grid-coordinate system, preferably the official state 
plane-coordinate system, and the topographic map .-ihould be plotted on a projection of 
coordinate lines. Level datum should be inean-sea-level whenever practicable. 

The strip of topography on either side of the P line may vary greatly m width, depend¬ 
ing on the topography and land use. For a very narrow strip the cross-section method 
of topographic surveying may be used. For a strip several hundred feet in width the 
transit-stadia or plane-table method mav be best. For a very wide strip extending over 
a long route, it may be economical to prepare the topographic map from aerial photo¬ 
graphs. Regardless of the method used, the final map should be on a scale within the 
range of from 1:600 (50 ft to 1 in.) to 1:6000 (500 ft to 1 in.), the general preference be¬ 
ing for the scales of 1:1200 or 1:2400. The largest scales and smallest contour intervals 
are used where land values are high. The contour interval should be in the range of from 
1 ft to 10 ft, the general preference being for 2 ft or 5 ft. The strip topographic map should 
be of standard accuracy, and should show complete planimetry and contours, ail P line 
stations and benchmarks, and relevant features such as property ownership and land use. 
The traverse-control surveys that are necessary for maps prepared by photogrammetric 
methods should be preserved by marking some of the stations, at intervals of b '2 mile to 
1 mile, with permanent monuments, as these will later be used as reference points for 
the location surv'ey. 
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Certain types of projects, as pole-and-wire lines, require only a narrow strip of topog- 
raph\-. as the profile of the P hne and parallel lines a short distance awa>' will furnish nearly- 
all requiied information: also tlie profile elevations need be only accurate enough to in¬ 
sure proper clearance of wire above ground, and suitability of vertical angles at towers. 


65. PROJECTING LOCATION ON TOPOGRAPHIC MAP 

On the strip topographic map piepared during the preliminary survey, or on any sim¬ 
ilar map that may be available, all possible alignments are developed and studied, the 
objective being to find the location that will provide sati-?factory grades and alignment 
at the least cost. Ea'^h alignment that appeal;? feasible should be marked on the map. 
Trial iinoa Ifir an improvement that !■? made up mainly of tangent^ (as- a pole line, cable 
line, and pipe line’' may be marked bv s-traight edges, or by a thread stiet'-lied between 
pin^ located at proposed angle points Trial line:? for an improvement that require; 
nunierriu- '-urve^ 'hia a highway, lailroad, or canal in hilly topography ma\' be laid out 
witn a flexible spline 

In area-; of considerable relief a trial position for the alignment is determined by setting 
the .scale distance for 100 ft on a pair of dividers and stepping off the maximum grade on 
the C'jrituur.-*, If a 5^ grade is ^peeified and the contour interval is o ft, beginning at a 
.-^addle 111 the topography, the divider will be pivoted on each contour, up or down a hill- 
aidc. suitable allowance beiiig made for cuivuture iii the alignment After selection of 
tne aliginiKmt a profile is plotted by ><*almg the di-;tanee to each contour that cro.saes the 
propo-ed line. The proposed gra.le line* then e-rablished. considering all '•ight dhtance 
ari'i cifaranco requirenient<. When ne<•e^.'aly for a complete study, cro.^s .sections based 
on tlie contours may be plotted at selected station'-. 

.■^tudy of the profile, grade hne. cross sections, adjacent topography, and horizontal 
alignment feature? will indicate better sites for structures and places where minor adjust¬ 
ment'’ will improve the alignment oi grade, and decrease quantities; aUo where balance 
oi cut-and-fili quantities pra'-Mcable The procedure is repeate<l as often a' neces'ar^•, 
unt/i the best compiomise ot co-'t vs ac(‘eptable alignmeiu and grade has been found. 

Other featuics that nla^' re-Mnct t.r affect tlie location of a highway include proper 
ah-'nment for apprrjaches to bridge sites, connections and mteisection', providing height 
of grade that will he adequate for culverts and will he above recurring high-water levels; 
and providing nil shapes tliat are practicable and will “catch” without requiring costly 
retaining walls 

A description of the alignment finally selected is computed by means ol the coordinate 
grid system on the map When the alignment contains curves this will include tlie type 
and length of all curves, with their beginning and ending points, and the cooidmate 
position, length, and bearing of the joining tangents The station value of each angle 
l)oint is then computed, after which the location of each 100-fl station i-^ plotted on the 
map for the ontuc alignment 

For improvement' re(iuiring grading, a prehminarv estimate of cut-and-fill quantities 
1 ' necessary. For thi< pnrpo'=^e, cross sections are plotted from the contour.s of the map 
at each 100-ft station and inteniiediate point The grading computations may indicate 
where ad.ni'tment.' in alignment, grade lino, or both, A\ill be advantageous in attaining a 
better balance ^ of <'Uts ami fill.', oi in dccroa'ing length of haul 

A pielinunary e'timate of total cost m prepared, which should include the co't of right- 
of-wa\’ 'f^verance flamages, 'tructuic'. grading, drainage and surfacing. When tlieic 
arc TWO O' n-orc different locations available within the mapped area, a similar completo 
-Tiidv and cf>'i: e'timate will be lequired for ea«-n alignment, to be certain that the bc-st 
alignment has been selectei. 


66. LOCATION SURVEY 

The purpose' of the location 'u^vey for a highway, railroad, or canal are: (li to pro¬ 
vide location stakes and grade mformatkm for the center line; (2) to provide base-line 
survey .stations for cio'.s 'CcTions ami for setting slope stakes, structure stakes, and right- 
of-way Stakes, and (.3) to provide data for final d*'''ign and computation of grading and 
other pay quantities The fir't of)erations are the staking of the selected center line, and 
ch'* running of profile IcvcU 
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The location line, called the L line, is staked by standard transit-tape traverse metii- 
ods, the preliminary P line being used as a reference line for the staking of kej" stations on 
the L line. The L line ma>- not m all cases be m the exact location of the final center line, 
but it is intended to serve as the survey base line for the project during the entire time of 
construction. It is therefore expected to be located within such narrow limits as to insure 
construction within tlie widtli of any ordinary right-of-way. Tiie L-line instruinent- 
••'tation stakes should be well referenced to points outside of the construction area so that 
they may be reestabli-shed as construction progresses, and for use after the construction 
has been completed for running as-constructed line, profiles, and cross sections to de¬ 
termine final payment quantities. 

In running the L line, stakes should be set at all lOO-ft stations, at all intermediate 
points whore there i> a break in profile, and at all required points on curves. A 
section is taken at each 100-ft station, and at each intermediate plus point. When the 
final grade line is determined, grade stakes and slope stakes* are set for each I'lU-ft station 
and plus iH:)int. ''takes are tiLo set for all structures, and for right-of-way boundaries. 

For a project that doe? not require grading, as a transinissnin line, the location survey 
may be limited to staking the locations for the towers or pules. 


67. THE ELEMENTS OF A CIRCULAR CURVE 

Points A and B, Fig. 41, where straight lines (tangents) are tangent to the circular 
curve, are called: P,C,, point of curvature, for the beginning of the curve; and P T., 



point of tangency, for the end of the curve The inrer-'Cction of the two tansonT'; of the 
circular curve is called the P.I . punt ot iiitLi^ection I lie anirle at t)ie PI. h«'tween 
the two taiiirenc.' ot the circular curve. A, i-' the •'ame the amrie -ubtei'acij between the 
radial lines. OA and OB. tliat arc pej peiidiculai ti- ihe ’’vo taiurent^ at the P i.' and P T., 
respectively. That j-ait o! each lamreiit v.lncli t\i ?n.Us h^-r.vui-u tiu- P(’ a:id the PL, 
ami lietwc'-.n the P T. and tlie P I . m called thv* senutaagent 7 .Vrc ApB known as 
the length of curve, u-ually dcsiai'.ated L . T)ic '■tranrht hue Ir.au j)')mr .1 lu pomr (,.>n- 
iiectmg the P C. and V T . i-> the chord C ot tlie i ii<-ular curve The lemzth of hue from 
the P I. TO the cin uUir curve at point p is calle.'! tiie evcerncl ^li^tauce K. and ttie length 
of line from point p to the chord is called the innhlle ordinate M The ih-'tance from the 
P C. along the '•emitaiigent. or the semitvangent extended, to a point K is the tangent dis¬ 
tance td'^ and K is the point at which a perpendicular to the tangent from the circular 
curve mter-^ects the tangent. The length of line fnun point K to the circular curve is. 
the tangent offset to. 
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Circular curves of different length radius curving in the same direction, when contigu¬ 
ous with each other, are called compound circular curves. Fig. 42. Ttie point where com¬ 
pound circular curves touch a common tangent is called the point of compound curva¬ 
ture P.C.C. Other parts of such curves, except for the P.C. and P.T. points, are sepa¬ 
rately identified by use of subscript numbers. 



Circular curves, whether of the same length radius o** not, that are curving in opposite 
direction and are joined at a common point of tangency, are called reversed circular 
curves, Fig. 43. The point of reversal is called the P.R C., point of reversed curve. Other 
parts of reversed curves, except for the P.C. and P.T. points, are separately identified by 
use of subscript numbers in the sequential order of the curves. 



Fig 43. Reversed circular curves 


There are three systems for expressing the rate of curvature of a circular curve: (1) 
Fig. 44, by the length of the radius; (2) Fig. 45, by the number of degrees subtended by an 
arc of the curve 100 units long; and (3> Fig. 46, by the number of degrees subtended by a 
chord of the curve 100 units long. In all three systems, distances may be in feet, meters. 
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or other units. In the metric s\'3tem of measurement, the degree of curve is sometimes 
defined as the number of degrees subtended by an arc with a chord that is 20 m long rather 
than 100 m. 



The chord definition of circular curves is used mo.st in railroad engineering, for which 
curve tables were prepared at an early date. The inaccuracies of the chord definition 
and other difficulties arising in the engineering work (such as the lack of proportionality 



between the degree and radius of the curve) and especiall.v for sharp curves have caused 
manv’ highwa^^ engineers and highway* departments to discontinue use of that system. 
Instead, the radius definition and arc definition have been adopted, with the latter being 
preferred by many engineere. 
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T - y E(2R + £■)=£ ^ = -U ^ 7 ~ (approx.) 

Tangent di.stanee, td 

(f(?) - ^ (I,s) 

[■+"»©] 

Tangent offset, t, 

, /DLA /DLe\ C- 

{rnTj - (,7(W j = 7k = ^ (approx.) 

External distance, E 

_i CT C A _ 

E = K exsec -- = --- - .M = - tan - - V = V r- + K'2 - E 

„ C li ,, A K.l/ A 

E = - cosec ~ exsec - = M sec - = ^ ^ = T tan j 

Aliddle ordinate, M 

A/ = R vers ^ = E v»r,s j = ff - x (R + c,/2KE - C/2) 

If IV ^ rr 

M — h cos — = — tan — = i cot — vers — = /,-4 i.approx.) 

C- T 

-V = — (approx.) = — (approx.) 
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Table 3. Length of Circular Arcs, Radius 1 


To determine the length of a circular curve, multiply the tabular value for the A angle of the curve 
by its radius. Whenever the A angle contains minutes, seconds, and degrees, add the appropriate 
value for the respective minutes, seconds, and degrees to ascertain the figure to be multiplied by the 
radius. This table is most useful whenever the curve is of even length radius, resulting in an odd de¬ 
gree of curve. It will also give exact results when the degree of curve is even and the length of the 
radius is odd, but in such a case the curve length is more easily computed by use of the usual formula 
Lc = lOOA/D. 


A Angle, 

Length 

A Angle, 

Length 

A Angle, 

Length 

seconds 

for = 1 

mmutes 

for ii: = 1 

degrees 

for R — 1 

0 

0 00000000 

0 

0.00000000 

0 

0.00000000 

1 

0 00000485 

1 

0 00029089 

1 

0 01745329 

2 

0.00000970 

2 

0 00058178 

2 

0 03490659 

3 

0 00001454 

3 

0 00087266 

3 

0.05235988 

4 

0 00001939 

4 

0 00116355 

4 

0.06981317 

5 

0 00002424 

5 

0.00145444 

5 

0 08726646 

6 

0.00002909 

6 

0.00174533 

6 

0.10471976 

7 

0 00003394 

7 

0.00203622 

7 

0 12217305 

8 

0.00003879 

8 

0.0023271! 

8 

0.13962634 

9 

0 00004363 

9 

0 00261799 

9 

0.15707963 

10 

0.00004848 

10 

0.00290888 

10 

0.17453293 

n 

0 00005333 

11 

0.00319977 

11 

0 19198622 

12 

0.00005818 

12 

0.00349066 

12 

0 2094395! 

13 

0 00006303 

13 

0.00378155 

13 

0 22689280 

M 

0.00006787 

14 

0.00407243 

14 

0 24434610 

15 

0 00007272 

15 

0 00436332 

15 

0.26179939 

16 

0 00007757 

16 

0.00465421 

16 

0.27925268 

17 

0.00008242 

17 

0 00494510 

17 

0.29670597 

18 

0,00008727 

18 

0 00523599 

18 

0.31415927 

19 

0.00009211 

19 

0 00532688 

19 

0 33161256 

20 

0 00009696 

20 

0 00581776 

20 

0.34906585 

21 

0 OOOIOI8I 

21 

0 00610865 

21 

0.36651914 

22 

0.00010666 

22 

0.00639954 

22 

0.38397244 

23 

0.00011151 

23 

0 00660043 

23 

0 40142573 

24 

0 00011636 

24 

0 00698132 

24 

0.41887902 

25 

0 00012120 

25 

0 00727221 

25 

0 43633231 

26 

0 00012605 

26 

0 00756309 

26 

0.45378561 

27 

0.00013090 

27 

0 00785308 

27 

0 47123890 

28 

0 00013573 

28 

0.00814487 

28 

0.48869219 

29 

0 00014060 

29 

0 00843576 

29 

0.50614548 

30 

0 00014544 

30 

0 00872665 

30 

0.52359878 

31 

0.00015029 

31 

0 00901753 

31 

0.54105207 

32 

0.00015514 

32 

0 00930842 

32 

0.55850536 

33 

0 00015999 

33 

0.00959931 

33 

0 57593865 

34 

0 00016484 

34 

0 00989020 

34 

0.59341195 

35 

0.00016968 

35 

0.01018109 

35 

0.61086524 

36 

0.00017453 

36 

0 01047598 

36 

0.61831853 

37 

0 00017938 

37 

0 01076286 

37 

0.64377182 

38 

0 0C018423 

38 

0 01105375 

38 

0.66322512 

39 

0.00018908 

39 

0.01134464 

39 

0.68067841 

40 

0.00019393 

40 

0.01163553 

40 

0 69813170 

41 

0 00019877 

41 

0 01192642 

41 

0 71558499 

42 

0 00020362 

42 

0.01221730 

42 

0 73303829 

43 

0 00020847 

43 

0 01250319 

43 

0.75049158 

44 

0 00021332 

44 

0 01279908 

44 

0 767Q4487 

45 

0.00021817 

45 

0 01308997 

45 

0 78539816 

46 

0.00022301 

46 

0 G1338086 

46 

0 80285146 

47 

0.00022786 

47 

0 01367175 

47 

0.82030475 

48 

0.00023271 

48 

0 01396263 

48 

0 83775804 

49 

0.00023756 

49 

0 01425352 

49 

0 85521133 

50 

0.00024241 

50 

0 01454441 

50 

0.87266463 
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Table 3. Length of Circular Arcs, Radius 1 —Continued 


A Ansle, 

Length 

A .Angle, 

Length 

A Angle, 

Length 

seconds 

for = 1 

minutes 

for R = 1 

degrees 

for R = 1 

51 

0.00024725 

51 

0.01483530 

51 

0.89011792 

52 

0.00025210 

52 

0 01512619 

52 

0.90757121 

53 

0.00025695 

53 

0 01541708 

53 

0.92502450 

54 

0 00026180 

54 

0.01570796 

54 

0.94247780 

55 

0.00026665 

55 

0.01599885 

55 

0.95993109 

56 

0.00027150 

56 

0.01628974 

56 

0.97738438 

57 

0.00027634 

57 

0.01658063 

57 

0.99483767 

58 

0.00028119 

58 

0.01687152 

58 

1.01229097 

59 

0.00028604 

59 

0.01716240 

59 

1.02974426 

60 

0.00029089 

60 

0.01745329 

60 

1.04719755 

A Angle, 


A Angle, 




degrees 


degrees 




61 

1.06465084 

91 

1 58824962 

121 

2.11184839 

62 

1.08210414 

92 

1.60570291 

122 

2 12930169 

63 

1.09955743 

93 

1.62315620 

123 

2 14675498 

64 

1.11701072 

94 

1.64060950 

124 

2 16420827 

65 

1 13446401 

95 

1.65806279 

125 

2.18166156 

66 

1.15191731 

96 

1.67551608 

126 

2.19911486 

67 

1.16937060 

97 

1.69296937 

127 

2 21656815 

68 

1.18682389 

98 

1 71042267 

128 

2 23402144 

69 

1.20427718 

99 

1.72787596 

129 

2.25147474 

70 

1,22173048 

too 

1.74532925 

130 

2.26892803 

71 

1.23918377 

101 

1.76278254 

131 

2.28638132 

72 

1.25663706 

102 

1.78023584 

132 

2.30383461 

73 

1.27409035 

103 

1 79768913 

133 

2.32128791 

74 

1.29154365 

104 

1.81514242 

134 

2.33874120 

75 

1.30899694 

105 

1 83259571 

135 

2.35619449 

76 

1.32645023 

106 

1 85004901 

136 

2.37364778 

77 

1.34390352 

107 

1.86750230 

137 

2.39110108 

78 

1.36135682 

108 

1.88495559 

138 

2.40855437 

79 

1.37881011 

109 

1.90240888 

139 

2.42600766 

80 

1.39626340 

110 

1.91986218 

140 

2.44346095 

81 

1.41371669 

111 

1.93731547 

141 

2 46091425 

82 

1.43116999 

112 

1.95476876 

142 

2.47836754 

83 

1.44862328 

113 

1.97222205 

143 

2 49582083 

84 

1.46607657 

114 

1.98967535 

144 

2.51327412 

85 

1.48352986 

115 

2.00712864 

145 

2 53072742 

86 

1.50098316 

116 

2.02458193 

146 

2.54818071 

87 

1.51843645 

117 

2 04203522 

147 

2 56563400 

88 

1.53588974 

118 

2 05948852 

148 

2 58308729 

89 

1.55334303 

119 

2 07694181 

149 

2.60054059 

90 

1.57079633 

120 

2.09439510 

150 

2.61799388 
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Table 4. Circular Curve Table (Arc Definition) * 


This 

,ble IS the held en^^ineer 

5 ready reference. 

For each dei 

uefc ui curve used mos 

t IS given the 

rad'Uv, 1.) 

^runthni uf tlie radiu> for calculation purposes, minutes 

dtfiecti4*n 

; for an arc 

of 1, and the 

?hor<i for 

aiCs of 2 . 5 , .30, ,^iid lUO 

Tu deiexiiiirie tl 

le dedtctmn ill 

jiiinutes. 

multiply tiu- 

• curve leiiath 

ioi wj.ich thu dedfCtinn is deairtd by tiir- niinuto f 

or ai! aic I'f 1 

. This principle 'a: 

id tiie choids 

for ihtse 

diiierent aic lengths ai 

e ai>plicable in both the foot a: 

Minutes 

td rnctiiC 

systems oi : 

i.easurement. 

Deirit't 

Ridius 

Lugai ithiii 

Defiec- 

Chord 

Chord 

Chord 

of 

(jf 

of 

tlCUl loi 

for Arc 

toi Arc 

for Arc 

Curve 

Curve 

Radius 

Arc uf 1 

or 25 

of 50 

of 100 

0- 00' 

Inhnite 

Infinite 

0 00 

25 000 

50 000 

100 000 

30' 

11 459 156 

4 05«1I5263 

0.15 

25 OUO 

50.000 

100.000 

i" 00' 

5 720 578 

3 75812263 

0 30 

25 000 

50 000 

99.999 

30' 

3 819 719 

3 58203137 

0.45 

25 000 

50 000 

99 997 

2- 00' 

2 S64 739 

3 457092o4 

0 60 

25 000 

49 999 

99 995 

30' 

2 291 831 

3 36018262 

0.73 

23 000 

49 9^9 

99.992 

3- 00' 

i 909 859 

3.28IOOI38 

0.90 

25 000 

49 999 

99.989 

30' 

1.637 022 

3 21405459 

1 05 

25 000 

49 998 

99.984 

4= 00' 

1 432 394 

3 15606264 

1 20 

23 000 

49.997 

99 980 

30' 

1 273.240 

3 10491012 

1 35 

23 000 

49 997 

99 974 

5“ 00' 

1 145 9!6 

3 05915263 

1.50 

25 000 

49 996 

99 968 

30' 

1 041 741 

3 01775994 

1.65 

24 999 

49 995 

99.962 

6^ 00' 

954 930 

2 97997138 

I 80 

24.999 

49 994 

99.954 

30' 

881.474 

2 94520928 

1 95 

24.999 

49.993 

99 946 

T 00' 

818 511 

2 91302459 

2 10 

24.999 

49.992 

99.938 

30' 

763.944 

2 88306137 

2 25 

24 999 

49.991 

99.929 

5= 00' 

716 197 

2 85503265 

2.40 

24 999 

49.990 

99.919 

30' 

674 0o8 

2 82870371 

2.55 

24 999 

49 989 

99.908 

9= 00' 

636 620 

2 80388012 

2 70 

24 998 

49 987 

99 897 

30' 

603 113 

2 78039903 

2 83 

24 998 

49 986 

99.885 

10= 00' 

572 958 

2 75812263 

3.00 

24 998 

49 984 

99.873 

1 1 = 

520 871 

2 71672995 

3 30 

24 998 

49 981 

99 846 

12= 

477 465 

2 67894139 

3.60 

24 997 

49 977 

99.817 

3 3= 

440 737 

2 64417928 

3.90 

24 997 

49.973 

99.786 

14= 

409 256 

2 61199460 

4.20 

24 996 

49 969 

99.751 

15= 

381 972 

2 38203137 

4 50 

24 996 

49 964 

99.715 

16 = 

338 099 

2 53400265 

4.80 

24 995 

49 959 

99.675 

17 = 

337 034 

2 52767371 

5 10 

24 994 

49 954 

99.634 

18= 

318 310 

2 50283013 

5.40 

24 994 

49.949 

99 589 

19= 

301 537 

2 47936903 

5 70 

24 993 

49 943 

99 542 

20= 

286.479 

2 45709264 

6.00 

24.992 

49 937 

99.493 

21 = 

272.837 

2 43590334 

6 30 

24 991 

49.930 

99.44! 

22= 

260.435 

2 41569993 

6 60 

24 990 

49.923 

99.387 

23 = 

249.112 

2 39639480 

6 90 

24 990 

49 916 

99.330 

24= 

238 732 

2 37791139 

7 20 

24 989 

49.909 

99.271 

25= 

229.183 

2 36018262 

7.50 

24 988 

49.901 

99.209 

30= 

190 986 

2 28100138 

9.00 

24 982 

49 837 

98.862 

35= 

163 702 

2 21403459 

10.50 

24 976 

49 806 

98.452 

40= 

143 239 

2 15606264 

12.00 

24 968 

49 747 

97 982 

50= 

114 592 

2 05915263 

15.00 

24 950 

49 604 

96 857 

60° 

95.493 

1.97997138 

18 00 

24 929 

49 431 

95 495 

70= 

81 851 

1.91302459 

21 00 

24 903 

49 226 

93 896 

80= 

71.620 

1.85503265 

24 00 

24 873 

48 991 

92 073 

90 = 

63 662 

1 80388012 

27 00 

24 840 

48.725 

90 032 

100= 

57 296 

1.75812263 

30 00 

24 802 

48 428 

87 782 


Tivis table is a condensation from tables prepared, cop>Tighted, and published by William T Prj'or 
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Table 5. Degree of Curve and Radius in the Metric System and the Nearest 
Equivalent Degree in the Foot System 

(The degree of curve is the angle at the center subtended by a lOO-meter arc.) 

This table is useful to the engineer who has the design speed and other relevant design data given in the foot system 
and IS charged with the responsibility of designing and staking curves on the ground m the metric system. Once the 
curve IS determined m one system of measurement, its nearest equi\alerit <-an be easily selected for use from this table. 


De¬ 

Radius. 

Equivalent 

Degree, 

foot 

De¬ 

Radius, 

Equivalent 

Degree. 

foot 

De¬ 

Radius, 

Equivalent 

Degree 

foo*- 

gree 

meters 

system 

gree 

meter" 

system 

gree 

meters 


0° 

Infinite 

0“00' 

26“ 

220 368 

1- 33 489 

150° 

38.1972 

45“ 43.205' 

1° 

5729.578 

0“18 288' 

27“ 

212 207 

S- 13 777' 

160° 

35.8099 

48°46 08b' 

2° 

2864 789 

0“36 576' 

28“ 

204 628 

8“32 063' 

170° 

33.7034 

51 “48 966' 

3“ 

1909 859 

0“54.864' 

29“ 

197.572 

8° 50 353' 

180° 

31 8310 

54“51 847' 

4° 

1432.394 

1“13.152' 

30“ 

190.98b 

9° 08 641' 

190“ 

30.1557 

57=54.727' 

5“ 

1145.916 

r31.440' 

32“ 

179 049 

9“45.217' 

200° 

28 6479 

60“57.607' 

6“ 

954 930 

1“49 728' 

34“ 

168.517 

10“21.793' 

220“ 

26 0435 

67“03.368' 

r 

818.511 

2“08.016' 

36“ 

139 155 

10“ 58 369' 

240“ 

23.8732 

73°09.!29' 

8“ 

716.197 

2“26.304' 

38“ 

150.778 

11°34 945' 

260 = 

22.0368 

79“ 14.890' 

9“ 

636.620 

2“44.592' 

40“ 

143 239 

12“11.521' 

280’ 

20 4628 

85“20 650' 

10“ 

572.958 

3“02.880' 

43“ 

127.324 

13“42.962' 

300° 

19.0986 

9r26 411' 

ir 

520.871 

3“21 168' 

50“ 

114 592 

15“14.402' 

320“ 

17 9049 

97°32 172' 

12“ 

477.465 

3“39.456' 

55“ 

104.174 

16°45.842' 

340° 

16 8517 

103“37.932' 

13“ 

440.737 

3“57.744' 

60“ 

93 493 

18° 17.282' 

360° 

15.9155 

109“ 43.693' 

14“ 

409.256 

4“ 16.033' 

65“ 

88.147 

19“ 48 722' 

38C“ 

15.0778 

115“49 454' 

15“ 

381.972 

4“34.32r 

70“ 

81 831 

2r 20 163' 

400“ 

14.3239 

121“55.215, 

16“ 

358.099 

4“ 52.609' 

75“ 

76.394 

22“51.603' 

420° 

13.6419 

128“ 00.975' 

17“ 

337.034 

5“10.897' 

80“ 

71.620 

24° 23.043' 

440“ 

13 0218 

134“06 736' 

18“ 

318.310 

5“29.185' 

85“ 

67.407 

25°54.483' 

460“ 

12 4556 

140“12.497' 

19“ 

301 557 

5“47 473' 

90“ 

63 662 

27“25 923' 

480“ 

11.9366 

146“ 18.258' 

20“ 

286.479 

6“05 761' 

95“ 

OO 311 

23’57.363' 

500° 

11.4592 

152“24 018' 

21“ 

272 837 

6“ 24 049' 

100° 

57.296 

30“ 28.804' 

520“ 

11.0184 

158“ 29.779' 

22“ 

260.435 

6“42.337' 

110“ 

52 087 

33° 31 684' 

540° 

10 6103 

164*35 540' 

23“ 

249 112 

7“ 00 623' 

120“ 

47 746 

36°34.364' 

560° 

10.2314 

170 * 41 300' 

24“ 

238.721 

7“18 913 

130“ 

44 074 

39°37.445' 

580° 

9.8786 

176“ 47.061' 

25“ 

229.183 

7“ 37.201' 

140“ 

40.92b 

42“ 40.325' 

600° 

9.5493 

182* 52 822' 
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Table 6. Tangents, Externals, and Lengths to a 1° Curve * 

This table is applicable in the foot and metric systems of measurement. To compute the tangent, 
external or length of a circular curve of any other degree and for any angle in the table, divide the 
tabular value in the table for the -1 angle of the curve by the degree of curve. The 1° carve values 
for intermediate A angles can be interpolated to three plac^ right of the decimal for lengths and two 
places for the tangents and externals. \Vhen using the interpolated values, do not raise the second- 
place figure when the third-place figure is o and larger. For example, interpolation on a straight-hne 
basis for the external is 2305.7752, if the A angle is 89® 02'. Do not raise the second-place 7 to an 8; 
simply drop the 0.0052 and use the correct result of 2305.77. Similarly, for a A angle of S9® 06' the 
interpolated value is 2310.3776 and the correct value for the external to two places is 2310.37, not 
2310.38. Results of interpolation for tangents should be handled m the same manner. 


A 

Tanirent 

External 

Length 

0® or 

0 833 

0 000 

1.667 

10' 

8 333 

0 006 

16 667 

20' 

16.667 

0 024 

33.333 

30' 

25.000 

0 055 

50.000 

40' 

33.334 

0 097 

66.667 

50' 

41.667 

0 151 

83.333 

1° 00' 

50 001 

0.218 

100 000 

10' 

58 335 

0.297 

116.667 

20' 

66 670 

0.388 

133.333 

30' 

75.004 

0 491 

150 000 

40' 

83.339 

0 606 

166 667 

50' 

91 675 

0.733 

183.333 

2® 00' 

100.010 

0.873 

200.000 

10' 

108.346 

1.024 

216.667 

20' 

116.683 

1 188 

233 333 

30' 

125 020 

1.364 

250 000 

40' 

133 357 

1.552 

266 667 

50' 

141.696 

1.752 

283.333 

o 

o 

150.034 

1.964 

300.000 

10' 

158 374 

2 188 

316 667 

20' 

166 714 

2 425 

353.333 

30' 

175.054 

2.674 

350.000 

40' 

183.396 

2.934 

366 667 

50' 

191.738 

3 207 

383.333 

4® 00' 

200 081 

3.492 

400 000 

10' 

208 425 

3.790 

416 667 

20' 

216.770 

4.099 

433 333 

30' 

225 116 

4.421 

450 000 

40' 

233.462 

4 754 

466 667 

50' 

241.810 

5. 100 

483 333 

5® 00' 

250.159 

5.458 

500 000 

10' 

258 509 

5.829 

516 667 

20' 

266 859 

6.211 

533 333 

30' 

275 211 

6.606 

550 000 

40' 

283 565 

7.013 

566 667 

50' 

291.919 

7 432 

583 333 

6® 00' 

300 274 

7.863 

600 000 

10' 

308 631 

8 306 

616 667 

20' 

316 989 

8.762 

633 333 

30' 

325 349 

9 230 

650.000 

40' 

333.710 

9 710 

666.667 

50' 

342 072 

10.202 

683.333 

7® 00' 

350.436 

10 707 

700 000 

10' 

358 801 

11 224 

716 667 

20' 

367.168 

11.753 

733.333 

30' 

375 536 

12.294 

750 000 

40' 

383.906 

12 847 

766.667 

50' 

392.278 

13.413 

783 333 


A 

Tangent 

External 

Length 

8® 00' 

400.651 

13.991 

800.000 

10' 

409 026 

14.581 

816.667 

20' 

417 403 

15 184 

833.333 

30' 

425 781 

15.799 

830 000 

40' 

434.161 

16 426 

866.667 

50' 

442 544 

17.065 

883.333 

9® 00' 

450 928 

17.717 

900.000 

10' 

459 314 

18.381 

916.667 

20' 

467.70! 

19.057 

933.333 

30' 

476 091 

19.746 

950 000 

40' 

484.483 

20 447 

966 667 

50' 

492.877 

21.160 

983.333 

10® 00' 

501 273 

21.886 

1000 000 

10' 

509.671 

22.624 

1016 667 

20' 

518 072 

23.374 

1033.333 

30' 

526.474 

24 137 

1050 000 

40' 

534 879 

24 912 

1066 667 

50' 

543.286 

25.700 

1083 333 

II® 00' 

351.696 

26.500 

1100 000 

10' 

560 107 

27.312 

1116 667 

20' 

568.522 

28.137 

1133 333 

30' 

576.938 

28 974 

1150 000 

40' 

585 357 

29.824 

1166.667 

50' 

593.779 

30.686 

1183.333 

12® 00' 

602.203 

31.560 

1200.000 

10' 

610.630 

32.447 

1216.667 

20' 

619 059 

33.346 

1233.333 

30' 

627 491 

34 258 

1250 000 

40' 

635.925 

35.183 

1266.667 

30' 

644 363 

36 119 

1283.333 

13® 00' 

652 803 

37 069 

1300 000 

10' 

661.246 

38.031 

1316 667 

20' 

669 692 

39.005 

1333.333 

30' 

678 140 

39.992 

1350 000 

40' 

686.592 

40 991 

1366 667 

50' 

695 046 

42.004 

1383.333 

14® 00' 

703.504 

43.028 

1400 000 

10' 

711.964 

44 065 

1416.667 

20' 

720.428 

45.115 

1433.333 

30' 

728.894 

46 177 

1450.000 

40' 

737 364 

47 252 

1466 667 

50' 

745 837 

48.340 

1483.333 

o 

o 

754 313 

49.440 

1500 000 

10' 

762.793 

50 553 

1316 b67 

20' 

771 275 

51 679 

1533.333 

30' 

779.761 

52.817 

1550.000 

40' 

788 251 

53.968 

1566.667 

50' 

796.743 

55 132 

1583.333 


* This table is a condensation from tables prepared, copyrishted, and published by William T Pryor 
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Table 6. Tangents, Externals, and Lengths to a 1“ Curve —Continued 


A 

Tangent 

External 

Length 

16° 00' 

805 240 

56.308 

1600.000 

10' 

813.739 

57.497 

1616.667 

20' 

822.243 

58.699 

1633.333 

30' 

830 749 

59.913 

1650 000 i 

40' 

839 260 

61 140 

1666 667 j 

50' 

847.774 

62.381 

1683.333 1 
j 

17° 00' 

856.291 

63 633 

1700 000 1 

10' 

864.812 

64 899 

1/16 66? 

20' 

873.338 

66 178 

1733.333 

30' 

881.866 

67.469 

1750.000 

40' 

890.3Q9 

68.773 

1766.667 

50' 

898 936 

70.090 

1783 333 

18° 00' 

907 476 

71.420 

1800.000 

10' 

916 020 

72.763 

1816.667 

20' 

924 569 

74.1 18 

1833.333 

30' 

933.121 

75.487 

1850 000 

40' 

941 677 

76.868 

1866 667 

50' 

950 238 

78 263 

1883 333 

19° 00' 

958 803 

79.670 

1900 000 : 

10' 

967.371 

81.091 

1916 667 

20' 

975 944 

82.524 

1933 333 

30' 

984 522 

83.971 

1950.000 

40' 

993 103 

85 430 

1966 667 

50' 

1001.689 

86.902 

1983.333 

20° 00' 

1010 279 

88 388 

2000.000 

10' 

1018 874 

89 887 

2016 667 

20' 

1027 473 

91 398 

2033 333 

30' 

1036 076 

92.923 

2050.000 

40' 

1044.685 

94.461 

2066.667 

50' 

1053.297 

96.012 

2083 333 

21° 00' 

1061 915 

97 576 

2100 000 

10' 

1070 536 

99.154 

2116 667 

20' 

1079 163 

100 744 

2133 333 

30' 

1087.794 

102 348 

2150 000 

40' 

1096.430 

103.963 

2166 667 

50' 

1105 071 

105.595 

2183 333 

22° 00' 

1113.717 

107.239 

2200.000 

10' 

1122 368 

108 896 

2216 667 

20' 

1131.023 

110 566 

2233 333 

30' 

1139 684 

1 12 249 

2230 000 

40' 

1148.349 

113 946 

2266 667 

50' 

1157 020 

115.656 

2283 333 

23° 00' 

!165 696 

117.379 

2300 000 

10' 

1174 377 

1 19. 116 

2316 667 

20' 

1183 063 

120 867 

2333 333 

30' 

1191 754 

122 630 

2350 000 

40' 

1200.450 

124 407 

2366 667 

50' 

1209 152 

126.198 

2383 333 

24° 00' 

1217 859 

128 002 

2400 000 

10' 

1226 572 

129 820 

2416 667 

20' 

1235 290 

131 651 

2433 333 

30' 

1244 013 

133 496 

2450 000 

40' 

1252.742 

135.354 

2466 667 

50' 

1261 477 

137 226 

2483 333 

25° 00' 

1270.217 

139 111 

2300 000 

10' 

1278 963 

141 010 

2516 667 

20' 

1287 714 

142.923 

2533 333 

30' 

1296 471 

144.850 

2550 000 

40' 

1305 234 

146.790 

2566 66’ 

50' 

1314.003 

148 744 

2583 333 


A 

Tangent 

External 

Length 

26° 00' 

1322.777 

150.711 

2600.000 

10' 

1331 558 

152.693 

2616.667 

20' 

1340.344 

154.688 

2633.333 

30' 

1349 137 

156.697 

2650.000 

40' 

1357 935 

158 720 

2666.667 

50' 

1366 739 

160.757 

2683.333 

27° 00' 

1375 550 

162.807 

2700.000 

10' 

1384.367 

164 872 

2716.667 

20' 

1393 190 

166.950 

2733 333 

30' 

1402.019 

169 042 ' 

2750 000 

40' 

1410 834 

171.149 

2766 667 

50' 

1419 696 

. 173.269 

2783.333 

28° 00' 

1428.544 

175 403 

2800 000 

10' 

1437 399 

177.552 

2816.667 

20' 

1446 260 

179.714 

2833.333 

30' 

1455 127 

181 891 

2850.000 

40' 

1464.002 

184 081 

2866 667 

30' 

1472.882 

186 286 

2883 333 

29° 00' 

1481.770 

188.505 

2900.000 

10' 

1490.664 

190.738 

2916 667 

20' 

1499 564 

192 985 

2933 333 

30' 

1508 472 

195 247 

2950.000 

40' 

1317 386 

197 523 

2966.667 

50' 

1526 308 

199 813 

2983 333 

30° 00' 

1535 236 

202.118 

3000 000 

10' 

1544.171 

204 43b 

3016 667 

20' 

1553 113 

206 770 

3033 333 

30' 

1562.062 

20Q 117 

3050 000 

40' 

1571.019 

2)1.479 

3066.667 

30' 

1579.982 

213 856 

3083 333 

31° 00' 

1588 953 

216 247 

3100 000 

10' 

1597.930 

218 652 

3116.667 

20' 

1606 916 

221.073 

3133.333 

30' 

1615 908 

223 507 

3150.000 

40' 

1624 908 

225.956 

3166.667 

50' 

.633 915 

228 420 

3183 333 

32° 00' 

1642 930 

230.899 

3200.000 

10' 

1651.952 

233 392 

3216.667 

20' 

1660 982 

235.900 

3233 333 

30' 

lo70 020 

238.423 

3250 000 

40' 

1679 065 

240 960 

3266 667 

50' 

1688 118 

243 512 

3283.333 

33° 00' 

1697 178 

246.079 

3300.000 

10' 

1706 247 

248.661 

3316 667 

20' 

1715 323 

251 258 

3333.333 

30' 

1724.407 

253 870 

3350.000 

40' 

1733 499 

256 496 

3366 667 

50' 

1742 600 

259 138 

3383 333 

34° 00' 

1751 708 

261 794 

3400 000 

10 

1760 824 

2b4.466 

3416 667 

20' 

1769 949 

267 153 

3433.333 

30' 

1779 08! 

269.855 

3450.000 

40' 

1788 222 

272.572 

3466 667 

50' 

1797 371 

275 304 

3483 333 

35° 00' 

1806 529 

278.051 

3500 000 

10' 

1815 695 

280 814 

3516 667 

20' 

1824 869 

283.592 

3533.333 

30' 

1834 052 

286 385 

3550 000 

40' 

1843.244 

289 194 

3566 667 

50' 

1852 444 

292 018 

3583.333 
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Table 6. Tangents, Externals, and Lengths to a 1° Curve —Continued 


A 

Tangent 

External 

Length 

36° 00' 

1861 653 

294.857 

3600.000 

10' 

1870.870 

297.712 

3o16 667 

20' 

1880.096 

300.582 

3633 333 

30' 

1880 331 

303.467 

3650 000 

40' 

1898 575 

306.369 

3t>b0 667 

50' 

1907.828 

309.286 

3583.333 

37° 00' 

1917.090 

312.218 

3700.000 

10' 

1926 361 

315.166 

3716 o67 

20' 

1935 641 

318 130 

3733 333 

30' 

1944.930 

321.109 

3750.000 

40' 

1954 228 

324.104 

3766.6b7 

50' 

1963 535 

327.115 

3783.333 

38° 00' 

1972.852 

330.142 

3800 000 

10' 

1982 178 

333.185 

3816.667 

20' 

1991 513 

336 243 

3833.333 

30' 

2000.858 

339.318 

3850 000 

40 

2Qi0 213 

342.408 

3866.667 

50' 

2019 576 

345.515 

3883.333 

39° 00' 

2028.950 

348.637 

3900 000 

10 

2038 333 

351.776 

3915 667 

20' 

2047 726 

354.931 

3933.333 

30' 

2057.129 

358.102 

3950 000 

40' 

2 O 06 . 54 I 

361.289 

3966.667 

50' 

2075.964 

364.492 

3983.333 

o 

o 

o 

2085.396 

367.712 

4000 000 

10' 

2094 838 

370.947 

4016.567 

20' 

2104 290 

374.200 

4033 333 

30' 

2113,753 

377.468 

4050 000 

40' 

2123.226 

380.753 

4066.667 

50' 

2132.708 

384.055 

4083.333 

41° 00' 

2142 201 

387.373 

4100.000 

10' 

2151 705 

390 708 

4116.667 

20' 

2161.219 

394.059 

4133.333 

30' 

2170.743 

397 427 

4150.000 

40' 

2180.278 

400.811 

4166.667 

50' 

2189.823 

404.213 

4183 333 

42° 00' 

2199.379 

407.631 

4200.000 

10' 

2208 946 

411.066 

4216.667 

20' 

2218.523 

414 517 

4233 333 

30' 

2228.111 

417.986 

4230 000 

40' 

2237.710 

421.472 

4266.667 

50' 

2247.320 

424.974 

4283 333 

43° 00' 

2256.941 

428 494 

4300 000 

10' 

2266 573 

432.030 

4316.667 

20' 

2276 216 

435.584 

4333 333 

30' 

2285.870 

439.155 

4350 000 

40' 

2295.535 

442.743 

4366 667 

50' 

2305 212 

446 348 

4383.333 

44° 00' 

2314.900 

449.971 

4400.000 

10' 

2324 599 

453.611 

4416.667 

20' 

2334.310 

457.268 

4433 333 

30' 

2344.032 

460 943 

4450.000 

40' 

2333.766 

464 635 

4466.667 

50' 

2363.512 

468.345 

4483 333 

45° 00' 

2373.269 

472.073 

4500 000 

10' 

2383 038 

475 817 

4516.667 

20' 

2392 819 

479.580 

4533 333 

30' 

2402.611 

483.361 

4550 000 

40' 

2412.416 

487 159 

4566.667 

50' 

2422.233 

490.975 

4583 333 


A 

Tangent 

Exierruil 

Length 

46° 00' 

2432 062 

494 809 

4600.000 

SO' 

2441 902 

498.660 

4616.667 

20' 

2451 75o 

502 330 

4533 333 

30' 

2461.621 

505 418 

4650.000 

40' 

2471 49^^ 

510 323 

4650 667 

50' 

2481.38^ 

514 247 

4683.333 

47° 00' 

249! 291 

518.189 

4700.000 

10' 

2501.207 

522 150 

4716 d67 

20' 

2511.134 

526.12S 

4733 333 

30' 

2521 075 

530 125 

4750.000 

40' 

2531.028 

534 140 

47o6 667 

50' 

2540.994 

338.174 

4783 333 

48° 00' 

2350 972 

542.226 

4800 000 

10' 

2560 964 

546.297 

4816.667 

20' 

2570.969 

550.386 

4833.333 

30' 

2580.987 

554.494 

4850.000 

40' 

2591.018 

558.620 

4866.667 

50' 

2601.062 

562.765 

4883.333 

49° 00' 

2611.119 

566.930 

4900.000 

10' 

2621.190 

571.112 

4916.667 

20' 

2631.274 

575.314 

4933 333 

30' 

2641.372 

579.535 

4950.000 

40' 

2651.483 

583.775 

4966.667 

50' 

2661.608 

588.034 

4983 333 

50° 00' 

2671.746 

592.312 

5000.000 

10' 

2681.898 

596.609 

5016.667 

20' 

2692.064 

600.926 

5033.333 

30' 

2702.244 

605.26! 

5050 000 

40' 

2712.438 

609.616 

5066.667 

50' 

2722 646 

613.99! 

5083.333 

0 

0 

0 

2732.868 

618.385 

5100.000 

10' 

2743.105 

622.799 

5116.667 

20' 

2733.355 

627.232 

5133 333 

30' 

2763.620 

631.685 

5150.000 

40' 

2773.900 

636.157 

5166.667 

50' 

2784.194 

640.649 

5183.333 

52° 00' 

2794.502 

645.162 

5200.000 

10' 

2804.825 

649.694 

5216.667 

20' 

2815.163 

654.246 

5233.333 

30' 

2825.515 

658.818 

5250 000 

40' 

2835.883 

663.410 

5266.667 

30' 

2846.265 

668.022 

5283 333 

53° 00' 

2856 662 

672.655 

5300.000 

10' 

2867.075 

677.307 

5316 667 

20' 

2877.502 

681.981 

5333.333 

30' 

2887 945 

686.674 

5350 000 

40' 

2898 403 

691.388 

5366.667 

50' 

2908.877 

696.123 

5383.333 

54° 00' 

2919.366 

700.878 

5400.000 

10' 

2929.870 

705.654 

5416.667 

20' 

2<>40.391 

710.450 

3433.333 

30' 

2950.927 

715.267 

5450.000 

40' 

2961.478 

720.106 

5466.667 

50' 

2972.046 

724.965 

5483.333 

55° 00' 

2982.629 

729.845 

5500.000 

10' 

2993 229 

734.746 

3516.667 

20' 

3003.845 

739.668 

5533.333 

30' 

3014.477 

744.612 

5550.000 

40' 

3023.123 

749.577 

5566.667 

50' 

3035.790 

754.563 

5583.333 
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Table 6. Tangents, Eiternals, and Lengths to a 1° Curve —Coidinued 



Tangent 

External 

Length 

56° 00' 

3046.471 

759.570 

5600.000 

10' 

3037.168 

764.600 

5616.667 

20' 

3067 882 

769 650 

5633 333 

30' 

3078.613 

774.722 

5650 000 

40' 

3089.361 

779 816 

5666 o67 

50' 

3100.125 

784.932 

5683.333 

37° 00' 

3110 907 

790.070 

5700.000 

10' 

3121.706 

795.229 

5716.667 

20' 

3132.521 

800.411 

5733-333 

30' 

3143.354 

805.614 

5750 000 

40' 

3154.204 

810 840 

5766.667 

50' 

3165.072 

816.088 

5783.333 

58° 00' 

3175.957 

821.358 

5800.000 

10' 

3186.860 

826.651 

5816 667 

20' 

3197 780 

831.966 

5833.333 

30' 

3208.718 

837.304 

5850.000 

40' 

3219.674 

842.664 

5866.667 

50' 

3230.647 

848.047 

5883.333 

59° 00' 

3241.639 

853.452 

5900.000 

10' 

3252 649 

858.881 

5916.667 

20' 

3263.677 

864.332 

5933.333 | 

30' 

3274.724 

869.807 

5950.000 1 

40' 

3285.788 

875.304 

5966.667 j 

50' 

3296.872 

880.825 

5983.333 j 

60° 00' 

3307.973 

886 369 

6000.000 i 

10' 

3319 094 

891.936 

6016.667 ; 

20' 

3330 233 

897.527 

6033.333 1 

30' 

3341.391 

903.141 

6050.000 

40' 

3352.568 

908.779 

6066.667 

50' 

3363.764 

914.440 

6083.333 

61° 00' 

3374 979 

920.125 

6100.000 

10' 

3386.214 

925.834 

6U6.667 

20' 

3397.468 

931.567 

6133.333 

30' 

3408 741 

937.324 

6150.000 

40' 

3420 033 

943.105 

6166.667 

50' 

3431.346 

948.910 

6183 333 

62° 00' 

3442 678 

954 739 

6200.000 

10' 

3454 030 

960 593 

6216.667 

20' 

3465.401 

966.471 

6233.333 

30' 

3476.793 

972.374 

6250.000 

40' 

3488.205 

978.301 

6266.667 

50' 

3499.637 

984.253 

6283.333 

63° 00' 

3511 090 

990.230 

6300.000 

10' 

3522 563 

996.231 

6316.667 

20' 

3534.056 

1002.258 

6333.333 

30' 

3545.570 

1008.310 

6350.000 

40' 

3557.105 

1014.387 

6366.667 

50' 

3568.661 

1020.489 

6383-333 

64° 00' 

3580.238 

1026.617 

6400.000 

10' 

3591.835 

1032.770 

6416 667 

20' 

3603 454 

1038.948 

6433 333 

30' 

3615.094 

1045.152 

6450.000 

40' 

3626 756 

1051 382 

6466.667 

50' 

3638 439 

1057.638 

6483 333 

65° 00' 

3650.144 

1063.920 

6500.000 

10' 

3661.870 

1070 228 

6516.667 

20' 

3673 618 

1076 562 

6533.333 

30' 

3685 388 

1082.922 

6550.000 

40' 

3697.181 

1089 308 

6566.667 

50' 

3708 995 

1095 721 

6583.333 


A 

Tangent 

Externa] 

Length 

66° 00' 

3720 831 

I102.160 

6600 000 

10' 

3732.690 

1108 627 

6616 667 

20' 

3744.572 

1115 119 

6633 333 

30' 

3756.476 

1121.639 

6650.000 

40' 

3768.403 

1128.186 

6666 667 

50' 

3780.352 

1134.759 

6683 333 

67° 00' 

3792.325 

1141.360 

6700.000 

10' 

3804.321 

1147.988 

6716 667 

20' 

3816.339 

1154.644 

6733 333 

30' 

3828.382 

1161.327 

6750 000 

40' 

3840.447 

1168.037 

6766.667 

30' 

3852.536 

1174.776 

6783.333 

68° 00' 

3864.649 

1161.542 

6800 000 

10' 

3876 786 

1188.336 

6816.667 

20' 

3888.946 

1105.138 

6833.333 

30' 

3901.131 

1202.008 

6850 000 

40' 

3913.339 

1208.887 

6866 ob7 

50' 

3925.572 

1215.793 

6883.333 

69° 00' 

3937.830 

1222.729 

6900.000 

10' 

3930 112 

1229 693 

69i6.bb7 

20' 

3962.418 

1236.685 

6933.333 

30' 

3974 750 

1243 707 

6950 000 

40’ 

3987 106 

1230.757 

6966 6o7 

50' 

3999.487 

1257.837 

6983 333 

70° 00' 

401! 894 

1264 943 

7000 000 

10' 

4024.325 

1272 083 

7016 667 

20' 

4036.783 

1279,251 

7033.333 

30' 

4049 263 

128b 447 

7050 000 

40' 

40o! 774 

1203 674 

7066.6b7 

50' 

4074 308 

1300.930 

7083.333 

71° 00' 

4086 868 

1308.217 

7100.000 

10' 

4099.435 

1315.533 

7116 667 

20' 

4112 067 

1322 880 

7133 333 

30' 

4124 70o 

1330 257 

7150.000 

40' 

4137 371 

1337.664 

7166 6o7 

50' 

4130.063 

1345.101 

7183 333 

72° 00' 

4162.782 

1352 370 

7200 000 

10’ 

4175.528 

1360.069 

7216 667 

20' 

4188.300 

1367.599 

7233.333 

30' 

4201.100 

1375.160 

7250.000 

40' 

4213.928 

1382.753 

7266 667 

50' 

4226 782 

1390.377 

7283.333 

73° 00' 

4239.665 

1398 032 

7300.000 

10' 

4252.375 

1405 718 

7316.667 

20' 

4265.513 

1413 437 

7333 333 

30' 

4278.479 

1421 187 

7350.000 

40' 

4291.473 

1428 970 

7366.667 

50' 

4304.496 

1436 784 

7383.333 

74° 00' 

4317.547 

1444.631 

7400 000 

10' 

4330 626 

1452.510 

7416.667 

20' 

4343.735 

1460 422 

7433 333 

30' 

4356.872 

1468 366 

7450 000 

40' 

4370 039 

1476 343 

7466 667 

50' 

4383.233 

1484 334 

7483 333 

73° 00' 

4396 460 

1492 397 

7500.000 

10' 

4409 714 

1500.474 

7516 667 

20' 

4422 999 

IS08.584 

7533.333 

30' 

4436 313 

1516.727 

7550 000 

40' 

4449 638 

1524.905 

7566.667 

50' 

4463 032 

1533 116 

7583.333 
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Table 6. Tangents, Externals, and Lengths to a 1° Curve —Continued 


A 

Tangent 

External 

Length 

76° 00' 

4476.437 

1541.361 

7600 000 

!0' 

4489 872 

1549.640 

7616.667 

20' 

4503.338 

1557.954 

7633.333 

30' 

4516.835 

1566.302 

7650.000 

40' 

4530.363 

1574.685 

7666.667 

50' 

4543.922 

1583.102 

7683.333 

77° 00' 

4557.312 

1591.554 

7700.000 

10' 

4571.134 

1600.042 

7716.667 

20' 

4584.787 

1608.565 

7733.333 

30' 

4598.472 

1617.123 

7750.000 

40' 

4612.190 

1625.717 

7766 667 

50' 

4625 939 

1634.346 

7783.333 

78° 00' 

4639.721 

1643.011 

7800 000 

10' 

4653 535 

1651.713 

7816 667 

20' 

4667.382 

1660.450 

7833 333 

30' 

4681.262 

1669.224 

7850.000 

40' 

4695.174 

1678.035 

7866.667 

50' 

4709 120 

1686.882 

7883.333 

79° 00' 

4723.100 

1695.766 

7900 000 

10' 

4737.112 

1704.687 

7916 667 

20' 

4751.159 

1713.646 

7933 333 

30' 

4765.240 

1722.641 

7950.000 

40' 

4779.354 

1731.675 

7966 667 

50' 

4793 503 

1740.746 

7983.333 

80° 00' 

4807.687 

1749 855 

8000.000 

10' 

4821.905 

1759.002 

8016.667 

20' 

4836.158 

1768.187 

8033.333 

30' 

4850.446 

1777.41 1 

8050.000 

40' 

4864 769 

1786 674 

8066.667 

50' 

4879 128 

1795 975 

8083.333 

81° 00' 

4893.522 

1805.315 

8100 000 

10' 

4907.952 

1814.695 

8116 667 

20' 

4922.418 

1824.114 

8133 333 

30' 

4936 920 

1833.573 

8150 000 

40' 

4951.459 

1843.07! 

8166 667 

50' 

4966.034 

1852.609 

8183.333 

CO 

o 

o 

4980 646 

1862.187 

8200 000 

10' 

4995.295 

1871 806 

8216.667 

20' 

5009 981 

1881.465 

8233.333 

30' 

5024.705 

1891.165 

8250 000 

40' 

5039.466 

1900.906 

8266 667 

50' 

5054.265 

1910.688 

8283.333 

83° 00' 

5069.102 

1920 511 

8300.000 

10' 

5083.978 

1930.376 

8316.667 

20' 

5098 891 

1940.282 

8333 333 

30' 

5113.844 

1950.231 

8350.000 

40' 

5128 835 

1960.221 

8366.667 

50' 

5143.865 

1970.254 

8383 333 

84° 00' 

5138.935 

1980.330 

8400.000 

10' 

5174.044 

1990.448 

8416 667 

20' 

5189 193 

2000.609 

8433.333 

30' 

5204 382 

2010 813 

8450 000 

40' 

5219 611 

2021.061 

8466 667 

50' 

5234 881 

2031.352 

8483.333 

85° 00' 

5250.191 

2041 689 

8500 000 

10' 

5265 542 

2052.067 

8516 667 

20' 

5280.934 

2062.490 

8533 333 

30' 

5296.367 

2072.958 

8550 000 

40' 

5311.842 

2083.471 

8566 667 

50' 

5327.359 

2094.029 

8583.333 


A 

Tangent 

External 

Length 

86° 00' 

5342.918 

2104.631 

8600.000 

10' 

5358.519 

2115.280 

8616.667 

20' 

5374.162 

2125.973 

8633 333 

30' 

5389.849 

2136.713 

8650 000 

40' 

5405.578 

2147.499 

8666 667 

50' 

5421.350 

2158.331 

8683.333 

87° 00' 

5437.166 

2169.209 

8700.000 

10' 

5453.026 

2180.135 

8716.667 

20' 

5468.930 

2191.107 

8733.333 

30' 

5484.878 

2202.127 

8750.000 

40' 

5500.870 

2213.195 

8766.667 

50' 

5516.907 

2224.310 

8783.333 

88° 00' 

5532.989 

2235.473 

8800.000 

10' 

5549.116 

2246.684 

8816.667 

20' 

5565.289 

2257.944 

8833.333 

30' 

5581.508 

2269.253 

8850.000 

40' 

5597.772 

2280.610 

8866.667 

50' 

5614.083 

2292.017 

8883.333 

89° 00' 

5630.441 

2303.474 

8900.000 

10' 

5646.845 

2314.980 

8916.667 

20' 

5663.296 

2326.537 

8933.333 

30' 

5679.795 

2338.144 

8950 000 

40' 

5696.34! 

2349.801 

8966.667 

50' 

5712.935 

2361.509 

8983.333 

90° 00' 

5729.578 

2373.269 

9000.000 

10' 

5746.269 

2385.080 

9016.667 

20' 

5763.009 

2396.942 

9033.333 

30' 

5779.797 

2408.857 

9050.000 

40' 

5796.635 

2420.824 

9066.667 

50' 

5813.523 

2432.843 

9083.333 

91° 00' 

5830.461 

2444.915 

9100 000 

10' 

5847.449 

2457.040 

9116 667 

20' 

5864.487 

2469.219 

9133.333 

30' 

5881.576 

2481.451 

9150.000 

40' 

5898.717 

2493.738 

9166.667 

50' 

5915.908 

2506.078 

9183.333 

92° 00' 

5933.152 

2518.473 

9200 000 

10' 

5950.447 

2530.923 

9216.667 

20' 

5967.795 

2543.429 

9233.333 

30' 

5985.195 

2555.989 

9250.000 

40' 

6002.649 

2568.606 

9266.667 

50' 

6020.155 

2581.278 

9283 333 

93° 00' 

6037.715 

2594.007 

9300 000 

10' 

6055.329 

2606.793 

9316 667 

20' 

6072.998 

2619.636 

9333.333 

30' 

6090.721 

2632.536 

9330.000 

40' 

6108.499 

2645.493 

9366 667 

50' 

6126.332 

2658.509 

9383 333 

94° 00' 

6144.220 

2671.583 

9400 000 

10' 

6162.165 

2684 716 

9416.667 

20' 

6180.165 

2697.907 

9433.333 

30' 

6198.223 

2711.158 

9450.000 

40' 

6216 337 

2724.469 

9466.667 

50' 

6234.508 

2737.839 

9483.333 

o 

o 

6252.737 

2751.270 

9500.000 

10' 

6271.024 

2764.762 

9516.667 

20' 

6289.369 

2778.314 

9533.333 

30' 

6307.773 

2791.928 

9530 000 

40' 

6326.236 

2805.604 

9566 667 

50' 

6344.759 

2819.342 

9583 333 
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Table 6. Tangents, Externals, and Lengths to a 1° Curve —Continued 


A 

Tangent 

External 

Length 

A 

Tangent 

External 

96° 00^ 

6363.341 

2833.142 

9600 000 

106° 00' 

7603.407 

3790.919 

10' 

6381.983 

2847.005 

9616 667 

10' 

7626.460 

3809.340 

20' 

6400.686 

2860.931 

9633 333 

20' 

7649 603 

3827.853 

30' 

6419 450 

2874.921 

9650.000 

30' 

7672 835 

3846 458 

40' 

6438.275 

2888.974 

9666 667 

40' 

7696.159 

3865.156 

50' 

6457.161 

2903.092 

9683.333 

50' 

7719 574 

3883.948 

97° 00 

6476.110 

2917 275 

9700 000 

' 107° 00' 

7743,080 

3902.834 

10' 

6495.121 

2931.522 

9716 667 

10' 

7766 679 

3921 814 

20' 

6514 195 

2945 835 

9733.333 

20' 

7790 372 

3940.890 

30' 

6533.332 

2960 214 

9750 000 

; 30' 

7814 158 

3960 063 

40' 

6552.532 

2974.659 

9766.667 

40' 

7838 039 

3979.33! 

50' 

6571.797 

2989.170 

9783.333 

50' 

7862 015 

3998 698 

o 

o 

CO 

6591.125 

3003.749 

9800.000 

108° 00' 

7886.088 

4018.162 

10' 

6610.519 

3018.395 

9816.667 

10' 

7910 256 

4037 725 

20' 

6629 978 

3033.108 

9833.333 

20' 

7934 522 

4057 388 

30' 

6649.503 

3047.890 

9850.000 

30' 

7958.886 

4077 151 

40' 

6669.093 

3062.741 

9866.667 

40' 

7983 348 

4097.014 

50' 

6688 750 

3077.660 

9883.333 

i 50' 

8007.910 

4116.979 

>0 

'•o 

o 

o 

o 

6708.474 

3092.649 

9900.000 

109° 00' 

8032.572 

4137.046 

10' 

6728.265 

3107 707 

9916.667 

1 10' 

8057.335 

4157.217 

20' 

6748.124 

3122.836 

9933 333 

j 20' 

8082.199 

4177.490 

30' 

6768 051 

3138.036 

9950.ODO 

1 30' 

8107.165 

4197.868 

40' 

6788.046 

3153.307 

9966 667 

' 40' 

8132.235 

4218 352 

50' 

6808.11! 

3168.649 

9983 333 

50' 

8157.408 

4238.941 

100° 00' 

6828.245 

3184.063 

10000 000 

110° 00' 

8182.685 

4259.636 

10' 

6848 449 

3199.550 

10016 667 

10' 

8208 068 

4280.439 

20' 

6868 723 

3215.109 

10033.333 

20' 

8233 557 

4301.350 

30' 

6889.069 

3230.742 

10050 000 

30' 

8259.152 

4322 370 

40' 

6909.485 

3246.448 

10066.667 

40' 

8284.856 

4343 500 

50' 

6929 937 

3262.229 

10083.333 

50' 

8310.667 

4364 740 

loroo' 

6950.534 

3278.085 

10100.000 

111° 00' 

8336.588 

4386.091 

10' 

6971.167 

3294 015 

10116.667 

10' 

8362.618 

4407 554 

20' 

6991.873 

3310 021 

10133.333 

20' 

8388.759 

4429 130 

30' 

7012.653 

3326.104 

10150.000 

30' 

8415 012 

4450 820 

40' 

7033.507 

3342.262 

10166.667 

40' 

8441.378 

4472 624 

50' 

7054.436 

3358.498 

10183.333 

50' 

8467.856 

4494.543 

102° 00' 

7075.440 

3374 812 

10200.000 

112° 00' 

8494.449 

4516.579 

10' 

7096.519 

3391 203 

10216 667 

10' 

8521 156 

4538.731 

20' 

7117.674 

3407.673 

10233 333 

20' 

8547.979 

4561.001 

30' 

7138.906 

3424 222 

10250.000 

30' 

8574.919 

4583.390 

40' 

7160.215 

3440.850 

10266.667 

40' 

8601.977 

4605.898 

50' 

7181.602 

3457.558 

10283.333 

50' 

8629.153 

4628.527 

o 

o 

0 

o 

7203.067 

3474 347 

10300 000 

113° 00' 

8656.448 

4651 277 

10' 

7224 610 

3491.217 

10316.667 

10' 

8683 863 

4674 150 

20' 

7246 233 

3508 168 

10333 333 

20' 

8711.400 

4697 145 

30' 

7267.935 

3525.201 

10350.000 

30' 

8739.059 

4720.265 

40' 

7289.717 

3542 317 

10366.667 

40' 

8766.840 

4743.509 

50' 

7311.581 

3559.517 

10383.333 

50' 

8794.746 

4766 879 

104° 00' 

7333 525 

3576 799 

10400 000 

114° 00' 

8822 776 

4790.377 

10' 

7355.552 

3594.166 

10416 667 

10' 

8850.933 

4814.002 

20' 

7377.661 

3611 618 

10433 333 

20' 

8879.216 

4837 755 

30' 

7399 852 

3629.155 

10450.000 

3U' 

8907 627 

4861.639 

40' 

7422.128 

3646 778 

10466.667 1 

40' 

8936 16b 

4885.653 

50' 

7444.487 

3664.487 

10483.333 1 

50' 

8964 836 

4909.799 

105° 00' 

7466 931 

3682.283 

10500 000 

115° 00' 

8993.636 

4934.078 

10' 

7489.461 

3700 167 

10516 667 

10' 

9022.568 

4958.490 

20' 

7512.076 

3718 139 

10533 333 

20' 

9051 633 

4983.037 

30' 

7534.778 

3736.199 

10550.000 1 

30' 

9080.831 

5007.720 

40' 

7557.566 

3754 349 

*0566.667 

1 40' 

9110.165 

5032.539 

50' 

7580.442 

3772.589 

10583 333 

50' 

9139 635 

5057.497 
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Length 

10600.000 

10616.667 

10633.333 
10650 000 
10666 667 

10683.333 

10700.000 

10716.667 

10733.333 
10750.000 

10766.667 

10783.333 

10800 000 
10816 667 
10833 333 
10850 000 

10866.667 

10883.333 

10900.000 

10916.667 
10933 333 
10950 000 

10966.667 

10983.333 

nOOO 000 

11016.667 

11033.333 
11050 000 

11066.667 
11083 333 

11100 UOO 
I 1116 667 

11133.333 
11150 000 
11166 667 

11183.333 

11200 000 

11216.667 

11233.333 
11250 000 

11266.667 

11283.333 

11300.000 
11316 667 

11333.333 
11350.000 

11366.667 

11383.333 

11400.000 

11416.667 

11433.333 
11450.000 

11466.667 

11483.333 

11500.000 

11516.667 

11533.333 
11550.000 

11566.667 

11583.333 
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Table 6. Tangents, Externals, and Lengths to a 1® Curve —Continued 


A 

Tangent 

External 

Length j 

! ^ 

Tangent 

External 

Length 

116° 00' 

9169.241 

5082 594 

11600.000 ! 

118° 00' 

9535.619 

5394.994 

11800.000 

10' 

9198 986 

5107.830 

11616.667 

10' 

9567.110 

5421.999 

11816.667 

20' 

9228.870 

5133.208 

11633.333 

20' 

9598.755 

5449.159 

11833 333 

30' 

9258.895 

5158.728 

11650.000 

30' 

9630.555 

5476.476 

11850.000 

40' 

9289.061 

5184 391 

11666.667 

40' 

9662.510 

5503.951 

11866 667 

50' 

9319 369 

5210.198 

11683.333 

50' 

9694.622 

5531.584 

11883 333 

117° 00' 

9349.821 

5236.152 

11700 000 

119° 00' 

9726.893 

3559 378 

11900.000 

10' 

9380.419 

5262.252 

11716 667 

10' 

9759.324 

5387 333 

11916.667 

20' 

9^11.162 

5288 499 

11733.333 

20' 

9791.915 

5615.451 

11933.333 

30' 

9442.052 

5314.896 

11750.000 

30' 

9824.670 

5643.733 

11950.000 

40' 

9473 091 

5341.444 

11766 667 

40' 

9857.587 

5672 180 

11966 6b7 

50' 

9504 280 

5368.142 

11783.333 

50' 

9890.671 

5700.793 

11983 333 





! 120°00' 

9923.920 

5729 578 

12000.000 


68. STAKING CIRCULAR CURVES ON THE GROUND 

There are five methods used in staking circular curves on the ground for location and 
construction purposes. Choice of method depends upon topography, ground cover, and 
engineering equipment available. 

Deflection Method, Instrument Point on the Curve. The defiection-angle method, 
Fig. 47, is, used most in staking alignment for railroads and highways, where the instru¬ 



ment can be set up on the curve. First set the transit up at the P.C. or the P.T., which¬ 
ever L5 the most convenient. If on the P.C., set the vernier of the transit at 0°, sight on 
the P.I. or a P.O.S.T. (point on the semitangent which had been set previously). Turn 
the deflection angle a and measure the chord from the P.C. to A, a station or plus point 
on the curve. The deflection angle is turned after loosening the upper clamp while keep¬ 
ing the lower clamp set. Once turned, the upper clamp is set to hold position until the 
head chamman has the line rod where the stake should be driven. Deflection angles h. 
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/, and g are likewise turned in succession to curve points B, F, and G. Chords are meas¬ 
ured m convenient lengths from one curve station to another. When the chords are longer 
than the engineers’ tape being used, as chords F.C -F and P.C.-G, ehoids of convenient 
length can be measured from chaining points on previousl.v set stakes, as from .4 to F 
when deflection angle f is turned, and fiom E to G for when deflection angle g is turned. 
When it is not po.-sihle to siglit from the P.C' to all curve points, a- points beyond C, 
a tack IS placed in the .stake set at G for an intermediate instrument set-up, called a P.O.C., 
point on curve. tVlien the transit is on a P O.C , the vernier is set to read tiic deflection 
angle of the backsight point, and the telescope, inverted, is sighted on th.it point. Should 
backsight be made on the P.C., the vernier is set to read 0“. If the deflection angle of 
the P.O.C. (angle g' is turned, the telescope of the instrument will be pointing along a line 
that Is tangent to the curve at the P.O.C. Curve points beyond the ihO.L., as points 
H and tlie P T , can lie staked by turning the deflection angles k and A 2. re.spectivel.v. 

I'oi arc- and chord-definition circular curve.s, the deflection angle m minutc-s per unit of 
curve length is 0.3 of the degree of cutve, in degree.-. As an example, for a 12’ circular 
curve, the deflection is 3.6' per foot of curve length, and 3,6' per meter, iThe 12“ curve 
m the toot system of mea.surement would be sharper, however, than the 12“ curve m the 
meter system, inasmuch as 1 it equals 0.304S m.) For radius-definition circular curves, 
the deflection angle m minutes per unit of curve length is 171S.S734 divided b\' the radius. 

Tangent-Offset Method. The only tune angles are measured m this method is when 
extreme accuracy is requued. or when, for some reason, the tiansit cannot be set up ini¬ 
tially on the P.C. or P T to line-in a P.O.C. for staking other curve points b.v the deflection 
method. Then a right angle is measured at the offset point on the seinitangent (opposite 
the P.O.C. to be set) and the tangent offset distance a-.4, or b-B, etc., is measured from 
the semitangent. Fig. 48, to set a P.O.C. where a transit set-up can be made. 



Before tangent offsets can be measured, both the tangeut offset and tangent distance 
for each curve point to be staked must be computed. The tangent distances are the dis¬ 
tances from the P.C. to points on the semitangent, as points a, h, /, and g. opposite the curve 
points A. B. F, and G, respectively. The tangent distance tj = R sin (DLc 100', and the 
tangent offset to = R vers {DLc^lOO), considering Lc as the length of the cmve from the 
P.C. to each curve point to be staked. Should the curve points .4, B, F. G. etc., be at even 
stations from the P.C. the angles for which the sine and versine are ascei tamed would be 
D, 2D, 3D, 4D, etc. 

To stake the curve by tangent offsets, measure tangent distances from the P.C. to each 
offset point and drive stakes at those pomts. In doing this, Ime the offset points in by the 
transit, sighting along the semitangent from a set-up on the tangent. Curve points -4, B, 
etc., may then be staked by taping only. 

Middle-Ordinate Method. This method is used in rough setting or checking of the 
setting of forms, and in the staking of short-length sharp circular curves, where conditions 
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or time do not warrant the use of a transit. In Fig. 49, B-b, F-f, G~g, and H—h are the mid¬ 
dle ordinates, and A-F, B-G, F-H, and G~K are the chords from which the middle ordi¬ 
nates are measured. The middle ordinates and chords are computed. For the first seg¬ 
ment of the curve, the chord A-F is measured while the middle ordinate b-B is measured 
perpendicularly outward from the midpoint of the chord. For the second and subsequent 



segments, the middle ordinate is measured inward from the point that was set at the 
end of the chord on the previous measurement, as F-f, to establish the line B-f-G for the 
next chord. The curve point is staked at end of the chord measured while the tape is 
lined over point / measured from F perpendicularly to the midpoint of the chord measured 
from the curve point B, and so on to the end of the curve. To make this method easy in 
application, it is customary to set stakes at equal-length increments of 1/2 tape length or 
shorter. 

Chord-Offset Method, This method has two prmcipal applications: (1) To aid the 
head chainman in quickly getting on Ime whenever a curve is being staked by the deflec¬ 
tion method, and (2> to rapidly lay out a curve on reconnaissance surveys in which relative 
relationships are essential but definitive accuracy is not required. In Fig. 50, the initial 
offset bB from a tangent to the curve, as line A-b, is the same as the middle ordinate for 



an arc of the curve twice as long as the curve length from point A to point B. Thus, the 
initial offset hB = R vers D = to. Subsequent chord offsets {f'fF for curve point F\ g'gG 
for curve point G; and so on) equal 2R vers D, = 2to for all station points at uniform dis¬ 
tances apart. Any chord-to-chord offset, as/'F == C^/R = 174.533C^D10“® (in terms of 
D instead of R). Wherever the beginning chord A-B is not equal to subsequent chords, 
a tangent to the curve at point B is established by measuring offset a A equal to offset hB 
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at distance Ba from point B equal to distance Ah, as initially used in setting point B on 
the curve from the tangent through point A. Then pomt F is set by measuring 1/2 the 
chord offset for uniform chord lengths from point /on the tangent to point F on the curve; 
while this is done, the exact location of point F is determined by simultaneously measuring 
chord B-F from previously set point B. Subsequent curve pointas G, H, and K, are 
set by measuring the choid offset from the respective points g', h' and k' on the Ime of the 
chords produced while the chord is simultaneously rueasured from the curve point 
pre\'iously set. 

Deflection Method, Instrument Point on Tangent. This method is used when it is not 
possible to make an instrument set-up on the circular curve. The instrument is set up at 
a point on the semitangent or semitang^;nt produced from which all curve points can be 



seen. It is an accurate method adaptable to many situations, wherever positioning of 
stakes on the curve must be accurate. The deflection angles for an instrument set up on 
the semitangent are determined from the tangent, considering the instrument point as a 
P.I. whether it is inclusive of the entire circular curve, a segment of it, or would be so far 
from the P.C. as to include a curve longer than the one to be staked. The deflection angles 
are computed in a step process. First, each of the deflection angles, 6, /, g, etc., Fig. 51, is 

determined from: ^ 

, ^ , [{.tan A/2) - sin 

cotan deflection angle —--- 

[_ vers nD J 


In the formula, n is the number of D angles from the P.C. of the curve to the curve point 
for which the deflection angle is required; A is the supplement of the deflection angle from 
the back tangent that would be turned to establish a tangent to the curve in the forward 
direction; and D, m degrees, equals lOOA divided by the length of curve Lc. To ^take the 
curve, the instrumentraan lines the line rod held by the head chainman into position while 
the ehainmen successively chain the chords of the curve, beginning at the P.C. and end¬ 
ing at the P.T., whether the P.T. is at points F, G, K, or beyond K. 


69. CIRCULAR CURVE PROBLEMS 

The Length and Bearing of a Tangent Joining Two Circular Curves. The circular curves 
are usually laid out on a topographic map by means of a spline line, circular curve tem¬ 
plates, or compass. The tangents are then computed to join the curves. This is good 
procedure, whether the curves are curving in the same direction or m opposite directions. 

Figure 52, with curves in opposite directions, is an illustration of one t\’pe of problem. 
The curves were laid out on the coordinate grid, so as to fit the local controls. Measure 
or compute the coordinates of the centers of both circular curve?, points Oi and O 2 . Line 
O 1 O 2 equals the square root of the sum of the squares of lines 0\p and pQy, the difference 
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Fig. 52 Tangent joining two circular curves, its bearing and length. 



Fig 53. Use of a compound curve on each end of two fixed-position circular curves to provide suffi¬ 
cient jominy tangent distance between the curves for change of direction, and computation of the 
bearing and length of th^ tangent 

O 3 O 4 = -h 4" Ri = (iia + lii) sec (OiOar) 
mn = .R 3 exsec ( 0403 r) ftiexsec ( 0403 r) 

and 

angle ( 0403 r) = arc tan^ 

^3 T Ri 

distance 04 r = tan distance from P.T. to P.C. required for the change of direction 
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in latitude and departure of the centers. The tangent of the bearing angle PO 1 O 2 of line 
O 1 O 2 equals the length of the departure line PO 2 divided by the lengtii of the latitude line 
Oip Line Oir = (/?i R^). Line Oir divided by line O 1 O 2 equals the Lo-ine of angle 

rOiOi- Knowing that angle, compute the length of line rOj by the use of tlus formula. 

r 02 — {Ri -r Rz) tan angle rOiO-z 

which equahs the length of the tangent from the P.T. of curve 1 to the P C of curve 2. 
Knowing the bearing of the line O 1 O 2 and the angle rOiOz of the right-angle triangle 0\r0-2, 
compute the bearing of line rO>, which is parallel to the tangent from the P.T to the P.('.\ 
Sometimes, it 13 necessary to keep the length of the line rO: (equal to the distance from 
the P.T. to the P.C.» not less than a specific length, sufficient for a transition to the circu¬ 
lar curves When that is the case, trial solutions to the problem are recoried to. using 
appropiiate circular-curve templates on the topographic map. Then the offset between 
the circular curves 7nn cannot be less than a fixed amount, mn = (i?i — /ij' exsec angle 
and the tangent of angle O^Oir = Ozr'iRi -h R:)- Once the length of line in?i is 
known, the curve templates are adjusted on the map (held the mn di'tanee apart', while 
controls are fitted as closely as possible. When the curve templates aie in position, the 
curves are redrawn on the map and the computations are repeated. Whcievei the radius 
of circular cuive 1 or circular curve 2 or both cannot be shortened, it is ucce-sary to com¬ 
pound curves 1 and 2 with sharper circular curves in order to provide the required offset 
distance mn The method is illustrated in Tig. 53. 

The Inaccessible P.I. The most usual case is illustrated in Fig 54 The P.I. at E is 
not accessible. Instrument points on the semitaiigents at the triangulaiion points ,-1 and B 



Fig 54. The inaccessible P I and tnaugulation points on the semitangent-!, Al' 0 S T 3 . 

are intervisible. Both points A and B are called a AP.O.S T. The distance e, from A to B, 
is measured. Distances from A to E and from E to B must be computed The angles Ai 
and A2 are measured with a transit. The sum of these angles equals the A ot the curve. 
The distance from the P.I. to ea'^h AP.O.S.T. is calculated by use of the sine law: 

e A , 1 6 sin B 

a — — — and 0 = —;—— 

sm E sin E 

A general case is illustrated in Fig. 55. A traverse has to be run from one tangent to the 
other, because they are not intervisible. The traverse may begin am'where on the back 
tangent, end anywhere on the forward tangent, and have two or more courses in it. In the 
example, the tiaverse begins at A on a AP.O.T., has three courses, and ends at G on a 
AP.O.S.T. The angles Ai, A^, A3, and A4, and the distances b, f, and g of the traverse are 
measured. The delta angle. A, of the curve is the algebraic sum of tlie traverse angles 
Ai, A 2 , A 3 , and A^. To calculate the required distances K and M , compute closure of the 
Traverse A. B. F, G, P.I {E). and back to A. Tms is done by assummg ciiat one of the un¬ 
knowns K or M has a noith-south or aii east-west bearing. To compute tue ^ lo-jure, after 
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setting the bearing of K or M in the north-south or east-west direction (1) determine the 
bearing of all lines in the traverse in relation to the assumed course; ( 2 ) multiply each 
traverse distance by the cosine and sine of its bearing to compute its latitude and depar¬ 
ture; (3) algebraically add the latitudes and departures of the known courses; (4) compute 
the latitude and departure of the unknown course K or d/, whichever does not have a 
zero cosine or sine of its bearmg; (5) the K or M course completes the closure of the latitude 
or departure in the traverse, whichever distance has a cosine or sine value of one. As an 
example, assume the traverse angles and distances m Fig. 55 had these values: Ai = 27°, 
h = 184'; A 2 = 29°, / = 159'; A 3 = 75°. g = 269'; A 4 = 26°, and A = 99°. 

The completed tabulation in computing the distances K and -V/ is given below. Dis¬ 
tances computed by use of the tabulation are in square brackets. The bearing of each 


Inaccessible P.I. Calculation 

Latitudes Departures 


Distance 

Bearmg 

Cosine 

Sine 

N S 

E W 

184 (h) 

N27°E (I) 

0.8910065 

0 4539905 

(2) 163.945 

(2) 83.534 

159 (f) 

N 2°W(1) 

0.9993908 

0.0348995 

(2) 158.903 

(2) 5.549 

269 io) 

N73“E (1) 

0.2923717 

0.9563048 

(2) 78.648 

(2) 257.246 

(31 [339 410] (.V) 

N8rw(l) 

0.1564345 

0.9876883 

(4) 153.095] 

(3) [335 231] 

(5] [454.591] (K) 

South (!) 

1 

0 

(5) [454.591] 


traverse course was computed assuming line K from the P.I. to point A had a north-south 
direction. The actual bearing of line K may be any value, and to assume its bearing as 



Fig 5o The inaces&ibie P.I and inside P I’s on a traverse from AP O T. to AP O.S.T 

north and south in the solution of the inaccessible P.I. problem is called rotation of bear¬ 
ings. After the distances K and M are computed, all lines of the traverse and curve are 
mathematically rotated back to their true bearing. In computing the unknown distances 
of Fig. 55 (bracketed figures in table above), each sequential step is numbered in paren¬ 
theses. 

Whether the circular curve has spiral transitions or not, the solution of the inaccessible 
P.I. problem is the same. The tangent distance of the curve s\’stem fixes the distance to 
be measured from the triangulation or traverse points to set the beginning and ending 
curve points on their respective tangents. 



H a; T3 
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Miscellaneous Problems. The direction of the forward tangent to be changed at the 
P.T.. Fig. 59, FA = F'A' = H vers A = 7?' vers A', and R' = R vers A/vers A^ and AA' 
— R sin A — 7^' si: 


Fig .39 Direction of forward tangent changed at P T 

Figure GO To find the station of P on a circular curve from which a tangent will pas? 
through C, tile radius being known. Measure A' and .4C'. In triangle ACO, compute OC 
and AOC In nght-tnaugle OBC\ compute BOC. Then AOB = AOC — BOC. and Sta. 
B - Sta A + 


Fig. 60. Tangent to pass through a point. 

Figure 61. To find R of curve which shall ioin tangents AV and BV and pass through 
a given point C. Measure angle f and VC. Then sm VCO = cos (A/2 + /}/co5 A/2. In 



Fig. 61. Curve through a point and tangent to two lines. 
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triangle VOC, CVO = 90° — (A-'2 +/), VCO and T'C are known; solve for radius OC. 
If angle T"0C is very small find radius by VC sin/ vers AOC. 

Figure 61. To find distance VC, given R, A. and f. Solve triangle VOC for T’C; OC 
= B: OV = R 'cos A 2: OVC - 90° - (A'2 
Compound Circular Curves. The following apply only to compound curves composed 
of two circular curves. Where there are more than two curvcir the formulas become quite 
long. In Fig. 62 all the elements marked uith the sub.script i refer to the curve of shorter 



Fig 62 Compu'ind (.ircular curses 


radius, and those marked 2 refer xo the curve of longer radius. Any compound curve 
"ornposed of two circular curves may be dedned by any font of the seven elements marked 
on Fig. 62. With four elements, the remainder may be computed: 

Given Rz- Ai. A:, requiied A. Ti, Tz Here A = At + A:, and 

^ ^ , (i?i tan At-'2 + lan A:.'2) sin A’ 

Ti =: i?itan A. 2 +-- 

sin A 

_ „ ^ . 1-Ri tan At, 2 -f tan Ar'2) sin Ai 

To = /to tan A- 2 -j-- 

sin A 

Given Fi, Ri, Rz, A; requued Tz, Aj, Aj. 

7’i sin A — /?! ver;:* A , , , 

vert> A: =-- - - - At = A - A> 

Aj — Ai 

T -2 = {R> — R.) .MR Aj -r Ri sin A — Fi cos A 
Given T-z^ R\, Rz. A; required Ti, A^, A-. 


Rz vers A — Tz "^in A 
ver% Ji, = /;, - Wi 


A, = A - Ai 


I'l = jiz S'!!! A — ‘'Rz — //i* Sin A^ — T'Z co^ A 
Given Ti, Ri, A;, A. required Tz, Rz. Az Here A^ — A — A;, and 


li, = //i 4- - 


T 1 "in A — /?! ver^ A 


Tz = 'R: — RO Aj — Fj cos A 

Given T'z. Rz, Az, A; required Ti, Ri, Ai Here Ai = A — Aj. and 

ffo vers A — Tz sm A 

Hi = Rz - —-;- 

ver" A' 

Fi = Rz bin A - {Hz - R.> bin A, - F_. cos A 
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Given Tz, Ti, i?i, A; required Rz, A 2 , Ai. 

Ti sin A — vers A 


tan Ao/2 = 


Ai 


Rz = Ri 


Tz + Ti cos A — sin A 

Tz Ti cos A ~ Ri sin A 


sin A 2 


A - 


Given Tz, Ti, Rz, A; required Ri, Ai, A 2 . 

^ vers A — 7^2 sin A 

tan Ai/2 = 


Rz sin A — T 2 cos A — 

^2 sin A — T 2 cos A 
Ri = Rz — - 


sin Ai 


Ao = A - A 

Ti 


Given AB, VAB, VBA, either Ri or ^ 2 ; required either Rz or Ri, Ai, Ai, A. Solve the 
triangle AVB for AX' and VB, which gives Tz and T’l. A = VAB 4- VBA. Then the four 
elements Tz, Ti, A, and either or Rz are given. The remaining elements may be com¬ 
puted by formulas given previously. 

Compound Curve Problems. Given a circular curve between two tangents. The curve 
is to be compounded so as to end in a parallel tangent. In the case of Fig. 63, the new 



Fig. 63. Compound, using shorter radius to a parallel tangent. 


tangent is inside the old tangent, the radius of the original curve becomes Rz, and vers 
Ai = d/(Rz — Ri). If the new tangent falls outside the old tangent, then the radius of 
the original curve becomes Ri, and vers A 2 = d/(_Rz — Ri). 

Given a compound curve between two tangents. Required to retain the same radii but 
to change the P.C C, so as to end in a parallel tangent: 

(a) When the new tangent lies inside the old tangent and the curve of the larger radius 
is at the P.T. end, Fig. 64. 

vers A '2 = vers A 2 — d/ (Rz — Ri) 

(b) When the new tangent lies outside the old tangent and the curve of the larger radius 
is at the P.T. end. 

vers A'2 = vers A2 + d/{Rz — Ri^ 


(c) When the new tangent lies inside the old tangent and the curve of shorter radius is 
at the P.T. end. 


vers A'l = vers Ai + d/{R> — Ri) 


(d) When the new tangent lies outside the old tangent and the curve of the shorter 
radius is at the P.T. end. 


vers A'l = vers Ai — d/ {Rz — Ri) 

In the above formulas, the angles with the prime mark are the new angles. In laying 
out compound curves in the field, each curve is laid out separately, from the P.C. to the 
P.C.C., and from there to the P.T. 
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Fig. 64 Compound, moving long radius to a parallel tangent. 


Reversed Circular Curves, (a) Connecting Parallel Tangents. In this case, Fig. 65, 
the central angles are equal, the P.R.C. lies on the straight line AB, and BAE == d/2. 

vers A = ^ and AB = V2d(Ri + Ri) 

If both curves have the same radius, then 

vers ^ = ~ and AB ~ 2VdR 



{h) Connecting Non-Parallel Tangents (Fig. 66). 
of four of its elements defines the reversed curve, 
and Ti. 


vers Ai 


Ri vers d + T 2 sin d 
i2i -j- 


As in the compound curve, the choice 
Given Tz, d, Ri. R 2 ; required di, do, 

do - Ai - d 


Ti T 2 cos d + ^2 sin d — (i ?2 + Ri) sin di 
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1IG. GG Carves revel-seJ to non-parallel tangents 


Given Ti, A, ^i, Ey, reQuired Ai, Aj. T'l. 

i?iversA + Tisini , . , > 

=-]j7T1u-- ^ 

y'n = Ti cos A -r -Ri sm A + iUi -r sin A: 

(c) Fixed P.I.S The two tangents through the P C. and P T. are frequently so nearly 
parallel that the intersection V cannot be readily found, m whi^h case a line PiTd. Fig. 67, 



Fig G7 Revei-td cutv*.*-, h'.td PI and ri'-arly laraikl tangents 


may be chosen a^ the common tangent, with angles Ai and A-;, and the line V 1 V 2 being 
measuied. To connect these tangents bv curves ha\ing equal radii: 

5 =_Alj_ 

tan Ai 2 + tan Aj/2 

(d) Fixed P.C and P.T. Another way to define a reversed curve, having rhoscri the 
PC. and P.T,, Fig. 6S. i.s to measure the distance AB between them and also angles a 
and h. To connect these tangents by curves having equal radii- 

cos a -P cos h „ AB 

sm A = -;- H = -;-;—y—-- 

_ sin a -T sin o d cos A 
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Obstacles on Curves. When obstacles occur, as frequently happens, so that the entire 
curve cannot be laid out by deflection angles from one position of the instrument, the 
difficulty can often be overcome by running out the curve as far as possible and then setting 
up the transit at the last located point on the curve and running the curve ahead from this 
intermediate set-up. This method is applicable when the obstacle i-r not large or when it 
does not he directly on the curve If a large obstacle lies on the cuive proper, the curve 
may be lun out until it meets the obstacle, both iroin the P.C. and P.T., or ^uch obstacles 
may be passed by uae of the offset-from-taiigent method, the uffiet being measured from 
the mam tangent or from an auxiliarj' tangent of sonie intermediate point on the curve. 
Sometuiie-5 an ob.-itacle on a curve can be pa:>5ed by laying off the deflection angle for a 
point beyond the obstacle, computing and measuring the long chord to that point, thus 
locating a station without makmg a new* set-up ot the tran-^it, and regular chord nicasare- 
ment-i may start again from this ^.tation. 

If the P.C. IS maccesbible lay off the curve from the P.T as fai as po^^ible to’.\an 1 the 
P.C. and check tiie ia^t point by the otfset-lioiu-tangeut method. In appb ing tlu'. latter 
method, compute tlie diitance along the tangent troiu the P.C. and subtract thi> distance 
from T, which gives the distance from V to the point on the tangent from whicii the 
tangent offset is laid off perpendicular to the tangent 


70. SPIRAL CURVES FOR TRANSITION TO CIRCULAR CURVES 

Purpose and Basic Formulas. On curves the outer rail of a railroad should be elevated 
to overcome the effect of centrifugal force on the locomotive and railroad cars, and the 
roadbed of a highway* must be radially superelcvated. 



T .s = tantrciit t'>»t»iral 
S P I = spiral r I 
Js C = "piral to circular cnr. e 


A transition curve is nece.s-^ary for the acceleration and compensating superelevation 
to be gained at a uniform rate 2 l> direction is changed from a straight line to the circular 
curve. The clothoid is a spiral that is equally useful for those puiposes in railroad and 
highway alignment 

The seven function-^ ot the clothoid spiral are shown m Fig. 69. The length of the 
■spiral is the curve distance from the T.S , where the spiral leaves the tangent to the S C., 
V'I'l-Tc tile i»un>. th'* cuivt' D 
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Equations for X and Y of the olothoid spiral are: 


X = L«(l - 3.0461742A«n0-5 -h 4.2959154A,n0-“ - 3.0198708A/10-1® + * • •) 
Y = L,(5.81776417A40-3 - 1.265S5165A3n0-^ + 1.22691057A,H0“i2-) 


For the other functions, the equations are: 

Q = X ~ R sin Ag V = Y cosec A^ 

P = Y -■ R vers As Cg = Y cosec .4 = X see A = VX^ y 2 

U = X ~ Y cot As = X — T'' cos A^ A = arc tan X/ Y 

The spiral angle can be computed by use of this formula: 

^ = degrees 


Table 7. Functions of the Unit-Length Spiral * 

To compute spiral parts of the spiral being used m the alignment, select the unit-length value of each function op¬ 
posite the spiral angle m the table and multiply it by the spiral length Lg This gives correct results in any system 
of measurement L'nit-length functions lor intermediate A;, angles may be obtained by straight-lme interpolation to 
an accuracy of five places right of the decimal Tor the 1’, q, and p, however, interpolation usually gives results to 
SIX places 


Spiral Coordinates Curv'e Coordinates 


spiral 

Angie 

Abscissa 

Ordinate 

Abscissa 

Ordinate 

Long 

Tangent 

Short 

Tangent 

Long 

Chord 

As 

X 

Y 

? 

P 

U 

V 

Cg 

0 00 “ 

1 0000000 

0.0000000 

0.5000000 

0 0000000 

0.6666667 

0.3333333 

1.0000000 

.50“ 

0.9999924 

.0029089 

.4999987 

.0007272 

.6666693 

.3333358 

0.9999966 

1 00 “ 

.9999695 

.0058176 

.4999949 

.0014544 

.6666773 

.3333430 

.9999865 

50“ 

.9999315 

.0087262 

.4999886 

.0021816 

.6666906 

.3333551 

.9999695 

2 00 “ 

.9998782 

.0116345 

.4999797 

.0029088 

.6667092 

.3333720 

.9999458 

.50“ 

.9998096 

.0145424 

.4999683 

.0036359 

.6667332 

.3333938 

.9999154 

3.00“ 

.9997259 

0174499 

.4999543 

.0043629 

.6667624 

.3334204 

.9998782 

.50“ 

9996269 

.0203567 

.4999378 

.0050899 

.6667970 

.3334518 

.9998342 

4 00 “ 

9995127 

.0232630 

.4999188 

.0058168 

.6668369 

.3334881 

.9997834 

.50“ 

.9993833 

.0261684 

.4998972 

.0065435 

.6668822 

.3335293 

.9997259 

5 00“ 

.9992387 

.0290730 

.4998731 

.0072702 

.6669328 

.3335753 

.9996616 

.50“ 

.9990789 

.0319766 

.4998465 

.0079968 

.6669887 

.3336261 

.9995905 

6 00“ 

.9989039 

.0348793 

.4998173 

.0087232 

.6670500 

.3336819 

.9995127 

.50“ 

.9987138 

.0377807 

4997856 

.0094495 

.6671166 

.3337424 

.9994281 

7.00“ 

.9985084 

.0406810 

4997513 

.0101757 

6671886 

.3338079 

.9993368 

.50“ 

.9982879 

0435799 

4997146 

.0109016 

.6672660 

.3338783 

.9992387 

8 .00“ 

.9980522 

.0464773 

.4996753 

.0116274 

.6673487 

.3339535 

.9991338 

50“ 

.9978014 

.0493733 

499o334 

.0123530 

.6674369 

.3340336 

.9990222 

9.00“ 

.9975354 

.0522677 

.4995890 

.0130784 

.6675303 

.3341186 

.9989038 

.50“ 

.9972543 

.0551603 

.4995422 

.0138036 

.6676292 

.3342086 

.9987787 

10 00“ 

.9969581 

.0580512 

.4994927 

.0145286 

.6677335 

.3343034 

,9986468 

.50“ 

.9966468 

.0609401 

.4994408 

.0152533 

.6678432 

.3344032 

.9985082 

11 .00“ 

.9963204 

0638271 

.4993863 

.0139778 

.6679584 

.3345079 

.9983628 

.50“ 

.9959789 

.0667120 

4993293 

.0167020 

6680789 

.3346176 

.9982107 

12 . 00 “ 

.9936224 

.0695947 

.4992698 

.0174260 

.6682049 

.3347322 

.9980518 

.50“ 

.9952508 

.0724752 

.4992078 

.01814% 

.6683364 

.3348518 

.9978862 

13 00“ 

.9948642 

.0753533 

.4991432 

.0188730 

.6684733 

.3349763 

.9977139 

.50“ 

.9944626 

.0782289 

.4990762 

.0195%! 

.6686157 

.3351059 

.9975348 

14 00“ 

.9940460 

.0811020 

.4990066 

.0203188 

.6687636 

.3352405 

.9973490 

.50“ 

.9936144 

.0839725 

.4989345 

.0210412 

.6689170 

.3353800 

.9971564 

15 00“ 

.9931678 

.0868402 

4988599 

.0217633 

.6690759 

.3355246 

.996957! 

50“ 

.9927063 

.0897051 

.4987827 

.0224850 

.6692404 

.3356743 

.9967511 

16.00“ 

9922299 

.0925670 

.498703! 

.0232064 

.6694103 

.3358290 

.9965384 

50“ 

9917386 

.0954260 

.4986210 

.0239273 

.6695859 

.3359888 

.9963190 

17.00“ 

.9912324 

.0982818 

.4985363 

.0246479 

6697670 

.3361537 

.9960928 

.50“ 

.9907113 

.1011345 

.4984492 

.0253681 

.6699537 

.3363236 

.9958599 

18 00 “ 

9901754 

.1039838 

.4983596 

0260879 

.6701461 

.3364987 

.9956204 

.50“ 

.9896247 

.1068298 

.4982674 

.0268072 

.6703440 

.3366790 

.9953741 

19.00“ 

.9890592 

,1096723 

.4981728 

.0275261 

.6705477 

.3368643 

.9951211 

50“ 

.9884789 

.1125112 

.4980757 

.0282446 

.6707569 

.3370549 

.9948614 

20 . 00 “ 

9875838 

1153465 

4979761 

.0289626 

.6709719 

.3372507 

.9945950 

.9943220 

.50“ 

.987274! 

.1181781 

.4978740 

.0296801 

.6711926 

.3374516 

21 . 00 “ 

.9866497 

.1210057 

.4977694 

.0303971 

.6714189 

.3376578 

.9940422 

.50“ 

.9860106 

.1238295 

.4976623 

.0311137 

.6716511 

.3378693 

.9937558 

22 . 00 “ 

.9853568 

.1266492 

.4975528 

.0318297 

.6718889 

.3380860 

.9934627 

.50“ 

.9846885 

.1294649 

.4974408 

.0325453 

.6721326 

.3383080 

.9931629 

23.00“ 

.9840033 

.1322763 

.4973263 

.0332603 

.6723821 

.3385353 

.9928564 

.50“ 

.9833080 

.1350834 

.4972093 

.0339747 

.6726374 

.3387680 

.9925433 

24.00“ 

.9825960 

1378862 

.4970899 

.0346887 

.6728986 

.3390060 

9922231 

.50“ 

.9818695 

. 1406844 

.4969680 

.0354020 

.6731657 

.3392494 

.9918975 

25 00“ 

.9811285 

.1434782 

.4968436 

.0361148 

.6734386 

.3394982 

.9915642 

.50“ 

.9803731 

. 1462672 

.4967168 

.0368270 

.6737175 

.3397525 

.9912240 
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Table 7. Functions of the Unit-Length Spiral —Continued 


Spiral Coordinates Curve Coordinates 


Spiral 

Angle 

Abscissa 

Ordinate 

Abscissa 

Ordinate 

Long 

Tangent 

bhort 

Tiingent 

Long 

Chord 

Aj 

X 

Y 

g 

P 

U 

V 

C 

26 00= 

.9796032 

.1490515 

.4965675 

.0375386 

.6740023 

.3400122 

.9908778 

.50 = 

.9788191 

.1518310 

.4964558 

.0382496 

.6742931 

.3402774 

.9905248 

27.00= 

.9780205 

.1546056 

.4963216 

.0389599 

.6745900 

.3405481 

.9901652 

.50= 

9772077 

.1573752 

.4961850 

.0396697 

.6748928 

.3408243 

.9897989 

28 00= 

9763806 

.1601396 

4960460 

.0403788 

.6752018 

3411061 

.9894260 

.50 = 

9755393 

.1628989 

.4959045 

.0410872 

.6755168 

.3413935 

.9890465 

29.00= 

9746837 

.1656529 

.4957605 

.0417950 

.6758379 

.3416866 

.9886603 

50° 

.9738140 

1684016 

.4956142 

.0425021 

.6761652 

.3419852 

.9882076 

30.00= 

.9729302 

.1711448 

.4954634 

.0432085 

.6764987 

.3422896 

.9878683 

50= 

9720323 

.1738825 

.4953142 

.0439142 

.6768384 

.3425997 

.9874624 

31 00= 

0.9711203 

0.1766145 

0 4951605 

0.0446192 

0.6771844 

0.3429155 

0.9870498 

.50 = 

9701944 

. 1793409 

.4950045 

.0453235 

.6775366 

.3432371 

.986O308 

32.00= 

.9692544 

. 1820615 

.4948460 

0460270 

.0778952 

.3435645 

.9862051 

50= 

.9683005 

.1847761 

4946851 

.0467298 

.6782601 

.3438978 

.9857729 

33.00= 

9673327 

.1874849 

.4943219 

0474319 

.6786314 

.3442369 

.9853341 

.50= 

.9663511 

.1901875 

.5943562 

.0481332 

.6790091 

.3445820 

.9848887 

34.00° 

9653557 

,1928841 

.4941881 

.0488337 

.6793933 

.3449330 

.9844368 

50= 

.9643464 

.1955744 

.4940176 

.0495334 

.6797839 

.3452900 

.9839784 

35 00= 

9633235 

.1982584 

.4938448 

.0502324 

6801811 

.3456330 

.9835134 

.50= 

9622869 

.2009361 

.4936696 

.0509305 

.6805849 

.3460221 

.9830419 

36.00= 

.9612366 

.2036072 

.4934920 

.0516278 

.6809953 

.3463973 

.9825638 

.50= 

.9601727 

.2062718 

.4933120 

0523243 

.6814123 

.3467786 

.9820793 

37.00= 

.9590953 

.2089298 

.4931296 

.0330199 

.6818361 

.3471662 

.9815382 

.50= 

.9580044 

.21)5811 

.4929449 

0537147 

.6822665 

.3475599 

.0810907 

38 00= 

.<3569000 

.2142255 

.4927378 

0544086 

.6827038 

.3479599 

.9803866 

.50= 

.9557821 

.2168631 

.4925684 

.0551016 

.6831479 

.3483663 

.9800761 

39,00“ 

.9546510 

.2194937 

.4923766 

.0557938 

.6835988 

.3487789 

.9795591 

.50 = 

9535065 

.2221173 

.4921824 

0564830 

.6840567 

.3491980 

.9790356 

40.00= 

9523487 

.2247337 

.4919860 

0571754 

.6845215 

.3496236 

9785056 

.50= 

.9511777 

.2273429 

.4917872 

.0578648 

.6849933 

.3500556 

.9779692 

41 00= 

.9499935 

.2299448 

.4915860 

.0585533 

.6854722 

.3504941 

.9774263 

.50= 

.9487962 

.2325394 

.4913825 

.0592409 

6859382 

.3509393 

9768770 

42.00= 

.9475858 

.2351265 

.4911767 

.0599275 

.6864514 

.3513910 

9763213 

.50= 

.9463624 

.2377061 

.4909686 

.0606131 

6869517 

.3518495 

.9757592 

43.00= 

.9451260 

.2402781 

.4907582 

.0612978 

.6874593 

.3523147 

.9751906 

50= 

.9438767 

.2428423 

.4905455 

.0619815 

.6879742 

.3527867 

9746156 

44.00= 

.9426145 

.2433989 

.4903305 

.0626643 

.6884965 

.3532055 

.9740342 

.50= 

.<34 1 3395 

.2479475 

.4901132 

0633460 

.6890262 

.3537513 

.9734464 

45.00= 

.9400517 

.2504883 

.4898933 

0640267 

.6895634 

.3542349 

.9728323 

.50= 

,9387512 

.2530211 

.4896716 

.0647064 

6901081 

.3547436 

.9722518 

46.00= 

.9374381 

.2555457 

.4894473 

.0653830 

6906604 

3552504 

9716449 

.50= 

.9361123 

.2580623 

.4892210 

.0660626 

6912204 

.3557642 

.97^0316 

47.00= 

.9347740 

.2605706 

.4889923 

.0667392 

.6917880 

.3562853 

. •>'704120 

50= 

.9334232 

.2630706 

.4887613 

0674147 

.6923635 

.3568136 

.9697861 

48 00= 

9320600 

2655622 

.4883281 

.0680891 

.6929467 

.3573492 

.9691538 

.50= 

.9306844 

.2680454 

.4882926 

.0687624 

.6935379 

.3578921 

.9685152 

49.00= 

. <3292965 

.2705200 

.4880549 

.0694346 

.6941370 

.3584425 

.9678704 

.50= 

.9278963 

.2729861 

.4878150 

.0701058 

.6947442 

.3590004 

.9672192 

50.00= 

.9264839 

.2754434 

.4873728 

.0707758 

.6953594 

.3595658 

.9665617 

.50= 

.9230593 

2778920 

.4873283 

.0714447 

.6959828 

.3601389 

.9658979 

51.00= 

9236227 

.2803318 

.4870817 

.0721124 

.6966145 

.3607197 

.9652279 

.30= 

.922174! 

.2827627 

.4868328 

0727791 

. 6972544 

.3613082 

.9645516 

52.00= 

.9207134 

.2851847 

.4865818 

0734445 

.6979027 

.3619046 

.9638690 

30= 

9192409 

.2875976 

.4863285 

.0741088 

.6985595 

.3625088 

.9631802 

53 00= 

.9177565 

.2900014 

.4860731 

0747720 

6992248 

.3631211 

.9624852 

.50= 

.9162603 

.2923960 

.4858154 

.0754339 

. b998<587 

.3637413 

.9617840 

54.00= 

.9147524 

.2947814 

.4835536 

.0760946 

.7005812 

.3643698 

.9610765 

50= 

.9132329 

.2971574 

.4832936 

0767542 

.7012725 

.3650064 

.9603628 

55 00= 

9117017 

.2995241 

.4850294 

0774125 

.7019727 

.3656514 

.9596430 

.50= 

.9101590 

.3018813 

4847631 

0780696 

7026818 

.3663047 

.9589170 

56 00= 

.908*3049 

.3042290 

.4844946 

.0787235 

.7033998 

.3669664 

.9581848 

.50= 

.9070393 

.3065670 

.4842239 

.0793801 

.7041270 

.3676367 

9574464 

57.00= 

.9034624 

.3088955 

.4839511 

.0800335 

.7048633 

.3683156 

.9567019 

.50= 

.9038742 

.3112142 

.4836762 

.0806857 

.7056089 

.3690032 

.9359513 

58.00= 

.9022748 

.3135231 

.4833991 

0813365 

.7063638 

.3696996 

.9551945 

.50= 

.9006643 

.3158221 

.4831200 

.0819861 

.7071282 

3704049 

.9544316 

59.00= 

.8990426 

.3181112 

.4828387 

.0826344 

.7079021 

.3711192 

.9536026 

.50= 

.8974100 

.3203904 

.4825353 

.0832814 

.7086856 

3718425 

.9528876 

60.00= 

8957664 

.3226595 

.4822698 

.0839270 

.7094789 

.3725750 

.9521064 


* This table is a condensation from tables prepared, copyrighted, and published by W ilham T. Pryor. 
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Spiral Deflection. The deflection angle a, Fig. 70, from the tangent at the T.S. to the 
SC.. Is equal to — c, where c is a small correction. Csualiy, c is considered too 

small to apply unless A, is larger than about 20®, as is indicated in Table 8 . This means 


Table 8, Minutes Correction for Spiral Deflections * 


Angle A, 

Minutes Correction 

0= 

0 000 

3 

0.006 

10 

0.051 

15 

0 174 

20 

0.413 

23 

0.809 

30 

1.401 

35 

2.231 

40 

3.340 

45 

4.771 

50 

6 568 

55 

8.776 

60 

H.44 


The correction is subtracted for deflections from the T.S. or S.T. and is added for deflections from 
the S.C. or C.S. 

* This table is a condensation from tables prepared, copynghted, and published by William T Pryor 


that the deflection angle from the tangent at the T.S. to any other points on the spiral 
curve, as a\ for t and ai> for p, are also equal to one-third ' 3 ) the spiral angle at those points 
minus a correction. The backward deflection to the T.S. from the tangent at any point 
on the spiral is two-thirds ( 2 / 3 ) of the spiral angle at that point plus a correction. In mak¬ 
ing deflection corrections, remember that the spiral angle to any point p is: 


Ap = {L^/L,^)X 
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Using those principles and applying them to the basic equation, am' deflection angle 
in minutes, angles a, oi, 02 , and 03 , can be computed by use of these formulas: 

Transit at T.S. a ~ {DLs/10) — c = minutes 

Qi = (Z)Z.iVlOZ.s) — c = minutes 
a> = (Z)Z,VlOZ.s) — c = minutes 

Transit at i 03 = + {DL^Li'lOL,^ ~~ c ~ minutes 

The deflection angles are more easily computed wtien the degree of curve D. in degrees, 
is divisible by the length of ."piral Lg, in feet. Consequently, when the spiral length is 
computed, a length is chosen that will divide into D evenl\-. The con^tant (D lOL^i is 
first computed. It is a measure of the sharpness of the spiial curve. The L lengths are 
in feet; 

L — distance from T.S. to p, the point being set by deflection from the T.S. or from 
an intermediate transit point as i. 

La ~ length of spiral from T S. to S C. 

Li = distance from the T.S. to t, any intermediate transit set-up point, and from / to 
the distance point d. 

Z ,2 = distance from point d to the deflection point p. 

hen Z <2 is measured toward the T.S. it is negative, and it is positive in direction away 
from it. 

Circular Curve with Equal-Length Spirals. Equal-length spiral curves on each end of 
a circular curve makes a curve system that is the most common combination of spiral- 



circular curve-spiral. Fig 71 . The Ts lo the distance from the T S. to the P I. and from 
the P.I. to the S.T. 


Ta = (^ d- ;>} tan (A 2) -f ^ 
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The Ea is the external distance from the P.I. to the circular curve, measurable along 
the line drawn from the P.I. to its center. 

Es = {R + v) exsec (A/2) -f p 
= {B p) secant (A/2) — R 

The central angle A equals (2A8 -r A<), and A/2 equals {A^ -1- (Ac/2)]. Formulas for other 
geometric parts (-Y, Y, q, p, U, V, Ca) are the same as given in the beginning of this article. 

Circular Curve with Unequal-Length Spirals. There are situations where controls of 
topography or of land use or both prevent the use of equal-length spirals. The semi- 



Fig. 72. Unequal-length spirals and circular curve. 


tangents, Fig. 72, are designated Tai from the T.S. to the P.I. and Ta2 from the P.I. to the 
S.T. They are computed by use of these formulas: 

Tai = qi -h {R Y p2) tan (A/ 2 ) — (pi — P2) cot A 
Ta2 = qa + (/£ + P2) tan (A/ 2 ) -f (pi — P2) cosec A 

Those formulas apply in all cases, even though there may not be a spiral on one end of 
the circular curve. In such a case, the corresponding q and p values would be zero where 
there is no spiral. In using the formulas, it must be remembered that the cotangent is 
positive in the first and third quadrants and is negative in the second and fourth, and that 
the cosecant is positive in the first and second quadrants and negative in the third and 
fourth. 

Revising Circular Curve Alignment to Introduce Spirals. In introducing spirals into 
existing circular-curve alignment, many existing conditions will limit the choice of spiral 
and introduce special problems. One of the most common is illustrated in Fig. 73, show¬ 
ing half a circular curve AB. One of the methods of introducing a spiral is to shorten the 
radius from to Ri. In that way the new circular curve is moved sUghtly outward in the 
middle and its sharpening allows it to fall inside the tangent making ED = p. Calling 
the outward movement BC = k, then 

R, = R, + * - (- 

\vers A/2/ 

and 

AF — q — {Ri Y k — Ri) sin A/2 
k - {Ri ~ R 2 — p) 8ec (A/2) + (iJz — iZi) 

If the track of a railroad or center line of a highway cannot be moved more than 1 ft 
along the line between the P.I. (P) and center of the curve (Oi), assume k — I and p 
about 2k. Using the first equation compute R 2 '. then AF sets the approximate location of 
the T.S., and Da and p may be used to determine the length of spiri L*. 






2-118 


SURVEYING 


71. PROFILE LEVELS 

Levels for obtaining a profile of a line on the ground are railed profile levels. Ordinarily 
a transit party work' ahead of the profile partv and stakes the line to be profiled. The 
profile party obtain^ an elevation at each 100-ft station of the line, at each intermediate 
plus point that represent' a distinct break in slope of the ground line, at all required points 
on curve-^. an i at other points that mav be marked 

In the field, the instrument is set up in anv convenient location near a benchmark (BM 
a backsight (BS reading is taken, and the height of instrument (HIi is computed. Rod 
reading' for gremnd elevation are then taken successively at as many of the line stakes as 
can be clearh' .seen [As the ground point at each center-line stake becomes a sort of bench¬ 
mark for cro''-sef tion surveys at that station, the rod should always be held on the face 
side (on which stationing i.s marked- of each such stake} A foresight (FS> reading is 
then taken on any conveniently located turning point (TP). The instrument is then 
moved forward .^et up anv convenient location beyond the TP, a BS reading is taken, 
and the procedure repeated Rod readings for the ground profile are usually to the near¬ 
est 0 1 ft. with readings on BM’s and TP‘s to the nearest 0.01 ft: but, if profile reading'? 
are required to the nearest 0 Ul ft, the TP readings should be to the nearest 0 001 ft. etc. 
TiO' rhould he made to all benchmarks along the route that are within convenient distance-s 

Double-Rodded Lines. Whoa benchmark levels have not been run in advance of the 
profile work it is good practice to utilize two different set^ of TP’s while running the profile 
levels-. This ii called double rodding. It provides two independent Hi’s for each instill¬ 
ment set-up. and thus helps to prevent errors. On the first instrument set-up the first 
back.-^ight is taken in the usual manner. When the party is ready to move forward, two 
forward TP’', are set instead of one. These are set near each other, but at different eleva¬ 
tions. preferably different by more than 1 ft. On the second in.strument set-up a back- 
.sight Is read on each of the two TP’s, and two HI elevations are computed. These should 
be in close agreement: the limit of discrepancy allowed depend? on the cla.ss of levels All 
of the precautions necessary for bench-work leveling should be observed, particularly that 
the sum of all back.«ight and foresight distances be kept nearly equal This method is 
particularly applicable to long P lines for canals, highways, and railroads in undeveloped 
regions 

Profile-Level Notes. The field notes should be kept in a standard-type notebook having 
6 cohiinns ruled on the left-hand page for the level notes. The right-hand page is ruled 
in square^? for topography and cross-.section notes, for de-scnptions of benchmarks, and for 
other remark-- In profile notes it is good practice to record all rod readings m sequential 
order up toe page, from bottom to top of the notebook The notes are then in orientation 
as the levelman work? and looks forward along the line, and mistake.? in recording cross- 
section readings and distance.? on the wrong side of the center line are less likely to occur. 
An example of profile level note? i- given in Fig. 75 When cross sections are recorded on 
the right-hand page, the notes on the left-hand page are double spaced in order to avoid 
crowding of the cross-section notes. 


72. CROSS-SECTION SURVEYS 

Cross sections are required for earthwork computations of borrow pits, highways, rail¬ 
road'. canal?, etc. A cross section is actually a short profile, running approximately at 
right angles to. and extending on both sides of, the center line. A cross section is u.sually 
taken at ear’h 100-ft-station stake and plus point. Cros-s-section surveys may be accom¬ 
plished bv several ineth<;d? depending on the ohaiacter of the topography, the type and 
density of ground enver, and the aci-uracv require<l 

When an elevation accuracy of 0.01 ft i' required in the c^oss-^ection .surveys, dumpy 
or wwe level.-? are U'od. for an accuracy of O.i ft. a transit (as cither a level or vertical-angle 
instrument >. a Rhodes arc, or a hand level will suffice, and for less than 0.1 ft (as for many 
types of prelinnnarv-survey cross sections-, the angle-reading Abne\’ hand level may be used. 

With Wye and Dumpy Level. The level is sot up for taking rod readings along one or 
more cross .section', and HI elevation i? determined by a BS on a BM or TP. a.3 in profile 
leveling The rod i.' first held on the ground at the line .stake (on face sidet w’here the cross 
section is to be taken. The rodman then moves outward either to the right or to the left 
in a direction approximately at a right angle to the lino, holding the rod for a reading at 
each break in ground slope. At each rod position the horizontal distance is measured 
from the line stake. Both the rod reading and the horizontal di.stance are recorded con¬ 
currently in the cross-section notebook, as shown in Fig. 75. Profile and cross-section 
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leveling with the wye or dumpy level are often accomplished at the same time, especially 
where the topography is not rugged and ground cover is not a serious handicap. 

On steep and irregular cross sections, an extra instrument set-up may sometimes be 
eliminated by using a hand level as a supplementarj’ instrument to determine differences 
of elevation when the rod is higher or lower than HI. For each rod position above HI, 
the hand level is used to determine the difference in elevation between the HI and the zero 
point of the rod; this difference is recorded in the notes as a plus ( + ^ rod reading. The 
arithmetic operations are handled mentally, or on separate paper. When the top of the 
rod is lower than HI, the hand level is used to determme the difference of elevation from 
HI to top of rod, which difference is mentallj' added to the regular rod length: the total is 
recorded as a minus (—) rod reading. 

With Hand Level. In using the hand level, the levelman stands at any convenient 
place and takes a plus (-h) readmg on the rod at the center stake, to establish HI above 
ground at the center-line stake. Each minus rod reading at a ground break is then 
mentally added algebraically to HI, the algebraic difference being recorded in the notes 
as the difference in elevation between the ground at the center stake and the cross-section 
point. (See Fig. 75.) On hillsides it is good practice to use a stick of convenient height 
on which to hold the hand level when the rod readings are taken. The distance from the 
center stake to each cross-section point is measured horizontally, usually with a metallic 
tape. 

With Rhodes Arc. The Rhodes arc is held at any convenient height above the ground 
by an instrumentman standing at the center stake. At each rod position the instrument 
is pointed to a height on the rod that is equal to HI above ground, and the cosine and sine 
of the slope angle aie read on the graduated arc. At the same time the slope distance is 
measured along the line of sight, or on a line parallel to it, using a metallic tape or steel 
tape. The cosine and sine values are then multiplied by the slope distance to get. respec¬ 
tively, the horizontal and vertical distance from the center stake to the rod position, the 
vertical distance being plus or minus as the sme is plus or minus. Notes are recorded in 
the same manner as for cross sections taken with a hand level. 

It sometimes happens that steep slopes or dense ground cover make it impractical to 
sight the rod at the desired HI reading. In that case the instrument is sighted to any 
convenient reading on the rod, and the slope distance and vertical angle are measured to 
that point. The difference between the actual rod reading and ihe HI is then mentally 
calculated and shown in the notes above the cross-section record for that point, preceded 
by a plus or minus sign to show whether the reading was higher or lower than the HI. 

When it is necessary to move the Rhodes arc outward from the line stake to a new posi¬ 
tion, the subsequent cross-section readings beyond the new instrument point are measured 
from that point, and are so recorded in the notes; the ground point at which the new set-up 
is located is indicated in the notes by the tnpod symbol, as shown m Fig. 7o. 

With Abney Level. The procedure in using the Abney level is the same as with the 
Rhodes arc, except that the vertical angle to the nearest 0.5®, or the nearest per cent of 
grade (-whichever is most convenient) is read on the graduated arc. The vertical-angle 
reading, with appropriate plus or minus sign, is recorded m the notes instead of the com¬ 
puted differences of elevation in the numerator position, the slope distance is recorded in 
the denominator position. 

Cross-Section Notes. These may be kept in the profile level book, or in a separate 
book, as convenient Cross-section notes are susceptible to many errors, and must there¬ 
fore be carefully recorded, special attention being paid to the use of correct plus or minus 
signs. The data for each cross-section point are shown in the notes in the form of a frac¬ 
tion, the elevation data being m the numerator position, and the distance figures in the 
denominator position. (See Fig. 75.) As in profile leveling, the notes in this example 
begin at the bottom of the page and proceed to the top of the page. The vertical line in 
the center of the right-hand page of the book represents the center line of the survey. 
Each rod position is recorded in .sequence to the left or to the right of this center line, 
corresponding to the left or right side of the recorder while he is looking forward along the 
line. 


73. GRADES 

Grades are expressed in per cent, i e., the ratio of the vertical rise in feet per 100 ft of 
horizontal distance, or the rise in meters per 100 m. A 1% grade is a straight-line rise of 
1 in 100. Actually, the per cent of grade is the tangent of the vertical angle multiplied 
by 100. 

In most engineering work, the rise is so small in proportion to the horizontal distance 
that It is customary’ to exaggerate the rise on pro^e drawings at a ratio of 10:1. On 
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drawings of cross sections and structures, however, grades are always drawn to natural 
scale, i.e., the same scale is used both horizontall 3 ' and vertically. 

On a vertical curve the grade is considered to be a rate of change. This may be ex¬ 
pressed by the formula 

r = iii ~ g- 2 )/L 

in which r is the average change in per cent per 100 ft station; and g 2 are the grades, in 
per cent, of the intersecting straight slopes, such as BA and AE in Fig. 76; (gi — g 2 ) is 



Fig 76. Symmetrical vertical curve, equal horizontal length each side of vertex of grades. 


the algebraic difference of the grades in per cent: and L is the vertical curve length in 
100-ft stations from one grade point to another. Thus the grade at any point, such as B, 
Fig. 76. is changed at any other point, such as E, according to the formula g-: = gi — rL, 


74. VERTICAL CURVES 

Vertical curves are used in grades and in cross sections. They are used at the vertex to 
avoid the sudden change of vertical direction in passing from one grade to another. On 
cross sections thej* are used in crowns and to eliminate abruptness in joining the ground 
hne at top of cut slopes and at the toe of fills, pro\iding a pleasing appearance to the cross 
section and aiding in the prevention of erosion. 

Vertical curves are parabolic instead of circular. There are two tj^pes of vertical curves: 
(1) sj'mmetrical, having equal horizontal length each side of the intersection of grades; 
and (2i unsymmetrical, having unequal horizontal lengths each side of the vertex. Most 
vertical curves are of the symmetrical type. Unsymmetrical curves are used wherever 
controls, appearance, and other conditions require it. 

In Fig. 76, the horizontal length L is halved by a vertical line from A, the vertex of 
grades gi and g 2 . In Fig. 77, L is dmded into lengths Li and L> on each side of the vertex. 



Fig 77. Unsyimnetncal vertical cur\’e, unequal horizontal length each side of vertex of grades. 

Li and Ls are not equal. In both curves, the chord BE is intersected at C by a vertical 
line from the vertex, A. Point D at the mtersection of this vertical line and the curve is 
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midwa\' between A and C. thus the external, e. equals the middle ordinate, m. The ele¬ 
vation of 

Z) = 1 '2 felev. A -f- eiev. C) 

and 



In the formulas, G = {S: — g->i, tlie algebraic difTerentc* of the grades in per cent. All 
numbered offsets from the grade line to the vertical curv'e var\ as the squares of the hori¬ 
zontal distaiioes from B or from £’. Therefore each offset, numbered 1, 2, 3, and so on, 
equals: 

Both sides equal Cn = 

Long side Z.i-1 Short side e '= dn'ie'fLA) 

The dh distance to the high point or the low point is often required for use in determining 
sight distances, to mark the place for a storm sewer inlet, and the like. 

Tor symmetrical curves: 

dk = gxL:G = ^ = £>LV8t 

For un>\-ninietncal curves, where g- and Li apply to the short part of the curve: dh 
- g'lL. %' 

A grade line tangent to point h is always level. 



75. AREA OF CROSS SECTIONS 

The area of a cro.ss section between the original ground line and the section of roadway 
or other earth grading may be determined by planimeter for preliminarj- design purposes, 
and where accurateness is essential, as for contract payments, computed by forming a 
senes of triangles between the ground line and the final section, the triangle dimensions 
being horizontal and vertical. The vertical distances may be determined by either of 
Two methods (1) to roadbed grade between the center line and the shoulder, and beyond 
it to the level of the shoulder; or (2j to the level of the center-line grade In forming the 
triangles, it is necessary to begin at the center line, to keep the horizontal distances se¬ 
quential as the triangles are formed working outward to the right and the left, and always 
to clo<*e on grade of cut zero for a cut section and fill zero for a fill section. 

Mf-thod 1 Figure 78 shows the triangles of a .section of fill (embankment) and cut (ex¬ 
cavation) where heights are to roadbed grade. The areas formed by triangles in cut are 



Fig. 78. Section of fill and cut. heights to roadbed grade Triangles in end-area computations formed 
by fill and cut at sequential distances from center line 

given odd numbers, and those in fill even numbers; the distances from center line are 
similarly designated. The additive areas are cross hatched with vertical or sloping lines 
and the subtractive areas are cross hatched wdth horizontal lines. Equations for the double 
areas in terms of applicable vertical and horizontal distances are given below. 
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Area Formulas 


Area Number 

Double Area 

Area Number 

Double Area 

0 

F [(Da - Do) -i- (D - Dod 

1 

Cl (D 3 - D) 

2 

Fa (D 4 — Do* 

3 

C, (Di - Di) 

4 

F 4 (De — Di) 

5 

C3 (Dr - Ds) 

6 

Fg (Da — D 4 ' 

7 

Cr (Ml - £> 5 ) 


By ob5*erving signs, double areas 6 an«l 7 will be subtractive, because is farther from 
the center than and D-, than Dz The algebraic "Uiii of tiie double areas i= divided by 
two, and the area of the ditcli is a«lded 

Method 2. Tills method illu^.trated m Fig 70 which shows the part of a superelevated 
cross section that is in cut, with ground-line "overhang ” and with all breaks referred to 


C\i 

Dq Dll 



Fio. 79 Heii^hts to center-lme grad«^ Tnoni'l^-s in end-area computations formed by cut at the 
se(iuential distance from cente" line for overhang cross section 

the level of center-line grade. Notes for the cross section, for either side of the center line, 
should be arranged to begin at the center line where tlie distance is zero, Aj. For the cut, 
all breaks in the ground line a& far as the dope stake are successively recorded, then the 
breaks in the final cross section back toward the center line to grade Cj at distance D-, are 
similarly recorded. Similar steps are followed for a fill. If all breaks in the fill section 
that are higher than the center-line grade are considered to be minus fills, and all breaks 
in the cut section that are lower than the center-line grade are considered a^ mmu^ cuts, 
the use of corresponding algebraic signs will injure that the corresponding double areas 
are appropriately added or subtracted as tliey are computed in sequence. 

The disadvantage of method 2 is that the slope stakes «lo not mark cut or fill to the level 
of shoulder grade. Its principal advantage is in computing end areas from contour^. 

Regardless of the metliod of computation, the survey for each staked ciO's 'Oction 
should be extended to include sufficient ground-line p<»ints beyond the slope stake®. These 
are for possible later use in computing tlie end areas of (1< ovcrhieak and earth slides 
that may occur during construction, (2i fill widening that iua\ become iieces'arv in the 
disposal of waste caused by slides, overbreak. or '«well of "olid rock, and (3; ?ide borrow 
to provide additional material that may be required. The voluino'« of overbreak and of 
unpreventable slides are calculated after final cross sections are taken, and the dilTeienccs 
in area between the staked and final cross sections are obtained 


76. VOLUME COMPUTATIONS 

From Cross Sections. To compute the volume of earthwork between two parallel 
cross sections, let Ai and Aa be the end areas, Am the area of a section of roadbed base h 
midway between the ends, ci and c> the center heights, and and Hr slope-stake heights 
at the end sections, D\ and Dz the sums of the side distances di and dR, L the length of the 




Ftg. 80 Cross section dimensions, prismoidal correction. 

By average end areas, 

V = Ui -h .4 V2 

By prismoidal formula, 

V — (^1 + 4/-m “T A2)L/Q 
By average end areas with prismoidal correction, 

V = + A-z)L/2 ~ (ci - C2)(Z)i - D.2)L/12 

Table 9. Calculation Sheet for Grading 







Cubic Yards 


Stations 

Cross-Section Areas, sq ft 

Length 

Excavation 

Em- 

Excavation 
Makes Cubic 
Yards of 

Mass 

Balance 

















i .ps. . 







Rock 

Common 

baiik- 

ment 






c 


+50 


175 

32 







j 





50 


356 

30 


267 

100,257 

403 


210 

0 












30 


454 

□0 


341 

100,494 • 

+30 


608 

0 












40 

AO 

538 

0 


404 

100,835 

+70 

0 

118 

0 


1 










30 

39 

44 

A26 

49 

34 

101,239 

404 

104 

0 

70 












50 

270 

AO 

227 

338 


101,296 

+50 

188 


175 












50 

338 


260 

423 


101,407 

405 

177 


106 








+35 

44 


188 

35 

143 


191 

179 


101,570 


r = multiplication factor = 1,25 for swell of 25%. 
c = multiplication factor = 0.75 for shrinkage of 25%. 

A = pyramid in volume computations. 

□ = wedge in volume computations. 

• The mass balance at station 403 +00 is 100,257 (the mass bailee at station 402+50) plus 267 minus 30, equaling 
100,494. For mass balance at subsequent stations, proceed in a similar manner. 
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When the given quantities are in feet, F is in cubic feet and must be divided by 27 to 
obtain cubic yards. The method of average end areas is used most, without appb'ing the 
prismoidal correction. An example of this method is given in Table 9. The mass balance 
is arbitrarily' started large enough to prevent the algebraic summation from becoming 
negative; also, stationing points are interpolated for the centers of gravity in the mass 
and for the position of the free haul line, as explained in Art. 77 and illustrated in Figs. 85 
and 86. 

Correction for Curvature. The field surveys for cross sections on curves are taken 
along radial lines, such as .45, CD and EF^ Fig. 81. In computing the earthwork each 
solid is assumed to have 
a length equal to the 
center-line arc, as GH or 
HJ, and to have end 
sections whose planes are 
perpendicular to their 
chords. In computing 
the two solids KGL- 
MHN and OHP~QJR, 
however, it v,'ill be seen 
that the solid PMH has 
been included twice, and 
solid NOH has been 
omitted. If the cross 
section DHC is symmet¬ 
rical about the center 
line, these discrepancies 
balance; but if the cross 
section through H is 

unsymmetrical, a correc- \ / 

tion must be applied. 

In Fig. 82, DF has been 
drawn so as to form a Fig. gl. Correction for curvature, 

symmetrical figure with 

DE. For the cross section EDFBA there is no correction, but for the portion FDG a 
correction must be applied. This correction may be found by an application of Pappus’ 
theorem, i.e., 'Tf a plane area lying wholly on the same side of a straight line in its owm 
plane revolves about that line and thereby generates a solid of revolution, the volume of 
that solid thus generated is equal to the product of the revolving area and the path de¬ 
scribed by the center of gravity of the plane area during the revolution.'’ For the case 
illustrated in Fig. 82, the correction is (fc/2 -|- sc)(Ai — h^) (di + d^) X 0 002909.A, in which 

A — sum of half the central 
angle (in degrees) under 
the chords GH and HJ, so 
that if arcs GH and HJ are 
each 100 ft, A = degree of 
curve. In the formula, e 
is the slope, being equal 
to (di - 6/2)/;ii. The 
correction is in cubic feet 
if the distances are in feet, 
and it is added if the 
greater area is outside 
the curve, and subtracted 
Fig. 82. Correction for curvature. when the greater area is 

inside the curve. 

Borrow Pits. In railroad, highway, and similar types of construction, it is often more 
economical, when the length of haul becomes great, to obtain material from nearby bor¬ 
row pits for construction Oi embankments. Borrow pits are sometimes necessary also as 
a source of special materials for the subbase and other purposes, w’hen regular excavation 
is not suitable. The customary method of providing data for calculating the amount of 
material taken from a borrow pit is first to lay out a grid of squares over the entire poten¬ 
tial borrow-pit area, then to determine the elevation at each corner of each square, and at 
each intermediate point between comers that represents a significant break in slope of 
ground surface. When the excavation is completed the same system of squares is again 
laid out, and elevations determined for the corners and intermediate points. The differ- 
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ence between the original and final elevations at the same points provide a simple means 
of determining the volume of borrow. 

Volume Computations from Contours. Volume computations from contours are regu¬ 
larly Used for solving many problems in landscape grading and similar work. The princi¬ 
ples are '(luii 1, and accurate determination-- may be made by this method, provided the 
contours are accurately located. However, the use of contours in earthwork computations 
for highways and railroads has heretofore been confined almost exclusively to preliminary 
designs and estimates'. For tbi.s purpose, a contour map or plan of the entire project area 
13 advantageous, as approximate quaniitiea of earthwork can be determined for any part 
of the proje'‘t area without additional fielrl work. In highway work the cross-sectlon 
metho<i tor computing earthwork for payment of contracts is usually more accurate and 
economical, and more acceptable to contractors. 

There are four general method* of computing earthwork from contours, briefly described 
as follow-' 

Cut and Fill between Contours. The simplest application of this problem is illustrated 
hv Tig. S3, in which the full lines aie contour* representing the elevation and ronfiyrmation 
of the original ground surface, the da*h hue* are contours representing the proposed sur¬ 
face, and the dotted line* are for the purpose of connecting points of zero excavation on 





Fig 83. Earthwork volumes from contours 

adjacent contours and marking the limits of the solid.s to be computed. Such solids as 
AXB-FQE. EQF-JTI, ITJCK~MVL. in which the final grade is below the original 
surface, represent excavation; conversely, solids like BOC-GRF and FRG~J represent 
embankment. The solid AXB-FQE is essentially an inclined pnsmoid having two parallel 
horizontal base* whose areas are AXB and FQE, the perpendicular dbtance between these 
being the contour interval, m this ca.se 2 ft The volume of •-olkl AX B-FQE i* computed 
bv first determining the area of eacli of the parallel bases ABX and EFQ, then rnultipK mg 
the mean of the.^e two area.* (con^dered to be end areas! bv the contour interval. The 
other excavation and embankment solid* in Fig. 83 are computed in a similar manner. It 
should be noted that .-olid ('D-flSG is a wedge, and that solid FRG' J i* a p\ ramid with 
a base of FRG and an altitude of 2 ft. 

In this and other methods of computing volumes from contours, the required areas of 
surfaces (end areas' are best (letermincd bv planimeter 

Volume between Contours and a Plane. Sometimes the problem is so complicated that 
the quantine* of earthwork cannot be readily separated into pri.*ms, wedges, and pyra¬ 
mid*. A convenient .solution in that case is to assume a horizontal plane below the lowest 
part of an\ of the earthwork, compute the volume betw'een that plane and the original 
-iirtace, then compute the volume between that plane and the proposed .-urface The 
difference between these two volumes will be the amount of cut or fill 

Cut-and-Fiil Contours. This method is particularly applicable when the onginal ground 
1 - very irregular and the proposed surface is to be of an entirely different configuration, 
with the result that the proposed final grade contour* do not cut many of the original con¬ 
tour* of the same elevation. The first step is to mark the amount of cut (or fill) at every 
intersection of a new-grade contour with an original-surface contour, and then to connect 
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by means of a smooth line the successive points of equal cut and of equal fill. It will be 
seen that these new lines mark the limits of the horizontal projections of a series of irregu¬ 
lar surfaces that are parallel to the proposed final surface If the contour interval is 2 ft. 
these lines would mark, progressively, the line of no cut or fill, tiie limit of the 2-ft cut or 
fill, 4-ft. etc. The solids included between the^^e irregular surfaces may be vit.ualized a- 
layers of eaith, each 2 ft thick, the volumes of which are computed by determining the 
area of each different surface and applying conventional end-area methods For examthe. 
the volume of the solid between the surface> marking tlie 2-ft cut and the 4-fr cut i> huri I 
by first determining the area of the surface within the 2-ft cut line, next determimmi th'- 
area of the surface within the 4-ft cut Ime, then multiph ing the mean of tliese two end area' 
by the vertical height between the surfaces, which in chl'^ case is 2 ft The siilid^r at the 
top or bottom of these ia\’er'' will be either wedges or p\Tamids 

Cross Sections from Contours. Thi^ method is as a.’curate as the contour^, but the 
locations of the cross .section's that are to be scaled from the contours mu-'t be ca' 'fiil’\ 
aelerted. The method is partiimlarlv applicable to the solution of design ])?oh!- m" iiivoiv- 



Fig 84 Cross .sections for viilumes fruui contour'. 


ing balanced grading or preparation of alternate plan", as it is relativeh easv to make 
trial changes of the proposed new grade and cross section.s. The principles of the methfid 
can be visualized by reference to Fig. 84. m which the solid lines represent the contour-^ 
of the original ground; the dash lines represent the proposed new grade: the dotted Imo''. 
extending perpendicularly from the stationed base line, mark the cross sections tliat should 
be scaled from the contours; and the dash-two-dot line marks the grade-line contour (line 
marking change from cut to fill) Each of the points oiarked G\ to on the gradi‘-line 
contour represents the intersection of an original ground-'-urface contour with the i)ro- 
posed-grade contour of the same elevation. Cross -^e'-tions "hould be laid out to ]>as.s 
through all (t points, and through certain other point- xo be marked on the contours, in¬ 
cluding: point- of maximum excavation marked E\. Eu etc ; point- of minimum cut 
maiked -4 and /i; point- of maximum fills, marked F\, F:. etc . and point- of cliange m 
direction of the contours, marked C. Usually a cro-.- section taken for one point -uch 
as Go, serve- another pjoint, -uch as Ey. similarly the cros- -cclion for (n- -e^ve.- Gg and E 
The area of each cross section is then determined, either bv planimetenng or hv forming 
triangle.- for computation of the area, and the method of averaging the end area- i- applied 
in the volume computation-. 

The prismoidal formula for volumes i& -ometune- utilized in problem- of thi- nature. 
The middle area. Am, is interpolated by eye, or ever\ other confour-plane area lor cross- 
section area’ is treated as the middle area. The errors m -ketcliing t!ie (-(.niour-. m -caling 
the map, m the shrinkage of the map paper, and in the uncortaint\ of the amount of 
shrinkage in the earthwork, however, are -uffiiaent to off-et an\ advantage m accurac\ 
which the pri-moidal formula may have o\cr the end-area method 

Dredged Material. Measurement- of quantitie- of dredged material are taken in two 
wa\-. i.e., (D measurement in pila^o, and (2i -cow mea-iirement. For tlie method of 
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measurement in place, soundings are taken both before and after the dredging work is 
done, the volume of the removed material being computed by one of the methods previously 
described. 

When scow measurements are used, the capacity of each pocket of the scow is carefully 
measured and computed. After the scow has been loaded, the number of full pockets is 
noted. The unused portion of each pocket that is not full is then determined by measur¬ 
ing verticall\' downward from the top of the coammg of the scow to the line where the 
material would come if it were leveled off. The volume of this small rectangular prism is 
then calculated and deducted from the known capacity of the corresponding pocket. For 
convenience, tables giving the quantity in each pocket at various distances below the top 
of the coammg are usually prepared for each scow in use. Scow measurements should be 
taken before the tow starts for the dumpmg ground. When scows remain moored for a 
day or so before being towed to the dumping ground some of the material in the pockets 
may leak out through loo&e-fitting bottom doors, and much material may find its way back 
into the dredged portion of the channel. On deck scow, where the material is piled on 
deck. an\' convenient method may be used to determine the volume, the measurements 
depending upon the shape of the pile. The amount of rock excavation can be calculated 
by obtaining its weight, which is ascertained by determining the displacement of the 
scow before and after loading. 


77. MASS DIAGRAM AND OVERHAUL 

The mass diagram (Figs. 85 and SG^ is a graphic curve of the algebraic summation of 
the volume of grading along a highway, railroad, or other route improvement. Its purpose 
is to provide a convenient means of measuring haul, and comparing costs of different 
3 cheme.«i of grading and haul. Grading includes both cut and fill. A descending line on 
the diagram denotes fill, which is considered minus; an ascending line denotes cut, con¬ 
sidered plus. The diagram is prepared by plotting the algebraic cumulative total of 
grading at each successive cross section along the route, adding the excavation volumes, 
and subtracting the embankment volumes. 

In computing volumes for the mass diagram, allowance must be made for swelling or 
shrinkgage of material that is excavated. Rock excavation usually swells. Common earth 
excavation usually shrinks when placed in a fill and properly compacted, and there is also 
a loss in transportation. Each excavation volume must therefore be multiplied by a fac¬ 
tor for swell or shrinkage, as illustrated in Table 9, before use in the computation of 
the mass balance. These factors vary according to the type of materials. Actual values 
may be determined by taking final cross sections in cut and on fill. For solid rock the 
swell ranges from about 10 to 25%; for common earth the shrinkage ranges from about 
10 to Gf lOUO cu yd of common earth excavation make 750 cu yd of embankment, 

the shrinkage factor would be 1 / 4 , if 800 cu yd of rock excavation make 1000 cu yd of 
embankment, the swell factor would be ^,' 4 .) The factors vvill vary according to the di- 
mension.s (depth and width) of cuts and fills, type of material, slopes on which the fills 
are placed, methods of excavation and haul, and the compaction. 

After the mass diagram is plotted, a balance line is drawn to establish the most econoini- 
eal method of hauling and disposing of the excavated materials. The objective is to make 
the cuT'i after shrinkage and swell factors are applied, balance the fills, so as to eliminate 
(as much as practicable) the need for waste or borrow'. With motorized equipment, it is 
eu 6 tomar\’ to require that materials be hauled free for a limited distance. Free-haul dis¬ 
tances might be 400 or 500 ft on small projects, and 1000, 1320, or 2000 feet on large 
project. 5 . 

The mas.s diagram in Fig. 85 illustrates the use of the balance line and the method of 
determining free-haul yardage and overhaul yardage. For example, a balance section for 
the project, establi.shed by line WZ, between stations 50 and 674-50, contains sufficient 
excavation materials after shrinkage and swell factors are applied, to balance the embank¬ 
ments. Line FH, from station 52-1-40 to 65-}-60. is at the free-haul distance of 1320 ft, 
and the material betw'een these stations will be hauled free. To compute the overhaul m 
terms of station-yards, a yardage line VJC is drawn at a point such as Y, where there is a 
marked change in the slope WF. This divides the overhaul computations into two divi¬ 
sions, each bounded on both sides by fairly uniform slopes of the mass curve, as fill slope 
WV and cut slope XZ for di\’ision 1. and, similarly, slopes YF and HX for division 2. 
Other similar divisions would be made for this purpose, when and as necessary. Points 
e and / midway between the yardage lines W—Z and V~X, and points m and n midway 
between lines Y-X and F-H, are marked; the station-and-plus value of each such point 
is calculated by interpolation for use m the overhaul computation, as noted below. All 
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points in a mass curve like e and /, and m and n, are the centers of gravity in the mass re¬ 
ferred to in Art. 70. For division 1, the overhaul in station-yards, if the excavation mate¬ 
rial shrinks, would be computed by the formula: 


[(Sta. / — Sta. e) — (Sta. H — Sta. F)1 


(Cu yd fill) (IF - IQ ~] 
1 — Shrinkage factor J 


If the excavation material swells the denominator of the second term would become 
1 + swell factor. 

In Fig. 86 are shown a profile and mass diagram with certain of their principal features 
and applications. GG is the grade line across the profile. The adopted balance lines are 



WZ and W'Z . Lines extended vertically from the points where the balance lines inter¬ 
sect the curve of the mass diagram are used to mark on the profile the limits of borrow 
(S) and waste (A), and the limits of each section within which the fills and cuts balance. 
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Arrows along the profile indicate the direction in which cuts, Ci. C^, C 3 , etc., are to be hauled 
to make the adjacent fills F:, F-j, F 3 , etc. The VZ portion of balance line Z is equal to 
the adopted free-haul distance of lOUO ft, and fTX is less. If overhaul is introduced by 
moving the balance line upward to k-p-s the borrow can be nearh- halved and the waste 
decreased nearly three-quarters. If the balance line is drawn from R to T all borrow and 
waste would be eliminated. However, as this would require overhaul to move material 
from the cut between Stations 31 + 70 and 35+70 to the fill between Stations O + UO and 
3 + 40, a balance line such as RT should not be adopted until it is determined that the over¬ 
haul is less costly than the waste and borrow. There are certain circumstances, however, 
in which such a cnterion would not be applicable, as for example: (1) when cut material 
is not suitable for embankment construction, the balance hues such as WZ and T1 'Z' are 
placed so the unsuitable material will be wasted: and (2) when a special bridge would be 
necessary to haul the grading over in advance of completion of the regular bridge. -\n- 
other possible solution in the case illustrated would be to extend line k-p-n to Station 
4S + 25, v.hich would eliminate waste between points s and W' and introduce waste be¬ 
tween Stations 48 + 25 and 50 + 00. A method of elinunating borrow and waste, while 
keeping the overhaul to a practical limit, is to adjust the curv'ature or the grade line so as 
to decrease or increase as desirable cut or fill, the amount of such adjustment and the 
place where it is required being determined by an inspection of the mass diagram, after 
decision has been made as to the best place for the balance lines. 


78. SLOPE STAKES 

The purpose of slope stakes is to mark on the ground the edge of cut and toe of fill on 
the cross section at ea^'h 100-ft station and at such intermediate plus points as may be 
necessary. On a side-hill cut-and-fill section, a 0.0 stake is also set to mark the point where 
cut ends and fill begins. 

At the time slope .stakes are set conventional cross sections are taken for the purpose of 
computing pay quantities of excavation and fill. Slope stakes, however, are not always 
set at all of these cross sections. Topography that is extremely rugged and irregular may 



Fig 87 Perspective view, roadway cut-and-fill section Cross sections must be taken across four 
points (Cl, F' 0, F\, Co) in change from all cut to all fill 

require several fully -surveyed cro.'^.s sections per 100-ft station for the purpose of measure¬ 
ment of excavatmn and embankment: in such ca'=ies the staked sections are usually spaced 
at regular intervals of 25. 50, or 100 ft, depending on needs of the construction force. 
Each croas section of the original ground line is extended a sufficient di.-stance beyond the 
normal gra<ling limits to provide inea^^urement data for unexpected situations, such as 
slides, side borrow, overbreak from rock blasting, fill widening, etc. The rod readings for 
these cross sections are taken in the usual manner, but before being recorded m the notes 
each reading is converted to a depth of cut or height of fill, and noted whether cut or fill 
by the letter (Cj or (F) at the slope stakes, and by a plus or minus sign at all breaks in 
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ground ^^lope. Otherwise the notes for staked cioss sections are similar to otlier t\pca of 
cross-section notes, as illustrated in Fig. 75. On supercle\ated grades the cut or hil for 
points be\ond the .''houlder may be computed either from the elevation of shoulder grade 
or from the elevation of center-line giade Both methods have advantages, but the first 
b better for the builder and theiefore is generally prefeired. However, only one method 
dioulil be used on a project. 

Where theie a fhaiige from cut to all fill, or from fill to all cut, certain intermediate 
cros" >ectiona mu^t be taken. For example, in Fig 87. cro.^'- sections would be taken (\) 
wheie the cut runs out on the dovv-nhill side at Ci on the out'^id..^ ot t le ditr-h: (2) where the 
fill begins un the <lownhill aide at on the shoulder of the roadbed, i ^ * where the cut runs 
out on the uphill side at F\ on the shoulder; and (4/ where the cut runs out on the uphill 
side at on the outride of the ditch Each point, C’l, Fq, Fi, and Ce, is a I) grade point, 
whether or not the cross section is superelevated. 

The position of slope stakes and 0 U stakes on the ground is found by trial. The pro¬ 
cedures for setting the slope stakes uu these t\pical cros.s sections are described below, and 
are illustrated in Fig. SS, in winch the position of the instrument (level, transit, etc.) is 
indicated by the tripod symbol 

Figure 8^-1 represents a fill with no superelevation. The center-line fill k is determined 
by subtracting the profile elevation at the center-line stake from the center-line grade 
elevation. The rod is held on the ground at the stationing side (face) of the center-line 
stake, and a level sight h is taken The center-lme fill k is subtracted from the rod reading 
h to get the “grade rod’' g. Cross-section rod readings are taken in the usual manner, g 
being subtracted from each reading to obtain heigiit of fill (or depth of cut) for each rod 
point. Wiieii the rodinan has passed the shoulder point, a trial di.'*tance d for trial loca¬ 
tion of tlie slope stake is computed from ^ '•> base -r s, s being height of fill at shoulder times 
the fill-slope rate. The rate of fill slope is e.xpressed as a ratio, the first figure being the 
horizontal distance required for each vertical foot of fill or cut. The first trial distance 
IS slightly increased or decreased, depending on whether the ground is sloping downhill 
or uphill. Tlie rod is then held at the trial distance from the center-lme stake, a rod 
reading r is made, and g is subtracted from r to find fill height F. Wherever there is a 
crown in the roadbed, the amount of the crown is added algebraically to g before F is 
computed. Using F, a new trial distance for d is computed from base -f F times the 
slope rate. Then another rod reading is taken at the new location of the new trial dis¬ 
tance. a new' F is obtained, a new trial s is computed, etc. Trials are thus continued until 
the computcvl distance d equals the measured di.stance d. and the slope stake is then set. 
The difference between the measured and computed d distance is an aid in judging where 
the rod should be held on the next trial- <^xperienced rodmen often find tlie correct point 
on the first trial, and seldom use more than two trials. 

Figure SSB illustrates the method on a .<ide-hill cut, where the finished subgrade is to 
be superelevated. Where the superelevation is upward from the center line, as the cross- 
section party works outward, and the grade rod g is positive; the grade rod g' is determined 
bv subtracting the amount of superelevation e from the value of g: where the supereleva¬ 
tion IS downward, e is added to g to obtain g'. For points inside the shoulder the amount 
to be added or subtracted is the superelevation rate times the distance of the point from 
the center line, for points beyond the shoulder, the superelevation allowance is the fixed 
quantity e. 

Figure 8SC illustrates a high fill that is superelevated, and with the HI falling below 
center-line grade. In thi.s case h is subtracted from k to determine the center-line grade 
rod -g: and e is algebraically added to -g to get the grade rod g'. 

Wye and dumpy levels are used for slope staking when a high degree of accuracy is 
required. When a tolerance of 1^4 ft in vertical accuracy is satisfactory, a hand level. 
Rhodes arc, or a slope board may be used, although with careful work an accuracy of about 
U.l ft can be obtained with these instruments. 

Dunng construction operations, slope stakes are often knocked out or covered, and 
need replacing To facilitate replacement, reference-point (UR' stakes are set on the cross- 
seetion line extended far enough be\ ond the slope stake to avoid being disturbed. The 
di'.tance between each RP ^take and the slope stake it references is called the offset. 
Offset distances .•'hould all be of the same amount throughout each project, as far as feas¬ 
ible. Figure S9 show.s the relative positions of a full set of stake.s on a tvpically staked 
cro.''S section. 

Slope-Stake Markings. The system of markings on center-lme stakes, slope stakes, and 
reference-point (RP) stakes should be unilorm throughout each project. One such system 
in common use includes markings as follows 

Center-Line Stakes. Face of stake shows station number and plus distance; back of 
stake shows letter C or F to de.dgnate whether cut or fill, and the amount of C or F m feet. 



Fig. 88 . Slope staking cross sections: .4. Fill, no superelevation. B. Cut on side hill, supereievated 

C. Fill, supereievated 



R P. = reference-point stake 0.0 = grade stake 

F.S. = fill-slope stake — center-line stake 

C.S. “ cut-slope stake 
e = superelevation 
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Slope Stakes. Face of stake shows letter C or F, the difference in elevation between 
shoulder grade and ground at stake, the distance from center line, and the rate of slope; 
back of stake shows station number and plus distance, and letter L or R for left or right; 
light edge of stake shows rate of crown slope per foot for cross sections on tangent, or, for 
curves, the superelevation rate per foot; left edge of stake shows 1/2 base distance. 

RP Stakes. Each RP is marked on all four sides with the same informatio.i as its cor¬ 
responding slope stake, except that the distance from center line and the amount of cut or 
fill are given for the RP-stake position instead of the slope-stake position, and the offset 
distance from the slope stake is also shown. 


79. SETTING STAKES FOR STRUCTURES 


Stakes for structures have two principal purposes: (1) to establish grade and line for the 
guidance of construction crews in excavating and in building forms for the structure, and 
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Fig 90. Culvert reference stakes and markings 

(2) to remark line and grade as required during construction operations. This means that 
two types of stakes are required, somewhat as in slope staking. The first set of stakes 
are set near the edges of the structure, offset a few feet so they will not be knocked out as 
soon as the construction work is started. These stakes will mark both line and grade in 
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reference to a tack in a 2-in. square hub driven flush with the ground. A guard stake is 
driven near the hub, but far enough away so as not to disturb it. On the guard stake are 
marked the essential data, i.e., grade of structure abov'e or below top of hub, and offset 
distance of tack in the hub from the particular part of structure to which it applies. The 
second aet of stakes are reference stakes, w’hich, like RP stakes for cross sections, are set 
far enough awa\’ to preclude disturbance. Reference stakes for structures must be acces¬ 
sible for occupancy by a surveying instrument, and in many cases must be intervisible 
until the structure is built. 

In Fig. 90 are shown reference stakes and markings for a culvert. The set of atakes 
labeled Xo. 1 on the diagram are on the center line of the culvert, and thoae labeled N'o. 2 
are on the face line of the headwall. If the inlet and outlet had winged walls, stakes would 
also be set on the face line of each wing. The construction stakes, not shown, are similarly 
set within a foot or so of the end of the culvert and the wing walls, before construction 
begins. Once the construction stakes are loosened, moved, or knocked out, all subsequent 
construction work must be checked from the reference stakes. 

For bridges and other large structures, reference points are tacks lined on a row of 
hubs driven flush with the ground, called a reference leg. a guard stake being set near each 
hub to mark its position. On the guard stake are markings to show the part of the 
structure to which it is a reference, the height of the hub above or below that part, the off¬ 
set distance of the HP from the structure and from adjacent RP's, and the RP number. 
In the structure stake-out notes, a full record diagram of ail RP’s is made to scale. Usu¬ 
ally three RP’s are established on each reference leg, so that if one is destroyed the remain¬ 
ing two will establish the leg. For a major structure, the intersection of two legs mark 
the point that is referenced. The angles between reference legs are measured and re¬ 
corded, for possible later use in recovering the hubs by measurement should the guard 
stakes become misplaced or destroyed. The angle of the intersection of each pair of RP 
legs should be as near 90® as conditions will permit; for strong intersections the angle should 
be not smaller than 60® or larger than 120®. When it is not possible to occupy with an 
instrument the point referenced, as a pier to be built in the center of a stream, triangula¬ 
tion methods must be used. For elevation control one or more permanent benchmarks 
should be set near each end or side of a large structure, in locations where they will not be 
disturbed. 
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TRAFFIC ENGINEERING 


1. DEFINITION 

In the highway engineering field traffic engineering includes the analyses of traffic 
characteristics, the planning of regulatory measures, the design and application of control 
devices, and the geometric design and functional planning of routes and terminals. 


CHARACTERISTICS OF TRAFFIC FLOW 

2. COMPONENTS OF TRAFFIC 

The unit of traffic which is of primarj-^ concern is the man-machine combination of 
driver and vehicle. While using the highway facilities in numbers, these units develop 
characteristics of speed, volume, origin-destination, stream flow, intersection flow, and 
accident occurrence, all of which are influenced by regulatory directives, control devices, 
physical designs, route conditions, and environments. An understanding of the laws of 
cause and effect in the human element of traffic and of the capabilities of performance in 
the mechanical element leads to the accurate prediction of traffic performance and to 
effective planning and control. 


3. THE ROAD USER 

The time, place, route, origin, and destination of travel are fundamentally controlled 
b.\’ the driver. Every detail of traffic performance is influenced or modified by him. His 
reactions and capabilities are basic considerations in traffic-engineering planning. 

Vision. The driver must have sufficient visual perception to respond quickly to con¬ 
ditions requiring positive action and to ascertain sign legends, markings, and other details. 
Conversely, the designs and positions of signals and instructions should conform to mm- 
irnum acceptable driver-perception abilities. For clear distinct vision, the image of ob¬ 
jects should fall on the retina within a 5® cone. The acuity at the outside edges of a 10® 
cone IS about one-half that at the center of the eye and, outside of that cone, accuracy in 
letter determination drops off rapidly particularly in the vertical direction. As a rule of 
thumb, the field of ^Tsion within which the driver will be able to identify details correctly 
IS covered by the hand held at arm’s length. 

Reaction Time. The time lapse between the instant a driver perceives the need for a 
decision on his part and his response varies with his age and physical condition, the char¬ 
acter and strength of the stimulus, and the number of choices of action. The movement 
of the vehicle during this time lapse is significant in the determination of capacities of 
intersections, safe stopping and passing distances, and safe approach speeds at obstruc¬ 
tions. The PIEV ^ time of drivers under laboratory test conditions has been found to 
van' from i '4 to 1 1/2 seconds with different combinations of stimuli and required responses. 
For regulatory and design purposes allowance must be made for indecision and inattention 
of drivers. The total time required for a driver to form a judgment and to act may amount 
to 3 seconds or more in complex situations. 

Habit Factors. Major changes required m vehicle operation necessitate gradual 
transition and strong stimuli. Thus a curve of ordinarily accepted radius may actually 
constitute a hazard if it is preceded by a lengthy section of highway conducive to high 
speeds. 


1 Perception, intellection, emotion, and volition 
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4. THE VEHICLE 


Predominant Types. Current manufacture of motor vehicles includes over 200 model 
types of passenger automobiles and taxicabs, 300 types of trucks,and 60 tj’pes of buses. 
The numbers registered in the United States in 1954 were: 


Type 

Passenger cars 

Trucks 

Buses 


Number Registered 
in U. S. (1954), 
thousands 
48.000 
9.800 
250 


Design Vehicle Dimensions. The range of dimensions for passenger cars manufac¬ 
tured in the United States in 1954 were: 

Minimum Turning 
Radius,* 

Width, Length, Height, Curb to Curb, 

in. in. in. ft 

Minimum 66 !24 59 17.5 

Maximum 82 238 69 27 5 

* Radius of path described by outer front wheel when the vehicle is making the sharpest possible 
turn at very slow speed. 

Within legal limits there is also considerable variation in truck and bus dimensions. 
Suggestd design vehicle dimensions are given in Table 1. 


Table 1. Suggested Design Vehicle Dimensions, ft 


Minimum Turning 
Paths 


Front Rear Inside Outside 

Over- Over- Overall Overall Curb Clearance 


Design Vehicle 

Wheel Base 

bang 

hang 

Length 

Width 

Height 

Radius 

Radius 

Passenger car 

12 

3 

4 

19 

6.5 


19.3 

29.6 

Single-unit truck 

20 

4 

6 

30 

8 


32.3 

47.0 

Semitrailer combination, inter¬ 
mediate 

14 + 21 =35 

4 

4 

43 

8 

12.5 

19.8 

41 6 

Semitrailer combination, large 

18 + 26 =44 

4 

2 

50 

8 

12.5 

21.0 

45.6 


Source: A. Policy on Geometric Design of Rural Highwavs, .4ASHO, 1954. 


Resistance to Motion, A moving ve'mcle may be acted upon by rolling resistance, air 
resistance, engine resistance, gradient resistance, inertia, and braking resistance. The 
rolling resistance on most smooth, hard-surfaced roads ranges from 20 to 25 lb ton. The 
air resistance is proportional to the frontal area and the square of the velocity- and ranges 
from 2.5 to 5.0 lb per sq ft of frontal area at speeds of the order of 50 mph. Engine re¬ 
sistance, produced by the friction of moving engine parts and the compression of vapors 
in the cylinders, may vary considerably. The gradient resistance may be plus or minus 
and amounts to 20 Ib/ton of vehicle for each per cent of grade. The inertia effect may 
also be plus or minus and is proportional to the mass and acceleration. 

Stopping. Rolhng, air, and engine lesistances combined will develop sufficient retard¬ 
ing force to cause significant deceleration when the power is cut off on the level, particu¬ 
larly at speeds above 50 mph, as showm in Table 2. 

Table 2. Vehicle Deceleration without Brakes 

(Instantaneous deceleration in feet per second per second) 

Speed, 


mph 

Vehicle in Gear 

Vehicle out of Gear 

70 

3.20 

1.75 

60 

2,79 

1.40 

50 

2.36 

1.07 

40 

1.94 

0.82 

30 

1.62 

0 61 

20 

1.26 

0.40 

10 


0.37 


Source: Deceleration Distances for High Speed Vehicles, by Ernest E. Wilson, 1940 Proceedings, 
Highway Research Board. 
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The maxiniuin braking resistance of a vehicle is dependent on the friction of the tires 
on the road and the de5.ign and performance of the brake svstem. The coefficients of 
friction requited by various rates of deceleiation are shoivn in Table 3. 

Table 3. Coefficients of Friction Required by Various Average Rates of Deceleration 

(Eij-ployed m bnn^ins a vehicle to a stop from 70 mph) 



Deceleration, 

Cueffici^’ut 

De-iCnption of Cr)ndition 

ft ''ccAec 

of Friction 

Cnmfortahlf* for pa-.'engers 

8 55 

0.26 

L'lu^ornfortable for pa.>acngers: driver would rather not 



1 1 05 

0 34 

Severely uncomfortable for pa^sensers, objects 

slide 


olf leat", driver classes this a? eincigency stop 

13 90 

0 43 

Ma.'citi'.urn sti'p, skill required to .stop in t2-ft 

lane; 


brake' in condition 

19.50 

0.60 


Source Deceleration Distances for High Speed Vehicles, by Ernest E. Wilson, 1940 Proceedings, 
Highway Researcii Board. 


5. SPEEDS 

Spot Speeds. The term “spot speed” refers to the speed of a vehicle at a given instant 
in a specific location. Figures 1 and 2 show typical curves of spot-speed frequency distri¬ 
bution and cumulative frequencv. The percentile values of cumulative frequency are of 
special value; the 85 percentile is used as a basis for speed regulations and the 97-98 per¬ 
centile is used as a criterion in iiighway design. 

Operating Speeds. In 1954 nationwide observed operating speeds on rural highways 
averaged 49.7 mph for all vehicles. 51.1 mph for passenger cars, 45.2 mph for trucks and 
51.8 mph for buses. On two-lane rural highwavs where speed is not limited by the char¬ 
acteristics of the highway or other conditions, maximum speeds are usually slightly more 
than 60 mph. On express highways where the only limitation on speed stems from the 
desires of the drivers, maximum spot speeds extend to SO mph. In general, average 
speeds decrease linearly with increases in volume. 

Speed charactenstica are nut materially influenced by various hard-surface pavements, 
lane widths in excess of 9 ft. or curves when tlie coefficient of friction, acting radially, re¬ 
mains less than 0.16. Vertical curbs tend to reduce average speeds in adjacent lanes b\ 
2 to 3 mph. Open-type bridges with pavement widths of 24 ft or more for two-lane opera¬ 
tion do not influence .speeds, hut long through-tvpe bridges with similar pavement widths 
tend to reduce speeds by 7 to 8 mph. The influence of moderate gradients is shown in 
Table 4. 

Table 4. Observed Average Motor-Vehicle Operating Speeds on Various Grades 



Trucks, 

Buses, 

Passenger Cars, 


mph 

mph 

mph 

Level 

36.9 

45.9 

45.8 

Downgrade 

3% 

37.6 

46 4 

46.5 

5% 

38.9 

41.4 

42.1 

7% 

34. 1 

37.4 

40.2 

Upgrade 

3% 

34.3 

37 0 

43.5 

5% 

26 6 

29.3 

39.5 

7% 

24.6 

26.6 

34.4 


Source: Public Roads, June 1942. 

It should be realized, however, that the length of a sustained grade has a significant 
influence upon vehicle speeds, especially where heavy commercial vehicles are involved. 

Measuring Spot Speeds, Speedc? may l>e computed with moderate accuracy from 
stop-watch measurements of the time requiied for vehicles to traverse a fixed distance. 
The determination of speeds to a high degree of accuracy may be accomplished by several 
methods including pre'^sure-contact strips and timing mechanisms, photoelectric meters 
and timing mechanism, photographs exposed at con-stant time intervals and radar meters 

Speed and Delay Studies. Surveys to determine average traffic speeds the effective¬ 
ness of existing signs, signals, and controls, and the principal causes and durations of delays 
are usually made by driving a test car over the route at the median route speed. The test 
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Range 


Speed, mph 


Fig. 1 A characteristic histogram and frequency-distribution curve of spot speeds. 



Fig. 2 .A characteristic cuiuuiatiie-frequency cur\ c of s[ot speeds. 
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car does this, in general, by passing a vehicle for everj’ one that passes it. An observer in 
the test car records the time and distance at control points and the locations, durations, 
and causes of stops and delays. 

Analysis of Speed and Delay Data. Graphical presentations of speed and delay data 
may be made to show the overall and running speeds by zones, the distribution of the 
total running time and the total delay time by zones, the distribution of total delay time 
by causes, and the frequency and durations of delays by causes (Fig. 3). Zones of travel 
time from a given focal point can be determined from a series of speed and delay runs 


made through the focal point. 

Per cent travel time _ 

■ % ft % \ \ 

Actual time spent in traveling Congestion Intersection delay Midblock 

delay delay 



Fig. 3. Typical distnbution of traffic delays. Traffic Survey of Spokane, Washingtan, Wash. State 

Dept, of Highways 


6. VEfflCLE VOLUMES 


Traffic Volume is a time rate of vehicle flow. Volume data are basic for highway 
planning and are needed in nearly every phase of traffic analysis and administration, in¬ 
cluding the determination of trends, the determination of justifications for stop signs and 
traffic signals, the estimation of traffic loads which would use new facilities, and the deter¬ 
mination of desirable routings on existing highway networks. Figure 4 shows a graphical 
analysis of volume data. 

Composition of Traffic Volumes. The proportions of various types of vehicles in a 
traffic stream are affected by locations, grades, scenic values, and restrictions on the use 
of parallel routes. Illustrative compositions are as follows: 


Vehicle Type 
Passenger automobiles 
Local 

Foreign (out of state) 
Trucks 
Single unit 
Combinations 
Transit vehicles 
Buses 
Streetcars 


Usual Range in Per Cent 
of Total Traffic 
74-86 
60-90 

10- 40 
12-24 

11 - 18 
4-6 
0-7 
1-7 
0-5 


Volume Counting. Traffic volumes vary from a low of 1 or 2 vehicles per day oh high¬ 
ways in sparsely settled areas to over 120,000 vehicles per day on metropolitan thorough¬ 
fares. In rural areas counts are usually made at strategic locations throughout the network 















Fig. 4. Traffic-flow analysis. Zones shown are those used in study for proposed crossing. 


are dependable, counts of 15 min to 1 hr may be expanded with sufficient accuracy for 
some uses. More often, however, counts are necessary for periods of 8, 12, 16, or 24 hr. 
The basic methods employed in recording volumes are: 

1. Manual coimts by observers, usually with the use of hand counters for recording 
totals of various classifications of vehicles. 

2. Automatic counts with the use of devices which register the number of vehicles or 
axles passing a given point. These counters render cumulative totals for given time in¬ 
tervals. Some types are designed to record volumes by directions. 

Cyclical Variations in Traffic Volume. Three cyclical variations are ordinarily found 
in the volume of flow: the diurnal cycle, the weekly cycle, and the seasonal cycle. The 
diurnal cycle, illustrated in Fig. 5, is generally found to be highly repetitive and stable 
for weekdays. The volume passing a point during a peak hour in a given day usually 
corresponds to 7 to 10% of the 24-hr volume. 

The weekly cycle, illustrated in Fig. 6, reflects the community habits of employing cer¬ 
tain days for work and others for recreation. There is a tendency for volumes on Mon¬ 
days and Fridays to rise above the weekday average. Sunday volumes on rural roads 
during fair weather ordinarily range from 130% to 200% of the average daily volume for 
the week. 

The seasonal cycle, illustrated in Fig. 7, varies considerably with the latitude. April 
and November volumes are usually near the annual average; midwinter volumes range 
about 30% below average; and midsummer volumes range about 30% above average. 
The wider range is found in latitudes of mclement weather. 
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Fig. 5 Typical hourly variations in traffic flow, ^ of 24-hour week'lay volume, Cleveland. Ohio, area 



Typical daily vanations m traffic flow, ^ of average weekday volume, for Cleveland. Ohio 

area 


Fig 6. 
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Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 

Fig 7 Typical montlily vanatjons m traffic flow 


Hourly Volumes for Design. It is rarely justifiable to design a highway for the highest 
expected hourly peak. Where congestion is not acute, the magnitudes of peak hourly 
flows decrease rapidly from the single highest hour of the year to the 20th to 50th highest 
hours and thereafter decrease only gradually (Fig. 8). For the Xational System of Inter- 
State Highways, the AASHO recommends the design of traffic lanes for the volumes antic¬ 
ipated during the 30th highest hour of the year for which the design is made. That vol¬ 
ume, on a percentage basis, generally varies little from year to year. Average percentage 
values for 30th highest hourly volumes are given in Table 5. 

Table 5. Variations in Traffic Flow on Main Rural Highways Averaged for Various 

Census Regions^ 1953 


Census Region 

Number of 
Locations 
Studied 

Average 

24-Hour 

Volume 

Percentage 30th Highest 
Hourly Volume Is of 
.\verage 24-Hour Volume 

New England 

37 

5919 

15.8 

Middle Atlantic 

7 

6230 

11.7 

South Atlantic 

North portion 

30 

6720 

13.7 

South pottion 

16 

4248 

11.8 

East North Central 

23 

5097 

12.6 

West North Central 

42 

2835 

13,2 

East South Central 

15 

3653 

12.7 

West South Central 

127 

3229 

12.1 

Mountain 

27 

3977 

12.8 

Pacific Coast 

15 

3917 

12.8 

Total 

341 

4206 

12.9 


Source; U. S. Bureau of Public Roads. 

Directional Distribution of Traffic. During peak hours the traffic volumes in one direc¬ 
tion on radial streets in urban areas generally range from 125% to 175% of the volumes 
m the opposite direction. For routes in outlying urban and rural areas, the distribution 
of peak-hour traffic is usually about two-thirds in the direction of major flow and one- 
third in the opposite direction. 

Trends in Traffic Volumes. Between 1930 and 1954 the annual travel on U. S. high¬ 
ways increased approximately 170%, as showm in Fig. 9. An average long-term nation¬ 
wide growth of at least 5% per annum, compounded, can reasonably be expected. The 
actual growth will, of course, be materially greater where the physical environment is 
conducive to the ownership and operation of private vehicles. On the other hand, in 
congested areas where terminal and roadway facilities are overloaded, significant growth 
cannot be expected to take place unless relief capacity is provided. 

Induced Traffic. New traffic facilities, such as bridges and expressways, develop traffic 
which cannot be accounted for on the basis of cyclical variations, long-term trends, diver¬ 
sion from other routes, or conversion from other modes of transportation. This traffic is 
created as a direct result of the increased convenience of travel and is referred to as in¬ 
duced traffic. In urban areas, where there are large “reservoirs” of traffic, limitations of 



3-10 


traffic engineering 


1200 


1000 


800 


600 h 


400 


200 



exceeds the annual average percentage shown 


Fig 8 Frequencies of occurrence of high hourly volumes on various type routes Adapted from 
Hourly Traffir t olumes as a Basis for Design, Conn State Highway Dept 


inconvenient parallel facilities, this new trafBc may range up to 250% of 
the traffic diverted from other routes. By contrast, in rural areas where difficulties of 
travel are not great, the percentage of induced traffic may be negligible. Tables 6 and 7 
mustrate the extent to which traffic was generated by the opening of several weU-known 
toll crossmgs and toll highways. aiiown 





500 



Table 6. Induced Traffic Factors for Selected Toll Crossings 

Induced Traffic Expressed 
as Percentages of 


New 

Cross- 





Estimated 


Competi¬ 

mgs’ 

Average 




.\nnual 


tive 

Traffic 

Toll on 



Competing 

Volume of 

Traffic 

Croes- 

m 

New 



Crossings’ 

Induced 

Diver¬ 

mga’ 

First 

Crossmgs, 

New Crossing 

Opening Date 

Traffic t 

Traffic 

sion 

Traffic ii 

Year 

cents 


(o) Crossmgs in the New York .■Vrea 





Holland Tunnel 

Nov. 13. 1927 

11,686,300 

4,250,000 

125 

39.3 

55.5 

51.5 

Goethals Bridge 

June 29, 1928 

409,973 

365.422 

187 

89.1 

64.5 

52.0 

Outerbndge Crossing 

June 29, 1928 

480,751 

184.632 

58 

38.4 

36.5 

52.0 

George Washington Bndge 

Oct. 25, 1931 

4,987,000 

2,225.000 

65 

45.0 

39.5 

52.5 

Bayonne Bridge 

Nov. 15. 1931 

583,160 

336.420 

244 

57.7 

70.9 

51.5 

Triborough Bridge 

July 11. 1936 

12,214,000 

5.115.000 

105 

42.0 

51.0 

26.0 

Lincoln Tunnel 

Dec. 22, 1937 

5.245.000 t 

1,190,000 

195 

22.7 

66.1 

55.0 


(6) Cros^gs Elsewhere m the United States 





Philadelphia-Camden Bridge 

June 30, 1926 

5,600,000 

4,446.000 

131 

80.0 

56.7 

28.0 

Carqumez Bridge 

May 21, 1927 

625.000 

389,000 

53 

62.0 

34.9 

90.0 

Tacony-Palmyra Bridge 

Aug. 15, 1929 

376,228 

875,900 ^ 

234 

232. 8 § 

70.0 

36.0 

Oakland Bridge 

Nov 12, 1936; 

[ 6,087,000 

8,796,000 

239 

144.5 

70.5 

50.0 

Golden Gate Bridge 

May 27, 1937; 





(c) Crossing m Europe 





Queensway Vehicular Tunnel * * * § 

July 1934 

1,150,334 

1,971,763 

145 

171.4 

59.1 

55.5 


• Between Liverpool and Birkenhead, England. 

t Competing crossings' traffic in the year i»eceding the opening of the new crossing. 

t Three nearby femes only. 

§ Includes an amount diverted fi-om the lower Delaware River ferries and Camden Bridge that was difficult to d^ 
termine. 

11 Percentage of traffic of competitive crossings for the year preceding the opemng of the new crossing. 

Source: N. Chermack, Tram. ASCE, 1941. 
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Table 7. Induced Traffic for Selected Toll Highways 
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7. ORIGIN AND DESTINATION 

Origin and destination (O.D ) data are of prime importance in determining the locations 
and demands for new thoroughfares, bridges, tunnels, and parking garages. Its ana}\ -^is 
leads to a determination of the desired lines of travel m a given area and provides bases 
for estimating the volumes which would use new or improv'ed routes and teruiirial'; at 
selected locations. 

The Collection of O.D. Data. The methods used m determining the origins and desti¬ 
nations of traffic movements range from simple observ'aiions to intensive home interview^. 
The observations should be made or the data obtained loi representative periods', geiieially 
normal weekdays, unaffected by inclement weather conditions or other unusual events. 
The period covered will depend on the purpose of the survey; the Ib-hr period from 6 a m. 
to 10 P.M. is frequently adequate. For most surveys it is generally necessary at the outset 
to decide upon the locations and boundaries of zones of O.D . resolving the complete area 
of investigation into a mosaic of subdivisions which lend themselves to desirable groupings 
of trips. 

It la neither necessary nor generally possible to secure data on all movements, the trip 
information obtained being expanded in proportion to the total volume of traffic recorded 
at key counting stations during the surve\'. Four of the most common methods of obtain¬ 
ing O.D. data are: 

License-Plate Obseriations. Limited data are obtained by stationing observers at selected 
points where simultaneous observations can be made of entries and exits of the route, in¬ 
tersection, or area being surveyed. License-plate numbers, recorded in a time series, are 
matched to determine the routes traversed by vehicle.'*. Dictating machines may be 
employed in the field, or field entries may be made on business-ma'-hme card" for subse¬ 
quent punching and mechanical matching. In a variation of this method, colored cards 
are affixed to bumpers or door handle^ of vehicles at points of entry into the cordon area 
and are removed at points of exit. 

Post-Card Questionnaires. Picstamped or busine^s-reply questionnaire post cards are 
handed to road users at toll stations or other convenient points, are placed on parked 
vehicles, or are distributed at focal points of O.D. such as places of employment or business. 
The road user is requested to answer the questions on the post card and to mail it. In a 
variation of this method, post-card questionnaires are mailed to registered vehicle owners 
in the survey area (Fig. 10). Supplementary roadside interviews must be made at cordon 
lines around the area or at screen lines cutting through the area in order to account for 
“foreign” vehicles and to provide a check on questionnaire data. Some bias of ^sample 
may be expected due to classes of road users who do not return the cards. Responses 
range from 10 to 60%. 

Route haervuv's. Carefully selected and trained personnel, suited to meet the public, 
are stationed at points where the sight distances, gradients, prevailing speeds. an<i road¬ 
way widths are suitable. At interview stations where traffic does not ordinariK stop, 
traffic should be controlled by uniformed highway police. A survey of long duration may 
be undertaken m shifts on different days. Data may bo recorded on individual cards for 
eaoh vehicle, or entered on a field sheet lifting 20 or more trips. 

Honu Intervieu-s. Trained interviewers are sent to selected dwellings in the survey 
area to collect travel data from members «)f the households. Infnrmatiou is usually 
sought at about 10% of the homes, seleit-jd on some arbitrary basis designed to miuunize 
bias m the results. Similar interviews are made for trucks and taxicab In addition, 
roadside interviews are generally required to provide data on through trafTn* Although 
this method permits the collection of much related data, the inherent coiaprehensivene-*' 
required usually limits its use to public authorities such as state highwav departments 
and the U S Bureau of Public Road-^ 

Analysis of O.D. Data. Where large numbers of movements must be analyzed business- 
machine methods may be desirable for sorting and classifying the tiata Several forms 
of graphic portiaval oa-ily and <iuic-kiy "how the "igii>fi<ant characteri"ric" of O.D. An 
example of a ‘ desire" line anaiy."i&, invohitig the plottum to >cale of h\potiietn al straight- 
hne movements or “de-'Ued” Unc" of travel, i." illustrate ! in Fig. li. AiiaO M" by means 
of a flow map may also be employed (Fig 4). 

In additiG'Ti to the tabular ami grapincal methods it is sometimes u-^eful to analyze the 
O D. data by a method of moments similar to that use«I iii mechanic? for the determination 
of centroids and neutral axis of ph\sieal boOies and aie.is This method mav be useti to 
show the optimum locations of various facilities such as terminals, straight-line routes, 
bridges, or ferry crossings. 
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Front 


COLUMBUS—FRANKLIN CO. TRAFFIC SURVEY 

Authorized by Columbus City Council, Franklin Co. Commissioners, and Partic¬ 
ipated in by Ohio Department of Highways 


Please list below ALL the trips made by your vehicle “On the Day After You 
Receive This Card,” but DO NOT use Saturday or Sunday trips. If your vehicle 
makes no trips, write “NONE” across the face of the card. As soon as you have 
the card filled out, DROP IT IN A MAIL BOX. No postage stamp is required. 


Trip No. 


(Origin—Place where trip 
started) 


(Destination—place where 
trip ended) 


1. 

from . 

. to 

2. 

from. 

. to 

3. 

from. 

. to 

4. 



5. 



6. 

from. 

. to 

7. 

from. 

. to 

8. 

from .. 

.to 


DO NOT SIGN YOUR NAME 


Back 


READ INSTRUCTIONS CAREFULLY—FILL OUT CARD—TEAR OFF 
AND MAIL AT ONCE 

1— You and your car, and the trips you make each day, are important to the solution 
of our traffic problems. Columbus and Franklin County are elegible for State 
and Federal funds to help in street improvements If We Meet Their Require¬ 
ments. These funds are from taxes you have already paid. By returning this 
card vou will aid materiallv in getting these funds for Columbus and Franklin 
County, PLEASE FILL OUT THE CARD—AND MAIL. 

2— What Shall I Consider As A Trip? Answer: Mrs. Smith takes her husband to 
his work—that is a trip. From there Mrs. Smith goes shopping—that is another 
trip Mrs. Smith then goes home—that is another trip. In other words, any¬ 
place that Mrs. Smith stops for some purpose, is the end of one trip and the 
beginning of another. 

3— “Origins” (Place where trip started) and “Destinations” (Place where trip 
ended) may be listed as an address, such as 500 North High Street, or an inter¬ 
section, such as Fifth Street and High Street, or as a place, such as the Court 
House, State Office Building, or any of the well known stores, banks, buildings, 
etc. Do not say you went from home to work; we don't know where you live 
or where you work. 

4— You will have done a good job of filling this card out if, after it is finished, any 
other person could read it and quickly tell where the trips had started and 
where they ended. 

5— If you have any difficulty filling the card out. call any of the following telephone 
numbers for assistance: Ma. 1265, Ext. 780; Ad. 7474; Ma. 2211; Ad. 4281; 
Ma. 1.321 

6— If you have more than 8 trips, list them on another sheet and mail, or bring them 
to the Survey Office. 

7— DON’T FAIL TO FILL OUT THE ATTACHED CARD AND MAIL. 
Thank you, 

Director of Survey 


Fig 10 Return postcard mtervdew form. 





















Desired lines, external through trips, all vehicles 
Fig. 11. Desire line map Easton raetropoUtaii area traffic survey, 1048. 
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I'la 12 of trip Public Roalds. May 1939. Traffic Survey of the Sacra¬ 

mento Areti. Dept of Pub VS'ork*; and Pub Roads Adni . Sacramento, Cahf , 1948. 


Table 8. Resident Trip Generation in Various Cities 

(Based on home-interview data) 


Trips by All Modes of 
Transportatiou foi Typical 
24-Iiour Day 


Auto- Person^ 





mobile 

Persons 

Making 

Trips 


Auto¬ 




per 

per 

Trips per 

per 


mobile 


Approxi¬ 

Date 

Dwell¬ 

Dwell¬ 

Dwell¬ 

Dwell¬ 

Trips 

Trips 


mate 

of 

ing 

ing 

ing 

ing 

per 

per 

Cuy 

Population 

Survey 

Unit 

Unit 

Unit 

Unit 

Capita 

Capita ♦ 

St. Louis. Mo. 

1 480 000 

1943 

0 49 

3 31 

1.39 

5 81 

1.76 

0 39 

Baltimore. Md. 

912 900 

1945 

0 45 

3.32 

1 77 

4 50 

1 35 

0.65 

Seattle, Wii-li 

518 600 

1946 

0 64 

2 77 

1.58 

4.60 

1 68 

1 09 

Portland, <')ip 

422.700 

1947 

0.68 

2.97 

1.77 

6. 10 

2.07 

1.48 

Indiauapoh.«, Iijd. 

4 li. 600 

1945 

0.60 

3.22 

1 48 

3.56 

1 11 

1 02 

Denver, Col. 

360.000 

1944 

0 72 

3. 10 

1.44 

5.10 

1 64 

1 00 

I^Ieniphi'!, Tonn. 

278 500 

1944 

0.46 

3.38 

1.49 

3.24 

0 9! 

0 68 

Na.-'hvilie, Tenn. 

!95 000 

1945 

0.42 

3.46 

1.52 

3 20 

0 92 

0 74 

Tacoma, \Va>h. 

138 700 

1948 

0 73 

2.89 

I 61 

5.40 

1.85 

1 68 

Spokane, Wash. 

138 400 

1946 

0 61 

2 85 

1.32 

3.40 

1 18 

1.34 

Little Rock, .\rk. 

130,300 

1944 

0 56 

3 34 

1.37 

2.62 

0.78 

0.99 

Tucson, .\riz 

126 900 

1949 

0 85 

3 28 

1.88 

7.50 

2 28 

1.74 

ChaitanooR.!, Tenn. 

126 100 

1946 

0.63 

5 42 

2.14 

4.48 

0 83 

0 81 

Reading, I’a 

119 800 

1946 

0 45 

3. 16 

1 27 

3 49 

1 10 

1 26 

South Bend. Ind 

!19 400 

1943 

0.69 

3 27 

1 36 

3.40 

1 04 

1 56 

Ft Wa\ne, Ind 

114 900 

1944 

0.76 

3 34 

1 55 

3 84 

1 15 

1 16 

C’harlotte, N C 

100 600 

1943 

0 31 

3 51 

1 57 

3 80 

1 10 

1 39 

Harn-hurg, Pa 

95 000 

1946 

0 32 

3.2? 

1 59 

8 30 

2 54 

1 88 

C'jluiiibaa. G.i. 

79 200 

1947 

0 43 

3.90 

1 52 

3.70 

0 95 

1.97 

I't lo-eph. Mo 

73 700 

1943 

0 48 

3 02 

1 10 

2 60 

0 85 

1 08 

Port Huion, Mich. 

33.800 

1943 

0 87 

3 20 

1 61 

7 10 

2 22 

1.97 

(irtvifT' v\vi, loua 

29,500 

1943 

0 61 

3 48 

1 56 

4 92 

] 4! 

1 26 

Ma.^ori City. Iowa 

23 200 

1943 

0 71 

3.47 

I 32 

6 10 

i 76 

1 bO 

Average 



0 60 

3.35 

I 53 

4 64 

1 41 

1 25 

Range 



9 42- 

2 77- 

1 10- 

2 60- 

0 78- 

0 39- 




0 67 

5.42 

2 14 

8 30 

2 54 

1 97 

* Ba.'ed on all aiitomohile trips 

regardless 

o: origin 

or destination or residence 

oi driver 

(all other 

columns based on trips 

by internal 

re»ideiits 

onlvj. 
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In the use of any of these methods as aids in the assigning of volumes of traffic to a new 
route or facility a number of factors of practical concern must be considered.^ Among 
these are: 

1. Travel distance and time on existing road net in comparison with similar values on 
the proposed route. 

2. Trip lengths and relative amounts ot each trip length which may be accommodated 
on the proposed route. 

3. Comparison of travel conditions on tie existing network with those on the proposed 
route. 

Trip Lengths. As shown in Fig. 12. S5''7 of all rural trips are 20 miles or less in length 
and 40^^^ 5 miles or less in length T! e average trip length of urban traffic varies with 

the size of the city but is usually about 3 miles 

Trip Generation. The average fanniy dwelhng unit in the city generates 4.64 trips 
per day by all modes of highway travel, as shown m Table S. Those persons making 
trips average 3.29 trips each. 

Trip Mode. Table 9 shows the aver.- ge percentage of passenger trips made by private 
automobile, taxicab, and mass transit for typical cities. Generally speaking, the mass 
carrier is of greater importance as the population size of the city increases. 

Table 9. Trip Mode * 

(Based or. home-interview data) 

Per Cent of Persons Using Each Mode of 
Travel 



Approximate 

Pate of 

Auto 

Auto 

Passen¬ 

Taxi 

Passen¬ 

Sub¬ 

Mass 

City 

Population 

5-urvey 

Drivers 

gers 

gers 

total 

Transit 

St. Louis, Mo. 

1,480.000 

1945 

26.6 

5.3 

0.2 

32.1 

67 9 

Baltimore, Md. 

912.900 

1945 

27.4 

14.7 

1 3 

43 4 

56 6 

Seattle, Wash. 

518.&00 

1946 

43.4 

21.5 

0.5 

65.4 

34.6 

Portland, Ore. 

422,700 

1947 

47.1 

24 5 

0.4 

72.0 

28 0 

Indianapolis, Ind. 

411.600 

1945 

47.0 

17.6 

0.5 

65. 1 

34.9 

Denver, Col. 

360.000 

1944 

38.4 

23.1 

1.2 

62.7 

37.3 

Sacramento, Calif. 

201.300 

1947 

59.0 

25.7 

... t 

84 7 

15.3 

Spokane, Wash. 

138,400 

1946 

46.7 

21 5 

1.4 

69.6 

30.4 

Little Rock, Ark. 

130,300 

1944 

36.5 

20.3 


56.8 

43.2 

Tucson, Ariz. 

126,900 

1949 

57.2 

29.8 

O.l 

87.3 

12 7 

Reading, Pa. 

119,800 

1946 

39.0 

16 4 


55.4 

44.6 

South Bend, Ind. 

119.400 

1945 

63.9 

17.9 

0.3 

81.1 

17.9 

Ft. Wayne, Ind. 

114,900 

1944 

49.3 

13.9 

0.5 

63.7 

36 3 

Harrisburg, Pa. 

95,000 

1946 

37.3 

17.9 

0.5 

55.7 

42 3 

Lincoln, Neb. 

88.200 

1944 

47 0 

27.4 

0.7 

75.1 

24 9 

Columbus, Ga. 

79.200 

1947 

39.7 

19.8 


59.5 

40.5 

St Joseph, Mo. 

75.700 

1945 

39.0 

14 9 

6^5 

54 4 

45.6 

Port Huron, Mich. 

33,800 

1945 

51.6 

30.0 

0.3 

81.9 

18.1 

Ottumwa, Iowa 

29.500 

1945 

44. I 

20.4 


64.5 

35.5 

Mason City, Iowa 

23,200 

1945 

55.8 

27.3 


83. 1 

16.9 

Average 



44,8 

20 5 

0.4 

65.7 

34.3 


* Internal trips only—excluding truck drivers and passengers and taxi drivers, 
t T.ixi passengers unreported or less than 0.1%. 


Trip Purpose. About 66% of all trips are made for the purpose of reaching work or 
returning home. Social and recreational trips account for about 12%, and business and 
shopping trips account for about 14%. See Table 10. 


Table 10. Trip Purpose ^ 

(Based on home-mter'vnew data for 15 cities) 
Per Cent of Total Trips 

Social 

Recrea- Busi- Shop- Medical 
tional ness pmg Dental 

n.6 6 5 7 6 1,2 


Home Work 
Average 42.7 23.0 

* Includes onlj* those trips made by persons accounted for in the Internal Home-Interview Survey. 


School 
2 3 


Serve 
Passen¬ 
ger 
3. 1 


Eat 

^leal Other 

1.8 2.1 


1 See .4rt 24 for further discussion of the distribution of traiiic on alternative routes. 
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Bypass Traffic. Fifty to sixty per cent of the vehicles passing through the central 
business districts of most cities do not desire to stop there. On the other hand, the per¬ 
centages of approach traffic that may be bj^passed around the entire city instead of merely 
around the central business district vary considerably with the population size, as shown 
in Table 11. The usual distribution of metropolitan area traffic by major areas of origin 
and destination is shown in Fig. 13. 



Population (thousands) 

(entire urban area) 

Fiq. 13. Characteristic distribution of basic classes of traffic in cities of various sizes, based on analysis 
of data in O.D. surveys made in 28 cities of 23,000 to 540,000 population from 19-^ to 1949. Note: 
=bx% = standard error of estimate. 
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Table 11 . Proportions of Traffic Approaching Cities of Various Population Groups Which 
Are Bound beyond the City, to the City, and to the Central Business District * 


Traffic 






Traffic 

Traffic 

Boimd to 



Number 

Number 

Bound 

Bound 

the Central 



of 

of 

beyond the 

to the 

Business 

Population Group 

Cities 

Roads 

City, % 

City, % 

District, % t 

Less than 5,000 

15 

68 

52.0 

48.0 

27.8 

5,000 to 

10,000 

34 

191 

38.6 

61.4 

33.7 

10.000 to 

25,000 

48 

339 

35.0 

65.0 

28.3 

25,000 to 

50.000 

27 

281 

22.7 

77.3 

27.2 

50,000 to 

100,000 

26 

375 

17.4 

82.6 

24.7 

100,000 to 

250,000 

23 

373 

15.5 

84.5 

23.3 

250,000 to 

500,000 

6 

157 

11.9 

88. 1 

22.1 

500,000 to 1 

,000,000 

8 

222 

6.8 

93.2 

16. I 

Total 


187 

2.006 





* Based on interviews obtained on roads at the limits of the urban area. All roads entering the area 
are included. 

t Based on interview data for 162 of the cities. 

Source: U. S. Bureau of Public Roads, June 1952. 


8. TRAFFIC-STREAM FLOW 

Elements of the Traffic Stream. The traffic stream is a dynamic flow which is vitally 
affected by the width, arrangement, and other design features of the roadway; the con¬ 
ditions of the road surface; gradients; sight distances; frequency and forms of intersec¬ 
tions; drainage structures; and roadway appurtenances. The behavior of individual units 
of traffic is affected by other units of the stream; signs; signals; markings; pedestrians; the 
weather; lighting; and other conditions. Ordinarily the traffic stream has flow and ooun- 
terflow along a common route. It may', however, by design or regulation, be separated 
into a pair of one-way flows. 

Transverse Distribution of Vehicles. In a one-lane one-way stream, road users steer 
their vehicles so that there is central tendency of their paths about some optimum line 
within the lane. This characteristic is of importance in road design and marking. In 
multilane one-way streams, the left lane naturally develops higher speeds and volumes, 
even though the right lane may appear to have the heavier flow. An illustrative distri¬ 
bution of vehicles in each lane of a two-lane, one-way stream is shown in Fig. 14. 



0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 

Hourly traffic volume in one direction 

fhundreds of vehicles) 


Fig. 14. Distribution of vehicles using lanes of a four-lane highway at various volumes. O. K, 
Normann, PyblK Roads, June 1942. 
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0 200 400 600 800 1000 

Opposing traffic 

(vehicles per hour) 

Fig 15. Per cent of vehicles traveling m one direction performing passing maneuvers against various 
volumes of opposing traffic on a two-lane, two-way tangent section. O. K. Normann, Public Roads, 

February 1939 

The distribution of vehicles in a three-lane, two-way traffic stream on a level tangent, 
when about two-thirds of the traffic movement is in one direction, is illustrated in Fig. 16. 
Even with unbalanced demand, the center lane of such a stream is not a very efficient 
carrier of traffic. 


\Vehicle5 traveling in 
"direction of greater flow" 


- Vehicles traveling in — 
■^directon of lesser flow 


Vehicles traveling in 
center lane in direction > 
of lesser flow _ 


_ Vehicles traveling. 
in center lane 


0 200 400 600 800 1000 1200 1400 1600 1800 

Total traffic volume 

(Vehicles per hour) 

Fig 16. Distribution of vehicles on lanes of a level, straight three-lane highway. O K Normann, 

Public Roads, June 1942. 

Longitudinal Distribution of Vehicles. At every instant, the longitudinal arrangement 
of vehicles in the traffic stream gives to the individual road user a sense of safety with 
freedom of movement or a sense of hazard and congestion. Each road user drives with a 
certain amount of free road space ahead of his vehicle. These road spaces, or gaps, are 
basic indications of an inherent, unique quality of each stream. The variation of gap 
length ranges from a few feet to great distances and is dependent on the speed and the 
overall density of the traffic stream. 
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The time interval of a gap, from head to head of successive vehicles, is referred to as 
headivay. The relation between headway and the lelatn'e 'Speeds of closely following v'ehi- 
cles is shown in Fig. 17. When one vehicle is overtaking another on a rural road free from 
other re'Craining irfluence.s, the absolute speed of the rear vehicle begins to fall rapidlv to 
approach the speed of the vehicle ahead a'^ the hea'^lway decreases to 9 sec. This initial 
interf-rence headway value m.arks a sharp break in the relative speeds of the succes-^ive 
velii'^les through a wide range of absolute speeds found on rural highways. It may be 
concluded that the average road u^er sen.>.es 'jonie degree of interference or congestion when 
his headway is less than 9 ^ec although it is clear that road users do not ordinarily 
demand that much headwav. 
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Speed charactenstica of vehicles traveling at given time opaemgs 
Roads, February lu 39 


0. K Normann, Public 


The average minimum headwaj'S which develop when a queue of stopped or very 
slowly moving vehicles is suddenly released, as at a signal, are given in Table 12. 

Table 12. Average Minimum Headway from Queue Formation 


Vehicle Position 
in Queue 
1st 
2nd 
3rd 
4th 
5tb 
6th 


Average .Minimum 
Headway, sec 
3 8 
3. 1 
2.7 
2.4 
2.2 
2. I 


Source: Tech Rejit. 1, Bureau of Highway Traffic, Yale University. 


Random Distribution in the Traffic Stream. The distribution of any set of events 
which meet the criteria of randomness can be predicted through the use of the theor\ of 
probability. The two basic requirements of randomness m a traffic stream are that at a 
given point the arrival of each vehicle be independent of the arrival of every other vehiv le, 
and that the number of vehicle arrivals in a unit of time does not affect or influence the 
number of vehicle arrivals in any other equal unit of tune. The distribution may be stated 
as follows; 


p(x) = 


wherein p(x) = probability of the arrival of x vehicles m a given length of time (x is 
alwa\ & a whole number). 

m ~ average number of vehicles arriving in the given length of time. 
e = Napierian base of logarithms — 2.71828. 
x\ = factorial x, i.e., x(x — l)(x — 2; • - • (3)(2)(lj. 
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Numerous tests have demonstrated that, when a traffic stream is free of congestion, the 
longitudinal distribution of vehicles follows closely this Poisson’s law of randomness. 
Typical observed relationships of headways and volumes for one direction of flow on two- 



F IG 18. Headway distnbution on typical two-lane and four-lane highways, (a) Typical two-lane 
rural highway. (6) Typical four-lane rural highway Solid lines = observed headways Dashed lines 
= theoretical headways From Public Roads, June 1942. 


lane and four-lane highways are compared with relationships computed by the use of 
Poisson’s law in Fig. 18. 

Lane Changes. Within the same stream of traffic, the single transfer of a vehicle from 
one lane to the next adjacent lane is defined as ‘'lane change." The basic cause of this 
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maneuver is the inherent range of speed found among vehicles in the traffic stream. The 
greater the range of speed, the greater will be the frequency of demand for lane change. 
The volume of the stream is also of great significance. As the volume increases, the fre¬ 
quency of demand for lane changes also increases, but the opportunity to make changes 
decreases. When lane change is prevented or inhibited there is a natural tendency for the 
traffic to develop queues behind slow-moving vehicles. Such queue formations compel 
inefficient utilization of the route and are extremely annoi ing to most road users. 

When the headway of the vehicle changing lanes is rapidly approaching zero, the lane 
change is forced. Any other lane change is classed as optional. The gap or headwa>’ be¬ 
tween the vehicles in the adjacent lane maj- be either (a) so short that it is not acceptable 
to the lane-change driver; (b) acceptable to the lane-change driver but so short that both 
the lead and trailing vehicles influence his maneuver; or (cl so great that only the lead 
vehicle or only the rear vehicle or neither vehicle will influence the lane-change driver in 
any significant way. When the lane change is made under condition h. it is termed a gap 
lane change; when made under condition c, if influence stems from the lead vehicle only, 
it is termed a retarded lane change; when influenced by the rear vehicle it is called a conflict 
lane change; and when neither lead nor rear vehicle impose any influence it is called a free 
lane change. When the average speed is 30 to 40 mph, the average length of roadwa.v re¬ 
quired to accomplish a lane change varies from about 125 to 260 ft, depending on the t\-pe 
of lane change made, as shown in Table 13. 


Table 13. Average Length, Duration, and Speeds of Various Types of Lane-Change 

Maneuvers 


Speed, mph 


Type of 

Lane Change 

Length, 

ft 

Duration, 

sec 

Start 

End 

Optional 

Free 

222 

4.1 

35 8 

36.0 

Retarded 

167 

3.3 

33.3 

33.3 

Conflict 

261 

4.3 

40 6 

41 0 

Gap 

218 

3.9 

37. 1 

37.1 

Average 

218 

4.0 

36. I 

36.2 

Forced 

Free 

132 

2.7 

34.4 

32.7 

Retarded 

124 

2.6 

33.4 

32 7 

Conflict 

169 

2.9 

39 3 

43.7 

Gap 

145 

3.0 

34.9 

32.1 

Average 

137 

2.8 

34 8 

33.2 


Source: Tech. Kept. 4, Bureau of Highway Traffic, Yale University. 


9. INTERSECTION FLOW 

Intersection Operation. The two basic movements which road users execute at inter¬ 
sections are transfers from one route to another and crossings of intersected traffic streams. 
As each road user traverses an intersection, he finds it necessary to (1) diverge from, (2) 
merge with, or (3) intersect and cross the paths of other road users. -Ulthough all inter¬ 
section movements may be analyzed on the basis of the three elemental maneuvers, in 
many instances these maneuvers are so closely interdependent as to require seriation in 
their development. Because of the complexities w-hich arise from these circumstances, 
the prediction of intersection performance is difficult. 

Conflicts. Whenever a basic maneuver of intersection occurs, potential if not actual 
conflict between two or more road users arises. This conflict may concern onl,\' the two 
proximate road users whose paths are joined, crossed, or divided, or may be reflected back 
in each of the flows approaching the area of potential collision. Conflict areas and collision 
areas occur for each of the elemental maneuvers. The integration of all of these areas in a 
given intersection forms the conflict area and the collision area for that intersection as a 

whole. , 1 or. c- 

The normal right-angled intersection of 2 two-way streams develops .32 conflict points, 

16 of which are of the more severe crossing type. If one stream is removed by design so 
as to make a T or Y intersection, there occur only 9 conflict points and of these only 3 in¬ 
volve crossing maneuvers. If two of the flows are stopped simultaneously by signal con¬ 
trol, there remain but 8 conflict points, of which only 2 involve the more severe crossing 
type of conflict. 
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The fiequenoy with which iiiteriereiice may arise at conflict points is dependent on the 
volume of units found in each patii of flow. Thus in the standard right-angled inteisec- 
tion, if each entering ^^tieam caiiic-s 2l>‘j vpii and 10^ in each stream turn right and 
turn left, there will develop 120n p«>tential conflicts per hour, each representing a move¬ 
ment wherein one vehicle depart-5 Ironi, enters in fiont of, or crosses the path of another 
vehicle It dof' not indicate, howevei. the proximity of any of the vehicles involved in 
such muneuvej^ nor the degree of liazard oi delay encountered. 

The Diverging Maneuver. The time-space relationships of the diverging maneuver 
are iihi->tratcd m I'lg. 14 A potential area ot conflict is develope<l the diverging vehicle 
rediues it'^ speed, in older to prepare lor a comiortable turn, and coutmuos until that 
vehicle leave.' the lane ot original travel. In the mstance illustrated, the collision area is 
nearly congruent with the entire conflict area of the maneuver. Generally, diverging 
maneuver^ are nut a serious interference to vehicular stream flow. 



Fig. 19. Time-gj'ace relationshijis of diverging maneuver. 

The Merging Maneuver. If an adequate lag does not exist between the arrival at the 
colh'^lon aiea of the merging vehicle and the arrival of the next approaching conflict unit, 
the merging maneuver must be deferred until an adequate gap occurs. Exploratory 
studies point to acceptable gap sizes of from 2.5 to 6 sec. or more, in length. 

Tv picai time-space relationships of the merging maneuver are shown in Fig. 20 In 
this the corillict area begins at a safe distance back of the collision area and extends 
to a point bev ond, where the merging vehicle has achieved approximately normal speed. 
The collision area extends from the point of entry of the merging vehicle to the forward 
limits of tiie conflict area. Although niost delay is suffered by the merging vehicle, there 
IS also dela\- to the vehicles m the lanes of flow into which merging takes place. 

The Crossing Maneuver. Typical time-space relationships found m the crossing 
maneuver are shown in Fig 21. Limited observations indicate that, in non—^top cro-iSing 
maneuvers, at right-angled crossings, the average minimum time interval between the 
passage of conflicting vehicles through the collision area is about 2.8 sec. When one of 
the conflicting vehicles is at rest, just prior to the right-angled crossing maneuver, the 
average driver of the stopped vehicle will require a lag of about 4.5 to 8 sec before under¬ 
taking the maneuver. Left-turning drivers who are delayed usually refuse lags less than 
3.75 sec and accept lags of 4.75 sec or greater. Smaller gaps are generally acceptable for 
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oblique ciossings of the non-stop weave type at a channelized intersection. Average 
drivers may accept gaps of 1.8 sec for such non-stop oblique crossings. The median 
acceptable gap or lag required for a pedestrian to cross a vehicular flow is 5.7 sec for a 
one-way vehicular stream and 7.3 sec and 7.7 sec for the near and far flows, respectively, 
for a two-way vehicular stream. 


Per cent of side-street vehicles delayed at 
stop-controlled intersections 



Fig 22 Per cent of side-street vehicles deJayed at stop-conlroiied intersections 


Limited experimental studies indicate that the percentage of vehicles delayed at a 
crossing, for various volumes of flow, other than as a matter of caution, are as shown in 
Fig. 22. On the assumption that the traffic flow to be crossed is a random series, the aver¬ 
age waiting time per vehicle for all crossing traffic is as given in Fig. 23 in terms of the 
critical lag as a unit of time measure. For example, if a critical lag of 6 sec is required for 
the crossing maneuver, any vehicle which is to cross a flow of 600 vehicles per hour would 
be crossing a flow averaging one vehicle per critical lag. Although not all such crossing 
vehicles would be stopped, the average waiting time would be expected to be 0.8 of a 
critical lag or about 5 sec. 


Table 14. Time Loss Due to Stopping of Passenger Vehicles, in Seconds 
(In addition to waiting time) 


Getting 


Normal Speed 

Decelerating 

under Way 

Accelerating 

Total 

20-30 

2.5 

2.0 

2.9 

7.4 

30-40 

3.9 

2.0 

3.6 

9.5 

40-50 

4.8 

2.0 

4.9 

11.7 
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Characteristic values of time lost by passenger vehicles in decelerating, getting started, 
and accelerating are given in Table 14. The average passenger vehicle which is stopped 
will suffer from 7 to 12 sec of delay in addition to the delay incurred while waiting for 
opportunitj' to use a collision area. This time value is of a magnitude which is as greet or 
greater than many of the blockades found in the conflicting stream. 



Traffic volume-to be crossed, (cars per critical lag) 


Fig 23. Average and median waiting time as a function of volume. 


10. TRAFFIC ACCIDENTS 

Tiends. There is a degree of hazard in every traffic movement. Not by design nor 
intent, yet with suddenness, events occur in the traffic stream which result in death, 
injury, and property damage. Since the advent of the motor vehicle, over 1 million per¬ 
sons have been killed in traffic accidents in the United States. In 1954, 36,300 fatalities 
and 1,2.50,000 injuries were incurred. The peak year of accident occurrence was 1941, 
when nearly 40,000 persons were killed and about 1.4 million were injured. 

As shown in Fig. 24, the death rate on a vehicle basis stabilized at about 12 deaths per 
10,000 registered vehicles in the 1920’s but decreased to about 7 in the decade following 
World War II. The death rate on a population basis stabilized at about 25 deaths per 
100,000 popffiation since 1930. The trend on a vehicle-mileage basis has been steadily 
downward since 1925. 

In the interpretation of these values it is significant to note that, in spite of the drastic 
changes which have been made m the mode and amount of travel, the accidental death 
rate on a population basis has remained roughly in the magnitude of 20 to 30 deaths per 
100,000 population for all forms of transportation since the turn of the century. 

^gnificance and Uses of Accident Data. Traffic accidents are symptoms of actual 
failure of the road user, the vehicle, or the fixed facilities to discharge properly their re¬ 
spective functions in traffic movement. Near failures of these elements are equally signifi¬ 
cant but are extremely difficult to capture. 
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1910 1915 1920 1^25 1930 1935 1940 1945 1950 1955 
Year 


Fio. 24. Trends in motor-vehicle fatality rates. 

Analysis of accident facts leads to an understanding of the conditions surrounding the 
functional failure of a traffic facility and the causes of the failure. Among the items re¬ 
quiring analj’sis in the light of accident experiences are: 

1. Highway design standards. 

2. Warrants for traffic-control devices. 

3. Channelization schemes. 

4. Street and highway lighting. 

5. Pedestrian safety facilities. 

6. Traffic regulations. 

Accident Reporting. Accurate records of traffic accidents are essential for an intelligent 
approach to the solution of traffic problems. They are valuable not only to traffic engi¬ 
neers but also to all other groups dealing with traffic. From the standpoint of collecting 
information to be used in accident prevention work, reports on minor accidents are just 
as valuable as those for serious accidents. Circumstances leading to the accident and the 
violations and conditions involved might be the same in a very slight property damage 
case as in a fatal mishap. Because of this, there has been a marked trend toward the 
enactment of compulsory reporting laws which require a greater percentage of accidents 
to be reported. A basic system of accident report forms has been adopted by the National 
Conference on Uniform Traffic Accident Statistics. For engineering uses, original reports 
of accidents should be filed by locations, but some authorities prefer to file reports chron¬ 
ologically, with cross references of locations. 

Accident Analyses. Traffic accidents are usually analyzed for trends in rates per 
hundred thousand persons, ten thousand velucles, or hundred million vehicle miles, sea¬ 
sonal and daily variations and types. Analyses of primary concern to the engineer are 
those indicating the accident record at specific locations or sections of a highway. By 
correlation of the accident history with traffic flow and roadway geometry and conditions, 
underlying factors of accident causation may become apparent and remedies for their 
correction may be suggested. The general influences of roadway types, lane widths, and 
roadside structures are given in Table 15. 
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Table 15. Accident Rates on Various Roadway Types (Tangents) 


Total Reported Accidents per Million Vehicle Miles 


Average Daily 


\'oluinp 

(vehicles per day; 

Two-Lane 

Three-Lane 

Four-Lane 

Undivided 

Four-Lane 

Di\'ided 

T’-ndr-r 5000 

3 5 

3 8 

2 3 

* 

5000 10 9000 

4 5 

4 1 

4 0 

3 2 

9000 and over 

2 6 

li 1 

3 8 

4 1: 

All volumes 

3.7 

5 0 

3.7 

3.8 


Four-Lane 

Controlled 

Access 

3 4t 

i.5 

2 3 


* ?^aniple considered too small for reliability 
t 'N. <'!y high-speed roadway. 

; Includes a considerable mileage with a median atrip delineated by paint and no other physical 
sepal utiori of traffic moving m opposite direction. 

Source National Safety Council and U S. Bureau of Public Roads Study. 


Acciderd Rates on Two-Lane Tani/ents by ',Vi lths of Pavement 

Total Reported Accidents 
Pavement Width, ft per Ntilhon \'ehicle Miles 

Less than 18 5.2 

18 to 19 9 3.8 

20 to 22. 9 3.5 

23 and over 3.4 


Source: National Safety Council. 


Accident Rates at Structures on Two-Lane Roadways Less Than du Ft ^Vide, by Width of Structure Relaitve 
to Approach Roadway {8 States) 


Width of Structure 
Compared with 
Approach Roadway, ft 

Narrower by ! or more 
1 narrower to 5 wider 
Wider by 5 or more 


Total Reported Accidents 
per 10 .Million Vehicles 
per Year 

10.0 

5.8 

1.2 


Source: National Safety Council. 


Accident Costs, Although losses in lives and in personal injuries are not reducible to 
monetary values, some measure of the economic cost is indicated the resulting wa v 
loss, medical expense, overhead cost of insurance, and property damage Average values, 
employed in 1954 by the National Safety Council are $22,609 for each fatality, $1,250 f.j’- 
each non-fatal injury, and $190 for each property-damage accident. Since the ratio of 
property-damage and personal-injury accidents to fatalities is relatively corl^ta^t, th_‘ 
same authority employed a rounded figure of $110,000 per fatality as the economic loss 
to the community covering all traffic accidents. Typical out-of-pocket expenses are given 
m Table 16. 

Table 16. Estimated Traffic Accident Losses, Lansing, Michigan, 1945-1946 



Salary 
Loss * 

Medical 

BUls 

Auto 

Repairs 

Other 

Costs 

Total 

Costa 

Job-Tinie 
Loss * 

-Average non-injured driver 
Average injured driver 
Average injuied passenger 
Average injured pedestrian 

$ 4 50 

131 00 
114.00 
262 00 

% 41.00 
55.00 
180.00 

$ 66.00 
220.00 

$ 2.50 

16 00 

37 00 

26 00 

$ 73.00 
408.00 
20o 00 
468.00 

6 hr 

1334 davs 

29 1 '4 days 

35 days 


* In many cases job-time loss was not accompanied by a salary loss; hence average value per hour 
IS low. 

Source: .Association of Casualty and Surety Companies. 
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REGULATION OF TRAFFIC FLOW 


11. TRAFFIC LAWS 

Uniform Codes and Ordinances. To aid in the adoption of adequate and uniform 
traffic lav.s. the National Conference on Street and Highway Safety prepared a Uniform. 
Model Vehicle Code and a Model Traffic Ordinance. The work of revising and keepifig 
these dof'U’nents up to date is now a function of the National Committee on Uniform 
Traffic Laws and Ordinances. 

Registration and Licensing. All states require motor vehicles to be registered, and 
inan\- states have enacted certificate of title laws which, in theorj', provide for the mainte¬ 
nance of a complete record of liens and encumbrances on motor-vehicle registrations 
All states but one had driver licensing laws in 1951, although in many states such laws 
fell short of the needs. Many states have financial-responsibility laws which require per¬ 
sons against whom judgments have been rendered in automobile accidents to show finan¬ 
cial responsibility in order to retain their operators’ permits. 


12. VEHICLE CONTROLS 

Vehicle Inspection. It has long been recommended by international traffic and trans¬ 
portation bodies and motor-vehicle authorities that compulsory inspection be a part of 
motor vehicle regulations and, by 1949, inspection legislation of some type had been 
enacted by 23 states and the District of Columbia. 

Sizes and Weights of Commercial Vehicles. The most generally used loading stand¬ 
ards are those prepared by the AASHO in 1946. These standards and the limits in effect 
in the various states in 1954 are shown in Tables 17 and 18. In states where truck traffic 
is heavy, major problems have developed in administering the laws on sizes and weights. 
Violations are frequently so common as to make it difficult, if not impossible, for the police 
to cope effectively with the situation. 


Table 17. AASHO Vehicle-Loading Standards (1946) 


Distance 


Distance 


Distance 


between 


between 


between 


First and 


First and 


First and 


Last Axles 

Maximum 

Last Axles 

Maximum 

Last -Atles 

Maximum 

in Group, 

Load on 

in Group, 

Load on 

in Group, 

Load on 

ft 

Group, lb 

ft 

Group, lb 

ft 

Group, lb 

4 

32.000 

22 

45,700 

40 

60,800 

5 

32,000 

23 

46,590 

41 

61,580 

6 

32,000 

24 

47,470 

42 

62.360 

7 

32,000 

25 

48,350 

43 

63,130 

8 

32,610 

26 

49,220 

44 

63,890 

9 

33,580 

27 

50,090 

45 

64,650 

10 

34.550 

28 

50,950 

46* 

65,400 

ii 

35.510 

29 

51,800 

47 

66,150 

12 

36,470 

30 

52.650 

48 

66,890 

13 

37,420 

31 

53,490 

49 

67.620 

14 

38,360 

32 

54.330 

50 

68,350 

15 

39,300 

33 

55,160 

51 

69,070 

16 

40,230 

34 

55,980 

52 

69,790 

17 

41,160 

35 

56.800 

53 

70.500 

18 

42,080 

36 

57,610 

54 

71,200 

19 

42,990 

37 

58,420 

55 

71,900 

20 

43,900 

38 

59,220 

56 

72,590 

21 

44,800 

39 

60,010 

57 

73,280 


* 50 ft being maximum length limit (U.V.C. recommendations), all values in excess of 45 ft are for 
cases m which special permits are granted for oversize vehicles. 

Source’ A.\SHO, Policy Concerning Maximum Dimensions, Weights, and Speeds of Motor Vehicles 
to be Operated Over the Highways of the United States, Washington, D. C., 1946. 
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Table 18. Maximum Legal Dimensions and Weights of Motor Vehicles (1954) 



Width, 

Height, 

Length, 

Gross Weight, 

State 

m. 

ft 

ft 

1000 lb 

Alabama 

96 

121 /2^ 

45" 

53 9 d 

.4rizona 

102 

13 I/O 

65 

76.8 

Arkansas 

96 

121 /0*' 

60 

74 

California 

96 

13 l/o 

60 

76.8 

Colorado 

96 

12 I/O 

60 

73.6^ 

Connecticut 

102 

121/0 

45" 

60 

Delaware 

96 

121 /0*’ 

60 

60 

Dist. of Columbia" 

96 

12 I/O 

50 

65.4 

Florida 

96 

12 1/0*’ 

50 

64.6 

Georgia 

96 

131/0 

45 

53.9 

Idaho 

96 

14 

65 

72 

Illinois 

96 

13 l/ o 

45 

72 

Indiana 

96 

121 /0*’ 

50 

72 

Iowa 

96 

121 /2*’ 

45" 

65.4 

Kansas 

96 

12 1/2 

50 

63.8 

Kentucky 

96 

12 1/2 

45 " 

42 

Louisiana 

96 

121 /2*’ 

60 

82 

Marne 

96 

121/2 

45 

50 

Maryland 

96 

121 /2*’ 

55 

65 

Massachusetts 

96 

NR 

45 

50 

Michigan 

96 

12 1/2*’ 

55 

120-W 

Minnesota 

96 

121/2 

45 

66.5 

Mississippi 

96 

121 /2*' 

45 

55.9 

Missouri 

96 

121/2 

45 

60 

Montana 

96 

131/0 

60 

76 8 

Nebraska 

96 

121/2 

50 

64.6 

Nevada 

96 

NR 

NR 

76.8 

New Hampshire 

96 

131/2 

45 

50 

New Jersey 

96 

131/2 

50 

60 

New Mexico 

96 

121/2 

65 

76.8 

New York 

96 

13 

50 

60.5 

North Carolina 

96 

121 /2*’ 

48 

58.8 

North Dakota 

96 

121 /2^ 

45 

57.7^ 

Ohio 

96 

12 1/2*’ 

60 

78 

Oklahoma 

96 

131/2 

50 

60 

Oregon 

96 

121/2 

50 

60 

Pennsylvania 

96 

121 /2*’ 

50 

62 

Rhode Island 

102 

12 1/2 

50 

88 

South Carolina 

96 

121/2 

50 

68 3 

South Dakota 

96 

13 

50 

64.6 

Tennessee 

96 

121/2 

45 

55.9 

Texas 

96 

13 1/2 

45 

58.4 

Utah 

96 

14 

60 

79.9 

Vermont 

96 

12 1/2 

50 

50 

Virgima 

96 

121 /2*’ 

45 

50 

Washington 

96 

12 1/2 

60 

72 

West Virginia 

96 

12 1/2^^ 

45 

60.8 

Wisconsin 

96® 

12 1/2*’ 

50 

68 

Wyoming 

96 

13 

60 

73.9 


** 104 in. for urban buses. 

^ Automobile transporters allowed 131/2 ft height. 

^ Full trailers prohibited. 

^ Computed for typical vehicles. 

NR = no restriction. 

W = maximum possible on maximum axle-load basis. 

Source: National Highway Users Conference, State Motor Vehicle Size and Weight Laws, Washing¬ 
ton, D. C., August 1, 1954. 

Brakes. It is usually specified that standard passenger cars be equipped with service 
brakes on all wheels. Two separate means of applying brakes must be provided, and 
each must affect at least two wheels. Tractors and semitrailers, excepting the lightest 
types, are required to have brake mechanisms which permit the operation of the brakes 
thereon in conjunction with the actuation of the brakes on the tractor. Where brakes 
are provided on all wheels, the vehicle should be capable of being stopped in a distance of 
30 ft from a speed of 20 mph; when the vehicle does not have brakes on all wheels, it 
should be capable of being stopped in a distance of 40 ft from the same speed 
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Headlights. Headlight illumination is generally considered adequate if, under normal 
ufriiosplieric conditions on a level roadway, persons and objects are visible at a distance 
of 350 ft isith the upper beam, and at a distance of 100 ft with the lower beam. In order 
to avoid serious glare, restrictions are imposed cn the upward aiming of the beams The 
maximum apparent candlepower * for an unloaded vehicle must not exceed 8000 at 1° 
above the horizontal, and the maximum intensity of the light beam must not exceed 75,000 
candlepower at an\ point. The lower light beam, which is required to be used when ap¬ 
proaching within 500 ft of an oncoming car, should be so regulated that when the vehicle 
is unloaded the high-intensity portion to the left of the vehicle at a distance of 25 ft must 
be 8 in. or more below the center of the lamp, and the high-intensity portion to the right 
of the lamp must be 3 in, or more below the center of the lamp. It is further proWded 
that in no instance is the high-intensity portion to be more than 32 in. above the ground 
at 75 ft. 


13. RULES OF THE ROAD 

Driving on Right. In the United States the practice of driving on the right side of the 
roadway has always prevailed, and overtaking on the left is conventional except on one¬ 
way streets and on multilane roads having at least two unobstructed lanes for travel in 
each direction. Although many enforcement agencies do not permit legal passing on the 
right, maximum fluidity cannot otherwise be obtained on multilane roadwmys It is recog¬ 
nized, of course, that overtaking on the right should always be permitted, when physically 
possible, if the overtaken vehicle is in the process of negotiating a left turn. 

Right-of-Way. The logic of the traditional rule giving the right-of-way to vehicles 
approaching from the right at an uncontrolled intersection is questionable. However, 
the rule has been so generally adopted and accepted by motorists that the advantages to 
be gained bv changing it would probably not offset the difficulties of reeducating the 
motorists. 

Vehicles turning left at intersections are usually given the right-of-way over vehicles 
approaching from the opposite direction after they have first \ ielded and ascertained that 
it is safe to negotiate the turn. Right-of-way for turning vehicles further requires the 
proper hand or mechanical signal. 

Where the basic right-of-way rule is altered by the erection of stop signs, a motorist is 
allowed to proceed into or through the intersection after he has first stopped, yielded the 
right-of-way to any vehicles approaching on the arter>’, and ascertained that it is safe to 
enter or cros.s the intersection. 

General Pedestrian Rules. Legal controls applicable to persons afoot are difficult to 
enforce. In all plans for pedestrian control, it must he borne in mind that pedestrians 
want to exercise “inherent” roadway rights; they are difficult to restrain; and thev often 
do not realize traffic dangers which are obvious to motorists At unsignalized intersec¬ 
tions, pedestrians are usually given the right-of-way when they are in crosswalks and 
have already begun a crossing of the traveled portion of the roadway. When pedestrians 
are not crossing at an intersection or at officially designated crosswalks, they are required 
by law in most states to yield the right-of-way to motorists, but the same laws also carry 
general provisos that motorists must exercise due caution; in other words, motorists are 
not entirely relieved from blame in case of an accident involving a pedestrian crossing at 
some place other than a designated crosswalk. 


14. ONE-WAY STREETS 

Lender suitable circumstances, one-way traffic regulations offer a simple and inexpensive 
means of facilitating traffic flow, as shown in Table 19. At the outset, after such regula¬ 
tions are put into effect, psychological resistances of drivers and the persistence of driver 
habits result in some difficulty and, sometimes, in temporarily increased accident rales. 
This is usually of short duration, lasting only while the motorists become familiar with 
the new regulations. 


1 Apparent candlepower is a relative term, used to relate the intensity of light at any point as 
received from some source to the intensity of light which would be required if a point source were 
used If the bulb of the headlight unit were placed in the position of the headlight without reflectors 
or lenses, the intensity of light which would result would be the bulb candlepower, which m most 
cases today ia 35? 
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Table 19. Effect of One-Way Traffic Regulations on Volume and Speed 


Volume Average Speed, mph 


Location 

Before 

After 

% 

Increase 

Before 

After 

% 

Increase 

Chicago, Ill. 

Warren & Washing¬ 
ton Blvd. 

29,000/24 hr 

47.500/24 hr 

64 

14 

28 

50 

Philadelphia, Pa. 

Walnut Street 

4,052/12 hr 

12,098/12 hr 

198 

17 

23 

47 

Chestnut Street 

7,137/12 hr 

12,938/12 hr 

82 

17.6 

22 

25 

Kansas City, Mo. 
Thirteenth Street 

500/hr 

525/hr 

5 

13.2 

19.6 

48.5 

Fourteenth Street 

460/hr 

510/hr 

11 




Fort Wayne, Ind. 
Jefferson Street 

i,774/hr 

2,741/hr 

55 

9 

11.9 

32.2 


Requirements. The following points should be considered in the establishment of one¬ 
way streets. 

1. Traffic should be equally accommodated in each direction on adjacent parallel streets 
not more than 500 ft apart, 

2. Entrance and exit points should be available on cross streets at intervals of 300 to 
500 ft. 

3. One-way streets should “drain” traffic away from congested areas. 

4. The one-way system should meet the transit routing and loading demands. 

5. Standard signs, readily visible both day and night, should be provided. During the 
initial period of operation it may be necessarj' to use police to assist in the direction of 
motorists. 

AdvarUages. Among the advantages of one-way traffic regulations are the following. 

1. Street capacity is increased through the reduction of conflicts, the utilisation of odd 
traffic lanes, and the facilitation of signal timing. 

2. Traffic delays are reduced. It is not uncommon to find 25% increases in average 
speed after converting from two-way to one-way traffic movements, while volumes in¬ 
crease 50 to 75%. 

3. Accident rates are reduced. Reductions are found in practically all types of acci¬ 
dents. One-way streets are generally considered to be about twice as safe as similar two- 
way streets. 

4. Traffic flow is improved at complex intersections by making one or more streets one¬ 
way away from such intersections. 

5. Signal operations are simplified. Regardless of block lengths, an efficient progressive 
signal timing plan can be developed when traffic operates only in a single direction. 

6. Transit services are generally made much more attractive to transit riders and more 
economical to transit companies. 


16. THE STOP RULE AND THROUGH STREETS 

Applications. Properly used, stop signs can bring about a reduction of accident hazards 
and a facilitation of traffic movement. Although fixed warrants have not been established 
for the installation of stop signs, the Manual on Uniform Tragic Control Devices for Streets 
and Highways ^ suggests the following general applications: 

1. Intersection of a less important road with a main road where application of the 
normal right-of-way rule is unduly hazardous. 

2. Intersection of a country road, city street, or township road with a state route. 

3. Intersection of two main highways where no traffic signal is present. 

4. Street entering a through highway or street. 

5. Unsignalized intersection in a signalized area. 

6. Railroad crossing where a stop is required by law or by order of the authority having 
jurisdiction over the highway or street. 

7. Other intersection where high speed, restricted view, or serious accident record 
indicates a need for control bv the stop sign. 


^ Prepared by a joint committee of the AASHO, the ITE, and the National Conference on Street 
nnd highway Safety—PRA, 1948 
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Four-Way Stop. The application of stop signs to all legs of an intersection is becom¬ 
ing common in some cities. Such treatments are frequently effective for intermediate 
conditions between those which justify traffic signals and those where standard stop-sign 
treatments would be in order. Inasmuch as the four-way stop regulation supersedes the 
normal right-of-way precedent, it has not met with general favor. 

Yield. In many instances it is feasible to direct the drivers of the entering or secondary 
traffic stream to yield the right-of-way to the traffic being entered or crossed. When a 
jdeld sign is used it is presumed that the traffic directed to yield will stop unless it is safe to 
enter or cross the main traffic stream without stopping. 


16. TURNS 

Methods of Turning. The position of the vehicle in the roadway is of primary im¬ 
portance in negotiating any turn. From a safety standpoint the position is far more 
important than signals. It is recommended in the Uniform Motor Vehicle Code, and 
most states have adopted the recommendation, that a left turn on a two-way traffic street 
be started from the lane nearest the center line of the street and shall be completed in the 
lane nearest the center line of the entered street. Many of the state laws go so far as to 
pro^dde that left turns must not only be made in the lanes nearest to the center lines, but 
that “whenever possible such turns shall be made to the left of the center of the intersec¬ 
tion.” This method of turning avoids conflicts between left turns from opposite directions, 
permits the negotiation of the turn with less delay, and makes it possible to complete the 
turn in a legal manner at all types of intersection. 

Because of the need for altering the method of making turns at certain irregular types 
of intersections, or at locations where peculiar traffic patterns occur, it is important that 
state laws grant local authorities the right to vary basic practices by placing markers or 
by appropriate signing. 

F^rohibition of Turns. Factual guides on which to base turn regulations have not been 
determined. All too frequently turns are prohibited where traffic signals with turning 
intervals or channelizing islands would make it possible to allow the turns but still correct 
interference problems. Pending the development of objective warrants, turns should be 
regulated on the basis of traffic and accident investigations at individual intersections, 
evaluating the effect of vehicular volumes, pedestrian volumes, turning radii, traffic 
lanes, and approach speeds. 


17. SPEED CONTROL 

Although the restriction of movement is not the objective of highway construction, it 
is necessarj' to regulate speeds so that excessive velocities will not prevail on highways of 
established design. This is accomplished through legislation, speed-control devices, and 
speed zoning. 

Legislation. The Uniform Motor Vehicle Code proposes prima facie numerical limits ^ 
of 25 mph in business and residential districts and 50 mph (45 mph at night) in rural 
areas. Many de\’iation3 are found among the states although all have a basic speed rule 
which provides “that no person shall drive at speeds greater than are reasonable and pru¬ 
dent under conditions prevafling.” Some states have top absolute limits® of 50 mph; 
others have top limits of 60 mph. In some cases the limits for commercial vehicles are 
different than those for passenger cars but these limits are difficult to enforce and develop 
excessive passing practices if they are observed. 

Speed-Control Devices. It is possible to control the average speed over a given route 
by establishing a progressive signal system. However, the use of standard-type traffic 
»gnals at non-intersection locations should be avoided. Most flashing signals are in¬ 
effective for speed-control purposes except where they are moimted in such a manner’as 
to reveal a roadway condition which necessitates a speed reduction. Vehicle-actuated 
signal equipment may be utilized to control speeds on the approaches to intersections or 
roadway hazards. 

Education and Enforcement. Many traffic educational programs have been directed 
primarfly at the control of driving speeds. It is generally found that the pleas are un¬ 
heeded except when they are recognized as reasonable and proper. The motoring public 
cannot be persuaded to drive at speeds below those which are generally considered safe 

^ Any speed in excess of the prima facie limit is presumed to be unlawful, and proof to the contrary 
rests with the driver. 

* An absolute limit refers to the speed above which it is alwaj^ illegal to drive under any conditions. 
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and reasonable. On the other hand, there is little evidence to support contentions that a 
large percentage of drivers want to, or actually do, drive at speeds higher than those 
which are safe for existing roadway and traffic conditions. 

Speed Zoning. Speed zoning involves the determination and posting throughout the 
highway network of safe and reasonable speeds for favorable driving conditions. It is 
aimed at promoting traffic safety, obtaining public cooperation in speed regulations, pro¬ 
viding the greatest flexibilitj’ in speed limits, and warning drivers of impending needs 
for speed reduction. The legislative authority for zoning usually provides that the limits 
to be posted must be determined on the basis of engineering studies and investigations. 
To meet this requirement it is necessary to undertake field survej's of routes to be zoned, 
including: 

1. Spot speed studies. A minimum of 100 passenger cars should be checked under 
favorable driving conditions for each direction of travel at each location. 

2. Running-time studies. The speed ranges of typical vehicles in the traffic stream 
should be determined at each critical location. 

3. Ball-bank indicator tests. Safe speeds for curves should be determined by conven¬ 
tional or especially designed bank indicators. 

4. Inspection of physical hazards. 


TRAFFIC-CONTROL DEVICES 

Uniformity in all traffic-control devices is most desirable. Non-standard devices are 
breeders of confusion and accidents. For uniform national standards, see Manual on Uni¬ 
form Traffic Control Devices for Streets and Highways, U. S. Bureau of Public Roads, 
Washington, D. C. 


18. LEGAL RESPONSIBILITY 

Traffic-control devices are needed on all highways to guide, warn, and regulate traffic 
movement. Good practice demands uniformity in their design, application, and installa¬ 
tion. To insure this uniformity state agencies are frequently given broad authority over 
their use on state highways and on streets used as state highways. The failure of a state 
to provide adequate traffic control devices has been the subject of many court cases. In a 
noteworthy decision * the court held that “the traffic signs involved in this action were 
confusing, improperly located, insufficient in height, insufficient in number, not reflector- 
ized or improperly refiectorized, misleading and an invitation to disaster at night time. . . . 
The State and the Traffic Commission were negligent in failing to order the removal of the 
signs in question and in failing to replace those with signs which would conform with 
nationally accepted standards. . . f* 


19, TRAFFIC MARKINGS AND MARKERS 

Colors. Standardized colors for markings are either white or “highway yellow.” White 
is used for center lines, lane lines, pavement edges, streetcar clearance lines, turn guides, 
stop lines, crosswalks, parking stalls, route markings, and word markings. Yellow is 
recommended, but white is permitted, for double (no-crossing) center lines and barrier 
(no-passing) lines, including no-passing zone lines, pavement width transition lines, ap¬ 
proaches to obstructions, and approaches to railroad crossings. Curb markings for park¬ 
ing prohibitions should be yellow. Vertical surfaces of obstacles should be crosshatched 
with alternate black and white stripes sloped downward 45° from the vertical toward the 
side of the obstruction on which traffic passes. Delineators are usually clear white. Re¬ 
flectors for obstructions are usually red. 

Materials. Markings or markers may consist of or be constructed with plain or reflec- 
torized paint, metal, or plastic pavement inserts, bricks or other blocks, glass beads, retro- 
directive reflectors of plastic or glass, and raised studs, buttons, or strips of metal or 
concrete. 

Longitudinal Pavement Lines. Longitudinal lines are either broken or solid. Broken 
lines (about 60% gaps) are used for guide purposes and may be crossed at the discretion 
of the driver. They should be used for lane markings on all rural highways, on roadways 
where passing is permitted, and for lane markings at congested or irregular intersections. 


i Ziehm V. State of New York—270 App. Div 876, 1946. 
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Solid lines are used where they are not to be crossed. The “barrier line” is a solid line of 
limited length used to prohibit overtaking and passing in areas of low" sight distance. All 
longitudinal lines should be 4 to 6 in. wide. 

Transverse Pavement Lines. Transverse lines are used to mark stop lines, crosswalk 
lines, parking stalls, and railroad crossings ('Fig. 25'. Because of the low angle with which 
such lines are viewed ihe\- are usually- made 1 to 2 ft in width, except for parking stalls. 



Fio 



Typical urban 


pavement markings From ^lanual on L'nifonn Traffic Control Devices, 
17 S. Bureau of Public Roads 


Symbol Word and Number Markings. Often pavement markings are employed to 
indicate route numbers. scho:)l zones, turning directions, and similar information. Such 
markings are constructed to outline the shadow ca3t on a horizontal plane by standard 
letters normal to the rays of a point source of light located at the relative position of the 
driver’s eyes. The markings are usually 6 to 10 ft in height with individual s:\-inbols nut 
over 2 ft in width. 

Roadside Delineators. Reflecting elements of glass, plastic buttons, glass beads, and 
other suitable materials are used to delineate the highway for night driving. Such de¬ 
lineators are ordinarily installed at a height of appro'cimately 42 in. above and from 2 to 
10 ft transversely from the pavement edge. Normally, such delineators are placed 200 ft 
apart on tangent's. Due to perspective, however, spacing of delineators must be altered 
for vertical and horizontal curves. 
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20. TRAFFIC SIGNS 

Traffic signs are of the regulatorv', warning, or guide types (Fig. 26!. Regulatory signs 
imposing legal restrictions applicable at a particular location aie usualh' required by law 
and must be in place before the regulations become enforceable. Such signs include 
“stop,” “one-way.” “speed limit,” “parking,” etc Warning signs are intended to call 
attention to liazards or changing roadway or envnronrnental conditions which the niotoiist 
IS approaching. Guide signs include route markings and directional and informational 
signs. They cairy state and local route numbers, detour information, destinations, etc. 
Special care should be exercised to avoid the overuse of regulatory- and warning-type sigiis. 
Excessive uses create a general disregard for the signs and a loss in overall effectiveness. 
Because of the laige amount of tiavel on almost every highway by non-local motorists, 
uniformity of design and application is highly desirabie. 

Shapes. Regulatory signs are usually rectangular with the longer dimension vertical. 
The two notable exceptions are the stop sign, which is octagonal, and the one-way sign, 
which is rectangular. Warning signs are “diamond” shape except advance warnings for 
railroads, \\hich are circular, and the railioad-cro.ssing signs which are marked with a 
cro'-^buck 

Colors. Regulatory and guide .signs usually have a white background with message or 
symbol in black. However, route markers are sometimes given distinctive colors for 
different routes or alternates. The stop sign has a “highway yellow” background with 
black message, sometimes in a highly reffectonzed panel. Parking signs have red lettering 
for parking prohibitions and green lettering for tiaie-limit regulations. Warning signs 
have a “highway yellow" background with black letters or symbols. 

Dimensions. The width of stop signs measured perpendicular to any flat side should 
be 30 in. except that 24-in widths may be used m urban areas where speeds and volume 
are low Regulatory signs should be IS by 24 in. for usual locations and 24 by 30 in. on 
high-speed and high-volume routes. Urban parking signs are ordinarily 12 by 18 in. 
Warning signs should be 24 by 24 in. except where lengthy words or messages require 
30 by 30 in. for equivalent legibility. The dimension.s of destination <igns should be 
based on the highway speed. Good practice requires at least 6 in of letter height. For 
daylight purposes and mo.st letter standards. 1 in. of letter height will pro\dde 35 to 50 ft 
of visibility. Oversized signs should be used when required by traffic speeds, volumes, 
hazards, and intersection complications In the enlargement of feign'i., standard ^hapes 
and colors should be used and standard proportions should be retained. 

Messages. Conventional symbols, such as curve arrows and intersection diagrams. 
pro\’ide means of simplifying sign design and interpretation. Standard wordings have 
been adopted for mosi- of the important regulatorv and informational signs requiring the 
use of word messages Details of symbols and letter shapes are available from the I*. S. 
Bureau of Public Roads 

Illumination and Reflectorization. Visibility of signs i? extremely important under 
conditions of artificial illuinmation. This i> especially true of sign-' canying me^sage.-^ of 
warning and imiiortant regulations Warning sign^, ''top signs, guide signs fjn important 
route.s and at critical inter.^ectmns. and ail other regulatory .^ign^. witii the exception of 
those controlling pedestrians and parking, should be illuminated or reflectorized. 

Mounting. All signs should be so positioned as to assure visibility. Each should 
display only one mrssige, which should be definite and specific. 8ign.s for different pur¬ 
poses should be placed at least 100 ft apart where pos-^ible. As a general rule signs should 
be located on the right-hand "ide of the roailway but under certain conriitions they may be 
advantageously suspended over the roadway place<l on channelizing idands. In rural 
areas a sign on the roadway shoulder should normally be placed 6 to 10 ft from the right- 
hand edge of the pavement with its bottom edge at lea''t 2 ^ '2 ft above the pavement In 
uiban areas or where there are raised curbs, a similar sign should normally be placed adja¬ 
cent to the roadway with its nearest eilge at least I ft from the curb line and its bottom 
edge approximatelv 7 ft above the grade of the roadwav An overhead sign should be 
placed centrally over the travel lanes to which it applies The clearance from the bottom 
of the sign to the p.avernent shouM be at iea-'t 14 r> ft. Warning signs are usually placed 
in advance of the condition or liazard justif\ing them Stop signs are erected as near a* 
practicable to the point where the stop should be made. 
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21. TRAFFIC SIGNALS 

Stop-and-go traffic signals are used to give positive time control to vehicular traffic 
movements at intersections and other critical locations, to give positive time control to 
pedestrian traffic, and to assign lane-flow directions where those directions are interchanged 
to accommodate unbalanced flows. Flashing signals are used for warning and regulator;^- 
purposes at hazardous intersections which do not require positive time control. Flashing 
signals, wigwags, and automatic gates are used at railroad grade crossings. 

Standards. Each signal face should have at least three lenses—red, yellow, and green. 
Arrow indicators and pedestrian signals are warranted under special conditions. The 
color and position of signal lenses in each signal face, reading from top to bottom or left 
to right, should be as follows: 

Position Indication 

1 Red 

2 Yellow 

3 Green 

4 Stiaight through arrow 

5 Left-turn arrow 

6 Right-turn arrow 

7 Wait <^or don’t walk) 

8 Walk 

The standard shape of a traffic-control signal lens is circular, the lens having a visible di¬ 
ameter of at least 8 in. No lettering should be used on the lens. Each signal indication 
when illuminated should be clearly visible to the traffic controlled at all distances from 
10 to 300 ft, except in dense fog. Each signal face should be sliielded by visors and hoods 
so that an approaching driver can see only the signal indications intended for his observ¬ 
ance. When mounted at the curb, the bottom of the signal housing should be not less than 
s ft nor more than 10 ft above the sidewalk or grade of the roadway. When mounted above 
the roadway, the bottom of the signal housing should be not le.ss than 14 1,2 ft nor more 
than 15 1,2 ft above the roadway surface. 

Fixed-Time Signals. Fixed-time signals operate in recurring cycles of equal length. 
W’ithin each cycle the proportion of each interval to the cycle as a whole is constant and 
the seriation of intervals is fixed. Such signals are used in independent “isolated'’ or “co¬ 
ordinated” interrelated operation. Usually, little benefit to progressive movement is 
gained through time coordination of signal installations which are more than 2000 feet 
apart. On the other hand, signals within 1200 feet of one another should be coordinated. 
Time coordination of fixed-time signals requires constant cycle lengths (or low multiples) 
at all intersections in the “system.” The maintenance of a fixed-time “lag” on “lead” 
from one intersection to the next may be achieved by “non-interconnected” or “intercon¬ 
nected” coordination. In the non-interconnected coordination, reliance is placed on the use 
of synchronous motors to drive each intersection controller. Time coordination between 
controllers is secured through phase relationships existing in the a-c system of electric- 
power distribution. In interconnected coordination, a master controller is employed and 
cable connections are made to each intersection. Through this interlocking super'visory 
circuit each intersection controller is kept “in step.” Other circuits for remote shutdown, 
flashing operation, alternate “resets” or time relationship, etc., are frequently employed 
in interconnected systems. 

Warrants. Good practice requires that the installation and operation of fixed-time and 
flashing signals be dictated by the warrants given in Table 20. Signal inslallaiion is also 
indicated when a new signal installation will reduce distance between signalized points to 
1200 ft so as to pro\dde progressive movement through “platoon” formation, or where 
five or more reported accidents occur per year of a type which will be eliminated by sig¬ 
nals, provided that in addition there exist volumes of vehicles and pedestrians of not less 
than 50% of the requirements specified under the warrants listed. Signals may also be 
installed where two or more warrants are satisfied to 80% or more of the values given, 
and in addition (1) sudden changes from rural to urban conditions occur: (2) extremely 
wide roadways make pedestrian crossing hazardous and safety islands cannot be installed; 
or (3) other high hazards exist. For a period of 2 or more consecutive hours, when the 
vehicle volumes drop below 50% of those specified for minimum vehicular volume war¬ 
rants, flashing operation may be substituted for fixed-time operation for the duration of 
those periods of reduced volume, but not more than three “flashing” periods should be 
used per day. 
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Table 20. Warrants for Fixed-Time Traffic Signal Installation * 


Tj-pe of Warrant 

\rea 

Number of Vehicles 
per Hour on All 
.4pprou'.hes 
or .Main 

Thoroughfare as 
Indicated 

CVoss Flow during Same 
Period 

Conditions 

Mm volume 

I'rban 

750 t 

175 veh hr 


Min volume 

Rural 

500 T 

125 veh .hr 


Continuous ilow 

Urban 

750 t 

75 hr J 

Undue hazard or delay—20 

Continuous .How 

Rural 

500 T 

50 units hr T 

mph avg speed 

Undue hazard or delay—35 

Continuous flow 

Urban 

800 § 

200 ped. hr or 300 units/ 

mph speed 

li 

Continuous flow 

Rural 

400§ 

hr 

100 ped hr or 150 units/ 

1 

Continuous flow 

Urban 

800 § 

hr 

30^ left turns to or from 

1 

Continuous flow 

Rural 

400 § 

major flow 

30^^ left turns to or from 

II 

Continuous flow 

Urban 


major flow 

jl and 4 lanes on mam thor¬ 

Continuous flow 

Urban 



oughfare with avg speed 
of 40 mph 

|1 with low sight distance or 

Pedestrian 

Urban 

600 t 

250 ped. 'hr 

sharp vertical or horizon¬ 
tal curve 

15 mph avg 

Pedestrian 

Rural 

300 t 

125 ped hr 

30 mph avg 


• Approved by The Amcricdu Standards Association. 

t Average number of vehicles per hour for any 8 hr of an average day on all approaches. 

* Pedestrians or vehicles 

§ V’ehicles per hour on main public way for any period of time. 

I! Entrance to and exit from industrial plants, stadia, parks, etc, where surges of traffic occur for relatively short 
periods. 

Cycle Length and Division, As a general principle, cycle lengths should be short and 
the number of phasps should be the minimum ('on'>isteni with .<afetv and facility. Two- 
phase operation can ordinarily be achieved in a 35- to 50-sec total cycle length, whereas 
three-phase operation requires 55 to 70 sec. No phase should be less than 12 sec, includ¬ 
ing clearance interval. The allotment of time to cacli phase should be ba<ed on the peak 
demand unle*.s program devices are used to readju''t automatically the division of the cycle. 

Where pedestrians are to be protected by traffic signals, each phase should provide 
sufficient time for pedestrians to cros*'? the roadway at speeds of 3.5 to 4 ft per sec. A 
minimum of 3 to .) -sec should be allowed to get the pedestrians started, and clearance 
interval.-^ should be of such length that the last vehicle to enter the intersectional area will 

(1) be able to stop sliort of the intersection at comfortable, safe rates of deceleration, or 

(2) be cl-^ared of conflict with released cross flow. In urban practice, minimum clearance 
intervals of about 2 sec are used. For high-speed rural intersc'^dions, 5 to 7 sec may be 
required. Excessively long clearance intervals lead to aecidents. 

Signal Systems. Series of signal installations operating in a fixed-time cycle of coordi¬ 
nation become a signal sy.’'tem. There are four tvpc'' of system (1) simultaneous, (2j 
alternuto, (3' 'simple progressive, and (4) flexible progressive. In the simiiltanfons sysUm 
the division of cycle is con.stant throughout the sy.stem, and all green intervals for the 
main arterial street begin at the same instant at all interseidions and are of equal duration 
In the alttnuiti yvsteni, the cycle is U’^ually divhicfl into two equal phases of equal dura¬ 
tion. The main arterial flow is given the green indicatem at every alternate intersection 
at the same it'-'tant. In the progn'ssire s’jstfm, the green interval for the mam street at 
each intersection is sot for the optiiiium lag or lead from the adjacent or the ba.se inter¬ 
section of tunc reference The Jifxihlp p/ogrcssi-'f provides, by remote or automatic 

control, fliver'^c i^LiTto''ns of cofndinatum, <’V'I<‘-length change, and other features. 

System Coordination. Time, speed, and distance are the three fundamental factors to 
be dealt with in -ignal coordination. A • omnioiih accepted method of portra\iiig thec?e 
relationship-^ i^ ^hown in Fig 27 

Either the wirltn of 1)and (^apacitv) or the "peed of pnigres^ion or both mav be male 
to favor a particular direaion of flow When thb is done, liowever, it is always at the 
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expense of traffic movement in the counterdirertion. The progressive systems of coordi¬ 
nation thus may provide for two or three patterns of coordination (Fig. 28). 

In signal timing and coordination work, it is essential to base timing plans upon sound 
factual measurements of traffic and physical data. In preparing time-space diagrams, 
consideration should be given to diverse features of operation which are offered in modern 
signal controllers, including scheduled changes in cycle length and division, special ad¬ 
justments. and intervals to accommodate heav 3 ' turning movements, or pedestrians, and 
the u.-^e of master and program timers for super\’isory control including flashing operation, 



Time, $ec 

Fig, 27. Typical time-space diagram for traffic signals From Traffic Engineering Handbook, Insti¬ 
tute of Traffic Engineers, 1950. 

1 Plan of street drawn to scale 

2 ‘Go" intervals for main street designated by open space "Stop" inter^’als for main street des¬ 
ignated by solid line '■Yellow" intervals for mam street designated by crosshatchmg. 

3 Slope of this line indicates the speed and represents the first vehicle of a group or platoon moving 
progressively through the system from G Street to .4 Street 

4 As m 3 above, this line represents the first vehicle moving from A Street to G Street m the south¬ 
bound direction. 

5. This line is roughly parallel to line marked 3, and represents the last northbound vehicle in a group 
to go through all intersections 

6 The space between lines 3 and 5 on the time scale is the width of the "through band" in seconds 
This wndth may vary over different sections of the street 

7 "Leading green" where green is given to main street ahead of the "through band." 

8 "Lagging green" on main street after the "through band ” 

Note Speed signs for the illustrated system would be "25 mph" throughout. 

shutdown, and other refinements. In general, it is advisable to provide adequate flexibil¬ 
ity in controllers in order to permit and accommodate future refinements in time-cycle 
sequence and coordination. 

Traffic-Actuated Signals. ‘With traffic-actuated signals the diverse intervals are initi¬ 
ated by and are dependent on the demands of traffic flow, registered by detectors or push 
buttons. Because traffic-actuated signals conform more closely to the instantaneous de¬ 
mands of traffic movement, they do not normally delay traffic as much as fixed-time 
signals, especially at isolated installations. Because of this characteristic, they do not 
require fixed warrants for their proper use. Their utility is especially directed to compli¬ 
cated multiphase intersections and to those locations where wide fluctuations in traffic 
flow occur between the diverse phases of movement durmg different periods of the day. 
Traffic-actuated signals are especially useful also for the occasional interruption of con¬ 
tinuous traffic by very hglit or highly fluctuating movements of pedestrians or vehicles 
which must cross major thoroughfares. They are applied sometimes at non-intersection 
pioints to control speed, such as at bridges or sharp curves. They are also used to alter¬ 
nate the direction of movement in one-way restricted zones at narrow bridges, tunnels, etc. 

Types of Actuated Control. Traffic-actuated signals may be classified into two general 
categories: semiactuated and full actuated. Stmiactuated signals are controlled by vehicle 
detectors in the lanes of cross traffic, or by pedestrian push buttons. This type of control 
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is especially suited to those locations where heav>' streams require interruption at irregu¬ 
lar intervals to accommodate cross traffic. 

Full-actuated signals are sensitive to the demands of traffic streams on every street 
enterting an intersection. Thus two-, three-, and four-phase intersection operations can 
be achieved by this type of control. In addition some full-actuated controllers will dis¬ 
tribute the time available at an intersection in accordance with the “volume-density” 
demands of traffic flow providing therebj’ an optimum degree of coordination. Full- 
actuated signals are sometimes used at irregular “problem” intersestions within a co¬ 
ordinated system. 

Pressure-sensitive, magnetic, sound-sensitive, light-sensitive, and pedestrian push¬ 
button detectors are used for actuation. Special devices are used on trolley wires and on 
tracks for detection of streetcars and trains. 


PLANNING AND FUNCTIONAL DESIGN OF HIGHWAYS 


22. TRAFFIC ENGINEERING, HIGHWAY ENGINEERING, AND 
CITY PLANNING 

The planning of traffic facilities requires the application of fundamentals of traffic 
engineering, highway engineering, and city planning. An ideal highway alignment from 
a traffic service point of view may present design or construction difficulties or may create 
planning problems. On the other hand, the ideal location from a planning or construction 
point of view may be a very poor location insofar as the manifest purpose of the highway, 
the service of traffic, is concerned. Some of the factors in the planning of traffic facilities 
are discussed in this section. Related subjects are discussed in Section 4, Highway En¬ 
gineering, and in Section 1, Metropolitan and Community Planning. 

23. THE SELECTION OF HIGHWAY LOCATIONS 

Highway networks should conform wherever possible with the land-use pattern of the 
area served. In urban districts it is desirable to locate main highways on the transitions 
between different land uses, such as the boundaries of residential, business, industrial and 
recreation areas. In laying out new routes, care should be taken to minimize interference 
with closely knit residential and business centers, school districts and other distinct com¬ 
munal and social neighborhoods. Highway's should also integrate with otlier civic improve¬ 
ments, community centers, and prominent groups of buildings. When possible, the high¬ 
ways should be esthetically plea.sing so as to be a source of pride in ci\’ic accomplishment. 

Basic tools for planning highway routes are traffic desire-line maps, traffic flow maps, 
physical data regarding existing streets and their capacities, characteristics of peak traffic 
flows, land-use maps, topographic maps, and aerial photographs. With the aid of these 
tools, the planner selects the most likely alternative alignments which would serve effec¬ 
tively the traffic shown by the desire-line bands, dismissing routes w’hich can be readily 
seen to be unfeasible. While keeping in mind the reason for the construction of the 
highway, which is to carry traffic efficiently and safely, the planner endeavors to select 
alignments which will make maximum use of low-value property, and avoid ph 3 ^sical bar¬ 
riers and untouchable properties, such as large churches, schools, and cemeteries. Impor¬ 
tant objections to a location arise also from encroachments on public parks or historic 
areas, noise, loss of taxable properties, elimination of housing, and removal of shade trees. 
In this phase of the ■work, it is necessarj* to guard against extreme de\’iations for sentiment, 
politics, or other influences or for the accomplishment of other objectives such as slum 
clearance, park development, and land reclamation, when those objectives can be under¬ 
taken more economically as separate projects. It is sometimes unfortunate that an influ¬ 
ence may be exaggerated far beyond its true significance, and the planner may be hard 
pressed to counter the demands of a voceriferous or influential minority. 

24. THE DISTRIBUTION OF TRAFFIC ON ALTERNATIVE ROUTES 

Factors which may influence choice of routes are travel time, travel distance, length of 
trip, ability to keep moving, safety, convenience, economy, and habit. Motorists do not 
hesitate to change routes in order to avoid one which has become congested or otherwise 
unattractive. They will go considerable distances out of their wa^- in order to reach at¬ 
tractive, free-flowing arterials of modern design. 
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Recent investigations in regard to the distribution of passenger vehicles on alternative 
routes lead to the following generalizations. 

1. Travel time is the most important single factor in a motorist’s choice of routes. 

2. The actual time that is saved or lost on a given route provides the best basis for 
estimates of distribution on alternative routes. A good basis is also provided by travel¬ 
time ratios. 

3. A superior highway will attract some traffic which saves neither time nor distance in 
using that highway. 

4. Some traffic will use inferior routes even at the expense of time and distance. 

Typical traffic diversion curves for passenger vehicles are shown in Fig. 29 for freeways 
and boulevards. The limited information now available with regard to diversion of com¬ 
mercial vehicles indicates that travel distance is more important for commercial vehicles 
than for passenger vehicles and may be the controlling factor in the distribution of com¬ 
mercial vehicles on alternative routes. 



Fig. 29. Traffic diversion curves for urban arterial highways. Prepared by the Subcommittee on 
r actual Surveys of the AASHO Committee on Administration, and published in the AASHO Con¬ 
vention Group Meetm^, December 1952, but not, in January 1955, officially a part of AASHO policy. 


26. CONTROL OF ACCESS 

The rights of light, air, and access which abutting owners enjoy in regard to public 
highways under accepted interpretations of common law are essential to local streets and 
highways but can lead to serious impairment of capacity, safety, beauty, and convenience 
in the case of facilities designed for through traffic. Uncontrolled access can develop haz¬ 
ards and reduce road capacities to such points that highways of the most modern design 
become obsolete in terms of ability to accommodate traffic long before they are w'orn out 
physicalh’. Where traffic volumes are heavy, especially in the vicinity of urban areas, 
strip developments of businesses and residences grow rapidly. Numerous intersections 
and driveways result. Traffic congestion follows, accidents are increased in number, 
scenic values are destroyed, and blight and decadence of property values are fostered 
To insure that a through^highway facility will retain its efficiency, the number of con- 
ne-tions to it should be limited to the minimum number and the appropriate type suited 
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to the highwa 3 '. This can be accomplished bv ph\'sical means, such as the provision of 
parallel frontage roads, or the right of access ma\' be acquired from abutting owners when 
legal authority exists. For legislative purposes a limited-acf'pss facility' is defined in a 
model law recommended bj* the IT. S. Bureau of Public Roads as a highway’ or street espe- 
cialh' designed for through traffic, and over, from, or to which owners or occupants of 
abutting land or other persons have no right or easement or onl\' a limited right or ease¬ 
ment of access, light, air, or view b\' reason of the fact that their property’ abuts upon such 
limited-access facilit 3 ’ or for an 3 ’ other reason. Such highwa 3 'S or streets ma 3 - be park- 
wa\'S, from wiiich trucks, buses, and other commercial vehicles shall be excluded: or the}’ 
ma}' be freewa 3 ’s open to use hy all customar}' forms of street and highwa}’ traffic. 

About two-thirds of the states now have legal authorlt\- to control access. Some states 
are now building limited-access highwa3'S on new locations for anticipated present-da}* 
traffic volumes of 2000 vehicles per da}*. Property rights for limited-access facilities are 
usuall}’ acquired in fee simple. 

26. PROPERTY VALUES 

There is no clear-cut answer to the question of the effect which a major highway- 
improvement will have on property* values. Factors which appear to hay'O important 
bearing in a particular instance are the type of highwa}- improvement, the nature of the 
land use, the degree of congestion prior to the improvement, and the increased accessibility- 
afforded b}’ the improvement. 

Studies have shown that the construction of freewa 3 ’S has resulted in increased property* 
values in affected areas: 

A stud}’ made in 1933 of property* values along the route of the Bronx River Parkway- in 
"Westchester County*, N". Y.. indicated that, during the period between 1910 and 1932. 
propert}’ y*alues in affected areas along the parkwav appreciated almost SOO^'c more than 
propert}* y*alues m adjacent unaffected areas. This parkwa}’ is a slow-.speed highway with 
park-like treatment of the right-of-wa}*. The adjacent areas are mostly* residential 

A sury’ey- by* the Texas Highway^’ Department showed that, within 3 3 'ears of the opening 
of the first section of the Gulf Freeway* in Houston, the value of propert}* within the zone 
of influence of that section increased about 6ofc more than the value of other properties 
in the city. 

When bypasse.^ of congested areas are constructed with unrestricted acces.*: from abutting 
property, there is frequent!}* a tendency for the value of the business property in the by¬ 
passed area to decline, since many businesses moy’e to new locations along the hypa=? 
route. Tlie net result, of course, defeats the purpose of the bypass inasmuch a« the b}-- 
pa.«s itself becomes congested with the local traffic which was to be Hypa.-sod. the iny'est- 
ment in the higlnvay improy'ement is wasted, and the bypa.s.sed property* suffers a loss. 
On the otlier hand, there is ample eyidence that the construction of controlled access by¬ 
passes of congested business areas promotes business and increa-^es real-estate values in 
those areas by proy’iding greater safety and cony'onionce for local customers 

Thr* California Division of Highways investigated the retail volumes of bypassed busi¬ 
nesses and of bu.sinesses generally- in the y-icinity at several bypas^^ locations before and 
after the construction of the bypa.'^ses. The findings of y-olumc changes of retail business 
for six small cities iiu'estigated in 1950-1951 are giy-en in Table 21 


Table 21. Effects of Bypasses on Business Volumes 




Nuniber of 

Net Fi-T ot's on Bu-iiu-by 

Type, % 



C'l*". "it ri'iCf 




Population 

Bypa^.'sed 

Bam ^t.^tlon•' 

Orhe: 

North Sacramento 

6016 

224 

4-115 -25 5 

-21 5 

.Vuburn 

4577 

74 

-n 5 0 -25 0 

0 0 

Fairfield 

3607 

70 

-24 4 - 23 0 

-14 i 

Folj.oni 

1706 

36 

4-7 4 - 5 0 

— 1 0 

Impel lal 

1500 

21 

- 1 5 - 2 7 

- 0 5 

FsconUido 

6500 

67 

-fU.g -^25.6 

-^12.7 


The California Division of Highways also found that for ."ingle and niuliiple dwellings 
no diminution in y-ahie occurred by the dey-elopmeut of cul-de-:rae ^treet^ created by- 
expressway construction and. in many mcrea'^td values re.>ulted. This finding was 

y-erified by ",ales of proi>erties situated on cul-de-sac street.?, and also by the determinations 
of juries in condemnation cases. 
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27. ROAD CLASSIFICATION FOR DESIGN 

According to English common law, a public way is a strip of land, open to the public 
for purposes of travel as a matter of right and over which abutting property owners have 
the right of light, air, and access. Highways are now classified according to administrative 
needs, according to traffic volumes, and according to the extent to which access is controlled 
through regulation and design. Classifications in the latter category include the following: 

A through facUUy, or throughway is a preferential street or highway for through traffic 
which may be entered or crossed by a vehicle only after that vehicle executes a full stop, 
except where directed to proceed without stopping by an officer or traffic signal. 

An expressway is a divided, multilane roadway for through traffic with partial control 
of access, having important crossroads separated in grade, but with some grade crossings, 
consistent with the traffic and development conditions involved. 

A freeway is a di\dded, multilane roadway for through traffic with all crossroads sepa¬ 
rated in grade and with fuU control of access. 

In the absence of limited-access legislation, strips of land many miles long have been 
procured and designated, through the pow’ers of state agencies, to be parkways dedicated 
as parks, open to the public, to which abutting owners do not have rights of light, air, or 
access. Thus, a road which is included as an incidental part of the park area may be an 
expre^way or a freeway except that its use by commercial vehicles is generally prohibited. 


28. ROAD SURFACE 

Friction. The friction provided by a road surface sustains the braking force of vehicles 
and resists centrifugal force on curves. For practical purposes, the critical frictional re- 
qxiirement is the ability to resist straight forward-sliding skids. Most hard (but not 
bumpy) road surfaces offer about equal resistances to skidding when they are dry but 
some become dangerously slippery when wet. A significant reduction in friction results 
from increased speed. Ice and sleet, of course, have low frictional coefficients, especially 


Table 22. 

Approximate Coefficients of Friction Determined by Sliding Tests 


Speed 


10 mph 

20 mpb 

25 mpb 


40 mph 


Condition of tires 

New • 

Smooth 

New • 

New • 

New * 

Smooth 

Condition of pave¬ 










ment 

Dry 

Wet 

Dry Wet 

Dry Wet 

Wet 

Dry 

Wet 

Dry 

Wet 

Type of Surface 










Concrete (Va.) 
Concrete (Mo.) 

(broomed) 
Concrete (Kan.) 

0.810 

0.705 

0.830 0.700 

0.625 0.505 


0.625 

0.535 

0.785 

0.525 

(smooth belted) 
Asphalt (D. C.) 

0.710 

0.575 

0.820 0.600 

0.645 0.505 


0.595 

0.460 

0.725 

0.335 

Macadam (D C.) 
B’tuminous ^Kan.) 




0.600 0.398 






(sandy, non* 










bleeding' 

0.915 

0 525 

0.975 0.430 



0.640 

0.365 

0.645 

0.300 

Bituminous ^Kan ) 
(glared' 

Bituminous (Kan) 

0.345 

0.400 

0.900 0 400 



0 600 

0.260 

0.645 

0.115 

(coarse chip) 
Bituminous '^'yo ) 

0.760 

0.630 

0.790 0.520 



0.520 

0.360 

0.570 

0.510 

Oimestone chip, 










bleeding) 

0.700 

0.500 

0.670 0.435 



0.520 

0.290 

0.460 

0.340 

Gravel 




0.580 


0.550 




Packed snow 

Ice 

Mud on concrete 

O.llO 

0.070 


O.llO 0 070 

0.220 





(D. C.) 

Oil on concrete 




0.548 






(D. C.) 




0.228 







• Tires with tread pattern or a “non-skid” tread are termed “new.” 

Source: Data assembled by Highway Research Committee, Society of Auotmotive Engineers, 1947, 
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if the surfaces are wet, clean, and smooth. Friction on snow depends on the compaction 
of the snow. Mud or wet leaves may be as slippery as ice. Typical coefficients are given 
in Table 22. 

Pavement Smoothness. Traffic may be induced to follow desirable paths by varying 
the smoothness of the road surface. Roughening to warn traffic at critical locations also 
has considerable merit. Of course, all roughness designed in the traveled portion of the 
roadway should be only severe enough to cause vibration and rumbling sound sufficiently 
strong to gain the driver’s attention. However, even small irregularities in the pavement 
surface become filled with dirt, which renders them ineffective and they are a problem 
for snow-removal equipment. 

Light-Reflecting Characteristics of Pavements. Glare caused by the reflection of on¬ 
coming headlights is negligible on a dry pavement, but it is an important factor in safe 
seeing when the pavement is wet. A film of water on a smooth impervious pavement 
surface creates a mirror effect, called specular refle^.lion. The same characteristics which 
reduce surface friction also increase the specular reflective power of the pavement. The 
amount of reflection is determined by the surface texture and the drainage. Light- 
covered surfaces of rough, well-drained texture do not become specularly reflective but 
aid silhouette seeing and provide more pavement luminosity under street-light illumina¬ 
tion. Eyestrain may be caused by the brilliant reflection of sunlight on white roadway 
surfaces when the sun is near the horizon. Lampblack is sometimes used to reduce the 
brightness of cement concrete, but when that is done the color of the pavement should 
retain much of its light appearance for good night visibility. 

Contrasting pavement colors may be utilized to indicate preferential use of traffic lanes 
and to emphasize acceleration and deceleration lanes, turning lanes, and shoulders. 


29. LANE WIDTHS 

Although there are no absolute standards, lane T^ddths of 12 ft are considered ideal for 
all high-speed roads and for low-speed roads with a high percentage of trucks. On low- 
speed roads in urban areas where the cost of right-of-way and other difficulties are major 
considerations, an 11-ft lane width may be satisfactorj'. Lanes should not be so wide as 
to offer so much freedom of movement that drivers tend to make improper maneuvers. 
For instance, a wide two-lane road may tempt some drivers to use it as a three-lane road. 
On the other hand, lanes 12 i /2 ft to 13 ft in width outside of the zones of influence of 
curbs, guard rail, etc., have been used on some high-speed, multilane facilities and have 
seemed to afford ease of operation. Lanes wider than those are sometimes located next 
to the median to facilitate passing or next to the shoulder to accommodate slower-moving 
trucks. In neither case, however, has their value been factually demonstrated. 

Narrow lanes restrict the capacity of a highway by limiting the freedom of movement 
of traffic. On two-lane roads, there is a definite correlation between lane widths and 
capacity since on those roads capacity is primarily a function of the frequency of passing 
opportunities and the fluidity of the passing maneuvers. On multilane roads with narrow 
lanes, capacity is reduced by the tendency of drivers to straddle the lanes. 


30. NUMBER OF LANES 

The number of lanes required by a highway is a function of the design volume and 
capacity of each lane. The capacity of any lane is related to the opportunities afforded 
for faster vehicles to overtake and pass the slower ones. By providing a common center 
lane for passing, the capacity of a road is increased, but it is believed that a high accident 
potential results although this has not been clearly demonstrated. At any rate, the 
three-lane road does not lend itself well to unbalanced flow; it cannot be efficiently ex¬ 
panded to a four-lane divided roadway when a rabed divider is to be employed; and, if it 
is to accommodate traffic volumes substantially greater than would be accommodated by 
a good two-lane road, passing sight distance must be almost continuous over the length 
of the road. 

On urban arterials, traffic peaks are sometimes extremely directional, as evidenced by 
the inbound traffic rush to the business district in the morning and the outbound rush in 
the afternoon. To accommodate this unbalanced flow, multilane roads may be arranged 
to provide for reversing the flow on certain lanes, as required. When this is done traffic 
signals and neon or other signs should be used to indicate to motorists the direction of flow 
on the reversible lanes. Lake Shore Drive in Chicago is a particularly interesting example 
of reversible flow on certain lanes with the physical aid of movable dividers. Dividers 
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placed between pairs of lanes on the eight-lane facility can be raised and lowered by 
means of hydraulic jacks. Although the theoretical advantages of this system are quite 
tempting to the traffic designer, mechanical difficulties and costs discourage its use. 


31. TRAFFIC SEPARATORS 

Traffic separators are used to prevent collisions between vehicles traveling in opposite 
directions, to prevent V turns and other dangerous maneuvers, and to channelize traffic 
into efficient streams. The methods Used may be markings on the road, physical dividers, 
or area dividers. The application of traffic markings is discussed in Art. 19. It should be 
noted, however, that neither painted nor permanent lines are recommended for center¬ 
line marking on miiliilane highways of four or more lanes. Opposing traffic on such high¬ 
ways should be separated by physical or area di\'ider3. 
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P'lG. 30. Precast concrete detiector designed by the California Highway Commission Engg News 

litLU d. July lU, 1U47 


Mechanical Dividers. Mechanical dividers prevent head-on collisions with a minimum 
use ot road width, being particularly applicable ior mstaliation on existing four-lane un¬ 
divided roads where wider divider^ would be very costly. They should be designed to 
return an encroaching vehicle to the roadway without allowing anj- part of the vehicle’s 
body to scrape and without causing overturn mg (Fig. 30}. Disadvantages arise from their 
appearance; their narrowness, which does not pro\’ide an adequate haven for crossing and 
turning vehicles: and their influence upon veliicle placement, which results in a less effec¬ 
tive lane -wndth. 
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Area Separators. Area separators provide a neutral zone between opposing streams 
of traffic in which vehicles out of control may be safely brought to a halt. They are 
satisfactory with regard to ordinary driver comfort and pleasing to the eye. Planting 
may be utilized to reduce headlight glare. At intersections, wide separators provide a 
zone of safety for pedestrians, facilitate channelization, and provide space for the “shad¬ 
owing” of crossing, and left-turn traffic. Area separators should be at least 25 ft wide to 
“shadow” crossing passenger cars and at least 45 ft wide to “shadow” crossing trucks. 
Less width is required for vehicles turning left from the dmded road but considerably 
more width is required for U turns mo-ving from inside to inside lanes. 


32. GUARD RAILS 

Experiments have been made with a guard rail of the parabolic deflector tj'pe, similar 
to one-half a mechanical divider. If properly designed, it may be unsurmountable and 
yet be able to restrain vehicles without deflecting them back into traffic or causing exces¬ 
sive damage. 
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Curbs may be classified as mountable, low-speed barrier, and high-speed barrier (Fig. 
31). The mountable curb encourages traffic to remain on the through traffic lanes and yet 
allows drivers to enter the shoulder area 
with little difficulty in case of emergency. 

It is also useful in the control of drainage. 

It may be reflectorized, constructed of white 
concrete, or ribbed to delineate the edge of 
the pavement at night. Mountable curbs 
have only a very slight effect on the trans¬ 
verse placement of vehicles, corresponding to 
a reduction in effective pavement ■width of 
1 ft during the da^iime and no reduction at 
night. 

The low-speed barrier curb is used wherever 
it is desired to prevent sidewalk encroach¬ 
ment or to provide a parking barrier. Like 
other curbs, it may be designed to delineate 
the edge of the road, and although it does 
control drainage, it should not be used when 
this is its only function. It has an effect on 
transverse placement much greater than the 
mountable curb because of its greater zone of 
influence. It is therefore recommended that 
widths of lanes adjacent to low’-speed barrier 
curbs be increased 1 to 2 ft. Curbs of design 
intermediate to the mountable and the low- 
speed barrier types should not be used be¬ 
cause their purpose is not clear and drivers 
are reluctant to cross them for emergency 
parking. 

The high-speed harrier curb is intended to 
prevent vehicles from being driven off the 
roadway under any circumstance. They are 
used at unusually dangerous locations where 
the damage inflicted bj' holding the vehicle 
on the road by physical means would be less 
than that suffered if the vehicle were to 
leave the road. The best design for a bar¬ 
rier of this type would be a parabolic de¬ 
flector similar to a half-section of a mechani¬ 
cal traffic separator. The effects of high¬ 
speed barrier curbs on placement are similar to those caused by other obstructions 
along the road. 
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Fig 31. Examples of highway curb types, 
(o) Mountable; (6) low-speed barrier; (c) high¬ 
speed barrier 
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34. ROAD MARGINS 

Shoulders. Shoulders are provided along the edges of roads to serve as emergency 
lanes for vehicles that are forced or driven off the roadways and to act as service lanes for 
vehicles that are disabled. Shoulders should be at least 13 ft wide on primary roads serv¬ 
ing truck traffic and 10 ft wide on roads serving only passenger vehicles. When a con¬ 
tinuous shoulder is not possible, turnouts should be provided frequently to enable vehicles 
to stop without interfering with the traffic flow. 

The riding surface of shoulders should not be as smooth as that of through traffic lanes, 
since, if thev are used as travel lanes, their function as emergency lanes is destroyed and 
maintenance problems are created. However, the appearance of a shoulder should reflect 
its ability to support a loaded truck, even in wet weather. 

The color of the shoulder should contrast with that of the road surface for better day 
and night delineation of the edge of the road and to indicate to the driver that the shoul¬ 
der is not a through lane. 

Sidewalks. Where sidewalks are constructed, curbs should be used to prevent vehicle 
encroachment. Along high-speed roads in rural areas, appropriate barriers should be 
constructed between the outside edge of the shoulder and the sidewalk, unless the distance 
separation is sufficiently great for pedestrian safety. From a functional point of view, 
sidewalks should be designed with a surface smoothness equal to or better than that of the 
roadway. If the surface is rough or does not drain properly, pedestrians will use the 
roadway instead. 

Roadside Landscaping. Appropriate plantings on islands and separators may be used 
to block headlight glare and to mark crossovers, curves, and intersections. It is possible, 
but not demonstrated, that a thick vigorous growth of shrubbery’ and \'ines matted to¬ 
gether mav cushion the impact of vehicles with greater safety and less damage ihan guard 
rails. On the other hand, roadside plantings may cause hazards if they are not properly 
located and maintained. Shrubbery and trees on the inside nf curves and at intersections 
may block vision if they are allowed to grow tall and are not trimmed. Plantings too 
close to the traveled way may affect vehi^'le placement, and trees may become lethal 
obstructions however small they may have been at the time of planting. For these rea¬ 
sons plantings should be limited to shrubbery and held to a height of 3 to 3 Wo ft above 
the surface of the pavement. 

Fjontage Roads. Frontage roads are local roads used to furnish access to properties 
along an expressway or freeway facility and to serve traffic desiring to cross or enter the 
facility. They may be designed for one-way or two-way operation. The standards of 
cross-section design for frontage roads are lower than those for the through roadway be¬ 
cause lov; speeds and congestion caused by parking and pedestrians are usually to be 
expected. 

Driveways. Driveway locations near intersections should be in keeping with the speed 
of through traffic, the type of mtersection control, and the sight-distance requirements. 
Between intersections, driveways should not be located where sight distances are re¬ 
stricted or where vehicles parked in the driveways will restrict sight distance. Where 
more than one driveway is needed to serve a single establishment, such as a filling station, 
they should be separated by as much distance as possible. The separating island should 
be raised to prevent vehicle encroachments and should extend into the property far enough 
to permit adequate sight distance for pedestrians on the sidewalk and for motorists leav¬ 
ing the property. The width of driveway should be held to a practical minimum to 
reduce the length of crosswalks, but curb radii should be long enough to allow vehicles to 
turn into the property from the outside lane of the roadway and to return to the roadway 
without encroaching on other lanes. 


35. SIGHT DISTANCES 

The sight distance at any point on a road is the distance along the road that drivers 
can see. Restricted sight distances may stem from a variety of causes, such as parking, 
billboards, shrubbery, vertical alignment, or horizontal alignment. The sight distance 
required depends upon a number of driver and vehicle factors, including: (1) the PIEV ^ 
time of drivers, (2) the time required to avoid a hazard or hazardous situation, and (3) 
speed. 


^ Perception, intellection, emotion, and volition. 
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Safe Stopping Sight Distances. In determining braking distances, it is assumed that 
road“Surface friction, and not the friction in the brake mechanism, is the most critical. 
The total stopping distance, composed of the distance traveled during the driver's reac¬ 
tion time and the distance traveled while the brakes are applied, may be computed approx¬ 
imately as follows: 


S = 


30(/ ± p) 


+ 1.47 FT 


wherein S = stopping distance in feet. 

V — initial speed in miles i>er hour. 

/ = the average coefficient of friction between tires and pavement. 
p = gradient expressed as a decimal. 

T = PIEV ^ time in seconds. 


The AASHO recommends a minimum value for PIEV time of 2.5 sec. The AASHO also 
recommends a maximum value of 0.36 for / when F is 30 mph, ranging to 0.29 when F is 


Passing vehicle 



Design speed, mph 



Fig. 32. Element^; of and total passing sight distance, two-lane highways From A Policy on Geo- 
metne Dt'sign of Rural Highways, AASHO, 1954. 

70 mph. These values were assumed for conditions of straight-forward skid on wet, clean 
pavements. They represent deceleration rates which are severely uncomfortable for the 
occupants of vehicles, dangerous for trucks, and damaging to truck brak.ng mechanisms. 
Stopping distances computed on these assumptions are shown in Table 23. Many engi¬ 
neers l>elieve that safe stopping sight distances should be 2U to 30% higher than indicated 
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on the basis of the AASHO assumptions, and even higher than indicated by the Nationa 
Interregional Highway Committee. 

Table 23. Recommended Minimum Safe Stopping Sight Distances (Daytime) 


Design Speed, 

Level Road Distances, ft 

mph 

AASHO * 

XIHC t 

30 

200 


40 

275 


50 

350 


60 

475 

525 

70 

600 

700 


* A Policy on Geometric Design of Rural Highways, AASHO, 1954. 

t National Interregional Highway Committee, Interregional Highways, House Document 379, 
Government Printing Office, 1944. 

Gradient has a significant effect on safe stopping distances. For example, the braking 
distance on a 6% upgrade from 60 rapli is 160 ft as compared with 213 ft on a 6% down¬ 
grade from the same speed. 

Safe Passing Sight Distances. Safe passing sight distance applies only to two- and 
three-lane roads where common lanes are used by traffic moving in opposing directions. 
Although it is standard practice to pro\fide safe stoppmg sight distances throughout the 
length of all improved roads, this same poIic 3 ’ for safe passing sight distances, which are 
from three to five times longer, would present a severe economic problem. 

The most critical passing situation occurs when the passing vehicle must be slowed to 
the speed of the passed vehicle before starting the maneuver and is met by an oncoming 
vehicle at the finish of the maneuver. The total theoretical safe passing sight distance is 
shown for various speeds in Fig. 32. The various components of the passing sight distance 
are: 

di = distance traversed during the preliminary- delay period (the distance traveled 
during perception and reaction time and during the initial acceleration to the 
point of encroachment on the left lane). 
do — distance traveled while the passing vehicle occupies the left lane, 
ds = distance between the passing vehicle, at the end of its maneuver, and the oppos¬ 
ing vehicle. 

d 4 = distance traversed by an opposing vehicle for two-thirds of the time the passing 
vehicle occupies the left lane, or 2.'3 of do above. 

Typical values for the elements of the maneuvers are shown in Table 24. 

Table 24 

Speed group, mph 30-40 

Average passing speed, mph 34.9 

Preliminary delay 

a = average acceleration rate, mphps * 1.40 

= time, seconds * 3.6 

di = distance traveled, ft 145 

Occupation of left lane 

to ~ tune, seconds * 9.3 

do = distance traveled, ft 475 

Clearance length 

di * distance traveled, ft * 100 

Opposing vehicle 

^4 = distance traveled, ft 315 

Total distance, di -I- dj -r da + d 4 , ft 1035 

* For consistent speed relation, observed values adjusted sh 

Source- Policy on Geometric Design of Rural Highways, 

Mmimum passmg sight distances for design are illustrated in Table 25. 


Table 25. Minimum Passing Sight Distance for Design of Two-Lane Highways 


Design speed, mph 

30 

40 

50 

60 

70 

Assumed passing speed, mph 

Minimum passing sight distance, ft 

30 

40 

48 

55 

60 

Figure 32 

810 

1265 

1675 

2040 

2310 

Rounded 

800 

1300 

1700 

2000 

2300 


Source: A Policy on Geometric Design of Rural Highways, AASHO, 1954. 
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Intersection Sight Distances. Sight-distance requirements at intersections may be re¬ 
duced by traffic signals, stop signs, and advance warning devices but. for the purpose of 
design, it is generally assumed that these controls will not be used. Drivers on all ap¬ 
proaches of intersecting roadwaj'S should be provided a clear view across the corners 
created by adjacent approaches for a sufficient distance from the point of intersection to 
avoid collisions. This area of unobstructed sight is called "the sight triangle." As a prac¬ 
tical matter, both drivers seldom stop, but rather the one with tiie time advantage proceeds 
through the intersection. Table 26 shows mminium suggested approach distance-speed 
relationships for roadways of various assumed design speeds when: 

1. The potential time of arrival is the same. 

2 The velucie on the preferential road continues at the assumed design speed of that 
road. 

3. The vehicle on the minor road stops from the assumed design speed of that road 
within the minimum comfortable stopping distance. 

Table 26. Suggested Minimum Dimensions of Sight Triangle at Intersections of Minor 

and Preferential Roads 


Minor Road 

- Preferential Road 



Comfortable Stop¬ 





ping Sight Distance 

Potential 


Dimension of Sight 

Design 

(Dimension of Sight 

Time to 

Design 

Triangle along 

Speed, 

Triangle along Intersection, 

Speed, 

Preferential Road, 

mph 

Minor Road), ft 

sec 

mph 

ft 

30 

195 

4.4 

30 

194 




40 

258 




50 

323 




60 

388 




70 

454 

40 

308 

5.2 

30 

230 




40 

305 




50 

382 




60 

458 




70 

535 

50 

445 

6.1 

30 

268 




40 

358 




50 

449 




60 

538 




70 

629 

60 

606 

6.9 

30 

305 




40 

405 




50 

509 




60 

610 




70 

711 

70 

790 

7.7 

30 

340 




40 

453 




50 

565 




60 

679 




70 

792 

The cntK-al situation at intersections exists when 

a vehif'lo 

stopped on the crossroad 

must accelerate ; 

acioss the preferential road iMiiumum >ight ( 

h->tance fur this situation 

involves the PIEV time of the crossing 

driver, accelct 

atioa time. 

lengtli of crossing, length 

of crossing vehic 

•ie. and the speed of 

the vehicle approa<‘luag 

on the preferential road. 

Acceleration practices of unknown drivers measure* 

1 at three 

intersection? is shown m 

Table 27 The 

normal acceleration 

characteristics 

of bu^es le^einble very closely the 


values for pass^enger cars. 

When two one-way traffic stream? unite to form a single one-way stream (Fig. 33>, 
drivers must he able to see gaps in the stream being entered in ^^ufficient time to accept or 
reject them. When a gap is rejected, there must be sufficient time. also, for the merging 
vehicle to stop before arriving at the collision point. Lmpiin’al studies have indicated 
that the average driver will merge wdth the other stream when he arrive? at the point of 
stream conflict approximately 3 sec in advance of an approaching vehicle in the other 
stream—pro^dded that his speed i*^ about the same as that of the approaching vehicle. 
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Table 27. Average Acceleration Rates from a Stop, Expressed in Distance and Time 

(Does not include PIEV time) 


Passenger Vehicles and Buses Trucks 


Distance, 

Time, 

Distance, 

Time, 

ft 

sec 

ft 

sec 

30 

3.5 

30 

3.9 

50 

4.7 

50 

5.4 

70 

5.7 

70 

6.5 

90 

6.8 

90 

7.6 

110 

7.8 

110 

8.8 

130 

8.8 

130 

9.7 


As the differential in speed of the two streams is increased, a longer time-gap require¬ 
ment is indicated. This points toward the importance of acceleration lanes, adequate 
radii of turns, and other design elements to reduce the speed difference of merging streams 
at intersections. Minimum dimensions of sight triangle for various assumed design 
speeds are shown in Table 28. These dimensions will allow the merging vehicle to proceed 
safely into the intersection at constant speed when no interfering vehicle is visible within 
the minimum sight distance along the preferential road. At some merging intersections 
where neither of the intersecting streams is inclined to give way, the minimum sight tri¬ 
angle dimension for each road should be the comfortable stopping distance plus the dis¬ 
tance equivalent of a 3-sec time gap, computed on the basis of the assumed design speed 
of each road. 



Fig. 33. Suggested sight-triangle distances for merging traffic. V — assumed design speed of prefer¬ 
ential road in mph; Vi = assumed design speed of merging road in mpb. 


Table 28. Minimum Dimensions of Sight Triangle at Merging Intersections 


Assumed Design Speed 


of Merging Road Dm. ft 
30 195 

40 308 

SO 443 

60 606 

70 790 


Assumed Design Speed 
on Preferential Road, 

mph Dpf ft 

30 327 

40 436 

40 484 

50 605 

50 666 

60 799 

60 871 

70 1016 

70 1099 


Night Sight Distances. Visibility distances available for safe stopping during night¬ 
time conditions are much less than during daylight. Night visibility is the least when 
drivers are subjected to glare from approaching headlights or other extraneous light sources. 
Not much is known about the time required for a driver to perceive and react to a hazard 
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at night. Eyestrain and glare along with the physical and mental fatigue experienced at 
the end of the day probably is responsible for a longer reaction time at night than during 
the day. Visual stimuli under low levels of illumination are much weaker than during 
daytime and therefore do not compel as much attention. 

Minimum specifications of the Society of Automotive Engineers for sealed-beam head¬ 
lights require at least 40,000 total candlepower. The distribution of light within the head¬ 
light pattern is controlled by both the Uniform Vehicle Code and specifications set forth 
by the Society of Automotive Engineers. 

The Effect of Vertical Curves on Sight Distances. Daytime safe stopping sight dis¬ 
tances are an important factor in the design of crest vertical curves. Current design prac¬ 
tice assumes the average height of the driver’s eye as 4.5 ft and the height of a hazardous 
object on the road at 4 in. or more. It is reasoned that lower objects could be struck with¬ 
out much hazard. When grades are short and sight distances extend over several vertical 
curves, adequate curve lengths are selected by trial and error, usually by plotting the 
profile to a suitable scale and aligning a straightedge between pairs of points correspond¬ 
ing to the respective heights of eye and object. A chart, such as that illustrated in Fig. 34, 
may be conveniently used for the determination of minimum length of a single-crest verti¬ 
cal curve when the daytime safe stopping sight distance and grade are known. 



Fig. 34. Non-pasaiag sight distance; relation between sight distance, highway grades, and length of 

\ ertical curve. A = algebraic difference of grades — per cent -r- 100. When S > L, L = 2S — • 

_ A 

45 * 

When 5 < L, L = ^ 459 * Height of eye, 4 5 ft. Height of object, 4 in. 

When passing on a crest, the passing driver first sees the top of an approaching vehicle. 
Most passenger vehicles have an overall height of about 5 V 2 ft while the height of trucks 
ranges up to 14 ft. How much of the top of a vehicle must be visible before its presence is 
detected is uncertain. It is assumed that vision requirements are satisfied when both 
drivers see each other at the eye height for passenger vehicles, i.e., 4.5 ft above the road 
surface. Recent studies, however, show that, when sight distance is restricted, drivers 
seldom pass until they reach the point where they can see the pavement surface ahead for 
a sufficient distance to permit safe passing. Minimum safe passing sight distances are 
related to crest curve design by the procedures described for daytime safe stopping sight 
distances, the only difference being that the vertical height of the object is 4.5 ft instead 
of 4 in. Where only one vertical curve is involved, the chart shown in Fig. 35 may be used. 
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Fig 3.5. Passing sight distance, relation between sight distance, highway grades, and length of verti¬ 
cal curve -I = algebraic Jitferenco oi grades ■“ per cent -r 100 T\'hen *3 > Z., L = 2a> — 

When S < L. L = 4^' Height of eye and height of object, 4 5 ft. 


36. VERTICAL ALIGNMENT 

Speeds on Grades. Modern passenger vehicle;, are adequately powered to ascend grades 
up to 1.5'^ without appiociatjle reduttion in speed. Medium and heavy trucks, however, 
are slowed substantially on grades of 3% and over. Most truck drivers enter ascending 
grades at the highest spee<l considered safe under prevailing conditions in order to utilize 
L much moineiituiu as possible in overcoming the resistance of the grade. On long grades, 
the niomentuni is eventually lost and a vehicle operating at full throttle reaches a constant 
speed. This is called the vehicle’s onstained spetd (Fig. 36 k 

Ilighway designers ma\' imtirove traffic movement by iiiniting the steepness and or 
length of grade.s, and by providing extra lanes for trucks on steep grades. Most design 
standards for high-type roads carrying truck traffic .specify 3^ maximum grades wherever 
it is economically feasible, except that steeper grades may be used for short distances as 
for ramps at grade separations. 

Effects of Grades on Deceleration and Acceleration. Combined gradient and hori¬ 
zontal curvatuie shouhl be avoided or minimized because sale .^topping distances are 
greater than normal when vehii’le-^ decelerate on curves While no factual data are avail¬ 
able, it is believed that gradient may also account foi errors m braking-distance judg¬ 
ment. This is particularly hazardous on long steep downgrades. On upgrade.s, grade 
resistance is added to tractive resistance and longer distances are required for acceleration. 
Corresponding allowances must be made in the design of acceleration lanes, passing sight 
distances, and other features of the road. 
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Vertical Curves. Within the grade angles employed in highway work, the parabola 
and circular arc are practically the same and therefore have the advantages of both. The 
parabola is the simplest to laj- out and is commonly used in the United States in both 
crest and sag vertical curves. 



Fia. 36. The effect of length and steepness of grade on the speed of medium trucks with a gross load 
of 30,000 lb Indicated average speed pattern of heavily loaded vehicle.^ on various percentages of 
grade Rate of speed loss on various percentages of grade and dustance from initial point to .-tart of 
crawl speed Plotted from 1948-1949 field data Source- 19ol Prxeedmgi, Western .4.ssn of State 
Highway Officials, from Truck Speeds on Grades, Py . E Willey, p 163. 


37. HORIZONTAL ALIGNMENT 

Equilibrium of Forces. To hold a vehicle on a curve, a force must be introduced to 
equal the centrifugal force acting on the vehicle. This opposing force is the resultant of 
the superelevation and the friction developed between the tires and the road surface. The 
equilibrium formula expressing this relationship is: 

0.067 U* 

c+/=—^ 

where e = superelevation in feet per foot. 

/ = coefficient of friction in pounds per pound. 

V = speed in mph. 

R = radius in feet. 

Superelevation. Where spiral transitions are provided, superelevation along the entire 
central circular curve should be the maximum value attuineii, with all superelevation run¬ 
off placed along the transitions. Where spirals are not provided, about two-thirds of the 
superelevation is placed on the tangent and one-third on the curve. In northern climates, 
the maximum practicable amount of superelevation is limited by the tendency of slow- 
moving vehicles to slip to the inside of curves when the pavement is icy. In such climates, 
a maximum value of 0.08 ft/ft is recommended and a value of 0.06 has been found desir¬ 
able in some locations. Where ice is not a problem, superelevation is excessive where 
there is a tendency for loads on trucks to shift toward the inside of the curve at low speeds 
or where drivers experience an off-balance sensation which maj- lead to improper steering. 
The maximum value recommended for southern climates is 0.12 ft/ft although values up 
to 0.16 ft/ft have been used on interchange ramps. 

When the curvature to be employed on a horizontal curve is less than the maximum 
allowable, there is a leeway as to how the force opposing centrifugal force is to be dis- 







3-58 


TRAFFIC ENGINEERING 


QO — (N tA OO 
fA vr\ r>. eo 

o o o o o 


CO ^ — t*«. rA 
O CO O' — 

o o o o — 


V- NOiAfAAj — 

CO — fN, o 

O — — — fS 


ae tN. no fs 

cN ^ r>, Os 

. O O O O O O O 


“ iAr>.0' — rAxACO 

“! rA-^»Ai>.aoav — 

c I WOOOOOO — 


s_ cA-^iAsorsoeo 
, '« 00 O (N 'V nO — 

4- OO — — — — A4 


nOAJOs^— -^sOO 

fSrAfA^iA«Cf*>.^ 

OOOOOOOO 


rA_O>00sOA49>iA 
rA^'^iAsOaO^ — 
« 4-0000000 — 


s.. ^OfAOOAtr^OiAtA 

•«*-«Al>iaoo— ^r»iO 

-\- OOOO — — — — A4 

« o 


lAOfA — OrN-CfAfSO 
A4Al?A*»^tA~drs.00aO 

oooooooooo 


*«. —r><N<AfA'^'<rtA*A'« 

*J ^AfA-^u-iOfN.OOOO — 

2 « 4>-4~’^OOoOOOOO — — 


W OOA«r>.>«>OtA-^<N — OCOAstA 
«N«A'^iA>OAsO — <AvAnOOOO 

-f- ooooooo — — — — — <^ 


<At^PAP«.A«>o — ^A^■♦COfAaOA^^s,— 

rSAJfAfA^^«A»AlA'0'OA»l>.00 00^ 

oooooooooooooooe 


O'©— r«.«AO'*A — t>.fAO'*AO'OfNCC 
CA?A'^'^^»A»A^A.r>,0C0CO'OO — — 
-OOOOOOOOOOOO — — — — 


>0 — '>CrsrsfNfAfA^^xA»A>O>©>OA«.A»®00eoO'O' 
~-(NfS<A(A^tA'OA>.aO^O — AlfA'VU^'.0A<«aC9'O 
-*- OOOOOOOOOOO — —. — — — rN 


PM«Af«»^ — «A'^A««;— «At." 
r>IPS«MAi»r\»ArA*A<A^^'»A 
OOOOOOOOOOOO 


O' — *^00'AitAP>OrAiASO 
AJfAfAfATA^^^tA«AiAlA 
4-000000000000 


S.^ rvO'fN'J-'Oa'rA50«AA'.A»A» — '0~-u^O‘AO'*<»'CO'^fCfA 
OO — — — — A4A{«r\fA'9''4'<A«A>CsOAsr>ir>«OCOC‘9-0 
+ OOOOOOOOOOOOOOOOOOOOOOO — 


0‘AAjor>ifAsOiA©'r>i.r>.^Aico<so<AOo 
— fAfA^lA — — *AA*.C*4r*>«-»- — CO*Ar 
iD0CfN0''O-^ — OcOIN.>OiA«A'4'<G'-^'AtAf 
tA A4 tS — — — — 


^ ooooooooooooooooooc 

■ ^ eAO(AO*AOOOOOOCOOOOOOC 
b I I I ) ; I I I I I < t t I t f I I 

.•t — <N{NfA<A*9-»A'Ot>»aeOO — Ai«AT}-«i^>or 























HOEIZONTAIi ALIGNMENT 


3-59 


tributed between superelevation and “unbalanced” side thrust. With the “three-quar¬ 
ters” method of accomplishing this, superelevation is applied to counteract centrifugal 
force for a speed of three-quarters of the assumed design speed up to the point where the 
maximum allowable superelevation is reached. Superelevations computed by this method 
and the corresponding friction factors for the unbalanced side thrusts are given in Table 29. 

Maximum Comfortable Side Friction. Road tests made by the XJ. S. Bureau of Public 
Roads indicated that the maximum comfortable side-thrust sensation is experienced with 
a side friction factor of 0.16 for speeds of 60 mph or less, with a decrease in the factor of 
0.01 for each 5-mile increment in speed above 60 mph. Side-friction factors of these mag¬ 
nitudes are considerably less than the maximum that can be developed between normal 
road surfaces and tires, and their use provides a factor of safety for vehicles traveling at 
speeds in exce^ of the design speed. However, wherever possible, the side-friction factor 
should be kept weU b^low the range in which discomfort is experienced. 

Minimum Allowable Radius. Radii corresponding to maximum values for comfortable 
side friction and maximum values for superelevation are shown in Table 30. Such radii 
would not ordinarily be used for design purposes. 

Table 30. Radii Corresponding to Maximum Allowable Coefficients of Friction 


Design 

Maximum Side- 



Speed, 

Friction Factor, 

Maximum Super¬ 

Mimmum Allow¬ 

mph 

ft/ft 

elevation, ft/ft 

able Radius, ft 

20 

0.16 

0.08 

112 

20 

.16 

.12 

96 

30 

.16 

.08 

251 

30 

.16 

.12 

215 

40 

. 16 

.08 

446 

40 

.16 

.12 

383 

50 

.16 

.08 

698 

50 

.16 

.12 

598 

60 

.16 

.08 

1005 

60 

.16 

.12 

862 

70 

.14 

.08 

1492 

70 

.14 

.12 

1263 


Transition Curves. If a vehicle were to enter a circular arc from a tangent, the full 
effect of “unbalanced” side thrust would be developed abruptly and the vehicle occupants 
would be subjected to proportionate shock. However, the paths described by drivers 
when traveling on horiaontal curves at speeds high enough to develop “unbalanced” side 
thrust, are transitional regardless of the curve alignment of the road. For maximum 
safety and comfort the alignment should follow those transitional paths. This may be 
effected by widening the roadway or by providing spiral transitions. Details of the 
geometry of spiral transitions are given in Section 2. 

Spiral transitions should be of sufficient length for driver comfort and good appearance. 
The mimmum radius employed should be equal to, and preferably greater than, the mini¬ 
mum allowable radius for a horizontal curve. The spiral length may be computed by the 
following formula: 

_ 3.2r* 


where = length of spiral in feet. 

V — speed in mph. 

R = radius of the circular curve in feet. 

a = rate of change of radial acceleration in ft/sec®. 

It is assumed that the rate of change of radial acceleration a is the critical factor and 
that the value employed by drivers increases on sharp turns, requiring decreased speed. 
A value of 2 ft/sec® is recommended for through roadways and values ranging from 3 ft/sec® 
to 7 ft /sec^ for speeds of 50 to 20 mph are recciiimended for turns at intersections. 

The formula abo'/e is recommended by the 17. S. Bureau of Public Roads. In close 
harmony ’:\’ith the National Interregional Highway Committee recommendation of super- 
elevating all curves where the degree of curvature is sharper than 2°, the Bureau recom¬ 
mends that all curves should be transitioned when they are of such radii that the offset 
from a non-transitioned circular curve of the same radius is greater than 1 ft for a transi¬ 
tion of required length determined by the formula. 

An advantage of the spiral transition curve is its suitability to the application of super¬ 
elevation. Since the radius of a spiral transition is inversely proportional to the distance 
from the beginning of the cuive, the increase in centrifugal force developed a vehicle 
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traveling along the transition at constant speed is directly proportional to the distance 
from the beginning of the curve. Thus, attainment of full superelevation slope at a uni¬ 
form rate throughout the length of the transition provides an increasing resistance to side 
skid as centrifugal force increases. Methods of attaining superelevation are discussed in 
Section 4. 

Widening of Curves. There is a certain amount of controversy over the Justification 
of pavement widening on transitioned horizontal curves when lane widths of 11 or 12 ft 
are used. Widening is not ordinarily indicated for curves of less than 5°. When the transi¬ 
tion is designed properly, motorists should have little difficulty remaining within their 
respective lanes at normal width when traveling at, or below, the speed for which the 
curve was designed. On the other hand, if motorists are to enjoy the same degree of com¬ 
fort and safety on sharp curves as they enjoy on tangents, widening on the sharp curves 
is necessary. 

The two factors which limit clearances on horizontal curves and which determine the 
amount of widening necessarj’ are: (1) the off-tracking of rear wheels of vehicles at low 
speeds and (2) the slippage of the rear wheels toward the outside of the curve at high speeds. 
Since highway curves are traveled by fast and slow drivers alike, the width required for 
both inside tracking and outside slipping should be combined to give the total widening. 
The following formula is employed for determining the amount of widening required 

W = n(B - ~ L“) + 

VS 

where W = pavement widening in feet, 
n = number of lanes. 

R = radius of curvature in feet. 

L = wheelbase in feet. 

V = speed in mph. 

It is suggested that for through routes this formula be considered applicable to 11-ft 
lanes and that the widening computed by the formula be increased when the normal lanes 
are narrow’er, or decreased when the normal lanes are wdder. Suggested pavement widths 
for intersection curves are given in Art. 38. 


38. INTERSECTIONS 

Design Precepts. The layouts to accommodate characteristic maneuvers of road users 
in crossing, merging, and diverging at intersections may be right-angle, oblique-angle, or 
rotaiy* types and may have roadways separated in grade. The design for a specific location 
is influenced hy the traffic density, the composition of the traffic stream, the assumed 
design speed, physical conditions, right-of-way costs, construction costs and benefits. 
Among the fundamental precepts of functional design are the following; 

1. Only movements with which motorists are familiar should be required. Preferably 
the maneuvers should be established by habit. 

2. Traffic lanes, islands, signs, and markings should guide the motorist intp his proper 
lane. 

3. Rapid changes in direction or speed should be avoided. 

4. Adequate time should be allowed for motorists to make decisions. At any time a 
motorist should not be faced with more than one decision nor with more than one con¬ 
flicting movement. 

5 The area m which traffic streams intersect should be as small as practicable. 

6. Crossings at or near right angles and merging and diverging maneuvers at small 
angles are desirable. 

7. To reduce conflicts and to provide desirable angles of crossing and intersection, 
traffic streams may be channelized. 

8. Overtaking and passing maneuvers in conflict areas may be eliminated by funneling 
traffic streams through throats of one-lane width. 

9. The maximum practicable distance should be provided between consecutive points 
of conflict. As a “rule of thumb,” the minimum weaving distance in feet should be at least 
equal to the product of the design speed in miles per hour and the lane width in feet. 

Radii of Intersection Curves. Minimum curve-radius design at intersections is devel¬ 
oped by the centrifugal force formula assuming higher rates of side friction than in the case 
of roadwaj' curves. Superelevation values employed var>' from no superelevation on sharp 
turns where warping of the pavement surface at the ends of the curve is impracticable to 
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maximum allowable values on longer curves. Miminum radii for various speeds on inter¬ 
secting curves are given in Table 31. 


Table 31. Minimum Radii for Intersection Curves 


Design (turning) speed (T), mph 

15 

20 

25 

30 

35 

40 

Side friction factor (/) 

0.32 

0.27 

0 23 

0.20 

0. 18 

0.16 

As''Umed mm superelevation (e> 

.0 

.02 

.04 

06 

.08 

.09 

Total e -^ / 

.32 

.29 

.27 

.20 

.26 

.25 

Minimum safe radius, feet 

Calculated 

47 

92 

154 

231 

314 

426 

Suggested (rounded) 

50 

90 

150 

230 

310 

430 

Suggested max degree of curva- 

ture (rounded) 


64 

38 

25 

18 

13 


Xote: For design speeds of 40 mph and over, values same as for open highway coiiditions. 
Source: A Pohcj' on Geometric Design of Rural Highways, AA.SHO, 1954. 


Pavement Widths for Intersection Curves. The additional pavement width required 
for inside tracking may be computed from the formula on p. 3-60 for an\- given radius and 
wheelbase. Additional pavement width is required on intersection curves for outside 
overhang, clearance to edge of pavement, and clearance between moving vehicles. Unless 
shoulders are provided, extra pavement width should also be allowed for passing stalled 
vehicles. Suggested pavement widths are given in Table 32 for one- and two-lane operation 
under three assumed compositions of traffic: (o) where traffic is predominantly passenger 
vehicles with some single-unit trucks or buses: (6' where the traffic includes sufficient 
single-unit trucks and buses to govern design but consideration must be given also to semi¬ 
trailer trucks: and (c). where the traffic includes sufficient semitrailer trucks to govern 
design. 

Table 32. Design Widths of Pavements for Turning Roadways 


Pavement Width, ft 


Radius 

on 

Inner 

Edge 

of 

Pave- 


One-Lane One-Way 
Operation, Xo Provision 
for Passing 

One-Lane One-Way 
Operation, with Provision 
for Passing a Stalled \’ehicle 

Two-Lane Operation, 
either One-Way or Two- 
Way 

Design Traffic Condition 












ft 

a 

b 

c 

a 

b 

c 

a 

h 

c 

50 

16 

17 

20 

21 

24 

27 

50 

33 

37 

75 

15 

16 

18 

20 

22 

25 

28 

31 

34 

100 

14 

16 

17 

19 

21 

24 

27 

30 

33 

150 

13 

15 

16 

18 

20 

23 

26 

29 

31 

200 

13 

15 

16 

18 

20 

22 

26 

28 

29 

300 

12 

15 

15 

17 

19 

21 

25 

27 

28 

400 

12 

14 

15 

17 

19 

21 

25 

27 

28 

500 

12 

14 

15 

17 

19 

21 

25 

11 

27 

Tangent 

12 

14 

14 

16 

18 

20 

22 

14 

24 



Width Modification Regarding Edge of Pavement 

Treatment 



Xo stabilized 


Xone 



Xone 



Xone 


-ho aider 
Mountable curb 
Earner curb 


Xone 



None 



Xone 


One side 


Add i ft 



None 



Add 1 ft 


Two sides 


Add 2 ft 



Add 1 ft 



Add 2 It 


iftabilized 


None 


Deduct 

shoulder 

width; 

Deduct 

2 1 1 w here shoul- 

shoulder, 




minimum pavement 

der IS 

4 ft or wider 

one nr both 




width 

as fui no-pu*-3- 





eides 


mg opeiation 


Source: A Policy on Geometric Design of Rural Highways, AASHO, 1954. 


Speed-Change Lanes. The need for acceleration and deceleration lanes should be dic¬ 
tated by the speed differentials invoived. Moat drivers will merge with or diverge from 
through traffic at speeds below the design speed of the highwaj'. The deceleration of a 
veliicle as it approaches an intersection is generally accornpMshed in two steps: (1) the 
vehicle slows in gear without braking, and (2) brakes are applied. Lengths of acceleration 
lanes and deceleration lanes, and suggested lengths of tapering sections to effect the 
necessary pavement widenmgs. are given in Table 33. 



Table 33. Design Lengths of Speed-Change Lanes: Flat Grades^ 2 % or Less 


Design Speed of 
Turning Road¬ 
way Curve, mph 

Stop 

Cona¬ 

tion 

15 

20 

25 

30 

35 

40 

45 

50 

Minimum Curve 










Radius, 

ft 


50 

90 

150 

230 

310 

430 

550 

690 

Design 

Length 










Speed of 

of 










Highway, 

Taper, 










mph 

ft 

1 


Total Length of Deceleration Lane, Including Taper, ft 







All Main Highways 




•40 

175 

300 

250 

250 

200 

175 

* 




50 

200 

400 

350 

350 

300 

250 

250 

200 

* 


60 

225 

450 

400 

400 

350 

350 

300 

250 

225 

* 

70 

250 

500 

450 

450 

400 

400 

350 

350 

300 

250 



Total Length of Acceleration Lane, Including Taper, ft 





Case I: High-Volume Highways 




40 

175 


450 

400 

350 

250 

* 




50 

200 


700 

650 

600 

500 

400 

250 

* 


60 

225 


tooo 

950 

900 

800 

700 

550 

400 

250 

70 

250 


1300 

1200 

1100 

1000 

900 

800 

700 

500 





Case II: Other Main Highways 




40 

175 


300 

250 

200 

* 





50 

200 


500 

450 

350 

300 

* 




60 

225 


750 

700 

600 

500 

400 

250 

* 


70 

250 


950 

900 

800 

750 

600 

500 

350 

* 


Ratio of Length of Speed-Change Lane on Grade to Length on Level 


Design 



Deceleration Lanes 


Speed of 





Highway, 





mph 





AU 


3 to 4% upgrade 


3 to 4% downgrade 



0.9 


1.2 

All 


5 to 6% upgrade 


5 to 6% downgrade 



0.8 


1.35 




Acceleration Lanes 




Des'gn speed of turning roadway 

curve, mph 


20 

30 40 

50 

AU speeds 



3 to 4% upgrade 


3 to 4 % downgrade 

40 

1.3 

1.3 


0.7 

50 

1.3 

1.4 1.4 


0.65 

60 

1.4 

1.5 1.5 

i.6 

0.6 

70 

1.5 

1.6 1.7 

1.8 

0.6 



5 to 6% upgrade 


5 to 6% downgrade 

40 

1.5 

1.5 


0.6 

50 

1.5 

1.7 1.9 


0.55 

60 

1.7 

1.9 2.2 

2.5 

0.5 

70 

2.0 

2.2 2.6 

3.0 

0.5 


Lengths of Taper for Speed-Change Lanes 

Highway design speed, mph 


60 70 

200 225 

225 250 

250 300 


* Less than length of taper, use compound curve or partial taper. 

Source. A Policy on Geometric Design of Rural Highways, AASHO, 1954. 
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Minimum length, ft 

Average length recommended for design, ft 
Desirable length, ft 


30 

40 

50 

125 

150 

175 

150 

175 

200 

150 

200 

225 
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- Shadowed area 


Islands and Channels. Where the paths of vehicles are not clearly defined, numerous 
unpredictable conflicts result. At intersections these conflicts may be avoided or reduced 
in number and intensity by the use of channelization islands, generally elongated or tri¬ 
angular in shape, located in areas not nec^sary nor desirable as vehicle paths. The islands 
may be used to divide opposing traflic, 

provide shelter for vehicles waiting to til 

cross or enter a traffic stream, and p. \ 

provide refuge for pedestrians. They \ 

are generally raised above the pave- h' \ d • u* 

ment surface and should be well 1 ^ # d 

marked, reflectorized, or otherwise de- | |r> wheel line 0 \ B 

signed to be sufficiently distinct to I W'”;. ^ 1 

command the attention of drivers. I W"- 1 

Where sufficiently large, island areas I K/ I 

may be planted with grass or low I ^ 1 

shrubs. The approach pavements I ^ ' '•••0 

should be well marked and may be 1 Shadowed area 

roughened to guide traffic to the proper I / 

channels (Figs. 37, 38, and 39). When I 

doubt exists as to the most suitable / ■ 

channelization, temporary layouts I 

may be made using sandbags or traffic / 

stanchions. I yy ' - 

Funneling. It is natural for motor- / / 

ists to reduce speed when the channel j / O'f o# 

width becomes narrower. Necessary / ^ 

reductions in speed on ramps at inter- / y' Clearance 

sections may be accomplished by / Path f i H 

gradually funneling the ramp width to / J-—• •• t a 

one lane. This also reduces conflicts / / ^ wheel line of A 

by preventing passing attempts at the / / 

junction of the intersecting streams. / / Ql 

Rotary Intersections are those in / / >-n H 

which traffic flows in one way around / / / \ v/^ ® 

a central island. They are specifically / / / \ I 

suitable for intersections with five or / / / \ I 

more radial roadways where volumes / / 1 / 

entering from all legs are approxi- / 1 / 

mately equal (Fig. 40). Ordinarily ' \ ^ I 

the combined traffic volume to be \ 'w \ 

handled by all the intersecting road- 1 w / 

ways of a high-type rotarj' should not I v / 

exceed 3000 vehicles/hr. The central 1 I / 

island should have a curved outline of III 

ad^uate radius at aU points. The 37 shado..ing of one movement at a Y intersec- 

outer edge of the traffic channel should tion. Yale Univ. Highway Traffic Bur. 

be designed to avoid reverse curves 

wherever possible. Full superelevation is not usually applicable because opposite slopes 
are usually indicated on inner and outer edges of the curves. Maximum angles of cross¬ 
ing should not exceed 40®. Pavement widths should at least be equivalent to half the 

Table 34. Suggested Design Data for Rotary Intersections 
Sum of Laaes on Radial Roads 


^ 2' to 3' 
'1:learance 

^ Path of left 
wheel line of A 


Fio. 37 Shadowing of one movement at a Y intersec¬ 
tion. Yale Univ. Highway Traffic Bur. 


Number of Probable Required Width of 

Radial Roads Minimum Maximum Rotary Roadway, ft 


3 

6 


12 


24 .to 36 

4 

8 


14 


24 to 48 

5 

10 


16 


30 to 48 

6 

12 


18 


30 to 48 

Highway design speed. 

mph 



30 

40 

50 or more 

Desirable rotary design speed, mph 

20 

25 

30 

35 

40 

Minimum weaving length, ft 

120 

150 

180 

210 

240 


Sources: A Policy on Rotary Intersections, AASHO, 1942 (lanes and widths). A Policy on Geo¬ 
metric Design of Rural Highways, .4-4SHO, 1954 (speed relations). 



Plan 


.Widened center 
stripe, not raised 


4 of 


Normal 


highway 


pavement 


\ 







Median island area 
probably grassed' 

Curb^ \ 

A,,—7S3 


Section at P.T. 


Median island area probably grassed 

Sloping curb except at pedestrian crossing 

v^' 









Raised transition approach to island; color and 
” texture conb’asting with normal pavement 




Normal pavement 


Section between P.T. and P R.C. 


High point- 


I 




^Raised transition approach to island, color and 
texture contrasting with rrormal pavement 


Section at P C. 


Diagrammatic Cross Sections 

Fro .^9 DiMdintr is’and at rural intersection, highway on tangent Source: A Policy on Intersections 

at Grade, AASHO, 1940 
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width of the widest radial road plus the width of one lane. The maximum number of 
lanes should be four. Suggested design data are shown in Table 34. 

Reflectorized or lighted signs should be provided well in advance of the rotary to warn 
traffic. Wherever feasible the entire rotary should be illuminated. Entrance and direc¬ 
tional islands should be designed to assure safety in the reduction in speed from the highway 
design speed to the rotary design speed. 



Fig. 40. Typical rotary intersection. Source: .4 Policy on Rotary Intersections. A.4SHO, 1942. 

Grade Separations. The need for placing the roadway of intersecting highways at 
different levels to allow uninterrupted through movement on the intersecting roadwavs 
may be justified by the improved traffic flow and the reduction of accidents, or it maj- be 
indicated by topographic features. Typical grade separation la.vouts are shown in Fig. 41. 

Grades, alignments, and sight distances on the highway approaches should conform to 
the standards of the intersected highways. The vertical clearances should be at least 
14 ft above pavement areas and at least 13 1/2 ft above shoulders. Where curbs are provided 
on the approach highway, they should be continuous, without pavement widening, through 
or over the separation structures. If barrier curbs are used they should be set back 4 ft 
beyond the normal pavement edge and the minimum clearance from the barrier curb face 
to the structure should be 2 to 3 ft. Where curbs are of the non-harner type and where 
curbs are not used, the minimum clearance from the normal curb line or pavement edge to 
the structure should be 4 to 6 ft. On short spans the full shoulder widtii should be main¬ 
tained across the structure or through the structure. Where the full shoulder width is not 
provided, adequate deflectors should be installed to prevent collisions with the bridge 
structure. Gradient on ramps should be limit-d to 4 to f.'T; except where t’ne proportion 






Direct connection designs 

Fio 41. Tvr'^s of sradc seoaratious. Source: A Policy on Grade Separations for Intersecting High¬ 
ways, AASHO. 1944. 

of truelv and bus traiFiC using the ramps is high, in -^'hich cases ramp grades should be 
limited to 3 to 4%. 

39. ROADWAY CAPArxTY 

Definitions. The capacity of a traffic lane is the ability of tho lane to accommodate 
traffic under spocihed operating conditions. Among the factors which affect capacity are; 
design elements, en\dronmental conditions incidental to stream Iluw, and inherent stream 
cnaracterisiics \vliich decrease the fluidity of traffic movements. 








Table 35. Maximum Observed Hourly Volumes on Two-Lane Roads 

Vehicles per Lane per Hour 


Route and Location 
Colorado St. Bridge, Pasadena, Calif. 
Sumner Tunnel, Boston, Mass. 

Posey Tube, Alameda, Calif. 

U. S. 3, Manchester, N. H. 

U. S. 45, Liberty^ille, EL (31 mph) 
Lincoln Tunnel (1940), New York 
U. S. 1, Old Lyme, Conn, 


Average Lane 

In One 

Average for 

Width, ft 

Lane 

Both Lanes 

14.0 

1710 

1215 

10.8 


1200 

11 5 

1400 

1350 

10.0 


944 

9.0 

1510 

904 

10.8 

1152 


11.5 

1135 

887 


Table 36. Maximum Observed Hourly Volumes on Three-Lane Roads 


Vehicles per Hour 



Average Lane 

In One 

Average for 

Route and Location 

Width, ft 

Direction 

All Lanes 

State Route 35, Laurence Harbor, N. J. 

10.0 

2250 

102! 

State Route 27, Rahway, N. J. 

State Route 27, West Scott Ave., 

10.0 

1905 

761 

Rahway, N. J. 

10.0 

1814 

724 

U. S. 1, Danvera, Mass. 

10.0 

1526 

664 

State Route 29, Union (bounty, N. J. 

10.0 

1511 

757 

State Route 42, Camden County, N. J- 

10.0 

1391 

664 


Table 37. Maximum Observed Hourly Volumes in One Direction on Multilane Roads 



Width 
of Road 

Aver¬ 

age 

Lane 

Width, 

Vehicles per Lane per 
Hour in One Direction 

In One Average 

Route and Location 

in Lanes 

ft 

Lane 

for All Lanes 

U. S, 1, Newark Airport, N. J. 

4 

12.4 


2275 

Grand Central Pkwy,, west of Parsons Blvd., 
N. Y. 

4 

11.0 

2275 

2194 

U. S. 73 and 75, Omaha, Neb. (34 mph) 

4 

11.0 


1763 

Cross Bay Blvd., Queens, N. Y. 

4 

8.0 


1566 

Express Highway, St. Louis, Mo. 

4 


1956 

1543 

Fourteenth St. Bridge, Washington, D. C. 

(27 mph) 

4 

10.0 

1620 

1508 

Queensboro Bridge, upper roadway, New 
York, N. Y. 

4 

11.25 

1861 

1488 

Sunrise Highw’ay, at Cross Bay Blvd., N. Y. 

4 

10.0 


1350 

Outer Drive, Chicago, El. 

4 

11 25 

1395 

1349 

Southern State Pkwy., Troopers Lodge, N. Y. 

4 

10 0 


1264 

Holland Tunnel, New York, N. Y. (28 mph) 

4 

10.0 

1404 

1253 

Superior Bridge, Cleveland, Ohio 

5 

10.0 


1557 

Queensboro Bridge, New York, N. Y. 

Lower roadway, two lanes one-way 

5 

10.2 

1720 

1292 

Lower roadway, three lanes one-way 

5 

10.2 


1 195 

Henry Hudson Pkwy., New York, N. Y. 

6 

11.0 


1666 

Oakland Bay Bridge, San Francisco, Calif. 

6 

9.7 


1538 

Leif Eriksen Drive, Chicago, III. 

6 

n.6 


1435 

Memorial Bridge, Washington, D, C. (30 
mph) 

6 

10.0 


1409 

Arroyo Seco Pkwy., Los Angeles, Calif- 

6 

10.7 


1367 

George Washington Bridge, New York, N. Y. 

6 

8.0 


1320 

Delaware River Bridge, Camden, N. J. (four 
lanes one-way) 

6 

‘J.4 


1285 

Superior Bridge, Cleveland, Ohio (12.5 mph) 

6 

10.0 

1530 

1241 

Outer Drive, Chicago, Ill. (37 mph) 

8 

12.1 

2155 

1958 

Curb lane (32 mph) 

8 

12. ! 

1519 


Second lane (35 mph) 

8 

12 3 

2155 


Third lane (40 mph) 

8 

12.5 

2081* 


Fourth lane (40 mph) 

8 

11.7 

2077 


Six lanes one-way 

8 

11.25 


1640 

Figueroa Freeway, Los Angeles, Calif. 

8 

10.0 


1463 


* A maximum of 2174 vehicles/hr in this lane occurred when the average lane carried only 1681 
vehicles per hour. 

Source: Highway Capacity Manual, Highway Research Board, 19^5 
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Table 38. Base Values of Practical Capacity 

(Pertaining only to roads of ideal design with no restrictions to uninterrupted movement caused by 
design or en\’ironmentai or stream-flow conditions) 

Number of Lanes, Operating 

each 12 ft wide Speed, mph Base Capacity in Passenger Vehicles/Hr 

2 (two-way) 35-40 1500 both lanes, regardless of distribution by direction 

2 (two-way) 40-45 1200 both lanes, regardless of distribution by direction 

2 (two-way) 45—50 900 both lanes, regardless of distribution by direction 

2 (two-way) 50-55 600 both lanes, regardless of distribution by direction 

3 (two-way) 35-40 2000 ail three lanes 

3 (two-way) 45-50 1500 all three lanes 

4 (two-way) 35-40 1500 per lane in direction of heavier flow 

4 (two-way) 45-50 1000 per lane in direction of heavier flow 

Source: Highway Capacity Manual^ Highway Research Board, 1950. 

Table 39. Effect of Lane Width on Capacity 
(Percentage of 12-ft lane capacity) 


Lane 

Two-Lane Rural Roads 

At Possible At Practical 

Two-Lanes for One 
Direction of Travel 
on Divided High¬ 
ways at Practical 

Width, ft 

Capacities 

Capacities 

Capacities 

12 

100 

100 

100 

11 

88 

86 

97 

10 

81 

77 

91 

9 

76 

70 

81 


Table 40. Combined Effect of Lane Width and Edge Clearance on Capacity 

(Percentage of 12-ft lane capacity) 

Clearance from Obstruction on One Side Obstruction on Both Sides 

Pavement Edge - --- 


to Obstruction, 

12-ft 

11-ft 

lO-ft 

9.ft 

12-ft 

11-ft 

lO-ft 

9-ft 

ft 

lanes 

lanes 

lanes 

lanes 

lanes 

lanes 

lanes 

lanes 



Possible Capacity of Two-Lane Highway 




6 

100 

88 

8! 

76 

100 

88 

81 

76 

4 

97 

85 

79 

74 

94 

83 

76 

71 

2 

93 

81 

75 

70 

85 

75 

69 

65 

0 

88 

77 

71 

67 

76 

67 

62 

58 



Practical Capacity of Two-Lane Highway 




6 

100 

86 

77 

70 

100 

86 

77 

70 

4 

96 

83 

74 

68 

92 

79 

71 

65 

2 

91 

78 

70 

64 

81 

70 

63 

57 

0 

85 

73 

66 

60 

70 

60 

54 

49 

Possible and Practical Capacities of Two Lanes for One Direction of Travel on 

Divided Highways 

6 

100 

97 

91 

81 

100 

97 

91 

81 

4 

99 

96 

90 

80 

98 

95 

89 

79 

2 

97 

94 

88 

79 

94 

91 

86 

76 

0 

90 

87 

82 

73 

81 

79 

74 

66 


Table 41. Effect of Passing Sight Distance Restriction on Practical Capacities of Two- 

Lane Roads 

Practical Capacity in Passenger Cars 
per Hour for Both Directions 

Percentage of Total Length of - 

Road on Which Sight Distance Is Operating Speed, Operating Speed, 

Restricted to Less than 1500 Ft 45-50 mph 50-55 mph 

0 900 600 

20 860 560 

40 800 500 

60 720 420 


80 620 300 

100 500 160 
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Table 42. Effect of Commercial Vehicles on Practical Capacities of Mtrltilane Facilities * 

Capacity Expressed as a Percent¬ 
age of Passenger-Car Capacity on 
Level Terrain 


Commercial Vehicles, % 

Level Teiram, 

% 

RoUiUii Terrain, 

Vo 

None 

ICO 

100 

10 

91 

77 

20 

83 

63 


* The effect on two-lane highways is about 25% greater than the effect on multilane highways. 


Table 43. Effect of Commercial Vehicles and Grades on the Capacity of Two-Lane 
Highways with Uninterrupted Traffic Flow 

(When the grade does not cause a restriction in the passing sight distance) 


Equivalent of One Dual-Tired Commercial Vehicle, in 
Terms of Passenger Cars, on a Grade Averaging 


Length of Grade, 
miles 

3% 

4% 


t)% 

7% 

0. 1 

3.9 

4 1 

4.2 

4.2 

4.4 

0.2 

4. 1 

4.3 

4.5 

4.7 

5.1 

0.4 

4.3 

4.6 

4.9 

5.3 

5.5 

0.6 

4.4 

4.8 

5.2 

5.8 

6.5 

0.8 

4.6 

5.1 

5.7 

6.4 

7.1 

1.0 

4.6 

5 3 

6.0 

6 7 

7.4 

1.5 

4 8 

5.6 

6.3 

7.0 

7.7 

2.0 

5.0 

5 8 

6.5 

7.2 

8.0 

3.0 

5 0 

6 0 

6.6 

7.3 

8.2 

4.0 

5.1 

6.0 

6.7 

7.4 

8.3 

5.0 

5. 1 

6.0 

6.7 

7 6 

8 3 

6.0 

5.1 

6.0 

6.8 

7.6 

8.3 


The practical capacity is the maximum number of vehicles that can pass a given point on 
a roadway or in a designated lane during one liour witliout the traffic density being so great 
as to cause unreasonable delay and hazard, or restrictions to the driver’s freedom to 
maneuver under the prevailing roadway and traffic conditions. 

The possible capacity is the maximum number of vehicles that can pass a given point on 
a roadway or in a designated lane during 1 hr. Volumes approaching that magnitude are 
attained only with a degree of traffic accommodation which is below the standard con¬ 
sidered satisfactory'. 

Maximum Observed Hourly Volumes. Exceptional recorded hourly v'olumes, w'hich 
probably appro.ach possible capacities, are given in Tables 35, 36, and 37. 

Base Values of Practical Capacity. The many variables and the wide ranges m condi¬ 
tions presented by each highway prevents the development of design capacities which maj' 
be arbitrarily applied to any design pioblein. On the other hand the practical capacity, 
representing ideal design, and environmental and stream-flow conditions may be deter¬ 
mined with reasonable accuracy and used as a base to be modified to meet particular con¬ 
ditions. Practical capacities are greatly influenced by passing opportunities and by- 
prevailing speeds and, therefore, should be expressed in terms of the number of lanes con¬ 
sidered and in relation to speed. Typical values of practical capacities are given in Table 
3S. 

Reductions in Capacity. The designer starts with an appropriate base capacity' and 
grades it downward for the specific operating conditions to be expected on a proposed 
roadway. Capacity with uninterrupted flow is affected principally by lane width',, lateral 
clearances, sight clistances, proportions of commercial vehicles, and grades. Typical 
influences reported by the Highway Researcli Board in the Highway Capacity Manual, 
1950, are given in Tables 30-43. 

Typical average street-intersection capacities per hour of green signal aie shown in 
Fig. 42 for one-way and two-way operation m downtown and intermediate areas. 

Although no significant data are available, it has been noticed that freedom of passing 
is appreciably- reduced on curves having a radius of 500 ft or less. This factor and driver 
reluctance to pass on curves may low-er the overall capacity of a highway having a large 
number of horizontal curves. 
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40. HIGHWAY DESIGN STANDARDS 

Design standards adopted for use on interstate highways, or prepared for the guidance of 
the various states, must necessarily reflect compromises of practices. Such standards are 
intended to produce the features considered desirable on an overall basis, but in individual 
locations they may be minimum or inadequate. 

Standards for National System of Interstate Highways. The standards adopted by 
the National Interregional Highway Committee ^ are intended as long-range standards for 
the National System of Interstate Highways. Principal features of the standards are: 

1 Interregional Highways, 78th Congr., 2d Seas., House Document No. 379, January 12, 1944, 
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Control of Access. All sections of the system should be established as limited-access 
highways. 

Grade Separations. There should be no crossings at grade of railways, streets, or high¬ 
ways except that, on rural sections of the system expected to carry an average daily traffic 
of less than 5000 vehicles, crossing structures may be omitted initially, if infeasible, but all 
necessary provisions should be made for future conversion to grade-separated design. 

Service Streets. In urban areas wherever necessary for the service of property, local 
streets should be provided at each side of the section of the interregional system. 

Design Speed. The speed assumed for design purposes should be as high as practicable 
consistent with the topography and the expected traffic volume. Under urban conditions 
the assumption of a design speed higher than 50 mph will usually be impracticable. 

Horizontal Curvature. Horizontal curvature should be of the lowest practicable degree 
and should not exceed the absolute maximum values shown in Table 44. 

Table 44 

Curvature Limits 


Design Speed, 
mph 
75 
70 
65 
60 
55 
50 


Absolute 

Maximum, 

degrees 

3 

4 

5 

6 
7 
9 


Desirable 

Maximum, 

degrees 

2.5 

3 

4 

5 

6 
7 


Transition Curvature. All horizontal curves sharper than 2® should be approached by 
transition curves of a length consistent with the design speed and sufficient to obtain the 
full superelevation within the length of transition. 

Superelevation. All curves sharper than 1® should be superelevated. The maximum 
superelevation should be 0.12 ft per ft in rural areas and 0.10 ft per ft in urban areas except 
that, where snow and ice may be expected to cause frequent slippery conditions, the 
maximum should be 0,08 ft per ft. 

Sight Distance. Non-passing sight distances, from a height of 4.5 ft above any point on 
the road surface to the top of an object 4 in. high placed on the road surface, should not be 
less than the following: 

Minimum 

Design Speed, Non-passing 

mph Sight Distance 

75 800 

70 700 

65 600 

60 525 

55 450 

50 400 


Wherever feasible, the following passing sight distances, between points 4.5 ft above the 
road surface, should be provided on two-lane sections of the system. 

Minimum 

Design Speed, Passing 

mph Sight Distance 

65 to 75 2600 

60 2200 

35 1800 

30 1500 

Lane Widths. Lane widths should be 12 ft. 

Separation of Roadways. In rural areas where four or more traffic lanes are to be con¬ 
structed, two distinct one-way roads should be provided wherever advantages of align¬ 
ment, construction cost, or traffic facility would result. The median strip of divided high¬ 
ways in rural areas should be at least 15 ft wide. On sections which permit crossing or 
entering at grade at intersecting highways, it should be at least 40 ft wide. In urban areas 
a raised median strip 4 ft wide may be used. 

Shoulders. Shoulders should be at least 10 ft wide except that under extreme conditions 
they may be 4 ft wide.* In urban areas where mountable curbs are provided, an area 10 ft 


2 In the opinion of the authors, shoulder widths should be at least 10 ft wherever practicable. 
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wide should be reserved outside the curb lines for the temporary accommodation of dis¬ 
abled vehicles. 

Side Slopes. Cuts should ordinarily have slopes not steeper than 2:1 except in solid 
rock. Embankments of 10 ft or less should ordinarily have slopes of at least 4:1. 
Gradient. In rural areas, gradients should not exceed those shown in Table 45. 



Table 45 

Maximum 

Average Daih' Traffic 

Surrounding 

Desirable 

(All Vehicles) 

Topography 

Grade, % 

Less than 1OQO 

Relatively level 

3 


Rolling 

4 


Mountainous 

6 

1000 to 2000 

Relatively level 

3 


Roiling 

4 


VIouniainous 

6 

2000 to 3000 

Relatively level 

3 


Rolling 

6 


Mountainous 

6 

3000 to 5000 

Relatively lev'el 

3 


Rolling 

6 


Mountainous 

6 

5000 and more 

Relatively level 

3 


Rolling 

4 


Mountainous 

5 


Gradients in urban sections of the system should preferably be not steeper than 3% and should not 
exceed o%. 

Width of Right^f-Way. The width of right-of-way should be sufficient for all features 
of the highway estimated to be needed within a period of 20 yr. In niral areas public 
control should ordinarily be obtained over a strip of land not less than 224 ft wide-in lightly 
traveled sections and not less than 2SS ft in other cases. 

Vertical Clearances. Clearances should be at lea-st 14 ft over paved areas and at least 
121/2 ft over shoulders. 

Ramps. All ramps and connections should enable vehicles to leave and enter the 
through-traffic lanes at 0.7 of the highway design speed except where “stop” control is 
necessary. All ramps and connections should have a width of at least 16 ft if designed for 
one-lane operation and at lea.«=t 26 ft if designed for two-lane operation. Additional width 
should be provided on ramps and connections of sharp curvature. Shoulders at least 6 ft 
wide and preferably S ft wide should be provided along the right side of all ramp move¬ 
ments G.'’adient.s on ramps .should nut exceed 0^^ on upgrades and SCJj on downgrades. 

Design Standards Recommended by AASHO for Interstate Highways.^ Principal fea¬ 
tures of the design standards adopted August 1, 1945, by the American Association of 
State Highway Officials for use in design projects on the National System of Interstate 
Highways follow. 

Traffic Basis The design should be based on traffic volumes estimated for the 30th 
highest hour of the 20th year from the date of construction. 

Controlled Access. Limitation of access is recommended for all new construction. 
Where legal restriction exists, additional right-of-way should be obtained for frontage 
roads. 

Grade Separations. Separation structures should be provided at railroad crossings of 
two or more main-hne tracks and may be justified at smgle-track crossmg.s where six or 
more regular train movements are accommodated each day or where indicated by eco¬ 
nomic anah>is of the hazards and delav' Separation of crossroads should be made where 
the traffic density of the iiiTcrstate highwav exceeds 3000 vehicles per hour. At both 
railroad cros-ings and cro-s-sroads where separation is not provided, adequate protective 
de\'ices should be installed. 

Design Speed. 


Rural sections 

Minimum, 

luph 

Desirable, 

mph 

Flat topography 

60 

70 

Rolling topography 

50 

60 

Mountainous topography 

40 

50 

Urban sections 

40 

50 


3 Source: A Policy on Design Standards, AASHO, 1945 
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Superelevation. Curves in excess of 1® should be superelevated, and curves in excess of 
2° should be provided with transitions. 

Horizordal Curvature. 


Design Speed, 
mph 


Degree of Curvature 


Maximum Desirable 


70 4 3 

60 6 5 

50 9 7 

40 14 11 


Sight Distance. The minimum sight distance should be commensurate with type of 
highway and the design speed. 

Grades. Gradients should be limited to 5% where possible and should not exceed 6%, 
except for short lengths where 7% may be used. 

Lane Widths. Lanes should be 12 ft wide in urban areas and where traffic density 
exceeds 200 vehicles per hour. 

Separation of Roadways. Highways should be divided where the present traffic density 
is 800 or more vehicles per hour. Widths of median strips should be at least 15 ft and 
preferably 40 ft in rural areas and at least 2 ft and preferably 12 ft in urban areas. The 
2-ft width should be used only in exceptional circumstances; otherwise the minimum should 
be 4 ft. 

Shoulders. Shoulders should be capable of supporting standing or disabled vehicles and 
should be at least 10 ft wide, except in mountainous topography where 4-ft widths may be 
used.^ 

Right-of-Way Widths. In rural areas right-of-way widths for two-lane highways should 
be at least 120 ft and preferably 220 ft; and right-of-way widths for divided highways 
should be at least 200 ft and preferably 250 ft. 

Slopes. In cuts, side slopes should be not steeper than 2:1 except in solid rock or other 
specif soils. In embankments of 10 ft or less side slopes should be not steeper than 4:1. 

Vertical Clearance. The vertical clearance should be 14 ft over pavement and 12 1/2 ft 
over shoulders. 

Typical Design Factors for a State Highway System. Table 46 shows typical control¬ 
ling design factors of the Connecticut State Highway Department, as revised in 1954. 

Typical Design Criteria for Turnpikes. Typical design criteria used for the New Jersey 
Turnpike, the New York State Thruwav’, and the Ohio Turnpike are shown in Table 47. 

4 In the opinion of the authors, shoulder widths should be at least 10 ft wherever practicable. 
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Cut slopes 2:1 ... ’' ' * 

Width of center dividing strip 20' 20' (20') * 

(edge to edge of pavement) (6' and in special cases 4') * 

Ramp Design 
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41. HIGHWAY SUFFICIENCY RATINGS 

A Highway Sufficiency Rating is a comparative value which reflects the adequacy of a 
road section as determined by inspection and comparison with established standards. 
Sufficiency ratings were developed with the view to minimizing the personal factor. The 
three major elements usualh- rated are (1) condition or structural adequacy, (2) safety, and 
(3j ser'V'ice. The weights given to these components in various states are shown in Table 
48. There is considerable variation in the subditnsions of the ratings used by each state. 

Table 48. Summary of Sufficiency Rating Procedures 


Rating 


Elements 

Anz. 

Col. 

Conn. 

Del. 

Ida. 

Ill. 

Ky. 

La. 

Mo. 

Neb. 

N. H. 

Ore. 

Wash. 

Condition or 

35 

40 

Not 

40 

40 

350 

Not 

40 

35 

60 

40 

40 

40 

structural 



used 




used 







adequacy * 














Safety t 

30 

30 

50 

30 

30 

350 

43 

30 

30 

26 

30 

30 

30 

Service t 

35 

30 

50 

30 

30 

300 

57 

30 

35 

14 


30 

30 

Basic rating 

100 

100 

100 

100 

100 

1000 

100 

100 

100 

too 

100 

100 

100 


• Structural adequacy, observed condition, remaining life, maintenance economy, maintenance cost, foundation, 
pavement, shoulders. 

t Roadway width, surface width, sight distance, stopping sight distance, consistency, accident rate. 

X Alignment, passing opportunity, surface width, sway m cross section, roughness, surface driving condition, main¬ 
tenance rating. 

Source. Highuay Research Board Bxdl. 53. 

When ratings are determined for an entire highway network, the relative needs for 
improvement of various parts of the network are apparent and a clear-cut basis is provided 
for allocating highway funds. The ratings also provide a means which can be demon¬ 
strated to the public in explanation of construction priorities. Graphical presentations are 
frequently used. 


42. FINANCING HIGHWAY FACILITIES 

Sources of Funds for Highways. Appropriations for highway and street purposes are 
ordinarily made by all subdi\'isions of government. Local funds for highway purposes are 
usually derived from property taxes of rural agencies, counties, villages, and cities. State 
funds for highway purposes are derived chiefly from imposts upon highway users, in¬ 
cluding motor-fuel taxes, vehicle-registration taxes, and motor-carrier taxes. Federal 
funds can be considered to be derived from federal taxes on motor fuel and excise taxes on 
the sale of vehicles. 

Credit Financing. It is frequently necessary and desirable to accelerate the construc¬ 
tion of highways or terminals in order to provdde benefits which would not be achieved 
otherwise. Some of the ob\’ious advantages are the earlier realization of savings to road 
users and benefits to the community, and the reduction of the need for stop-gap improve¬ 
ments of existing inadequate facilities. It was calculated, for example, that an accelerated 
highway program for the state of Ohio could be financed through the issuance of bonds 
during a 10-year construction period, and the retirement of the bonds with interest at 2% 
during the following ten years, without increasing the annual revenue requirements. 

Loans may be general obligations guranteed by the faith and credit of the borrowing 
agency or limited obligations guranteed by pledges of user taxes, toll revenues, or other 
income. 

In some states where constitutional limits restrict borrowing for highway financing or 
where other hindrances exist, special authorities have been created for highway con¬ 
struction. These authorities may be concerned specifically with toll highways and bridges 
or may be authorized to construct toll-free facilities. An example of the latter is the State 
Highway and Bridge Authority' of Penns 3 'lvania, which is empowered to acquire highways, 
bridges, and right-of-way, to construct highway facilities, and to rent these facilities to the 
Department of Highway's. 

Toll Roads and Toll Bridges. Tolls are levied to finance special highway facilities or 
to supplement other tax revenues. In the face of popular opposition the tendency to 
impose tolls for the latter purpose is diminishing. On the other hand there is now occurring 
a dramatic increase in the development of toll-road projects. The repayment of loans for 
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many of these projects is predicated soleb' on revenues from tolls. In other instances the 
full faith and credit of the state or other government agencj* having jurisdiction is pledged 
to supplement toll revenues if needed. Where this is done the interest rates on the loans 
are significantly' lower, the difference is estimated to be as high as 2% in many cases. 

WTien revenues alone are pledged for the amortization of bonds, it is commonly neces¬ 
sary', in order to sell the bonds, for the estimated earnings to exceed the interest and 
amortization requirements by a sizable margin. 

The first step in the development of a toll facility is to secure legislative authorization. 
Estimates must then be made of the traffic which would use the facility, of the revenue 
which would be derived, and of the annual c-jst.s If the project is found to be feasible, 
bond indentures are prepared and means are found to market the bonds. A unique plan 
vas used for financing the Xew Jersey Turnpike in order to niiniiiiize interest charges 
during construction and to guarantee the sale of b,./nds ar par. By this plan a group of 
insurance companies and other institutional investors advanced funds only as fast as 
needed, receiving bonds at face value to cover the advances. A small fee was made to cover 
the commitment of funds prior to the actual advance. 
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43. THE PARKING PROBLEM 

As a city' grows the competition for the use of land increases at an accelerated rate, 
creating the problem of adequate space for parking purposes. In central business districts 
of metropolitan areas shortages of space are particularly critical because of the importance 
of those areas as traffic generators. The problem must be approached through the most 
practicable use of curb spaces, supplemented where feasible by the development of off- 
street facilities, and it must be related to the capacities of the highway approaches. 


44. PARKING ACCUMULATION 

The number of vehicles w'hich are parked in a specific area at a given instant is the 
parking accumulation. A survey of this accumulation is facilitated by an inventory of 
curb space, showing locations and the regulations in effect, and by an inventory' of off- 
street space showing locations, ty'pes, and fees. In the case of garages and lots, the observer 



Fjq. 43. Typical vehicle accumulation curves for a central business district. 
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may count the number of marked stalls or consult a layout plan. A lot should be capable 
of accommodating 1 car for each 300 sq ft, more or less, of the overall area including 
aisles. Observations as to the use of such space by parked vehicles usually include the t^-pe 
of vehicle, time of arrival, time of departure, and violations incurred. 

The parking accumulation within a central business district during peak hours of parking 
is ordinarily from 70% to 90% of the amount of traffic accumulated. The ratio is slightly 
less during those times when the rate of change in accumulation is high. Characteristic 
curves for a typical central business district are shown in Fig. 43, The general shape of the 
curve for a given district is significant. The peak value attained is a measure of the 
capacity required for the accommodation of vehicles within the district. The total area 
under the curve is a measure of the vehicle hours which are accommodated during the 
period of study. 


45. PARKING VOLUMES AND LOADS 

The actual niimber of different vehicles which park is the parking volume. The in¬ 
tegration of the vehicle hours of parking over a specified period of time is the parking load. 
The magnitude of the parking load in vehicle hours and the manner in which the load is 
distributed throughout the day are measures of the overall usage of the space provided. 
Parking loads and parking volumes reflect the cyclical and trend variations which are 
associated with traffic volumes, but, of course, there is a difference in time between peak 
flows and peak parking accumulations. Both parking loads and parking volumes per 1000 




PARKING TURNOVER 


3-83 


population are many times more severe in the central business districts of smaller cities 
than of larger ones. However, this is an indication of actual practice rather than of po¬ 
tential demand and reflects the differences in available space, density of land use, and 
modes of transportation. 

46. PARKING DURATION 

The length of time a vehicle remains in a parked position is the parking duration. 
Characteristic curves are shown in Fig. 44. Durations are usually shorter for curb parking 
than for off-street parking. The influence of trip purpose and city size on parking durations 
and the percentage occurrence of curb parking durations of various lengths are shown in 
Tables 49 and 50. 

Table 49. Effect of Trip Purpose and City Size on Parking Durations 

Population Number Average Time Parked for Each Trip Purpose, hr 

Group, of -- 


thousands 

Cities 

Work 

Shopping 

Busmess 

Other 

All Purposes 

Less than 25 

5 

3.1 

0.7 

0.7 

1.1 

1.1 

25-50 

3 

2.9 

0.7 

0.8 

0.9 

1.3 

50-100 

2 

3.3 

0 8 

0.7 

0.9 

1.3 

100-250 

5 

4.0 

0.9 

1.0 

1.5 

1.7 

250-500 

3 

4.5 

1.4 

1.2 

1.5 

1.8 

500 and over 

2 

5.1 

1.4 

1.4 

1.2 

2.5 


Source: Highway Research Board Bull. 19, Parking July 1949. 


Table 60. Length of Time Vehicles Parked at Curb in Central Business Districts of 

Selected Cities 


Per Cent of Total Number of Curb-Parked Vehicles 


City and 

0-15 

15-30 

0-30 

30-60 

0-60 

1-2 

0-2 

Population 

min 

min 

min 

min 

mill 

hi 

hr 

Bakersfield, Calif. 

30,000 



67 

16 4 

83.4 

10.5 

93.9 

Denver, Col. 

325,000 

41 

21 

62 

20.8 

82.8 

12 

94.8 

New Haven, Conn. 
175,000 

39.5 

26 

65.5 

21 2 

86.7 

9.2 

95.9 

Wichita, Kan. 

115,000 

51.6 

10.4 

62 

13.7 

77.7 



Portland, Ore. 

305,000 

28.1 

20.4 

48.5 

24.2 

72.7 

17.3 

90.0 

Harrisburg, Pa. 

90.000 



52.5 

15.3 

67.8 

9.6 

77.4 

Reading, Pa. 

110,000 

26 

25.8 

51.8 

23.2 

75.0 

13.4 

88.4 

Providence, R. I. 
250,000 

31.5 

25 

56.5 

22.6 

79. I 

13. 1 

92.2 

Richmond, Va. 

200,000 

36.1 

17. I 

53.2 

18.2 

7 .4 

12.7 

84. 1 

Spokane, Wash. 

150,000 

Average 

!7.6 

3C 

47,6 

20.4 

6 C.0 

14.4 

82.4 

191,000 

33.7 

20.3 

54 

20 

74.0 

13.3 

87.3 


47. PARIUNG TURNO VER 

The parking turnover is the ratio of the number of cars parked during a period to the stall 
capacity. High turnover is desirable, both for the revenue and because it relieves the 
parking problem. On a daily basis, the turnover in garages may range from less than unity 
to 10 or more. When curb regulations are rigidly enforced curb stalls may have average 
turnovers of 8 or more. 
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48. GENERATORS OF PARKING DEMAND 

Few definite and reliable criteria have been developed for the parking demand created 
by various land uses Fach new situation must be analyzed separately, considering all the 
local conditions which affect the demand. Illustrative parking space requirements are 
given in Table 51. 


Table 51. Effect of Land Use on Required Parking Space * 



Gross Floor Area 

Other Units of 


per Parking Stall, 

Measure per Parking 

Land Use 

sq ft 

Stall 

Indust! ial plant 

4223 

6.9 employees 

Bus terminal 

1917 


Retail mail-order house 

1816 


Office Building -4 

1628 


Univeisity 

1401 

7.6 students 

High school 

1263 

7.5 students 

Hotel 

1013 

2.7 guest rooms 

Hospital (private) 

934 

1.9 beds 

Office Building B 

818 


Neighborhood shopping center 

813 


Department Stoie B 

686 

518 sq ft selling area 

Department Store .4 

475 

283 sq ft selling area 

Theater 

318 

19.1 seats 

General market 

199 


Department Store C 

180 


RR passenger station 

95 



♦ .\ctual demand in a city ^^here 43% of all trips are made by automobile. 

Source: -\dapted from Thompson und Stegmaier, Effect of Biulding Space Usage on Parking De¬ 
mand, Highu'cy Research Board Bull. 19, 1948. 


49. DISTANCE WALKED 

The location and amount of parking space is not generally coincident with the location 
and amount of parking demand in central business dUtricts. Figure 45 t.vpifies this lack 
of congruity and emphasizes the frequent necessity for road users to leave their vehicles at 
points removed from their ultimate destinations and to complete their trips as pedestrians. 
Motorists do not like to walk more than 500 ft from where they are able to park, but under 
certain condition® they will walk 1000 feet, or more They will walk farther in large cities 
than in small cities, and they will walk farther when they plan to park longer. However, 
even in the largest citie.s only a minority of road users will park more than 2 or 3 blocks 
from their ultimate destinations, as shown in Fig. 46. 


50. SURVEYS OF PARKING DEMAND 

Parking demand surveys are u.sually made by the methods used for origin and destina¬ 
tion studies of traffic, but they require greater localization of origins and destinations than 
ordinarily needed for traffic movement studies. These survey methods include the ques¬ 
tioning of an adequate sample of parkers at the curb and in off-street facilities and the 
mailing of return-addressed, prestamped or business-reply questionnaire postcards to the 
residences of road users or the placing of such cards on vehicles at the curb and in off-street 
locations When postcards arc placed on parked vehicles, the spaces should be checked at 
regular intervals during the survey period to insure coverage of all or most of the vehicles 
using the spaces. The survey data may be analyzed as for traffic movement studies. 


61. REGULATION OF CURB PARKING 

The parking of automobiles on main thoroughfares and the use of those thoroughfares for 
loading and unloading purposes pro\’ide conveniences for only a few users at the expense 
of greatly reduced capacities of the thoroughfares, increased accident frequency, and the 
aggravation of other municipal problems. In intensely developed areas, only a relativeh' 
small portion of the parking demand can be handled at the curb. Nevertheless, there are 
few' urban centers where curb parking can be prohibited without serious disruption of the 



Per cent of parkers walking given 



2 3 4 

Walking distance, blocks 

Walking distance of parkers. 
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business and commercial activities of the area unless equivalent parking spaces are simul- 
taneouslv' provided. 

The Effect of Parking on Street Capacity. Curb parking seriously affects street ca¬ 
pacity through the narrowing of the roadway available for mo\'ing traffic, coupled with 
frictions created by cars maneuvering into and out of parking spaces. The decrease in 
capacity varies with street widths, the character of the community, enforcement policies, 
and other factors, but in all cases marked reductions in capacity develop when curb 
parking is allowed. Angle parking requires greater street area for maneuvering, and 
therefore decreases the capacity still further. Curb parking also tends to add to the street 
traffic load by the cruising of motorists in search of curb parking spaces; in some cases 
more than 7% of the total number of cars on a retail shopping street were found to be in 
this category. 

The Effect of Parking on Accidents. A high percentage of accidents on downtown city 
streets involves vehicles which are in the process of parking or unparking or result from 
maneuvers necessary to avoid collisions with parking or unparking vehicles. In 1949 a 
parked car was itself in collision in almost 16% of ail urban accidents reported. The 
accidents caused by parking maneuvers, but not involving a parking or unparking vehicle, 
are difficult to identify from accident records but may range from 2% to 20% of all acci¬ 
dents reported. More than one-third of the pedestrian injuries involve persons struck 
when walking from behind parked cars. The ha 2 ard created by curb parking practices is 
considerably greater for angle parking than it is for parallel parking. On streets with heavy 
curb parking demands significant reductions in accident frequency have been reported by 
several cities following the replacing of angle parking with parallel parking. 

Space Control. Legal authority for space control, whether for public safety or public 
convenience, is covered in state motor vehicle codes. Included are such things as pro¬ 
hibiting parking on sidewalks, in driveways, within intersections, near fire hydrants, on the 
immediate approach to traffic-control devices, opposite pedestrian safety zones, on the 
traveled portion of rural roadways, near railroad grade crossings, and in similar places. 
Space restrictions which are apt to vary with local conditions are usually referred to mu¬ 
nicipal authorities for legislative enactment. 

Parking regulations ordinarily p^o^^de that parking shall be parallel to the curb unless 
parking at an angle or other types of parking are specifically designated by signs or mark¬ 
ings. In many downtown districts it is necessary to set aside curb spaces to be used ex¬ 
clusively for loading and unloading of commercial vehicles. Specific curb zones are also 
designated for exclusive use of taxis. Other zones are designated as bus stops to permit 
transit vehicles to leave the lane of travel for the loading and discharging of passengers. 
Minimum desirable lengths of bus stops are shown in Table 52. 

Table 62. Minimum Desirable Bus-Stop Lengths 
(In feet) 


One-Bus Stop Two-Bus Stop 


Approrimate 
Bus Seating 

Approxi¬ 
mate Bus 

Near 

Far 

Mid¬ 

Near 

Far 

Mid¬ 

Capacity 

Length 

Side 

Side 

block 

Side 

Side 

block 

25 passengers 

or less 

25 

60 

50 

85 

90 

80 

115 

30 passengers 

25 

70 

50 

95 

too 

80 

125 

35 passengers 

30 

75 

55 

100 

110 

90 

135 

40 passengers 
and more 

35 

60 

60 

105 

120 

100 

145 


To find the space necessary for additional buses, add the bus length plus 5-ft clearance between 
buses. 

Source: Traffic Engineering Handbook, Institute of Traffic Engineers, 1950. 


Time Controls. Time controls usually limit maximum parking durations to 30 min in 
central business districts and to 1 hr in retail shopping areas. Limits of 10 to 15 min may 
be desirable for banks, post offices, and other special traffic generators. On the fringes of 
retail districts 2-hr limits may be applicable. On streets where peak-hour traffic flows are 
significantly unbalanced, the volumes may warrant the prohibition of parking during peak 
hours on the side of the street bearing the predominant flow. Most cities have regulations 
controlling all-night parking. The Model Traffic Ordinance contains the following sug¬ 
gested regulations: 

No person shall park a vehicle on any street for a period of time longer than 30 min 
between the hours of 2 a.m. and 5 a.m. of any day, except physicians on emergency 
calls. 
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The intent is not to forbid any parking at the curb during the night hours but to prevent 
the use of the curb for all-night storage of vehicles, which interferes with street clean¬ 
ing and snow removal, fire-fighting operations and the like. 

Parking Meters. The right to charge a fee for the use of curb space for parking is 
now generally attributed to the fact that such parking is considered to be a pri\’ilege as 
opposed to the right to travel on the roads or streets. The parking meter was developed as 
an aid to the enforcement of parking regulations; it was first used in Oklahoma City in 
1935 and since has become commonly accepted. It is held to be a legal device to aid the 
enforcement of curb parking regulations, but sizable sums are collected from its use. 
Typical city meter receipts are shown in Table 53. 

Table 53. Parking Meter Receipts, 1949 


City and 


Population 

Number of 


Receipts 


Group 

Meters 

Receipts 

per Meter 

Fees 

Over 500,000 

Washington, D. C. 

3089 

$218,829 

$ 71.00 

Nickel—1 hr 

Detroit, Mich. 

3407 

207,978 

61.00 

Nickel—1/4, 1/2. 1, 2 hr 

250-500,000 

Oakland, Calif. 

4910 

398,393 

81.14 

5 pennies or nickel—! or 2 hr 

St. Paul, Minn 

1331 

144.618 

108.65 

Nickel— 1 / 2 , 1, 2 hr 

100-250,000 

Fort Worth, Tex. 

2721 

201,061 

73.90 

Nickel—20 min, 1 or 2 hr 

Hartford, Conn. 

1358 

65.483 

48.20 

— 

50-100,000 

.\ugusta, Ga. 

960 

79.500 

82.80 

5 pennies or mckel—1 or 2 rir 

Portland, Me. 

853 

83,661 

98.10 

Penny—12 mm or nickel— 1 / 2 , 1, 
2 hr 

25-50,000 

Kenosha, Wis. 

618 

46,063 

74.50 

5 pennies or nickel—1 hr 

Muncie, Ind- 

387 

35,543 

91.80 

5 pennies or nickel—I hr, nickel 
—2 hr 

10-25,000 

Selma, Ala. 

572 

35.706 

58.90 

5 pennies, nickel—1 or 2 hr 

Hickory, N. C. 

400 

35,614 

89.00 

5 pennies, nickel—1 hr 


The use of parking meters on public ways was banned in North Dakota in 194S, and the 
ban was upheld by the Supreme Court of North Dakota. A legislative act of 1949 in 
Montana specifies that no ordinance providing for the use of parking meters can be enacted 
in any town of 2500 population or less, unless the qualified electors of the town shall vote in 
favor of such an ordinance. 


62. CURB PARKING IN URBAN AREAS 

Parallel parking interferes least with the movement of traffic and permits direct access 
between the curb and parked vehicles. Center street parking is occasionally permitted 
where streets are very wide. Although angle parkmg at usual angles accommodates more 
vehicles at a given length of curb, it is generally undesirable because of the width of the 
roadway which is required for maneuvering and because of the interference created m the 
traffic stream. The unparking maneuver from an angle parking position must be partially 
undertaken with restricted vision; the driver usually eases his vehicle into the traffic stream 
until he can see the approaching traffic. This causes deflection of moving traffic and in¬ 
creases the frequency of collisions. Consequently, angle parkmg should be used only on 
low-speed urban streets where parking requirements take precedence over through- 
traffic movements. 


63. PARKING ON RURAL ROADS 

Parking control along rural roads requires carefully designed engineering plans which 
reduce hazards to a minimum. Turnouts for commercial buses, school buses, and mail 
carriers are highly desirable features. Specially designed parking areas should be provided 
at scenic observation areas, public picnic grounds, wayside business sites, and other points 
where parking may be expected 
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64. OFF-STREET LOADING 

The stopping of buses and trucks for loading and unloading passengers and cargo is a 
type of parking insofar as its effects are concerned. Unfortunately little consideration has 
been given in the past to off-street loading, with the result that such facilities are now 
usually inadequate or non-existent. Suggested designs for loading docks for trucks are 
shown in Fig, 47. The distance from the pavement to the floor of the transport bed 
averages 51 in. for heavv' equipment, varying within a 6-in. range, depending on the vehicle 
design, the tire sizes used, and the deflection of the transport springs under load. Dock 
heights of 4S to 54 in. are suitable for most heavj'-duty equipment. It is preferable have to 




Fig. 47. Apron space for loading docks, (a) Unobstructed dock; (b) post-supported canopy, (c) 
alongside other vehicles, (d) dnveways and stalls. Source; Fruehauf Trailer Co. 


“Apron'■ Space Required by Tractor-Trailer for One Maneuver into or out of Position (Measured 
from Outermost Vehicle or Other Obstruction) 


Overall Length 
of Tractor-Trailer 

35' 

40' 


“Apron" Space 
Required 
46' 

43' 

39' 

48' 

44' 

42' 

57' 

49' 


Width 
of Position 
10 ' 

12 ' 

14 ' 

10 ' 

12 ' 

14' 

10 ' 

12 ' 


45 ' 
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the dock level lower than the transport bed to avoid interference with the opening and 
closing of rear doors of the transport. Widths of dock positions should be 12 ft, and the 
minimum vertical clearance should be 14 ft. 


65. DIMENSIONS OF PARKING STALLS 

The layout of parking stalls should provide for convenient movement of cars entering 
and leaving the spaces and for convenient alighting and boarding by passengers and drivers 
For vehicle design dimensions of 6 ft 4 in. width and 18 ft length, parking stalls parallel to 
the curb should be S bj- 20 ft. Recommended dimensions of stalls and widths of parking 
aisles for various parking angles and back-in and drive-in parking directions are given in 
Table 54. A parking stall width of 8 ft is adequate when vehicles are parked by trained 
attendants, but a width of 8 ft 6 in. is recommended when vehicles are parked by their 
drivers. 

Table 54. Recommended Stall and Aisle Dimensions 

Depth of Width 




Width 

Stall Per¬ 


Unit 

of Stall 

Area per 

Angle of 

Direction 

of 

pendicular 

W'idth of 

Parking 

Parallel 

Car, 

Parking 

of Parking 

StaU 

to Aisle 

Aisle 

Depth 

to Aisle 

sq ft 

90“^ 

Back-in 

8 'O'' 

18' 0 " 

22 ' 0 " 

58' 0" 

8 ' 0 " 

232 

60=^ 

Back-in 

8 ' 0 -' 

18' 10 " 

17' 4 " 

55' 0" 

9' 3" 

254 

450 

Drive-in 

S'O" 

17' r 

12 ' 8 '' 

47' 0" 

I 1' 4" 

266 

90^^ 

Back-in 

8 ' 6 " 

18' 0 " 

22 ' 0 " 

58' 0' 

8 ' 6 " 

247 

60® 

Back-in 

8 ' 6 " 

18' 10 " 

17' 4" 

53' 0" 

9' 10" 

270 

45® 

Drive-in 

8 ' 6 " 

17' 2" 

12 ' 8 " 

47' 0" 

12 ' 0 " 

282 


56. LAYOUTS OF PARKING AREAS 

Where parking and unparking is performed by attendants, stalls at 90° to the aisles are 
preferred because they require the least space and can be fitted better into rectangular 
areas. Although layouts requiring the parking of cars m double rows permit more cars to 
be stored in a given area than would be possible if each car were parked directly off an aisle, 
such layouts require attendants to move front-row cars in order to unpark rear-row cars. 

Customers prefer parking at angles of 75° or less but are not averse to 90° parking where 
adequate aisle and stall widths are provided. -At times, acute-angle parking is dictated by 
the dimensions of the parking area. Two methods of intermeshing stalls at acute angles to 
conserve space are shown in Fig. 48. 

Complete circulation should be allowed within the confines of large parking areas. 
The travel on all aisles of an area should be one wa\-, and the aisle system should require 
only the minimum number of turns and the minimum travel. 



Fig. 48. Parkmg-lot layouts Herringbone pattern, 45°. .\dapted from .\A.\ Farkins Manual, 1946 
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67. PARKING LOTS 

The most common type of off-street parking facility is the parking lot. Many munici¬ 
palities require that lots be enclosed with appropriate fences or other barriers so that 
vehicles can be moved only through designated entrances and exits. Most cities specify 
minimum distances permitted along the sidewalk between driveways on the same street. 
Frequently the locations of driveways with reference to street intersections are also limited. 
It is desirable to provide landscaped areas, hedges, and other aesthetic treatments W'here 
possible. 

Lots may sometimes be located advantageously in the interior of blocks where the 
property is comparatively less valuable than the frontages of the same blocks. In some 
places where block interiors are used, merchants have installed display windows for the 
attention of parking-lot users and have constructed entrances for their convenience. 

When sites are provided in the fringe areas of business districts, bus service is desirable 
between the lots and downtown areas. However, such sites are more valuable for long 
time parking than for short time parking. 

In many cases parking lots are developed temporarily on sites which are to be used 
subsequently for more profitable purposes. The impact of the ultimate withdrawal of 
such parking spaces should not be overlooked. 


68. PARKING GARAGES 

Types of Parking Garage. The ramp garage utilizes inclined driveways between floors. 
The inclined parking floor garage combines the ramp feature with the parking floors. 

Improved elevators in combination with other mechanical devices are finding ingenious 
applications in mechanical systems for parking. Some systems use elevator-and-crane 
devices Each de\*ice moves laterally in a central bay flanked by tiers of storage cubicles. 
While the car is being raised or lowered, the elevator is guided horizontally. The car may 
be moved to and from the elevator automatically. A fully automatic parking device em¬ 
ploys elevators equipped with car positioners, which move the cars to and from the ele¬ 
vator. A proposed mechanical system employs independent cages, each capable of holding 
one car, which are moved vertically in two adjacent columns and interchanged between the 
two columns ai their tops and bottoms. 

Ramp Types and Layouts, Hazards, conflicting movements, economy of space, efli- 
ciency of operation, and costs of construction are important considerations in the design 
and layout of ramps. Clearway ramps are those used exclusively for interfloor travel. 
Adjacent parking ramps, as the name implies, are inclined parking floors. Although ad¬ 
jacent parking increases the conflicts, it requires less area per car than if clearway ramps are 
provided and it has been found to operate satisfactorily where the garage sites are small. 
Ramps may be constructed with either straight or curved alignments, the actual paths of 
vehicle travel being curved in either case. With straight ramps, turning must be performed 
on the floors at the tops and bottoms of the ramps. Floors may be continuous or staggered. 
With staggered floor systems each ramp is usually one-half the length required for normal 
floor to floor clearance, but, of course, twice as many ramps are required. 

Warped surfaces should be used to ease the transition between the ramps and the floors. 
Superelevation cannot be provided satisfactorily with straight ramps. Although curved 
ramps are better suited to vehicle movements and arc, therefore, more comfortable for 
drivers, their use is generally limited because they are more costly than straight ramps. 

The travel paths of vehicles moving up from floor to floor may be concentric about the 
paths of vehicles moving down or they may be tandem. If the up-and-down ramps are 
part of the same or parallel surfaces the paths of travel for up-and-down movements are in 
opposite directions. If the ramp surfaces are sloped in opposite directions, opposed. 
vehicles traveling up and down rotate in the same direction. Some of the more common 
geometric ramp arrangements are shown schematically in Fig. 49. 

Parking-Garage Design. The most economical structural type of garage is the open 
deck, which is equivalent to a vertical series of parking lots, each with a low parapet around 
its periphery to serve as a barrier and to give a sense of security. Typical floor layouts 
are shown in Fig. 50. The architectural appearance of an open-deck garage may be rendered 
pleasing by various treatments, but such beautifications should not encLise the garage to 
the extent that forced ventilation is necessary. Areas that are enclosed, such as levels 
below thp surface of the ground, should be adequately ventilated to avoid carbon moncxide 
poisoning. 
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Fig 49 Typical ramp arrangements for parking garages (a) Opposed straight ramp system, ad¬ 
jacent parking type, (6) opposed straight ramp system, clearway type, (c) two-way staggered floor 
ramp system; (d) parallel circular ramp system; (e) one-way tandem staggered floor ramp system, (/) 
opposed circular ramp s>'stera From. The Traffic Design of Parking Garages, by Edmund R Ricker, 
The Eno Foundation for Highway Traffic Control, 1948. 

Structures may be designed for stage construction, permitting the addition of levels as 
required. The ground floors ordinarily contain entrances, exits, reservoir space for in¬ 
coming and outgoing cars, cashier’s booth, attendants’ office and customers’ waiting room. 
Along desirable frontages a portion of the ground floor might be laid out for stores or other 
commercial uses. Entrances and exits should be few in number, located as far as possible 
from street intersections and oriented to favor right turns. Entrances should be ample in 
width to avoid the impression of restriction. Exits should allow adequate sight distances 
at sidewalk crossings. The reservoir space required for various vehicle arrival rates is 
shown in Fig. 51. Elevators and stairs should be provided for interfioor travel. Endless- 
belt elevators may be installed for attendants’ use in attendant parking garages. Where 
ramps are used they should lead directly from the reservoir space to upper levels and to the 
basement. A heating plant siiouid be provided for heating the cashiers’ booths, offices, 
stores, and customers’ waiting rooms. Blower systems should be provided for basements 
or other areas where an aid to ventilation may be needed. In attendant parking garages 
interfioor call systems should be installed. Other suggested criteria are listed in Table 55. 
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Fig 50. Examples of floor layouts for vanous parking garage ramp systems (A) Opposed straight 
concentric ramps; (B) parallel straight tandem ramps. (.C) opposed straight clearway ramps, (D) opposed 
straight, mostly clearway, ramps; (E) tandem ramps, staggered floor system; (.F) circular opposed clear¬ 
way ramps, fG) elliptical opposed ramps Source: R/C Bulletin, published by Portland Cement Assn. 















Table 55. Suggested Criteria for Parking Garage Design 


Minimum size of unit 
Maximum size of unit 


Column spacing (when clear span not 
practicable} 

Ceiling height for first floor 
Maximum ceihng height, other floors 
In-bound reservoir space 
Out-bound reservoir space 
Maximum grade for ramps 
Attendant parking 
Self-parkmg 

Minimum width straight ramp 
Direct approach 
Sharp turn approach 
Minimum clear size for stalls 
Attendant parking 
Self-parking 

Minimum width of parking aisles (for 
90® parking) 

Minimum inside turning radius for 
aisles and ramps (curves on level 
portions only preferred) 

Maximum curb height 
Minimum curb width 
Side curbs 

Straight center section 
Curved center section 
Fireproofing required 
Service facilities 


200 

Dependent on parking demand 
but not so large as to overtax 
the street system during peak 
flows. 

IT 

12 ' 

7' 6" 

Four 12-ft lanes 
Two 12-ft lanes 

15% preferred; 20% absolute 
10 % 

II' 

18 ' 

8'I 18' 

8' 6' X 18' 

22 ' 


20 ' 

6 ' 

12 " 

12 " 

18" 

Yes 

Car service or minor adjust¬ 
ments 

Enough to deliver cars at the 
rate of customer arrivals in 
average peak hour 


Number of attendants 

Source; Institute of Traflic Engineers, Tragie Engineering Handbook, 1950. 



Fig. 51. Parking garage reservoir space required for various vehicle arrival rates, if overloaded less 
than 1% of time. From: The Traffic Design of Parking Garage-i, by Edmund R Ricker, The Eno 
Foundation for Highway Traffic Control, 1948 
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69. THE OPERATION OF PARKING FACILITIES 

Parking-Lot Operation. Parking in some types of lots may be administered effectively 
with the use of parking meters. Where meters are not used the operation of parking lots is 
generally similar to the operation of parking garages. 

Parking Garage Operation. Parking in garages may be performed by attendants or 
customers. With attendant parking, a minimum of space is used per car and consequently 
more cars can be stored in a given area than v/ith customer parking. Customers are not 
involved in the time-consuming process of parking. On the other hand, attendants may 
not be able to deliver the cars as fast customers call for them and delays may result. 

With customer parking, fewer attendants are used; the customer handles his car entirely 
and has the protection of locking his car. There is less possibility of delay in picking up cars 
but there is a danger of discharging cars from the garage at a rate which would interfere 
with the movement of traffic on the streets. 

A combined system similar to customer parking involves the driving of cars to and from 
the storage floors by the customers, the actual parking and unparking on the storage floors 
being performed by attendants. With this system, space-saving features are gained, 
attendants’ time is not required driving on ramps, and the temporary storage space at the 
entrance is reduced. 
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HIGHWAY LOCATION 

1. BASIC CONSIDERATIONS 

Introduction. The “location” of a highway is the position occupied by the center line 
of the road surface. The horizontal component of the location is called “line”; the vertical 
component, “grade.” Except in fiat areas, the best line for a road cannot be established 
without considering the grade which a road so placed will have. However, the final line 
is generally established before the final grade, the consistency of the proposed line with 
satisfactory grades having been determined. Determination of the exact grade is a part 
of highway design rather than location. 

No road can be better than its location. An inadequate pavement can be strengthened 
or widened. Excessive grades can often be bettered. But alignment, once established, is 
frequently difficult or impossible to change without prohibitive disturbance of land uses 
developed along the new road. The use that will be made of a road will ordinarily dictate 
standards of line (as well as of grade, pavement type, and width, and so on) that can be 
afforded. When design standards have been adopted for any particular project, it is im¬ 
perative to select the best location consistent with those standards. If funds are limited, 
the least amount of compromise from desirable standards should be made with respect to 
horizontal alignment. 

Traffic studies and availability of funds will jointly determine geometric characteristics 
of the road and also the type of surface to be built. The geometric standards to be incor¬ 
porated into the road must be agreed upon before location surveys are commenced. 

Goyerning Factors in Highway Location. Ideally a road location should offer the 
following advantages: 

1. Directness. 

2. Low grades 

3. Easy curves. 

4. Good sight distances. 

5. Good foundation. 

6. Proper drainage. 

7. Easy excavation, where required. 

8. Available road-building materials. 

9. An adequately wide right-of-way. 

10. Suitable stream-crossing sites. 

11. Desirable sites for intersections with railroads and other highways. 

12. Freedom from slides and from bad snow and ice conditions. 

The factor of directness, i.e., minimum length, is very important in highway economics.2 
No general relationship between center-line and air-line distance between two termini can 
be established, and directness cannot be considered independently of other factors. How¬ 
ever, directness should always be considered 


1 This section is a companion to Sect. 3, Traffic Engineering, which includes highway systems, 
planning of highway projects, the traffic studies which should precede locatun and design, and the 
development of geometric standards (of sight distance, horizontal cur.ature, graio, banking and 
widening of curves, limitation of access from abutting property, etc ) for any par^^iouiar road. 

2 If a road carries 5000 vehicles a day, an extra mile of length will result in an additional 5000 vehicle 
miles of travel per day If the operating cost of this extra travel is 5 cents a vehicle mile, the added 
cost of travel is 5000 X 0.05 = $250 per day, or $91,250 per year. This can be conservatively capi¬ 
talized and still produce a verv large figure for the additional right-of-way and construction outlay 
that can economically be made to shorten the route. On the other hand, of course, if the road will 
serve only 50 vehicles per day, shortening the route by a mile will reduce travel costs by only $913 
per year, and this will afford much less justification for a high initial cost 
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Where truck trafSc is important grades not exceeding 3% are desirable. Snow and ice 
hazards limit safe grades for passenger cars to 6 or 7%. The satisfaotoriness of a grade is 
affected by its length as well as its steepness. The maximum allowable degree of curve 
for a road is dependent on the design speed and is usually limited by the maximum allow¬ 
able bank. Whatever maximum degree of curve is specified, the locating engineer should 
strive for reasonable consistency. A curve much sharper than others on the same road will 
almost invariably be a place of accident occurrence. Sight distance is a function of design 
speed and curvature (or difference in grades), jointly. AH the foregoing geometric controls 
on location are discussed in Sect. 3. 

No road surface is better than its foundation. The locator should, insofar as practicable, 
avoid areas of poor soil and poor drainage. He must, moreover, give careful attention to 
drainage conditions—and sometimes to soil conditions also—in establishing a sufficiently 
high grade line. The original construction cost may be considerably affected by the 
nature of the material to be excavated. Avoidance of boulders or ledge rock may govern 
the location, or, alternati%-ely, may determine the proper grade line. The nearness of 
suitable embankment material to the road location will affect construction cost. Good 
stream-crossing sites must be found, and also suitable spots for intersecting railways and 
other highways. Public safety will be enhanced and maintenance costs reduced by a 
location free from slides and where ice will melt rapidly and snow will not drift badly. 
Finally, since roads are built to serve traffic, the location should facilitate the development 
of the area traversed. 

Only rarely can aU of the desirable features be found in one location. Consequently 
the location selected will usually represent a compromise. 

Choice between Alternative Routes. There are two kinds of cost in a road: the cost— 
to the public—of building and maintaining the road; and the cost—^to individual motor¬ 
ists—of using it. Where more than one possible location exists, each location should be 
considered from both standpoints. 

“Benefit-Cost Ratio" Method of Comparison. A period of years is selected as being the 
length of time within which the cost of building and maintaining the road should be re¬ 
turned to road users in the form of benefits received by them through ha%’ing the proposed 
road to use in place of the best existing road. Thirty years is often considered a reasonable 
period. For the 30-vt period, the average annual volume of traffic to be anticipated on 
each of the proposed routes is estimated. 

Each proposed location is then compared, in length and in estimated travel time and 
sometimes in probable accident frequency also, with the best existing road that connects 
the termini of the proposed route. The miles of travel, the time and the hazard saved by 
a car using the proposed route, as compared with the existing route, are estimated, and 
an appropriate valuation is placed on each saving. Sometimes savings from better grades, 
less vehicle wear and tear from frequent stops, etc., are also included. This per-car-trip 
saving is then multiplied by the number of cars that have been estimated to use the pro¬ 
posed route during the year of average traffic volume. The product of the savings per ear 
trip times the annual number of trips is considered to be the benefit received annually by 
the users of the road as a result of having the improvement. 

The cost of right-of-way and of construction of the road is then estimated and is divided 
by 30 to reduce it to an annual basis. To this is added the estimated armual cost of main¬ 
taining the road. This cost should include maintenance and eventual replacement of the 
pavement, drainage structures, etc., the care of the roadsides and shoulders, removal of 
snow and protection against ice, and the maintenance of signs, signals, and markings for 
the guidance and protection of traffic. The sum of these costs is taken as the annual cost 
of the road.* 

The ratio of the annual benefit to the annual cost is the “benefit-cost” ratio for that 
particular route. Of the several possible routes, the one which provides the greatest benefit 
in proportion to its cost is presumptively the most desirable route to use. 

“Least Total Cost" Method. This method has applicability in undeveloped regions where 
no road exists between the termini. The annual cost of constructing and maintaining the 
road is determined for each possible route. An estimate is also made of the aggregate 
annual cost of using each route. This is the product of the number of cars using tbe route 
times the cost of each trip, taking into consideration mileage and the time consumed. 
Vehicle wear, gasoline wastage through excessive rise and fall, etc., should be considered 
in estimating per mile travel costs. Accident frequencies may also be considered where 
sufficient data permit. For each route, the annual construction, maintenance and use costs 
are added. The route for which the sum of these costs is least is presumptiv^ely the best. 


* An interest charge on the cost of each route is sometimes included also, especially when the pro¬ 
posed project IS to be financed with borrowed funds. 
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Either of these methods is an aid to the choice between available routes; neither should 
be followed too rigidly. Road location is a problem in which no element can be exactly 
known m advance. Also, there are many imponderables that cannot be considered 
mathematically—for example, the beneficial effect of opening to useful development an 
area suffering from inadequate access. However, imperfect as they must be, these methods 
of analysis, used with good judgment, are useful tools in making a wise choice between 
possible alternative routes. The first method, particularly, emphasizes the vital fact that 
there are benefits as well as costs to be considered in a road improvement project. The 
more costly of alternative locations may prove the more desirable in the long run. pro¬ 
vided that the excess of benefit (including both tangibles and intangibles) outweighs the 
increase in cost. 

Special Location Problems of Divided Highways. When traffic necessitates four or 
more lanes, safety requires the separation of opposing traffic streams, whether urban or 
rural, for even moderately high traffic speeds. 

In locating a divided highway or expressway, the center lines of the two separate road¬ 
ways may be maintained at a fixed distance apart, or at a variable distance. They may 
also have the same elevation at any section, or different elevations. 

Where the terrain traversed is flat or gently rolling, it will generally be preferable to 
locate and design the entire highway as a unit. In this case, the center line to be established 
will be the line midway between the centers of the opposing roadways. However, in broken 
or mountainous regions, it will often be desirable, and sometimes necessary, to locate road¬ 
ways for opposite directions of travel largely independent of each other, both as respects 
line and grade. The width of the dividing strip may var\- widely to fit the terrain, and the 
grades of the roads may be different also. On a side hill location, it will generally be ad¬ 
vantageous to bench in at different elevations. Under these circumstances, a location is 
worked up individuallj’ for each of the two roads. Where bridge structures are employed, 
either at streams or at intersecting roads, the two roads mav be brought together onto a 
single structure, or separate structures may be used. Tlie choice will depend on economy 
and, in the case of traffic interchanges, upon the requirements of traffic. 

In modern expressway design it is the practice to separate grades at intersecting roads 
and railroads. Attention must be given to locating the intersection at a point that lends 
itself to the separation. If no satisfactory point can be found, it may be desirable to re¬ 
locate a short length of the existing road in order to create one. In every rase where an 
expressway is allowed to intersect an existing road at grade, care must be given to the 
design of the intersection to control hazard. In thickly populated areas, the problem of 
intersections becomes serious and every advantage offered by the terrain—such as utiliz¬ 
ing a stream valley for the expressway—should be taken. Where intersecting roaeU or 
streets are close together, the expressway will ordinarily have to be continuously elevated 
or continuously depressed to avoid an objectionably “rolling” grade. In general, a de¬ 
pressed location is less mjurious to abutting property but may increase drainage difficulties. 

In the construction of a di\*ided road, it is sometimes feasible to utilize an existing two- 
lane road for one direction of travel. This can be done even in cases where some geometric 
characteristics of the existing road are inferior, since the one-way road will require only 
non-passing sight distances. 

In planning a major road it may sometimes be desirable to provide for immediate con¬ 
struction of a two-lane road, with provision for the later addition of two lanes. A disad¬ 
vantage is that the initial two lanes must meet “passing” sight-distance requirements while 
traveled m both directions, whereas, in the four-lane stage, thej* will require onlv non¬ 
passing sight distances. In broken country*, the additional grading required to secure an 
adequate number of pa.ssing sight di.stances may cost enough to make it desirable to build 
the four lanes initially. This is one of the problems that should be considered before loca¬ 
tion is attempted. 

The location of a limited-access road should not deprive substantial areas from access 
to any highway. 

Control Points. In the location of every road, certain points exert a controlling influ¬ 
ence. These ma\' be points (or areas) that must be reached by the road, or that must be 
avoided, if possible. In the former category are the two terminal points of the project. 
If the two termini are separated by mountains, a pass through them is likely to be a con¬ 
trol point. Suitable bridge sites on large streams are control points. A cemetery is a 
control point to be avoided. So is a swamp, if it can be avoided; but if it must be crossed 
a good crossing site is a control point. So is a town, en route, to be served by the road. 
The identification of control points is one of the very early and important steps in high¬ 
way location. 

When a highway of considerable length is to be built in successive sections, it cannot 
be too strongly emphasized that the location of the entire road should be studied in the very 
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beginning. It is not enough merely to work from one control point to the next. Recon¬ 
naissance should always be extended beyond the temporary termini to assure that the 
later sections of the over-all project will fit properly with the earlier units. 

Steps in Highway Location.^ The process of highway location is frequently carried out 
in four fairly distinct stages. These are: Area reconnaissance; route reconnaissance; the 
preliminary survey; the location survey. Each of these stages has its own specific purpose. 

Area reconnaissance seeks to identify all jKissible routes worthy of further examination. 

Route reconnaissance seeks to eliminate all but the best one of these routes. 

The preliminary survey undertakes to secure the information necessary for a location 
horizontally of the Iiighway center line. Most of this information can conveniently be 
recorded on a topographic map; hence, the principal product of the preliminary survey is 
a topographic map of a strip of land within which the entire highway can be located, to¬ 
gether with a “paper location*’ of the proposed center line, drawn on the map. 

The location survey has two purposes; (1) to stake on the ground, with permanent refer¬ 
ences, the approved center line of the proposed highway; C2? to collect accurate and 
complete information to enable the designer to prepare the final plans and right-of-way 
maps for the highway, to estimate all construction quantities and to make an estimate of 
the cost of the work. 

The dividing lines among these four stages are often—perhaps usually—not very sharp. 
Sometimes, two stages merge mto one. On all but minor jobs, however, the four stages 
can usually be distinguished. 

Ground- and Aerial-Survey Procedures. All the steps in highway location can be 
carried out by ground-surv’ey procedures alone. Aerial-survey methods (photogrammetry) 
have such advantages in speed and economy, however, that their use (in conjunction with 
a continuing use of ground surveys for some purposes) will generally be economical except 
on small and simple projects. The greater the difficulties of location, the greater are the 
advantages to be had from aerial methods. 


2. RECONNAISSANCE 

Area Reconnaissance.^ Area reconnaissance starts with the assembly of the best 
existing topographic maps if any are to be had; otherwise with such planimetric maps and 
aerial photographs, “mosaics,” etc., as can be secured from governmental units, public 
utilities, etc. In rural areas, if recent U. S. Geological Survey maps are available,2 these 
will generally provide the necessary information to identify all possible routes and perhaps 
also to eliminate all but one or two. County soil-survey maps made by the U. S. Bureau 
of Chemistry and Soils may also be helpful, if available. Control points can be spotted 
on the maps and, with the design standards of the projected route known, general locations 
can be worked out. It may sometimes be desirable to have the map sheets enlarged 
photographically. 

If adequate topographic maps are not available, existing aerial photographs should be 
sought.^ If photographs are not available, it will usually be worth while to have them 
taken. From these a mosaic is made, and the photographs are also studied stereoscopi- 

•* The problem of location may involve a completely new road through unoccupied wilderness, or an 
eight-lane expressway through the heart of a city. The road may pierce dense jungle or cross a tree¬ 
less prairie; traverse a level plain or penetrate rug g ed mountains. It may be intended to serve fifty 
vehicles a daj’, or fifty thousand There may be accurate topographic maps of the area, or no maps 
at all With a problem of such diversity, no one pattern of procedure will always apply. In the para¬ 
graphs which follow, it will be assumed that the area is one presenting considerable, though not ex¬ 
treme, difficulties of terrain, one in which there is a rather intensive land use, with correspondingly 
high land values and a fairly large amount of previous development to be taken into account. Unless 
otherwise noted, it will be assumed that the projected road is several miles or more long, that it is ex- 
14 ‘cted to cany enough traffic to warrant a design speed representative of most primaiy highway 
mileage in the United States at the present time—say 60 or 70 mph—and that the geometric charac¬ 
teristics of design are to be consistent with such a volume of traffic and such a speed. Roads of a 
more complex nature will sometimes he encountered and will require more refinement of detail than is 
presented here More frequently, road problems will be of a simpler sort, either because of lighter 
traffic, a 'Simpler terrain, or less highly developed land use In such cases, procedures somewhat less 
refined than those outlined may well suffice 

1 See also Sect 2, Arts. 62-79, Route Surveys. 

2 These are obtainable at nouunal cost from the U S Geological Survey, General Ser^'ices Adminis¬ 
tration Building, Washington, D C Unfortunately, a large part of the Umted States has not yet 
been mapped 

^Consult Map Information Office, U S Geological Survey, Washington, D. C., for available 
co^'crage 
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cally. In these ways, possible routes can be identified. The photographs may also give 
valuable information about soils and the location of suitable materials of construction. 
The region to be photographed at this stage should usually have a width of 40 to 60% of 
its length, unless intermediate control points or mountain ranges or rivers narrow the area 
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requiring investigation. The photographic scale may be 1 mile to the inch for large areas 
of comparatively simple and undeveloped terrain to 500 ft to the inch where the area 
is smaller and more complex. Recent California Highway Department practice in the 
design of an expressway has employed photographs ranging from 1600 to 2000 ft per in. 
in rural areas and to as large as 50 ft per in. in urban areas. The smaller scales were 
used in reconnaissance. Figure 1 suggests appropriate ranges of aerial photographic 
scale for the successive stages of location. 
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If neither maps nor aerial photographs of the region can be secured, area reconnaissance 
merges with route reconnaissance, since the only way in which the area can then be ex- 
arrdned is through the investigation of different specific routes, after control points have 
been identified as fully as possible. 

Route Reconnaissance.^ Area reconnaissance (with maps or photographs available) 
should have resulted in the identification of one or more relatively narrow strips of terri¬ 
tory within each of which it appears possible to locate a road fully consistent wdth the 
specified design standards. Feasibility of each of these suggested routes should next be 
checked on the ground. Aerial photograph 3 ' does not reveal subsurface conditions such 
as the depth of swamps, nor does it show, for example, the condition and value of a house. 
Moreover, when the photographs were not especialK' made for the project, conditions may 
have changed importantly' since they' were taken. The ground investigation should note 
soil conditions, any' adverse drainage situations (including possibilities of flooding or of 
slides', the availability of good road-building materials, and the effect of the proposed 
road construction on existing land uses. Special attention should be paid to the limiting 
values of grade and curvature at critical points to be sure that a road having the required 
standards can be built economically'. All stream crossings of any importance should be 
studied to verify the suitability of the sites, and all intersections of the proposed route 
with existing roads and railroads should have thorough examination. 

Unless ground reconnaissance rules out all but one route, it is often desirable to con¬ 
tinue the aerial reconnaissance by' having new photographs made to shotv the alternative 
routes in greater detail. These photographs will not only' be of larger scale but also will 
be taken at a lower altitude. This will make them more valuable for stereoscopic study, 
and they will also be appropriate for making contour maps, if those are desired. Scales 
for this second set of photographs should usually be between 1000 and 200 ft per in. The 
width of the strip photographed wUl be about 25 times the photographic scale; i.e., at a 
scale of 200 ft per in., a single flight will cover a strip about a mile wide, which will ordi¬ 
narily' be adequate. If alternative routes lie comparatively' close together, the single 
flight may cover both. In other cases, a separate flight may* have to be made for each 
route. 

These larger photographs are studied individually, are assembled into a mosaic and 
are studied stereoscopically'. If some one route is materially' better than any' other, that 
fact can often be developed from the photographs. 

If the routes lie close enough together to be covered in a single flight (as may' be the 
case in intensively' developed areas), it will usually be desirable to have a topographic map 
made at this stage. When this is done, route reconnaissance merges with the preliminary' 
survey. 

Even though alternate routes are too far apart to be photographed in a single flight, it 
ma,' still be desirable to get a contour map of each route. This will be true when the 
project is of substantial cost and choice between routes is difficult. Each mapped route 
should be carefully studied from the standpoints of right-of-way cost, construction cost, 
and benefits to users. A benefit-cost ratio can be established for each route much more 
accurately with the topographic map than without it.® 

If reconnaissance by means of maps or aerial photographs is not found feasible, such 
probable routes as can be surmised from overlooking the country' must each be investigated 
by ground surveys. In some oases, the possible route can be adequately investigated by' 
traveling over it and examining it with such simple instruments as compass and hand 
level—flagging the route on lath or trees for later identification. At the other extreme, a 
stadia or other quick instrument survey' may be necessary. 

Route reconnaissance, by' whatever means conducted, should secure enough data to 
permit at least a rough estimate of right-of-way’ and construction costs of each route, as 
well as its approximate length and profile. As the cost of the project and the difficulty 
of choosing l^tween routes increase, the reconnaissance studies should be made wnth 
increasing refinement, even though this may require substantial expenditures. 

Reconnaissance Report. In general, it is desirable that before a road project progresses 
from the reconnaissance to the preliminary’ survey stage, a detailed report of the recon¬ 
naissance should be made. This will enable the recommendations resulting from the 
reconnaissance to be evaluated accurately by' the proper engineering authority. It will 
also record the considerations which dictated the choice of location, should the wisdom of 


4 See also Sect. 2. 

s All the aerial photographs referred to above are taken vertically A subsidiary but valuable ap¬ 
plication of photography is to take oblique view’s of the selected route. The proposed road is then 
drawn on prints of these. This technique has particular advantage in demonstrating the route. 
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the location ever be questioned. The proper scope of this report will vary. It should 
include as many of the following topics as apply: 

1. Date of the report. 

2. Identification of the project, including termini and approximate length of the pro¬ 
posed road, the larger project or road system of which it forms a part, its location within 
that system, etc. 

3. Traffic conditions and corresponding design standards as given to or assumed by the 
locating engineer. 

4. Maps, aerial photographs or mosaics and all similar data used in the reconnaissance, 
with the selected route and any discarded routes suitably shown or described. 

5. Control points to be met and to be avoided. 

6. Nature, extent, and date of photogrammetric and other office studies, and by whom 
made. 

7. Nature, extent, and date of field studies, and by whom made. 

8. General character of terrain, soil, drainage, etc. 

9. Existing development and use of land. 

10. Availability of local road materials and transportation facilities to site. 

11. Recommended tj'pe of road surface and shoulders to meet conditions of traffic and 
terrain. 

12. Major structures required, both by drainage and by traffic. 

13. Discussion of reasons for the selection made. 

14. Discussion of any alternate routes, with recommendation of any further investiga¬ 
tions, if considered desirable. 

15. Approximate cost and cost per mile of each suggested line, based on recommended 
design standards and road surface type. 

16. Name of engineer responsible for report. 

3. THE PRELIMINARY SURVEY 

Purpose of the Survey. The objective of the preliminary survey is to establish the 
horizontal location of the center line of the proposed road. This will necessitate consider¬ 
ation of the grade also. To accomplish this purpose an accurate and sufficientb' detailed 
topographic map must be produced 

The Topographic Map. Whatever methods are used in making this map, it (alone or 
with accompanying profiles and cross sections) should show the following information, 
when complete: 

1. Ground elevations, to the extent needed (it may be unnecessary to show complete 
contours). 

2. All houses, barns, sheds, commercial, industrial, and other buildings. 

3. All fences, walls, and other boundary’ lines, according to their type, together with 
the names of property owners. 

4. Pole lines, of all kinds, together with their ownership. 

5. All wells, hydrants, manholes, and any other e\ndences of underground sewers, 
conduits, and gas or water mains, together with their ownership. 

6. All roads and driveways, with notation as to whether improved or not, and type of 
improvement. 

7. Kailroad.==. 

8. All sidewalks, crosswalks, curbs, etc. 

9. All existing drainage structures. 

10. Valuable trees and cultivated shrubs. 

11. All natural water courses. 

12. All ponds, swamps, etc. 

13. All outcroppings of rock. 

14. All other features of the site which might affect the final location. 

Aerial Maps: Limitations and Advantages. A topographic map cannot be made 
satisfa'^tonljy' by aerial means if the ground surface Ls obscured by the leaves of trees or 
when it i•^ covered with snow. Consequently, the aerial method will be impractical in 
heavily wooded tropical areas and in any areas heavily wooded with evergreens. In tem¬ 
perate areas with deciduous cover, the securing of photograph.^ adequate for mapping will 
have to wait on the proper season, and this may be disadvantageous. 

However, aerial mapping, when it can be used, is cheaper under most conditions of 
terrain and land development than mapping by ground surveys. It will be substantially* 
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cheaper if both t^-pes of survey are worked up for the same width of area and with the 
same amount of detail—especially since the photographs will generally have already been 
secured for the purposes of route reconnaissance. Moreover, a map can usually be pro¬ 
duced in substantially less time by photogrammetry than if produced by ground survevs, 
and this may offset any seasonal delay in taking the photographs. 

The scale of the aerial topographic map is determined by conditions of the terrain and 
of its development. If the land is flat and a contour interval as small as 2 ft is necessary, 
the map scale will have to be as large as 100 ft per in., since the scale can be only about 
fifty times the contour interval. A scale thio large is useful in urban and suburban areas; 
and where the development k very intensive, scales as large as 50 or even 20 ft per in. 
may be desirable. In rolling or broken areas, where a contour interv'al of 5 ft will be satis¬ 
factory, the map scale can be 200 ft per in., and this w'lll usually be large enough m open 
country. This scale and contour interval were used by the New York Department of 
Public Works in developing alignment for 300 miles of the New York Thruway, and also 
in relocating existing roads through rugged terrain. 

Supplementary Ground Investigations. If an aerial map is used, it will have to be taken 
to the field and checked for accuracy and completeness. Any missing data, such as prop¬ 
erty lines and the names of property and utility owners, the character of underground 
structures, the type and condition of houses, etc., will have to be added. Frequently, this 
may best be done after a tentative center line has been put on the map. The center line 
will define the areas where completeness and accuracy are most necessary. 

Ground Survey: Traverse, Topography, Profile, and Cross Sections. If the topographic 
map IS to be made by ground-survey methods, the first step is the running of a tangent 
and angle traverse to serve as a base line from which to take topography. This base line 
should be laid down as close to the final anticipated center-line location as feasible. 

This requires consideration of the principles that will control the establishment of the 
center-line location. The most important of these are: 

1. To secure a location desirable from the standpoint of traffic. It should not only con¬ 
form to the minimum standards of line, grade, sight distances, and road cross section that 
have been specified for the proposed road, but should also be as much ]>etter than the 
minimum standards as is feasible. The location, at all points, should minimize the pos¬ 
sibility of flooding by streams crossing the road or paralleling it. 

2. To secure a location reasonable in construction cost. This means that, insofar as 
possible, areas of swamp, ledge rock, possible landslides, and other foundation troubles 
must be avoided; that amounts of cut and fill be held •within reasonable limits; that good 
sites be secured for stream crossings, railroad grade crossings (or separations) and inter¬ 
secting roads, etc. 

3. To secure a location that will have the least harmful effect on land use. This means 
avoidance, as much as possible, of expensive existing development, residential, industrial, 
agricultural or other; avoidance of unnecessary severance of valuable properties; and of 
encroachment on cemeteries, playgrounds, parks, and golf courses. In the reconstruction 
of an existing road, particular study should be given to the possibility of limiting the 
widening of the right-of-way to one side of the road only. 

4. Subject to the above controls, to secure the most direct line. 

Kno-wing the general route to be followed (usually it will have been flagged on the 
ground or plotted on a map or moasic for his guidance) the locator runs his traverse to 
conform as fully as possible to the above principles. Where they are in conflict he attempts 
to develop the best compromise. 

The topography is ordinarily taken as the traverse is earned forward. Topography 
should extend far enough either side of the base line to include the entire right of way of 
the road when built, making due allowance for possible shifting of the center line aw'ay 
from the traverse when the final line is plotted. Hence the topography need not cover a 
band of uiuform width, but should be widened at points where there is certainty as to 
the exact position of the eventual center line. Topographic features are of two general 
sorts: some, such as rock ledges, important buildings, etc., will affect the location selected 
for the road: others, such as driveways, will not influence the location but may have to be 
given consideration in working out the details of the design. At the time of the prelim¬ 
inary survey, it is frequently desirable to map only topographic features of the first sort. 
After the center-line location ha& been establi-slied on paper and when it is being staked 
on the ground in the location survey, the topographic map is completed by adding the 
necessary secondary items. These can be more accurately located with respect to the 
chosen center line by plotting them from the center-line transit stations than from the orig¬ 
inal traverse. AUo, better judgment can then be exercised as to what topography should 
be included in the map. 
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Levels are run over the traverse to e&tablish benchmarks at intervals of about 1/4 mile. 
These are carefully marked and referenced. A ground-surface profile of the traverse is run. 
Ttu.-^ may give sufficient elevations for establi-^hment of the preliminary center line, when 
that piofile It fairly repreTcntative of the surrounding ground. Cross section^- should be 
taken, however, at points where relative elevations appear uece.ssary or helpful m estab¬ 
lishing the center-line location. In ociasioiial areas where neither profiles nor cross sec¬ 
tions adeiiiiately depict the ground and where the shape of the ground may affect the 
centei-line loiation, contour.s at appropriate {often o-fi- intervals may be mapped. 

In making tlie preliminary survey, the traverse and the bench levels should be tied to 
e.Tcistmg monuments and benchmarks a-' fully as possible. Wherever available, USGS 
datum should be used for elevations If a grid-coordinate system exists in the area, the 
map should be accurateh' tied to it. All levels should be back checked, if reference bench¬ 
marks are lacking. 

Cotiuections a ith Existing and Fidure Roads The ends of a road project are often points 
where particular care should bo taken in location. This is especially true m reconstructing 
successive lengths of an exi.sting road. It is then most important to make certain that 
the center line of the immediate unit is capable of being extended effectively as recon¬ 
struction of the route is continued. In .>uch cases, it will usually be desirable to continue 
the traverse, and to secure important topography for extension of the center line a sub¬ 
stantial distance—a quarter or half mile—beyond one or both ends of the immediate 
project. 

Plotting Topographic -Vap The field party which makes the transit and level surveys 
has the additional responsibility of plotting the topographic map. (See Figs. 2 and 3 for 
conventional -igns, etc., in ordinary use ) This map is customarily plotted as the survey 
progre.s.ses. and "'•hows the traver.'^e and all topography taken from it. The plotting of the 
traverse mu>t l'>o done with care, .since it form.s the base of all subsequent paper work As 
in the case of photogrammetric maps, scales for preliminary ground-survey maps may 
var\ from 200 to 20 ft per in. depending on the complexity of the area represented. If 
the topographic map i> diawn to the scale that will be used later for the construction 
plans, all data developed on the map which is to be shown on the construction plans can 
be directly traced The topographic map is best plotted on a continuous roll of heavy 
traiibliK*ent tracing cloth, from winch prints will be made. 

.Vfter the tran.>it line hao been carefully checke«l to eliminate any errors in plotting, it 
IS inked. It may sometimes be desirable to ink other lines of the map also. Inks of dif¬ 
ferent colors are sometimes used to differentiate between different features of the map. 

Plotting the Preliminary Center Line. When the topographic map (and supplementary 
profiles and cross sections! have been plotted, the e-tabhshment of a tentative center line 
Is in order. This is sometimes called the ‘’paper” location 

If the preliminary survey was made by ground methods, the engineer who made the 
survey 1 .- usuallv the person who works out an initial and tentative center line on the 
topographic map. since he will liave the most intimate knowledge of the terrain and the 
problems to be solved He will be guided bv the traverse line Usually, however, prog- 
re*-s of the traverse will have revealed conditions of topography or laud use that suggest 
.Tome <'le''irable difference'^ between the travcr.Te courses and the center-line tangents. 
The tangents will then be plotted near, ratlier than on. the traverse course.s In locating 
the center line, the principles that governed location of the traverse should be kept in 
mind. If, a.s center-line plotting progresaes, uncertainties arise in the mind of the locator, 
he can reexamine the site 

The Michigan Highway Department enumerates the following policies to be considered 
in locating the tentative center line. 

“1 Preserve and save, where possible, all roadside shade trees located outside the 
shoulder of a highway. 

2 U'C a rnmimuin number of curves 

3 Utc exi-iing ade<iuaTe bridges and large culverts. 

4 Secure, nearly as possible, right angle crossings of intersecting roads, railroads 
and '•treaiu'.. 

5. Locate the center line in stable soil's, if possible. 

6 Coordinate horizontal curves with vertical curvature for good appearance. 

7. Leave local land drainage in as good condition as it is found. 

8 . Consider the -.afety of children at all schools. 

9. Leave all cemeteries undisturbed. 

10. Hold all right of way, building-rnoving and property damage costs to a minimum. 

11. Avoid successive horizontal curves (flat backs) in the same direction. Make longer 
single curve, compound if necessary. 
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12. Avoid short reversed (dog leg^ alignment. 

13. When reverse curves are necessary, distance between curves (P.T. to P.C.) should 
be SCO feet minimum, and length of curves 600 feet minimum.” 

The center line is plotted as a succession of tangents and circular curves. A more 
pleasing effect is secured by the use of long, flowing “directional” curves rather than a 
frequent alternation of short curves and short tangents. When the center line has been 
plotted, the bearings of tangents, the curve data (central angle, degree, tangent distance, 
length, and radius) and stationing are added. Stationing is carried on from the beginning 
to the end of the project. 

Field Review of Preliminary Center Line: Location Center Line. When the tentative 
center line has been established and plotted, the “paper” location should be re\'iewed in 
the field. The entire traverse line should be walked over, and the tentative center line 
compared with the ground. Particular attention should be given to all points where the 
center line approaches limiting values of the geometrical standards. Attention snould 
also be given to any conditions which might affect the design or construction, such as 
areas of unstable, water-bearing soil. The attempt should be made to adjust the location 
in all feasible ways to 3implif3* problems of right-of-wa\' acquisition. It may be that ail 
questions raised b\' the field inspection cannot be immediately resolved, but that more 
extensive investigations will have to be ordered. These should be made and ail contro¬ 
versial points settled. The topographic map is then revised to incorporate all additional 
information and any adjustments that have been made in the tentative center line. The 
center line as adjusted is then approved as the location center line, and the preliminary 
survej’ is considered complete. 

4. THE LOCATION SURVEY 

Divisions of the Survey. The location survey has two mam divisions The first of 
these is the staking of the center line on the ground exactly as it has been finally estab¬ 
lished on the map. The second is the collection of ail remaming items of information that 
will be needed in completing the highway design: preparmg construction drawings, specifi¬ 
cations, and estimated quantities; and purchasing the right-of-way. 

Staking the Center Line: Additional Topography. When the center-ime location on the 
topographic map has been approved, the map is returned to the field so that from it the 
location center line can be staked on the ground. As already mentioned, it is a frequent 
practice to include in the preliminary survey onl.v the topography- essential to center-line 
location. All additional topography is measured from the staked center line as staking 
of the line progresses. In showing buildings, all steps and porches should be shown, as 
well as the buildings themselves. If any part of the building will apparently lie within 
the right-of-way, all dimensions representing and locating it should be to the nearest tenth 
of a foot. For intersecting roads, the center line and right-of-way lines should be shown, 
as well as the travel path. A station plus should fix the intersection of the center lines. 
The same thing is true of an intersecting railroad line. In addition, the type, dimensions, 
and condition of any- existing railway crossing should be shown, and the nature of any 
protective devices. The sizes and species of important trees should be shown, as well as 
their location. There will be special points, such as bridge or important culvert sites and 
the sites of railway grade crossings or of highway or railway grade separations or traffic 
interchanges where the designer may need \'ery detailed information. 

Important items of topography that were taken from the original traverse should fre¬ 
quently be checked for accuracy of position by measuring their location from center-line 
stations and checking the measurements on the map This should reveal any errors that 
may- have been made in plotting the center-line location from the traverse. 

Cross Sections and Profiles, When the center line has been staked, cross sections of 
the ground surface are taken, at right angles to the center line, at each station and half 
station and at all points where there is a significant break in grade. Enough readings are 
taken at each cro'^s section to establish the shape of the ground, and the section is carried 
far enough on each side of the center line to cover anticipated construction. Ground- 
surface readings are usually to the nearest tenth of a foot, and turning-point readings to 
the nearest hundredth. The benchmarks that were established in the pieliminary survey 
form the reference points for the cross sections. 

In addition to cross sections, elevations should be determined wherever they will supply 
information needed by the designer. The centei-lme profile for each intersecting road 
should be obtained for sufficient distances to establish its existing grade line, and to show 
the effect of any change in the grade of the intersection. Top-of-rail elevations should 
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similarly be secured for all intersecting railroads. Comparable information should be 
secured for roads and railroads that parallel the center line or approach it closely. In 
such cases, the regular cross sections should be extended frequently to include the road or 
railroad. Inlet and outlet elevations at all existing culverts carrying stream flows should 
be secured, as well as flood-water elevations and flow-line elevations m the bed of each 
stream for a reasonable distance upstream and dowm. All other existing drainage struc¬ 
tures should have significant elevations noted. The ground elevation of all trees at criti¬ 
cal distances from the center line should be recorded. The first-floor elevation and all 
other pertinent elevations such as the top and bottom treads of flights of steps should be 
recorded for all houses near the anticipated right-of-way. 

Plotting the Location Survey. All additional topography taken m the location survey 
should be plotted on the map by the survey party. The survey party should also plot the 
ground-surface profile of the location center line on a continuous roll of profile pax^er, using 
the same horizontal scale as used for the topographic map. The vertical scale should nor¬ 
mally be ten time^ the horizontal. When this profile has been completed, a tentative grade 
line is put on it. This is done for two reasons; first, to check the satisfactoriness of the 
center-line location; second, to assist in the plotting of cross sections. 

It is a frequent and sound practice for the survey party, m plotting the ground-surface 
cross sections, to put them directly on the tracing sheets that will form part of the final 
set of construction drawings. These sheets are often to a scale of 10 ft per in., both hori¬ 
zontally and vertically in rolling country, 5 ft fboth ways) where the terrain is flatter. 
Cross sections are plotted one above another, commencmg at the bottom of each sheet 
and running consecutively on succe^ive sheets, from beginning to end of the project. 
Offset distances from location center line are marked along top and bottom margins of 
the sheets, elevations along the vertical margins. The ground-surface cross section for 
each station or half station (or other point) is plotted in a hea\’y, solid, inked line. Ex¬ 
posed rock is indicated by conventional hatching under the ground line, and all occurrences 
of rock as determined from the subsurface survey are plotted in proper location. If ex¬ 
tensive rock formations have been determined by more than one boring at the section, the 
several points are connected by a dashed line marked “rock surface.” Swamp bottoms 
are similarly indicated and labeled. If soundings have been made but have failed to reach 
rock or hard bottom, the depth of each sounding is indicated. Existing stream beds, 
buildings, roads, drainage structures, and any similar objects are also plotted. 

As many cross sections are plotted on a sheet as can be included without overlapping or 
crowding when the road templet has been added above or below the ground line, as the 
case may be. The tentative grade Ime, as worked up on the field profile, is a useful guide 
in spacing sections on the cross-section sheets, since it shows a close approximation to the 
center-line pavement elevation at each section. The station or station and plus for each 
section is written on the center line and just above or below the ground line, according to 
whether it is expected the section will be in cut or on fill. 

Surface Drainage Survey. All well-defined drainage courses that cross >Dr closely 
approach the center line should be located by station plus and bearing, whether they carry- 
water continuously or intermittently. In addition, enough information must be recorded 
to enable the designer to provide adequately for the drainage flow. This will ordinarily 
require an approximate determination of the drainage area (acres or square miles) and the 
nature of runoff, whether fast, medium, or slow, according to principles and procedures 
outlined in Sect. 2 of Vol. II. The drainage area is determined from topographic maps 
or by stereoscopic study of aerial photographs. If neither of these are available, it -will 
sometimes be necessary to run a quick traverse around the area. Flood elevations in all 
streams that cross or parallel the location should be determined by noting t-wigs and other 
debris lodged in trees along their banks. Examination should be made of drainage struc¬ 
tures at th? nearest road or railroad crossings upstream or dowmstream, if there are any, 
noting the sizes of openings and any evidence of adequacy or inadequacy. Valuable in¬ 
formation in regard to the adequacy of culverts can often be obtained from local residents, 
from highway and railway personnel, etc. Where an existing road is to be reconstructed, 
t’ae size, type, condition, and adequacy or inadequacy of any drainage structures on the 
existing road at any points within or near the probable area of the projected highway 
should be noted. All private drains, field tile, house drains, etc., that cross the center line 
or affect the design of the future highway must be noted, together with the purpose they 
serve. If data on any stream channel location appears necessary, detailed information 
concerning the nature of the channel and maximum flow should be secured. A special 
drainage survey will often be necessar>' for this, -with traverses and elevations tied in to 
the center line and benchmarks. 

Soils and Other Subsurface Conditions. The kind and amount of investigation of 
soils will depend upon the geology of the region. In many areas, particularly those once 
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glaciated, soils are generally good but rock excavation is a serious problem. In other 
areas, rock is not found but some soils may be very inferior. The investigations to be 
made must be adapted to the locality. Verj' generally, bar soundings, test pits, or auger 
borings should be made at approximately every station in proposed cuts and swamp 
crossings. The number at each siation -will depend upon the road cross section end upon 
soil and rock conditions. Auger borings, by hand or power driven, can be used if the soil 
IS not too bony Geophysical methods (seismic and electric resistivity) can be used in¬ 
stead of, or :iuppleinencing, the above. These explorations, aided by tests of samples and 
field inspection, enable the soils engineer to make analyses and recommendations on 
quantities of earth and rock and the probable percentage of large boulders in cuts. They 
also support recommendations on safe slope*, subgrade treatment, required subbase thick¬ 
ness, subsurface drainage under shoulders and slopes, shrinkage and swell from excava¬ 
tions to embankments, suitability of material for hlling in open water, and treatment 
of swamp and marsh deposits under embankments, such as by excavation, by displace¬ 
ment, or by slow filling with or without vertical s^nd drainage wells. 

In regions where soils are inferior or where successive layers of soil vary greatly in their 
characteristics and suitability, it may be desirable to make borings rather continuously 
along the highway center line to secure a soil profile that will assist the designer in estab¬ 
lishing his grade line and will apprise him of any troublesome conditions encountered any¬ 
where on the job. Especially at proposed bridge and culvert sites, ample soils data should 
be secured. Section 7 gives methods, equipment, etc. 

Careful records should be made during the location survey of all seepages of water and 
all vegetational evidences of wet or springy conditions that may require correctiv^e treat¬ 
ment. In road relocation or reconstruction, past history of maintenance trouble due to 
subsurface water or to frost should be sought and carefully noted. 

Road-Materials Investigation. One of the purposes of the soils investigation is to 
establish whether the material that will be excavated in cuts will be adequate in quality 
and quantity to furnish the yardage required to complete the embankments and to provide 
any necessary subbase and backfill for use around drainage structures. If so, no additional 
material—borrow—will be required If, howevei, borrow will be needed, available sources 
of such material should be investigated. It may be that borrow can be secured within 
highway iimita, either hy widening cuts (especially on the insides of curves, which will 
improve sight lines) or by increasing the cross sections of ditches (“side borrow”). Other¬ 
wise. It will have to be found outside of riglit-of-way lines at points where “borrow pits” 
can be established. The investigation should establish the location and accessibility of 
adequate supplies of available borrow; and also approximately the expenditure that will 
have to be made for temporary roads to bring the material to points where it will be needed 
on the job. Borrow pits should, of course, be so located as to require no longer haul than 
necessary. Sometimes separate pits may have to be established for different materials, 
as when suitable gravel for subbase and backfilling is more remote than material acceptable 
for the body of embankments. 

Occasionally the most available borrow will be sand or other granular material dredged 
from the bottom of a lake or other body of water near the right-of-way. Good material 
of this sort, placed hydraulically by pumping, makes.an excellent embankment, provided 
that care is taken to see that no muck or other rubbish overlying the sound material is 
drawn mto the embankment, and that the dredge intake is not moved beyond the limits 
of acceptable fill. Where use of dredged fill is contemplated, investigation should be made 
of the quality and quantity of available material, the thickness of overburden, and other 
factors that might influence the cost of this borrow. 

Transportation Facilities. To enable the designer to estimate construction costs more 
closely, the survey should also locate the rail sidings or other facilities through which 
machinery and materials other than those locally available may be brought to the job. 

Rights-of-Way Investigation. The topographic map and the survey notes, between 
them, should supply the designer with enough information to enable him to determme 
the controls that are exerted by abutting property. In open country, these may not 
amount to much. In closeh' built-up area*, however, the designer’s decision as to the 
elevation of the roadway in relaiicn to abutting houses or buildings, the width of right-of- 
way to be taken, and other features of design may be influenced by the amount of damage 
that may be done thereby to abutting owmers. Hence, it is not sufficient to inform the 
designer of only the shapes, sizes, and horizontal and vertical locations of buildings wuthin 
or near the probable right-of-way; he should also know their condition, the uses to which 
they are put, and any other items that will throw a light on the variations in right-of-way 
costs that will probably result from possible variations in his design. The location survey 
should develop all such information. In addition, it will, of course, provide accurate in¬ 
formation concerning the location of all property boundary lines and property improve- 
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ments. Where boundaries that affect the highway have been lost, it may be a part of the 
location survey to lee^tabli^h them on the ground, or it may be preferable to establish 
them later, when needed nghta-of-uay are to be bought. 

Surveys of Bridge Sites. AMienever the highway pioject mclude-s construction of a 
bridge, a large culvert, or a grade-separation stiucture. greater detail of topography is 
required Cross sections along the center line of the proposed biidge should be taken at 
10-ft intervals, and should show all breaks in the stream bottom for a distance at least 
50 ft be> ond proposed highway- nght-of-way lines both upstream and downstream. Enough 
section^ should be taken to include the length of the probable structure and lUO ft of ap¬ 
proach at each end Care must be taken to see that the cross-sectioned aiea is large 
enough to include all wmgwalls. abutments, areas requiring slope paving, riprapping. etc. 
A profile of the stream bed should be obtained along the center of the channel for at least 
500 ft upstream and downstream, taking elevations every 25 ft or oftener if the irregularity 
of the bottom indicates. Care should be taken to note holes in the stream bed, or other 
evidences of scouring action. If there seems to be more than one channel, or if the width 
of the stream is considerable, additional stream profiles should be secured. Careful record 
should be made of the stationing of the intersections of these profiles with the center line, 
and of the approximate angle between them and the center line. Data should be secured 
from which to calculate the required waterway, all available evidence as to this being 
sought. Soundings, borings, and other soil investigations should be carried out, as previ¬ 
ously described. If a channel relocation is contemplated, complete information for the 
area of the new channel must also be secured When an existing structure is located on or 
close to the proposed center line, the following information should be recorded: 

1. Number of spans and length of each. 

2. Width of roadway and total width of structure. 

3. Size of waterway of existing structure and all available evidence of its adequacy or 
inadequacy. 

4. Stream elevation and velocity at time of survey. 

5. Type of bridge superstructure and substructure. 

6. Condition of superstructure and substructure. 

If the proposed structure is to be for the separation of highway grades, the area mapped 
in detail must be large enough to include such interchange lamps as may be required. In 
addition, the profile and cross sections of the inteisectmg road are taken for a sufficient 
distance to include any revisions that may be made m that road. Consideration must be 
given to the possible desirability of relocation of the intersecting road. 

For grade-separation structures at railroads, a profile of the tracks for 1000 ft on either 
side of the highway center line should be secured. T.he point of intersection between the 
highway and railway center lines should be estabh^hed by means of a station and plus 
on the highway center line. The angle between tlie center lines should be measured, if 
the railroad is on a curve, pertinent curve data should be obtained. Cross sections of tiie 
railroad should be taken at 100-ft intervals, or oftener if needed, for several hundred feet 
either side of the center line. 

For any projected bridge site, a large-scale topographic map (scale 1 in. = 10 ft, con¬ 
tour interval 2 ft or 1 ft) should be prepared. Profiles and cross sections should be drawn 
to similarly enlarged scales. 

Survey Report. It is frequently desirable to complete the surveys of a highway project 
with a survey report. This will summarize the more important items of information that 
have been developed. It will aid the designer studying it in conjunction whth the topo¬ 
graphic map and tentative grade line and sections to gain a quick, over-all idea of the 
nature and difficulties of the project and of the proposals of the locating engineer for deal¬ 
ing with those difficulties. It will also serve as a check for the locating engineer, enabling 
him to discover if he has failed to secure any significant items of information that the 
designer will need. A suggested outline for .such a report, based generally on practice of 
the Connecticut Highwa\’ Department, follows. 

I. Identification and history- of survey. 

A. Name, number, termini, or other identification of road. 

B. Description and stationing of beginning and ending points: equalities and reasons 

therefor, length of project; ties with any existing coordinate systems and witli 
established datum; closure errors. 

C. Dates of commencement and completion of various surveys, interruptions and 

delays in work, etc. 

D. Record of conferences with local officials, utilities, etc. 
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II. Traffic. Summary of traffic auivey findings and resulting geometric requirements 
as supplied to locating engineei, including: 

A. De.'-ign speed or speeds 

B. Type and width of pavement, number of lanes, width or widths of center divi- 

if an\’ 

C. Wiiith and cliaracter of shoulders. 

D Maximum allowable grade 

E Maximum flegree of ciirvature 

F. \ ertn al and horizontal '•iglit-lme requirements, required frequency of passing 

-ight distances. 

G. Treatment of intersections irrade separations, interchange.^, etc. 

H. Extent of an> contiol of access 

I. Anv (jtlier imposed reciuireinents 

ni. Topography. exLstmg land u^e. ai d unlitie.-' udentined by approximate stationing 

A. General description of topographv of area, with particular refeience to swami)>. 

rock, and other natural ob.''tarle.s 

B. General ile^cnption of propcity along proposerl right-of-way and present use 

with special note of cemetoiies, public paiks, golf courses, etc. 

C. Location, size, tvpe. profile, and ownership of water, gas, sewer, and power lines 

and any othei utilities. 

IV. Proposed ahgnmeuc and grades. 

A. Relationship to any existing road or roads. 

B. Alignment control points and their influence on location. 

C. Alternate locations con.^nlered, with advantages and disadvantages of each and 

rea'sons for selection oi line adopted. 

D. Critical points (list) contiolUng the e.^tablishnicnt of the final grade, with upper 

and lower possible limit-'. rea.-ons for the grade line recommended, possibili¬ 
ties of adjusting grade ot<*. 

E. Discussion of any weak points in proposed line and grade and reasons why these 

were not improved. 

y. Foundation conditions (.identified b\ approximate stationing) 

A. Classification of soil materials as determined by observation and investigation. 

B. Statement of rock occurrences as revealed by inspection or bonng.s, sugge.'tioii" 

for rock or earth slopes in cuts, recommendations for any further subsurlace 
investigations. 

C. Description of swamps or marshy areas with statement of depth to hard bottom 

D. Comment on critical points, such as probable slide formatioii>. areas of inferior 

soil, etc. 

E. Recommendations for use of subbase, removal and replacement of iiifenor 

foundation soil. etc. 

VI. Dramage 

.4. Summary of weather conditionsJU•^t prior to and during soils and drainage surve\ 

B. Description of suggested general dramage scheme for project, including treat¬ 

ment of all special condition-' such as marshes and contiguous streams. 

C. A list of existing culverts and bridges showing location, size, length, and condi¬ 

tion. and a statement as to their adequacy. This should include installations 
on an existing road being reconstructed, and also on parallel roads, railroad-, 
etc., within a reasonable dLiance, both up.stream and downstream. 

D. A list (by stations) of proposed culverts and bridges, giving recommended t\pe, 

size, length, skew, end walls, etc. 

E. Description of existing sewer systems, ditches, gutters, and other drains. 

F. Recommendations for sewers, underdiam, paved gutters, intercepting ditches, 

leak-offs, etc 

G. Notation of an\' locations requiring high grade line to prevent flooding. 

VII. Construction material-. 

A. Complete statement on location, quality, available quantity, and haul of local 

materials. 

B. Recommendations for securing borrow* within highway limits 

C. Recommendations for securing borrow outside highway limits. 

D. Description of available sidings with location and distance from project. 

E. Availability of water. 

VHI. Right-of-way. 

A. Description of right-of-way to be acquired, giving general condition of houses, 
barns, and other buildings along route, with approximate valuation w'here 
valuation has affected location. 
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B. Statement of anticipated damages to be incurred because of necessity for 

moving buildings, replacing trees or shrubs, etc. 

C. Right-of-way difficulties involved in setting grade. 

D. Any other pertinent data. 

IX. Maintenance of traffic (where necessary). 

A. Recommendations for handling traffic, whether via project or detours 

B. Proposed detour routes, including length, type, and condition of detour roads 

and statement as to capacity and condition of critical bridges. 

X. Special considerations, including. 

A. Amount and character of clearing and grubbing required, indicating =jizes of all 

large trees. 

B. Statement of road and driveway approaches that must be constructed, with 

type and width of present surface. 

C. Recommended treatment of all intersections with railroads. 

D. Recommended treatment of all intersections wdth highways. 

E. Retaining walls. 

F. Private wells, springs, w'ater-suppK' pipes, drains, etc., with recommended 

treatment in each case. 

G. Topsoil locations, with depth to which stripping is possible. 

H. Amount and condition of existing guard rail, single posts, etc. 

/. Type and condition of existing property-line fences. 

J. Station location of transverse joints at ends of project if connection is to be 

made tc existing concrete pavement. 

K. Complete list of survey data—maps, profiles, notebooks, cross-section sheets, 

etc.—accompanying report. 

L. Names and positions of engmeer making report and of all personnel employed 

on surveys. 

-V. Date of report. 


HIGHWAY DESIGN: PLANS, SPECIFICATIONS,^ AND 

ESTIMATES 


5. GENERAL 

The design of a highway can be dhdded into eight parts as follows; 

1. Reviewing and plotting survey data. 

2. Preparing preliminary construction plans. 

3. Reviewing preliminary plans in field. 

4. Preparing final construction plans. 

5. Preparing specifications. 

6. Prepaiing construction cost estimates. 

7. Preparing right-of-way maps (if needed). 

8. Preparing right-of-way cost estimate (if needed). 

The principal end products of the design process will generally be: 

1. A set of construction drawings. 

2. A set of construction specifications.. 

3. A construction cost estimate of the project. 

In addition, there may be: 

4. A set of right-of-way maps. 

5. right-of-way cost estimate of the project. 

A complete set of construction drawings for a typical project will normally include: 

1. Title sheet. 

2. ()uantity estimate sheet. 

3. Index plan sheet. 

1 .\spects of highway design, involving specifications for materials and construction methods for road 
surfaces, bases, and embankments are treated under the general heading Highway Construction, p. 4-58. 
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4. Index profile sheet (may sometimes be combined with item 3). 

5. Typical road cross-section sheet. 

6. Plan sheets. 

7. Profile sheets (where possible items 6 and 7 are combined on plan-profile sheets). 

8. Cross-section sheets. 

9. Bridge design or other structural sheets, if the project includes bridges or other 
major structures. 

10. Miscellaneous standards and details sheets. 

A convenient size for these sheets is 22x36 in. The U. S. Bureau of Public Roads 
specifies this size for all Federal aid highway work, and it has consequently come into 
wide US3. 


6. SUR\^Y D.aTA 

Survey-Map Prints. If the survey map was plotted in the field on suitable material, 
prints are made directly from it. Usually one set of prints is used in tracing the map onto 
the separate final construction sheets; a second set is utilized in connection with rights-of- 
way acquisition; the preliminary highway design i* w'orked out on a third set. 

The field map and the notebooks should be carefully checked and compared for accuracy 
and to assure the completeness of the map. The map may then be traced onto the sep¬ 
arate sheets. The proposed construction will be added to these sheets later. 

Tracing the Plan Sheets. Whenever a straight alignment and a flat terrain make it 
possible, combined plan-profile sheets are used- otherwise separate sheets must be used 
for plan and profile. In either case, the plan sheet or half sheet and the corresponding 
profile sheet or half sheet should include the same length of road. Each plan should be 
oriented to make the center line as nearly horizontal as practicable. The plan should be 
centered in the top half of the sheet, with even stations above the hea-v^y vertical lines of 
the lower (profile) half insofar as possible. The plan should not be “broken” on a sheet 
except where absolutely unavoidable. The plan sheets should show the following survey 
data: 

1. All pertinent topography, including all property lines and the names of land and util¬ 
ity owners. 

2. The original tangent and angle traverse fif one was run; with the lengths and bear¬ 
ings of all tangents, and witnesses to all transit stations. 

3. The locations and elevations of all benchmarks, clearly identified and labeled (usu¬ 
ally in a “box” -with an arrow). 

4. The location center line as staked, with stations, P.C.’s, P.I.’s and P.T.’s marked, 
and with tangent bearings, and curve dr.ta shown. 

5. All political boundary lines. 

6. A north point. 

The center line is shown as a heav>% solid ink line. Light ink lines are used for all other 
survey data (except that political boundary lines are usually a Little hearierj. Where a 
curve extends onio more than one sheet, curve data should be repeated on each sheet. 
Conventional signs are given in Figs. 2 and 3. 

Tracing Profile Sheets. When checked, the center-line ground-surface profile is 
transferred from the continuous field roll to the separate profile (or plan-profile) sheets. 
The horizontal scale is the same scale used for the plans, and the vertical scale is ordinarily 
ten times the horizontal. Besides the center-line profile, supplementary profiles are 
plotted for nearby portions of intersecting or parallel roads, drives, and railroads as w^ 
as for existing sidewalks, curbing and other significant objects. Sill and ground elevations 
of nearby buildings should be shown. Streams, oridges, culverts, drains, sewers, and any 
utilities that cross or lie adjacent to the center line of the proposed construction are also 
shown. 

It is convenient to show profiles of roads, drives, etc., that intersect the center line as 
follows, left or far side by a light dashed line; right or near side by a light solid line. Those 
extending backward from the intersection are shown backward, thos? extending forward 
are shown forward, and those intersecting at 90° are shown extending backward on the left 
and forward on the right. The same conventions are used for intersecting stream channels 
whenever it may be desirable to show short lengths of them. 

Where rock profiles and swamp-bottom profiles have been approximated by borings, 
pits, or other soundings, they are shown in hght, solid lines. Since these profiles are only 
approximate and sometimes may turn out to be quite different from what was expected. 
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sheets showing them should always carry a notation disclaiming any warranty of correct¬ 
ness. 

In the case of dual roadways, a separate ground-surface profile is plotted for the center 
line of each road. All ground-surface profiles on the proposed center lines should be shown 
lu light, solid lines. 

When transferring profile-' to the final plan-profile (or profile' sheets, they should be 
placed ^o that the heavy hori 2 ontal lines of the grid coincide with 10-ft intervals (810, 
S2ij ft, etc., and the heavy vertical lines coincide with stations. Stationing should be shown 
at the top and bottom of the grid, and elevations at the ends. All profiles and other fea¬ 
tures that form p>art of the survey data should be inked in solid or dashed lines. 

Cross Sections. If cro-^s-section sheets were not plotted as part of the location survey, 
they are plotted at this time from the cross-section notes. 


7. PREPARATION OF PRELIMINARY PLANS 

Procedure. As the first ^tep in preparing preliminary plans, the initial decision as to 
the number and width of lanes and the width of shoulders (and median, if used) must be 
reviewed and confirmed or re\’ised A decision must then be reached as to all details of 
the t\-pical road cross sections—on tangents and curves, in cuts, and on fills. These deci¬ 
sions are prerequisite to setting the grade line 

A final grade line is then worked out. first as a series of tangents: then with the addition 
of vertical curves. The profile is carefully studied and adjusted until it is completely 
acceptable. 

With line and grade full>' known, the pavement details of superelevation and widening 
of individual curves (see Sect. 3) can be established. 

Drainage is then worked out. both in its surface and subsurface divisions. If bridge 
structures are required, certain basic data for them is prepared and bridge approaches are 
tentatively designed and made available to the personnel who will design the bridge. 

Decision is made as to locations for guard rail, posts, construction and other signs, and 
similar auxiliario" 

riiialb' (where ihU is necessary; “taking lines”—the boundary lines for the right-of- 
way —are decided upon. 

Each part of the design, as it is worked out and accepted, is recorded on the appropriate 
plan, profile, and crotss-section sheet.>, on wliich the survey data have already been shown. 
Conseqiientlv, the design gradually builds up on the.se sheets. The cros''-section sheets 
on which the growing design is recorded will usually be those from which construction 
prints will be made. For plan^ and profiles the de.-ign will ordinarily be worked out on 
the prints made fiom the field maps and on the roll of profile paper that was used in the 
field The'-e pIan^ and profiles asually should not be traced onto the final construction 
©heet." until the field inspection and an> changes resulting from it have been made. 

Typical Road Cross-Section Sheet. The important geometric elements of a road 
cross-section include the width and cross slope of the pavement or travel path, the width 



Fio. 4 Elements of road cross section 


and cross slope of shoulders, the location and cross section of ditches and gutters, the 
slopes of cuts and fills, and the width and other details of a median strip where used. 
Figure 4 illustrates the conventional terms that apply to highway cross sections. Figures 
o, 6, and 7 show typical sections of roads suitable for various traffic volumes. 
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TWO-LANE RURAL HIGHWAY 

LOW AND INTERMEDIATE TRAFFIC VOLUMES 


3' to 4' non-parking 
8' to 10' parking “N 
2' for 1 on 4 & 1 on 6 slopes 
3' for 1 on & 1 cn 2 sloper\ 


3' to 4' non-parking 
8" to 10' parking 



Slope 1 on or I on 2 


Grass or compacted shoulder 


Half Section on Fill 


Half Section in Cut 


HIGH TRAFFIC VOLUMES 


2' for 1 on 4 & I on 6 slopes 

3' for 1 on I>s & 1 on 2 slopes~\ jj, jO' a 24' , 4' to 8' 




^ J V Subbase ]V 


Subbase 
as called for < as called for 

i 


Ditch _ 
Hardened shoulder 


-Slope 1 on 2 


^Original ground 

Half Section on Fill Half Section in Cut 

B Typical Section on Tangent 

2' for I on 4 & 1 on 6 slopes 


Slope same as bank 
Mm ^ on 12 



Pavement width 20' tc 24' 


to 10 '. 

Bank as required 

4' to 8' 

JL\_, 

! _^-J 

! Slope 

Y on 12 



Original ground 


J V^Subbase ' \ Subbass \ 
r ' as called for 1 as called for ^ 

i 


with shoulder iip 
Hardened shoulder 


Half Section on Fill 


Half Section in Cut 


C Typical Section on Banked Curve 

Fig. o. Typical cro^s siection* for two-lane road^* L ndertiround drainage is not shown, but may be 
required, see pp. 4-32 to 4-48. For ditch sections -ee p.4-29. pavement widths, p. 4-24 shoulder widths, 
p. 4-24, pavement courses and thicknesses (not shown!. Arts Iti, IT, IS, subbase, p. 4-43, required bank. 
Sect. 3, guard-rail details, Figa 22 and 23, 



Gutter strip 
y slope ^ on I2v 

\ Raised j 

Pavement - Crown 1^" to \ median / Pavement —Crown to lis 
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(with alternative shallow and deep ditch sections) 
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Pavement Cross Section ^ On tangents, high-type pavements ma\' have either a straight 
or a curved dope, intermediate- and low-type surfaces are usually curved. "Where 

a curve U uved. the difference between a circular and a parabolic arc is usually indisiin- 
guisliable. The parabolic arc is easier to la\' out. The amount of crown should not be 
more than that necessary to let water run off the road For two-lane concrete or high- 
t\'pe bituminous pavements, a straight cross slope of b's m. per ft is enough except where 
longitudinal grades are very flat. If a curved '■ro--s slope is preferred, an av'erage value 
of 1 3 in. per ft or a little more, from center line to pavement edge. ^m11 ordinarily be 
satisfactory. On nitermediate-t\pe surfaces, - 4 m. per ft is good. Low-type surfaces 
may require ^ » in. per ft or more. Three-lane pavements geiierailv have a curved cross 
slope, although the two outer lanes may have a straight slope fl desired Tlie average 
cross slope Ironi the center line to the edge of a three-lane pavement should bo about 3 
in. per ft. Where curves are banked, it is customary to use a straight cross slope fiom 
the our-ide to the inside edge of tiie road rnetai 

For secondary and feeder roads, surfacing or pavement widths recommended ( 1950 ; 
by the American Association of State Highway Officials are shown in Table 1 . 

Table 1 

Width of Surfacing 
or Pavement, ft 

Annual Average Daily --- 

Traffic Volume Minimum Desirable 

Under 100 12 , if any 

100-400 16 20 

400-1000 18 20 

For two-lane primary roads, the AASHO recommends the widths shown in Table 2. 

Table 2 


Widths of Pavement for Density and Type of Traffic, ft 


Assumed 

Design 

5 to 30 

Vehicles per Hr 

30 to 100 
\’ehioles per 

Hr 

100 to 200 
Vehicles per 

Hr 

More than 200 
Vehicles per Hr 

mph 

P 

M 

t: 

P 

M 

T 

P 

M 

T 

P 

M 

T 

30 t 

16 * 

18 

20 

18 

18 

20 

20 

20 

20 

22 * 

22* 

22* 

40 

!6 

18 

20 

18 

18 

20 

20 

20 

22* 

22* 

22* 

22* 

50 

!8 

18 

20 

20 

20 

20 

20 

22 

22 

22 

22 

24 * 

60 

20 

20 

20 

20 

20 

22 

22 

22 

22 

22 

22 

24 * 

70 

20 

20 

20 

20 

22 

22 

22 

22 

24 

24 ♦ 

24 * 

24 


♦Where adequate treated shoulders are provided, pavement^ 2 ft less m width may be considered. 

tW'hen topographic conditions force a design speed of less than 30 mph, a i 4 -ft minimum width 
may be eonsiderfd. 

X Xo(r- P denote? passenger vehicle* exelu.«ively or pa'-senger vehicles and commercial vehicles up to 
approximately 3 tons gross weight which have little effect on the movement of passenger vehicles and 
on the essential details of geometric highway deMgn. M denotes mixed traffic consisting of passenger 
veliicies, buses, and trucks T denotes a large percentage of trucks which impede the smooth flow of 
other vehicles 

Three- and four-lane roads should never have traffic lanes less than 11 ft in width, and 
12 ft is preferable. See Sect. 3 . 

Shoulder Widths and Slopes. Road shoulders serve a number of different purposes, the 
more important of which are: 

1 . For the parking of vehicles. 

2 . .As a "safetj.- lane” onto which a vehicle can be driven in emergency to escape a colli¬ 
sion, 

3 A' a pathwa\- for pede.^trians and bicyclists. 

4 . To support the edge of the road metal, and prevent its breaking and raveling. 

5 . To encourage u^e of the outer two or three feet of the travel path, since motorists 
tend to .shy awav from the pavement e<lge vhere the shoulder is defective. 

b. As an area for depositing snow from the travel path. 

The volume .and t> pe of traffic using a road establish the importance of the.-'e several 
shoulder functions and the expense warranted for shoulder con-truction. The terrain 
plays a predominant part in fixing the cost of providing a shoulder of any given width. 

1 Pa\eiiient thicknesses and other design dements related to pavement strength are discussed later 
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Joint consideration of need and cost sliould guide deci-^iou as to what slujuld be done. 
The AASHO specifications require that, on the Interstate Highway System, shoulders 
shall be at least 10 ft wide in non-mouiitauious regions and at lea-'t 4 ft wide in moun¬ 
tainous regions. For primary roads not on the Inter-state System, the AASHO recom¬ 
mendation i= as follow*, 

'"Shoiddtrs In general, shoulders should be wider on fills than in cut.s. Wherever ob¬ 
tainable at reasonable cost the width of shoulders on all higiiwa\'> on which the tiaffi'* 
den-itN classification is more than 200 per hour should be not le-^•^• than 10 feet on fill* on 
which the slope is steeper than 1 on 4 and not le^* than feet in cuts or on nil* oii which 
the slope i* 1 on 4 or flatter. Shoulder* should be unable in einergenric" W'lerc* the* traffic 
density classification i* les* than 200 vehicles per hour shoulder* should be iiom 4 to 10 
feet in width, the greater widths to be used for the greater traffic den*itio* and higner de¬ 
sign speeds. The above shoulder wddths do not include widths nece*.*arv for guardrail.’' 

The purposes for which road shoulders are provided are largeiv defeated unle** the 
shoulder i* built of material sufficicnth’ *table to support vehicle-' in all weathe.'-s On 
lightly traveled roa*ls, the requisite stability may be secured b\ a good turf m.tt on a 
naturally stable *oil. As travel increase*. *houlder.-> of gravel or other -nitable granular 
material are de*irable, and treatment of the siioulder witli a bitiimmou* surface coat i-i 
increasing in favor. In extreme cases, paved shoulder* are warranted 

The cross slope of shoulders should be at least 1,2 ni. per it. and where the *houldcr i■^ 
not treated, or the material is at all questionable. 3 4 m i.- better. Uu the outride oi banked 
curves, shoulders are often given a greater slope (always opposite to the pavemc-ut slope' 
than on tangent sections, to insure getting water away from the paveii^ent. Thi" i- espe¬ 
cially true when the water may come from melting miow. 

Ditch and Gutter Sections. Ditch section* will be ‘Uscus-^ed a* a pait of <lrainvige design 
fp 4-29). Curbed gutters should be avoided alongside rural load*. unle-* gutter and curb 
can be located back of the shoulder; otherwise, a hazard icsults Ouitci* ma\ be U'cd 
along the inner edge of a divided roadway: however, the width ot tiie gutiei should nui bo 
counted as part of the travel path 

Median Strips. Median strips may bo either deprcs.sed. or raUed and curbed ('hoi'^e 
between the two types is largely dependent on available roadwav width Where tiu" i-* 
ample, the depressed cross section is generally pieferablc However, it p^nvi le* le^^^ hai¬ 
rier to a car out oi control than i«. affoided by a curbed, rai'-ed inedian Xo haid-and-fa-t 
rule can be laid down. but. when the distance between inner edgo.s of the two rc.adwa' 
pavements is less than about 20 ft. the raised section .should normalU )uive uieie'encc. 
liaised median." are ordinarily crowned to shed water int* gutter- llai.kiug I .uh -ide* of 
the median. Gutter* shoukl have a cro*s slope of ^'4 in per ft, and are uidmarily ma-ie 
about 2 ft wide, exclusive of curb width The gutter width should be in addition to tl e 
normal pavement width. Unle.-s tlio rai*cd median 1 * wkU* euouah in allow .it lea-r 4 ‘t 
of gra.ssed width, it is preferable to surface it with conciete. 

When the width between pavement edge* is between 20 and 3G ft the cleci-ion a- to 
median cross section should be based on con*ideration jf each individual ca-e I'o^ 
wudths of 30 ft or more, a depressed section is normallv desirable Thi* type median i-s 
geneially grassed. It should have a bitumiuou-< .shoulder demurkation stnp between the 
gras* and pavement edge, with a minimum width of 2 ft Width* up to 5 ft or more have 
been u*ed. With tlie depressed section, water from the inner half of each pawment, a- 
well a.* that falling on the shoulder demarkation snip- and the gra—ed area, flows to a 
shallow' ditch located on the center line of the median, iiom which it i- removed thiough 
suitable drainage facilities (p. 4-32) If a four-lane lOud i* built with the expectation of 
it* ultimate coiiver-ion into a -ix-Iane road, the median should mitialiy have sufficient 
wiilth to allow the two future lanes to be taken from it. 

In northern legion.* a dual load -hould be ile-igned to permit ploughing siiow m botli 
sides of each roatlwax. The wide. deprc*'-ed center median i* *ati'-!ai ior\ lor .-torage of 
this snow. On a raised median, stored -now ma\ -pill into the inner gutters, blocking 
them and causing a seriou* ice hazard from poinled water. 

The Interstate System standards specify absolute mimmuni width.s of 15 it and 4 ft 
for medians in rural and urban areas, re*pectivelv: and specify 40 and 12 it a* the <“orre- 
spondmg mininium dc.-irable widths. (See Sect. 3 for additional de.sign ieaiuio.* of me¬ 
dians from standpoint oi traffic) 

Cut-and-Fill Slop>s. Cut-and-fill slopes are often made less steep m modern practice 
than formerly. This change is due to the relatively lower co-t of moving earth now; the 
greater safety of flatter slopes on fills and lx*tter appearance of flatter slope- in cut*; the 
lower maintenance costs of flatter slopes both in cut* and on fills. Xo hard-and-fast nil ■* 



4-26 


HIGHWAY ENGINEERING 


for slopes can be laid down. In rock cuts, they range from 2 on 1 to about 6 on 1. A 
slope steeper than 6 on 1 appears to overhang, and a slope as steep as this is unpleasant 
in a through cut of any depth. Frequently, moreover, rock will not stand so steeply 
without endangering traffic by slides or falling stones. The slope should be flattened as 
much as finances permit. When benching into rock on a mountain or steep hillside, 
where flattening the slope would produce an excessively deep cut, it may be preferable to 
retain a steeper slope, but to widen the shoulder a few feet so as to set the rock lace farther 
from the travel path. 

In earth cuts the slope used will normally be based on study of the soil through which 
the cut IS to be made, and its ability to maintain a stable slope. Water conditions in the 
cut will affect this ability also The slopes in most general use lie betw’een 1 on 1^2 
and I on 2 Modern practice inclines towards the latter when finances allow. Deep cuts 
may be benched at vertical intervals of about 30 ft, giving the bench a reverse slope to 
form a ditch to remove the w'ater running down the face of the slope. The top of a cut 
slope in earth should be rounded off to a tangent distance of 5 to 8 ft on either side of the 
P.I, of the slope and ground-surface lines. 

On fills, slopes much the same as m cuts are used, except that, on low fills, flat slopes 
eliminate the need for a guard rail. The AASHO specifications for the Interstate System 
call for 1 on 2 slopes for earth fills over 10 ft high and 1 on 4 for lesser fills. Sometimes 
slopes as flat as 1 on 6 are used on fills of intermediate height—say 4 to S ft—without a 
guard rail Few soils wiU stand on a steeper slope than 1 on 1 t/o. Slopes of this limiting 
steepness are sometimes used, but with some soils erosion is apt to be severe or slides may 
occur. 

hen details of the road-section design have been fixed, a sheet of typical sections is 
drawn. These may usually be drawn directly onto the 22 x 36-in. tracing cloth that will 
form part of the set of construction drawings. Normally this sheet will contain a half 
section on cut and a half section on fill, both on tangent; cut-and-fill sections for a banked 
curve, together with any other sections that may be useful, such as one showing a cut 
widened for a sight line, a ramp section if the project includes a traffic interchange, a sec¬ 
tion in rock cut, etc. The road sections are frequently not drawn to scale, but are fully 
dimensioned. 

Grade Controls. Before a grade line can be added to the profile sheets, careful con¬ 
sideration must be given to the controls to which the grade must be adjusted. Controls 
are of many sorts, based principally on: (1) requirements of traffic; (2) conditions adja¬ 
cent to road; (3) maintenance considerations; (4) construction cost. 

Few grade-control problems can be resolved hy means of formulas or iron-clad rules. 
They have to be individually recognized and evaluated by the experience and good judg¬ 
ment oi the designer. There will often be conflict; as, for example, in making a compro¬ 
mise between property damage and the best grades for traffic or maintenance, in travers¬ 
ing a thickly built-up area. However, the following may be taken as general guides; 

I Sta>- as far below maximum allowable grade as available funds allow. 

2. Maintain continuous non-passing sight distance for the design speed with ade¬ 
quately frequent passing sight distance. (See Sect. 3.) 

3. Avoid short “rolling” grades and an excessive amount of rise and fall. 

4 Avoid using same P.C. or P.T. for horizontal and vertical curves. The vertical 
curve should preferably extend on to the horizontal tangent. 

5 Avoid leveling off a long descending grade to a flat grade several hundred feet in 
length as a bridge or grade separation structure is approached. 

6. Before designing a highway" intersection, determine am- existing or probable future 
plans for reconstructing the intersecting road. Consider possibility of shifting align¬ 
ment of the intersecting road if desirable to improve conditions. 

7. At any intersection at grade where vehicles may have to stop, provide a level or 
nearly level length of road for them to stop on. 

8. Remember that it is usually much easier to secure agreement tn raise rather than to 
lower railroad track. 

9 Whenever fea-ible, hold grade line below sill elevations of nearby buildings. 

10. Prefer low fills to shallow cuts. Hold grade above general ground level to facilitate 
drainage and natural removal of snow. 

II Where a profile has been included in the surve 3 ', utilize it to take best advan¬ 
tage of good sells and to minimize effects of bad soils that will be encountered. 

12. Estabh.sh grade line an ample distance above water table to provide a dry roadbed 
and to prevent frost heave 

13. Pi!eep the road high enough not to be subject to flooding at any point. Where 
drainage lines cross the road, provide ample room for culverts of adequate size. 
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14. Be sure that no drainage pocket is formed at a low point on the inside of a super¬ 
elevated curve. 

15. Preferably avoid grades of less than 1% in cuts or on embankments where water 
is confined. In such situations use no grade less than 0.4%. The flatter the grade, the 
greater is the cost of drainage. 

16 In using old railroad or other narrow embankments for fills, consider lowering the 
grade line to get sufficient width of old fill to support entire width of road metal. 

17. Avoid shallow rock cuts. Hold grade line high and use borrow if necessary. 

18. Unless there is good reason to the contrary, balance cuts and fills. 

Establishment of Grade Line. The establishment of a grade line is essentially a process 
of trial and error. The profile of the entire project, or of a considerable portion of it. is 
worked on as a unit. Controls are carefully established from the considerations just out¬ 
lined, and with attention to recommendations of the survey report. They are plotted on 
the profile sheet, either as exact elevations or as upper and lower limits. When this has 
been done, it is convenient to tack the profile to a table and to stretch a light string be¬ 
tween two control points an adequate distance apart. By means of pins the stung is 
then tentatively conformed to the intermediate controls, a set of vertical tangents re¬ 
sulting. The trial grade line is then studied to see how well it meets the controls in which 
there is some leeway. The line is considered from each of the four standpoints listed 
on p. 4-26, first attention being given to the requirements of trafiSc, abutting land use, 
and maintenance. Con'^ideration then is given to construction economy, both from the 
standpoints of probable types of material to be excavated and quantities of earthwork 
and lengths of haul. The line is revised as found desirable, by shifting the pins. The 
ultimate grade will generally be a compromise between conflicting considerations. In 
considering earthwork quantities and also sight distances, approximate vertical curves 
will probably have to be sketched in at some places. When the designer is satisfied with 
his trial grade, tangents are drawn to correspond to the string positions and the pms and 
string are removed. If the length of profile considered was less than the entire project, 
this process is repeated. In doing this, a portion of the trial line at the “lead’’ end should 
be repinned and reconsidered in the light of the next segment of the job. 

Vertical Curves. At every P.V.I. where the break in grade is considerable, a parabolic 
vertical curve is used. There are two principal reasons for using vertical curves, to secure 
the necessary sight distance, and to prevent discomfort to road users from too sudden a 
change in the direction of motion. Where the difference in grades is small, onh* the last 
reason is important. For high-t\-pe pavements, with correspondingly high design speeds, 
it is good practice to use vertical curves at all breaks in grade. For intermediate- and 
low-type surfaces, curves need not be used for differences in grade less than 0.5%. 

The length selected for a vertical curve depends on the purpose to be accomplished. 
In sags and over low crests where adequate sight distance is not a factor, the length that 
best fits the curve to the ground is ordinarily used. It is important, however, especially 
in sags, to avoid a curve so long as to create a “flat” length in the grade that will not 
drain properly. Where this is a factor, curves as short as 50 ft should be used. When 
a verdcal curve is needed for sight distance, Figs 34 and 35, Sect. 3, can be used. Where 
neither sight distance nor drainage imposes a control, the length of a vertical curve should 
be as much as can be had without seriously increasing grading quantities. For small dif¬ 
ferences in grade (say up to 1 V’ 2 %) the effect of the curve on excavation is small, and amplj' 
long curves for appearance can be used: 300 to 400 ft will usually be satisfactor\'. 

As soon as the center-line profile has been fully established, road templets can be added 
(initially in pencil) to those cross sections that are on tangents and far enough from the 
P.C.’s and P.T.’s of curves not to be affected by any superelevation or other pavement 
modification that the curves may necessitate. 

Superelevation of Curves: Pavement Widening. Superelevation of curves is employed 
to counteract the effect of centrifugal force. Section 3 discusses the determination of the 
proper amount of supcielevation for curves of various radii and for variou.s design speeds. 
Section 3 also develops the transitions, horizontal (when used; and vertical, that join the 
normal (tangent) pavement section with the fully elevated section. Cross slope of a 
superelevated section is usually made uniform from edge to edge (Figs. 5 and 7'. 

The wddth of pavements is sometimes madv greater on curves than on tangents Con¬ 
ditions wairanting the increase and a formula used in securing it are outlined in Sect. 3. 

Superelevation may be accomplished by rotating "he pavement about the center line 
or about either edge. In rolling terrain, rotation about the center line is quite general. 
This minimizes the length in which the full amount of bank can be accomplished: how¬ 
ever, it requires attention, in establishing the grade line, to avoidance of a drainage 
“pocket” on the inside of the curve. This is automatically taken care of by rotating 
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the pavement about its inside edge. However, in flat country, this is apt to create a 
poor appearance; and to avoid a “hump,” the rotation is sometimes made about the 
outer edge. Where this is done, it is still more necessary to see that the grade line is 
kept high enough at curves for good drainage. 

In working out the superelevation of a curve, it is often desirable to draw a working 
profile of each pavement edge, deriving these from the previously established center-line 
grades and from the computed amount of superelevation (and widening, if any) at the 
section in question. These profiles should commence at the point (on tangent) where 
superelevation begins and should continue until the normal tangent section is regained. 
They are studied, especially, from the standpoint of drainage. If they are unsatisfac¬ 
tory, a minor revision may have to be made in the center-line grade to correct the trouble. 

When all the details of superelevated sections have been fully and fiiialh- worked out. 
road templets showing what is to be done are added to the appropriate cross sections. 
The center-line profile is also corrected if necessary. At the proper time, corresponding 
plan views of the pavement for the length of road in question will be put on the plan 
sheets. 


Drainage 

Drainage Design. Good drainage design is fundamental, both for economical mainte¬ 
nance and for comfortable travel. Satisfactory drainage design requires recognition of 
and attention to a feiv basic facts concerning water and soils. 

Water. Surface water is that which falls upon the roadway and immediately adjacent 
areas as ram. enow, or .sleet, or which enters the highway limits on the surface of the 
ground, as from streams or the runoff from storms. 

Subsurface or underground water is that which enters the highway area by movement 
through the soil, either in the form of springs or subterranean water courses, or by percola¬ 
tion through a pervious soil stratum; plus that which may remain more or less stationary 
beneath the surface of the water table, or be drawn above it by capillary action. 

Subsurface water is of two types: free and capi!la^>^ Free water is free to move under 
the influence of gravity—it can be drained off by suitable procedures. Capillary water, 
on the other hand, is held to the soil particles by surface tension and is not free to seek a 
lower level under gravitational forces. Capillary water has ordinarily been drawn up to 
the soil stratum where it exists from a saturated stratum beneath (Fig. 8). Saturation of 



Fig. 8 Free and carnllary water (a) irrouiid water '-tationar\' beneath level surface. (6) seam of water 
flowing through perMou- '-tratuiu abo\e impervious, stratum 

the lower stratum is due to one of tw'o causes: either the stratum is below ground-water 
level: or it overlies an inclined, impervious stratum and has free water percolating through 
it on top of the impervious stratum. Capillary water cannot be removed directly by 
drainage; it can be controlled, however, by lowering the ground-water level, above which 
capillaritj' can raise the water only a limited distance. Capillary rise can also be con¬ 
trolled, without affecting the free water that is its source, by replacmg fine-grained, silty 
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material of high capillarity with granular material of less capillarity. Each of these rem¬ 
edies is used in highway work. 

Soils. The character of the roadbed soil is of great concern to the highway designer. 
From his standpoint, the most important characteristic of a soil its permeability, or 
perviousness, which largely deteriniiies the ease with which excess water may be removed 
from it. Permeability’ is largely dependent on grain ^ize. Soils, simply classified from 
this standpoint, are gratel, sand, silt, clay, and colloids (For definitions and detailed 
treatment, see Sect. 7.^ SoiK that are to be used for the support of road surfaces usually 
have more valuable qualities as their prevailing gram size increases; soils that are largely 
granular in their composition are superior to the silt-clay-colloidal soils The best mate¬ 
rial for an embankment, lor instance, i-- a well-giaded mixture of gravel and sand with a 
small amount of silt o: clay to act as a binder. 

Stability of Roadbeds. Stabilitv is the first necessity of a roadbed. No pavement, high 
or low tvpe, rigid or flexible, will long retain satisfactory u-«efulness unless the supporting 
material beneath it remains firmly in place. Hence the roadbed must, above all things, 
be stable —it must neither he heaved by frost in winter nor become rutted in spring. A 
pavement may sometimes fail becau-^e of shortcomings inherent in the pavement itself 
and not related to what it lests on, but no road surface will long remain satisfactory un¬ 
less the roadbed beneath it is .-'table. 

Lack of stability in a roadbed may sometimes be due to inferior materials, but nearly 
always it is caused or aggravated by improper conditions of moisture Karely, there may 
be too little moisture properly to bond the solid materials together. Much more fre¬ 
quently, lack of ^lability is due to too much moisture, either permanently or intermit¬ 
tently The moisture is alike injurious whether drawn up into the roadbed from beneath 
by capillary action, whether it seeps in from water-bearing strata underlying adjoining 
areas, whether it percolates down through a leaky pavement, or reaches the roadbed in 
any other manner. 

Oiercoming Drainage Problems. Drainage installations are clas.«ed as “surface” or 
“subsurface.” not as they themselves are on, or are below, the ground surface, but accord¬ 
ing to the type of water they are primarily intended to remove. In occasional instances, 
the same pipe may carry both surface and subsurface water. It then forms part of both 
drainage systems. 

The first requisite to satisfactory drainage is a proper grade line. Without it, com¬ 
pensating by means of additional drainage will be costly and not always effective. As 
indicated in the discussion of grade lines, the subgrade must be an adequate distance 
above the water table and above capillary water as well: and the grade line must also be 
high enough to provide adequate waterway for streams and other surface runoff that 
must be carried from one side of the road to the other. 

Surface water, insofar as possible, must be kept from penetrating the roadbed. This 
means an impervious road surface with proper longitudinal and cros.s grade* to shed 
water onto shoulders that have been suitably shaped to carry it to the ditches, rather 
than letting it sink into the roadbed. The situation is better still when the shoulders can 
be given a waterproof, bituminous surfacing. 

Subsurface water, insofar as possible, must be kept out of the roadbed for a sufficient 
depth below the road surface (D to prevent frost troubles, and (2) to maintain a layer of 
stable material thick enough to distribute the pavement pressure successfully to less stable 
layers beneath. 

Surface Drainage: Side Ditches. The flatter the terrain, the more difficult is the 
removal of water from the right-of-way. Consequently, m rolling or hilly country, side- 
ditch design tends to be quite different from what it i* m fiat country. 

Figures oA and C show the simple ditch section applicable to rolling terrain where 
longitudinal road grades are adequate and where precipitation quickly find.s its way lo 
natural water courses. The sides of this ditch are formed b\’ the road shoulder and the 
cut slope. This shallow type of ditch is safest for traffic, and is particularly advantageous 
where driveway* enter the road frequently. Except where heavy snowfall necessitates 
additional width for snow storage, tin-' ditch section require* the least yanlage of excava¬ 
tion for any given depth of center-line cut. The ditch i* also ver\' ea-'ily maintained. 
When additional snow storage space is required, it is simply provided (Fig 7) by con¬ 
tinuing the shoulder slope as far as needed. The bottom of this type of ditch will usually 
have a higher elevation than the subgrade opposite it; hence, it will not dram the sub- 
grade where the road profile is flat. On side-hiil locations, this is not serious, since any 
water reaching the subgrade through the pavement can be carried to the outer edge of the 
road and drained off there In through cuts, however, a deeper ditch section should be 
used where the profile is flat, unless subsurface drainage is installed. In deep cuts, the 
saving in excavation will often make subdrainage more economical than the deeper ditch 
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section. The shallow ditch section is especially satisfactory in long cuts if storm sewers 
are used, the accumulated flow being dropped into them at intervals of 300 to 500 ft. 
On side-hill locations, cross culverts should be used at about the same intervals. 

Figure oB shows a satisfactory ditch cross section for more level country. Here high¬ 
way grades are flatter and opportunities to turn water away from the highway are fewer. 
Hence, the ditch must have a larger cross section. Beyond the normal shoulder line an 
inside ditch slope of 1 on 4 is considered safe. The back slope should be flat enough to 
be completely ^^table; 1 on 2 will ordinarily suffice. The length of the 1 on 4 inside ditch 
slope is determined by the required depth of ditch. Figure 9 shows the design adopted 
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Fig. 9. Variation in ditch section and use of subdrainaee to meet varying soil, ground-water, and 
excavation conditions—New York State Thruway. Mote' Differentiation between uniform and non- 
uniform subgrades to be based on soil survey. Case /• Subgrade—uniform soil and/or ground-water 
conditions. Case II. Subgrade—non-uniform soil. For shallow cuts (up to 5 ft) and for borrow jobs 
where increased excavation is economical. Case III: Subgrade—non-uniform soil. For deep cuts 

and for excess excavation 

for sections of the New York State Thruway. Where soil and water conditions allow the 
ditch bottom to be placed only 24 in. below pavement center-line grade, the ditch center 
line is only 7 ft from the edge of shoulder (case 1). However, when more complete drain¬ 
age is required, the 1 on 4 slope is continued until a ditch depth of at least an additional 
2 ft is secured (case 2). This widens the cut at least 8 ft on each side of the center line. 
Where this would cause an uneconomical amount of excavation, subdrainage is used 
(case 3). 

Where the ground is flat and especially where soils are high in capillarity and subbase 
is expensive, it is desirable to raise the road surface above the general ground level and 
to maintain a considerable difference in elevation between the pavement crown and the 
ditch bottom. Both these purposes can be accomplished conveniently by balancing the 
cut and fill over a cross section. The equation for this (with a small approximation re¬ 
sulting from disregarding the cross slope of the pavement) is: 

^ ^ ^ — t) + — swi) + ^ (A — sw,)* j 
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of road 



Fig. 10. Balanced grading section. 


where (Fig. 10) h — 

wi = 
W2 = 


n s= 
r> = 
b = 
y « 
k ^ 


center-line elevation of pavement surface above ground elevation, ft. 
pavement thickness, ft. 

1/2 pavement width, ft 
shoulder width, ft. 

cross slope of shoulder, ratio of vertical/horizontal, 
fore slope of ditch, ratio of horizontal/vertical, 
back slope of ditch, ratio of horizontal/vertical, 
bottom width of ditch, 
depth of ditch below ground surface, ft. 
shrinkage of cut material, 


If all values except y are assumed, the required ditch depth to balance can b.- worked out 
and horizontal dimensions computed. For a 22-ft pavement 8 in. thick, an 8 -ft shoulder 
with a shoulder slope of 3/4 in. per ft, a ditch with a bottom width of 4 ft and with fore 
and back slopes of 1 on 4 and 1 on 2, respectively, and an assumed value of 0.15 for k, 
raising the crown 1 1/2 ft above the ground level requires a ditch about 2 1/4 ft below ground 
level, or 3 3/4 ft below pavement crown. The ditch center line will be approximately 36 ft 
from the road center line. W here it is desired to minimize the depth of ditch a flatter 
back slope can be used, or “side borrow” can be taken from cuts, etc. 

In the foregoing paragraph it is assumed that the grade of the road will parallel the 
ground surface. A variation of the procedure, where differences in ground elevation are 
small, 1 .S to hold a straight road grade and to compensate for rise and fall in the ground 
by varying the height of the fill (and sometimes the depth of the ditch alsoh In this 
case, the ditch center line will not parallel the road center line, but will "flare” as the 
embankment height increases. Whichever of these methods is used, the ditch drainage 
IS discharged into natural watercourses as frequently as possible. It is preferable not to 
make the ditch grades flatter than 0 . 5 %. 

D-iich Erosion. On steep grades, erosion must be prevented. Erosion is due to the 
velocity of flow, which increases both with the grade and with the quantity of flow. The 
minimum velocity for serious erosion varies widely with the soil. In sandy soil, erosion 
may have to be guarded against on grades as flat as 2 %; in any ordinary soil, on grades 
of any substantial length that exceed 4 or 5%. Where a bituminous treated shoulder 
surface forms the ditch bottom, erosion may be prevented by placing a small berm of 
bituminous material at the toe of the slope, as shown in Figs. 5, 6 , and 7. This is some¬ 
times called a "lip curb.” If the shoulder is not treated, the necessary erosion protection 
may be provided by sodding the ditch; or more elaborately by paving with cobble, bi¬ 
tuminous material, or concrete. Alternatively, baffies are sometimes used to retard the 
flow. Erosion is also restrained by dropping accumulations of water into storm sewers 
as aforesaid. 

Where the road cross section changes from cut to fill, particular care must be taken to 
keep ditch drainage from eroding the fill. This can usually be accomplished by construc¬ 
tion of a sodded or paved "leak-off” to carry the water along the toe of slope. If the fill 

more than^l5 or 20 ft high and the ditch carries much water, a 15-in. corrugated metal 
dowmspout” may be preferable. This should commence well within the cut area, for 


I-™’ compacted in an embankment, will occupy from 10 to 20% less volume than that 

which it had before excavation. This loss of volume is called shrinkage. It is usually expressed as a 
per cent of the original volume. See Sect. 7. 
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Side View 

Fia. 11. Drop inlet. Bottom of concrete wall may be of concrete, brick, precast concrete units, or 
rubble masonry. If rubble masonry, make wall thickness 1'0". 

Stability. The inlet end should have a drop inlet (Fig. 11) or end wall (Fig. 16), and the 
outlet may be provided with a baffle to check the velocity of Sow. 

Berms on Embankments. Where heav'y rainfall occurs it may be desirable to construct 
a ditch or berm along the top of a high embankment when the embankment is made of 
ea->iK' eroded material Often this berm will need to function only until vegetation is 
established on the embankment. Such a berm can be simply made by attaching a 2 x 8 in. 
or 2 X 10 in. board to the inner face of the guard posts, with its lower edge well embedded 
into the ditch bottom. For more permanence, a sodded gutter or a bituminous gutter 
and berm ma\- be used. If the fill is long, the gutter must be emptied at intervals by 
means of inlets from which pipes outlet at the toe of slope (Fig. 12). 

Intercepting Ditches. When drainage from areas above the top of slope in cut sections 
is enough to erode the slope, use should be made of an intercepting ditch. This should 
parallel the top of the slope and be from 5 to 15 ft back of it. The size of the ditch de¬ 
pends on the area to be drained and its character, and on rainfall characteristics. The 
size should be generous Such ditches will usually have to be sodded or paved to prevent 
erosion, at least towards their ends. 

Divided Highways. Divided highways present a special problem in the removal of 
water from the inner half of each pavement and from the median strip. Where freezing 
occurs, none of this water should be allowed to flow to the outside edge of the pavement, 
because of the hazard created. When a raised median must be used the inner gutters are 
drained into drop inlets (Fig 11) or catch ba.sins (Fig. 13). On fiat grades this may be 
at interval- as short as 200 ft; on steeper grades the interval ma>- be as much as 500 ft 
but m no ca^e so much as to overflow the gutter. When the median is depressed water 
is earned longituditially in a surface ilitch along its center line. It is dropped into inlets 
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Detail of Asphalt-Coated Corrugated Metal Inlet 

Fig. 12. Inlet and dov\n‘5pout to take surface drainage from embankment with berm. 

or catch basins for lateral discharge; or, where points of lateral discharge are far apart, 
into a longitudinal sewer. The ditch will normally be grassed, but may be paved for a 
short distance on either side of the inlet, or in other places where conditions warrant. 

Pipe Culverts. Pipe culverts are u-^-ed (1) to remove drainage from highway ditches or 
to carry it past intersecting crossroads and drives, and (2) to carry stream flows—either 
continuous or intermittent—from one side of a roadway to the other. It is convenient 
to treat the two uses separately, although sometimes the same culvert may carry both 
types of drainage. 

Culverts for Ditch Drainage. Both longitudinal and cross culverts vare used to remove 
ditch drainage. For bifth purposes, reinforced-concrete pipe (AASHO Specification M-41) 
and corrugated metal pipe (AASHO Specification M-36), coated with a-'phalt cement, are 
widely used (Vnient asb?sto.s (“Tiansite”) pipe has also come into some use. Vitrified 
clay pipe is not ux d as much as formerly because of its tendency to break. 

Cross Cul'-trt^. \\'here cross culverts are used to remove ditch drainage, they need 
rareh’ be placed under heavy fills, and the choice between concrete and metal pipe can 
usually be based on comparative cost and availabiht\'. Where settlement is feared, 
metal pipe has the advantage of longer lengths and stronger connections. The top of 
the pipe should be a distance beneath finished road surface equal to the outside pipe di¬ 
ameter or 24 in., whichever is smaller. Where this amount of cover is difficult or impos¬ 
sible to secure, cast-iron pipe (AASHO Specification M-04) is sometimes used, but it is 
expensive. Cross culverts should have ample length. The distance between inside faces 
of culvert headers should never be less than the full width of travel path and shoulder. 
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Ditch drainage should ordinarily not be allowed to flow across an intersecting road, 
but should he put m a culvert, if it must unavoidably be carried trom one .side of the cros^ 
road to the other. The culvert may often be placed a short distance down the intersect¬ 
ing load. pa>t the return This will -substantiaUv shorten it and. where a shallow ditch 
section is u^od, ina\' '^olve the prohleni of good diaiiiage giades and adequate cover In 
contra.'it to intersecting roads, when driveways are carried across ditch lines it U pref¬ 
erable to avoid Using culverts. Since driveway traffic moves at low speeds, a small dip 
in the driveway profile is not serious; with shallow ditches, no culvert i.-? needed. Where 
ditches must be deeper, drainage can sometime^ be made to flow both ways from a diive- 
w'ay; or perhaps water can be diverted from the right of way near the high side of the 
driveway. Wliore culverts must be used, the diameter should never be less than 15 in . 
for easy cleaning, and the ends should usually be protected with a simple header. The 
culvert length sliould be ample. 

Longitudir(.al Culicrts. Longitudinal storm sewers in cuts are more accessible in a 
shoulder area (on muitiple-lane roads, they will oidmarily be in the median stnp' How¬ 
ever, when a culvert is to pick up drainage from both ditches of a two-lane road, it is 
sometime^ put under the pavement, with feeder lines trom catch basins discharging into 
the sewer line at manholes (Fig. 14). The pipe should always be placed in straight run-^. 
with a manhole at each angle point, and al&o at each grade change The grade should be 
at iea^t 2% to prevent deposit of sediment; L the absolute minimum. Pipe diameters 
less than 15 in. should not be used; with flat grades and especially if drop inlets are used 
in place of catch basins IS in is often preferable. 

The minimum sizes that have been recommended for storm sewers carrying road drain¬ 
age will usually be more than adequate to handle the largest anticipated flows. In an 
extensive storm-sewer system, however, larger pipe sizes may be needed near the system 
outlet. 

Drop Inlets, Catch Basins, and Manholes. Water is generally removed from shallow 
ditches by means of drop inlets or catch basins which lead it to a pipe at a lower level than 
the ditch bottom Deep ditches may be similarly emptied, or a suitably designed end 
wall may deliver the water to the culvert. 

A drop inlet is essentially a box. outletted through a pipe at the bottom and with water 
entering it in any one of several ways, according to circumstances. The simplest anange- 
ment is shown in Fig. 11, and consists merely of .shaping the sides of the box to the ditch 
cross section (which may be paved for a short length approaching the box), and leaving 
the top open. This arrangement U practicable only where the inlet is located so far from 
the traveled path or is so fully barricaded with posts that it creates no hazard. Otherwise, 
danger from the open top is obviated by use of a grating or a solid cover. The foirner 
has the advantage of providing an alternative opening for the admission of water should 
the opening in the ditch cross section become obstructed. Where a ditch bottom conforms 
to the shoulder slope, a grating replaces the ditch openings. For maximum acceptance 
of water, the grating is often supplemented by a side opening in the cut slope or in a 
curb, as shown for catch basins (Fig. 13). The outlet may be either a cross culvert, a- 
shown, or a longitudinal culvert. Water may also be delivered to the box through a storm 
sewer. Drop inlets are appropriate whenever the ditch flow does nut carry much solid 
material which might clog the culvert or be deposited at the culvert outlet. 

When the ditch flow carries solids such as the products of slope erosion or sand or cin¬ 
ders used on the road as a protection against ice, it is better to drain the ditch through a 
catch basin. Thi.s is simply a drop inlet with the addition of a sump for the collection 
and periodical removal of sediment. Sump capacity should be enough for the period be¬ 
tween cleanings. Usually a depth of 2 to 3 ft below the outlet pipe invert is appropriate. 

Figure 13 shows details of a typical catch basin, including the frame, grating, etc 
Walla may be made of biick, stone rubble, or concrete block masonry or of concrete. 
Wall thickness should be 6 to 8 in. for concrete and concrete block, 8 in. for brink, and 
12 in. for rubble. Mortar should be 1:2 cement-sand. The ends of all pipes should be cut 
flush with the inside wall.s, and pipes should extend a sufficient distance outride for satia- 
factorj- connection to culverts. The design of the inlet to a catch ba'-iu is of particular 
importance, to intercept as much water as possible. A combination curb and gutter in¬ 
let, as shown, is desirable. The grate openings should be as large as they can be made 
without creating a hazard for pedestrians, etc. The size opening shown is about the limit. 
Steel is a much better material for gratings than cast iron because its strength allows the 
total area of openings to be substantially larger for an,v given grate dimensions. 

On divided highways with raised medians it is desirable to locate catch basins in cross 
gaps in the median, arranging gutter grades to deliver water to them from both road¬ 
ways. The gap should not be wide enough for vehicles to use it as a cro.ssover. Where 
grades do not allow this location, catch basins are usually placed in the straight gutter line. 
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with the top of the grating about 2 m. below normal gutter grade to fa< ilitate intercep¬ 
tion of as much giittei flow as possible. Where there is not much snow, a catch basin may 
be set behind the ciirh line, in a pocket formed in the median It is then out of the way 
of traffic and by proper design of the pocket can be made to intercept all the water that 
reaches it In cold regions, however, the point of the curb downgrade of the catch basin 
i" ■\'er\ apt to bo damaged h' snow plows, while deposit of snow on the grating reduces 
i‘s capacity to receive water. 



Cast Iron 

Vertical Section Frame and Cover 

Fig. 14. Manhole. 


Figure 14 shows details of a to pical manhole and cover. Manholes should be used at 
all Storm-sewer junctions and also at every change m sewer grade nr alignment. Even if 
not otherwise required, they should be placed often enough to eliminate any run of pipe 
more than about 400 ft long. This is especially important where tlie sewer is placed 1^- 
neath a pavement. Careful attention to the location of catch basins will often eliminate 
need for manholes, some of tlie catch basins being used for both purposes. Walls of man¬ 
holes (and of drop inlet.s) are made of the same materials, thicknesses, etc., as described 
for catch basins. In a construction contract, payment for all of these minor structures 
is usually on a unit basis, sometimes with a differential for depth. 
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Area in Square Feet Required 



C = 0.2 C=0.35 C = 0.55 C = 0.8 C=l.l 


Fia. 15. Drainage area table computed from Talbot’s formula. 
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Ciilverts for Stream Flow. General principles pertaining to other culverts apply also 
to those carrying streams under a road. These, however, have additional restrictions on 
their location- Vertically, they should be so placed that their flow line coincides closely 
with the natural grade of the stream channel, unless this grade is being changed by chan¬ 
nel -work outside the embankment. The survey should have established the necessary ele¬ 
vations. Horizontally, the culvert should line substantially with the stream flow, pro¬ 
ducing no sharp bends to cause erosion and loss of culvert capacity. If adherence to the 
natural channel would cause a serious skew, the channel should be relocated to reduce 
the skew and secure good flow. When tliis is done, care must be taken to stabilize the 
new channel. Sometimes it may be worth while to make rough alternate designs and 
cost estimates to find the most economical solution. There is a gain m locating a large 
culvert away from the existing channel in that construction can be carried on without 
making arrangements for bypassing the stream flow. 

The cross-sectional area of a culvert is determined from the drainage area and type of 
runoff, etc., as recorded in tlie location survey. Section 2 of Vol. II, Hydrolog\’, develops 
principles and procedures for this determination. For preliminary studies and in the ab¬ 
sence of fundamental hydrologic data. Talbot’s formula a = may be used for 

culvert diameters up to 72 in. Here a is the area of waterway (square feet); .-1 is tne 
drainage area (acres'); C is a constant to be chosen by the locator or designer Its values 
will usually lie between 0.2 and 1.0. For steep, rockj' ground, with little vegetation and 
a valley length several times the width, where floods from melting snow occur, value? be¬ 
tween 0.7 and 1 may be used. The value increases as vegetative cover decreases and as 
steepness (including that of the upper valley in comparison with the channel at the cul¬ 
vert site) increases. For rolling agricultural country, with considerable grass cover, a 
value of about 0.35 is suitable. Any feature of soil, vegetation, or topography that re¬ 
tards runoff lessens the coefRcient, and vice versa. Figure 15 gives pipe diameters for 
different drainage areas and different values of C. However, records of adequacy of other 
culverts on the same stream form the best criteria for culvert sizes. Such information 
should be used whenever available. 

Pipes are generally used for culverts where the pipe diameter does not exceed 42 in. 
For diameters between 4S and 72 m., it is well to compare tiie cost of a pipe with a box 
culvert. Pipes with diameters greater than 72 in. are not usually economical Sometimes 
limited head room or the shape of a valle>* floor makes the use of multiple pipes or seg¬ 
mental arch culverts, etc , economical and desirable. 

Since the elevation of a culvert for stream flow’ is largely determmed by the channel 
elevation, these culverts must often be placed beneath hea\'>’ fills. FoUow'ing Coimecticut 
Highw’ay Department practice, either concrete or asphalt-coated corrugated metal 
(ACCM) pipe may be used for fills up to 25 ft (measured from top of pipe), where the 
pipe diameter does not exceed 30 in. Deeper fills require metal pipe. For larger pipe 
diameters, the controlling height of fill is 20 ft Pipe should conform to the specifications 
named on p. 4-33. 

Culvert End Walls. Culvert end W’ails must be designed for a variety of situations, and 
design varies accordingly. Figure 16 shows the simplest' type. For the smaller pipe sizes 
—up to 42 or 4S in.—where there is little or no skew and where the culvert and stream 
channel are approximately in line, the straight vertical header is generally satisfactory. 
It should be carried into the ground enough not to be affected by frost. Twm feet below 
the pipe invert will be enough except across the northern tier of the United States and in 
colder regions. Usually this depth w’ill also provide stability against overturning and 
undermining. 

As pipe sizes increase, wings may be added to the end wall to retain embankment 
material and, on the inlet end. to minimize scour. The symmetrical design shown (Fig, 17) 
is appropriate for pipes without skew. For skewed culverts, and where stream flow is 
deflected at inlet or outlet, modifications of the basic design are made. Wings are set at 
unequal angles and are adjusted m size to meet whatever condition exists Sometimes 
only one wing is used, set obliquely or sometimes parallel to the axis of the pipe. Wing- 
type end walls merit consideration for pipe sizes from 36 in. upw’ard 

Instead of a wing-type end w’all, slope paving (Fig IS; may be used When this is done 
it is essential to support the end of the pipe firmly in a cradle of concrete or masonry. 
Where suitable stone is abundant, slope paYong may pro\ade the most economical treat¬ 
ment. 

At culvert outlets where the volume of water is substantial and discharge velocity is 
high, protection from erosion may be necessary. This may take the form of a baffle, a 
concrete or masonry apron, or simply a layer of loose stone of a size adequate to remain 
in place. 
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Dimensions for Straight End Wall Based on 5 = Z) -r 2'’ 
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Fro. 16. Straight culvert end wall. 



Dimensions lor Wma-Type End Wall 
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Fig. 17. Wmg-type culvert end wall. 
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Fig. 18. Footing and slope pa\'ing for pipe culvert. 


Subsurface Drainage. Objectives. Within the roadbed its^elf, the pnmarj* purpose of 
subsurface drainage is to prevent breakup or deformation of the road surface and shoul¬ 
der*). Under freezing temperatures, certain silty soils of high capillarilc ilevelop "frost 
heaves.” The^e are ice lenses which form, cumulatively, under the road ba-?e, pushing up 
the road surface, sometimes as much as a foot or more. The surface is damaged, either 
by fracture when it is raised, or by collapse m the spring when the ice melts from under 
it. Also, in regions or at times of the year when the ground is not frozen, e.xcessive mois¬ 
ture, in parts of the roadbed that are subjected to considerable pressure under vehicular 
wheel loads, maj’ destroy bearing capacity. This leads to rutting and other forms of 
deformation of a non-rigid pavement, and to “pumping” and eventual breakup of rigid 
pavements. In cut slopes, excessive water causes slides, and subsurface drainage should 
be used to prevent them. 

Two principal t\-pes of subdrainage are used to remove excessive water One consists 
of perforated pipe, laid in trenches filled with pervious material, tlirough which water 
can reach the pipe an<l be drawn off. The other consists of a pervious fill material, such 
as crushed stone, gravel, sand, or any sound soil not subject to capillary action. Such 
material, placed under a road base (p. 4-70) or under the surface layer of the road shoul¬ 
ders, is called suhbase. 

Perforated pipe underdrains or subbase may be used alone; or they may be used to¬ 
gether, each to supplement the other. 

Vnderdrain Pipe. The most frequently used materials for perforated underdrain pipe 
are corrugated metal (ASTM Specification M-136) and concrete. The former possesses 
some advantage in ease of handling and m strength of joints where there b any uncer- 
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tainty as to foundation stability Six-inch pipe is ordinarily adequate in size, though 
3-in. is sometimes used. The metal pipe should be thoroughly coated with asphalt ce¬ 
ment, iiside and out. 

Undtrdiain Trenches. Underdrains ore used for two purposes: (1! to intercept a stratum 
that contams percolating water moving on top of an impervious layer; (2) to lower the 
ground-water level. Where the purpose is interception, the trench for the pipe is dug to a 
depth that slightly penetrates the imper^’ious stratum (Fig. 19,!. The pipe is laid in the 
bottom of the trench and a backfilling of imper\'ious material is placed and tamped about 



Fig. 19. Underdrain trench. Sand should replace crushed stone if soil conditions warrant. 


it to a level just belovs the lowest rows of holes. The trench is then backfilled with broken 
stone or gravel of a size just large enough not to pass through the perforations. The 
following gradations have been used successfully: 

1 ^ ?4 ^8 S^IOO 

100% 90-100 30-50 0-8 0-3 100% 15-70 0-20 0-1.5 

Where the shoulder is not waterproof, the pervious underdrain backfill is not canied to 
the ground surface. Instead, the trench is sealed against the admission of surface water 
with a blanket of impervious material. In some silty soils heavily charged with water, 
there is a tendency for the soil to penetrate and choke the pervious filter This condition 
is best met by the substitution of a coarse sand for the broken stone or gravel. Stone or 
gravel is placed immediately adjacent to the pipe, however, to prevent the sand from 
passing through the perforations. The filter sand may have the following gradation: 

#4 #16 #30 #50 #100 

100% 95-100 45-80 20-55 10-30 2-10 

The underdrain trench is located so as most effectively to intercept the vein of water. It 
will usually be placed in the shoulder area, paralleling the highway center line along the 
deeper (uphill) side of a cut However, there may be situations in which the subgrade 
will intersect a water-bearing stratum transversely or obliquely to the center line of the 
road and the subdrain will be located accordingly. Frequently an intercepting under¬ 
drain must be placed to correct conditions revealed by the excavation. It will, therefore, 
usually be desirable, in making up the quantity estmiate sheet, to provide unassigned 
underdrain for use as needed. 

Sometimes, in deep or moderately deep cuts, a water-beanng stratum is located above 
the road level, w'here it saturates the cut slope, creating unstable conditions, and caus¬ 
ing sloughing of the slope. It may be possible to correct this condition by locating the 
intercepting trench above the slope. However, the relative pitches of the ground surface 
and the impervious soil la>er may be such that a prohibitively deep trench would be re¬ 
quired. In such cases it may be possible to dry out the surface of the cut slope suffi¬ 
ciently to give it stability by trenching in from the surface of the slope. 

In flat areas, underdrainage is used to lower the ground-water level in the roadbed where, 
for any reason, it is impossible or inexpedient to do this with open ditches and where 
there is reason for not raising the grade line. Usually two lines of drain, as shown in Fig. 
20, are required to accomplu?h this. A single drain under the center line of the road is 
sometimes used but is not recommended. In a particularly wet spot, or to remove seepage 
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of water from a “spring^-” area, it may be necessary to place lateral branches also in a 
herrmgbone pattern under the road surface. The steps taken to accomplish the pur¬ 
poses of underdrainage have to be adapted to w*hatever conditions are found to exist, 
either during the soil-survey stage or later, during conaCruction. 


Surface water seal 


Original ground 


Capillary water 



Original water table 


Lowered water table 

Fig 20 TTater table lowered with underdrainage. 


In some cases the area requiring underdrainage will not extend to a point where water 
in the underdrain can be outletied. ^yhen this occurs, ordinar.v culvert pipe can be laid 
from the margin of the area requiring drainage to the outlet. This length of trench need 
not be filled with pervious material. 

Occasionally the same pipe is utilized for underdrainage and for the removal of surface 
water. Ordinarily, however, this practice is not recommended. 

Subbase. Instead of lowering the free ground-water level with subdram?, it may often 
be more economical to limit the rise of capillary water above the lev'el by placing a blanket 
of non-capillary, granular subbase on top of the wet foundation. Blankets of subbase 
with thicknesses up to 2 ft are used to keep the saturated portion of the roadbed below 
the frost line and to interpose an adequate thickness of load-distributing, stable material 
between the pavement base and the softened and weak foundation. AASHO Specifica¬ 
tion M-147 gives desirable characteristics of subbase. 

Subbase is also useful in rock cuts. The irregular bottom of a rock cut can never be 
perfectly drained. There are certain to be areas where water will be impounded If 
these areas are too near the road surface, the impounded water will freeze and, lu so 
doing, damage the pavement. Hence the insulating blanket of subba>e. Two Icl'T is 
usually enough. Points in a road where cut changes to fill, and \'ice versa, are sensitive 
spots in a roadbed, and are therefore locations where subbase is beneficial. 

Unless good suhbase is scarce and correspondingly expensive, liberal use of it is an 
economical insurance against pavement failures. 

Whenever subbase is used, care must be taken to see that the subbase itself i' arlequateh- 
drained; otherwise it may simply form a reservoir where water will be impounded imme¬ 
diately beneath the pavement where its effect will be most serious. With adequate grade* 



Fig. 21. Drainage of subbase, (a) Subbase self-drainuig to deep dit^h or fill slope. (6'! Shallow 
ditch section on side hill with subbase self-draining to fill slope, (c) Shallow ditch section in cut with 
subbase draining into longiiudni.ti subdrams. 


—say 2% or more—any water reaching the subbase will percolate longitudinallN- through 
it, and will drain away provided that leak-offs are available at low spots or provided that 
diagonal leak-offs are constructed at intermediate points, if necessary, to dram the sub¬ 
base into the ditches. Where grades are flat, however, more positive drainage must be 
assured. With the deep ditch section appropriate for level country, the layer of *ubbase 
can be carried across the shoulders to the ditch fore slopes (Fig. 21a). This will provide 
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the ne-cessan drainage if the foundation I's piopcrly conipacied ami smoothed and h given 
an adequate cross slope o in. pei ft'-. Lveu with a ''halhnv ditch section and a flat 
grade, >ubbase can be self-drained on a >id?-hill location by giving the foundation a ron- 
tinuous slope to the downhill -'ide tFig '21bi rrequenih however, one or longi¬ 

tudinal subdraiiis are used in coniunction with subbeve (Fig. 21c and Fig. 9, case 3i. 

Guard Rail and Guard Posts. Little uniformity exists as to conditions considered to 
require protection by guard lail Practice^ fulimved bv trie different state higtmac de¬ 
partments reflect the laws of llie several states The Coiineccicut Department, which is 
p^obabh at one extieme, uscs guard ia.il at all p .-hits wheie the pavecient is more- than 
Js ft above adjacent ground level, ami at all points where the difference m elevation is be¬ 
tween 4 ft and S ft unless an embankment slope at least as fiat as 1 on 6 is usef Ax all 
points where the fill is less than 4 ft, a 1 on 4 slope F used instead of guard rail. Mi'-higan, 
which more ueaily repre'^ents average piactice. specifies railing on filL 14 ft or over, un¬ 
less the ground slopes away Irom the road, in which case railing is used on fills of U) ft 
and occasionally of as little as 7 ft. Where railing is u-ed. it may w'ell extend clo"^' r to the 
point of trandiion from cut to fill on the “appioach” end of an embankment than at the 
far end. For guidance m snow plowing and for the safet\' of traffic, single posts are used 
to niark the IcM-ations of catch ba'-in-^ and culvert inlets ami outlets. 

Many varieties of posts and rails have been u-^ed for guard rail. Posts of both wood 
and steel are satisfactory and aie probabl.v more wideh- used than am- other materials. 
Wire cable is most widely u^ed for rail. 

figure 22 shows a railing consisting of two strands of wire rope carried on wood posts. 
The Connecticut Highway Department requires that, for this type of railing, posts must 
be G ft 0 ill. long, and not less than G in. in diameter at the small end after removal of 
bark. Oak, pitch pine, Norway pine, and long- and sl»ort-leaf yellow pine are considered 
acceptable woods. Po.sts are completely cut and drilled and are then piessuie creosoted 
to a final retention of S lb cu ft of wood, or refusal of preservative This both lengthens 
the life of posts and eliminates the cost of keeping them painted. For visibility at night, 
reflector button^ are set in drilled holo'^. usuallv in every second or third post The wire 
rope is required to conform to AASHO Specification M-30 with a minimum breaking 
strength of 2o.000 Ib. No cable should have a length greater than 500 ft. If a section 
of guard rail longer than this, intermediate anchorages should be used with all cables. 
Lengths of cable greater than 2.50 ft shuuld have compensatmg-type anchorages at both 
ends; for shorter lengths, only one conipen'^ating type anchorage is required. Dead men 
of malleable non or of reinforced com n‘to may he used. Material used in anchor rods 
should be strong enough to develop full strength of the cables. 

Figure 2.3 shows a strongei and al>') more expensive t.vpe of wire-rupe railing. Here 
posts are 0 in. steel H sections. 6 ft 9 in. long. The 12-ft spacing should be reduced to 
10 ft on curve.s sharper than 12^. Three wiie-rope cables are used, and are held to the 
jiosts by means of offset steel-spring brackets. Cable lengths and anchorages should be 
as specified above. 

Besides steel and wood, concrete posts have been widely used. They are apt to break 
rather than overturn on impact, and have little salvage value. Instead of wire rope, 
w oven-steel wire tape, woven-steel wire fabric, various forms of flexible and semirigid 
steel strip and plate, and timber are used for rails. AASIIO Specifications for Highway 
Cfuards (1951j gives details. 

Right-of-Way Widths. Right-of-way widths specified for the rural portions of the 
Interstate Highway System are: 

Minimum, ft Desirable, ft 
Two-lane highways 120 220 

Divided highways 150 250 

Because of the variable conditions encountered, no Avidths are recommended for urban 
portions. It is of fundamental importance. howeA*er. to secure initially enough width to 
meet ultimate requirements of the road. Failure to do this has caused a tremendous wast¬ 
age of highway funds in the past. 

The above rights-of-way for two-lane roada are liberal and reflect an expectation that 
eventually most of the Interstate System will consist of divided highw'a.s's. Where ulti¬ 
mate planning is for only tAvo lanes, the highw'ay may eA'entually need a pavement width 
of 22 or 24 ft, two 8- or 10-ft shouldeis, adequate ditches, and slope areas from four to 
eight times as AA-ide as the depth of cut or height of fill that is conaisteni with a good grade 
line. In addition, it is w'ise to make proA'ision for utilitA- lines and sometimes for road- 
aide shade trees also. Finally, the private de\'elopnient of abutting property should be 
held a reasonable distance back of the ditch lines. Consequently. 80 ft is widely regarded 
aa the minimum acceptable right-of-way width for a state highway or other road of com- 
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parable importance. Widths of 100 or 120 ft are better, and are usuallv adequate for roads 
that are never expected to be developed into divided highways For expressways. 300 
to 350 ft IS suitable where frontage roads toriii part of the design or iiia\- be added later; 
without provision for them, the width may be narrowed 50 to 100 ft. In urban areas, 
circumstances govern It will often not be feasible to acqiiiie a right-of-wav as wide at 
all polnt^ as would be desirable. For secoiviary or ‘'feedei" roads A.\SHO specified right- 
of-way widths (feet' are as follows* 
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In securing rights-of-way. acquiring too narrow a width is a much more serious fault 
than the reverse. 

Establishment of Highway Boundary Lines. Ordinanlj', where it is nece-ssary to secure 
a right-of-way. a minimum width will have been adopted when the other basic features 
of the proposed load weie decided on. The '-ight-of-way, when minimum, is customarily 
symmetiical about the road center line. Hence the normal position of the boundary or 
“taking” lines will be one-half the minimum iight-of-way width from the center line It 
may be necessary, however, to increase this distance, on one or both sides, for some lengths 
of the road, to bring slope lines (i e., the top of cut dopes and toe of fill slopes) within the 
^lght-of-wa^ . There should aKo bo enough distance between slope line and taking line 
for any intercepting drainage ditches, etc., that may be required. In lare instances, it 
may be necessary to narrow the right-of-way below the ordinary minimum, to avoid some 
dispioportionately large payment for pioperty. 

When the position of a taking line has been determined, it is plotted on the plan, with 
ties to the road center line or some otliet base Taking lines normally parallel the center 
line both on tangents and curves, unless there is some contrary reason such as a transition 
from one right-of-way width to another. 

Slope Rights. Occasionally, m&tead of buying property all the way out to an unusuallv 
remote slope line, a “slope right,” i e., the right to construct and maintain a slope, is se¬ 
cured 

Drainage Rights. Frequently drainage rights will also be required. Drainage rights 
are of two sorts. The most frequent is a right to discharge a concentrated drainage flow 
from the highway onto private land at a point where no natural watercourse exists. The 
right may entail no actual construction on the private land, or it may be specified to in¬ 
clude the construction and sub-sequent maintenance of a drainage ditch, slope paving, a 
culvert, etc. A certain width of propeity is ordmarily specified within which the diain- 
age may be disposed of. The second type of drainage right is the light to enter private 
land upstream or downstream of a highway to clear and maintain a stream channel so 
that it will continue to discharge its water properly into a culvert or ditch within high¬ 
way- limits or to receive water from a culvert. The location and extent of all drainage rights 
(and slope rights also) should be accurately shown on the plans. 

Special Problems in Urban Work 

Urban projects can be divided into two definite classes* first, those where the new work 
is made to conform to existing conditions, with a nunimum amount of disturbance to 
them; second, major projects of expressway type wheie certain standards are set and ad¬ 
hered to, with secondary regard to the effect on existing conditions. 

Design Conformed to Existing Urban Conditions, In this situation consideration will 
often have to be given to existing underground storm and sanitary sewers, water and 
gas mams and services, electric conduits, etc. Sidewalks mai' have been built preWously 
and curb grades established m such relation to adjoining buildings that they cannot be 
changed appreciably. Frequently these will have been developed without much regard 
for the roadway between—curbs being at different elevations on opposite sides of the 
street, etc. The designer should begin by examining all these conditions carefully to 
decide which of them are susceptible of improvement. These he will modify; beyond 
this point, however, he will have to adapt his design to what exists. 

Sidewalks and Curbs. Sidewalks that exist and are to be retained exercise a control on 
oavement grades that is subject only to a limited variation in curb heights. The maximum 
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curb height usually considered acceptable is about 8 in.—anything higher is apt to inter¬ 
fere with the opening of automobile doors. The minimum height may generally be taken 
as that which will prevent water from overflowing the sidewalk. With sufficiently fre¬ 
quent location of catch basins, this is about 4 m. Hence with existing curbs, a small 


No projection to fail j 
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Sawed, pointed 
or peer hammered 



Section 
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stone Curbing 




Elevation 


Section 


Doweled Concrete Park Curbing 




Concrete Curbing Concrete Park Curbing 

Fig. 24. Stone and concrete curbing. 

leeway remains with the pavement designer in establishing gutter grades. Where a side¬ 
walk does not exist but is to be built, or where one is to be replaced, the amount of free¬ 
dom in establishing gutter grades is increa.sed; but if buildings line the street freedom will 
be limited by the fact that the sidewalk grade should be at least 2 in. below each sill grade. 
(It may sometimes be possible to disregard this in the case of a future sidewalk and a 
building obviously nearing the end of its usefulness.; The sidewalk should have a cross 
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slope of at least i/s in. per ft for drainage: a slope of V ‘2 in. per ft should be considered the 
maximum. 

A problem in the design of urban pavements frequently arises when different established 
curb grades have to be met at opposite sides of the street. If the difference in elevation 
is small, it can sometimes be taken up by admstmg curb heights. If this is not enough, 
the pavement cross '^eciion niu^t bo rotated to throw the road crown nearer the high curb. 
In doing this, ''■are must be taken to avoid flat pavement areas. A curved pavement sec¬ 
tion lends Itself lietter to this treatiiient than a sfaight cross .slope does 

In urban work either a separate curb or a combined curb and gutter may be used. 
Figure 24 .>hows typical cuib dimension^. Jseparate curb is generall\' precast, but may be 
built in place. In the latter ca>e. the cuib i-? doweled to the pavement, which is built 
first. Joints in the curb must then correaponj with those m the pavement. Precast 
sepaiate curb is generally made in jiiit" 0 to lU ft h-ng. ami should be reintorced. 

Combined curb and gutter 13 built in place after the pavement is built. Dowels should 
be used to hold curb and gutter to the pavemciu. Guttei and pavement juinc-s should 
correspond The width of the gutter apron is u^^ualh' made between 12 and 24 in. The 
cross slope of the apron 15 often made the same n't that ui the pavement, or it may be m- 
crea-ed to 1 2 or 3 m per ft if required to accommodate toe antmipared flow of water. 

Sidewalks in residential areas should have a niinimuni width 01 4 it Five feet is more 
^atisfactOIy, and 6 ft u desirable. In business aieas. S ft may be considered a minimum, 
but each situation should have individual study. Frequently curb lines have been estab¬ 
lished by law and should not be changed unless it is quite important to do so 

Minimum Guitpr Grades: Drainage. Minimum gutter grades in urban work may be 
taken as 0.3^, with 0 49c preieiablo The flatter the grade, the more frequently catch 
basins will have to be spaced. Catch-basin spacing is also dependent on the rainfall 
characteristics of the locality. Decision can best be based on a studs 01 existing installa¬ 
tions. Three hundred feet is a maximum distance apart, for average conditions. Water 
should never be earned across the surface of an intersecting street. Inlets ‘should be 
ample to receive the full flow 01 tvater; combination gutter grating and curb-opening in¬ 
lets (.Fig. 13j are best. 

Particular attention must he paid to vertical curves to see that they do not produce 
gutter grades that are too fiat. Short curves—lengths as little as 5u ft—mav often have 
to be used. Storm sewers are constiucted as heretofore outlined, with the adtluionai 
complication that they will have to be adjusted to other sewer and utility lines. Existing 
stoim sewers shouUi be utilized wherever possible. Manholes should be provided as 
outlined for rural storm sewers (p. 4-37n Concrete pipe and asphalt-coated corrugated 
metal pipe are used for urban storm sewers on the «ame basis as in rural work. Suhhase 
and undeidiains are used when soil and water conditions indicate Where soils are im¬ 
pel vious, a frequent practice is to use sublease over a foundation shaped with a cross slope 
(1,2 ni. per ft) to drain irom both edge^ i«j a line of upxderdrain place^l longitudinally as 
ma.\' be convenient near the center line of the pavement. 

DiSignini the PartTrunt' Grades In designing the pavement grades, profile.? should 
first be established for the top of each cuib. and gutter grades shouM be laid on these and 
transferred to the cross-section sheets The pavement f^ross section is then estabh^hed 
on the cross-section .sheets, and a «oire->pondmg center-line grade is ^Jotte*.! Re^'i'iion> 
are then made as necessary', woiking back and forth between profile and cro^'^-'^ectioii 
sheet?, until sati.'-factory results have been secured. In sin-h urban work little thought 
can be given to balancing cut-and-flll quantities 

Careful attention must he given to all intei.-ecri(.'i- ro avoid a profile that will have un- 
sati-facrory riding qualities on one hand, and tf avoi i flat spots where water will pond, 
on the other. Clutter profiles for both roads should be completelv worked out before 
determination of pavement elevations within the inteisoction i'. underta.Kcn. 

Design of Urban Expressways. Where an exT»:es.''Way is to be i-arned into a city and 
high geometric standards for the expresswuiy desigi. iiave been set. the difficult part of the 
project is m finding the best location Before the k>cation can be establish,*d. a decision 
must have been reached as to whether to oveqia-s or un-ierpass each inter'Citing road 
or street. This will have establislied many 01 the nost impoitant grade contioF. Froiu 
that point, the steps in design will he essentially tnci^e already- discussed fur rural loads. 
The economic nece«*-it>- of avonling damage to abutimg p'opert^' a-"rrnes rnucii larger 
importaru.e- and. wheje the expre-.sw'ax underpa'-os the exi-.ring street system, drainage 
and sight-line difficulties may develop The problems will be of the sauH- basie sort, 
however, as those that have alrea-ly Oeeii iiscusseil. and solutions will be worked out with 
the same principles. 

Completion of Preliminary Plan-Profile and Cross-Section Sheets. The plan-profile 
and cross-section data of the dc'^ign '^hould gradiiallv have been added to the appropriate 
tvorking sheets (or final sheets, m t.he cjsc rrf eroc- sectkms: while design proceeded. As 
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soon as all the cross sections have been completed, cut-and-fill quantities are computed 
from them, and are carefully considered as to reasonableness and desirability. If found 
un.satisfactury, it may be necessary to revise the grade line and establish new cross sec¬ 
tions along some parts of the job. Quantities are recomputed from tiiese. and further 
adjustments made, if necessary, until a satisfactoiv design has been produced This 
afljustment of piofile i.s worked out almost entirely from profile and cro.'^s-section sheets, 
but an\- changes made in cross .sections will probably necessitate changes iii plan sheets 
as Well C’oiisequeiitl\ . it is advantageous nut to plot the design too coinpleteb’ on plan 
'sheets imtii grading quantities have been worked out satisfactorily. Pavement and 
slope lines, etc , mav then be transferred to plan sheets from cross sections 

As all three t\pcs of sheets, in their preliminary form, near completion, they should 
be verv carefully checked, both for consistency with one another and ior completeness. 

Plan Shfets. When completed, the preliminary plans should show 

1. The survey data and other i.nformation listed on p. 4-19. 

2 Pavement lines, for the road itself and such returns as are constructed on cross¬ 
roads. also cuib and .sidewalk lines, where they occur. 

3. All culverts, storm sewers, catch basins and inlets, manholes, underdrains, paved 
gutters, and leak-offs 

4 All guard rail and single posts. 

5. Driveways, fences, gates, barways. etc., the construction of whi^h is required. 

b. Lines marking the top of cut slopes and the toe of fill slopes. 

7. "Taking lines," marking the boundary of the right-of-way to be secured (where this 
is necessary 1 

5 Locations of any construction signs, or other temporary or i)ermanent signs to be 
erected as part of the construction 

9. Construction notes for the guidance of contractors and inspectors. 

Pro^nle Sheets. The prehminar>- profiles should show: 

1. Profile data from the survey as listed on p 4-19. 

2 The center-line pavement profile, together with PC’s, PI's, and P.T.'s of grade 
tangents and with notation of per cents of grades and lengths of vc’tical curves. 

3 Prf»files, as needed, of any reconstruction of intersecting roads, or construction of 
driveways, etc. 

4. Such supplementary pavement edge, ditch, gutter, or other piofiles as may be de¬ 
sirable. including stream-channel profiles. 

5. Appropriate views of drainage structures, underground utilities, etc. 

C. All appropriate construction notes, including locations where subbase is required. 
This information is generally entered just above the bottom margin of the individual 
sheets, oppo.'^ite the stations w'here the subbase is to be placed. 

Cross-Stction Sheds. Cross-section sheets should 'show: 

1 Ground-surface sections from the survey. 

2. Finished pavement, shoulder, and ditoh or gutter lines. 

3. Elevation of pavement at center line (in numerals to feet and hundredths). 

4 Bottom surface of pavement; or, if laid in several courses, top and bottom surfaces 
of each course. 

5. Siibba&e. where used. 

0 Payment lines in rock cuts. 

7. All appropriate construction notes. 

Preparation of Data for Field Inspection. The sheets that are to be taken to the field 
for inspection should have written on them all questions which the designer wishe^j to 
have answered during the inspection. These questions should be so placed on the field 
sheets that the answer can be written directly on the print. The question should, when¬ 
ever possible, be so framed that the answer can be short: “yes” or "no” or a numerical 
quantity. Notes should also be written on the field inspection sheets, calling specific 
attention of the inspection party to any design features that the designer particularly 
wishes to be reviewed and approved or criticized. 


8. FIELD INSPECTION 

Purpose, Personnel, Procedure. A thorough field inspection is of the utmost impor¬ 
tance to a good highway design. It has two principal advantages. First, it reviews the 
design, while still plastic, through eyes other than the designer's, and preferably from 
other viewpoints also. Second, it examines the location at a different date, and usually 
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at a different season than that when the surveys were made. This will frequently allow 
the terrain to be viewed under a different condition, so far as the amount of water in the 
soil is concerned. 

The inspection should consider the design from four standpoints: traffic adequacy, 
effect on land use, maintenance of roadwaj* and roadsides, and construction cost. The 
inspection party should, whenever possible, include someone representative of each 
viewpoint, and also the engineer who made the surveys, and the designer. Each member 
of the party should have studied the plans, prohles, and cross sections in advance. In 
the inspe'^tion, the entire project should be walked and thoroughlj- examined. The aim 
is thoroughness, not speed 

Important Items. The inspection should note particularly the following items: 

1. Correctness of the survey map; changes since survey: omissions and visible errors. 

2. Adequacy of proposed line and grade and suitability of cross sections as drawn. 
Particular attention should be given to all intersections and grade separations and to 
connections at the end of the project; and to the grade line from the standpoints of drain¬ 
age, snow and ice, sight distance, combinations of horizontal and vertical alignment, 
avoidance of ledge rock, damage to abutting property, etc. Grade is so important that 
the field inspection is sometimes called a “grade” inspection. It should verifv’ (a) that 
where drainage lines are crossed the grade line and waterwaj' provided are such as to 
permit passage of the maximum anticipated flow without flooding or damaging the road 
or the drainage structure; (5) that where a stream is paralleled the grade line is main¬ 
tained above high-water marks; (c) that the grade line utilizes every opportunit\' to flow 
water away from the right-of-way; (d) that suitable sites for bridges and major drainage 
structures are used; (ej that insofar as possible the grade line maintains a desirable rela¬ 
tionship between subgrade and ground-w'ater level. 

3. Any soil conditions not reflected in the plans, such as seepages, rank vegetation, and 
other evidences of wet conditions: evidences of rock or boulders; areas where abnormal 
grubbing will affect excavation quantities. 

4. Correctness and adequacy of proposed surface and subsurface drainage, as regards 
each item shown on plans and any omissions from plans A check should be made of the 
condition of any existing drainage structures proposed to be kept, and of all drainage 
rights that should be acquired, whether they have been noted on plans or not. 

5. Probable need of subbase or any special embankment material not called for on 
plans; location of any available deposits of such material and of loam that should be 
stock piled and saved for covering slopes. 

6. Correctness of all proposed slope-stabilization measures. 

7. Trees, from the standpoint of their desirable preservation or removal. 

8. Need of additional guard rail or single posts. 

9. Possibilit.\* of improving project through any changes outside the normal right-of- 
way, such as drainage of swamps, relocation of stream channels, etc. 

10. Adequacy and safety of driveways, including especially their grades, drainage, and 
sight lines. 

11. When necessary, consideration of provision made for the movement of traffic 
during construction. 

The field inspection affords the last opportunity to correct weaknesses in design with¬ 
out issuance of contract change orders There should be no hesitancy in calling for cor¬ 
rections and improvements when their deMrabihty is apparent. Sometimes the inspec¬ 
tion may reveal the need of additional subsurface examinations before completion of the 
design. These should be made. 

As the inspection proceeds, all questions on field sheets should be answered and re¬ 
quested information supplied. In addition, an inspection report should be prepared, 
giving, station by station, all recommendations of the inspection party, with reasons 
therefor. 

9. PREPARATION OF FINAL DRAWINGS 

Completion of Final Plan, Profile, and Cross-Section Sheets. All changes in the design 
resulting from the field inspection are made on the working plan and profile and the 
cross-section sheets. The plan and profile are then traced onto the final construction 
sheets, together with any desirable explanatory or directive notes. Where the construc¬ 
tion is to be carried out by contract, it is a safeguard to place on each sheet the following 
statement or its equivalent: 

The information, including estimated quantities of work, shown on these sheets is 

based on limited investigations and is in no way warranted to mdicatt* the true con¬ 
ditions or actual quantities or distribution of quantities of work which will be required. 
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Any other notes of a general nature which apply to more than one sheet may conveni¬ 
ently be placed, under the heading “General Notes” or “General Instructions,” on the 
first plan sheet. 

Finally, titles, dates, etc., of the sheets are added. When separate slieets must be used 
for plan and profiles, it is customary, in assembling the set of drawings, to let ea^ h profile 
sheet follow immediately after the sheet showing the plan view of the same length of road. 

Typical Road Cross-Section Sheet. This is reviewed for completeness and accuracy, is 
titled and inked. 

Index Plan and Profile Sheets. For convenience of reference, a plan-profile sheet (or 
separate plan and profile sheets, if necessary) is prepared to show the complete project. 
The plan scale should be such as to accomplish this without more than one break in the 
plan. It may perhaps be one-tenth of the scale used on individual plan sheets. The 
horizontal scale of the profile is made the same as the plan scale: the vertical scale is 
usually ten times the horizontal. The index plan should show only important features* 
the center line, stationed at 5- or 10-station interv'als; bearings of tangents: complete 
curve data; locations of only the more important drainage structures; intersecting roads, 
and the old road in case of a relocation; intersecting and paralleling stream channels of 
any importance. 

The index profile sheet should show the ground surface profile on center line with hatch¬ 
ing to indicate swamp or rock outcrop; the grade line; the numerical grades of all tangents, 
the stations and elevations of points of vertical curvature and tangenc\': and profile views 
of major drainage structures. Ten-station intervals are noted along the lower margin of 
the profile sheet. 

Structural Sheets. If the contract is to include any structures requiring special design 
the structural plans are completed and are titled, dated, etc. In assembling the construc¬ 
tion drawings, plans for special structures are frequentlj’ placed immediately after the 
cross-section sheets. 

Standards Sheets. Standard designs will normally be used for: drop inlets (Fig. 11); 
catch basins (Fig. 13); manholes (Fig 14); culvert end walls (Figs. 16, 17, 18): underdrain 
(Fig. 19); guard rail (Figs. 22, 23). They may also be required for paved ditches, crib¬ 
bing, retaining walls, box culverts, pavement reinforcing, tree wells, fences and gates, 
barricades, curbs, gutters, sidewalks, etc. Standards sheets are prepared as needed. 

Quantity Estimate Sheet. This sheet (Fig. 25) hats the quantities of all contract items, 
also showing at or between what stations the quantities will be u>ed, or if they are unas- 
signed. Contract items generally head columns across the sheet: stations or lengths of 
the project are shown on successive lines; unassigned quantities follow tho&e that are 
assigned. The quantity of each item is totaled at the bottom of the column. Items are 
grouped, in several different tabulations as .diown, to save .space on the sheet-^. 

Every item on which a unit bid price is to be received—except those on a lump-sum 
basis, such as “Maintenance of Traffic”—should be shown on the eatimate sheet. 

A list follows of the more important contract items with the unit in which each is ordi¬ 
narily measured. 

Item Unit 


Overhead cost 

Maintenance and protection of traffic (including signs, lanterns, main¬ 
tenance of temporary roads and structures or of detours, as per speci¬ 
fications) 

Clearing and grubbing 
Removal of existing masonry 

Excavation (subclassified as earth, rock, loam, muck, etc., or as un¬ 
classified) * 

Bridge excavation 

Trench excavation (often subclassified according to depth of trench) ♦ 
Borrow 

Reinforced-concrete pipe * 

Relaid pipe * 

Asphalt-coated corrugated metal pipe * 

Asphalt-coated corrugated metal plate arches * 

Underdram with (type and size pipe) * 

Outlets for underdrain * 

Catch basin * 

Drop inlet * 

Manhole * 

Reset catch basin (drop inlet or manhole) ♦ 

Test piles 

Furnishing and use of equipment for dri\'ing test piles 
Pile loading test 
Furnishing timber piles ♦ 


lump sum 


lump sum 
lump sum or acres 
cubic yaid 

cubic yard 
cubic yard 
cubic yard 
cubic yaid 
linear foot 
lineal foot 
linear foot 
pound 
linear foot 
linear foot 
each 
each 
each 
each 
each 

lump sum 
each 

linear foot 
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Item 

Furnishing steel piles •" 

Furnishintr precust concrete piles * 
Drivina piles * 

Cast-in-pLice concrete piles * 

Splicing piles ^ 

Sterl ‘■licet piles * 

Tllnbci sheet piles * 

Concrete, stiuctural 
''tone liiiisoniy 

IhelOi- ,rd steel bars 
in''tural steel 
Wire ir.esh 
Gra^-el mi 
^nbLa^c 

Fo.inauon of subgrade 
Base (stone, giavel, etc.) * 

Expansion joint * 

Mat reinfoicement for concrete 
Concrete for pavement 


Sheet asph.alt pavement (separate items foi hot or cold, binder or sur¬ 
face couije, etc ) 

Broken stone for pavement * 

Gravel suiface vbank-run, screened, etc., and traffic bound, rolled, etc., 
as needed) * 

Bituminous mateiial for bituminous macadam pavement 

Bituminous material for surface treatment 

Sand cover for bituminous surface treatment 

Shaping and cleaning slopes and shouideis 

Gravel shoulders 

Curbing * 

Reset curbing * 

Sidewalk • 

Gutter * 

Pav-d ditch 
Fence * 

Guard rail * 

Anchorages * 

Single post * 

Pe'.t. t guard rail * 
t 'ingle post 
C<cribbing 
Riprap 
slope paving 
Signs 

* Sejiaiate Item for each type, size, etc. 


Unit 

pound 
linear foot 
linear foot 
linear foot 
each 
pound 

thou'und board feet 

cubic yai d 

cubic yard 

cubic \'ard 

pound 

pound 

SQiiaie vai d 

cubic y.ii 1 

cubic yard 

square \ lud 

ton 01 cubic yard 

linear foot 

square yaid 

cubic yard or square yard 
with remforcernent in¬ 
cluded 

ton 

ton 

cubic yard or ton 
gallon 
gallon 
squaie yard 
square yard 
cubic yard 
linear root 
linear foot 

square foot or square yard 

square yard 

square yaid 

linear foot 

linear foot 

each 

each 

linear foot 
each 

cubic or so^uare foot 
ton 

square yard 
each 


The quantity estimate sheet may conveniently be placed immediately after the title 
sheet, in assembling the plans. 

Title Sheet. The title siieet will ordinarily include the following items: 

Do'^ignation of project. 

Datum. 

Leiigtli uf project. 

Sfaie> used for drawings. 

Li-^t of rlrawings. 

Loration map or maps (frequently a small-scale map of a state or other area to show 
general location, with a larger scale mset map to show exact location). 

Signature block for appiovals. 


The Title sheet will generally be made up after all other sheets of the set have been 
cr.inpleted. 


10. COMPLETION OF DESIGN 

Preparation of Specifications. If the project is of a size or sort to be divided into several 
contracts, general specifications should be prepared to be applicable to all contracts, with 
“special provisions” supplementing them for each individual contract. The American 
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Association of State Highway Officials, the Associated General Contractors, and the 
American Uoad Builders Association have jointly prepared a bulletin, “Specifications for 
General Provision'^.’' winch may serve as a guide. In addition, the AASHO has prepared 
specialized specifications, each covering some particular coristruction material or type 
of highway construction.’^ These can be secured from the Anieiican Association of State 
Highway Official. Xaiional Piess Building, I4th & F Streets, X W , Washington, D C 
The American Society for Testing Materials, 1916 Race Street, Philadelphia, Pennsyl¬ 
vania. also has prepared ^pecificationc. covering many highway inaterial>. All the various 
state highwa\' departments have standard specifications covering their work. Those of 
the state in which a project is located, or a neaiby state, have the advantage over a more 
generalized specifi-aition of being more closely adapted to climatic and other conditions 
likely to he encountered on the pioject. 

It is impoitant that either the general specifications or the special provhi< ns sliould 
describe each construction item entering into the contract, the material.'^ to be u>ed, the 
tests they must meet, construction methods, the method of mcasuremeut of the item 
and the ha'-i'^ oi payment. Where labor rates or conditions of emplo\ ment. etc., are 
prescribed, these must also be covered in specifications or special pioviMons. 

Preparation of Construction Cost Estimate. The construenon co.^t estimate or “engi¬ 
neer’s estimate” is made up by listing, on a proporral estimate sheet, all eoi'-'tiuotion qiiau- 
tities from the quantity cMimate >heet of the plans, enteimg a unit piite. and extending 
each. To the total cost of the contras items -sq obtained, a perGentase toitcn 19^. 
though sometimes as muc'i as lo'Tc) I's added to cover contingencies and constiuction 
engineering costs. The cost of any work which it i» proposed to do outside the contract 
is added, to soGure the entire estimated project construcauii co-'l 

Proc€dur(:. In determining the umt prices to be used, coriMderation must be given 
both to current prices for comparable work in the saine general area, and t() factors nf 
the job in que-tion that will influence costs Such factor- uiclude the -izes of the quan¬ 
tities involved, freight charges to the job. lengths of h^xul from Uenveiy points, probable 
character of any excavation, depth of swamp- and rock cuts, the •^oasou when the wu:k -s 
to be done, the time allowed, and many other factors 

Design Report. In any case where a highway dcsian is to be leviewed, for approval or 
otherwise, by some engineer other than the designer. a design report will facilitate 'ueh 
re\’iew. Also if, during construction, question devolon- vt- the dcsiiahnitv of >ome 
field change in the plans, the construction engineer will be assi-ted in his dei i-ion by know¬ 
ing something of the reasons why the design was made as it wa-. 

An outline for a design report follows. 

I. Desf'ripnan of Project. Beginning and end: lengti • type, width, thickness, material, 
etc , of pavement: anv other pertinent data, including estimated t\ist and cost per mile 

II. Dt&ign Re'iinr&mc/'ts. Design speed, maximum gradient and curvature, required 
sight distance, and other. 

in. Alignment as Planned. Maximum curvature, minimum horizontal -laht dist.ance, 
changes made in field location with reasons therefor 

IV. Grade as Planned Maximum and minimum gradients; other grade.- wu.nhy of 
comment: minimum vertical sight distance; changes made m recommended field grade 
line and reasons therefor. 

V. Traffic or Safty Dtsigns or Devices. Comment on design of all intersoctioiis, includ¬ 
ing traffic data justifying design; comment on any other noteworthy features included 
m design for safety of public, sidewalks, if included, and reason therefor, etc. 

VI Grading. State whether project is well balanced with short hauls, or if it has ex¬ 
cessively large percentage of waste or bonow and rea-on for the cxce-;.-- explain how 
quantities of special excavation (rock, muck, etc.: were obtained—froni -actions soun'l- 
iiigs, or boring.s, or estimated percentages of cuts, etc , amount uf available loam and 
disposition of it. 

VH. Surface Drainage. Types of pipe used, extraordinary layour-, if any. and descrip¬ 
tion of same: changes made in field recommendatmns and roa^'ons thciefor. 

VIII. Subdiainagi Subba.-e type, extent an«l reasons for recommendations: unas¬ 
signed quantity and how estimated, changes in field recommendatmn'^ and rea-oiw there¬ 
for Undeidrair. type, extent, and reasons for recommendations, umis-igned quantities 
and how estimated: changes in field recommondalions and rea-uii;? ri.eiefor. .Special 
comment on any unusual conditions and proposed treatment thereof. 


1 Many of these are referred to hereaftei in the section on highway construction, wlieic the prin¬ 
cipal road-buildmg materials and methods are outlined 
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IX. Roadway Structures. List all planned bridges, box culverts, cattle passes, tempo¬ 
rary bridges, etc. Comment on important features of design such as use or non-use of 
piles, etc. 

X. Accessory Structures. List all planned retaining walls, cribbing, slope paving, rip¬ 
rap. etc., with comment on any alternate designs cons *ered and discarded. List any 
planned channel changes with an\- appropriate comment. 

XI. Aiailablr Materials. Give source, type, and quality, so far as known, of available 
materials such as sand, gravel, borrow, etc. 

XII Public L'tilities. List all utility companies ha^ung structures or interests wdihin 
or near the limits of construction. Note utility lines on private property that are likely 
to be disturbed h\’ the project. List all transportation lines whose schedules may be af- 
lected b\' tlie construction. List all notifications given to public-utility owners, with 
dates and person contacted or notified. 

XIII. Riiht~nf~Way. List normal and minimum right-of-way width. Explain all 
reductions below normal. List all property agreements, with dates and names of parties. 
List all re\'ision3 of plans made as result of property agreements. 

XIV. Clearance of Way. Statement that property is cleared of all right-of-way en¬ 
cumbrances, or a listing of all encumbrances not cleared. 

X^' Salvage. Disposal of salvage, if any; agreements with municipal authorities or 
other persons or agencies concerning same. 

XVI. Maintenance of Traffic or of Detours. Give reasons for policy adopted; list detour 
requirements ('traffic volumes, etc.'- and recommend routes. 

X\’II. Field Inspections. Note dates of any field inspections and by whom made; list 
important changes made in design as result of inspection; if important changes were 
recommended but not made, state why. 

X^’IIL Official Contacts. If municipal or other officials were contacted in regard to 
design, give dates and persons seen. 

XIX. Recommendations. 

Preparation of Right-of-Way Maps. At any time after taking lines have been deter¬ 
mined, right-of-way maps can be prepared. These will normally be to the same scale as 
the construction plans. Each map should show: 

1. The parcel to be acquired, with its dimensions and area, the name of the owners 
and of abutting owners. 

2 The taking lines, accurately located with respect to some permanent base line. If 
the taking line is a curve, the P.C and P.T. with adequate ties for their locations, and 
complete curve data. 

3. All topography of the area, as shown on the construction map. 

4. Date, north point, scale, etc. 
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11. CONSTRUCTION ENGINEERING 

Introduction. Construction engineering for a highway project includes: surveying, 
inspeccioii, and certain miscellaneous activities that may be termed “completion of the 
project.” 

Surveying. Rrpstablishment of Center Line. The first surveying activity for construc¬ 
tion is the reestablishment, as needed, of the location center line, with any changes that 
may have been made in it during design. This should be done, whenever possible, before 
bids are taken. C’enter-Iine stakes (or tacks in existing pavements, etc.) should be set at 
all P.<-' ’s, P.I and P T.'s of curves, at every station and half station and at each plus 
marked on the plans These center-line stakes have several Uses. They form the base 
irotii which cros'.-sectioning of the ]>roject is reviewed: from them, offset stakes are lo¬ 
cated to control grading operations; from them, also, bridge and other special structure 
stakes arc set. 

CroiS Grfiund-suriace cross sections should be checked as necessary to see 

whether have o'^curred since the original cross sections were taken and plotted, 

and to veiii\' the accuracy of sections that may originally have been taken with snow on 
the ground, etc Corrections are made as necessary’. Additional sections (for example, 
where cut changes to fill, or vice versa) are taken if needed for the accurate computation 
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of quantities. The plotting of all the cross sections is reviewed to insure that each sec¬ 
tion was extended far enough to include all required excavation. 

Offset Stakes. OfF.set stakes should be securely set on both sides of the proposed road, 
at convenient points well outside the area to be disturbed during construction. A pair 
of stakes should be set opposite each center-line stake—at right angles to tangents and 
radiall\’ on curves Ordinarily each offset stake should be marked with the station num¬ 
ber and plus, the offset distance, and the cut or fill. They may carry additional pertinent 
information, such as superelevation and pavement widening data. Offset stakes are set 
as soon as convenient after center-line stakmg is completed, and earl\- enough not to delay 
the contractor's grading operations. They need not be set in an\- regular progression, 
and it ma\’ often be desirable to set them first on the part of the project where the con¬ 
tractor wishes to commence operations. 

Structure Stakes. -^11 stakes required for proper construction of bridges, culverts, man¬ 
holes, and any other structures should be driven on offset lines as agreed with the con¬ 
tractor. This work should be carefully timed so that the contractor can complete the 
structures as early as pos-ible to permit adequate settlement of backfill. Stakes should be 
set so as to interfere as little as possible with construction work. 

PaLemeut Stakes. The offset stakes set to control grading and drainage operations will 
often suffice for construction of road surfacing as well. However, for concrete or other high- 
type pavements, especially if they are to be curbed, a second set of stakes is usualb" de¬ 
sirable. These are set after completion of rough grading operations, and before fine 
grading. On fills, they should be set no longer than necessary before the pavement is 
placed, so as to allow maximum settlement to take place before the stakes are driven. 
Stakes should be set with a uniform offset of 2 to 4 ft from the edge of pavement or back 
of curb. They are set at such intervals as the situation requires—often enough to assure 
that all forms are set to proper grade and line. Superelevation and pavement widening 
require close control. All pavement stakes should be tacked. Stakes for curb should be 
marked to show cut or fill from top of stake to top of curb. Stakes for pavement should 
show cut or fill from top of stake to top of finished pavement edge. 

Additional Surveys. When rock surface has been exposed and before rock excavation 
is commenced, cross sections of the rock should be carefully taken on the same cross- 
section lines as the original sections, and on such intermediate hues (u&ually not more 
than 10 ft apart! as are necessary to determine accurately the amount of rock to be exca¬ 
vated. Swamps and bogs must be sounded closely enough to delineate hard bottom. If 
sufficient soundings were not obtained prior to construction, they should be supplemented 
as necessary during construction. Borrow pits must be sectioned both before and after 
excavation to determine the quantity of borrow supplied. It may also be necessary to 
establish line and grade for gutters, walls, fences, and other construction items. Test 
surveys should be made at frequent intervals to check the accuracy with which construc¬ 
tion is being conformed to the plans, especially where the work will be covered by later 
construction operations, as in the case of bridge and culvert footings. 

Recomputation of Earthwork Quantities. As soon as possible after a job has been re- 
staked, excavation quantities for all new or corrected cross section? should be computed 
and comiiared with the estimate quantities. Any considerable discrepancy should be 
investigated before grading opeiations at that point are begun. 

Measurements for Interim Estimates. Measurements of pay quantities, for interim esti¬ 
mates must be made accurately for all work which is to be so hidden b\- later work that 
It cannot be measured accurately on completion of the job. Otherwise it is permissible 
to approxitiiuto somewhat on interim estimates, since any resulting underruns or over¬ 
runs will be compensated for on the final estimate. 

Final Suriey. When the contractor has completed his work, the entiie project should 
be resurveyed (a different surve\' party is frequently used^i to make an accurate deter¬ 
mination of final values of all pay quantities. These values will be used in making up the 
final estimate. 

Inspection. The inspector’s^ primary responsibility' is to see that construction accords 
with plans and specifications This responsibility places on tlie inspector many related 
sub^idlary rluties 

1. The inspector interprets the plans Through his own efforl> or with assistance 
from a survey paity, and through conferences, as necessary, with •-upeii'>rs. he sees that 
the contractor is supplied with information that will allow the woik to pioceed. To do 
this, he must thortmghly familiarize himseli with the pn^jeci. stud', mt: general and spe¬ 
cial provL-Nions of the specifications, the suivey report, and the de^ian r‘^]> irt- He sliould 


^ Tlie chief in.'.peetor on a project is often called “project engineer.” but for coiu'eruence tiie term 
‘inspector” i.-. used iiere 
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also carefully examine the site of the work, xmying particular attention to all critical or 
difficult spots He must see that enough work is staked out at all times to avoid dela\'s 
to the contractor and to enable him to carrj' out his various operations in proper and 
economical sequence. He should never assume the duties of a foreman for the contrac¬ 
tor. but should transmit his instructions through foremen or their superiors. He does 
not ordmanly have authority to change or to waive any part of the plans or specifications. 
If agreement cannot be reached between the contractor and him as to an\- interpretation 
of plans or specifications, he should refer the matter to his superior. inunediatel\' direct¬ 
ing the contractor to discontinue work on the disputed feature, and withdrawing inspec¬ 
tion from it. 

2. The inspector marks or otherwise directs the contractor's attention to all trees and 
shrubs that are to be saved, and to all existing ivater and sewer lines, drainage structures, 
electric conduits, and other utilities, etc., that might be damaged accidentally by the 
contractor's operations. 

3 Tlie inspector should try to correlate the operations of owners of affected public 
utilities with those of the contractor so as to minimize interference and delays He should 
give careful attention to details of relocation of utilities that are not e.xphcit in the plans, 
to see that no conflicts are created, 

4. Where existing traffic is affected by the construction, the inspector is usually respon¬ 
sible for seeing that all reasonable precautions are taken for the safety and convenience 
of traffic. This may include erection and maintenance of warning and direction signs, 
barricades, lanterns, and flares; the pro\'ision of traffic men for maintenance of one-way 
traffic or similar control; the maintenance of a reasonably smooth and dust-free tempo¬ 
rary road suiface; provision of temporary bridges, crossovers, etc. The contract should 
be explicit as to the obligations of the contractor in these matters, and the inspector must 
see that obligations are met. 

5. The inspector is responsible for the accuracy and quality of the contractor’s work, 
and its confonnity to requirements. He must be especially careful on all parts of the job 
that will later be covered; as culverts and drain pipes are laid, the inspector must verify 
the correctness of their position, the adequacy of foundations, soundness of joints, etc., 
before he authorizes them to be covered. After forms for pavements have been set, he 
muse check their line and grade from his stakes, and he should also check all forms b\’ eye 
to see that the top is set to a true line and a smooth grade, with particular attention to 
transition and superelevated sections. 

6 . The inspocTor is responsible for seeing that all property agreements embodied in 
the construction plans are faithfully carried out by the contractor. 

7. The inspector is responsible for the control of materials enteruig into the project, 
with regard to both maintenance of quality and veiification of delivery to the job of all 
claimed quantities. Tests of quality are ordinarily accomplished in a variety of ways at 
tlie source, on the job. and through samples taken on the job for test elsewhere. On 
each job. the inspector's responsibility should be clearly defined. A careful routine must 
be establi»hed tor sampling, labeling, shipping, testing, and receiving reports of tests. 
The inspector must aee that tliis routine is meticulously followed. On all materials (bro¬ 
ken stone, asphalt, etc.^ for which the contractor is to be paid on a per ton. per gallon, or 
similar unit basis, the inspector should receive a delivery ticket as the material is deliv¬ 
ered to the job. The contractor should in addition be required to furnish the inspector, 
at the close of each day, with a statement of all such materials delivered to the job during 
the day. The inspector should be required to check his delivery slips against this state¬ 
ment. so that anv discrepancies may be immediately resolved. 

S. The inspector is responsible for proper preparation of change orders. Specifications 
usually piovide that quantities may be increased or decreased within stated limits at the 
bid price. When it becomes evident that any quantity is going to deviate from the esti¬ 
mate by more than the limiting amount, it is desirable that a change order covering the 
variation and an\ modification of prices be prepared and •signed by both parties to the 
contract Vjefore the work in question is done. It is important for the inspector to foresee 
as fully as possible the need for such change oiders m time to prepare them and secure 
the nece^''arv signatures without dela>iug the contractor’s work. In the event that the 
change order calK for the work to be done on a cost-plus ba'=is, it is a further responsibiUtv 
of the inspector to check the contractor’s pa\ rolls ami receipted invoices before authoriz¬ 
ing any pas inent on the change order. Change orders should give the following informa¬ 
tion; 

a. Description of the proposed change. 

b. Location, by stations, of the proposed change. 

c Reason L'.t for the change. 
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d. Breakdown of work involved in the chan:?e order into unit quantities for payment; 
or lump sum. cost-plus, or other ba^ia of payment agreed to. in sufficient detail to be com¬ 
pletely definite. 

e. All other necessary data, such as revision of the time allowed for completion of the 
contract. 

9. The inspector is responsible for job records Records to be kept on a liighway con¬ 
struction project will vary according to many different factors, and no hartl-aiul-tast li^t 
can be specified. In addition to all other record-^, however, a running diarv ot log of the 
job should alway-- be kept This Miould form a complete, historical rcf-^id of the work. 
It should be kept in a standard engineer’s notebook rather than on loo^e leaves. Tor 
each day. it should include the following principal items; 

a. Weather conditions—paniculailv the occurrence of rain or snow, and if in sufficient 
amount to close down the job The hour of closure, if closed All signffia-ant temperatures. 

h. Wliether or not the day was charged to the contractor as a working da\' 

c. Items of equipment in use during the day, and for how inanj houi.s m each case. 

d. The labor force employed, divided into cla.Saifications, 

e. Work in progress during the day—crews working and at what points. Estimate of 
work done. 

/. Any disagreements with or complaints from the contractor. 

g. Any complaints made by property owners or by other private citizens. 

h. Noteworthy visitors and any noteworthy occurrences not covered by above headings 

In its entirety, the log should give a detailed, accurate, over-all picture of the progre.ss 
of the job. It should form an adequate basis for resolving any disputes and disagreeiiieiits 
that mav subsequently arise concerning tlie work or its effect on neighboring properties 
It .should also provide much of the data that wiU be needed for the construction report 
that should be prepared after the project has been completed 

The log will ordinalliy be supplemented by a daily inspection report, furnished to the 
inspector’s superior. This will include sucK pait of the log-book entries as may be re¬ 
quired. Figure 2d sliows a typical daily inspection report form. 

The project records should also include all materials receipts, all requests for and copies 
of tests of materials, all change ordeis and any special orders to contractors, and monthly 
or other interim estimates of work completed, as well as the final estimate. 

Estimates. The inspector is responsible for preparing, at the end of each month or 
other interval specified as the pay period, an estimate of the work done during the period. 
This estimate should show the woik done under each of the contract items, and also 
must show any additional and extra work done under change orders. A form should be 
u^ed for tabulating these items. Appropriate column headings for such a form are. 

Work Done in 

Dnjiinal Revised Past Month Estimate to Date 

Estimated Estmiated Item Unit ---————- 

Quantities Quantities No. Item Price Quantity Amount (,$) Quantity Amount 

Measurements of quantities are made as described in Sect. 2, Surve\ uig, some approxi¬ 
mation being permissible on the interim estimates. Work that is not to be paid for at 
any contract unit price i.s listeil separately, with the basis of payment (lump sum, cost 
plus, etc.) and all necessary data. The Original Estimated Quaiitities column shows the 
quantities on which bids were taken. The Recised Estimated Qiiatduirs column reflects 
the best judgment, as of the date of the estimate, of the quantity of each item. The 
Estimate to Date quantities and amounts are obtained by adding the work estimated for 
the month to the Estimate to Datr amounts from the previous intenni estimate. 

Completion of the Project. Final Inspection and Acceptance. As the operations of 
the contractor approach their conclusion, the inspector should carefulls' review the plans, 
specifications, contract, and all property agicements and change orders to see that every 
detail of the contractor’s obligations has been met, as well as all obligations to property 
owners. This review should cover the proper di'^posal of all waste and sah'age materials 
from the job, the satisfactory completion of all utility work; the removal ol all temporary 
signs, barneis, and bairicades and piovi'^iou foi all permanent onc•^, anc the general 
cleanup of the highway area. When tiie inspector is satisfied with the <‘<>mpletion of all 
items, the person or persona- authorized to accept the contract should make whatever 
examinations of it they may deem proper. These may include, besides vi-ual inspection 
of the work, the coring of pavements and any other tests necessary tu establish compli¬ 
ance with plans and specifications. Work found lacking or unacceptable is completed or 
corrected, and the project is then accepted. 



DAILY INSPECTION REPORT 


4-62 


HIGHWAY ENGINEERING 



COMMON ue. 


















CONSTRUCTION ENGINEERING 


4-63 



Fkj. 2(i. Daily inspection icpoit. 


























4-64 


HIGHWAY ENGINEERING 


Final Estimate The interim estimates -will usually have been made up as the work has 
progressed, from measurements taken by the inspector, with help of a survey party on 
some of the items. Upon completion of the work and after final inspection and accept¬ 
ance of a project, the final estimate is prepared. In contrast to the interim estimates 
which are built up from month to month, the final estimate should be based on a com¬ 
plete remeasurement (by a new party, when feasible) of the entire job, with the exception 
of such work as has been finished during course of the construction and has then been 
covered by more recent work. This independent remeasurement will serve as a check on 
the correctness of ail earlier measurements, and ■will also act as a deterrent to any collu¬ 
sion in falsif\ mg pay quantities. Quantities included in the Estimate to Date columns of 
the last interim estimate are subtracted from final estimate quantities to establish the 
payments to be made on the final estimate. 

Construction Report. When the project has been completed and the final estimate 
prepared, a construction report may often be desirable to put into permanent, available 
form such information concerning the project as is not readily obtainable from the earlier 
reports that have been enumerated or from other project documents. A suggested out¬ 
line is. 

1. Date. 

2. Identification of project: location, designation, termini, length, etc., of road, name of 
contractor. 

3. Changes from design, with reasons therefor, in; 

A. Alignment. 

B. Grade. 

C. Cross section. 

D. Drainage. 

E. Major quantity increases. 

F. Major quantity decreases. 

G. Any other. 

4. Difficulties encountered during construction. 

5. Equipment used. 

6. Performance of contractor, including adequacy of equipment, care of equipment, 
ability, etc. 

7. Materials used. 

8. Engineering personnel on project. 

9. Signature of author of report. 

Retision of Construction Drawings. The final step in completion of the project is the 
correction of the drawings to show the project “as built.” The tracings should be care¬ 
fully checked against the inspector’s notebook and other records, and against the actual 
construction if necessary. All changes in pipe (sizes, lengths, and locations), in drive¬ 
ways, guard rail, etc., as well as changes, if any, in line, grade, and cross sections should 
be noted. No erasures should be made on the tracings. The items changed should be 
crossed or shaded out, in such ways as to leave them still legible. New data should be 
entered along'^ide the old. Much of this work should have been done as the job pro¬ 
gressed—notably, the cross sections will have been revised as necessary to show true 
amounts of excavation, subbase, etc., in order that correct payments for the work may 
have been made. These corrections maj' have been made on a set of prints, however, 
rather than on the tracings. They are put on the tracings, and carefully checked for 
accuracy and completeness. 


12. GRADING AND DRAINAGE ^ 

Definitions and Purposes. “Grading” and “drainage” together encompass all con¬ 
struction operations required to read\' a roadbed for placement of the pavement or other 
road-surfacing material; they also include shaping shoulders and ditches, and shaping and 
stabiUzing all slopes, in cut or on fill. 

The purposes of these operations are: 

1. To bring the snbgrade, together with shoulders, gutters, and slopes, to the contour 
called for by the plan.s 


1 For a more detailed discunsion of high\%ay grading and drainage. t»ase courses, and surface courses, 
and the con.«truction of roads and pavements, see Manual of Highway Construction Practices and 
Methods (1950), American Association of State Highway Officials. National Press Building, 14th and F 
Streets, N W , Washington o. U. C. 
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2. To eliminate unsuitable materials from the subgrade and from other portions of 
embankments and their foundations, or so to disperse such materials through the earth 
mass that the>‘ will not be harmful. 

3. To prevent conditions that will lead to an injurious amount of water in the roadbed 
and slopes: or, if the water cannot be eliminated, to neutralize any bad effects by the use 
of appropriate materials, such as rock fills or soils that are stable even when saturated. 

Clearing and Grubbing. This initial grading operation includes removal from the 
construction area of trees, underbrush, stumps, rubbish, abandoned drainage structures, 
and sometimes buildings. In any unusual situation, notes on plans or paragraphs in 
special pro^'islon3 should make clear just what is or is not included. It ma\- be desirable 
to preserve trees, shrubs, etc , growing within highway limits. Such trees should be care- 
full> marked and, if necessary, protected against accidental damage during construction 
by putting guards around them, and blanketing exposed or thinU' covered roots with a 
3-m. to 12-in. layer of gravel and earth. Trees to be left standing within fill slopes should 
have tree wells of dry masonry built arouna them. 

All brush, stumps, roots with a diameter iaiger than 3 in., and matted roots, and all 
trees except those to be left m place, should be removed from the construction area to 
the extent that no portion remainmg will be closer than IS in. to any subgrade, shoulder, 
or slope surface, with the further requirement that ail stumps be cut off so as not to ex¬ 
tend more than 1 ft above the original ground On cleared areas be\ ond the road prism 
slope lines, stumps may be cut flush with the ground in lieu of being removed. Generally, 
bulldozers and similar equipment are used to remove small trees, underbrush, and surface 
debris. Larger trees require cutting. Explosives may be used to break up or loosen large 
stumps. All holes from which stumps, etc., have been removed must be backfilled and 
compacted, unless they he within an area to be excavated. Salvageable tmiber and other 
material resulting from clearing and grubbing is preserved as may be stipulated in speci¬ 
fications. Waste material, if combustible, is usually disposed of by burning, observing 
pertinent laws and ordinances. Suitable non-combustible material, such as old masonry, 
ina>- be used for fill. Clearing and grubbing may be paid for (L on a lump-sum basis; 
(2j on an acreage basis: (3) on an acreage basis plus an extra pay ment for each tree (over 
a specified minimum diameter), according to its size. 

Excavation. Excavation is classified according to its purpose—as roadway, trench, 
bridge, etc.—or according to the type of materials to be removed, as eartli. rock, etc. 
Bridge excavation is an integral part of foundation construction, t^rdinary roadway 
excavation and trench excavation differ substantially from one another la purposes and 
problems, and are best considered separately. 

Roadway Excavation. Roadway excavation includes removal and satisfactory disposal 
of all material, removal of which is necessarx* in constructing the roadbed, ditches, and 
slopes to dimensions shown on the plans. Most or all of the excavated material is nor¬ 
mally used to form embankments, the formation of which is part of the e.xcavation item. 
Excavation also ma>' be specified to include shaping and cleaning the slopes and shoul¬ 
ders when no such separate items are in the contract. 

Roadway excavation is generally classified, for the purijose of payment, as “loam,” 
“rock.” or “earth” excavation, or as “unclassified” excavation, as follows. 

Loam excaiation includes loam or topsoil, removed between limits and to the depth 
indicated on the plans Loam excavation is not an item in all contraots. but it has be¬ 
come a widespread practice, where good loam occurs in the right-of-way, to lemove and 
stockpile it. for later ‘'preadiiig on cut and fill slopes. 

Rock excaiation includes all rock in definite ledge formation, the removal of which re¬ 
quires wedging, barring, or use of explosives. It also usually includes all boulders 1 '-2 cu 
yd or more in volume. 

Earth excavation ordinarily includes all materials other than water or “loam” or “rock” 
excavation that must be removed ® 

Unclassified excavation includes all material, other than water, that must be removed 
for the construction, without any regard whatever to the nature of the materials. 

Roadway excavation is carried out as required by the plans. Slopes of earth cuts are 
made true to the lines given, but are ordinarily not required to l>e raked perfectly smooth, 
since they form a better base for loam or vegetation if left a little rough. Ledge rock is 
excavated at least to the rock-slope lines indicated on the plans, and to a depth below the 
subgrade elevation as required for subbase. The surfaces of slopes m rock cuts should be 
made fairly even and uniform. All loose and shattered stone should be sealed off. Where 
faults or breakage zones are likely to cause slides or fallen stones, unstable rock should be 

- Occasionally some material such as peat or swamp muck when encountered in a road project, is 
rr utcd a5^ a ■5ei)arale claisification item 
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ordered removed and be paid for even though outside normal payment lines Specifica¬ 
tions usually make the contractor fully liable for damage due to blasting, and require him 
to take precaution-; against it. 

All material resulting from excavation that is not required to bring embankments to 
the specified cross section should be used to flatten slopes, fill low spots in the right-of-way. 
or widen embankments. Unsuitable material should be disposed of outside of highway* 
limits in unobjectionable ways. 

Paj'ment line-; fur earth excavation are ordinarily specified to coincide wdth slop? 
shoulder, and --ibirrade lines as shown on the plans Payment lines for rock excavation 
are established a short distance—often 12 in.—outside of and parallel to the slope lines. 
In case of natural faults or fissures which make removal of additional rock necessary for 
reasons of safety- or which produce slides clearly not due to the contractor's methods of 
operation, pa\'inerit lines should be fixed to coincide with the natural fissures of the rock. 
Payment made for excavation below subgrade to such depth as called for, Pa>'mcnt 
lines for k‘arn excavation coincide with limits of area and depth specified for the excava¬ 
tion. When excavation is unclassified, payment lines for each material encountered are 
the same aa outlined above for the particular material. Unless the proposal contains a 
specific item for it or unless excavation is unclassified, the removal of concrete pavement, 
concrete base, and miscellaneous concrete or cement masonry over i 2 eu yd in volume 
may be pcid fiir a> rock excavation, based on the actual yardage removed Pavement and 
road ba'Ds other than concrete are treated as earth excavation. 

Trench Excavation. Trench excavation is the removal and satisfactory disposal of 
materiais which must be removed in the construction of pipe culveits, end walls, inlets, 
catch ba.'in'j, manholes, underdrains, etc. Except for comparatively shallow trenches, 
unless the soil i'' oxf^eptionally stable, bracing or sheeting may be required to support the 
walls. The expense of such support, as well as of any pumping to keep the trench free of 
water, is covered m the unit price bid for the excavation, as is the cost of any necessary 
backfilling after a pipe has been placed or a manhole or other structure built. Since the 
unit cost of trench excavation mounts rapidly as the depth of the trench increasee, it is a 
frequent practice, in preparing a contract, to break down the total amount of trench e.x- 
cavation that nur-st be done into classifications according to depth. 0 to 0 ft, 6 to 10 ft, etc. 
In roadway cut^. trench excavation commences at tlie bottom surface of the roadway 
e.xcavation. Pavment is ordinarily made for the actual quantity of material renutv^d in 
trench excavation, with a safeguarding provi.'^o that the width between maximum pav- 
inent line-s .^hali not be more than 2 ft greater than the nominul inside diameter of the 
pipe being irittallod. This leaves tlie contractor free to decide on the batter to be used, 
on the relative economy of greater batter as against the use of sheeting, etc. In the case 
of end wart>, manholes, and similar structures, payment lines are vertical and a specified 
distance Mi-^ually 2 it - out-^ide the neat lines of the foundations in each direction, hmizon- 
lally. In >etnnij: up -?pecifications for trench excavation, a wide-spread practice is to pro¬ 
vide tiiat tke unu prn e bid will be applied to the yardage of all mateiial removed except 
rock; and ’’Uat the rock yardage taken out will be multiplied by a specified factor repre¬ 
sentative or t'le Iditional cost of remoxnng rock in comparison with earth. When the 
material in u ln' K a trendi is being dug does, not have enough itubilily to be self-bupporting 
while the pipe i'' being laid and tlie tieiich backfilled, s.tuy bracmg and sheeting are placed 
to hold it, alter tlie excavation has been roughly completed. Where the ground i.=? so un¬ 
stable that -;upport-' must be driven into the undisturbed ground to hold it in place while 
the excavanm: i-i being done, sheet piling is required. 

Borrow. When approval has been given to the contractor’s proposed source of borrow, 
accurate ground-suiface rneuaurenients are secured befuie and aftei the borrow is taken, 
to detenmne \ ardage of borrow used. No material from within the measured area 
should be u-scd lor an\ thing but borrow. Sometimes a bank will piovide mateiial meeting 
specifications not only for borrow but for some higher typo of material, such as subbase, 
as well Separate areas .-should then be crosjs-sectioned for the two uses. Material which 
the contractoi u-'C-; for some lump-sum item, such as provision of a temporary road, must 
nut be taken irom either cross-sectioned area. When borrow i» .secured from a commercial 
pit, a definite portKjii or portions of the pit should be reserve<l, and care taken to .see that 
there i" no infringement on these portions. 

Borrow may he 'hedged from underwater sources it available in adequate quantities 
and of satisfactory, quality The basis of payment of dredged borrow should be carefully 
specified. V.’here there is no current or tidal or wave action to change the contour of the 
underwater -urfaces. measurement of such borrow may be ma<le by computing the volume 
between the initial and final surfaces, as in ordinary borrow pits. Freqaciitiy. however, 
it IS prefer able t ? provide for the payment of dredged borrow on the basis of its yardage 
as nioasured in the embankment. 
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Transporting Excavated Material. Equipment and methods used for transporting 
excavated material from its original position to its final position in embankments or else¬ 
where, and the proper organization of the w'ork, are all outlined m Sect. 9. Cost of moving 
and placing the material is usualb* included in the price paid for excavation or borrow. 

Embankment Foundations. No matter how well an embankment is constructed, it 
will not give satisfactory service unless it rests on a stable foundation. Important condi¬ 
tions requiring corrective action are: 

1. Water lu the form of springs or seepages. 

2. Unsuitable foundation materials- 

3. Steep surface slopes. 

Springs and wet areas should be drained, whether or not the condition was discovered 
in time to be included in the plans Peat, muck, and some t\'pes of silt and clay have such 
an affinity for water and have so little load-carr^'ing capacity* that unless they are too deep 
(15 to 20 ft) it will usually be most satisfactory to remove and replace them with better 
material. This will especially be true because such materials generally occur in locations 
that will continue to be saturated after the embankment is built Sometimes the inferior 
material can be removed with bulldozers, power shovels, or tractors and scrapers. Usu¬ 
ally, however, it will be too soft and wet for such equipment. Draglines may then be 
effective. 

Whore the natural ground surface in the embankment area is steep (more than about 
1 on 3 1 it should be stiipped of topsoil and then be plowed along the contours or benched 
into steps to provide a better bond with the embankment and to avoid a slippage plane. 
The harder the ground surface, the more necessary such measures are. Rock slopes re¬ 
quire benching. 

Construction of Embankments. Basic Principles. Equipment and methods employed 
in building embankments are given in Sect. 9. Listed below are a few principles of particu¬ 
lar importance in constructing embankments for highways: 

1. Use the most satisfactory' materials available, and if inferior materials must be used 
place them where the effect of their inferiority will be least, as in the slopes beyond the 
shoulder areas. 

2. Compact the material thoroughly. 

3. Keep the embankment as free as possible from excessive moisture. 

4. In any portion from which excess water cannot be excluded, use materials that will 
endure saturation. 

5. Take particular pains to maintain dry* conditions in the part of the embankment 
immediately’ below the road base. 

Selection and Vse of Materials.^ Normally, most or all material resulting from excava¬ 
tion is used in embankments. However, tree stumps and roots, muck, peat, etc , are dis¬ 
carded. even at the expense of bringing in material to replace them. Where embankment 
material varies greatly in quality', care should be taken in its disposition. Highly capillary' 
material should be insulated from the source of capillary water by placing an underlying 
blanket of granular material. If a portion of the fill material is composed of large stones, 
these should not be placed in nests, but should be distributed and interspersed with spalls, 
finer rock fragments, or earth to form a dense, compact mass. No large stone should be 
allowed to extend ivithin 12 in. of the subgrade, and selected material should be reserved 
for the top layers of the embankment. 

Where fill replaces excavated muck or other soft material, the bottom of the fill should 
be at least as wide as the fill at the ground surface; and where hard bottom is readied only 
a few feet below’ ground line, the slope of the embankment above ground should be main¬ 
tained to the bottom of the fill. 

Compaction of Embankments. This is secured by placing the embankment material in 
relatively thin layers; if necessary, bringing the moisture content of the material to the 
right amount for most effective compaction; and rolling each layer of the fill with suitable 
equipment. All of these procedures are set forth in Sect. 7. 

Elimination of Excessice Moisture. This is accomplished, in the first plaGc, by good de¬ 
sign, especially m establishing the grade line and in providing a suitable embankment 
cross section and adequate drainage. The important steps to be taken in the construction 
stage have already' been given: use of an insulating blanket of granular material if neces¬ 
sary to prevent capillary water from being drawn into the embankment from below; and 
thorough compaction to leave as few voidti possible in the body of the embankment. 


*See also A.4SHO Specification M-57. 
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Wet Embankments. The lower portion of an embankment may necessarily be below 
ground-water level, as, for example, where it crosses a swamp or the arm of a pond. Such 
a portion must he built of materials that can endure saturation, such as rock, gravel, or 
sand: and be designed with side slopes that will be stable when saturated. If erosion due 
to -wave action or currents is possible, this must be guarded against by riprapping or slope 
paving. If the water level flu'^tuates, the saturation-resistant material must extend to the 
high-water line. If a coar-?e rock fill is used for the embankment, the upper portion of this 
fill must be properiv “choked” with granular material, suitably graded so that the nor¬ 
mally' dry material above, if occasionally saturated, will not flow' down into the interstices 
of the ror‘k 

Maintaining Dry Conditions in the Top of an Embankment This is likely to be a problem 
only in low embankments built of infeiior (capillary) material. In such situations, a 
proper grade line and cross section should normally meet the situation. Any trouble not 
cured by such means should be controlled by use of subbase and undeidrains (p. 4-41). 

Installation of Culverts. Foundation. Whenever possible, the bottom of a culvert 
trench should consist of undisturbed soil for its full length and width. If the design has 
not accomplished this, the best possible compaction of any fill under the culvert is essen¬ 
tial. The condition lequirmg the greatest care occurs when part of the culvert is sup¬ 
ported on fill and the remainder on undisturbed ground. 

When a culvert is placed beneath a fill in the bottom of a valley or the bed of a water¬ 
course, unstable foundation material should be removed and replaced with satisfactory 
material so far as practicable. If this cannot be done reasonably, a layer of sand, gravel, 
or other suitable material should be placed on the foundation and w'orked into the un¬ 
satisfactory material until a stable foundation is formed. If a pipe culvert is to be placed 
in rock excavation, the rock should be removed for a foot or less (depending on the size of 
the pipe) below the invert grade and a well-compacted layer of gravel, sand, or other suit¬ 
able material should then be placed as a cushion for the pipe. The bottom of the excava¬ 
tion for pipe culverts and underdrains should be made to conform as nearly as practicable 
to the shape of the pipe. When bell-and-spigot pipe is used, holes should be excavated to 
fit the bells so that the pipe will have uniform bearing along its length. 

It is desirable to avoid the installation of drainage structures or systems in embank¬ 
ments because of the possibility of unequal settlement w'hich w'ould be apt to break the 
line or to produce low’ spots that w’lll not drain. When there is reason for such an installa¬ 
tion, corrugated metal pipe should be used because of its longer sections and stronger 
joints. Especial pains should be taken to secure compaction of the fill below' tlie pipe. 
If the structure is one of considerable size—such as a box culvert or large drainage pipe, 
it is good practice to construct the embankment to a grade several feet above the invert 
elevation, compacting it very thoroughly, and then to excavate a trench for the pipe in 
the compacted fill. 

In laying culverts, the placing of concrete or other pipe with bell-and-spigot joints 
should begin at the downstream end. The bell should be laid upgrade. The outside laps 
of circumferential joints of corrugated metal pipe should point upgrade, and the longi¬ 
tudinal laps should be on the sides. 

Corrugated metal pipes of considerable size—48 in. or more in diameter—are ordinarily 
“strutted” before the fill is placed above them. Temporary sills are placed longitudinally 
inside the pipe, along top and bottom. Vertical struts are placed between the sills, and 
jacks are used to increase the vertical diameter of the pipe by 3 to 6% of its normal value. 
The struts are left in place until the fill has been completed and compacted. When the 
struts are removed, lateral pressure of the embankment resists lengthening of the hori¬ 
zontal pipe diameter. By the time settlement of the fill has taken place, the pipe is re¬ 
stored to a practically round cross section, instead of having been flattened by the vertical 
pressure. Headw'alls should not be built until the struts have been removed and the cul¬ 
vert has returned or has nearly returned to its permanent cross section. 

Backfilling. Backfill adjacent to culverts must be carefully tamped into place so as to 
be very thoroughly compacted before heavy' fill is loaded onto the top of the culvert If 
not. settlement of the fill alongside the culvert will bring an inordinate load on the top. 
In the case of a high fill, the pipe may be cracked. Attention must be given to w’orking 
the backfill under the haunches of the pipe. These especially compacted berms alongside 
a pipe or box culvert should extend on each side a horizontal distance at least equal to the 
pipe diameter, or the box culvert height, except insofar as undisturbed material lies 
•within this area. The fill material should be of high quality and should be placed in thin 
layers and tamped, water being added, if necessary, to bring the material to the best 
moisture content for compaction. Backfilling should be carried on simultaneously on both 
sides of the culvert to avoid displacing or unduly stressing it. 
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A culvert is much more apt to bt; damaged by loads passing over it during construction 
than by any loading it will receive after the finished road is in use. Before construction 
equipment is allowed to be driven over a culvert, a tamped fill equal to at least two diam¬ 
eters of the pipe, or ^>0 in., whichever is less, should be placed over it. If the culvert grade 
does not provide space for this much fill to be left permanently, the excess is removed 
before the pavement is placed. 

Backfill for trenches, around catch basins and manholes and in other small areas should 
be deposited by hand shovels in thin layers and compacted with suitable hand or mechani¬ 
cal tampers For larger structures, heavier machineiy may be u^ed, provided the pre¬ 
cautions set forth above are taken to prevent damage duruig construction. 

Completion of Subgrade.^ As formation of the roadbed nears completion, all soft and 
yielding mateiials in the top portion of the foundation which will not compact well when 
rolled or tamped should be removed. All loose rock or boulders over 4 or 5 in. in size 
should be removed or broken off to a depth of not less than 1 ft below the subgrade. All 
holes or depressions made by such removal of material should be filled with suitable sound 
material. If the surface of an e.xisting stone or gravel road is less than 1 ft below sub- 
grade, it should be scarified to permit uniform compaction and bonding between old 
material and new fill. (Any portions of the old roadway underlying the new road shoulders 
should be similarly scarified.) The whole subgrade should be thoroughly tamped, rolled, 
or trucked over for maximum compaction while it is being brought to lines and grades 
shown in the plans. The embankment or cut surface on which the subbase will rest 
should be smoothed and given tlie proper cross slope to drain the subbase, and adequate 
provision of leak-offs or other means of removing water from ever\' portion of the subbase 
should be made. In rock cuts, the rock surface of the roadbed should be made reasonably 
smooth, after which the subbase specified for it should be placed in layers and thoroughly 
compacted. In earth cuts, the subgrade should be shaped according to the plans, but 
any plowing or other disturbance of material below subgrade should be avoided, unless 
necessary for some definite reason. 

Formation of Shoulders. The road design specifies the width and cross slope of shoul¬ 
ders and the material of which they are to be made. Whatever the material, the shoulder? 
should be carefully formed, true to the dimensions called for, and thoroughly compacted. 
If subbase is extended across the shoulders to the ditch line, the surface of the foundation 
material on which the subbase rests should be smoothed and compacted so that water 
in the subbase will drain off properly and not sink into the underlying material If the 
shoulders are to receive a bituminous treatment, this will ordinarily be applied after the 
pavement is in place. 

Constructing Guard Rail, Guard-rail posts aie set after the pavement is in place, and 
either before or after final trimming and finishing of slopes, etc. Where wood posts are 
used, holes are dug on required lines and centers and to specified depth. The bottom of 
each hole should be thoroughly rammed so that the post will have a stable foundation. 
Pressure-treated wood posts should not be cut after being set; hence it ia important to dig 
holes to exact depth &o that the post tops wall lie at an even grade. If are irregular 
in height, a very unpleasmg appearance results. Any rock encountered in digging the 
hole should be removed, to form a hole of adequate size for the post to be firmly held in a 
vertical position. Po&ts are set with the large end down, and should be carefully plumbed. 
Posts should be segregated as to size so that adjacent posts will not have markedly differ¬ 
ent diameters. Post holes should be carefully backfilled, and thoroughly tamped to hold 
the posts m true positions. 

Steel posts are sometiiiies set in dug holes, but, where the nature of the soil is suitable, 
the>' can usually be more economically set by manual or mechanical driving Precau¬ 
tions should be taken to insure their being correctly placed in line, grade, spacing, and 
plumbness, and to insure their stability. 

Anchorages should be carefully buried, backfilled, and tamped to assure the develop¬ 
ment of their full resistance. Lengths of cable should be accurately cut to be drawn to a 
proper tautness by the specified adjusting devices. 

Finishing Slopes. Final Shaping. If it was not done at the time of excavation, tops 
of all cut slopes should be rounded to form a smooth, gradual transition to the natural 
ground surface. Similaily, at the intersection of cuts and fills, slopes should be adjusted 
to flow into each other or into the natural ground surface. Stump holes and other depres¬ 
sions outvSide neat slope lines but witiiin the right-of-way should be filled and leveled. 
Rock slopes should be reexamined for removal of all loosened and hazardous fragments. 


^ “Subprade,” accurately defined, means the surface of that part of the roadbed on which the pave¬ 
ment is placed The term is often used, howe%er, to include the \olunie immediately under that 
Furface 
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Ditches should be neatly trimmed to straight lines and smooth surfaces that will present 
a pleasing appearance and provide for unimpeded flow of water. During excavation of 
cuts and construction of embankments, every effort should be made to construct and 
maintain side slopes close to proposed final lines and planes. Nevertheless, some final 
shaping and tiimming will usually have to be done after rough grading is completed. 

Placing Loam. Loam removed and stockpiled in grading operations, or occasionally 
secured from outside sources, should be spread over finished cut-and-fill slopes and over 
median strips of divided roadway's As noted earlier, slopes, when graded, should not 
have been raked perfectly smooth, but should have been left with a slightly rough surface 
for better bonding of the loam. Slopes of rock fills should have been choked and covered 
with an eaith blanket to serve as a base for loam. The loam itself should be spread to a 
thickness of 3 or more inches, depending on the character of underhung mateiial and on 
the amount of loam available. After the loam has been spread, all heax'j' clods, large 
stones, brush, roots or other trash should be raked out of it and removed from the roadway 
area. W’hatever procedure has been specified—seeding, mulching, strip sodding, etc.— 
should then be carried out, due attention being paid to the fact that seeding can be carried 
out effectively only at proper seasons. 

Final Cleanup. The entire area within highway limits should finally be cleaned of all 
debris resulting from construction. Areas of right-of-way that were not subject to con¬ 
struction operations should be cleaned of all dead trees, branches, etc., and brought to a 
condition comparable to that of adjoii^ing areas. In naturally rustic regions, this trim¬ 
ming of the right-of-way should not be carried to the point of producing an artificial 
appearance. 


13. BASE COURSES AND SURPACE COURSES 
General Considerations 

Base Course. The base course is a layer of material placed between the surface course 
and the aubgrade to provide uniform support for the surface course and to distribute unit 
pressures from wheel loads, reducing them to an intensity that can be applied to the sub- 
grade (including subbase, where used) without overtaxing its bearing power. This pur¬ 
pose could be accomplished (and often is) by using a sufficiently thick surface course alone. 
It is often more economical, however, to use a base course which will produce the same 
load distribution with less expensive materials than those forming the wear-resistant, 
smooth, and watertight surface course. Base courses ordinarily range from 3 to 12 in. in 
thickness, the majority being in the range of 6 to 9 in. 

Surface Course. Except for the lowest type of road, made simply by grading and 
draining the natural ground, every road has a surface course, made of materials brought to 
and placed on the roadbed. This is the wearing surface with which the wheels of vehicles 
are in actual contact. Its principal purpose is to resist destructive abrasion of the road 
by traffic. Additional purposes (which may be present in varying degrees) are (1) to 
prevent or minimize penetration of surface water into the roadbed; (2) to provide 8 suit¬ 
ably smooth and dustless surface for traffic: (3) to assist in distributing wheel loads to the 
roadbed. Surface courses varj' in thickness from 1 to 10 in. or more, according to type. 
The surface course may be placed on a base course, on a layer of subbase, or directly on 
the general foundation material. Surface courses are composed of a wide variety of sul> 
stances, ranging from low-cost, locally available soils to bituminous or portland cement 
concrete. 

Both surface and base courses usually consist of (1) weight-bearing elements; (2) bind¬ 
ing elements; and (3) void-filling elements. The weight-bearing elements are granular 
materials, such as stone or gravel. Binding elements include clay, bituminous materials, 
cement, chlorides, and other substances. Void fillers mav consist of cement, sand, stone 
dust, silt, or other minerals. Fillers may have binding qualities and functions also. 

New Construction, Stage Construction, Reconstruction. In the construction of the 
wearing surface of a road, three conditions are met. (1) The road may be a piece of new 
construction which in one continuous series of operations is to be brought to a finished 
state. (2) It may be a piece of new construction which, however, is to be brought to a 
temporarily finished state with the expectation that, at a comparatively early future 
date, it will be further improved. This is called stage construction. In this case, what is 
initially the surface course will become the eventual base course, which will then receive 
a new surface. (3) Finally, the construction may entail the resurfacing of an existing 
road, in which case the old road surface (repaired as necessary) becomes the base for the 
new surface course. 
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Selection of Types of Base and Surface Courses. The best types and combination of 
base and surface courses to use m a particular ca^e will be determined principailj' by (Ij 
the volume and character of traffic, (2) the availability of funds, (3) the local availability’ 
of the various road-building materials, (4) climatic conditions, (5) the nature of .subgrade 
and drainage conditions. Fortunately, there are almost innumerable combinations of 
different kinds and sizes of aggregates that wiU give satisfactory results, with various kinds 
of binders, so that full advantage can usually be taken of locally available materials. 
The fundamental basis of selection is the traffic to be served. Roads carrying up to 400 
vehicles per day may be considered low traffic volume roads; from 400 to 1000 vehicles 
per day. medium traffic volume; over lOOU vehicles per da\', high traffic volume roads. 
Certain types of surface and base courses are generally' considered suitable for each volume 
clas>>ification, as outlined hereafter. 

Foundation. No base or surface course can long conceal a defect in the foundation 
that supports it. In new construction, assuming the roadbed to have been properly built 
and properly drained, with provision of subbase where v.'arranted, it is important that the 
foundation be accurately brought to the proper cross section, and the subgiade made as 
smooth and hard as practicable. If considerable time has elapsed between construction 
of the foundation and commencement of work on the upper courses, it may he necessary 
to add material to settled areas, to cut down high spots, and to scarify, reshape, and re¬ 
compact the subgrade. Over swamps or at approaches to bridges, if paving follows closely 
after formation of the embankment it may be desirable to lay a temporary pavement over 
the questionable foundation, to be replaced when stability has been attained In surfac¬ 
ing an existing road, it will sometimes be desirable to scarify the old surface. A part of 
the old material can often be salvaged for use in the new surface course. The remainder 
is leshaped to form a base on which to place the surface course. In other cases, the old 
surface is retained as fully as possible, weak spots being carefully dug out and strength¬ 
ened, holes and depressions being filled and, if necessary', an excessive crown or defective 
banking being corrected by the provision of wedge courses of base material, before the new 
surface course is laid. 

14. MATERIALS FOR BASE COURSES AND SURFACE COURSES 
Load-Bearing Aggregates 

These include gravel and crushed stone, which are in p actically universal use: and in 
addition, many materials of local occurrence, which, although often unequal to the re¬ 
quirements of the highest type roads, may serve quite adequately for roads of lesser 
importance. 

Stone. The several varieties of igneous rock commonly called traprock are the most 
satisfactory load-bearing aggregate. Granite, limestone, and dolomite are also often 
satisfactory’, but the quality' of different deposits varies widely and they should be care¬ 
fully tested before acceptance. Sandstones are less satisfactory, especially for wearing 
courses. Slates and shales are of little value, either for wearing or base courses. The 
most desirable qualities in stone are hardness and toughness, which give wear resistance. 
When used with bitumens, it is also important that the stone be not hydrophilic: that is, 
the stone should not have a greater affinity for water than for bitumen. Aggregate should 
be angular in fracture for better stability', and should be free from an excess (more than 
about of flat, thin, or elongated particles. It should albo, of course, be free from 

vegetable and other deleterious matter (including adherent films of clay on stone that is 
to be used for bituminous or cement concrete courses). Stone should be tested for re¬ 
sistance to wear and for soundness (resistance to disintegration from effects of weather). 
Resistance to wear is most often determined by the Los Angeles rattler test. AASHO 
Method T-96. Soundness is determined by’ AASHO Method T-104. using sodium or 
magnesium sulfate solution. The proper gradation of stone and other load-bearing aggre¬ 
gate is very important. Some voids are necessary to provide space for binder, but they 
should not be too great or they' may' not be filled. This will allow the entrance and reten¬ 
tion of water, with resultant damage: or it may' permit further compaction and lateral 
movement of the aggregate under traffic, impairing the riding qualities of the road and 
perhaps disturbing the set of the binder and causing raveling or other failures. The most 
suitable gradings of aggregates vary according to the type of construction. Gradings 
representative of common good practice are given in discussions of the different road 
types. AASHO Specification M-43 designates a number of standard “sizes” of stone 
(and other coarse aggregates) and gives the maxiiuum range of particles within each size 
(Fig. 27). The specific gravity of stone vanes not only with the kind of stone but also 
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with the particular source of stone of any variety. The weight of broken stone, per cubic 
yard, varies both with the specific gravity and w'ith the percentage of voids. Hence, the 
figures in Table 1 are quite general, but they may be used in rough computation of stone 
tonnages required in road construction. 


Table 1. Broken Stone 
Pounds per Cubic Yard 



Specific 

Loose Spread 

Compacted 

Kind 

Gravity 

45% \'oids 

30% Voids 

Trap 

2 8 

2590 

3300 


2 9 

2680 

3420 


3 0 

2770 

3540 


3 1 

2870 

3650 

Granite 

2.6 

2400 

3060 


2.7 

2300 

3180 


2.8 

2390 

3300 

Limestone 

2.6 

2400 

3060 


2.7 

2300 

3180 


2.8 

2590 

3300 

Sandstone 

2.4 

2220 

2830 


2.5 

2310 

2940 


2.6 

2400 

3060 


2.7 

2500 

3180 


Gravel. Gravel is found both m glacial deposits and m water-formed deposits in the 
beds of bygone streams and lakes as w’ell as m existing waters. Because of differences 
both in the original stone from w’hich the gravel was derived and in the way in which the 
material was deposited, the quality of gravels vanes widely. Glacial gravel often lias 
better binding qualities than river gravel, which tends to be loose and sandy. Gravel is 
used in three forms: bank-run, screened, and crushed. Bank-run gravels vary widelv in 
their gradation, according to the deposit from which they are drawn. They may often 
be used, however, without further processing. Screening is resorted to either to get rid 
of a large proportion of pieces of excessive size (occasional large pieces can be raked out in 
the pit or on the road without screening) or to eliminate an excessive proportion of sand. 
Crushed gravel is obtained by running the pit material through a stone crusher and screen¬ 
ing the product into graded sizes. Crushing gravel has the advantage of producing angu¬ 
lar in place of rounded fragments. These produce a better bond and greater stability. 
In addition, crushing permits the use of oversize pieces and will generally be economical 
where oversize pieces constitute more than 20% of the pit output. Gravel should have 
good degrees of wear resistance and soundness, and is ordinarily subjected to the same 
tests as stone (AASHO T-96 and T-104). The desirable gradation differs according to 
the purpose for which the gravel is used, and will be considered in connection wdlh differ¬ 
ent road surfaces. 

Slag. Slag should be blast-furnace slag, air-cooled, with a weight of 60 (preferably 70) 
lb per cu ft, or more. It should be reasonably uniform in density and quality, and contain 
few glassy fragments. It is tested for wear resistance and soundness, using the methods 
heretofore given for stone and gravel, and is graded according to the particular purpose 
for w'hich it is used, as described later. 

Selected Soil Materials. Low-cost roads must be made of materials available nearby 
and capable of being used without expensive processing. Fortunately, most areas have 
materials which, alone or in combination, will adequately carry low traffic volumes. Such 
materials include (besides stone and gravel) sand, clay, cinders (including products of 
spontaneous combustion in coal-mme dumps), caliche, marl and other soft lime deposits, 
scotia, shell, iron ore, etc. Road construction with all these materials (see p. 4-77) is of a 
very simple sort. Quarrying, crushing, and screening are not ordinarily resorted to. The 
material is simply dug from the pit, hauled, spread, shaped, and compacted, sometimes 
with the addition of binder material and water. These materials are more satisfactory 
for bases, since all lack hardness and wear resistance, and are subject to drying out and be¬ 
ing blown away as dust unless the moisture content is controlled. When used as surface 
courses, unless traffic is very light, they should be surface treated with chlorides or light 
road oils. 
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Binders 

Binders exert their stabilizing effects in various ways. Sometimes, as in the case of 
granite sand or tiaprock screenings, the action is largely mechanical. In limestone screen¬ 
ings, clieniical action is aUo present. The chlorides, calcium and sodium, act principally 
by fosteiing moisture conditions conducive to stability. Calcium chloride is more widely 
used, and in most climates is the more effective However, the binding value of the most 
useful bindeis—bituminous materials and Portland cement—is due to cohesion and 
adhesion. 

Bituminous Materials. Bituminous materials include asphalts and tars. All asphalts 
are products of the distillation of petroleum crude oil. The distillation may have been 
natural or artificial. In the United States, asphalts distilled artificially are commonly 
used, although natural asphalts chiefly from Trinidad and Venezuela, are sometimes 
employed 

Rock Asphalt (from deposits of limestone or sandstone impregnated with natural asphalt) 
has a limited use, principally near the areas of its occurrence. 

Artificial asphalt may have either an asphaltic or a paraffin base. The former is pref¬ 
erable, because of its .superior stability and adhesiveness. For road construction, asphalt 
is used in various forms, as follows. 

Asphalt C\ merits These are semisolid residues remaining after the volatile components 
of petroleum oils have been removed by distillation. They are mixtures of hard asphalt 
and non-volatile oils. They are brought to a usable consistency by heating, without being 
softened with a fluxing or emulsifying agent. They are -designated by their ' penetration*’ 
—b>' which is meant the distance to which the cement is penetrated by a needle in a stand¬ 
ard test (AA3HO T-49j. 

Sloic-Curirig Liquid Asphalts or Road Oils are produced by fluxing an asphalt cement 
with an a«phaltic residual oil of low viscosity or with some other light non-colatile oil. 
Seven grades, designated SC-0 to SC-6, are made. Asphalt content and viscosity increase 
as the designating number increases. SC-0 is a highly penetrating road oil—a ‘’dust- 
layer” with very little binding quality, which can be used at normal atmospheric tempera¬ 
tures. SC-6 has strong binding properties and must be heated above 300°F to be usable. 

Cutback Asphalts are asphalt cements that have been liquefied by fluxing them with a 
light volatile petroleum substance that wa'^ removed in the distillation process. There are 
two series of cutbacks, designated as medium curing (MC) and rapid curing (RCj. The 
respective fluxes are kerosene and gasoline or naphtha. Each series has six grades, num¬ 
bered 0 to 5. the asphalt content and viscosity increasing with the grade number. After 
placement, the flux evaporates from the cutbacks, leaving the semisolid asphalt cement 
as the binding agent. 

Emulsified Asphalts are produced by combining heated asphalt with water by intense 
agitation in the presence of an emulsifying agent. Asphalt particles of colloidal size are 
dispersed in the water. Emulsions are brown liquids, turning black when applied as the 
asphalt coagulates on the aggregate particles while the water flows away or evaporates. 
Emulsions are divided into three classes, according to their stability. These are flj the 
penetration or quick-breaking type, used where no manipulation of the aggregates is in¬ 
volved; (2) the coarse-aggregate mixing or medium-setting type, used for mixing with 
aggregate practicalh' all of which is retained on a No. 10 sieve; (3) the fine-aggregate mix¬ 
ing or slow-setting tvpe, used in densely graded mixes with considerable filler. The emul¬ 
sified asphalts are applied without heating, and can be worked on tlie road in cool and damp 
(not cold and wet i weather. They have low viscosity and will penetrate deeply. 

The American Association of State Highway Officials has prepared a specification for 
each of the several types of asphalts, and has established a number of standard tests for 
the determination of the specified characteristics.* The American Society for Testing 
Materials has also established standard tests.^ In general the tests prescribed by the two 
agencies are identical. 

Types and grades of asphaltic materials suitable for the several types of surface and 
base courses are given hereafter, in the presentation of the diffeient road types. 

Tars are produced from coal (coal and coke-oven tar) or oil vapors (water-gas tar). 
In highway work tars have their principal use as prime coats or tack coats (p. 4-76) or for 
surface treatments (p 4-100> with light cover, where they are favored because they produce 

• ^ See "Standard Specifications for Highway Materials and Methods of Sampling and Testing,” 
American Association of State Highway Officials, National Press Building, 14th & F Streets, N W., 
Washington 5, D C. 

- Compiled m a Book of ASTM Standards Those relating to road materials are currently in Part 3 
of the book (obtainable separately) 
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a less slippery surface than asphalt. They are considerably less used in road conatructioii 
than are asphalts. Tars are prepared in 14 grades, designated RT-1 to RT-12. and RTCB-5 
and KTCB-6 (&ee AASHO Specification Grades HT-1 to RT-12 are residual prod¬ 

ucts; the C’B grades, cutbacks The viscosity increases with the grade number. The lo%v- 
nuinbered tars are very light, penetrating oils, and can be applied cold. At the other end 
of the scale are hea'vw materials, requiring heat. 

Recommended bituminous materials for each type of base and ourface course are given 
hereafter. Table 2 gives recommendations of the AASHO for application temperatures 

TABLE 2 


Temperature, ®F 



Spray 

tng 

M 

ixing 

Asphaltic Material 

Min. 

Max 

Mm. 

Max 

A.C. 200-300 Pen. 

275 

350 

200 

275 

A C ail others 

275 

350 

275 

325 

RC-0 

50 

120 

50 

120 

RC-I 

80 

150 

80 

125 

RC-2 

iOO 

175 

80 

150 

RC-3 

150 

200 

125 

175 

RC-4 

175 

250 

150 

200 

RC-5 

200 

275 

175 

225 

MC-0 

50 

120 

50 

120 

MCA 

80 

150 

80 

150 

MC-2 

100 

200 

100 

200 

MC-3 

175 

250 

150 

2U0 

MCA 

200 

275 

175 

225 

MC-5 

225 

275 

200 

250 

SC-0 

50 

120 

50 

120 

SC-I 

80 

200 

80 

200 

SC-2 

130 

200 

150 

200 

SC-3 

173 

250 

175 

250 

SC-4 

175 

250 

175 

250 

SC-5 

200 

275 

200 

275 

SC-6 

300 

400 

300 

400 

Eniuhified asphalts 

50 

140 

50 

140 

Tars 





RT-l 

60 

125 



RT-2 

60 

125 



RT-3 

100 

150 



RT-4 

100 

130 



RT-5 

125 

150 



RT-6 

123 

150 



RT-7 

170 

225 



RT-8 

170 

225 



RT-9 

170 

225 



RT-10 

200 

250 



RT-11 

210 

250 



RT-12 

225 

260 




of asphalts and tars. The rnarimuyn temperature the more important figure since, if it 
IS exceeded, the material is apt to suffer severe damage. Each material, generaih .'peak¬ 
ing, should he used at the lowest teiuperature at which it can be sati'factfuily wo-ked 

Bituminous material' vaiy in '•pecific gra\nty and consequently in volume as I’leir 
teinpeiature changes They are ordinarily purchased at a price per gallon ba:i‘^'d on a 
temperature of They will usually be delivered ni tank car^ or tank rriick> at a 

temperature other than 60° The volume at the delivery temperature is corrected to 60° 
in onler to determine the gallonage to be paid for. Convenient eta'-ection tahle.s are 
available.'' 

Portland Cement. Portland cement for use in concrete pavements diould comply 
with A.\SHO ^specification M-8.5. A number of types of cement with different specialized 
<iuahin-.' aie included m thi- 'pc-cifi.'atioR T>pv*s I and II, I-.V aid II-A are the mo^t 
wiflel\‘ us-ed in l ighwas’ pavement-!* In regions subject to alternations of freezing ami 


“Policy ou Alamtename of H'jAdv\a3 Suifaces* ’ AASHO I'JiS;. 
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thawing weather, and especially where chlorides are used on pavements to facilitate travel 
under winter conditions, scahna of concrete pavements has been a serious problem To 
control It and add to the durability of concrete, materials (AASHO Specification M-149’' 
have been developed that cause the entrainment ot air in concrete while it is being mixed. 
The most wideh" used of these are sold under tlie names of Vinsol resin and Darex AKA, 
respectively. Cements of types I-A and II-A have such materials ground with them dur¬ 
ing maniifactiire, and consequently are called “air-entraining" cements C\ASHO Specifi¬ 
cation M-134' Alternatively, air-entraining concrete can be secured by using Type I 
ur T>'pe II cement and adding the air-entrainmg agent at the mixer Increase in comrete 
volume due to air entrainment diould be between 3 and A smaller iiicieaso than 3^ 

wiii not provide the de.sired additional durability; a larger ip.crea>e than will leduce 
tiie -tremrth ot the conciete without an offsetting increa-^e m durabiiit''- Intergiinding 
the iiir-cntraiumg agent with the cement in its manufacture provides the simplest means 
of using air entramment and i^ now the pievailmg method. It may nut always, however, 
icrniiice the right amount of entraiiunent. since tl is is affected somewhat bv conditions 
apart from the cement used. In such case.s, an adjustment must be made at the mixer, 
either by adding moie of t.he air-entrammg agent to increase the amount of entrained an, 
or b\- replacing a part of the air-entraiiiing i^einent with other cement to lessen entrainment 

Tno proper gradation and proportioning of aggregates and cement, and the amount of 
mixing watoi to be used in making concrete for pavements are treated iater m this sec¬ 
tion. in the discussion of cement concrete pavement'. 

jR( }rif,->r ‘ir ^ Ste*-'!. Reinforcing steel may be billet-«teel bars conforming to AASHO 
Spc-{ ifi. atioii M-31, rail-^teel bars conforming to Specification M-42. axle-^teel bars con¬ 
forming to Specification M-o3 fabricated bar or rod reinforcement conforming to Specifi- 
catKm M-54, or welded wire fabric reinforcement conforming to Specification M-o5. 

fr,-ir,*-Fulin§ Matermls. For filling expansion joints (p 4-b7> in concrete pavements, 
either prernolded or poured type.< of fillers may he used. Premolded fillers are made ot 
biiumiiious inatorials. coik. rubber, redwood, and other material? and cornbination> of 
materials AASHO Specification M-33 applies to bituminous type-s and Specification 
M-153 TO non-extniding and resnieni types. Poured fillers usually con&i^it ot a«-phalt 
f VA.SHO Specification or of asphalt with a mineral filler (A.\SHO Specification 

M-SOi. 

15. PRIME COATS, TACK COATS, AND SEAL COATS 

Prime Coat. A prime coat doe-s not constitute either a ba^e course or a surface course, 
but mav he used as a preparation for the construction ot either one Its purpose K to 
penetrate the foundation or ba«e course on whicli some sort ot bituminous mat is to he 
placed later It should fill the pores, bond together any loo'so material, and in general pro¬ 
duce a firni impervious layer to serve as a foundation for the material to be superimposed, 
and to bond with it Since the purpose is to penetrate and seal a porous surface, prime 
coat" are not used on ba^se^? of portlanvd cement concrete or of tight bituminous mixtures 
that cannot be readily penetrated, and on which a far/c mat will bo used instead. The fol¬ 
lowing materials aie oommonlv used for prime coats SC -1 and SC-2. MC-0. MC-1 and 
MC'-2- RT-l, RT-2 and RT-3.' 

('hoice between asphalt and tar depends largelv on relative cost. The more porous 
the base and the cooler the weather, the lower should be the viscosity. Converselv. if 
too much material is being absorbed, a more viscous grade should be used. The amount 
applmd should ordiiiaMlv be ahso^-bed in 24 hr It mav varv from ^'lo to t 'o gal per sq \nl. 
T^ Large: amounts wdll usually have to bo p>nt on in two applications to give time for 
ab-orpti(.!i before any material runs off the road surface. Traffic should not be allowed 
on the primed surface for at least 24 hr. When cuiiiig is complete, any spots showing 
•^urplu' bituminous material should be blotted witii sand, to any spots still showing 
poro-itv. a little more material mav be applied 

Tack Coat. Whereas the purpose of a prime coat is to reduce the porosity and so to 
stabilize and improve a foundation or base course, a tack coat is designed to establi&h a 
bond between a highly stable and impervious foundation, such as an existing pavement 
or a new' concrete ha-e, and the MH)erimposed mat w’hich must be made to adhere to it 
Thus while both prime and tack coat-? are films nf bituminous material, the purpose and 
resulting character of the two films aie quite different. Materials commonly used for tack 
coats include- R(’-2, RC-3, and KC-4: emulsified asphalt; asphalt cement of 15U to 200 
penetration; RT-4 to RT-0. inclusive. 

The amount of bituminous material is usually from I'lO to t /4 gal per sq yd. The tack 
coat shouhi precede placing of the superimposed mat only long enough to allow it to be¬ 
come "tacky." Care must be taken not to cover so large an area at one tmie that the tack 
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coat will cool and harden before the mat is placed on it. Care must, also be taken to guard 
against applying so much material per square yard that it will unduly enrich the supermi- 
posed course and lessen its stability. 

Seal Coat. A seal coat is a bituminous application, usually with a small stone or sand 
cover (although, rarely, tvith no cover at all) placed on a bituminous surface course for 
the primary purpose of sealing it against the intrusion of water. Frequenth', subsidiari- 
purposes, such as provision of a better riding surface, may also be accomplished. Since 
many types of bituminous surface courses require sealing, application of a seal coat is a 
frequent final step in the construction of a black-top road. Seal coai.s are also used ex- 
ten^iveh' in maintenance to forestall the di&integration of a road surface or deterioration 
oi a road because of percolation of water through the pavement. In this use, they n*erge 
into surface treatments (p. 4-100). 

In apph’ing seal coats, suitable relationships must be maintained between the t>'pe 
and viscosity of bituminous material, the amount of biluininous material, and the grad¬ 
ing and amount of mineral cover The materials ror a suitable seal coat, and details of 
their application, are discussed under the particular road surface to be sealed. 


16. LOW TRAFFIC VOLUME ROADS 

Natural-Soil Roads. For the lowest traffic count road, the natural soil from the sides 
of the road is bladed to the center to form a crown with a ditch along each side to which 
water sheds. This is the lowest form of road surface used, and is the first stage in the 
development of a road which is to be further developed as increasing traffic requires. The 
surface obtained is generally dusty and ruts are quickly formed, destroymg the crown so 
that water pockets are developed on the suriace. 

Natural Soil, Treated, A natural-soil, bladed road can be improved considerably by 
an oil surface treatment, as follows: Immediately after the road has been biought to a 
good grade and cross section, i /2 gal per sq yd of bituminous material such as SC-0, SC-1, 
or MC-0 (p. 4-741 is applied by a pressure distributor directly to the surface and allowed to 
penetrate without any cover. As soon as this application has soaked in. a second applica¬ 
tion of the same material in the amount of i /4 to i/s gal per sq yd is applied and is also left 
to be absorbed without cuver. This will take more time to absorb than did tlie first appli¬ 
cation. The surface should be watched and additional applications of i/s to i 4 gal per 
sq yd placed on the road from time to time as needed. This is ail that is done, e.xcept to 
see that the surface is maintained by patching, as necessary. Patching is done with a 
mix of the natural road material tvith the same kind of bitummous material that was used 
on the road. This mix is made up and stockpiled, to be used as required. 

Instead of completing the construction with a bituminous application, calcium chloride 
can be used. About 1 lb per sq yd is applied initially, with the treatment lepeated as 
found necessary-. 

Roads of Other Local Materials. ^Vhe^e suitable and easily processed local materials 
(^uch as the soft limestones coquina, caliche, and mail found in some of the southern and 
suuthwestern states, scoria in Montana and North Dakota, cirukr from mine duiaps in 
bituminous coal regions, shell along the Gull Coast) are available, a ia\ er ol such material 
6 in. to 12 in. thick is often spread on the natural soil of the roadbed, compacted eitner by 
rolling or by traffic, and shaped with graders to a siutabio cioss slope (i 2 in. to 3 4 m. per 
ft'. The material is placed on the full width of liio roadbed, featheimg out on the shoul¬ 
ders. Sometimes .such material is used alternateU v'-ith the natural soil suiface, as it occurs 
in the roadbed. The natural surface is used w-c 'c soil and drainage conditions are good. 
Vlien sections of pooler soil are encountered, ana where drainage is poor, tiie better mate¬ 
rial IS hauled m and spread. All these materials are low in wear resistance, become dusty 
and rut under traffic. Tliey may be much improved b\- the light oil or chloride treatment 
outlined above. They are also sometimes covered with a heavier treatment of a harder 
crushed stone or gravel to add to their wear resistance. 

Sand-Claj Roads. Although neither sand nor clay alone forms a stable road surface, a 
mixture of the two materials, in proper proportions, is much more catisfactory. From 10 
to 209c of Slit. With o to 109c of clay mixed wath 70 to S59‘o of sand 15 a sati^tactory mix- 
tuie, the exact proportions being determined by experiment during the constiuction 
AASHO Specification M-147}. The use ot a disc, spuue-tuothed, or spike harrow i^, satis¬ 
factory for mixing the sand and clay on the road. A blade scraper can be used to form 
a cross slope of h 7 to 3 4 in. per ft. In diy weather, the use of water from a sprinkler cart 
will aid in ’‘biingiug down” and compacuing the mi.xture. Tlie use 01 calcium chloride at 
the rate of 1 lb per sq yd will help in keeping the surface m proper condition. Additional 
applications of chloride at the rate of ^ 2 Ih J»q may be needed at intervals. 
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Gravel Roads. Gravel roads are built for permanent use as such. They are also fre¬ 
quently built as the first stage in a stage construction program that vnll eventually see the 
gravel road converted into a base for some higher type of surface course. 

Bank-Run Gravel Roads. A subgrade is prepared on the road with a cross slope of 1/2 to 
3/4 in. per ft. This is done with, a grading machine. Soft foundation material is removed 
and replaced with suitable material. Raised shoulders of the natural side-slope soil may 
be placed on each side of the subgrade to hold the gravel, if desired, or the gravel surface 
material can be feathered out at the edge. Material from the gravel pit should not con¬ 
tain more than 50% passing a 1 / 4 -in. screen, and should be free from deleterious material 
such as an excess of clay, loam, or vegetable matter. A uniform layer of gravel 6 to 8 in. 
deep is placed, and is well harrowed with a spring or spike harrow. Any stone over 4 in, 
in size appearing on the surface is hooked out with a potato hook and the surface is then 
dragged with a road drag or is smoothed with a 4-wheel grader. As traffic compacts the 
road, the grader or drag is used to keep ruts from forming until the surface is uniformly 
compacted and smoothed. It is a good practice to start the spreading of the gravel at the 
end of the road nearest the source of supply so that the material is trucked over as the work 
progi esses. The use of a road roller and a watering cart is desirable. When the first course 
has the proper crown and is compacted and smooth, a second course of the same material 
from 4 to 6 in. deep is placed on the first course and is finished in the same manner. Cal¬ 
cium chloride or bituminous material should then be applied to the surface to prevent its 
raveling. 

Screened-Gravel Roads. For screened-gravel roads, gravel from a pit is screened to 
obtain three classes of material: “sand,” passing through a 1 / 2 -in. square; “gravel aggre¬ 
gate” retained on the 1 / 2 -in. screen but passing through a 2 i/o-in. screen; “tailings” re¬ 
tained on the 2 1 / 2 -in. screen. The tailings are either discarded or used as foundation 
material. The subgrade is prepared to the desired cross section, with shoulders made of 
satisfactory side-cut material. The subgrade is compacted with a 10- to 15-ton power roller, 
and soft spots are dug out and replaced. The gravel aggregate is then spread uniformly 
to a depth of 5 to 6 in., preferably from a box stone spreader. The gravel is then rolled, 
while sand from the screening plane is spread dr>' over the surface until the voids in the 
gravel are filled and the surface is well compacted. During the rolling, water is flushed 
over the surface in sufficient quantity to harden and set up the surface, but not to the pomt 
that the subgrade will be softened. As soon as a smooth, well-compacted surface is ob- 
tamed, a second uniform layer of 5 to 6 in. of loose gravel is spread over the bottom course, 
filled with sand, rolled, watered, and compacted as before to obtain the required depth of 
pavement. As wind and sun will dry out the surface of such a road very quicklj', and as 
traffic will soon tear the surface apart, it must be protected immediately after being built 
by the application of calcium chloride as mentioned on p. 4-77 for sand-clay roads, or by 
an application of bituminous material, such as MC-1, MC-2, RT-2. or RT-3. The bitu¬ 
minous material is applied during dry weather at the uniform rate of 1/2 gal per sq yd, using 
a modern bituminous material spreader. This application should be allowed to penetrate 
with a minimum amount of sand cover applied. The surface should then be dragged and 
honed to mix the bituminous material on the surface with any loose sand of the road sur¬ 
face. After the mixture is thoroughly set up and is in a satisfactory condition the surface 
13 sealed, using an application of about 1/3 gal per sq yd of the same material used for the 
first coat, with a somewhat heavier sand cover. This is then dragged and honed and left 
to set up. 

Crushed-Gravel Roads. For a crushed-gravel surface, material from a gravel pit is run 
through a stone crusher and then screened in the same manner as for a screened-gravel 
road. The advantage of the crushed-gravel road over the screened-gravel road is that 
all the stone in the gravel pit is utilized, and, as there are more angular pieces in the re¬ 
sultant aggregate, there is less difficulty in compacting the road under the roller. The 
interlocking of the angular aggregate produces a surface more resistant to breaking up 
under traffic. The construction details are the same as for a screened-gravel road. 

Both screened- and crushed-gravel roads are frequently used in stage construction 
programs. The gravel road, following application of bituminous material, is used until 
the growi:h of traffic, with resulting higher maintenance costs, warrants its conversion mto 
a base for a higher type of bituminous surface course. 

Slag Roads. In regions where blast-furnace slag is readily available, roads for low traffic 
volumes may be built of it using the methods outlmed for crushed-gravel roads. To be 
satisfactory, slag should have a per cent of wear not greater than 50 at 500 revolutions 
(AASHO Method T-96). A typical gradation of the coarse aggregate would require 100% 
to pass a 2 i/ 2 -in. square mesh screen, 90-100% to pass a 2-in., 35-70% to pass a 1 1 / 2 -in., 
and 0-15% to pass a 1-in. screen. The fine aggregate usually consists of crushed slag also, 
100% passing a 3 / 4 -in. screen, 90-100% passing a 1 / 2 -m. and 0-30% passing a No. 100 
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sieve. Immediately following completion of the slag road, it should receive two applica¬ 
tions of bituminous material, as described for screened-gravel roads. 

As in the case of gravel, slag roads may be built either for permanent use as completed 
roads, or with the intention of later converting them to road bases. 

Waterbound Macadam Roads.^ Waterbound ma^'adam roads are generally built as 
part of a stage construction program—to be given a bituminous application and used to 
carry low-count traffic for a number of years: then to be used as the base for a higher tjije 
surface when traffic of medium volume calls for a better pavement. 

The road generally consists of two courses of waterbound macadam constructed on a 
well-prepared subgrade. The coarse agreegate should be crushed stone of uniform qualitv, 
free from deleterious material. It should not break excessively under rolling. Traprock, 
hard limestone, dolomite, and granite are suitable. AASHO ^^ethod T-96, using the Los 
Angeles rattler test, should not show a loss over 50%, if possible, and a smaller loss (40% 
or less' is desirable. A good grading for the coar:e aggregate is 100% passing a 2 1/4 in. 
square screen, 90-100% passing 2-in., 30-55% passing 1 1 / 2 -in., 0-15% passing 1 l/ 4 -m., 
0-5% passing 1-in.^ The filler can either be the crushed stone dust product of the crusher 
or a clean sand. The stone dust is preferable. All the filler should pass through a ^/s-in. 
square screen and at least 70% be retained on a No. 50 sieve. The method of construction 
is as outlined for screened-gravel roads except that, because of the cohesiveness or sticki¬ 
ness of stone dust, this material must be worked into the voids of the coarse aggregate bv 
use of hand brooms, broom drags, or brooms attached to the roller. Water is used until 
the voids in the aggregate are filled, and a slight wav’e of stone-and-water grout is pushed 
ahead of the roller. The second course is placed and handled in the same manner as the 
first course. As soon as the second course is thoroughly dr>', the road surface should be 
broomed free of e.xcess stone dust. An application of I /2 gal per sq yd of MC-1, MC-2, 
RT-2, or RT-3 is made as noted for screened-gravel roads and is allowed to stand so that 
it wdll penetrate the voids in the filler and around the stone, A light sand cover is then 
applied either by hand from trucks or with a sand-distributmg machine. The operation 
must be such that the truck wheels will at no ti.ne run over the freslily applied bituminous 
material. The surface then should be dragged so as to distribute, and smooth the 
combination of bituminous material and sand. This is followed in fair weather, in about 
a W’eek, by a second application of b '3 gal of the same bituminous material. The surface 
Is sanded sufficiently to blot up the bituminous material, and then is dragged. 


17. PAVEMENTS FOR INTERMEDIATE TRAFFIC VOLUMES 

Pavement Types. It is generally considered that a volume of traffic exceeding about 
400 vehicles a day requires better pavement surfaces than those previously discussed. In 
the intermediate traffic range (400 to 1000) a bituminous pavement, of which there are 
many types and classifications, is generally employed. The pavement may be of the road- 
mixed, the plant-mixed, or the bituminous macadam (penetration) type. Also, the road- 
mixed and plant-mixed pavements may be constructed of dense-graded aggregate or of 
open-graded aggregate, with some resulting variation in the bituminous materials used, 
and with marked differences in construction methods. 

Selection of Pavement Type. Bituminous macadam is not often used for resurfacing 
existing roads, either in reconstruction or stage construction programs. Its use is in new 
construction, especially in regions where a clean aggregate of superior wear character¬ 
istics is available. With such aggregate, and when carefully constructed, a very durable 
and satisfactory road can be produced. Plant mixes and road mixes are used both in new 
construction and in stage construction and reconstruction. They enjoy a prefeience over 
bituminous macadam when a surface course is to be laid over an existing base of ample 
strength, in that they can be made as thin as I ^,2 or 2 in. Plant-mixed and open-graded 
road-mixed surfaces are made of all-new' aggregates. Dense-graded road-mLxed surfa'^es, 
however, frequently are made of aggregate secured by scarifying the base. The dense- 
graded road mix has particular applicability, tnerefore, to the reconstruction of an old 
road which contains an adequate amount of aggregate both for base and surface courses, 
but which was originally constructed without a bituminous surface or which has a bitu¬ 
minous surface that is worn to the point of requiring renewal. This advantage is of espe- 


1 Sometimes a crushed-stone road is made using a ‘‘dry” rather than the waterbound process de¬ 
scribed here. The same materials are used and the same general methods are followed, except that 
the materials are sprinkled rather than flushed with water during construction Better compaction is 
secured, however, by the flushing process 

2 Other satisfactory gradings are given m A.4.SHO Specification M-77 
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cial importance in regions where good aggregate is scarce and expensive. The road-mix 
process is also appropriate when the work to be done is not enough to warrant moving in 
and setting up a mixing plant in an area where the road net is not dense enough to warrant 
the existence of permanent central mixing plants. 

The plant-mix process, however, permits more accurate control both of aggregates and 
bituminous materials, and therefore normally results m the production of a superior job. 
It has other advantages in that* (T* It prolongs the construction season, since both the 
aggregate and bituminous materials can be heated (2: More viscous grades of bituminous 
materials can be used. (3» Wet weathei, with atteiuiant delay's and with danger of inferior 
results, is a much less serious problem (4' Traffic is much less inconvenienced. Because 
of these various considerations, there is a trend towards the plant-mix process, except 
where aggregate is to be reused or where some other special condition obtams. 

A dense-graded mix is generally preferable to an open-graded mix, both in road-mix 
and plant-inLx construction. 

Road-Mixed Pavements. The road-mixed pavement is a surface course of to 3 in. 
compacted thickness, which is placed on a base course of gravel, slag, dry stone, or water- 
bound macadam. The base ma> have served previously as a road, or it may be newly 
built. In the latter case, it should have a tluckness of G to 12 in., depending on the qual¬ 
ity of subbase and foundation and on the anticipated traffic, as well as on the thickness 
decided on for the surface course. The base is built using niatenals and methods as 
heretofore outlmed for low traffic loads^ In eve.cy case where the base is not newly con¬ 
structed. preliminary work on the base ina\' be necessary before the surface is applied. 
If the base is too narrow, it is widened with stone or gravel placed to an adequate thick¬ 
ness and thoroughly compacted. Weak spots in the subgrade are strengthened. If the 
old base is stable and solid and of reasonably good cross section, it may simply be re¬ 
paired where needed, and the cro&s section and profile trued up to the extent necessary. 
Often, however, it is deoirable to scarify the old base, either because of its poor condition, 
or to secure from it part or ail of the aggregate needed for the new surface. 

Dense-Graded Type For thi'? Type, aggregate secured from the old surface will nonnally 
be used, though it niav be supplemented with new aggregate or occasionally all new’ aggre¬ 
gate may be used. Tlie gradings showm m Table 1 are often used for new aggregate. It 
is desirable, where pos.sible. that the old aggregate or a mixture of old and new* aggregate 
should conform approximately to them also. 

Table 1 


Percentage by Weight Passing Square Mesh Sieves 


Sieve 

Grading 

Grsihng 

Gru^ding 

Grading 

Grading 

Designation 

A 

B 

C 

D 

E 

1 in. 

100 

100 

100 

100 

100 

3/4 in. 

75-100 

75-100 

85-100 

85-100 

85-100 

No. 4 

35-45 

40-60 

45-65 

50-70 

60-95 

No. 10 

20-33 

25-45 

30-30 

35-55 

45-80 

No. 200 

2-7 

3-8 

3-10 

5-12 

5-15 


The aggregate should be graded so that at least 10% of the total will pass a No. 4 sieve 
and be retained on a No. 10 sieve Per cent of wear for the portion retained on the No. 4 
siev’e should not exceed 50. Plasticity index of the portion passing the No. 40 sieve should 
not exceed 6. 

The bituminous material used may be one of the following: 

Cutback asphalts MC-2. MC-3, or MC-4. 

Emulsified asphalt, slow-setting tvpe. 

Tars RT-6, RT-7, or RT-S. 

The bitumen content should be between 3 1/2 and 7% of the weight of the dry aggregate. 
Both the t> pe and amount of bituminous material must be adjusted to the aggregate used 
on the basis of preliminary laboratoiw- and field tests. The greater the proportion of fines, 
the less viscous should be the bituminous material and the greater will be the amount 
required. The material should be applied at temperatures shown on p. 4-75. 

The old road surface is lightly scarified and is then bladed to the correct profile and cross 
section. It is then scarified again to the depth required. If some new aggregate is to be 
supplied, it is spread over the loosened material from the road and thoroughly mixed with 
it. All the loose material is then wdndrow’ed along the side of the road, leaving exposed 
an undisturbed foundation roughly parallel to the proposed finished surface. The foun- 


1 Sec also AASHO Specification M-7o. 



PAVEMENTS FOR INTERMEDIATE TRAFFIC VOLUMES 4-81 


datinn is then watered, bladed. and rolled until satisfactory, after which it is primed 
(p 4-7Gi When no aggregate it ro be secured from the existing road, the surface is re¬ 
paired, shaped, and compacted at iiece-^taiy, and then given a prime coat if necessary. 
The aggregate is measured in the windrow, the v<>liime is computed and the necessary 
amount of bitiiminmi^ material is determined Moi-ture content of the material should 
be tested, and if it i'*- as much a^ 2^ the matenai snould be dried and again wmdrowed. 

Mixing is preferably done by a mixing machine. This picks up tire material in tlie 
windrow, mixes it, and reiepn-^iis it m a windrow ready for spreailing—a much latter 
r'-Of ess than blade mixing When machine mixme: is used, a tack coat ip 4-7b. inav be 
desirable if a prime has not been u^ed. 

For blade mixing, the aggregate it sproa-l on the foundation and the bituminous material 
IS spiayed on in three approximately equal applicatioiit. Tlie material it ttioroughlv 
bladed and harrowed after ea'-i. appli'^atiou until the mix is uniform Mixing nni'^t be 
f‘)ntinued until the mix is just workable «noueh h sati^factor-v spreading The niatenal 
it then wmdrowed. Following enlier method of mixing, the mix is bladed from the wind¬ 
row and spread in f\AO operaiiont The hist half it roiled once and then planed vvith a 
giader to remove high spott before t’ue second half is tpread Tiie material it then com¬ 
pacted thoroughly, with such blading or dragging as may be needed to give a good surface. 
Xo more mixed material should be spread from the windrow than can be compacted dur¬ 
ing the da%\ Similarly, all incompletely mixed iiuiteiial should be windrowed before any 
mterruption of the work by night or weather. If the suiface. after compaction, is so open 
as to make sealing detirable. it siiould be mven an application of g to b 3 '>q yd of 

HT-10 or RT-ll. or of asphalt cement with a penetration ot 12o-15u or 150-200 This 
may then be covered with sand, as described for scioened gravel roads vp 4-7Si: or 10 to 
20 Ib/sq yd of iq-m. atone tan be used for cowr. The surfacing -houM not bo attempted 
when atmospheric temperature i? less than 50'^F. nor unless the weather is clear. A com¬ 
plete specification for this type of road surface i-^ contained in ’ Specifications for Con- 
.«trn?tion—Bituminous Surfacing.*’ A.\SH'.'> ‘;1''49 

Ojxn-Gratltd Type The optn-graded type oi mad mix is much less used than the Jense- 
graded type. Particulars couceriui.g the open-gra«led tspe can be found in the AA.SHO 
Manual of Highivay Construction Practices and Methods (19o0'. and m the specifications 
named just above. 

Plant-Mixed Pavements. Deusr Graded When this tyiie of pavement is used in new 
construction, considerable latitude exists as to the typos or bases and the relative thick¬ 
ness of surface and base courses. For best results, no single layer of the plant-mixed mate¬ 
rial should be more than 2 in. thick, though thicknesse.s as large as 2 b'o m. are used. 
JSop.ictimes a base of water-bound macadam, or of broken stone, slag, or gravel, is con¬ 
structed with sufficient thickness xo «U]>port the weight of traffic; the surface course of 
plant mix then needs simply to be thick enough* to resist wear. It rna\' be an\'thmg from 
1 to 2 in. On the other hand, two or even three courses of plant mix can be laid down, on 
a correspondingly lighter foundation Whatever the base under the first course of plant 
mix, it should be bonded to the plant-mix course. If the base is non-bituminous, it should 
be well piimed tvith one of the penetrating materials listed on p. 4-76 If tlie plant mix is 
laid down on a bituminous base, however, care must be taken to avoid overpriming: otlier- 
wise the primer may work up into, and seriously soften, the plant-mix surface. Tar, as a 
primer, will be less apt to do this than asphalt. In any case, a prime coat should mereh’ 
be lightly “fogged" onto a bituminous base Where the base calls for a tack coat rather 
than a prime coat, it should aFo be very sparingly applied. 

In reconstruction, the thickness of plant mix to be used and the number of courses 
should depend on the character of the existing base If the base has required much repair, 
a leveling course of plant mix under the surface course (each course being about 1 1^2 
thick’) will normally result in a smoother road. X single course, however, is often used. 
It should ordinal ily be at least 2 in thick. 

Many different gradings of aggregates give satisfactor\' results in dense-graded plant- 
mix pavements. Table 2 is typical The gradings -^howri therein are pnmanlv for surface 
courses. For ba^e courses, the maximum -^ize mav be increased. 

The aggregate for all the gradings in Table 2 except- E, A’-l, and E-2 should consist of 
coarse crushed gravel or stone, with a filler of finelv crushed stone or sand. For gradings 
E. E-\, and E-2, the aggregate •«houM consist of hne gravel and sand, disintegrated granite, 
etc. At least 10^ of the total should be retained on a No. 10 sieve. A per cent of wear 
not greater than .50 is desirable. Anv of the following bituminous materials may be used 
with any of the above gradings: 

Rapid-curing cutback asphalt RC-3, RC-4, or RC-5. 

Medium-curing cutback asphalt MC-4, MC-5. 
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Slow-curing asphalt SC-C. 

Asphalt cement *5-100, 100-120, 120-150. 150-200. 

The bituminous material should be from 3 -'2 to 7^ of the aggregate, by weight, the 
exact amount being determined by laboratory and field tests. 

Table 2. Requirements for Grading of Aggregate 
1-In. Maximum Size 


Percentage by eight Passing Square Mesh Sieves 


Sieve 

Grading 

Grading 

Grading 

Giadiiig 

Grading 

Designation 

A 

B 

C 

D 

E 

1 in. 

100 

100 

100 

100 

100 

3/ 4 in. 

75-100 

75-100 

85-100 

85-100 

85-100 

Nu. 4 

30-4‘. 

40-60 

45-63 

50-70 

60-95 

No. 10 

20-35 

25-45 

30-50 

33-55 

45-80 

No. 200 

2-7 

3-8 

3-10 

5-12 

5-15 


3/4-In4 Maximum Size 

Percentage by Weight Passing Square Mesh Sieves 


Sieve 

Grading 

Grading 

Grading 

Grading 

Grading 

Designation 

.4-1 

B-1 

C-l 

D-] 

E-] 

3/4 in. 

100 

100 

100 

100 

too 

No. 4 

35-50 

45-65 

50-70 

55-75 

60-95 

No. 10 

25-45 

30-50 

35-55 

40-60 

43-80 

No. 200 

2-7 

3-8 

5-10 

5-12 

5-15 


1/2-In. Maximum Size 

Percentage by Weight Passing Square Mesh Sieves 


Sieve 

Grad'.nc 

Grading 

Grading 

Grading 

Grading 

Designation 

A-2 

B-2 

C-2 

D-2 

E-2 

1‘2 in- 

100 

100 

100 

100 

100 

No. 4 

40-53 

50-70 

55-75 

60-80 

65-100 

No 10 

30-45 

35-55 

40-60 

45-65 

50-85 

No. 200 

2-7 

3-8 

5-10 

5-12 

5-15 


The roadbed is repaired as necessary and is swept clean of all foreign materials. A 
prime or tack coat, as the base may call for, is used a^. noted above. The mineral aggregate 
1-5 passed through a rotary drier to reduce the moisture content to 1% or less, and to heat 
the aggregate to the mixing temperature, which should not exceed the proper temperature 
for the bituminous material (p. 4-75! by more than 25°. The aggregate is then screened 
into two or more sizes for proper proportioning, and is binned. It is weighed from the 
bins into the mixer, where it is combined witli the predetermined amount of bituminous 
material and mixed thoroughly for at lea-'t ^'2 miri, or more if needed. Either a rotarv- 
drum batch-type mixer, a pug-rnill batch-tvpe mixer, or a continuous flowing pug-mill- 
type mixer may be used. The mixed material is hauled to the job in clean trucks the rnetal 
bodies of which have been sprayed with suitable materials to prevent adhesion. The 
trucks should have insulated bottom^ if the length of haul requires, and the mix should 
be covered for protection from the weather The material should be ‘jpread on the road 
when the atmospheric and ground temperatures are not les.s than 40°. A corubination 
spreading and finis' hig machine is desirable: otherwise, blade grader* are used for -plead¬ 
ing anrl shaping. When the desired cross section has been obtained, compaction is secured 
by rolling with rollers of 7 to 10 tons weight. During rolling, the surface is dragged or 
bladed to secure requisite smoothne--. 

Where sand of the desire! r 4 'iahtv i* abundant, as in the Cape Cod area of Massachu¬ 
setts, and m some parts of Delaware and North Carolina, a *and-asphalt base course of 
2 ho in. thickness and a surface Ci)ur*e of the same thickness have been very .successfullv 
used. This simply one particular type of a densc-gradod plant mix. The same mate¬ 
rials can be used for a road-nu.xed pavement. Detailed information can be found in the 
AASHO Manual of Highway Const’'ii‘'tio7i Practices and Methods (1950). 

Open-Graded Type. What has been said with respect to bases and wearing courses of 
dense-graded plant mixes applies to open-graded types also. A typical grading of aggre¬ 
gates for this type of pavement is shown in Table 3. 
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Table 3 

Percentage by Weight 
Passing Square Mesh Sieves 



Primary Couise 



Sieve 

PUnt-Mix 

Choker 

Cover 

►esignation 

.■^aisregatfc 

Aggregate 

Aggregate 

1 in. 

too 



3/4 in. 

90-100 



3/2 in. 

20-55 


100 

No 4 

0-10 

100 

75-100 

No 8 

0-5 

85-100 

0-10 

No. 200 

0-2 


0-2 


Any of the following biniminous materials may be used. The same type is used for the 
entire sequence of construction. 

Rapid-curing asphalt RC-3, RC-4, RC-5. 

Slow-curing asphalt SC-6. 

Asphalt cement 150-200 

Emulsified asphalt, medium-setting type. 

Tar RT-7, RT-S, UT-9. 

The bituminous material should be from 3 b '2 to 7% of the amount, by weight, of the 
plant-mixed aggregate, the exact amount to be determined by trial The approximate 
amount of the other materials, per square yard (in sequence of application), is as follows: 

Plant-irii.xed aggregate, 150-200 lb 

Choker aggregate, 5 lb. 

Biluniiiious material for choker, 0.10 gal. 

Choker aggregate, 5-10 lb. 

Bituminous material for seal, 0.16 to 0.33 gal. 

Cover aggregate, 10-20 ib. 

The materials for the mixed course are processed, transported, spread, and compacted 
as in the case of the dense-graded mix. The first choker aggregate is then, applied uni¬ 
formly before the mixture has set, and is broomed into the surface vokU. The bituminous 
material is next applied, and the remaining choker aggregate is spread on it immediately. 
The road surface is then alternately broomed and rolled until the mixed course and the 
choker material are thoroughly bonded together. Traffic should be allowed to use the road 
for at least 2 weeks before the seal applied. 

Plant-mix pavements and ba-^es, either open or dense-graded, can also be laid cold if 
suitable types and grades of bituminous material are used. They are described in the 
AASIIO MarLual of Highway Construction Piattices and Methods Cold mixes have the 
advantage that they can be mixed and shipped long disjtancea, and also that they can be 
stockpiled and used as needed Under other circumstances than these, however, hot-laid 
mixes are generally preferable. 

Bituminous Macadam Pavement. This pavement consists of a course of large aggregate 
of a fairl.\' uniform size, first penetrated with a bituminous binder, then ke\'ed with a 
smaller size stone, and finally given a seal coat with a small stone cover Total thickness, 
after compaction, is at lea>t 2 t '2 in and may be a^' much as 4 in The pavcnient is built 
on a base of crushe I giavel or waterbound macaJa.ti. a^^ refeired to previously (p. 4-7S).^ 
As in the case of pUint-mixcd pavements, there is a good deal of latitude m the relative 
thicknes.s of surface course and base. Aggregate for the pavement may be broken stone, 
slag, or gravel, and si'.oul 1 consist of clean, hard, tough material, free from dirt, crusher 
dust, and other deletenou.'j substances Tested with magnesium sulfate for soundness 
(.AASHO Test Metliod T-IQ4), loss should preferably not exceed 5‘''c after 5 cycles, al¬ 
though mateiuil with a loss as high a-^ 12^^ has been successfully used The abrasion loss 
in the Los Angeles rattler test (AASIIO Test Method T-9o) should preferably not exceed 
although stone showing up to 40% loss has been used. Tlie grading should be such 
that the larger stone sizes are fairly uniform, while the key or filler stone should fill in and 
wedge between the large pieces to obtain a mechanical locking action to aid the bond. 
A .successfully used grading of stone is shown 111 Table 4 ^ 

2 Or see AASHO Speciticatioa M-75 

3 For gradings adapted to softer a^ttregates, see AASHO tspecidcation lM-73 
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Table 4. Total Percentage Passing Square Opening Sieves 


itve .'s.zea 

Coarse 

Key or Choke 

Cover 

2 1 4 in. 

100 



2 ni 

90-100 



! 1 .) in. 

30-55 



] Iq IH. 

0-15 



I in. 

0-5 

100 


3 4 in. 


90- 100 


a •, Ml. 



iOO 

1 2 11! 


10-40 

90-100 

3 H in 


0-20 

30-50 

No. 4 


0-5 

0-8 

No 8 



0-3 


T!;e ijitiiiiiin binders generally U 2 .ed are asphalt f'ement-s of S5-100. 100-120. and 120- 
■''1 pen.'uaiiiji., and iai= JIT-Il aiid RT-12 In -pecial eases, an emulsified a'=;phalt ma\- 
V a^ed A^'.uah remeuT of s.5-in(» ],c‘iieTration U'od in warm chimiie?. the mgVier pene- 
iri coi'ier oj t.‘o!dcr ehauaes Tais are not a-^ widely used as tne aspnalts. Asphalt 
emuKii.n i- useful when u i> diffieult to keep the aggregate free from moisture, as in fall 
w eather 

The "uhirrude swept clea- of iri-ie>iruMe material The large* aggregate is then spread 
in a UTutor .i lavei proferabh fnnn 'K/iie .■'preadc*r liu.xc'* botwe-en boxed oat shoulders or 
forms It is spread to sm h a depth that uuei eoiiipactiou it will have the required thick¬ 
ness A loo'se !a\ er 3 in. tlnek should vompaec to 2 ^ > m. or a little more Immediately 
after this •^lone is sr>read. it is rolled with a power roller weighing 10 tons or more to con¬ 
solidate. smooth and lock the >tono. reluming the voMs Rolling should be longitudinal 
and slioal'i commeiice at the oater edges of the pavement, progressing towarels the center 
ill sUfEe"'ive i;ved.q'pmg pv't--.-' to p-e'^eive the Caie mu^t be taken not to coii- 

tiTiue ri/.lii'g TO the point the coai-'C aggregate i" ciacked to an appre<.iable extent 

The bituM.inous nia’’<.rial is tiwii umi'>rml> ai»plied from a pressure distiibutor at a rate 
dep**:i<Ui'g "11 the amount of ’-mds Tor a 2 • >-in. pavement, tlie amount i.s usually be¬ 
tween 1 ^ : and 2 gal sq ^ 1. it*i ordinafv conditions. I 3 ^ gal Tq yd should be suitable. 
The biniiniMoU'- materia! shoidd be applied when the temperatme is less than 50®. or 
when ti.e aggregate is wii I*' a-phalt i'- usetl for the binder, u should not have been heated 
above oo'.i' and it sinmld be ap}>)ieri at to 350'' ir tur h used, it should not have been 
tieated above 25li® and it should be apphetl at 230® to i.aO® 

I)r\', (lean ^ 4 -in kev '^rrme is immodiatelv spread longitudinalh over the bituminous 
mate: lal The 'tone t: U'^ks should be ba'.ko«l. so that the tires do not touch the uncovere<i 
asptiult. .>pieadei boxes are ilesiiable. alihougn tiie stone may bo spread by hand from 
the tru'k Appnjximatcl'- v‘> lb sq v.l or key stf)no 15 ojdinanlv required. The road is 
therr well rolled a second tune More key .stone is added and brusiiod into tne voids with 
.hand brooms or hr'oom drag- nntil all voids are well filled and the surface presents a uni¬ 
form appearance and no luitliei compaction is obtainable 

Bef(He appheanon of t!ie s-al coat, the surface should again be cleaned of all foreign 
material, .such as the ierive.s iio'ii ti*ecs alongsHle the road The seal coat of t '3 to 3 '4 
gal s (4 \d i" then applied tire amount depeivhug on the voids in the keyed surface. The 
seal C'lat is irnnie'iiately covered with a sufficient amount of clean, dry i' 2 -in. stone to 
cover tfie asplialt I'suailv about 2d lb sq yd will be sufficient. The cover stone is thor- 
nughiv rolled and hromned until all voids are well sealed and no further compaction is 
obtainable. Tlie slight cxces- of ^ 2 - 111 . stone left on the mad will be swept to the sides f f 
the roa'l b\ traffic, and then be salvaged An even tighter and smoother surface may 

be obtained hv inakii-'s: three applications of bituminous material of 1 * 2 . "o an<l 
gal, sq v'l The first appiicaTri,>n is covered with 3 j-m stone, the second and third appli¬ 
cations with ^ j-iTi stone. In tins method, cure mu^t be taken not tr) ovorseal the voids 
in the second application of biiuinen. Otherwis'e there may be flushing of the asphalt 
after the road is in use 

18. PAVEMENTS FOR HIGH TRAFFIC VOLUMES 

Pavement Materials and Types. The materials most used for high traffic volume loads 
are porlland cement concrete and hot-laid asptialtic <oncrete, with sheet asphalt also in 
wide use for surfacing cit\ streets. Asphaltic couciete ls a combination of an appropriate 
grade of a.-'phak cement with a compIetcK gra'led aggregate, proportioned las in tiic case 
of 3 cem''nt concrete; mi that the fine materials fill the voids in the coarse material an 1 tlie 
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bitumen fills the voids in the fine material, creating a very dense mixture. Asphaltic 
concrete differs from the dense-graded plant mixes heretofore described in the care with 
which it is proportioned, mixed and shaped—and eonscciuenth’’ in the uniformity, quality 
and cost of the finished product. The aggregates, both coarse and fine, are more closely 
graded by the use of additional screens. More attention is paid to securing close tempera¬ 
ture control in mixing, transporting, and placing the mixture. Frequently, more elaborate 
equipment is used thioughout the entire piocess, and especially in bringing the finished 
pavement surface to close toleiaiices ol smoothness. Consistent with the higher cost of 
the surfacing material, more attention is aUo paid to the adet^uacy of the base. Sheet 
asphalt IS akin to asphaltic conciete, but «iiffers lu that no coarse aggregate ^.retained on 
a - 4-m. sGieen) is used in ii. 

In new construction, cement conciete pavement is generally placed directly on the 
subgrade, without a base course AspJ'ahic coiicrete customarily laid on a base course, 
which may be built up of several thickiie-^es of more than one type, as will be discus-ed 
Sheet asphalt is usually laid on a cement concrete ba=:e. with a binder course of asphaltic 
concrete. 

Selection of Pavements. For city streets, both in new coustruction and resurfacing of 
main arteries, an asphaltic surface on a cement concrete base is usually satisiactor\\ 
Sheet asphalt is widely used. It has a ver\' smooch surface which is quiet and pleasant to 
ride on. When properly constructed it is durable and requires little maintenance, and ii. 
is easy to clean Although its smooth surface tends to be slipper^' when wet, at usua' 
city street speeds this is not a serious hazaid. Sheet asphalt, however, is more expensive 
than asphaltic concrete. A pavement ol the latter mateual lias most of the good qualities 
of sheet asphalt in equal or nearly equal measure, and be'^ause of this, together with its 
low cost, Its use in urban work is growing. In industrial and other hea^y trucking areas 
of cities, cement concrete pavements aie widely used becau-so of conndeuce in their abilit\ 
to withstand the impact of hea\T traffic without destruction or surface deformation. The 
stone block pavements formerly used m such areas have declined in popularitv because 
of their unsatisfactory traffic ehaiacxei l'^tlcs. and becau*«e of a realization that smoothi-r 
types of pavements can be built to endure haid treatiiiem. 

For rural roads carrying large volumes of hea\y traffic, concrete is also exten'sively used 
for new construction, with satisfactory result- It provides a durable pavement, which 
does not corrugate, pot-hole, or lavel under severe u-?age. Its light color gives it good 
^•isibility in night driving, and it affords goo I •^kld reaistaiicc. When the surface ha's de¬ 
teriorated to the point of requiring renewal, the concrete slab makes an excellent base for 
a comparatively inexpensive now surface coat On the other hand, the joints in a con¬ 
crete pavement have always been a disadvantageous leaiuie. They require constantly 
recurring maintenance and unlea-s tlie subgtaie has been very well constructed are apt 
to lead to uneven settlement of the slabs, impairing the riding qualities of the road and 
frequently causing cracking of the pavement as well Where alternations of freezing an-i 
thawing weather are frequent, a seiious problem of surface scaling may al»o occur. Asphal¬ 
tic concrete surfaces eliminate some of the above problem*. In recent year*, tiieir ability, 
when placed on a suitable base, to stand up under heavy tiaffic has been demonstrated 
and they have gained rapidly in use for roads of the highest quality Among notable 
recent roads, the Austin (Texas' Expressway, the Valley Freeway in Colorado, the Maine 
Turnpike, the New Jersev Turnpike, and the Oklahoma Turnpike have asphalt surface*; 
the Pennsylvania Turnpike, the Wilbur Cross Parkway m Connecticut, the Hollywood 
Freeway in California, the Central E.xpiessway, Dallas, Texas, the Edsel Ford Express¬ 
way in Detroit, and the New York State Thruway are built of cement concrete. Either 
type of pavement can be constrii«*ted to give good set vice undei heavy traffic. Choice 
between types may often rest on comparativ'e co^t Sometimes this has been determined 
by taking alternate bids on pavement* designed of cement and bituminous coimrete, re¬ 
spectively. 

For reconstruction of pavements, asphaltic concrete has an advantage ever cement 
concrete in that it can be laid in much thinner courses Frequently all a worn pavement 
needs in the way ol a new suiiace is enough new material to re.^tore good riding qualities 
and to protect the original surface against turther deterioration This can often be accom¬ 
plished with a thickness of as little as 2 m. of bituminous .*uiiace course, whereas a cement 
concrete resurfacing course is apt to crack unle-«s it is at iea-^t 5 in. thick. Both hot- and 
cold-laid asphaltic materials are used for resurfacing. For jobs of any size, hot asphalt 
IS most often used. Cold material is especially useful for repair* and for the resurfacing 
of comparatively small areas, in that it can be stockpiled and drawn upon as convenient 
over a period of weeks or even several months. 

Portland Cement Concrete Pavements. Portland cement concrete for pavements has 
the general characteristics and qualities possessed by the inaieiial when used in structures. 
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Its use in pavements, however, imposes some specialized limitations. The cement should 
be as described on p. 4-75. Air-entraining cement should generally be specified for con¬ 
crete that will be used under conditions conducive to surface scaling. The cement should, 
whenever feasible, be tested at the mill so that 7- and 28-day test.s can be completed before 
the cement is used. The fine aggregate should preferably consist of a natural sand, free 
from organic material (AASHO Method T-21), and contaming not more than 3% of in¬ 
organic silt and clay by dry weight usmg AASHO Method T-11. Mortar should show 
100% of the tensile or compressive strength of a comparable Ottawa sand mortar. AASHO 
Specification M -6 calls for the following gradation: 

Passing a S/g-m. sieve 100% 

Passing a No. 4 sieve 95-100% 

Passing a No. 16 sieve 45-80% 

Passing a No. 50 sieve 10 (5) *-30% 

Passing a No. 100 sieve 2 (0) *-10% 

* May be reduced to these minimum values at option of engineer. 

Other gradations may be necessary or desirable to meet local conditions. The coarse 
aggregate consists of broken stone or gravel or occasionally slag (see pp. 4-71, 4-72, and 4-73). 
It should conform to AASHO Specification M-80. Gradation of the coarse aggregate is 
very important in securing an economical and superior concrete. It is generally specified 
that the stone be furnished in two separate sizes, usually from 2 in. to 1 in. and from 1 in. 
to No. 4, or from 1 1/2 in. to in., and from 3/^ in. to No. 4. These gradations are as 
shown in Table 1. 

Table 1 

Total Per Cent Passing Square Opening Sieves 

Sieve -■ — - 

Sizes 2 in. to 1 in 

2 1/2 in. 100 

2 in. 95-100 

1 1/2 in* 35-70 

1 in. 0-15 

3/4 in. 

1/2 in. 0-5 

3/8 in. 

No. 4 
No. 8 

The two coarse aggregate sizes are combined in such proportions that the resulting 
mixture has the smallest percentage of voids. This will usually require about twice as 
much of the large size as of the small size. The exact proportions to produce the densest 
mixture should be determined experimentally when the source of the aggregates has been 
decided on. 

Water for mixing concrete should be clean and clear, free from salt, oil, acid, injurious 
alkali, and vegetable matter. If doubt exists as to the quality of the proposed supply, it 
should be tested b 3 ’ AASHO Method T-26. Where the water must be taken from a shallow 
source, an intake should be constructed that will be free from silt, mud, grass, etc., and the 
intake pipe should be at least 2 ft above the bottom. 

Proportioning Concrete. Concrete for pavements is usuallj- proportioned in one of two 
ways. In the first, a minimum flexural strength (modulus of rupture) is specified. For 
the sources of materials that will be used, a job gradation schedule is made up. It includes 
the coarse and fine aggregates, the cement, and mixing water. This schedule must pro¬ 
duce a concrete of the specified strength. The schedule m&y be prepared by the contractor 
and approved by the engineer; or sometimes it is made up by the engineer and given to 
the contractor. As the job progresses, daily tests are made, both of the accuracy of the 
mix and the strength of the concrete. A new source of any material component, or failure 
of the concrete to meet strength requirements require a revision of the mix formula. 
Where adequate facilities for test control are available, this is the desirable procedure. 
Alternative^', proportions are based on a constant cement factor, regardless of the source 
or characteristics of the aggregates selected by the contractor, so long as they meet the 
gradation and other tests required of the aggregates. This method is much simpler than 
the first, but is apt to be wasteful of cement.^ In quite general terms, concrete for pave¬ 
ments should have a water-cement ratio of 5 to 6 gal of water per bag of cement (including 
free moisture in the aggregates); a slump between 2 and 3 in. when the concrete is not to 

1 A specification for the use of either of these methods is given in “Specifications for Concrete Pave¬ 
ment Construction," AASHO- 
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be vibrated, and 1 to 1 1/2 in. when it is; and 5 8/4 to 6 1/4 bags of cement per eu yd of 
concrete. 

Thickness of Concrete Pavement Slabs. Over the years, cross sections of concrete pave¬ 
ments have been given a variety of forms involving thickening of the edges of slabs in 
various ways and degrees (Fig. 28). However, there has been a decided trend towards a 
uniform slab thickness. This is now used in all but a few of the state highway departments. 
More than one-third of the 
states have standardized on 
a single thickness, 8 in. in 
nearly aU cases. About half 
of the remaining states use 
two thicknesses, usually 8 and 
9 in. A few states build slabs 
less than 8 in. thick, and a 
few use thicknesses of 8 , 9, 
and 10 in. Several of the 
states which use uniform 
thicknesses use thickened- 
edge sections also, and three 
or four states use thickened- 
edge sections altogether. 

Formulas originally derived 
by H. M. Westergaard and 
since modified by other in¬ 
vestigators may be used for 
the semi-empirical determi¬ 
nation of slab thicknesses. 

These formulas give primary 
consideration to the antici¬ 
pated wheel loads and to the 
proposed strength of the con¬ 
crete to be used. They also 
include consideration of the 
area of contact of the tire with 
the pavement and the resist¬ 
ance offered by the particular 
tj-pe of subgrade (as experi¬ 
mentally determined). The 
formulas and their applica¬ 
tion are discussed in standard 
treatises on highway engineer- 
ing.2 Use of such formulas is 
restricted by the impractica¬ 
bility of varying the thickness 
of a pavement slab along the 
length of a contract to take 
into account variations in 
subgrade conditions. More¬ 
over, forms for highwaj' pave¬ 
ments are standardized in 
inch widths. Finally, the increment in the over-all cost of a highway project that results 
from an added fraction of an mch of pavement thickness is minor. Hence, as stated, a 
large measure of standardization has been incorporated into highway practice. 

Other Elements of Slab Design. Aside from thickness, there are four elements of slab 
design that are closely interrelated. These are (1) the use and spacing of expansion joints, 
(2) the use and spacing of contraction Joints, (3) the use of dowels or other load transfer 
devices at joints, and ( 4 ) the use of steel reinforcement, or distributed steel. 

Expansion joints, placed transversely, permit mcrease in the length of a slab as its 
temperature rises. They are made by embedding in the concrete a vertical filler strip of 
non-extruding, compressible material (p. 4-76), usually 3/4 in. or 1 in. thick. The filler is 


2 See also H. M. Westergaard, “Stresses in Concrete Pavements Computed by Theoretical Analysis,” 
Publie Roads Vol 7 No 2 . April 1926 , and “Analytical Tools for Judging Results of Structural Tests 
of Concrete Pavements,” Public Roads, Vol. 14. No. 10. December 1933 See also “Concrete Pave¬ 
ment Design.” The Portland Cement Association, 33 W. Grand Ave., Chicago 10, Ill. 
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Alabama: 8-6-8 and 9-7-9. Lane widths 11' and 12' 



New Mexico: 9-7-9. Lane width 12' 
8'0 


1 





t 

654' 

S'-O" 


~T8* 


South Carolina: 8-654-8. Lane widths 10' and 11' 
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Texas: 9-7-9, 9-8-9 and 10-8-10. Lane widths 11' and 12' 

Fiq. 28. Concrete pavement slabs of non-uniform thickness. 
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held about 1 b '2 in. below the top surface of the slab, leaving a slot which is later sealed 
with a plastic inateiial. Akeinativcly, a removable bulkhead may be used in place of the 
filler strip. When the pavement has hardened sufficiently, the bulkhead is wichdiawn 
and the joint u poured, usually with an asphalt cement The filler strip or the bulkhead 
must be held 111 c.vaet position as the conciete is placed. Tliis can be accomplished m con¬ 
junction with the load transler device. 

CoHL-actioy. jouds are usiiaily "planes of weakness” provided at intervals to localize 
and control transverse cracking of the slab during curing or with a fall in temperatuic. 
Tlie\' are moat often of the "dummy” joint type A temporary strip of wood or nietal is 
embedded m the fic'sh concrete to torni a groove 1 4 in to ^ S in-, wide and extending from 
the tup suriace about ^ 4 or -,.3 the depth of the slab After the slab has been consolidated 
and linis'ied, the strip is removed and the edges of the slot are finished and rounded. 
Ber(.>re the pavonit-m is put in use, the joiiu is filled with asphalt cement of a peiieiiation 
that, m the locakt'’ where used, will neither "bleed” m summer nor crack in winter. 
Wh en die slab contracts, cracks will normally form at these weakened planeo. 

Lnal irainf>r di'ic-s of one sort or another are usually used at expansion joints and 
somoii’iiea at Gont!action joints, to prevent the full effect of a wheel load from conung 
onto the end of a slab as the load approaches or leaves the joint, and also to maintain 
vertical alignment of the adjacent slabs at the joint. These devices most often take the 
form of dowels (3 ^ tQ j jri diameter, 12 to 1-4 m. long, and spaced 12 to 15 in. on cenieis 
arranged, at lea^i in theory, to slip hack and forth, longitudinally, in one of the slabs as 
expansion and coiitiaction occur. Many different types have been marketed. Most 01 
them consist, essentially, of a framework to hold the dowels in correct position, parallel 
with Cine anotlior and. perpendic ului to the joint, togetlier with the dowels and dowel caps. 
An additional essential element is some means (usually a coat of grease or bituminous 
material' to coat one-half of each dowel and break the bond between it and the concrete. 
.Mo.^rt of thes*^ devices are expensive in themselves and in their installation or are lacking 
in durability. Frequently, the dowel appears to bind in the concrete socket and become 
immobilized. Consequently, load transfei devnees are an unsatisfactory part of a con¬ 
crete pavement, and this haa stimulated efforts to eliminate their use. 

Reinfoning btc^l i.s composed of sheets of welded steel-wire fabric or of mats of steel 
bars The^e sheets are placed about 2 in. below the top surface of the slab. The principal 
function of this remforcenient is to localize cracks m the slab, to prevent the opening of 
such crack.s a.s mav occur, and to prevent relative vertical movement of slabs on opposite 
sides ot iTarks As a rule, the amount of steel used is not enough to increase matenalb 
the flexural strength of the slab, although sometimes a substantial additional amount of 
reinforcement is placed in the end portions of slabs adjacent to expansion joints to increase 
resistance to cracking. Keintorcenient is not ordinarily carried across contraction joints, 
sinre to do so would largely defeat the purpose of the joint. However, reinforcement h 
sornetipics made continuous between closely spaced expansion joints. In this case, any 
joints between the expansion joints are more accurately termed “warping joints.” 

Spacing of Joints. Recent highway practice rev'eals two distinct schools of thought in 
respect to joint spacing and the U’C of load transfer devices and reinforcement. At one 
extreme—geneially eharacteiistic of practice m the northeastern part of the country— 
expansion joints are located at comparativelv frequent intervals, usually from 30 to 100 ft 
(besides being used at all strurtiire-s. around manholes, etc.h Contraction joints are either 
not used at all, or are used sparingly between expansion joints. Load transfer devices are 
used both at contraction and expansion joints. Slabs are reinforced quite heavily between 
joints to prev'ent the formation of transverse cracks. At the other extreme—generally 
typifying practice west of the .Mi-^-sissippi Riv'er, though not limited to that area—expan¬ 
sion joints are omitted except at bridges and other structures: contraction joints are spaced 
at 15- or 20-ft intervals: reinforcing is usually limited to areas near bridge approaches, 
etc : and load transfer devices are used only at expansion joints and closely adjacent con¬ 
traction joints The Portland Cement .-Vssociation lays down four conditions that should 
be met to justify the omis.sion of expansion joints and steel reinforcement, as follows- 
fP) that the pav'ement be constructed of materials with normal expansion characteristics; 
(2- that the pav’ement be con.structed during periods of the year when normal construction 
temperature^ prevail- (3; that the pavement be divided into relatively short panels by 
contraction joints so spaced as to prevent the formation of intermediate cracks; and (4) 
that the contraction loiiirs be properly maintained to prevent the infiltration of relatively 
incompressible mate-iak. 

Between these extreme positions there are a few states w-hose practice is not clearh- 
consistent with either line of reasoning. It may be noted that in general the states adher¬ 
ing to the older, more consorv^ative practice make a relatively greater use of concrete pave¬ 
ment than do most of the states adhering to the new'er line of thought. Nearly one-half 
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the states prescribe the use of reinforcement generalh' througiiout slabs, a somewhat 
smaller number use it over culverts, in bridge-approach dabs, etc.: and about the same 
number use reinforcement very sparingly or not at alH To a rather limited extent and 
somewhat experimentally, long slabs (a mile or moret have been built without any joints 
and with heavy continuous reinforcing to prevent cracking. 

Design of Rtrinforcernf nt. Reinforcement tor concrete pavements is most often of me 
bar-mat type or the welded-wire-fabrio type. Both type.s are extensivelv used and are 
made up m sheets 4 to (5 in narrower than the width of one lane, and with a length de¬ 
termined b\- convenience m handling and shipping and b\- the bpacing of transverse 
joints Lengths between 13 and 16 ft are common. Steel for reinforcement should comply 
with the specifications given on p 4-76. The amount of reinforcing used vanes widely, 
but i's liiost o!ten between 40 and 75 lb per 100 sq ft. The requidte amount of longitudmat 
steel can ho computed from the formula -4, = LfW 2S. wlieie As is the amount of st^c-i 
(square inche-i) per foot width of slab. L is the dKance m feet between transverse joints, 
/ is the coefficient of friction between slab and subgrade, IV is the weight in pounds ol 1 
sq It of slab, and S is the allowable -stress (lb per sq in ) in the steel / may range from 

1 to 2: It is usually taken as 1.5. *5 may be taken as one-half the yield point of the steel. 

An analogous formula can be used to compute the required amount of transverse steel. 
Bar-mat reinforcing is often made up on the job. the hai'> being wired together at each 
crossing point The most commonly used bar sizes aie ^ 2 . s- ^hd ^ 4 hi .Spacing of 
bars acros.s the width of the slab may be unitorm, or more steel may be cuuceutiateJ near 
the edges. Longitudinal bans are frequentlv spaced about 12 in on centers. Transverse 
bars are often the same size as the longitudinal bars, but aie «pacefi aliout twice as lar 
apart. Kxcept where continuity is deliberately broken at a joint, adjacent mats should 
be lapped 6 to 12 in. and securely fastened together. 

Welded wire fabric usually has longitudinal strands about 6 in apart and transverse 
st^and:^ about 12 in apart Wires may be spaced uniformly across the wi.ith or concen¬ 
trated somewhat near the sides. The cold-drawn wire used ui the faliric has higher tensile 
strength than the bars in mats, which is an advantage. Also the welded jomts of the fabric 
are more secure than the wired joints of the mats, and the larger number of small wires 
more closely spaced than the bars is an advantage. On the other hand, the (.ost. per pound, 
of fabric generally exceeds the cost of luat^^. 

Longitudinal Joints To prevent the formation oi uueighilv. irregular longitudinal 
cracks, longitudinal joints aie con'^tnicted on the center lines of two-lane pavements and 
between the lanes of wider pavemoiit-s. Two-lano pavement" a^’e constiu'-ti'd one lane at 
a time, or the full width of the load may be laid in une operation. In the Inst ca."e, the 
form for the inner edge of the slab is made with a truiT.gular kev about 1 in deep. The 
key is stopped about 0 m short of each expansion joint The two "labs are tied together 
with tie-bars. These may be 1 ' 2-111 diameter deformed bars. 2 ft 6 in long ainl spaced 

2 ft 6 in. on centers, although laiger bars, longer and sp-^ced sumewiiat farthei apaiL are 
sometimes used. When the entiie width of road i> laid 11 . one oi>eration. the iongitudmai 
joint is often foimed by installing a metal parting strip, to be loit in piace witti it" top 
i /4 or 1'2 iti- below pavement surface. A convenient way to make tlie in."tallation is 10 
cap the strip with an installing shield. This is removed after the pavement is laid. A 
groove then extend.s fiom the top of the strip to the pavement surface, and 1 - filled with a 
plastic seal. A longitudinal “dummy” loint or plane of weakne."S is al"o ftequenTlv used. 
In either case, particular pains should be taken to secure a straight joint, or a poor appear¬ 
ance will result The construction joint automatically forms the longitudinal joint \\ lien 
the pavement is laid one lane at a time. 

Constructio7i Mtthods. Bulk cement is generally used. It should be so stored that none 
will remain too long in s-toraire. Cement stored longer than 'JU da\s should be resampled 
and testefl before use. Cement should not have a temperature m exc*-s:? -j 1 16u 4' at rime 
of delivery to the paver, to avoid danger of a “flash” set. There should ii"iiaiK- bi' six 
stockpiles of aggregates, tliree in use after completion of tests, three being buiit up Each 
set of three will include large stone, small stone, and sand piles. Piles stiould be far enough 
apart not to run into one another, or. alternativelv, should be separated ironi one another 
by adequate partitions. Each jule should i>e of size .sufficient to suy^plv inatenal for a 
day’s run. In order to prevent segiegaiion m building the plle^, the inatenal'- .-ii'.uld not 
be “coned” but should be spread m lavers not more than 3 ft lliick. coiiimenemg wifi an 
area large enough for the fini'.hed pile. If suitable hard, well-drained ground is not avail- 
able, the ground should be covered with 2-in. plank, or a concrete slab. It 1 - essential that 


3 For the practices of the individual states in resp^^rt to all character’-?tics of cuncretp pavements, 
see the “Summary of Concrete Road Pavement Specifications Used by tiate Hiyiliway Departments," 
issued by The Portland Cement Association, 33 W Grand Ave Chicago 10, lU 
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conditions be such that stockpiled materials have a uniform moisture content. Washed 
aggregates should be held in the stockpile 24 hr to drain Sometimes a sprinkling system 
is used to maintain uniform moisture conditions in both stone and sand. 

Tlie best and generally used method of mixing concrete for pavements is through use of 
a paver which mixes the concrete and places it directly in the forms'^ A batciiing plant 
is set up at the materials delivery point Cement and aggregates fiom the stockpiles are 
binned so that they can be accurately measured, by weight, separately before being 
loaded for transportation to the paver. The cement should be put into the truck on top 
of the coarse aggregate, and the fine aggregate deposited on it, the truck being covered 
with a tarpaulin to prevent loss. Alternatively, cement may be traiisporteJ in a separate, 
waterproof container. Uusally a truck carries enough material for two or three batches 
of concrece. The materials for each batch should be m a separate compartment 

Pavers in general use are of 27 or 34 cu ft nominal capacitv (known as E-'21 and £’-34). 
The latter is of the “dual-drum” type, which permits two batches of material to be mixed 
simultaneously, passing from the skip to the first drum to the second drum to the 
bucket. The cement and dry aggregates are dumped from the truck into the skip and then 
are charged into the drum of the paver and mixed for at least 1 min and preierably for 
1 bd min. at 14 to 20 rpm. In the dual-drum paver, mixing should continue for at least 
30 and preferably 40 sec in each drum. Water is admitted at a unifo'rm rate through an 
accurate water-measuring deYhce during the first 15 sec of mixing. In setting the amount 
of water, allowance should be made for any free moisture in the aggregates. Mixing and 
placing of concrete is generally' allowed when the air temperature 40'"F and rising, and 
is stopped when a falling temperature reaches 40°. When it is anticipated that the tem¬ 
perature ma>' drop below 40°, the aggregates should be heated l>efore being placed in the 
mixer, or a flame-thrower may be used to heat the concrete while it is being mixed. Nor¬ 
mally the concrete should have a temperature between 60° and 90° wlien placed in the 
forms. 

Before any concrete is placed, care should be taken to see that the subgrade is thor¬ 
oughly compacted. Steel forms are then carefully set along one side of the first lane of 
pavement to be poured. These are set from tacked stakes set 50 ft apart (or closer on 
curves, as needed), accurately on line and marked for grade. The line of forms should 
be checked by measurement and by eye. The second line of forms is set from the first line, 
giving close attention to proper crown and superelevation. Wi.Ith of the lane or pave¬ 
ment should be accurate within ^ 4 in. The earth under the forms should have been very 
thoroughly compacted, with mechanical tampers or otherwise, since the pavement can be 
no smoother than the forms on which the finishing machine operates. It is usuallv re¬ 
quired that forms shall be kept set for at least 500 ft ahead of the paver. After forms are 
set, a templet is drawn along them to check the accuracy of the siibgrade, every point of 
which IS normally required to be within 1,2 of its correct position. Low spots are filled 
and must be very thoroughly compacted, high spots are planed down. Sometimes a sub¬ 
grading machine, riding on the forms, is used to bring the subgrade to exact elevation. 
The finished subgrade is sprinkled, if necessary, to wet it sufficiently to prevent absorp¬ 
tion of water from the concrete It should be thoroughly moist, but not muddy. Just 
before placing concrete, the forms should be oiled to prevent adhesion. The mixer should 
deposit the concrete near its final position so as to require as little rehandling as possible 
The concrete is then spread with mechanical spreaders or shovels to the required depth 
and cross section (usuallv to the level at which the reinforcement is to be placed). In do¬ 
ing this, care must be taken not to displace tie-rods, dowels, etc. No material should be 
deposited by the mixer within 3 ft of an expansion joint where a load transfer device is 
used. Concrete should be deposited on each side of the joint and shoveled simultaneously 
against both sides of the filler. Concrete should be thoroughly spaded along the forms 
and along the sides of transverse joints to prevent honeycombing Mechanical vibrators 
are effective along side forms and joints, particularly where an elaborate load transfer 
device is used \'ibration should not be overdone, however. The placing of concrete 
should be continuous from transverse joint to transverse joint Construction joints are 
normally made to coincide with expan^'ion joints When an equipment breakdown or 
other unavoidable interruption occurs closer to an expansion joint than the length of one 
mat of the reinforcement being used, the short length of pavement that has been placed 
should be removed and the pavement relaid from the joint. Preferably no construction 
joint should be located within 25 ft of an expansion joint. 

Reinforcing mats or mesh are generally located from 2 to 3 in. below the surface of the 
pavement. Concrete is placed to that depth The reinforcing is laid on the concrete and 


* plant or transit-mixed concrete should generally not be allowed in concrete pavements, although 
it is usually allowed for culvert headers, rnanhoies, etc 
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is secured as required. The remaining concrete to complete the full slab thickness is then 
placed. When expansion joints include a load transfer device, thi*? may consist of a wire 
frame (to be left in place) wliich supports the joint filler and dowels. Alternatively, the 
device ma\' consist of some type of removable bulkhead. When concrete has been brought 
to the level of the top of the permanent filler strip, the bulkhead is removed and the space 
it occupied is filled with concrete. Frequently a joint is de-signed so that the top of the 
premolded filler is depressed about 1 i ^ iii After any removable parts have been taken 
away, a steel strip of the proper depth and a'; thick a^ the filler strip is clipped to the top 
of the filler strip to form the slot and to serve as a guide for finishing the joint. When the 
concrete has set sufficiently to retain its shape, this strip is removed and the joint is re¬ 
paired, edged, and later filled with a poured filler. If the entire expansion joint is of the 
poured type, a temporary bulkhead occupies the place of the premolded filler. When 
contraction joints with dowela are used, the dowel assembly is placed as for an expansion 
joint, the concrete shoveled around it, and the supports are removed when tlie concrete 
has reached the proper depth A strip to form the slot for the dummy joint is then placed 
and is later removed and the joint finished and sealed with a poured filler. Alternativeh' 
a slot is cut in the green concrete to the required depth and width. Contraction joints 
without dowels are made by funning or cutting a slot of the proper cross section, finishing 
its edges, and sealing it with suitable poured filler. Where adjacent pavement lanes are 
constructed one at a time, all transverse joints should line up across both slabs. 

Consolidation and finishing of a concrete pavement is best done with a power-driven 
finishing machine. The machine usually has two strike-off screeds, the leading screed 
sometimes being a \*ibrating tamper. Concrete is placed to a depth a little above the top 
of the forms. The leading screed is set a little high, but pushes most of the excess mate¬ 
rial ahead of it while allowing a slight amount to pass beneath it. This is picked up and 
spread by the second screed, which shapes the pavement surface to the correct height 
and crown. An\' low or porous areas of the screeded surface should be filled at once with 
fresh concrete and leveled off. If the finishing machine has only one screed, this is raised 
off the forms slightly for the first pass, and is brought to true elevation in successive parses. 
Intersections, driveways, and other irregular areas are screeded b\- hand. As soon as pos¬ 
sible after the screoding operation is completed, the concrete should be furtlier smoothed 
and finished with a longitudinal float. This may be machine or hand operated, preferably 
the former. It is simultaneously moved forward along the pavement and sidewise across 
the pavement with a sawing motion It carries ahead of it any thin mortar or laitance on 
the pavement surface This is pushed to, and wasted over, the side forms. The surface 
is then tested for smoothness with a 10-ft straightedge. This is held in successive posi¬ 
tions parallel to the center line, from one side of the slab to the other. All variations of 
more than Vs from the true surface contour should be corrected by filling or planing, 
as necessary, and the .'olved area’* refinished. When this has been done, and just before 
the concrete surface oecomes non-plastic, any float maika or other surface blemishe-s are 
removed by beitir*: or dragging the surface. The belt is a strip of canvas or burlap about 
6 in. wide and 2 ft longer than the slab width. It is operated by a man on either side of 
the Slab, with short strokes perpendicular to the center line, accompanied by an advance 
along the center line. A drag consists of a piece of burlap about 3 ft wide and 2 ft longer 
than the slab width, with one long edge of the material fastened to a pole. The diag is 
rolled on the pole and is thoroughly wetted. When dripping has stopped, the drag i-s held 
above and transverse to the new slab, and is gradually unrolled and lo-wered until 18 to 
24 m of burlap are in contact with the concrete Maintaining this contact area, the drag 
is then drawn &lowl\- along the surface so as to leave an even texture behind it This is 
sometimes followed by brooming the pavement to produce shallow (hie-in.) transverse 
grooves on the surface. The edges of the slab are then finished with an edging tool to 
round them to a radius of about b '4 in Edges of transverse joints are carefully finished 
from a bridge which does not touch the concrete. Proper curing of the finished slab is very 
important. In hot weather, loss of moisture from the slab must be prevented. Three 
methods of doing this are in general use. In the first, wet mats of quilted cotton or burlap 
(AASIIO Specification M-73>, 5 ft 9 in. long and 2 ft 6 in. wider than the slab, are unrolled 
on the pavement from a supported roll .so as not to mar the surface. They are kept satu¬ 
rated for a minimum of 72 hr, anil it is sometimes specified that, when the wet mats are 
removed, paper covers shall replace them for a total curing period of 2 weeks. In the sec¬ 
ond method, the wet mats are dispensed with and waterproof paper covers are used 
throughout the curing period. They are lapped at least 12 m. and are weighted down 
around all edges to prevent air getting through to the concrete. It is important that the 
covers be placed before hair-checking has an opportunity to commence. The third cuiing 
method consists in spra.vmg the surface of the freshly laid slab with a film of material 
(AASIIO Specification M-148> which will harden into a waterproof membrane. Curing 
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with wet hay or straw, or with wet earth, is no longer generally practiced. In winter, or 
at any season when freezing of the new concrete is a po‘=JsibiHty, this must be guarded 
against A la\-er of the waterproof curing paper just referred to will be adequate for 
temperatures just under iieezing. For greater protection, the paper should be covered 
with 6 to 12 in. of ntraw or hay, and then another layer of paper Forms are not removed 
until concrete has ^et for at least 12 hr. After forms are removed, the ends of all joints 
are cleaned full width, and ail honeycombed areas in the sides of the slab are pointed up 
Earth is then shoveled against the sides of the slab to top-of-slab level. 

During placing of the slab, test beams (AASHO Method T-23 and T-97i are made. 
These are cured in the same manner as the slab, and are tested for flexural strength as 
soon as it is believed they will show a modulus of rupture of at least 550 lb per sq in 
Traffic is not ordinarily ailow*ed on the pavement until this strength has been attained. 
Before opening the road to traffic, all joints should l>e carefully cleaned and then sealed 
with bituminous material, as specified. 

To be fully acceptable, concrete pavements should have average thickness (as shown by 
test cores taken at intervals of approximately 500 ft m each lane' within ^ § in. of the spec¬ 
ified value. When average thickness is less than the proper amount by more than ^ § in. 
and less than l ^ in., the unit price to be paid for the pavement is adjusted downward in 
the ratio of the square of the actual thickness to the square of the specified thickness. No 
additional payment is made for excess thickness. If average thickness is deficient by 
bo in. or more, the engineer may require the defective pavement to be removed and re¬ 
placed. or he may peniut it to be left m place, but without any payment therefor.® 

Curbs. These nia\‘ be built integrally with the pavement slab or be doweled to the top 
of the slab; or precast concrete or stone curb may be set against the side of the completed 
slab with joint filler between. When an integral curb is to be used, the uncurbed slab i.s 
consolidated and finished as heretofore described. A '?et of curb forms designed to give 
the curb the specified cioss aection is then immediately fastened to the pavement side 
forms and is filled with concrete. This is thoroughly spaded or mechanically vibrated 
against the forms, and a spade is worked into the slab concrete far enough to insure that 
the curb w’lll be well bonded to the pavement When the turb has hardened sufficiently, 
the forms are removed and finishing of the curb is completed. Joints must be formed in 
the curb wherever they occur in the slab, and mu'^t be of the same wddth. The curb must 
be carried ahead as the pavement is laid, so that its construction is always accomplished 
before set occurs in the slab. When curb is to be doreUd to the top of the slab, dowels 
are set into the pavement slab while the .slab concrete is still plastic The curb area is left 
ratlier rough for better bond .A ^' 2 -in. reinforcement bar, extending from joint to joint 
of the pavement, i.s wired to each dowel (Fig. 24' Forms are then set for the curb, and a 
piece of premolded joint filler, of the same thickness as the pavement joints and cut to 
the cross section of the curb, is placed exactly above each transverse pavement joint. 
The forms are then filled with concrete The concrete should be well spaded (but not 
vibrated; to prevent lionej'comb Construction of the curb should follow the pavement 
construction as soon as practicable. As soon as the concrete has set (generally the follow¬ 
ing day) curb forms are stripped and the curb surfaces are finished. 

Concrete Bases. Cement concrete is often u-'Cd as a base course with a sheet asphalt 
or asphaltic concrete surfacing. What has been said about cement concrete pavements 
applies also, in general, to bases, with the following e.xceptions and additions. 

Cement. Type I or Type II cement may ordinarily be used without the addition of air- 
entraming materials. 

Reinforcement. Reinforcement is often dispensed with but modern practice tends to 
make use of a lightweight wire mesh, especially where hea^T traffic is anticipated. When 
reinforcement is provided, it is distributed as discussed under concrete pavements. 

Joints. Freciuently bases are built without joints. Where joints are used, they are 
usually dummy loints to control contraction cracks There is little uniformity in practice 
in the spacing of transverse joint.s, but they need not be as closely spaced as in pavements. 
When the full width oi the ba.se is placed m one operation, a longitudinal dummy joint 
should be provided on the center line. 

Thicknesses. Slabs are very generalb’ of uniform thickness, from 6 in. to S in. or more 
depending 011 foundation and traffic. Most of the supporting value of the combined base 
and surface courses is provided by the base. 

Curbs. A header curb is generalK' used, with a height equal to the designed thickness 
of the asphaltic surfacing and a width of fi in. This curb is cast integrally as explained for 
concrete pavements. 


5 “Specifications for Concrete Pavement Construction,” .4ASHO, paragraph 35 (1950), 
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Construction Methods. Except for the omission of expansion joints, construction 
methods are substantiallv as outlined for conciete pavements. The only difference of 
importance is m the su^tace texture to be obtained. Instead of beltiny; and light brooming 
to secure a smooTh-Tiding surface, as in the case of a concrete pavement, the surface of 
the base should be heavily scored, transverseh, with a stable broom This scoring should 
louglien the base to a degiee that will pievent sliding of the asphaltic surface on the base. 
At the same time, it should leave the cr«)wn of the base substantially true to that of the 
nnished road, so that the •^u]>erimposed asphaltic material will have a uniform thicknes.-?. 

Hot Asphaltic Concrete Pavements. There are two basic types, one with aggregate 
graded down from 1 - i in. oi 1 in {called coarse-aggregate t\'pe' and one in which the 
largest aggregate size is <>.4 in or l '2 (called tine-aggregate type). Both t.’i'pes consist 
of a densely graded combination of broken stone, gravel, or slag, with sand, mineral fillei. 
and asphalt cement Sometimes the two types are used 111 combination, a wearing course 
of fine-aggregate t\’pe being u^ed on a bmder or base course of coarse-aggregate t\-pe 
Alternatively, eithei the fine- or the coarse-aggregate type may be used independently 
The material adapts itself to wide variations in u«c. dependent, very largely, on the 
judgment of the engineer. Coai*e aggregate adds stability to a layer of considerable 
thickness Converselv. tlie fine-aggregate type can be placed in thinner layer.s. and facili¬ 
tates securing a tight and smooth surface. In each type, attention must be given both to 
x\ e grade and the quantity 01 asplialt cement used. Too hard a cement will crack: too 
scft a grade will soften and “shove.'’ producing a “washboard” surtace. The proper 
grade depends primarily on the temperature range, secondarily on the traffic. In the 
United States the following grades should prove satisiactoiy 


Warm climates 
Moderate climates 
Cold climates 


Light or 

Moderate Tiaffic 


HeA\’y 

Traffic 


60-70 

70-85, S5-100 
100-120 


50-60 

60-70. 70-85 
85-100 


From the standpoint of quantitv of asphalt cement, too lean a mixture will lead to 
raveling; too rich a mixture, to sunace deformation The asphalt cement should conform 
to AASHO Specification M-20 The broken stone or gravel aggregate (retained on No. 10 
sieved should meet the quality requirements stipulated by AASHO Specification M-79. 
Fine aggregate (passing No. 10 sieve) should oon.'^isi of sand or stone screenings and should 
conform to the quality requirements of AASHO Specification M-29. Mineral filler should 
consist of Portland cement, ground limestone, fly ash. traprock float or like material con¬ 
forming to AASHO Specification M-17 

In new construction for mixed traffic the pavement may consist of a comparatively 
large thickness (6 in ) of asphaltic concrete laid in three courses directly on a waterbound 
niacadam or broken-stone base of approximately the .same thickness. Alternatively, a 
lesser thickness of asphaltic concrete may be used on a hea\’ier base. Figure 29 shows the 



design of the New Jersey Turnpike, in which 6 ^,-2 in (compacted thickne^«'i of selected 
subbase material is laid on the subgrade 111 two courses, and is followed by two courses of 
penetration macadam on which are placed two leveling courbes and a wearing course of 
asphaltic concrete. Another possible arrangement is to use about 7 in. of watcrb...-und 
macadam, in two courses; then a single course (approximately 3 in.' of penetration mac¬ 
adam; and finally a wearing course (1 1/2 to 2 in.) of asphaltic concrete 

In resurfacing w’ork, the aspltaltic concrete is most otteii laid either on an old cement 
concrete pavement or on some type ot bituminous pavement. If badly broken, the old 
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road should be thoroughly repaired and patched and all weak spots in the foundation cor¬ 
rected before the new pavement material is applied. This should then be placed in two 
layers: a binder or leveling course and a wearing course. The leveling course should have 
a minimum thickness of 1 in., and should be brought to a true profile and cross section so 
that the wearing course will have a uniform thickness. The size of aggregate to be used 
in the leveling course may depend on the thickness of the course, which should never ex¬ 
ceed 2 in. If this thickness will not be sufficient to correct irregularities that exist, sep¬ 
arate repair operations should fill the deeper depressions, and separate wedge courses 
should be used to eliminate excessive crown or produce necessary superelevation before 
the leveling course is applied. A small-sized aggregate should be used in this work. If 
the old road requires widening before the new surface is applied, this must be very care¬ 
fully done or longitudinal cracks along the old pavement edges are likely to form. The 
base widening material may be penetration macadam, cement concrete, or asphaltic con¬ 
crete. It must be thoroughly compacted on a completely stable subgrade. It is desirable, 
when possible, to widen the old pavement and allow traffic to use it for a year before the 
new surface is added. 

The wearing or surface course is ordinarily between 1 and 2 in. thick. If the old road 
that is to be surfaced has an adequately true profile and cross section (as when the surface 
is applied because of the “scaling” of a portland cement concrete road) the leveling course 
may be omitted and the entire new surface applied in a single course 2 in. thick. Also 
when an asphaltic concrete wearing course for a city street is to be laid on a new cement 
concrete base, the entire thickness may be applied in a single operation, provided that 
the base has been constructed to close tolerances of smoothness. In both cases, a light 
tack coat, preferably of tar, should be used. Under asphaltic concrete, asphaltic tack 
coats must be applied very sparingly or they will result in an excess of asphalt which, 
working upward through the concrete, will produce an unstable mixture, or a slippery 
surface, or both. 

Proptyrtioning Asphaltic Concrete. In using asphaltic concrete, the usual practice is to 
specify a single grading that will include all sizes of mineral constituents, and will give 
allowable minimum and maximum percentages passing each size screen. The engineer 
then establishes or approves a job^mix formula for the mixture that w’ill be supplied for 
the project. This formula establishes a single definite percentage of aggregate passing 
each screen size, a smgle definite percentage of bitumen to be added to the aggregate, and 
a single definite temperature at which the mixture is to be delivered. This formula should 
produce a mixture the voids in which will comprise from 3 to 6% of the volume, after roll¬ 
ing of the pavement is completed. This amount of space should be available for the 
asphalt to occupy as the pavement gradually compacts further under traffic.® Tolerances, 
as given hereafter, limit the allowed departures from the job-mix formula. Samples of 
the mix are checked against the formula several times a day as the work progresses. 

Table 2. Percentage by Weight Passing Square Mesh Sieves 


Dease-Graded Coarse- Dense-Graded Fine- 

Aggregate Type Aggregate Type 

Sieve - -- 


Designation 

Grading A 

Grading B 

Grading C 

Grading D 

2 in. 

100 




! 1/2 in* 

95-100 

100 



I in. 

75-100 

95-100 



3/4 in. 

60-90 

80-100 

100 


1/2 in. 



85-100 

100 

3/8 in. 

3V65 

4^80 

75-100 

90-100 

No. 4 

25-50 

28-60 

50-85 

70-100 

No. 10 

20-40 

20-45 

30-75 

60-90 

No. 40 

10-30 

10-32 

15-40 

30-70 

No. 80 

5-20 

^20 

8-30 

10-40 

No. 200 

1-8 

>-8 

5-10 

5-12 

Bitumen (sol. in CS2)% 

4.0-7.5 

4.5-8.0 

4.0-10.0 

4,5-11.0 


Source: AASHO “Specifications for Construction, Bituminous Surfacing” (1949). 

Typical gradations for coarse-aggregate and fine-aggregate types of asphaltic concrete 
are given in Table 2. In each case, two gradings are given, one somewhat coarser than 
the other. The table shows the amount of asphalt cement to be used with each grading. 

® Machines are available in which a sample cut from the finished pavement can be tested to foretell 
the characteristics the pavement will develop under traffic In the light of such tests, the mix formula 
can be adjusted during progress of the paving as may be found desirable. 
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The fraction retained between any two consecutive screens must not be leas than 4% of 
the total weight. 

Allowable tolerances for use with Table 2 are shown in Table 3. 

Table 3 


Passing No. 4 and larger sieves ±7% 

Passing No. 4 to No. 40 sieves, inclusive ±5% 
Passing No. 80 sieve ±3% 

Passing No. 200 sieve ±2% 

Bitumen ±0.3% 

Temperature of mixture on delivery ±20°F 


Equipment? Hot asphaltic concrete mixing plants are of three general t^'pes: permanent, 
railway, and portable. The permanent plant is most reliable, but such plants may not 
be within practical hauling distance of the job. Railway plants are permanently mounted 
on railway trucks and are operated from them on sidings. Portable plants may be dis¬ 
mantled and set up where needed. A permanent plant should have a capacity of at least 
25 tons per hr. The aggregate and mineral filler are dried, heated to the proper tempera¬ 
ture, screened, and stored in an adequate number of separate, heated compartments to 
assure maintenance of the proper gradation. Proper proportions of aggregate are then 
carefully weighed and thoroughly mixed wdth the hot asphalt, which is weighed or metered 
in the proper amount. The mixing may be done either in a batch-type or a continuous- 
mix-type plant. Care must be taken not to overheat the asphalt, either directly or by 
contact with overheated aggregate, during the mixing process. The completed mixture 
is discharged into trucks at the specified temperature. Truck bodies should be tight, 
well-cleaned, wetted with a soluble oil solution to prevent sticking, and, when necessary, 
covered with canvas for weather protection. A lining of pl^'wood provides cheap 

and effective insulation. 

Placing. Machines for spreading, leveling, and compacting asphaltic concrete are self- 
propelled, on caterpillar treads, and utilize long runners to equalize minor subgrade irreg¬ 
ularities and produce a smooth and even surface. Placing the material in several courses 
is advantageous because thin courses facilitate better compaction and also because each 
course provides a progressively smoother surface for the machine to travel over in spread¬ 
ing and screeding the next course. The surface produced should be true to designed profile 
and cross section, free from all hollows and irregularities, and of uniform compaction 
throughout. The paver is adjxisted to spread a depth of material such that, after proper 
compaction, the course will have the specified thickness. It should also confine the edges 
of the mixture to true lines. Pavers are generally designed to be able to spread and finish 
a lane width of anj’thing between 8 and 12 ft. The material should be laid only on a dry 
surface when the air temperature is above 40°F and the weather is not fogg>' or rainy. In 
any area where mechanical spreading is impossible, hand spreading and finishing are 
used. In this case, the material should never be dumped from the truck directly onto 
the subgrade, but onto a steel dump sheet, from which it is distributed "with shovels and 
spread with rakes or other suitable hand tools to the proper depth. 

Compaction. After each course has been laid and screeded, it is rolled while still hot 
until it is thoroughly compacted. Ten to twelve-ton tandem rollers are used; or it may be 
specified that 3-wheel finishing rollers be used also. To maintain the crowm, rolling should 

Table 4 


Rollers Required 


Leveling Surface 
Tons Laid per Hour Course Course 

Less than 125 3 3 

125-175 3 4 

175-225 4 5 


begin at the sides and progress gradually to the center; or, on superelevated curves, it 
should begin at the lower edge and progress to the higher. Rolling should commence as 
soon after the material is laid as is possible without causing undue displacement. New 
Jersey Turnpike specifications required that rolling should commence when the sum of 
the temperatures of the air and of the mixture was between 300 and 325°F; and also re¬ 
quired that the number of rollers used be not less than those shown in Table 4. 

^ For greater detail in requirements for mixing plants, see “Specifications for Construction, Bitumi¬ 
nous Surfaces,” AASHO. 
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AAHSO specifications (1950) require one roller for each 25 tons of material spread, or 
each 400 sq \-d covered, ^vhlchever is less. If pavement width permits, the pavement 
should be rolled diagonally, m both directions, after having been rolled longitudmalK-. 
Areas inaccessible to rolling must be thoroughh' tamped until full compaction is secured 

Joints should not be formed more often than neces-^ary. When unavoidable, as at the 
end ot a day’s run, they are formed by cutting back on the previous run so as to expose 
the full depth of the course. The exposed edge is pamted with a thin coat of hot asphalt 
cement just before new material is placed against it. Upon completion of rolling, the 
surfai’G should be checked for smoothness—witli a crown templet and a 10-ft straightedge 
applied parallel to the center line Any surface irregularity exceeding l 4 in. should be 
corrected by cutting down and recompacting, or bj' loosening the surface mixture already 
laid, adding moic niaterial. and recompactmg After final tolling and checking of x'>>- 
surface, it is sometimes requiicd that a light coat of mineral filler be du3Te<l over the s’v- 
face. This practice seems to offer no real advantage, however, and is often omitted 
Traffic should not be allowed on the pavement until it has entirely cooled, which will 
ordinarily require from fi to 12 hr. 

Cold Asphaltic Concrete Pavement. This differs from hot asphaltic concrete pavemetit 
in that the asphalt is in the form of a cutback or an emulsion, instead of an asphalt cement. 
This enables the mix to be placed and manipulated cold When a cutback is used, the 
mix can be made up in a central plant and shipped long distances by truck or rail This 
may be an important advantage. However, for sizable job.s where suitable aggregates 
can be found close to the site of the work, freiglit charges on the cold mix may more than 
offset the cost of setting up a hot-mix plant at the fob location. The cold-laid asphaltic 
concretes have their greatest usefulness for small Jobs and repair operations. A number 
of cold-laid processes have been patented in past years, mo^t of the patents ha\’ing now 
expired. Cold-laid pavements are of two general t.vpes’ the liquid-bituminous type using 
a cutback or emulsified asphalt (or .sometimes a tar) and the hquefier type, which employs 
an asphalt cement that is fluxed with a naphtha or equivalent liquefier. Specifications 
for both types are included in. ‘'Specifications for Construction, Bituminous Surfaces,” 
AASHO. 

Sheet Asphalt Pavements. As most often used, this term implies the combination of a 
sheet asphalt wearing course laid on a “binder” course of fine-aggregate type asphaltic 
concrete. Each course is ordinarily from 1 to 1 in. thick. The binder course is an econ¬ 
omy measure, since it requires only about half the asphalt content of the sheet asphalt 
surface. Sometimes the binder course is given an “open” rather than a dense texture by 
omitting part of the finer gradations of aggregate. The trend appears to be. however, 
towards using a dense gradation. The binder course is made, laid, finished, and com¬ 
pacted as described for hot asphaltic concrete pavements. The wearing course, or sheet 
a^sphalt proper, consi^ta of sand, niineral filler (portland cement, ground limestone, or 
similar substances', and asphalt cement. The sand should be graded as shown in Table o. 

Table 5 


Sieves 

Jim. 

Max. 

Passiri^ No 4—retained on No. 10 

C‘7 

5% 

Pastin': No. 10—retained on No. 40 

n% 


PasMiig No. 40—retained on No. 80 

25% 

60% 

Paes.iig No. 80—retained on No. 200 

18% 

45% 

Pusiiiig No 200 

0% 

6% 


The mineral filler should be graded as shown in Table fi. 

Table 6 

Pas&ing No. 200 sieve Not lesa than 75% 

Total passing No. 80 sieve Not less than 95% 

Total passing No. 30 sieve Not less than 100'-^ 

The sand and mineral filler .should be combined in such proponions that the resulting 
ruixluie will have the ranges of gradation ami bitumen content shown in Table 7. 


Table 7 


Passing 

Retained 


Sieve 

on SiLve 

Per Cent 


No 10 

0-5 

No. 10 

No. 40 

10-32 

No. 40 

No. 80 

20-48 

No. 80 

No 200 

16-36 

No. 200 


10-18 

9 5-12 


Bitumen 
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As with a hot asphaltic concrete pavement, a job-mix formula conforming to the 
above ranges is established Variations from the Job-mix formula should not exceed the 
values shown in Table 8 . 

Table 8 


Pa&jsing Xo. 4 to No. 40 sieves, inclusive ±5% 

Passing Xo. 80 sieve ±3% 

Passing Xo. 200 sieve 6z1‘^c 

Bitunien ±0.3% 

Temperature of mixture on delivery ±20‘^F 


The asphaltic cement should conform to AASHO Specification M-20. Tiie sa ia pene¬ 
tration grades are used as for hot asphaltic concrete ^p. 4-93'. The sheet asphalt is pn por¬ 
tioned. mixed. iiansporteJ, placed, compacted, and -•'Urface tested as desciihed for not 
aspiialiic concrete pavements. Tor mixing, a pug mill is used, rather than a coiuinuous- 
inix plant 

Brick and Block Pavements. Because of their high labor co-t. brick pavements are not 
a> fiequeiiti\ used now a^ in the past Pavmg bucks are manufattured in sizes to give a 
pavement thickness of 2 ^ 2 . 3. 3 1 - 4 , and 4 m. Thev have a width on top of 0^2 and 
4 m . and are standardized at a length of 8 1 , 2 ni. They may have iug.s to provide space 
for filler, or may be iugless As a lule, brick paveinents are built on a d-m. concrete base 
with a 0 -in -wide cuib on each side the same height as tiie (.oinbined thkkness ot tlie brick 
and the bedding materiai used. Bedding is frequently an inch of ■^and. though sinnetimes 
sand and cement are used to form a mortar. In other cases a mastic of bituminous mate¬ 
rial and sand has been found satisfactort. After the bedding material h sf reeded to a 
true crown, the bricks are laid b\' hand by masons from piles prLn'iousl\- distributed along 
the sides of the road and biought to the masons by helpers or b\' mechanical conveyeis. 
The rows are laid in a straight line with joints broken m the adjoining row-^ The tops of 
the bricks arc kept true to grade. The surface is then rolled with a 3- t j 5-ton tandem 
roller, and the joints are filled with a bituminous filler. A ceineiit grout filler is sometimes 
used, in which case allowance must also be made for expansion and contraction at the curbs 
and around manholes and catch basins. The filler is squeegeed into the joints, care being 
taken not to oveifill or to leave a surplus on the surface, A light coating of sand or screen¬ 
ings is sometimes used to cover the pav'ement surface as a finish to blot up any suipius of 
joint material. 

Stone, wood, and asphalt block pavements are practically obsolete at the present time 
In the rare cases when they are used, they are laid in practical^ tlie same manner as buck 
pavement 

Shoulders for High Traffic Volume Roads: These should meet several diverse and im¬ 
portant requirements 

1. They should maiutaui such stability throughout all seasons that no hazard will result 
from a vehicle running on them 111 emergency, or from vehicle wheels running accidentally 
from the pavement to the shoulder. 

2 They should so obviously be able to support anv vehicle at any time that they will 
be no deterrent to diiving a disabled vehicle off the pavement for repairs. 

3 They should adequately support the edge of the pavement and protect it against 
failure 

4. They should minimize the entrance of water into the subgrade. 

5. In some locations, they should provide an acceptable path for pedestrians. 

The.se requireniL-nts will \ei\ geiierallv preclude the use of grass or natural earth shoul¬ 
ders and will call for some tvpe of stabilization This may most simplv take the form of 
an untreated shoulder of bank-run gravel or other selected local soil that can be well com¬ 
pacted and that will remain hard and firm m wet weather. At somewhat gteater expense, 
cru.shed stone, gravel, or dag can be used to provide a still firmer and more stable surface. 
Any of the foregoing types should be built much as described for a low traffic volume road 
of the same material, and should have about the same thickness. Also any of the fore¬ 
going types can he given added strength, stability, and watertightness by appU mg a bi¬ 
tuminous -.urtaoe treatment as described for screeued-gravel roads {p. 4-78 n If still greater 
strength and durability are ilesired, they can be had through u.se of water bound or bi¬ 
tuminous macadam, or of a mixed-in-place or plant-mixed bituminous shoulder on a suit¬ 
able base. Care should always be taken to provide a ver\\ obviousU difforeiil shoulder 
surface from that of the pavement, otherwise the shoulder may be used as part of the travel 
path. For exarnide, where a bituinmous macadam shoulder is to he adjaf-ent to a bitu¬ 
minous concrete pavement, tlie siioulder siiouhi general!v be given a mug’ii surface texture 
to differ-eritrate it rrom the pavement and to discourage its use foi vehicular travel. How¬ 
ever. wlifie the shoulder slemli also serve as a jiatiiwav fo^ pe-lesti'ians. if tiie texture is 
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made unpleasant for walking, peaestrians will walk on the pavement despite the hazard 
of doing so. Sometimes a surface of light-colored gravel is applied to the shoulder ad¬ 
jacent to a black-top road. This delineates the pavement edges during dark hours. Paint 
lines may also be used. 


HIGHWAY MAINTENANCE 


Maintenance of highways falls into five classifications: (1) road surfaces: (2) shoulders. 
(3) drainage: (4' roadsides. (5) structures. The first four of these are treated in this sec¬ 
tion. Allied to maintenance of highways is maintenance of aids to traffic (signals, sign^, 
and pavement markings; and facilitation of traffic through removal of snow and sanding 
of ice. 


19. MAINTENANCE OF ROAD SURFACES 

Regardless of the type of road surface, maintenance, for economy, should be preventiie. 
Defects should be eoi reeled before they become serious, keeping the surface in good repair 
rather than allowing it to fall into disrepair and then correcting it. When a rut, pothole, 
or other defect appears, it progresses very rapidly. When a surface has been treated, 
either with chloride or with a bituminous material, tirnelv renewal of the treatment is 
much more economical than allowing the road surface to disintegrate. In a time of pro¬ 
longed wet weather, it ma\- he worth while to fill small holes, temporarily, removing the 
temporary repair material later when a more careful, permanent repair is made. A rich, 
gummy mixture of coarse sand with a medium-grade slow-curing residual asphalt (SC-2 
or SC-3) or a medium grade of tar (RT-6) can be made up and stockpiled for such use. 
Generally, a road constructed with asphalt should be patched with asphalt, and one con¬ 
structed with tar should be patched with tar. 

Low Traffic Volume Roads. Since these roads include many types, from natural soil 
to macadam, the forms of deterioration to which they are subject, and the proper main¬ 
tenance procedures, are widely varied. They include. (1) dragging and blading, (2i patch¬ 
ing and repairing local breaks, (3) scarifying, reshaping, and restoring lost material, (4; 
applying dust palliatives, and (5) stabilization with bituminous surface treatments. The 
most ciitical time in the life of low-type roads is at the spring thaw If hea\T traffic can 
be kept off the road at this time, it will be helpful. If a road shows distress at this season, 
a sand blanket will dry and help to stabilize it over the critical period. 

Dragging and Blading. Natural or selected soil roads, and m general all roads lacking 
the stability afforded by an adequate proportion of hard, coarse aggregate, typically fail 
by rutting under traffic. This type of deterioiation is combated by dragging and blading, 
which are the principal maintenance opeiations on the lowest typos of roads The purpose 
of both these operations i.s to plane down high areas and to move the resulting loose ma¬ 
terial into low areas. Blading, however, also implies reshaping and reestablishing a proper 
crown on the cross section The two operations differ principally in the equipment used. 
A drag con&i.-^ts of scraping members, normally fixed in position. The simplest form is 
shown in Fig 3U. It is hauled behind a truck or tractor, and is weighted as needed to en¬ 
able IT to “hone” or plane down the material of the road surface. Many more complex 
t\ pes have been built, frequently of structural steel members, set diagonally within a rec- 
tangulai iranie, so that, a.s they are drawn along the road, they move loose material tran.s- 
versely as well as longitudinally. 

Blading is usuallv accomplished with an adjustable steel blade, carried on a frame which 
may be self-propelled, or which may be dragged after a truck or tractor. The power- 
driven grader is one of the most valuable pieces of maintenance equipment. Blading and 
grading are best done after a rain when the surface materials arc sufficiently moist to 
compact well. In blading, material is generally first drawn from edges to center to estab¬ 
lish a crown. The loosened material is then drawn back agam and deposited in depressed 
areas. When a sati.'^factory surface has been restored, it should be given an application 
of suitable bituminous material or of calcium chloride. 

Patching and Repairing Local Breaks. In contrast to the road type.s just discussed, sur¬ 
faces con'^t^ucted with a suitable proportion of a good coarse aggregate are likely to “pot¬ 
hole” rather than to form ruts. If inspection reveals no foundation trouble, a localized 
poor gradation ()f surface materials is usuallv the cause. In anv case, careful inspection 
should be made to determine the extent of the area of potential weakness, and the area 
should be excavated and enlarged until sound materials are encountered Tlie walls of 
the hole should then be made vertical to provide a solid shoulder, and the hole filled with 
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carefully graded material of the sorts used in the original road surface, and thoroughly 
tamped. Water may be used to secure better compaction. If the patch is 4 in. or more in 
depth, the material should be placed in layers 2 to 3 m. thick, tiioroughls' tamping each 
laver. Frequently, examination will show that the surface break was due to a foundation 
failure, often induced by poor drainage. In any such case, surface repair without first 
correcting the underlying condition is a waste of money. This may require removal of 
inferior material and replacement with a granular subbase, or the improvement of surface 
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1 Steel pUte with holes lis shown 
8 Bolts with nuts and washers (countersunk) 

1 Welded eye bolt with nuts and washers 

2 Hook bolts with nuts and washers 
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1 2" X 4" X 3'-0'' 
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drainage facilities, or the installation of suitable underdrainage. Only careful examina¬ 
tion of each location will indicate the necessary corrective treatment, which is then earned 
out as (iescribed under road construction. 

S'-arifying, Reshaping anil Restoring Surface Materials. When areas of local failure be¬ 
come g«ierai, either through neglect or as an indication of a generally inadequate founda¬ 
tion or improperly con.structed surface, complete scarification and reconstruction of the 
road may be required. The old surface should be loosened by scarifying to the full depth 
of the surface material New material is then added as necessary. It should be of such 
nature that, when well mixed with the old material, a suitable gradation will result. It 
is"mi.xed on the roadbed witli blade graders or harrows. After mixing is complete, the road 
IS bladed to a proper cro.ss section and is then reoompacted. This may be done by traffic, 
with occasional blading to maintain proper cross section; or it may be more quickly and 
better accomplished with rollers. If deterioration of the road surface was due to inade¬ 
quate drainage or other foundation conditions, these must be corrected before the surface 
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is reshaped and compacted. Gravel and some types of soil roads sometimes corrugate or 
“washboard” under traffic. This usually indicates a faulty composition and gradation of 
surface materials. The surface should be removed and replaced with suitable material of 
the same type: or, if traffic is hea-sw. the uii'^atisfactory surface mav better be replaced with 
one of a higher t\'pe. When a road of gravel or crushed slag or -stone aggregate has been 
scarified and reconstructed, it should generally receive a bituminou« treatment 

Dust Palliatiirs The iower-tj'pe road 3 u^face^ are suhiect to very rapid deterioi ation 
from tile blowing away of surface material's unlca" '^alcium chloride or light, penitiatmg 
road oils are used to prevent this. Be'^ides pT-e=>crving the suifa e dust palliatives make 
roads much pleasanter to use. Calcium chloride is applied either in gramilai or fiake form, 
using a mechanical spreader of the gravitv or spinner tvpe It is he-^^t apolied after rain 
Otherwise, water may be added to the surface, it feasible, although lhi> is not necessary 
unless the surface is very dry. The first treatment m the spring mav bo •' i to 1 lb per 
sq yd, followed by ligiiter treatments as needed. The season's re<' 4 Ul!e^uent•^ will ordinarily 
be less than 2 !/« lb per sq yd. Bituminous dust lavers include the lightest two or three 
grades of tars or of slow-curing and medium-curing asphalt cutbacks Tars are suitable 
for granular surfaces only. The particular type and grade of bitumen to be used, a> well 
as rate of application, will depend on nature and condition of road surface. The normal 
quantity for a treatment (on a road that was initially treated as the final step in construc¬ 
tion) varies from 0 10 to 0.25 gal per sq yd. Before the material is applied, the road should 
be bladed as necessary to restore proper crown and contour. Traffic should be kept off 
the treated surface until the bituminous material has been absorbed This is usually 
accomplished by Heating one-half the width of the road at a time It may sometimes be 
necessaiy to “blot up” with a light sand cover spots where the material did not fully pene¬ 
trate. before opening the road to traffic. 

Bituminous Surfa^fi Treatment The action of the dust palliatives is to penetrate and 
impregnate the top layer of the road material, giving it enough cohesiveness to enable it 
TO resist being blown from the road surface or drawn fiom the surface by tire suction ThL-s 
IS about all that can be accomplished by treating natural soil roads with bituminous bind¬ 
ers. In the case of more granular materials, however, sucli as gravel. cru.«hed slag, and 
dry or waterbound macadam, a somewdiat heavier grade of bitumen can be used with sand 
or other light mineral aggregate to form a protective bituminous mat on the road surface. 
This IS called a surface treatment. The term is a broad one, and covers the application 
of varying amounts of a number of different bituminous materials, with widely varying 
amounts and types of cover, and occasionally no cover at all. Surface treatments, as a 
maintenance measure, are applied to medium and high traffic volume roads, as well as to 
low traffic volume types. There i.s no well-established terminology covering the various 
kinds. Classified primarily according to the heaviness of the treatment, they may be called 
(1) sand-mat tvpes, (2/ armor coats, and (3) retreads 

Sand-Mat Treatment The sand-mat types employ a natural sand cover, or stone screen¬ 
ings, or other aggregate passing a 1 ' 4 - to o 'g-in. screen These Types have particular ap¬ 
plicability to gravel, crushed slag, and dry crushed stone or waterbound macadam sur¬ 
faces The road surface should have had (as part of or immediately following non.sit ruc¬ 
tion) a penetrating bituminous treatment as described on p, 4-7S This should be allowed 
to cure for a period of 3 to 6 w’eeks The surface is then, cleaned of all loose material and 
repaired, if necessary. An application of l'g to *^3 gal per sq yd of bituminous material 
IS then made with a pres.sure distributor, preferablv m hot, dry weather. The best bi¬ 
tuminous material is one of the medium grades of tar (RT-4 to RT-9'. the heavier g^a^de 5 
being used with the more open surfaces. The most stable mat is secured by using the heavi¬ 
est grade that the surface will accept Cover material is next applied, in amounts of 12 
to 18 lb per sq yd The road is then “honed” with a heavy drag to plane off hig’n sp<>ts 
and move the displaced material, together with the sand mulch, into depressions. The 
dragging cr honing is continued until the new material is well distributed and until a smooth 
surface has been produced. Building up too thick a mat (more than ’,'2 in.) in one appli¬ 
cation should be avoided. An^- excess of mulcn can advantageously be bladed to the 
shoulder, which will be strengthened by it. A great advantage of the sand-iuat treatnieni 
is that it can be applied not only to seal and preserve intact a smooth road surface but also 
to restore a true contour to a road that has been put badly out of shape by corrugation, 
frost heaves, etc. This t\ pe of treatment is used, therefore, on roads that do not possess 
sufficient stability to retain a true surface, until opportunity has been afforded to assure 
that underlying causes of lack of stability have been corrected. Several repetitions of 
the treatment, moreover, on a low-grade type of road lacking surface stability will build 
up a bituminous mat that (assuming sound foundation conditions) can then hold a hea\’ier 
and more permanent tj-pe of surface treatment. The sand-mat treatment will usually have 
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to be renewed annually, or at least everv second year, and, with some types of traffic and 
surface course conditions, mav have to be applied oftener than once a yeard 

Armor Coat Treatm‘-nt. The aimor coat treatment ('another somewliat loosely used 
toriii' consists oi applying a suitable grade of bitumen to the roatl surface and then cover¬ 
ing it witli a heavier in. to in.! stone cover. This is a single treatment. A double 
treatn.c-nt mav also be n.sed, in which case there are two applications of bitumen and two 
applications of cover stone. Occasionally triple treatments are used, although, generally 
■'peaking, other methods of adding so much material will give better and more economical 
re'^uits. The distinguishing characteristic of armor coat treatments i- that there l■^ a mini¬ 
mum of manipulation of the -^tone cover. Each individual stone preferably reinams where 
It tir^t encounters the bitumen. In thi^ wav. if pioper balance i-' maintained between Aze 
of .>tone an I amount of bitumen, an uucoated surface of stone rornes m contact with tires, 
affording high antiskid propeities. while the stone is ."ufficieiitly embedded in bitumen 
To be securely aiiciiored. This type oi treatment is much more durable than the sand-mat 
treatment, and should normallv have a life of 4 to 8 years, depending on size of stone and 
number of applications. It should he noted that the process produi’es a wearing suidace 
of substantialb’ unih.rm thickne.-^s—one stone, in the ca.se of a single treatment. Hence 
it will not correct iiregularities in the surface contour. Where such exist, they should first 
be corrected with a honing fsand-mat' treatment, applied a year ahead of the armor coat: 
or by a retread or heavier “mix” treatment the thickness of which can be varied to elimi¬ 
nate irregularities. It should also he noted that an armor-coated road cannot be honed 
back to a true cross section if it loses ixo correct shape because oi any foundation weak- 
ne.ss. Hence this type oi treatment should be applied onlv to road.s of established stability. 
If the roadbed is generally stable, except for a few w'eak >pots. these sliould be ver.v care¬ 
fully repaired before the treatment is given. For roads of the low traffic volume type, the 
process is applicable only after the surface has been stabilized by a ‘sand-mat tvpe of bi- 
tuminou-s treatment, and it will normally not be applied until that treatment requires 
some renewal. 

Application of a single armor coat treatment is made as follows: The road surface is 
hist cleaned of any loose or foreign material. If inspe>nion shows that m places the treated 
surface is more porous than in other places, from i ^ 4 sal per sq yd of a medium tar 
(sav. HT-5; is applied, lightlv sanded and honed. This process ma\ have to be repeated 
one or two w'eeks later, care being taken to hone any .surplus mulch off the road suiface. 
(This preparation is unnecessary if the road surface is uniform in texture ) A week or 
more after the second honing operation, an application of RC-5 or of asphalt emulsion 
RS-2 i« made and is immediately covered with the stone, which mav be either ^ 2 iti (Xo 
7, p. 4-72) or in. (No. 6'. Quantities of stone and bitumen should be as given in Table 1. 


Table 1 


Type of 


Treatment 

3 / 4 -m. 

Treatment 

Bituminous 

Bitumen, 

Stone, 

Bitumen, 

Stone, 

Material 

gal s-jyd 

Ib/sq yd 

gal/sq yd 

lb sq yd 

RC-5 

0.22-0.27 

25-30 

0.32-0.36 

35-40 

RS-2 

0.28-0 33 

23-30 

0.33-0.42 

35-40 


The lesser amounts of bitumen are used on a tight surface, the greater on a more porous 
surface. Care must be taken not to use too much bitumen, or “fat” ^pots will result, the 
stone being submerged. On the other hand, if too little bitumen is used, the stone will be 
inadequately anchored. Determination of the proper amount of bitumen for the aggre¬ 
gate being used and, thereafter, close control of the amount decided on are essential to 
success. The application temperatuie for the bitumen should be as given on p. 4-75 
One-half-inch stone produces a smoother and pleasanter riding surface: ^, 4 -m. stone pro¬ 
duces a rather rougli, noisy surface, but one which is more durable and which does not 
require quite such close control in application. The stone should be spiead with mechani¬ 
cal spreaders of the roll-feed type, and applied as evenly as possible Hand brooms or a 
light broom diag are used to coiiect unevennesses. Since it is e':>eniial that the road sur¬ 
face be conipleteU' covered, -some hand spotting of stone on thiiih covered areas may be 
necessary, though the use of roll-feed spreadets will eliminate most of this. The road 
should be lightly rolled, sufficiently to set the stone without crushing it. Traffic may then 
be allowed to use the road, but should be held to 20 mph for several days until the stone 


1 On light tra’hc roads where little honing is required, an MC-2 or MC-3 a'^phalt with a coarse cover 
can be substituted for the tar, with sati.«factory results It will usually be more durable than the tar 
treatment Relative original costs will depend on relative prices of tar and asphalt. A coarse cover 
material should be used to avoid creation of a slippery surface 
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is well set. Weather conditions have a great effect on the satisfactoriness of armor coat 
treatments. Ideal weather has a minimum temperature of 75°, with low humidity. The 
work should be deferred or discontinued when there is any likelihood of rain. Should rain 
faU on a newly applied armor coat, the road should be closed to traffic until it has dried. 
Asphalt emulsion has the advantage over the cutback that moderate dampness of aggre¬ 
gate and road surface is not harmful This allows the work to be carried on under a wider 
range of weather conditions.^ 

In a double armor coat treatment, an application of bitumen and 3 / 4 -in. cover stone is 
made as described above, broomed, spotted, and lightly rolled. A second application of 
the same bitumen is then made, covered with 1 / 2 -in. stone, broomed, spotted, and rolled. 
The double treatment is ob^dously more expensive than the single treatment, but has a 
longer life and adds some structural strength to the road. 

^'Retread" or Drag Treatment. This is e^entially a light mixed-in-place surface course 
(p. 4-80\ utilizing all new aggregate. It results in a new wearing course of variable thick¬ 
ness, which makes it suitable for trueing up a road surface that has developed some, but 
not too great, irregularities. When employed as a maintenance operation, the average 
thickness is generally not greater than 1 in. 

Intermediate Traffic Volume Roads. The higher the road type, the greater the impor¬ 
tance of preventive maintenance. If the road has proper drainage, an adequate base, and 
a well-constructed surface course, maintenance should consist principally of periodically 
reseahng the surface as the bituminous material ages, dries out, and begins to show signs 
of cracking or raveling. The nature of the seal coat will depend on the condition of the 
road surface and the nature of the available aggregates. If the surface condition is gen¬ 
erally good and the contour is satisfactory, an armor coat treatment may be applied. 
The single treatment will effectively seal the surface; a double treatment may be used if 
it is desired to strengthen the pavement also. If the surface has been allowed to become 
porous, or if it has already raveled somewhat or has developed minor irregularities, it will 
often be desirable to use a sand-mat treatment to smooth and tightly seal the surface, 
following it a year iater with an armor coat. 

If the road needs repair, rather than merely resealing, the trouble will be due to (T 
faulty drainage, (2) faulty foundation material, or (3) a poor surfacing job. Repair will 
be dependent on the cause of the trouble, and the extent to which the damage has pro¬ 
gressed. If the pavement has raveled and broken in localized spots, the basic condition 
should be corrected and the spots patched. In domg this, the disturbed material should 
be removed until satisfactory* material is reached, both on the sides and bottom of the 
excavation. The sides are cut vertically. The base course is replaced if and as needed 
and is tamped until true and firm. The hole is then filled with premixed patching material 
This should normally consist of a dense-graded mLx of aggregate ha\*ing a 3 / 4 -in. or V^-in 
maximum size with an asphalt cutback, say MC-3 or MC-4.^ Before placing the patching 
material, the sides of the hole should be painted with the same bitumen used in the patch 
The patch should be thoroughly compacted in layers about 2 in. thick. The surface of 
the finished patch may be slightly above the existing road surface to allow for settlement, 
but care must be taken not to cause a “bump.” Alternatively, the patch may be made 
by a penetration method, placing dry, coarse aggregate in the hole, compacting it, and then 
penetrating it with just enough asphalt cement (100-120 penetration for average climatic 
conditions) to cover the aggregate, after which it is keyed with small stone. Generally, 
patches should be sealed with 0.1 to 0.25 gal per sq yd of a suitable bituminous material 
and covered with an aggregate (10 to 25 lb per sq yd) like that forming the road surface. 
Where road shoulders are inadequate, a frequent location of raveled areas is along the 
edges of the road metal. These are patched much as outlined above, care being taken to 
cut back the damaged surface sufficiently to establish a solid foundation for the patch, 
and to compact the new material solidly against the side of the hole. Along the free edge, 
a stepped back or “pyramid” construction should bo used, the lowest layer of the patch 
extending into the shoulder area with each succeeding layer drawn in 6 in. or more, so 
that the top layer will line with the e.stablished pavement edge. 

Where deterioration of the road has progressed beymnd an occasional spot requiring 
patching, a retread treatment may be in order; or it may be desirable to use the existing 
surface (repaired as necessary) as a base for a plant-mix or penetration surface course; 

* Tar has been found less satisfactory than asphalt for armor coats If it is used, it is of especial 
importance that both the road surface and the aggregate be dry until the operation has been com¬ 
pleted. Stripping of the bitumen (either asphalt or tar) from wet aggregate is lessened by the use of 
various chemical additives that have been developed for the purpose. There is, however, no com¬ 
pletely satisfactory substitute for dry weather conditions 

3 If the road surface was originally constructed with tar, RT-4, RT-5 or RT-6 should be substituted 
for the cutback asphalt 
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or it may be found necessary to scarify and rebuild the existing road, using construction 
methods heretofore outlined. If the road surface has become dangerously smooth, it can 
be “skid-proofed” with an armor coat treatment. 

High Trafl&c Volume Roads. Bituminous Pavements. Maintenance of asphaltic con¬ 
crete and sheet asphalt pavements involves somewhat the same problems as those dis¬ 
cussed for intermediate traffic roads. Sheet asphalt does not ordinarily require surface 
treatments of any sort, and, if the base is adequate, should not give trouble except from 
the occasional formation of cracks These should be filled with asphalt cement, after be¬ 
ing carefully cleaned with a broom or with compressed air. The crack and adjacent area 
should then be sealed with SS-1 asphalt emulsion, covered with 3/g-in. stone. More ex¬ 
tensive failures are usually traceable to foundation defects The failed material is removed, 
the foundation repaired, and the patch (consisting of sheet asphalt surface on a binder 
course) placed as described m the preceding paragraph. In urban streets, pavement open¬ 
ings for sewer lines and other utilities often constitute a problem. The cut in the pavement 
should be made wdder than the trench to be dug, in order that the replaced concrete base 
may have areas of solid ground to support it. The backfillmg of the trench should be 
thoroughly compacted. Even so, there vnW be some settlement and a layer of reinforce¬ 
ment, transverse to the trench, should be placed about 2 in. above the bottom of the base 
slab to enable it to bridge the trench. The cut taces of the base should be vertical, but will 
provide better bond if left rough. The new concrete should be mixed dry—not more than 
4 gal of water per sack of cement being used. Just before the new concrete is placed, the 
sides of the cut should be scrubbed with wire brushes, then wetted thoroughly and well 
painted with a mortar composed of equal parts of cement and sand. The old sheet asphalt 
is cut to a vertical surface and is painted with asphalt cement (85-100 penetration for 
average climatic conditions) before the new binder and wearing course patches ajre placed. 
Eventually, with age. sheet asphalt pavements lose their “life” and crack to such an extent 
that it is no longer practical to repair the cracks. They must then be removed and a new 
pavement laid. Asphaltic concrete pavements are maintained much as are intermediate 
traffic volume pavements. 

Cement Concrete Pavements. These are subject to several quite different types of de¬ 
terioration, each of which calls for its own remedial measures. These types are: (1) joint 
filler deterioration, (2) cracking, (3) pumping, (4) scaling and other surface defects, and 
(5; loss of true cross section because of foundation settlement. 

Joini Pouring. Renewing the joint filler is routine, the purpose being to waterproof the 
joints and at the same time to prevent dirt, pebbles, etc., from getting into them. The 
work is done when needed, but preferably as late in the fall as weather will permit. A 
considerable contraction of the slab should have taken place. At the same time, the slab 
must be dry and above freezing to secure adhesion. The refill material most often used is 
an asphalt cement, usually of a comparatively low penetration (50-60 and 60-70, although 
in cold climates penetrations as high as 100 to 120 are used). Sometimes from 15 to 25% 
by weight of mineral filler (rock flour, volcanic ash, etc.) is mixed with the asphalt (AASH(3 
Specification M-SO)."^ The joint is first cleaned of dirt and of old, oxidized filler by use of 
an appropriate router or with compressed air. Thorough cleaning of the ends of joints is 
important to prevent corner spalling. The filler is heated as hot as possible, without 
burning (Table 2, p. 4-75). It is applied, usually from hand pouring pots, although ma¬ 
chines have been developed to apply the material through nozzles, from a tank maintained 
at the proper temperature. Joints are sometimes poured in the spring as well as in the 
fall. All types of joints should be sealed. 

Repair of Cracks. It is now the general practice to do nothing about hairline cracks 
that have not spalled at the edges, or opened to a width that will permit satisfactory intro¬ 
duction of the filler. Wide and badly spalled cracks are cleaned and filled like joints. 

Pumping of Joints. This is a serious problem where the slab is laid on a subgrade con¬ 
taining an excess of silty material Water, permeating a joint, softens this material and 
forms a mud. Wheel loads passing over the joint suddenly depress the slab ends, forcing 
the mud upward, through, and out of the joint. Many repetitions of this process create 
a cavity under the ends or corners of the slab and cause a lack of support that eventually 
leads to cracking of the ends or corners. Sealing the joints retards tins destructive process 
and would prev'^ent it. were the joint perfectly sealed. Perfection in this is hard to ac¬ 
complish, however. When a ca\nty has formed under the slab, it can be filled with a water- 
resisting mixture, as will be described under mudjackmg. This is an expensive but usually 
effective treatment. 


4 Rubber joint fillers are also available and give satisfactory results when the joint has been thor¬ 
oughly cleaned and the pouring temperature is closely controlled through use of a thermostatically 
regulated oil-bath heating kettle. 
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Su7-face Deterioration. This includes spalling at joints and also a progressive disintegra¬ 
tion of the surface, coiiiinonly called scaling. Where the scaling is not deep dess than I 
in.) the usual corrective jiractice is to clean the scaled surface thoroughly, brushing loose 
all of the deteriorated concrete that can be moved. The ''Urface is then sealed with one 
or more applications of ^dC-2. MC-3 or MC-4, RC-2 or RC-3, or a light to medium grade 
of tar, each application being covered with coarse sand, pea gravel, or ^ 2 -in. or smaller 
stone. Tar and sand will be batisfactory for thm patches, asphalt with stone cover when 
the deterioration has progressed farther. In the event the depth of the scaling exceeds 1 
in.. It should be patched with premixed material, using a graded stone. The maximum 
stone size will depend on the depth of the scalmg. After the surface has been thoioughiy 
cleaned, it should have a light (not more than U.l gal per sq yd) prime coat of KC-1 or 
RC-2, to bond the mixed material to the concrete. The bituminous mix is then placed 
and well compacted. It may be feathered over the borders of the scaled area to improve 
riding qualities. Care mubt be taken to avoid using too much bitumen, in the prime coat 
or the mix itself, lest an unstable or slippery buriace be created. A seal coat may be used, 
if the texture of the patch requires it. Scaling, begun, is difficult to check. It is likely to 
progress beneath the patch, the patch ultimatelv loosening and breaking up. The patch¬ 
ing process ran be repeated, but eventually it will usually be desirable to transform the 
concrete pavement into a base for an adequately heavv' surface course of asphaltic con¬ 
crete 

Repairing Settlements; Mudjacking. Unstable subgrades beneath concrete slabs, espe¬ 
cially under heav>' traffic, sometimes yield, leading to settlement of the slabs. This usua^b' 
does not occur uniformly. As a result, the coriect contour of the pavement surface is 
destro\-ed. relative vertical displacements at joints mav occur and produce rr-ugh riding 
conditions, and the pavement slabs may be cracked. Pumping of joints may also produce 
settlement and cracking at the ends and corners of slab.«. Temporary relief from the di.«- 
comforts of a rough pavenient may be .secured by adjusting the surface with bituinitious 
patches or wedges, but mudjacking the slabs back to their correct position, and filling 
any voids that may have been created beneath tiieni. is the more permanent cure. The 
mudjacking process utilizes a machine consisting of a slurry mi.xing tank, and a high-pres¬ 
sure pump, together with air conipres.sor. hose, drilling equipment, etc. The process con¬ 
sists in drilling holes through the slab and forcing the slurry through them until the slab 
is raised and “floated’’ back to its correct elevation. If. in the process of settlement, hori¬ 
zontal as well as vertical displacement has occurred, tackle and a winch are used to move 
the slab horizontally while it is supported on the semifluid .«lurry. Tne slurry may contain 
any type of earth (loam. clay. silt, etc ) that will retain water under a pressure of oOU lb 
per sq in No more than of c of sand should be present. Usually about 2 bags of cement 
should be used with each cubic yard of earth. Tlie amount of water to be used is largelv 
a matter of experience—large areas imply a thinner mix than small ones. Holes are or'h- 
nanly 2 ^,'2 in. in diameter, and are placed on 5-ft centers m rows about 3 ft from each 
edge of the slab. Hole.s in the two rows are staGvered, Pumping prog.'^e.sses from hole to 
hole, in such sequence as to relieve rather than increase the stresses that were caused by 
settlement of the slab. Only enough material is forced through a hole to produce a small 
lift at any one time. The hose is then moved to another hole, also chosen so as to relievo 
rather than increase stresse.^. The process continues from hole to hole until the prope’ 
movement has been accomplished. This may involve pumping several times through the 
same hole An earth dam is maintained around the free edge of the slab to prevent leak¬ 
age of the slurry. Drilling may be done well in advance of the actual jacking. Joint ma¬ 
terial should be removed to prevent binding between adjacent slabs. About 2 weeks after 
the slabs are raised, the holes are filled with concrete plugs the full thickness of the .slab, 
with a cement grout to hold them in place. Traffic should be kept off the raised slabs for 
24 hr. 

Cats in Cow'Tpte Pavements. When a cut must be made in a concrete pavement, it should 
be made with straight, parallel edges. The concrete that Ls t' be removed should be 
broken up to expose the reinforcement for a length of a foot or more, and the bars or laesii 
.should be cut at that distance from the edge of the rernuinmg slab. As for a sheet asphalt 
pavement, the .slab opening should be made somewhat larger than the excavation that i^ 
to be made in the subgrade, in older to proxnde a .shoulder of sfhid material for the patch 
to rest on. The excavation is backfilled and thoroughlv compacted. It ia desirable then 
to remove the subgrade material under the edge of the old slab, for 4 to 6 in. back from the 
edge and to a depth of 4 to 0 in. The new conciote ij> worked into this space. The rein¬ 
forcement of the old slab is pulled out again to its original position to bond with the new 
concrete. New reinforcement should be placed m the patch, about 2 in. from the bottom, 
and transversely to the trench. The patch is made of dry concrete, sometimes using high 
early strength cement or an accelerator. 
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20. MAINTENANCE OF SHOULDERS 

The most important functions of shoulders are: (1) to provide space for veiiicles leaving 
the travel path, in emergency, by accident, or m order to park; (2j to conduct s*- -face 
water from the pavement area to the ditches, (3’- to support the edge of the pavement or 
road surface. ^laintenance should preserve these functions, regardless of the type of 
.shoulders. Hence shoulders should be kept stable, smooth, and with the proper elevation 
and croas slov.»e. The most frequent defect of shoulders is eroaion at the pavement edge. 
This defeats all three functions; it creates a traffic hazard, it collects and holds water: 
and it deprives the edge of the road surface of any support. 

Turf Shoulders. These require maintenance of a firm, tough mat of sod, and require 
that the grass be mowed often enough to make the solid character of the shoulder evident 
to the driver, as well as to maintain the sod in healthy condition and to lessen hre hazard 
m dry seasons. Turf shoulders erode readily under tlie wheels of traffic running acci¬ 
dentally off the pavement edge Especially in the spring, rutting and tearing of the sod 
ma^- occur under traffic. Sucii ruts should iiuiuediaiely be fiiled with suitable soil, and 
grass reestablished bc' sowing seed as early m tlie growing season as possible. Sodding 
may sometimes bo desirable Fertilizer should be applied as needed. When the growth is 
heavj’, cuttings should be raked from the shoulder; light cuttings, unless they create a 
fire hazard, may advantageously be left to supply humus to the soil. Power-driven mow¬ 
ing machines especially designed for shoulder and slope work are available, Shoulders 
should never be burned off. Turf shoulders have a tendency to build up, gradually, through 
natural growth processes aided by the deposit of foreign matter and by frost action. Thej' 
mu-st penodicalb’ bo brought back to the proper elevation. Sometimes rolling will correct 
the trouble, if done wliile the ground is saturated Otherwise the shoulder must be planed 
down. This should be done earl.v m a grass-gruwing season—spring or fall. Any tall 
grass or weed grot%th should first be mowed. The shoulder is then disked or fiarrowed so 
that large chunks of sod vdW not be planed off. The harrowed material, to a depth that 
will include much of the grass roots, U then bladed to a windrow along the outer edge or 
the shoulder. Enough of the underh mg soil is then planed off so chat when the sod frag¬ 
ments have been replaced and have reestablished theinselves, the shoulder elevation w'lil 
be satisfactor>'. A drop-off of approximately 1,2 io. from the pavement edge to the turf 
shoulder is permissible, in order to increase the time before the shoulder may have to be 
planed down again The new shoulder subgiadv is lightly scarified. The wiiidrowed 
material is then spread uniformly over it. and la disked and bladed to produce a smooth 
surface. Fertilizer, loam, and seed are applied if and as nece^.$a^y to create conditions 
requisite to the reestablishment of turf, after w'hich the shoulder may be lightly rolled. 
Turf shoulders cannot be maintained satisfactorily on a heavily traveled road; hence, as 
tiaffic increases it may be neces.sary to replace them with a more appropriate type. AUo, 
where turf shoulders are generally maintained, it may be desiiable to use a shoulder of a 
firmer type opposite mailboxes and at other points where there is a considerable passage 
over the shoulder. This will especially be true on the inside of curves Turf shoulders 
are sometimes used in combmation with a biiimimous shoulder strip adjacent to the pave¬ 
ment. 

Stabilized-Soil and Untreated Gravel or Stone Shoulders. The most frequent and 
most serious fault of such shoulders is erosion at the pavement edge. This is corrected by 
dragging the shoulder to redistribute loose material, drawing it higher on the shoulder. 
From time to time, the addition of new material may be retiuired This should be of the 
best quality obtainable so cliat the stability ol the shoulder is gradually improved by the 
additions rather than lessened. New material may be applied by hand or witii mechanical 
spreaders. A box-type drag is sometimes used. Material, especially that placed adjacent 
to the pavement edge, should be compacted to give it stability. A coirect cross slope 
(3/4 in. to 1 in. per it for this type of shoulder) should be maintained. Besides dragging 
to redistribute loose material, it may sometimea be necessar> to blade oi plane the shoul- 
<ler to the proper contour. In shaping the shoulder, no loose material should be left on 
the pavement surface. Care must also be taken not to create a false ditch between the 
pavement edge and the true ditch. 

Bituminous-Treated Shoulders. Maintenance of such shoulders consists of patching, 
surface treating, and occasionally scarifying and rebuilding. Each of these operations is 
earned out as described for road surface'' of comparable materials. Prevention is more 
economical than repair: and prompt lepair is cheaper than delayed and consequently 
inore extensive repair Especialh, holes developing near the pavement edge should have 
quick attention, not only for economy but to avoid a seriou'* traffic inizaid The higher 
the type of shoulder, tlie greatei is the :e-poiisibihiy to keep it in good repair, since the 



4-106 


HIGHWAY ENGINEERING 


higher are the speeds at which cars are likely to be driven onto the shoulder. Not onh* 
should surface breaks be promptly repaired, but obstructions such as fallen branches and 
rocks should be removed as (iiuckly as possible. 

Paved Shoulders. Paved shoulders are made by penetration or by road or plant-mix: 
methods, and their maintenance is generally as described for road surfaces of those types. 
Defects aie the same as for the surface-treated shoulders Just described. Since paved 
shoulders are generallx’ found alongside important, high-speed roads, it is especially im¬ 
portant that the shoulder area, particularly that part adjacent to the pavement edge, b3 
suitable for high-speed vehicle operation. 

Combination Shoulders. It is sometimes found economical and satisfactory to construct 
a shoulder of two tx pes, the higher type adjacent to the pav'ement The usual combina¬ 
tion is a bituminous or paved strip with turf beyond. This will resist erosion from traffic, 
support the edge of the pavement, and prevent the entrance of water near the pavement 
edge. Furthermore the problem of planing down the turf will be less serious. The bitumi¬ 
nous strip should never be less than 3 ft wide, and 4 ft is preferable. 


21. MAINTENANCE OF DRAINAGE 

Proper drainage maintenance requires that ditches and stream channels be kept open, 
that catch basins, manholes, storm sewers, and culverts be cleaned as often as needei.1. 
that erosion of ditches, of stream channels, and at the inlets and outlets of culverts b? 
promptly repaired, that failed sewers or culverts be replaced, and a constant lookout bs 
kept for all evidences of inadequate or faulty drainage and proper corrective steps taken. 
Faulty drainage can nullify almost any other mamtenance effort. 

Ditches and Stream Channels. The shallow ditch section recommended for rolling 
country lends itself to simple and economical mamtenance, since the normal shoulder slope 
is continued to the outside of the ditch and a proper ditch botto contour is mamtained 
by the normal shoulder blading and grading operations. Great care must be taken, how¬ 
ever, not to undercut the back slope of the ditch, creating a steeper surface than -rt”!!! be stable 
If this happens, the slope will be undermined and a long process of slope disintegration is 
likely, unless counter measures are taken. When the back ditch slope io undercut, it will 
often be cheapest, in the long run, immediately to install a berm ol bituminous mixed 
material (nothing else is likely to be sufficiently stable to resist erosion) to replace the 
material that was cut away. 

If the road has a deeper (say 1 on 4 slope; ditch section, this can ordinarily be kept open 
with grading equipment. If the ditch sides and bottom are sodded, the grass should be 
kept well mowed so as not to impede the flow of the water and lead to silting up of the 
ditch. If the ditch design was inadequate to prevent erosion, it is important that this be 
checked as .soon as discovered. Sodding the ditch may be effective, or paving it with cob¬ 
bles. bituminous material or cement concrete may be required. Whatever the ditch prob¬ 
lem. delav in recognizing an<l soUdng it will be costlv Stream channels which receive 
highway drainage must be kept clear and open. This may at times require corrective work 
on private propertv outside highway limits Channels subject to scour should be closeh- 
watched to forestall erosion which might be very costly to the pavement, road shoulders, 
or drainage structures. 

Catch Basins, Manholes, Culverts, Storm Sewers, and Underdrains. All such element', 
of a drainage system should be inspected frequently enough to assure their proper func- 
tinmng. When sand is used on roads in winter, catch basins often become filled rapidlv 
Thev can be shoveled out bv hand, but, if there are many, use of a cateh-basm eductor 
will be economical. This machine consists of a pump which puts water into the catch 
basin with enough velocity to stir up the san*! or other deposit and which, through another 
hose, withdraws the water and suspended solids Storm sewer or culvert pipes which hav * 
partial!V silted up should be flushed with a tire hose, il water and pumping facilities ar-* 
available. pipe culvert which is completely plugged can usually be opened with a hos’ . 
operated from the downstream end. The outlets of all perforated drains should be peri¬ 
odically inspectetl. at time-? when thev should normallv be dLschaigmg water, to see that 
thev are continuing: to function pruperiv. If not, the likelihood is that the filtering material 
in the trench has become clogged with silt. The trench will have to be excavated and re¬ 
plied with clean material. This should be done before the road has suffered from failure 
of the drainage system to dewater the roadbed. 
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22. MAINTENANCE OF ROADSIDES 

Roadside areas, from a highway maintenance standpoint, mav conveniently be defined 
as all areas within the highway right-of-way designed tor vegetative treatment. Tb.h will 
include medians, unless paved. All cut-and-fill slopes are also considered part of the road¬ 
side, although, 111 the case of rock cuts, vegetative treatment may be lacking. The prin¬ 
cipal roadside maintenance activities are: 

Mowing and otherwise caring for grassed areas. 

Weed control and eradication. 

Care of trees and shrubs. 

Maintenance of slopes. 

Maintenance of picnic, recreational, or rest areas. 

Some of this w’ork is more or less continuous in its requirements, some is seasonal, and 
aonie may be done at any season, enabling it to be fitted into a continuing program, as the 
pressure of more urgent work permits. Hence, for economy, the work should be carefullv 
scheduled. 

Mowing and Other Care of Grassed Areas. This should be in keeping with the sur¬ 
roundings. In more or less formal, urban areas, close mowung may be desirable and 
warranted; in rural areas, more attractive as well as more economical results will usuall>' 
he secured if mowing is restricted to that necessary for maintenance of shoulder usa¬ 
bility and of traffic sight lines, (2> maintenance of the health of the gras« (3) control of 
fire hazards. The grass should not be too closely cropped. Frequency of mowing vario> 
with rainfall, etc., but it usually will not have to he repeated more than two to four tlme.■^ 
a growing season Turf shoulders will require more frequent mow’ing than slopes and other 
areas farther from the traveled way. Ground cover within highway areas need not neces¬ 
sarily be grass. The most pleasing effect will often be secured Itirough use of the plant 
materials that are native to similar areas in the region. On new slopes, this cover may 
often be secured by mulching tiie area with seed-bearing roadside cuttings. The Con¬ 
necticut Highw’ay Department utilizes the following practices for the establishment of 
roadside ground cover to meet different conditions: 

“(a) Application of mulch—consisting of roadside mowings, poor grade hay, litter from 
the floor of the forest, et cetera—is a method which in some instances may be used satis¬ 
factorily. In many areas, particularly adjacent to existing stands of desirable plants, 
volunteer growth quickly becomes established in the mulch without further treatment. 

“(6} Application of mulch with seed sowed on top or underneath m some locations gives 
satisfactory results Seed shall be sowed either m the /all or spring For late seeding a 
liglit cover of mulch over the seed serves to furnish the new grass protection against the 
exce^rsive cold of winter or the heat of summer. Mulch underneath serves to furaush the 
moisture and humus necessary to germination and subsequent growth. 

“(c) Where the application of mulch is a potential fire hazard, it must be covered lightly 
with topsoil and seeded. Flowever, even in such instances, the use of mulch reduces the 
depth of topsoil wiiich would otherwise be required. The mulch serves to stop surface 
wash, adds humus to the soils, and conserves moisture, encouraging the influx of volunteer 
growth. 

‘ (d) In the interest of economy, machine methods have been used e.xperimentalls* with 
excellent results for spraying seed, fertilizer, and topsoil over mulch. Beyond question, 
judging from results obtained through e.xpenmentiition in machine spraying, this method 
will become one of the foremost standard practices for the estabh-hmont of turf ground 
cover. 

“(e) The application of topsoil to a given depth and seeding, is the standard method for 
median strips, grass shoulders, traffic control areas, and in front of houses where the turf 
must be maintained as a lawn or frequently mowed 

“(/) Occasionally, little or no topsoil is required where soil tests reveal that the quality 
of the existent subsoil is such that it can be econoimcuLly built up by proper amendment, 
such as the addition of fertilizers, lime, or sowing cover crops. 

“(g) The planting of shrubs or vines may be used in conjunction with mulch, confining 
the selection largely to native species, preferably indigenous to the locality, which will 
readily colonize or adapt theinseU'es. In conjunction with tiiia method no pockets aie 
prepared, the plant material being m.stalled directlv into the exi.>tiiig "oil. Wheie sm 
acidity or any other necessary soil constituent is lacking, the proper feitilizer or soil cor¬ 
recting agent is usually added. 
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’‘(A) Sodding may be done with either turf or low-growing compact plant material, 
such as Lowbush Blueberry, Bearberry, certain, ferns, et cetera. Sodding is done primarily 
for protection on steep slopes whi^h cannot otherwise be established: in interception drain¬ 
age ditches and ‘leakoffs’: and around structures where erosion is likely to occur. Solid 
sodding of slopes is not the usual practice in this state due to the fact that the estabhsh- 
ment of the ground cover through this method is not economical.” 

Weed Control. Allied to the maintenance of suitable cover on roadside areas is the 
elimination of noxious weeds. Weeds may be undesirable because of appearance, hazard, 
O! annoyance to the public from sUch growths as poiaon ivy or ragweed, or because of the 
infection they carry to weed-free agricultural areas. Adequate mowing is the foremost 
form of weed control, but weed-kilhng chemicals mav often be economically and effec¬ 
tively used to supplement it In rural areas, plant growth of non-noxious types may de¬ 
sirably be left in fence corners, etc., as a shelter for wild life 

Care of Trees and Shrubs. This includes, primarily, the elimination of diseased and 
dead wood and, in some regions, spraying of certain species of trees tor the control of in¬ 
sect pests or insect-borne diseases. When spraying is done, care should be taken to keep 
spray materials off passing automobiles, and off adjacent homes. The planting of \ ouiig 
iiees and such supplementary caie as fertilizing, watering, pruning, and guying may also 
be part of roadside maintenance, as is the emergency removal of fallen trees and branches 
after storms. Much tree work is seasonal, and fortunately, it is naturally well distributed 
through the \'ear. The trimming of large trees is hazardous work chat should be entrusted 
oni\' to competent personnel adequately provided with the proper tools, ropes, and other 
safety equipment. Especial care must be taken where any utility wires may be encoun¬ 
tered. The trimming of trees to clear such wires should generally be a respon.-yibility of the 
otsning utility-, with supervision from the highway authority to see that uiinecessar>' dam¬ 
age IS not done to roadside growth. In trimming trees, care must also be taken not to en¬ 
danger the traveling public from falling branches, etc. Besides eliminating dead and dis- 
eaied wood, selective trimming and pruning of roadside tree and shrub growth may be re¬ 
quired to maintain sight lines at horizontal and vertical curves, intersections, etc ; to 
preserve the visibility of warning and direction signs; to prevent interference with the 
prescribed standard vertical veliicle clearance, and to eliminate certam types of vegeta¬ 
tion that serve as hosts to insect pests. The waste products of roadside trimming may be 
disposed of by burning, care being taken to observe laws relating thereto. Noxious weeds 
TiVAv also advantageously be burned, to insure destruction of their seeds. 

Maintenance of Cut-and-FiU Slopes. Both out and fill slopes are best stabilized with 
vegetable grow'th, where this is feasible. In some cut slopes, it nia,y be necessary to re¬ 
move* excessive water by installing drams. Erosion should be closely watched, on both cut 
and lill -ilopes, and checked, if possible, before it causes serious damage This may require 
the construction of berms and downspouts on fills, and of intercepting ditches on the top 
of slopes. Rock slopes in cuts should be watched for loose rocks and scaled as necessary. 

Picnic and Rest Areas. These should be carefully planned from the standpoint of 
pleasantness and sanitation of use, and lack of any hazard in entering or leaving. This 
latter implies adequate advance notice of the area (preferably' about 1000 ft), as well as 
suitable parkmg facilities with well-designed entrances and exits, where necessary. The 
area may vary from a simple table with attached benches and a tra-sh receptacle, under a 
tr‘‘e beside the road, to areas of substantial size with parking facilities, an extensive lay¬ 
out 'if footpaths, tables, and fireplaces, drinking water, toilet facilities, etc. In every case, 
convenient receptacles for the deposit of trash and litter must be provided, and, even so, 
frequent attention must be given to cleaning the area. 
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AIRPORT ENGINEERING 


GENERAL DATA 


This section covers the essential planning and design considerations involved in the 
development of airports to be used primarily for cKilian operations. Although cmlian 
and commercial requirements are stressed, it should be understood that the entire section 
is applicable to military airports However, since operational needs at military airports 
may differ greatly from those at cudl airports, each military agency should be consulted 
relative to the planning and design details peculiar to its branch of ser^dce. 


1. PRELIMINARY PLANNING 

In planning the development of an airport, the principal problem is to determine what 
type of airport will adequately serve the future as well as the immediate aviation needs of 
the community, with due consideration being given to the relationship that the proposed 
airport will bear to existing and other proposed airports in the area. Information relative 
to other airports in the area can be obtained from local, state, and federal aviation agen¬ 
cies. Coordination with these agencies during the preliminary planning stages is extremely 
important. It will insure the future of the airport by the fact that it will be part of an 
approved airport system. 

Preliminary planning for any airport should take into consideration (1) population of 
the city and its trading area; (2; distance between adjoining cities or airports and the area 
in square miles to be served by the airport: (3) local topography as it affects the cost of 
construction; (.4) local flying, including the present and future requirements of flying 
schools, the number of privately owned aircraft located in the community, the number 
owned by commercial firms, and charter operations, both local and itinerant; (5) scheduled 
air-lme requirements both intrastate and interstate, present and future; (6) aerial tourist 
travel, including private planes, charter operations, and seasonal fluctuations of air-line 
traffic due to tourist travel; (7) postal receipts of the city and its trading area to evaluate 
air-mail and express possibilities; (8) retail sales of the city and trading area wdiich will 
give some indications of the potential aviation business in the locality; (9) national defense; 
(10) intermediate point on an established airway for emergency, refueling, or convenience; 
and (11) possibility of diversity and volume of air traffic necessitating the location of sev¬ 
eral airports of different classes around a municipality. 


2. NATIONAL AIRPORT PLAN 

A National Airport Plan is prepared by the Civil Aeronautics Administration in accord¬ 
ance with the requirements of the Federal Airport Act (Public Law 377, 79th Congress, 
as amended) To assist in the development of airport facilities required for locations in¬ 
cluded in the National Airport Plan, the Administrator is authorized to grant federal aid 
to appropriate sponsoring agencies 


3. FEDERAL AID 

The Federal Airport Act Tvas passed by the 79th Congress (2nd Session, Public Law 377) 
to provide for the development or improvement of public airports within the continental 
United States, Alaska, Hawaii, and Puerto Rico. On April 17, 1948, the act was amended 
by the 80th Congress (2nd Session), to include the Virgin Islands in the program. Under 
the act. as further amended, annual appropriations amounting in the aggregate to $520,- 
000,000 are authorized to be made to the Administrator over a period of twelve fiscal 
years. The maximum appropriation allowed for any fiscal year shall not exceed $100,000,- 
000 and shall remain available until June 30, 1958, unless sooner expended. 
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Within the limits of fiscal-year appropriations and contract authority, projects are pro¬ 
grammed to the extent possible from the National Airport Plan in the following manner; 
(1) submission of requests for federal aid by eligible sponsors, (2) evaluation of the pro¬ 
posed projects for the preparation of a tentative allocation, (3) issuance of tentative allo¬ 
cations and funds to sponsors. 

Thioughout each fiscal year the program is constantly under re\T.ew. It is analyzed in 
regard to progress on the specific projects included and m relation to general aeronautical 
trends. Every effort is exerted toward creating a comprehensive national network of air¬ 
ports to encourage the development of air commerce m the United States, and to increase 
the national security. 

In general, the United States’ share of costs of an approved project for the development 
of an airport is o0% of allowable project costs (other than costs of land acquisition or of 
installation of high-intensity lighting on designated instrument-landing runways). 

Exceptions to this rule are (a) the states containing unappropriated and unreserved 
public lands and non-taxahle Indian lands in excess of 5% of the total area of all land within 
the state, and (b) the Territory of Alaska and the Virgin Islands where the U. S. share is 

75 %. 

Of the federal-aid funds appropriated by Congress, 75% is apportioned among the states, 
one-half in the proportion which the population of each state bears to the total population 
of all the states, and one-half in the proportion which the area of each state bears to the 
total area of all the states. 

The remaining 25% goes into a discretionary fund which the Administrator may use for 
allowable project costs on approved projects regardless of the states in which they are 
located. 

Engineers should check with local CAA ^ district offices relative to the current changes 
in the U. S. share, which may result from amendments to the Federal Airport Act. 


4. TRAFFIC AND ECONOMIC STUDIES 

In order to formulate and rexfise the National Airport Plan, it is necessary* to (11 de¬ 
termine the amount and kind-s of existing and potential needs of both air commerce and 
private flying for airports on a nationwide basis. (2) examine and evaluate the existing 
airport system; (3) utilize to the best advantage existing facilities: (4) anticipate additional 
facilities needed; and (5) determine the relative urgency of necessary airport development 
for inclusion in the National Airport Plan so that the right kind of airports may be pro¬ 
vided m the right places—and at the right time. 

Fundamental to these determinations are general economic studies aimed at establish¬ 
ing criteiia and standards of community aeronautic need, measuring the aeronautic po¬ 
tential of the communities of the country and translating this potential into airport re¬ 
quirements Such general studies are carried on by the CAA, and the results are avail¬ 
able to airport planners and designers. These studies deal with air-transportation and 
air-cargo potentials, traffic volume and peak movements; space requirements and utiliza¬ 
tion at terminal airports are issued as an port planning publications As of June 1950, 
the following reports have been issued. (1) Economic Character of Communities, (2) Air¬ 
line Passengers, (3) Airmail Potentials. (4) Domestic Air Cargo, (5) Airport Activities, 
(6) Personal Aircraft, (7) Peak .\ir-Carrier Movements at Airports, (S) Airline Travel 
Distances, (9) Airport Facilities. (10) ('ommunity Airport Requirements, and (11) Effec¬ 
tive Community Air-Traffic Potential. 

The information contained in these reports is extremely useful in estimating the airport 
needs of a community, and they should be consulted in the preparation of an airport plan. 


5. AIRCRAFT TYPES 

Dimensions, weights., and other characteii^tics of typical aircraft are given in Table 1; 
a key to the dimensions is shown iri Fig 1. Conventional landing gear refers to aircraft 
having a tail wheel as compared with planes having tncycle landing gear. Transport 
planes having tricycle landing gear are equipped with dual wheels on each landing strut; 
all others have single wheels 


1 In the following pages the symbol CAA will be used when referring to the Civil Aeronautics Ad¬ 
ministration of the U S. Department of Commerce 
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Table 1. Aircraft Types 

Dimensions, ft and in 


A 

Model W ing 

Company Desiguaiion Span 

Snicll phnes, conievtio’ial lah'iin.j 
Aeronca /AC-Chaupion 35 0 

Aeroiica !! C'C-':?u['er Ch.ef 3b I 

BtlLinca 14-13-2 Cr.asair 34 2 

Cessna 140 32 10 

Cessna 195 36 2 

Faircni!'! F-24 36 4 

Luscombe 8E 35 0 

Luscombe II-A 31 0 

Mevers MAC-125C 30 0 

Piper PA-11 35 3 

Pifer PA-12 Cruiser; 35 6 

Stinson 150 \oyager; 34 0 

Tayloreraft B012-D 36 0 

Texas GG-IA (Swift) 29 4 

Small planes, tricycle landing gear 
Beech 35-BoDan2a 32 10 

Erco 4’5-DErcoupe 30 0 

Ryan Nav-4 Navion 33 5 

Transport planes, contenOona/ landing gear 
Beech D-18-S 47 7 

Boeing 247D 74 0 

Boeing 307B-Stratoliner 107 3 

DoueUs DC-3 95 0 

Lockheed lS-08 Lodestar 65 6 

Northrup N'-23 Pioneer 87 0 

Transport planes, tricycle landing a- ir 
Boeing 377-Strato(Tuiser 141 3 

Consolidated Vuitee Convair-Liner 91 9 

Douglas DC-4 117 6 

Douglas DC-6 117 6 

Lockheed 749-ConsteliatiOQ 123 0 

Martin 202 93 4 


D = tail width 










B 

C 

D 

E 

Gross 

ber of 




Tail 


Weight, 

En- 

Total 

Length 

Height 

Width 

Tread 

lb 

gines 

Hp 

21 6 

7 0 

10 2 

6 10 

1,220 

! 

65 

20 9 

6 7 

10 2 

6 0 

1,350 

1 

85 

21 3 

6 3 

10 10 

8 11 

2,100 

1 

150 

21 6 

6 3 

8 10 

6 5 

1,450 

1 

85 

27 4 

7 2 

10 7 

7 11 

3,350 

1 

300 

25 10 

7 8 

12 2 

9 3 

2,562 

1 

165 

20 0 

5 11 

10 10 

6 4 

1,400 

1 

85 

23 0 

5 2 

11 10 

8 4 

2,280 

1 

165 

20 10 

8 6 



1,675 

1 

125 

22 5 

6 8 

9 6 

6 1 

1,220 

1 

65 

23 0 

0 10 

9 6 

6 3 

1,750 

1 

100 

24 6 

6 10 

11 2 

7 1 

2.150 

1 

150 

22 0 

6 10 

10 0 

6 0 

1,200 

1 

65 

19 7 

6 1 

9 9 

9 9 

1,710 

1 

125 


23 

2 

6 7 10 6 9 7 

2,530 1 

165 

20 

9 

6 0 

1,400 ! 

75 

27 

3 

8 9 8 3 

2,750 1 

185 


34 

0 

9 3 

13 

6 

12 

11 

8,750 

2 

900 

51 

4 

15 5 

25 

6 

17 

3 

14,000 

2 

1,100 

74 

s 

20 9 

44 

0 

24 

7 

54,000 

4 

4,400 

64 

0 

1611 

26 

8 

18 

6 

25,200 

2 

2.400 

49 

10 

17 10 

25 

10 

15 

4 

18,500 

2 

2,400 

66 

6 

16 10 

32 

b 

23 

3 

25,700 

3 

2,400 


no 

4 

38 3 

43 

0 

28 

6 

140.000 

4 

14,000 

74 

8 

2b 11 

36 

6 

25 

0 

39,500 

2 

4.800 

93 

5 

27 7 

39 

6 

24 

8 

73.000 

4 

5.800 

lOi 

6 

28 5 

46 

5 

24 

8 

93,200 

4 

8,400 

95 

1 

2310 

50 

0 

28 

0 

102.000 

4 

10,000 

71 

4 

28 5 

36 

6 

25 

0 

39,900 

2 

4,800 




_ B = length _ 

O ® _JL 

Tricycle landing gear 


O 

II 

A 

OQ 


Fig. 1. Aircraft diiiien-sions 
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6. DESIGN STANDARDS 


Runways and Taxiways. Diinensionai standards, strength requirements, gradients, and 
clearances for runways and taxiways, as recoiuniended by the CAA, are given in Tables 
2 and 3. The airport seivice types are defined as lollowa* 

Personal: Airports to handle light (up to 3000 lb' aircraft for small communities or 
urban areas. 

Secondary: Airports for larger (2000-15.000 lb> aircraft in non-scheduled dying activ¬ 
ities. 

Feeder: Airports to serve certificated feeder airlines. 

Trunk line Airports to serve smaller cities on airline trunk routes. 

Express: Airports at important cities or junction points on trunk routes. 

Continental Airports serving aircraft making Ic nun-stop domestic flights. 

Intercontinental Airports teiminating long international flights. 

Intercontinental express: Airports serving the higheoC t\'pe of transoceanic flights. 


Table 2. Airport Design Standards 

Pavement Loading 

Mminium Widths, ft Maximum Grades. per Wheel in 1000 Ib 



Runway 

Landing 


Effec- 

Longi¬ 

Trans- Single Dual 

Type of Serwce 

Length, ft 

Strip 

Runway Taxiway tive * 

tudinal 

verse Wheel Wheel 

Personal 

1500-2300 

200 

50 T 201 2 

3 

3 I 

+ 

4- 

Secondary 

2301-3000 

250 

75 T 301 1 l/'2 

2 

2 : 

+ 

+ 

Feeder 

3001-3500 

300 

!00 40 


1 1/2 

1 1/2 15 

20 

Trunk line 

3501-4200 

400 

150 50 


1 1/2 

1 1/2 30 

40 

Express 

4201-5000 

500 

150 60 


1 !/'> 

1 I/O 45 

60 

Coiitmentai 

5001-5900 

500 

150 75 


1 1,0 

1 1/2 60 

80 

Intercontinental 

5901-7000 

500 

200 73 


1 1/2 

1 1/2 75 

100 

Intercontinental express 

7001-8400 

500 

200 100 


11/2 

1 1/2 100 

125 

* Maximum effective gradient is obtained by dividing the maximum difference in runway center-Une elevation by the 

total length of the runway. 







t Pavement not required 







t When pavement is used it shall be designed in accordance with Part \TI of this section of handbook 


Table 3, Minimum Clearance Standards 

on Airports 






Center 





Runway 

Center 


Line of 


Center 

Center 


Center 

Line of 


Taxiways 

Center 

Line of 

Lme of 


Line to 

Parallel 

Center 

to 

Line of 

Runway to 

Runway to 


Ta.xiway 

Runways 

Line of 

Aircraft- 

Taxiway 

Building 

Building 


Center 

Contact 

ParaUel 

Parking 

to Ob¬ 

Lme Un- 

Line ^’Nod- 

Type of Service 

Line 

Operations 

* Taxiways 

Area 

struction 

strument) 

Instrument) 

Personal 

75 

150 

60 

50 

50 


130 

Secondary 

150 

300 

125 

no 

75 


225 

Feeder 

200 

500 

150 

130 

100 

750 

300 

Trunkline 

250 

500 

200 

175 

100 

750 

350 

Express 

300 

500 

250 

220 

125 

750 

425 

Continental 

350 

500 

275 

240 

150 

750 

500 

Intercontinental 

400 

700 

300 

260 

175 

750 

575 

Intercontinental express 

450 

700 

325 

280 

200 

750 

650 


* For instrument operations, a minimum of 3000 feet has been suggested but no firm standard has been established. 
The matter is still under study at this writing. 


Runway lengths shown in Table 2 are for sea-level elevation, standard sea-level tem¬ 
perature of 59°F, and zero per cent effective gradient. 

These lengths should be increased for airport elevation at the rate of 7*^ for each 1000 
ft of elevation above sea level. This corrected length should be further increased at the 
rate of one-half of 1% for each degree that the mean temperature of the hottest month of 
the year, averaged over a period of years, exceeds the standard temperature. 

The runway length should also be increased to correct for runway gradient at the rate 
of 20% of the length corrected for altitude and temperature for each 1% of effective run¬ 
way gradient. The effective runway gradient is determined by dividing the maximum 
difference in runway center-line elevation by the total length of the runway. 
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The mean (average! monthly temperature of the hottest month may be obtained from 
the local V. S. Weather Bureau station, or from the Weather Bureau’s publications Bul¬ 
letin W and Climatological Data When the mean tempeiature is available for July only, 
thi'^ may be used It can be obtained from the 1941 Yearbook of Agriculture CUrnaU and 
Man, publication of the V. S. Department of Agriculture. The standard tempeiature of 
a site can be obtained b\ reducing the standard sea-level temperature of 59°F at the rate 
of 3.566° per thousand feet of elevation 

Example of Runo-ay-Length. Correction The following example shows the corrective 
procedure- 

Determine the length of runways required when the runway length under standard con¬ 
ditions h 4200 ft and the an port has an elevation of 3400 ft, with 70°F as the average tem¬ 
perature of the hottest month and an effective gradient of 0.25%. 

1 Altitude correction: Runway length to be increased 7% per 1000 ft of elevation above 
sea level, or 

(0.07 X 3.400)4200 4200 = 5200 ft 

2. Temperature correction: Runway length corrected for altitude to be further increased 
0.5% for each degree which the temperature of the hottest month exceeds the standard 
temperature of the site, or 

59 - (3.566 X 3.400) = 46.9°F 
0.005(70 ~ 46.9)5200 + 5200 = 5800 ft 

3. Effective gradient correction; Runway length corrected for altitude and temperature 
to be further increased 20% for each 1% of effective gradient, or 

(0.20 X 0.25)5800 + 5800 = 6090 ft 

Using a length to the nearest 100 ft. the corrected runway length for temperature, ele¬ 
vation, and gradient, therefore, is 6100 feet. 

Obstructions to Air Navigation. In order to provide uniform criteria, the CA.\, in con¬ 
junction with the Federal Communications Commis.sion, the Department of Defense, and 
appropriate branches of the aviation and broadca.sting industries, has developed a stand¬ 
ard method for determining obstructions to air navigation. This standard has been issued 
as Technical Standard Order Nl8- It establishes the allowable heights of obstructions 
in the approach ways and turning zones. 

Clearance over Highways and Railroads. Figure 2 shows the recommended minimum 
clearances for (1) the horizontal distance between the end of the landing strip and tlie rail¬ 



road or highways, and (2) the vortical distance between the railroad or highway and the 
obstruction clearance line. It may be desirable to increase these minimum clearances 
where the extended center line of the runwray intersects the highway or railwav at an acute 


2 TSO-N18, Criteria for Determining Obstructions to Air Navigation, April 26, 19.50, available from 
Aviation Information Office, Civil Aeronautics Adniimstration, Washington 25, D. C. 
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angle or where the portion of the highway or railw'ay adjacent to the intersection has an 
appreciable gradient. 

Vertical Curves and Sight Distances. For safety during take-off and landing operation^, 
abrupt grade changes on runwaj's should be avoided. For this reason, longitudinal grade 
changes should not exceed 3% for personal and secondary airports or 1 h' 2 % for feeder or 
larger airpoits. Longitudinal interseetmg grades should be connected with vertical curves 
when the grade change is greater than 0.40% The length of vertical curves should be 
300 ft for each 1 % change in giade for personal or secondary airports, and 500 ft for each 
1% change in grade for feeder or larger airports 

Changes in grades should be located »o that the distance in feet between two successive 
points of intersection will not be les-? than 25,000 times the sum of the gtade changes (ex¬ 
pressed as a decimal) at these successive points of intersection for peisonal or secondar\- 
airports, and 50,000 times the ^uia of the grade clianges foi leeder or larger airports. Thes? 
requirements for grades are illustrated m Fig 3 



Fig. 3. Vertical curves required when irrade chan>;es such as a or 6 exceed 0.40'^, 


Maximum grade ohamre such as a or 6 not to exceed 
Length of vertical curve (Lj or L^) 

Distance in feet between points of intersections for vertical 
curves, or D 


PfifOiial 

or Secondary 

300' for each 
1 '^c grade change 


Feeder or 
Largi^r Airport 
1 ’ 

500' fiT PHch 
1 % grade chanire 


25,000 (a + 5) 50,000 (a -r h‘ 


Example Asi^umeit » +10%, y * —0 5%,andz = +0.4%. Then o ^algebraic difference between 
X and y) 1.5% and 6=0 9%. 

For personal or secondary airports. 

Li (length of veru.-al curve) = 300 X 1.5 = 450' and Lo = 300 X 0.9 = 270' 

D (distance between points of intersections) = 25,000 (0.015 0 009; = 600' 


For feeder or larger airports' 

Li = 500 X 1.5 = 7.50' and = 500 X 0.9 = 450' 

D = 50,000 (0 015 -r 0 009) = 1,200’ 


As a minimum requirement, runway grade changes should be such that there will be 
an unobstructed line of sight from any point o ft above the runway to any other point 
also 5 ft above the runway within a distance of at least 500 ft plus one-half of the length of 
the lunway. The length of runway required for ultimate development of an airport should 
be considered when determining these sight di-'^taace^.. 


7. ICAO DESIGN STANDARDS 

The International Civil Aviation Organization (ICAO) has recommended certain stand¬ 
ards and practices whic*h differ somewhat from those in Tables 2 and 3. The ICAO 
recoiriinendatioiis are summarized in Tables 4. 5. 6, 7. and 8. These tables give the 
physical characteristics of the various classes of airports. The clas'^ification is based on 
the two principal characteristics' a dimens.ionai characteristic (the basic length for stand¬ 
ard conditions at sea level of the main runw'ay) and a strength chaiactenstic (the load- 
bearing capacit\ of that runway). The clasa of the airpoit is denoted by a capital letter 
indicating the ba>ic length followed by a numerical index indicating its load-bearmg capac¬ 
ity. Thus, a Class A1 airport would be defined as one who-^e mam runway had a ba^ic 
length of not than 8400 ft or 2550 meters (see Table 4', and a strength (.>ee Table 
7) capable of withstanding the maxiuuim expected frequency of traffic of aircraft impoaing 
bingle isolated wheel loads of 100.000 lb (45,000 kgi at a tire pressure of 120 lb sq in. 
(S 5 kg sq cm i. 

In Table 5, all strips consist of a basic stiip plus lateral supplementary rei'tangular areas 
as required. The length ot the basic strip should be such that it extends 200 ft (liO meters' 
beyond each end of the runway, and tne supplcnieutai> rectangular areas should be the 
same Icngtli as the basic snip. 
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Ail basic strips should have a width of 500 ft (150 meters). The overall widths in Table 
3 include the added widths of the supplementary areas. For example, in the case of an 
instrument runwa\', the overall strip should be 1000 ft (300 iiieteis) wide which is equal 
to the basic strip width of 500 ft (150 meters/ plus supplementary rectangular areas 250 
ft (75 meters) wide adjoining each side of the basic strip 

Ill the case of non-instrument runways at an ports of Classes A, B, and C, the total stiip 
w'ldth should be 700 ft (210 meters', wduch equals the basic strip of 500 ft (150 meters! 
plus supplementary- rectangular areas 100 ft (30 meters' wide adjoining each side of the 
ba^ic strip. At aiiports of Classes D, E, F, and G, the strip width should be the basic 
strip width of 500 ft (150 meters'. 


Table 4. ICAO Recommended Standards: Runways 





Mmimum 

Longitudinal Slopes of Runways 

Transverse 




Width of Ail 




Slopes of 








Basic Length of 


Reiiuired 

Not to Exceed 

Rate of Change 

Runways 

.\:rport 

Mam Runway, 

Length of Other 

Runways, 



of .^lope Not 

Not to 



Cla.s 

ft (meters) 

Required Runways 

ft uneters) 

Overall 

Partial 

to Exceed 

E.xcced 

A 

Not less than 

Generally not less than 

\ot les« than 

n 


0 3% per 100 

1.5% 


8400 : 2550j 

SSTc and never less 
than 70*^ of basic 
length of mam run¬ 

200 xbO. 



It (30 m) 




way 






B 

Leas than 8400 

Same 

Not less than 

l'~c 

1.25^c 

Same 

1.5% 


2550 1 and not 
less than 7000 


200 t60) 






ai50j 







C 

I es« than 7000 

Same 

Not less than 

1-7 

I.5^r 

Same 

1 5^7 


'2150j and not 
le«s than 5900 


150 (45) 






11800) 







D 

Less than 5900 

Same 

Not less than 


1.5^c 

Same 

1.5% 


(1800) and not 
le<« than 5000 


150 (45) 






11500. 







E 

Less than 5000 

Same 

Not less than 

ri 

1.0^ 

Same 

1.5% 


(1500) and not 
le.'S than 4200 

i}280. 


150^45/ 





1 

Less than 4200 

Same 

Not less than 

t°-c 

1.5% 

Same 

1.5% 


■ 1280. and not 
than 3500 
11080: 


100.30; 





G 

Less than 3500 

Same 

Not less than 

n 

1.5% 

Same 

1.5% 


(1080) and not 
less than 3000 
(900) 


100 {30-. 






Table 5. ICAO Recommended Standards: Strips 

Widths of Strips Slopes of Srnps * 



Length of Strips 
(applies to both 
basic strip and 

Instru¬ 

ment, 

Basic, 

Runway, 

Overall, 

Other Runways 

Longitudinal 

Transverse 

\ir- 

Basic, 

Overall, 

Overall 

Partial 


Supple¬ 

T'ort 

supplementary 

ft 

ft 

ft 

ft 

(basic 

(basic 

Basie 

mentary 

1 ’ia's 

rectangular areas) 

(meters) 

(meters) 

(meters) 

(meters) 

strip) 

strip) 

Strip 

Strips 

A 

Full length of run¬ 

500 (150) 

1000 (300) 

500 (150) 

700 (210) 

Essentially 

Not to 

Not to 

Not to 

B 

way plus 200 ft 
(60 m) beyond 
at each end 

Same 

500 (150) 

1000 (300’) 

500 (150) 

700 (210) 

the same 
as run¬ 
way 

Same 

exceed 

1.75% 

Same 

exceed 

2.5% 

Same 

exceed 

J .r 

Same 

C 

Same 

500 050} 

1000 (300) 

500 (130) 

700 (210) 

Same 

Not to 

Same 

Same 

IJ 

Same 

300 (130) 

1000 (300) 

500 (150) 

500 (150) 

Same 

exceed 

2% 

Same 

Same 

Same 

E 

Same 

500 050' 

1000 (300) 

500 (130) 

300 (150) 

Same 

Same 

Same 

Same 

F 

Same 

500 030' 

1000 (300) 

300 (130) 

500 1130) 

Same 

Same 

Same 

Same 

G 

Same 

500 (130) 

1000 (300) 

500 (150) 

500 (150) 

Same 

Same 

Same 

Same 


• Slope changes on basic strip may be greater than on runwaj-g out should be as gradual as pr.icticable, and abrupt 
ch inges or reversal- of -ioiX'- sn-iill he .ivii ltd 
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Table 6. ICAO Recommended Standards: Taxiways, Approaches, Clearances 


Slopes of Tdxiwjys 


Approach Sur- 


Bftweeii Center Line 
of and 

Riiriway 


Bet Aeen 
Center 


Air¬ 

Minimum 
Width of 
Taxi wavs 

Longi¬ 

tudi¬ 

nal, 

Nut 

Tran'-- 

verso, 

Not 

Rate 01 
Change of 
Longi¬ 
tudinal 

face 

Instru- 

>lope3 

Non- 

Instru¬ 

In- 

stru:n‘=‘nt 

Runv.d>, 

Non-In¬ 
strument 
Runwaj, 

Bptwe‘=‘n 
Center 
Lines of 
Taxiwa\s, 

Line' of 
Taxiwa\s 
and fixed 
Ojslruc- 

port 

ft 

to Ex¬ 

to Ex¬ 

Stories Not 

meut 

ment 

It 

ft 

It 

tions, ft 

Class 

(meters) 

ceed 

ceed 

to Exceed 

S»rip 

Strip 

1 meters' 

(meters) 

(meters) 

(meters) 

A 

100 ^30} 


1.5% 

1% per 

1 in 50 

1 in 40 

700 '210) 

550 (165) 

o 

o 

180 (53) 

B 

75 (23) 

3% 

1.5% 

100 feet 
'30 m) 
Same 

1 in 30 

! in 40 

650 '200) 

500 150) 

300 (90) 

165 :50' 

C 

75 (23) 

3% 

1 5% 

Same 

1 in 50 

1 in 40 

600'180) 

450 (135) 

250 (75) 

140 f43i 

D 

60 (18) 

3% 

I 5% 

Same 

i m 50 

1 in ^ 

600 M80i 

350 i 105) 

250 (75) 

125 (38' 

E 

50 d5) 

3% 

1.5% 

Same 

1 ID 50 

1 in 30 

600 il80) 

330 (105) 

200 (60) 

100 (30' 

F 

40 (12.5) 

3% 


Same 

1 ID 30 

1 in 30 

550 i 165) 

300 ^00) 

150 (45) 

100 (30) 

G 

40(125) 

3% 

1.5^0 

Same 

1 in 50 

1 m 25 

550.165) 

300 (90) 

125 (38) 

80 (24) 


Table 7. ICAO Recommended Standards: Strengths of Runways, Taxiways, and Aprons 


Airport 

Class 

Pavement to Be Capable of Wuh-tanding 
the Maximum Expected FreCiUency of 
Traffic of Aircraft Imposirsc Singie Isolated 
Wheel Loads of the Weight Show n Below 

Tire Pressure to Be 
Associated with 
Loads* for Puipose 
of De«ign 

Lb 

Kg 

Lb ''sq in. 

Kg 'sq cm 

A 

100,000 

45 000 

120 

8.5 

B 

75 000 

35.000 

100 

7 0 

C 

60,000 

27.000 

100 

7 0 

D 

45,000 

20.000 

100 

7,0 

E 

30,000 

15 000 

85 

6.0 

F 

15,000 

7.0C0 

70 

5.0 

G 

5,000 

2 000 

35 

2.5 


Table 8. ICAO Recommended Standards: Minimum Clearances 



Between Center Lines of Taxiways 


Between Center 


and Runways 

Between 

Line of Taxiway 



— 

Center Lines 

and Face of 

Airport 

Instrument 

Xon-Instniment 

of Taxiways, 

Fixed Obstruc¬ 

Class 

Runways, ft (meters) 

Runwav', ‘‘t 'meters) 

ft (meters) 

tion, ft (meters) 

A 

700 (210) 

530 ! 165) 

325 (100) 

180 (55) 

B 

650 (200) 

500 ( 1501 

300 (90) 

165 (50) 

C 

600(180) 

430 G35) 

250 (75) 

140 (43) 

D 

600 (180) 

350 1.105) 

250 (75) 

123 (38) 

E 

600 (180) 

350 G05) 

200 (60) 

100 (30) 

F 

550 (165) 

300 (90) 

150 (45) 

100 (30) 

G 

550 (165) 

300 (90) 

125 (38) 

80 (24) 


A taxiway should generally leave the end of the runway it serves at right angles for at least 100 ft 
(30 meters). 

In all cases, the minimum specified clearance between centei lines of taxiways and the runways they 
serve should be attained within a distance not exieediug the specified cleaiance, such distance being 
measured along the center line of the lunway .extended it ie<iuiied) fiom the junction of the center 
lines of the lunway and the taxiway. 

\\ hen parallel runways are priAuded for simultaneou' use under visual conditions, the ininnnum 
distance between tlioir cr-ntei hues should be 700 ft .2l(» mt tr !>> for clas.^es A, B, and C, and 500 ft 
(150 meters) for classes D, E, F, and G. 

With respect to strip slopes (Table 3), the loiigitiidinal slopes of the basic strips should 
be essentially the same as those of the lunwa’'’'' th.ev enclose. The longitudinal slope of 
any portion of a basic strip should not exceed 1.7o^. for Clas^e^ A and B and 2% for Classes 
C. D, E, F, and G. 

In connection with pavement-strenjrth requirements given in Table 7, it is recom¬ 
mended that a particular strength class should be capable of bearing the specified loading 
for a frequency of operations corresponding to the expected traffic, but not less than 10 
operations (landing or take-off) per day. 



5-10 


AIRPOKT ENGINEERING 


SITE SELECTION 


8. SAFETY FACTORS 

Freedom from Obstructions. An an port site should be so selected that it may be kept 
free from what would constitute a hazard to aircraft in the turning and approach zones. 
The removal of an existing obstruction, whether natural or man-made, should be physically 
and economicalh’ possible to warrant consideration of the site as an airport. Future growth 
or erection of obstructions should he guarded against by adequate zoning laws, and prop¬ 
erty interests and avigation easements, if necessary. 

Visibility. Good visibility is n ore essential for air transportation than for any other 
type. This requirement becomes most acute in the vicinity of an airport and in the ap¬ 
proach zones. Often, a condition of poor visibility exists only in relatively small areas and 
results either from local features of terrain (swamps and bodies of water) or from nearby 
smoke-producing industrial plants. The direction of industrial development within an 
area should be determined and the airport so located as not to be in the direction of a po¬ 
tential smoke hazard arising from future industrial development. The properly chosen 
site should be the one least affected by poor visibility, thus reducing hazards and interrup¬ 
tions to operations. 

Direction of Prevailing Winds. An important consideration relative to safety in opera¬ 
tions is the direction of the prevailing winds wdth respect to the landing areas provided by 
an airport. Landings and take-offs that can be made into the wind are the most desir¬ 
able. Hence, an airport site should be selected which permits the economical construction 
of a landing strip oriented into the prevailing wunds. 


9. ECONOMIC FACTORS 

In most cases, the choice between possible airport sites will be greatly influenced by 
various economic factors. These factors must be recognized and carefully considered m 
light of the present and future activiiie.s at the airport This can best be accomplished by 
using engineering studies which develop the relative values of the various sites considered 
and lead to the most logical selection Two salient factors to be analyzed are cost of de¬ 
velopment of airport and cost of operation. 

Cost of Development. Extremes of coai are pos&ihle in the development of an airport 
of any particular class. Some of tlie factors which contribute to the variation in cost 
are the conditions peculiar to the .site selected, the character and quality of the essential 
facilities installed, and the extent to which the design is modified for future expansion. 
Development costs include land, construction, and utilities. 

Cost of Operation. The cost of operating the airport comprises management, main¬ 
tenance, and replacement charges. Although mauv of the items included m the cost of 
operation will be identical for the different .sites under consideration for a particular airport 
project, it is ■well to estimate completely what these charges will be. Any study of cost of 
Operations should also include an appraisal of the revenue to the airport. Frequently, the 
location of the airport will have a great influence on the activities ■which can be conducted 
at the airport and the revenue ■which can be obtained from these activities. Analysis of 
the cost of providing various services and the income to be derived therefrom will also 
indicate the provisions which should be made for the various activities and -will, therefore, 
influence the development proposed at each site. Some of the services to be rendered at 
an airport may not be a source of direct revenue, but are required to supplement other 
activities ■^'hich provide income. 


10. AIRSPACE REQUIREMENTS 

The site chosen for an airport should be that site which, when developed, will have a 
traffic pattern that causes ilie least interference with traffic of nearby airports. If such 
interference cannot be avoided, unconventional flight patterns are required, these, though 
thev tend to minimize the hazard, mav cause confusion The minimum distance between 
airports for contact operations should be equal to the sum of the radii of their traffic pat- 
tern&. The radii of airport traffic pattern-s for contact operations are as follows: Personal 
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and secondary, 1 mile; feeder, 2 miles; trunk line and express, 3 miles; continental and 
larger, 4 miles. 

Greater separation, depending on terminal air space needs, may be required if instru¬ 
ment operations are to be conducted. A study of current or potential instrument traffic 
control at airports in the area is essential to insure sufficient separation between airports 
in order to permit maximum usage. 

Most cross-country flying is done within the limits of well-defined ainvays which are 
established, regulated, and equipped with navigation aids by the Federal Government. 
Viewing the amount of traffic expected to use these routes in the future, it is important 
that airports be so located as to contribute the least possible unnecessary congestion to 
these air spaces, while providing accessible landing facilities for planes using the airwa\ s. 


11. INTEGRATION WITH CITY PLAN 

Since airports are an integral part of the community, whether municipally or privately 
owned, they are subject to the same conuiiuriity planning principles anti policies as other 
elements in the master plan and must be coordinated with existing as well as planned fea¬ 
tures. Especially important is the pro\-ision of adequate water supply, seweiage. eiectii'- 
light and power, fire and police protection. Attention must be given to the possible effects- 
of the airport on land use in the contiguous areas, and vice versa. The relatively vast 
area of an airport, as in the case of a large park or a golf course, ma\' provide a barrier to 
the extension of the arterial-highwa\’ svstern as well as to the street pattern. An attempt 
should be made to select sites ‘whicli will not conflict in ttiis regard. 

The piovision and protection of adequate approach zones will necessitate more or less 
restrictive height zoning near the airport and m line with the landing strips, m a few in¬ 
stances restrictive-use zoning may also be needed. In general, however, the territory be¬ 
tween the approach zones will lend itself to more intensive cumiminity development, 
frequently to a complete neighborhood development. The more restricted area in the 
approach zones, especiallv the open areas near the airport boundary, may be found useful 
as playground and recreational areas. 


12. ACCESS HIGHWAYS 

In the selection of an airport site, and particularly in weighing the relative merits of 
several locations, the facilities for ground transportation to and from the area in question 
assume considerable importance. To assure uninterrupted transportation service, the 
selection of a site which is conveniently located with respect to the existing highway s\-?tem 
and other means of transportation is an important factor in enabling a city to obtain the 
maximum benefits from air travel. The frequency*, speed and cost of existing or proposed 
means of transportation should be considered more than the distance in miles of the pro¬ 
posed site from the city. 


LAYOUT PLAN 


13. GENERAL 

Each airport presents an individual design problem, the solution of which depends on 
the proper consideration of several factors The principal determinations to be made are 
number and orientation of runways, amount and location of space to bo devoted to air¬ 
craft servicing and storage, and the circulation and parking of ground vehicles. 

The landing area, being the least flexible, should be studied flrot. From an analysis of 
the expected traffic and wind data, the number and orientation of riinwavs can be deter¬ 
mined. Runwass should be oneiiied so that aircralt may be landed at least 95% of t’ae 
time with cross-wind components not exceeding 15 mi nr because this the must dcMr- 
able condition for conventional aircraft, other than transports which can be landed with¬ 
out hazard or discomfort to the occupants m winds with cross components of 20 to 30 
mi/hr. 

Usually, 95% coverage with cross-wind components not exceeding 15 mi ffir will provide 
98-100% coverage with less than 30 mi 'hr cross-wind components. Because nearlv all 
air-carrier airports will also serve light aircraft, the wind data should be anaR'zed on a basis 
of the 15-mile cross-wind component m addition to any other studies which may be made. 
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14. WIND ROSE 

The most desirable direction of runways for wind coverage can be selected by examining 
wind-data characteristics of the area, which has been plotted on a wiud-rose base such as 
that shown in Fig. 4. On this wind roc>e, the numerals (shown ui the segments bounded 
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Fig 4. Wind rose. 


by the arc of the circles representing wind velocity and the radial lines representing com¬ 
pass direction) show the percentage of time winds of the indicated direction and velocity- 
can be expected to occur at the designated location. 

Use of the wind rose in determining de&iralile runway directions requires a strip of trans¬ 
parent material on which three paiallel and equally spaced lines have been plotted. The 
middle line represents the runway center line, and the distance between it and each of the 
out-'ide lines represents the allowable cross-wind component. The distance between the 
outride lines equals twice the allowable cioss-wmd component and must be plotted to the 
sanm scale as the wind-velocity scale on the wind rose with w-hich it is to be used. 

Procedure for establishing runway orientation is as follows: First, place the transparent 
strip over the wind rose in such a manner that the line representing the runway center 
line passes over the center of the wind rose. Then, using the center of the wind rose as a 
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pivot point, rotate the transparent strip until the sum of the percentages appearing be¬ 
tween the outside lines on the strip becomes a maximum. The percentage shown in each 
segment is assumed to be equally distributed over the area of the segment. When one of 
the outside lines on the transparent strip crosses a segment, a fractional part of the per¬ 
centage appearing in that segment is to be used m the summation of the percentages. 
This fractional part is equal to the fractional part of the segment appearing between the 
two outside lines on the transparent strip. Determining these fractional areas visually 
and tabulating numbers to the nearest tenth is adequate and consistent with the accuracy 
of wind data. 

The next step is to read the bearing for the runway on the cuter scale of the wind rose 
where the center line on the transparent strip crosse.s the angular scale. Because true 
north 13 used for published wind data, this bearing u&uallv will be different from t'nat used 
in designating runways for numbering and marking, which is based on the magnetic bear¬ 
ing. Referring to Fig. 4, it will be noted that a runway oriented 150-330® (S. 30® E.. 
true} will permit operations 95% of the time with t'he cross-wind l omponents not exceed¬ 
ing 15 rni/hr. 


15. WIND DATA AND RUNWAY ORIENTATION 

Winds for a particular location frequently have not been recorded Thu=5. the data from 
the two or more nearest -wind-recording stations must be used to establish wind charac¬ 
teristics for the site. When the recording stations are located around the airport site and 
the intervening terrain is level or slightly rolling, a composite Tsund rose made from those 
of the surrounding stations is usually sufficient to give the desired information. If the inter¬ 
vening terrain is mountainous, allowance for its effect on wind can be made by weighted 
averages. In determining the values to be applied to the records of each individual sta¬ 
tion, a topographic map of the area is needed on which the location oi me wirid-recoolmg 
station has been plotted. 

The direction of runways which give the most wind coverage ina\' nave to be shifted 
because of obstructions m the approach zones Runways should be oiiented m the fiiroc- 
lioii of the best approaches meeting the standards or exceeding them where pos.sible. At 
least one runway should be provided for instrument operatnjns for airpiii*'' whi'-h ulri- 
niateh' will be developed for express-type sorWee or la»*gcT. Such ruiiwavs .^tioiud he 
oriented so that the instrument approaches will not conflict with in^truinent-approacii 
patterns of other airports in the area Runways with approaches free of obstruction are 
more desirable than those with maximum wind coverage but limited approaches. 


16. RUNWAY CONFIGURATION 

Traffic volume is the major item to consider when determining the number of runways 
required. At one time it was thought that satisfactory- coverage could only be obtained 


Landing 



with not less than four runways, all of them oriented m different directions With the in¬ 
crease in construction costs, the development of caster-type landing gear to permit land¬ 
ings in cross winds of relatively high velocity, and the increased use of larger and faster 
aircraft that are not so sensitive to cross wands, there is a trend toward a reduction in the 
number of runways considered necessary on. airports. 

It has been found that in many instances, one runway, properly oriented, would give 
adequate wind coverage. This has led to the elimination of many runways, even on the 
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largest airports, and to the policy that more than one runway is justified only to meet the 
requirements of tiaffic. This policy is qualified, however, by the fact that wind conditions 
in some locations are such that a single runwa\’ is not practical. Therefore, proper evalua¬ 
tion depends on a thorough in¬ 
vestigation of local conditions and 
traffic requirements. 

If it should be determined that 
more than one runway is required, 
they should be oriented so that 
simultaneous use may be effected 
without conflict of traffic patterns. 
This will greatlv increase the 
capacity and permit more direct 
approaches and departures, sav¬ 
ing aircraft time and reducing 
traffic congestion. Typical run¬ 
way layouts are shown on Figs 
5. 6. and 7. 

In general, the need for parallel 
runways should be based on a 
Fig 0. Two-runway, non-intcrsec tinji lay'j'it single runway handling 40 to 60 

landings and take-offs per peak 
hour in visual flight conditions and 25 to 35 landings and take-offs per peak hour under 
instrument flight condition* In thi* '.-onnociioii. it should be mentioned that the develop¬ 
ment of electronic devices for navigation, air-iraffic control, and ground-traffic control will 
permit, in the near future, an appreciable increase in the number of operations per run¬ 
way, provided the runway and taxiwav la\ out* are properly arranged. 



tu; 7. TafiKCMitial ia>out 








Mean monthly temperature of hottest month 60'F, 
elevation 150 ft, and effective runway gradient 0 08% 
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J'lo 8 plan. fopd‘*r'tj i>e in pi ft 
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17. TAXIWAY CONFIGURATION 

Taxiways should be located at various points along the runway (see Figs. 5, 6. and 7) 
to permit landing aircraft to turn off the runways as quickly as possible to clear it for 
other aircrait and to provide niinimuin taxi distances to the service or ramp area on com¬ 
pletion of the lani.hng roll. Present practice, in general, connects both ends and the two- 
thirds points of runways with taxiways on the theory that (a) access must be available to 
the ends of the runway ior take-offs, (6) all landings should be accomplished within the 
first two-thirds cf the runway, and (c) aircraft that make landing runs longer than the 
first tvo-thirds of the runwa\- may continue to and turn off at the far end This layout i.^ 
completely satisfactory for the majority of airports. 

The turnoff from runway to taxiway may be expedited by designing the taxi exits so 
that an aircraft will not have to come to a virtual halt before making the turn. Results 
of configuration studies suggest that taxi exits should permit an aircraft to turn off with 
a maximum of 45"^ initial turn This can be accomplished by providing curved turnoffs 
TO taxiwats (in >>oth directions’) although the taxiway proper may be perpendicular to the 
^unwa^. For airciaft turning off the runway at speeds of 35 mi hr. a minimum radius of 
250 ft IS desirable. 

Another method of expediting the movement of traffic is to mark the taxi exits so that 
the pilot may anticipate a turnoff at night or m poor visibOity. 

On busy airport* it is de.sirable to provide a holding or run-up apron connecting the taxi¬ 
way and the end of the runway. The apron should be so designed that from three to five 
aircraft can siniultaneou5l\' and independently perform cockpit checks and engine run¬ 
ups. and that either can pull out of the run-up position on to the runway without inter¬ 
ference from other holding aircraft. This apron should be of such a size that the wheels 
of the aircraft using it will clear the edge of the pavement by 10 ft and the aircraft parked 
thereon will have a 15-ft wing clearance with aircraft taxiing by. 


18. MASTER PLAN 

Having determined the number and orientation of runways and ta.xiways and the space 
requirements for the other facilities, the entire layout should be shown on a master plan. 
The master plan, showing the site as it exists and also as it is planned ultimately, should 
be prepared and approved before an\' construction work is undertaken on a newly acquired 
site or before any additional improvements are made on an existing airport This should 
cover all existing facilities, the improvements planned under the current project, and future 
expansion. Included in these facilities are runways, taxiways, aprons, drainage, lighting, 
administration buildings, service buildings, hangars, etc. The purpose of this master plan 
is to achieve the orderly development of a serviceable airport which can be expanded, when 
necessary, with the least disturbance to the operation of the airport. A typical master¬ 
plan layout for a secondar>' airport to be ultimately developed into a feeder-t 3 'pe airport 
i> illustrated in Fig. S. 


SURVEYS AND INVESTIGATIONS 


19. TOPOGRAPHIC SURVEY 

A topographic map is the basic work sheet for the design and development of an air¬ 
port For this reason it must be accurate and must show all the surface features of the 
site. These features include contours of an appropriate interval to ^how the elevations 
and slopes of the terrain and all drainage courses; locations and top elevations of towers, 
pole hue.'., trees, and other obstructions; location, diniension^, and descriptions of struc¬ 
tures Mich as existing buildings, pavements, and drainage structures, location and descrip¬ 
tion of all public utilities, iiighways, railroads, and waterway's. 

In addition the map should show the topography of lands adjacent to the site including 
all natural water courses, the areas contributing runoff onto the site, and possible outfalls 
and ditches. 
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20. SOILS AND MATERIALS SURVEY 


Investigations of soil conditions at airport sites include: 

1. A soil survey to determine the character and arrangement of the different layers of 
the soil profile, the ground water level, and drainability of the individual la\'ers and the 
soil formation as a whole. 

2 Sampling of the different layers of soil. 

3. Testing the samples to determine the physical properties of the various soil materials 
with respect to stability and subgrade support. 

4. A survey to determine the availability of materials for use m the construction of 
subbases, base courses, and surfaces. 

Soil-survey information is generally obtained by means of bonnes made with a soil 
auger. The spacing and depth of borings cannot be definitely specified since they depend 
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on the topography and the uniformity of the soils. The number and depth of borings 
should be sufficient to adequately map all important variations. This survey should not 
be confined to soils encountered in grading nor to the boundaries of the airport site. Pos¬ 
sible sources of material that can be used in the paving operations should be investigated 
on the airport site as well as off the site within reasonable and economical hauling distance. 

Samples, representative of the different layers of the various soil types and available 
construction materials, should be obtained and tested in the laboratory in order to deter¬ 
mine their physical characteristics and engineering properties. Since the results of the 
tests are only as good as the sampling, it is of utmost importance that a sample represent 
a oertam type of material and not a careless mixture of several materials. 

A standard method of surveying and sampling soils is outlined under Method TS6-42 
of the American Association of State Highway Officials. 

This method of survey is based entirely on the soil profile. The different layers of the 
soil profile are identified in the field by color, texture, structure, consistency, compactness, 
cementation, and, to some extent, chemical composition. The method of field identifica¬ 
tion is essentially the same as that used by the U. S. Department of Agriculture for making 
soil survey’s in connection with the preparation of county and other areal soil maps. When 
these maps are available, they should be carefully studied. Intelligent use of published 
soil maps will be invaluable in a study of the soil on the airport site, as well as indicate the 
availability of construction materials. 

.An example of a soil-survey sheet showing soil profiles and results of tests is presented 
in Fig. 9. 

In some cases the only available site for an airport may be in a low, wet area consisting 
of soft organic silts or clays which will not support the weight of the necessary fill material 
unless special precautions and remedial measures are taken. Such locations will require 
an e.xhaustive subsurface investigation to determine the depth of the soft material, its 
moisture content, density, permeability, and shear and consolidation characteristics. Spe¬ 
cial drilling and sampling equipment is necessary to obtain samples of the materials in an 
undisturbed condition. The drilling, sampling, and testing procedures for this type of 
investigation are described in Sect. 7 (Soil Mechanics and Site Examination). 


21. SOIL TESTS 

The essential laboratory tests utilized in the C.AA classification of soils for airport con¬ 
struction consist of (1) the mechanical analysis which determines the percentages of sand, 
silt, and clay in the soil, and (2) the liquid and plastic limits and plasticity index which 
indicates the stability of the soil in relation to changes in moisture content. In some 
instances it will be desirable to perform additional tests, such as shrinkage-factor and 
field-moisture-equivalent tests, to provide information for a better estimate of the per¬ 
formance of a soil. Standard methods of performing these tests, as published by the Ameri¬ 
can Association of State Highway Officials, should be followed in all cases. The test 
designations and brief definitions are given as follows. 

Mechanical analysis (AASHO Method TS8-42) is a method for determining, quanti¬ 
tatively, the distribution of particle sizes in soils. 

Liquid limit (AASHO Method T89-42) refers to the water content at which the soil 
passes from a plastic to a liquid state. The liquid state is defined as the condition in which 
the shear resistance of the soil is so slight that a small force will cause it to flow. 

Plastic limit (AASHO Method T90-42) is defined as the minimum moisture content at 
which the soil becomes plastic. At moisture content above the plastic limit there is a 
sharp drop in the stability of a soil. 

Plasticity index (AASHO Method T91-42) is the numerical difference between the liquid 
limit and the plastic limit. It indicates the increase in moisture content required to change 
a soil from a plastic to a liquid condition. 

California Bearing Ratio. In connection with the design of flexible pavements the Corps 
of Engineers, Department of the Army, makes use of the California Bearing Ratio (CBR) 
which indicates the relative shearing resistance of a soil as compared to a standard value 
for crushed stone and is expressed as a percentage of this standard value. (See Sect. 7.) 


22. SOIL AND SUBGRADE CLASSIFICATION 

Although the results of the individual t^ts indicate certain physical properties of the 
soils, their principal value lies in the fact that through their interrelationship it is possible 
to draw up an engineering classification of soils related to their field behavior. Such a 
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classification is presented in Table 9. For other methods of soil and subgiaJe classifica¬ 
tions see Sect. 7. 

For each soil group there are corresponding subgrade classes baaed on the performance 
of the particular soil as a subgrade for rigid or flexible pavements under different condi¬ 
tions of drainage and frost. The aubgrade class is determined fioin the results of soil 
tests, the information being obtained by means of the soil survey and a stud^' of climatologi¬ 
cal data. The subgrade classes and their relationship to the sod groups are shown in 
Table 9. R refers to ligid pavements and F to flexible pavements. The thickness of sub¬ 
base required m addition to the niimmum pavement thickness fur a given aircraft loai is 
determined according to the subgrade class. 

Table 9. Classification of Soils for Airport Construction 
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lO-’O 1 

F:> 

F4 

F6 

F7 








R ;b 

R2b 

R2b 

R2c 

E-8 

0-55 



45- 

60- 

15-40 

F4 I 

lo 

iw 

F8 








Rib ! 

il 2c 

Ric 

R2J 

E-9 

0-53 



1 43 + 

40 + 

30- 

F5 

f; 

F7 

F? 








R2b 

R2c 

R2c 

R2d 

E-!0 

0-55 



45 + 

70- 

20-50 

F3 

F7 

F8 

: F9 








R2b 

R2e 

R2c 

R2d 

E-11 

0-55 



45-^ 

80- 

30 + 

F3 

F8 

F9 

FIO 








R2r 

R2d 

R2d 

R2e 

E-12 

0-55 



45-,- 

80-r 


FS 

F9 

FiO 

FIO 








Rid 

H2e 

R2e 

R2e 

E-13 

Muck and peat, field examination j 

Not.- 

■ uitable 

for subgrade 


* Cla-ssification it> based on sieve analysis of the poition of the sample passinsi the No 10 sieve. 
When a sample contains matenal coarser than the No. 10 sieve m amounts equal to or greater than 
the inaximum limit shown in the table, a raise in classification may be allowed pi.jvided the coarse 
matenal is leasonably sound and fairly well graded. 

With respect to rigid pavements, subgiades are divided into two broad classes. R1 and 
R2, and each is subdivided into five classes, a, b, c, d, and e. Subgiades are placed in the 
R1 class where tlie combination of soil, drainage, and climatic umdition.3 are favorable; 
otherwise they are cla.sscd as H2 Subbase requirements are the same for R1 and R2 
subgrades but the K2 coiidition requires a concrete pavement 1 in thicker than the Rl. 
For certain conditions an additional inch of rigid pavement is con-^idei cd more desirable 
than a proportionate increase in subbase thickness. 

In the case of flexible pave uenis. subgrades classed as Fa fuinish adc.piat." snbgrade 
support without the addition of subbase matenal ^'Olls in group F-l fall in the Fa sub- 
grade class under all conditions of drainage and fiost while F-2 soils are classed as Fa 
subgrades only where the drainage is good. The other subgrale classes are designated 
Fl to FIO. 
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To distinguish between good and poor drainage requires a knowledge of the topography 
of the site, the piopcities and arrangement of the different layers of the soil profile, atiJ the 
elevation of the water table. Poor drainage is definefl as a condition whe.'e the subgrade 
ma\- be rendered un-rtable owing to (1) inadequate internal drainage caused In- the charac¬ 
ter of the soil proiile. (2 capillary nse from a high water table, (3) topogiaphic features 
such as a flat terrain at elevations onlv slightly above sea level, or (4) any other cause that 
may resiili in instabilitv nr produce saturation of the subgrade. 

Good drainaae nnu be defined as a condition where (1) the internal drainage character- 
istirs are "iieh that there will be no accumulations ot water that would develop spong\’ areas 
in the '-ubgiaU..* i2' the water table is at such an elevation that the soil will not become 
waterlogged either by percolation from above or capillaiity from below, and (3) the top¬ 
ography is ^u< 1 ' that ‘surface water will be removed lapidly. These conditions can be met 
b:.- any of tlte 'Oil gioups with the exception of E-13. 



Good drainage cannot be distinguished from poor drainage on the basis of soil-test re¬ 
sults alone. This criterion has been used in the past and has led to the erroneous concep- 
tiou that a good drainage condition cannot exist when the soils consist of cla\-s and silty 
clay.- of the E-7 to E-12 groups. There is no logical reason for such an assumption, al- 
tliough it is recognized that soils of these groups are expansive and subject to detrimental 
volume change with variations in moisture content. The degree to which these detii- 
mental properties may develop will be shown by studying the topography and the entire 
soil profile and then applying the definitions of good drainage and poor drainage outlined 
above. It is important to remember that, although tlie soil group may be determined by 
means of laboratory test results, the drainage conditions must be established by the sur¬ 
face and subsurface characteristic^ of the site. 

With respect to iro-T action, a “severe frost” condition exists if the depth of frost pene¬ 
tration for the pa: ri''‘u]ar site i- greater than the anticipated thickness of surfacing, base, 
and subbase as deljimiiied for “no frost” and the drainage condition as defined above. 
Otheiwhe the condition of “no frost” pievails. 

SfGiie explanation may be necessary relative to a combination such as “good drainage” 
ai*d ' seveie fro-t ” It i- obvious that a good drainage condition ma\' exist in a location 
wltere the average depth of frost penetration exceeds the required thickness of surface, 
ba^e, and subbase for a “no fro.st” condition. In this case, the subgrade class would be 
<kC'jnninod on the ba-l? of “severe fiost.” The importance of “severe frost” in a location 
having good drainage ha^> been questioned. From the standpoint of detrimental frost 
It ina\' not be important hut it is well knowm that even under the best drainage 
conditions, tiie penetration of frost below the non-hea\dng subbase material, together with 
alternate freezing and thawing, produces a softening of the subgrade soil immediately un- 
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der the subbase. The only remedy for this situation is additional subbase thickness to 
overcome the loss m stability. 

Figure 10 shows the average annual frost penetration throughout the United States. 

Frost heaving is due to the formation of ice lenses wdthin the soil. These lenses will 
continue to grow* in thickness as long as freezing temperatures remain, and provided that 
the water upon freezing, can be replenished by water from a source such as giound water. 
This water ma^' rise to the lenses by means of capillary action within the :^oiL The forma¬ 
tion of lenses is therefore dependent upon ( 0 "^ an adequate water 'upply and (6) a means 
of moving the water from the water source to the freezing zone. It is possible, therefore, 
to have a high water table but no frost heave it the material above the water table is coarse 
enough to prevent capillary action. Conversely it is possible to have material above the 
water table that will allow capillary action and yet not produce frost heave; this will 
occur if the water table is at such a depth that the height of capillary rise in the soil above 
the water table does not extend into the freezing zone. 

In general, sands will not produce frost-heaving conditions since they cannot sustain 
capillary action. Clay, although it sustains capillary action, is not susceptible to frost 
heaving, since the rate at w'hich water can flow' through the soil is not great enough to 
permit growth of the ice lenses. Silts on the other hand are highly .'•usceptible to frost 
heave. Uniform soils, containing 10% or more particles less than 0.02 mm in diameter, 
and well-graded soils, containing 3% or more particles less than 0 U2 nun in diameter, may 
usually be considered susceptible to frost heave. 

Bad surface drainage may be the cause of frost heave during alternate periods of freez¬ 
ing and thawing due to water from thawed snow being trapped beneath the pavement and 
thereby forming the water suppiv required for the growth of ice len.se5. 

Although the curves in Fig. 10 show' average frost penetration, it may be necessary to 
design against greater depths of penetration, depending upon the liequency of deeper 
penetration and the cumulative number and intensity of degree days for the area under 
consideration. 


PREPARATION OF SITE 


23. CLEARING LANDING AREAS AND APPROACHES 

Clearing the lauding area la a preliminary to the grading and other construction w'ork 
included in the airport development. It covers the removal of tree.s, poles, fences, struc¬ 
tures. etc , within the u«^ahle landing and service areas. This must be accomplished prior 
to construction of runwa\s. taxiwava, aprons, and buildings, and before the installation 
of a drainage sy-^teni The areas to be cleared should be showm on the plans and the de¬ 
tails of the work covered m the .specifications. Clearing may involve individual structures 
and trees or groups of trees by the acre. A typical clearing plan is illu-strated in Fig. 11. 

The amount ot clearing in the landing area and approaches will be governed by the 
clearance and approach standards shown in Table 3. Clearing of approaches outside the 
airport propert\' line.s will require easements from the property holders. 


24. EXCAVATION AND EMBANKMENTS 

Excavation and construction of embankments on airports are carried out in the same 
manner as grading woik on highways, parks, and other developments. The very heavy 
loads and aeronautical considerations, however, may require special attention to gra<ii- 
ents, slopes, and {'ompaction. 

When a landing strip is located in a cut, the cut area should be of sufficient width to 
provide for any necessary drainage ditches at the edges of the landing strip in addition to 
the width of the landing strip shown in Table 2. If a taxiway is planned on the cut c>ide 
of the runway, the back slope ol the cut may be an obstruction to the taxiw av m that ca.se. 
the cut should be widened or the slope flattened to provide the distance" h-etween taxiway 
and obstruction showm in Table 3 In addition to the above reqinremenr' no part of the 
cut slope should project into the approach or transition slope zone except tian-^versely 250 
ft from the instrument-landing strips, w'here the height above the runway grade should 
not exceed 15 ft unless the obstruction is lighted. 

The edges of graded areas should be so shaped that abrupt grade changes will not exist 
betw’een graded and ungraded areas. By rounding the conventional angular «hape at the 
top and bottom of cut or fill slopes, the^e area" a*e i^mlpred ic"" ha-^ai. n, aircraft and 
less expensive to maintain 
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Grading of the areas at the end of landing strips should result in a surface which will 
cause the least damage to aircraft inadvertently getting into this area because of an un¬ 
successful take-off or because of overshooting or undershooting the strip when landing. 



Where practicable, vertical curvob should be used to connef*t the grade of tiie landing 
strip with the grade of the terrain existing beyond the liniito of the grading operations. 
Reverse vertical curves will be required in most cases. The point of intersection of the 
vertical curve nearest the landing strip should be placed not less than 100 ft from the end 
of the runwa\' pavement or at the end of the landing strip. A curve having a vertical 
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distance from the point of intersection to the curve of not more than 3 ft should be used to 
connect the two grade tangents. 

Grading usuall\' can be so planned that ditches which are potential hazards to aircraft 
in distress are unnecessary around the ends of landing strips. When this is not practicable, 
either drainage pipe or drainage swales with gently sloping sides should be used to make 
thi^ area less hazardous The work of grading should be closely coordinated with the 
drainage requirements. 

A typical grading and drainage plan is shown on Fig. 12. 


25. COMPACTION REQUIREMENTS 

All fills should be properly compacted in accordance with the standard recognized prac¬ 
tices after local soil ronditions are analyzed. Particular care must be used in securing 
compaction around drainage and similar structures not only to avoid future settlement 
but to provide beaiing pressures for the structures. Generally, it is desirable to compact 
cut sections when such a section occurs under areas to be paved. 

CAA specifications require that embankments be compacted to not less than 90^ of 
the maximum densitj- at optimum moisture. This is increased to for the upper 9 

in. m fills and the upper 6 in, in cuts under all areas to be paved. 

Maximum density is defined as the maximum dry weight in pounds per cubic foot ob¬ 
tained when a material is mixed with different percentages of water and compacted m a 
standard manner The percentage of water at which ma.ximuin density is secured rep¬ 
resents the moisture content necessary to give maximum compaction and is called the 
optimum moisture content. 

For further details regarding compaction, excavation, embankments, and construction 
of fills on unstable foundation soils, reference should be made to Sects. 7, 8, and 9. 


DRAINAGE 

26. FUNCTIONS AND CHARACTERISTICS OF AIRPORT DRAINAGE 

The pu pose of airport dramage, briefly stated, is to reduce the amount of water entering 
the soil and to maintain a firm, stable, reasonably dry surface, within economic limitations, 
for the safe use b\' the aircraft for which the airport was designed. The drainage system 
should provide for the interception and removal of surface and underground water flowing 
toward the airport fiom areas adjacent to the airport, the collection and removal of sur¬ 
face runoff from the actual airport area, the removal of excess underground water, the 
lowering of the water table, and the protection of slopes 

In very few cases of airport construction is the natural drainage on the site sufficient 
to provide all of the requirements necessary for a properly drained area. Therefore, arti¬ 
ficial drainage facilities need to be installed to proxdde for present requirements and also 
for future enlargement of the system when needed. This may mean the installation of a 
portion of a drainage system to supplement the natural dramage on the site or a complete 
system to drain the entire airport area. 


27. SURFACE DRAINAGE 

The principal problem in the design of a surface drainage system is to estimate the max¬ 
imum runoff flow which must be accommodated by each part of the system. Once the 
runoff flow has been estimated the computation of pipe sizes and dimensions of drainage 
structures can then be made. 

Runoff by Rational Method. There are in use at present several procedures for deter¬ 
mining runoff. The mo.«t common of these and the one recommended by CAA is the 
rational method. The fundamentals of this method are covered in Sect. 8 of Vol. II, Sew¬ 
erage and Sewage Disposal. Its application to airport drainage is discussed here. 

In the rational method formula, Q = CIA, where 

Q s= maximum runcff rate in cubic feet per second or in acre-inches per hour. 

C *= a coefficient representing the ratio of runoff to rainfall. 

/ = average rainfall rate in inches per hour during the time of concentration. 

A = drainage area in acres. 
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The time of concentration (T.O.C.' is the time required for overland flow to reach the 
drainage inlet or other point of concentiation from the farthest extremity of the drauiage 
area. It is ii&ually considered as being composed of two components referred to as “inlet 
time” and “time of flow.” The ‘'inlet time” is the period of time consumed by the flow 
of water from the most distant point in the drainage area to the inlet. The “time of 
flow” IS the period of time during which water flows through the drainage system from 
the miet to any pomt being investigated below the inlet. 

To determine the ramtail intensity I a design storm based on a 5-year frequency is con¬ 
sidered adequate for airports. Intensity-duration curves should be plotted for storms of a 
o-\ ear frequency, and the graph used for runoff suppU' quantities. If complete Weather 
Bureau data are not available locally, the data m Misceilantous Publication 204, U. S. 
Department of Agriculture, Rainfall Intensity-Frequenc\' Data b\' David L. Yarnell, 
should be used fi)r plotting the intensity-duration curve. Other curve-' such as 15-year. 
20-year, etc., should also be plotted for checking excess storms. In maiU' instances, storms 
appreciably more severe than the design storm may cause very little damage or incon¬ 
venience, whereas m other cases flooding of important areas may result. It is generally 
advisable to investigate the probable consequences of storms more severe and less frequent 
than the design storm before making final decisions regarding the adequacy of proposed 
drain-inlet capacities. 

The ruiiuff coefficient (C) i» the percentage of the rainfall on a given area that flows off 
as free surface water This percentage will seldom reach iOOC^c. even when the entire sur¬ 
face IS composed of pavement or other hard impervious material with steep slopes, because 
a certain amount of evaporation takes place even during the storm. Tne impervious sur¬ 
faces absorb some moisture, and small depressions and irregularities hold back additional 
amounts 

Infounation for estimating the runoff from different tj'pes of airport surfaces in propor¬ 
tion to the rainfall intensity is presented in Table 10. 

Table 10. Runoff Coefficients 


Type of Surface 

Factor C 

For all watertight roof surfaces 

0.73 

to 

0.95 

For asphalt runway pavements 

0.8i3 

to 

0 95 

For concrete runway pavements 

0.70 

to 

0 90 

For giavel or macadam pavements 

0.35 

to 

0.70 

Foi impervious soils theavj y * 

0 40 

to 

0 65 

For impervious soils, with turf * 

0.30 

to 

0 55 

For slightly pervious soils * 

0.15 

to 

0.40 

For slightly pervi'^us soils, with turf * 

0.10 

to 

0.30 

For moderately pervious soils * 

0.05 

to 

0 20 

For moderately pervious soils, with turf * 

0.00 

to 

0.10 


For slopes from 1-2%. 

If the drainage area contributing to a certain inlet is composed of several surfaces f^'r 
which different coefficients from Table 10 must be assumed, then the coefficient used m 
the formula should be a weighted average in accordance with the respective areas. 

Tlie formula Q = CIA gives the maximum instantaneous runoff rate to be expected tor 
a given design storm. If no temporary flooding can be permitted, the capacity of the drain 
lines, inlets, and other components of the drainage system must be large enough to handle 
this peak flow Because of the short duration of maximum flow conditions, however, it is 
often possible to achieve substantial economies m design if even a small amount of tem¬ 
porary storage can be provided. This permits use of smaller pipe sizes with a subsequent 
flattening of the peak of the outflow hydrograph Where sufficient storage capacity' i» 
available, it is recommended that ponding be utilized in airport drainage de.sign. 

Runoff by Overland Flow Method. Another method for deiermining runoff from air¬ 
port surfaces is based on the hydraulics of ocerland jlow. A number of investigators^ 
have developed formula.s and hvdrographs of runoff which takes place as (jverland flow 
and which refers to runoff, resembling sheet flow. l>€fore it has reached a defined channel 
or ponding basin. This method, based on studies by Robert E. Honon, has been adopted 
by the Corps of Engineers. Department of the Aimy, for the design of airpoit drainage 

3 The Interpretation and Application if Kunoh Plat lAperunents \Mth KuVreiice to Soil Krosiun 
Problems, by Ptobert E Hurton. Pioc Soi/ Set Sc' .-Im , Vol 3, pp 34v')-34‘J Surface Runoff 

Determination from Rainfall without Esirig Coefficients, by W W Horner and S Jens, Trari'. 
ASCE. Yol 107, pp 1039-1117 (I942y A Method of Computing Urban Runoff, by W I. Hicks, Tran 5 
A5CF. Vol 109, pp 1217-1268 (1944); Hydrauhesof Runoff from Developed Surfaces, by C F. Izzard, 
Proc Hxgkuay Res€<irch Board, pp 129-150, December 1946. 
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systems. A complete explanation of the method is contained in Design of Drainage Facil¬ 
ities for Military Airfields by Gail A. Hathaway, Proc. ASCE, January' 1944, pp. 55-88, 
and in Engineering ^^anuaI, Corps of Engineers, Part XIII, Chapter 1. 

Collection and Disposal of Runoff. The next step in the design of airport drainage, fol¬ 
lowing determination of rainfall and runoff requirements for each drainage area, is the 
collection and disposal of the runoff by means of a connected system of inlets, manholes, 
and pipes. The proper location of the various items of the drainage system will depend 
on the character of the terrain as disclosed by the topographic map. This map should be 
extensive enough to indicate the areas adjacent to the airport boundaries: it should 
show the necessary contours (2-ft interval) and all natural water courses, swales, draws, 
ditches, slopes, ridges, and configurations. It should also show all impiovements that 
might have a bearing upon the runoff and drainage of the immediate area, such as rail¬ 
roads, highAva>-s. canals, and irrigation and drainage installations. 

An additional layout plan is necessary to show the layout of the runways, taxiwavs. 
aprons, and building area v-ith the finished contours drawn to a 1-ft interval or less. This 
layout should be the “dramage working drawing” (see Fig. 12). The entire sj'stem should 
be sketched upon it to show the outline and identification of each subarea contributing to 
each inlet or channel; ail main and lateral storm pipe drains, pipe sizes, direction of flow, 
gradients, catch basins and inlets, structures, gutters when required, surface channels, 
peripheral and outfall ditches, and other essential features. 

Inlets should be placed at all low points in the surface drainage created by grading. 
In the case of a long run of surface drainage where the fall is all in one direction, the inlets 
should be spaced so that the runoff will not have to travel excessive distances in reaching 
the system. Normally, the inlets should not be spaced less than 200 ft nor more than 400 
ft apart with a general spacing of about 300 ft. Thev should not be located less than 75 
ft from the edges of the pavement, unless a gutter section in the pavement is used; in that 
case, the inlets will be in the line of the gutter. 

Special treatment for the location of inlets usually wull be necessary near runway inter¬ 
sections. and the inlets should be as far away from the pavement as practicable. The 
inlets must be designed so as to present a satisfactory contour for use b\' planes that may 
tiaverse that area 

Manholes, or combination manholes and inlets, should be pro\dded where necessary; 
their spacing also should var^- from 200 ft to 400 ft, with the most desirable interval at 
approximately 300 ft 

Flow in Conduits. After the locations of the inlets, manholes, pipe runs, and outfalls 
have been determined and the design runoff for all subareas has been computed to each of 
the inlets, the next step in the design will be the computation (by appropriate hydraulic 
formulas) of the size and gradient of the pipe drains. Also, the flow time in the pipes from 
the various inlets can be computed according to the hydraulic characteristics of the pipe. 

Several formulas are used to determine the flow characteristics in pipes; many of them 
give practically the same results. How'ever, the Manning formula is the most widely used 
and has largeh' replaced the more complicated Kutter formula. 

Charts have been compiled for the solution of the Manning formula and are included in 
most engineering handbooks. They usually are used instead of the formula to determine 
the size of pipe required. 

Figure 13 shows the design data and computation for the drainage system illustrated in 
Fig. 12. 

The conduits in the drainage system may be constructed of poured-in-place concrete, 
reinforced concrete pipe, concrete pipe, vitrified clay pipe, corrugated metal pipe, or any 
combination of these. The pipes should be of conventional standard sizes and provided 
with either bell-and-spigot or tongue-and-groove joints in the precast pipes and adequate 
metal bands for the corrugated metal pipe. 

Structures. The structures most generally used are field and pavement inlets, manholes, 
combination manholes and inlets, occasional catch basins, lamp holes, and head walls on 
outlet ends. Structures located in the usable areas on airports must be designed so that 
they will not extend above the ground level. The tops of such structures should be one- 
or two-tenths of a foot below the ground line to allow for settlement around the structure, 
to permit unobstructed use of the area by aircraft, and to facilitate the entrance of surface 
water. 

Manholes are more or less standardized as to type and can be of round, oval, square, or 
reotarigular design. They are usually constructed of concrete, brick, concrete and brick, 
or corrugated metal, depending upon the stresses to -which they will be subjected. 

Many practical considerations must be recognized in the design of the spacing of grate 
openings. The openings must be large enough to serve the purposes for which they were 
intended, but small enough to prevent tail w’heeb of small planes or maintenance equipment 



Drainage Design Computations 
(Airport Site: Aeroton) 
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Fio. 13. Drainago-deaiKn data and computation sheet. 
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from being caught in them. Small grate openings often present a difficult maintenance 
problem because they clog readily with grass cuttings. leaves, and sticks, Therefore, the 
actual enectiveness of siicli grates is less than the de■^lgn capacit\'. It i-' siigge^^ted that 
the grate opening- have a factor of safety of approximately 150^ applied to their design 
to off-et tois inelfectivenes^. The maxinitini width of a ■-lot opening of the grate snoiild he 
1 2 S hi if rectangular; and. for openings approaching a square, the maximum dimensions 
should be 3 in. To (urtail Ko passing, the inlet‘s should be installed to position the largest 
overall dinierision across the direction of surface flow with the small grate openings parallel 
to that flow. It is important to check, by computations, the area of the giate opening to 
make sure theie will be sufficient area to admit all of the runoff estimated for each inlet. 


28. SUBSURPACE DRAINAGE 


Subsurface drainage on airports consists, in general, of intercepting lines, diverting sub¬ 
terranean flows, draining wet masses or areas, controlling moisture in base or subbase of 
pavement, or any combination of these. Draining large field areas by subsurface drainage 


Openings, in.— >ic Numbers (ASTM standard sieve numbers) 



Large gravel 


Medium gravel 


1 F.ne 'Coa'^se Medium 
• gravel , sand I sand 


Fine Very fine 
sand sand I 


Slit 


U. S Bureau of Soils classification 


Piping ratio 

15% si;e uniform backfill 
85% si 2 e ur.torm loundation 


not greater than 4 0 


Permeability ratio. 

15% size unCorm backfill 
15% size uniform foundation 


not greater than 5 0 


15% size v.ell-graded bacl-f, ij_ 

85% s ze v.ell-groced founcaticn 


not greater than 5 0 


15% size well-graded or uniform backfill 
15% size #»eH-graded foundation 


not greater than 25 


I IG It Ijiniitinn gradation for backhl! surrounding drain pipe 


not u-'siuillv necc--a^\' on airports as this can be accomplished more efficiently,’ by props^* 
grading and the installation of surface drainage. 

The pre.enec of a hiah water table on an airport site calls for a thorough soil survey an.l 
a deteruiination of tiie cause of such undergrountl water. It might cover the entire area of 
the airport or be located in one or more isolated portion's of the site. The relative per- 
ineabiliti' and airangenient of the dirterent soil la.vem will deterniiue the need for and the 
location of underdraui-. Localities in wliicli the water talile fluctuates with the seasonal 
rainfall should be earefull.v observed when making the soil survey. 

Under normal eondinoiis, a 4-in. to lO-in. pipe will sufBce to handle subsurface flow. 
Pipe for subdtaiti.i ina.v eomsist of vitrified i-lay, concrete, or corrugated iiietal and may be 
perforated or plain, designed with open joints, bell-and-spigot joints, or cradle inverts. 
Great care must be exercised during construction and provision made for adequate cover- 
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Table 11. Recommended Minimum Depth of Cover in Feet for Conduits 


Wheel Load, 15,000 lb Wheel Load, 30.000 lb 



Nominal Di^nitter ol Pipe, m. 

Nominal Diameter of Pipe, m. 

Land of Pipe 

6 8 10 12 15 18 24 30 36 42 48 60 

6 8 10 12 13 18 24 30 36 42 48 60 

Clav sewer pipe 

1 5 2 0 2 5 30 30 30 30 3 5 3 5 

2 5 2 5 3 5 

Cla> culvert Dipe 

1 5 1.5 1.5 1 5 1 5 1 5 I 5 2.0 2.0 

1 5 2.0 2 0 2 3 2.5 3 0 3.0 3 0 3 0 

Concrete sewer tnpe 

1.5 1.5 20 2.5 25 30 30 

2 5 2.5 3.0 3.5 

Remforced-concrete sewer 



pipe 

2.0 2.5 3.0 3.0 3 5 3.5 4.0 4.0 4.0 

3.0 3 0 3.5 

Remforced-concrete culvert 



pipe 

1.5 1.5 2.0 20 20 20 20 20 20 

2.0 2 0 2 5 2.5 3.0 3.0 3.0 3 0 3.0 

Reiiiturced-concretc culvert 



pifie (extra strength) 

1 0 1.0 I 0 1.0 I.O 1 0 

2.0 2.0 2 0 2.0 2 0 2 0 

Corrugated metal pipe 



Gage 18 

1 0 1 0 1.0 1.5 

1.0 1.5 i 5 2.0 

16 

1.0 1.0 1 0 l.Q 1.0 1 5 1.5 

1.0 1 0 1.0 1 5 1 5 1 5 20 

14 

1.0 1.0 1.0 1 0 1.5 2.0 

1 0 1.0 1.5 20 2 5 2.5 

12 

I.O 1.0 1.5 2.0 

1.5 2 0 2.3 3.0 

10 

1 0 1.5 

1.5 2 0 2.0 2.5 

8 

1 0 

1 0 1.5 1.5 20 


Wheel Load, 43,000 ib 

Wheel Load, 60,000 lb 


Nominal Diameter of Pipe, m. 

Nominal Diameter of Pipe. m. 

Kind of Pipe 

6 8 10 !2 13 18 24 30 36 42 48 60 

6 8 10 12 15 18 24 30 36 42 48 60 

Clay sewer pipe 

30 3 5 40 

4 0 4.5 5 0 

Clay culvert pipe 

2.0 253030303540 4.0 40 

2.5 3.0 3 5 3 5 3.5 4 0 4.5 4.5 4.5 

Concrete sewer pipe 

3 0 3.5 4.0 4 0 

404045 

Remforced-concrete sewer 



pipe 

35 


Remforced-concrete culvert 



pipe 

2525303035353540 4.0 

3.0 3 5 4.0 4.0 4 5 4.5 

Remforced-concrete culvert 



pipe (extra strength) 

2.5 2.5 2.5 2.5 3.0 3,0 

3.0 3.0 3.5 3 5 3.5 3 5 

Corrugated metal pipe 



Gage 18 

1.5 1,5 2.0 2.0 

2,0 

16 

1.0 1.0 1.5 2.0 25 2 5 30 

1.5 1.5 2.0 2.5 3.0 3 5 4.0 

14 

1.5 1.5 20 2 5 3.0 3.5 

2.0 2 0 2,5 3 0 3 5 4 0 

12 

2020253035 

1 5 1 5 2.0 2.5 2.5 3.5 4 0 4.0 

10 

2 0 2.5 3 0 3.5 

2.0 2530303540 

8 

2.5 2.5 

2.5 3 0 3 0 3 5 


Wheel Load. 73.000 lb 

Wheel Load, 100,0001b 


Nominal Diameter of Pipe, in. 

Nominal Diameter of Pipe, m. 

Kind of Pipe 

6 8 10 12 15 18 24 30 3t) 42 48 60 

6 8 10 12 15 18 24 30 36 42 48 60 

Clay sewer pipe 

4.5 4.5 5 0 

5.5 5.5 6.0 

Clay culvert pipe 

3.0 3 0 3 5 

4.0 4 0 4.0 

Concrete sewer pipe 

4 5 4.5 5.0 

5.0 5 0 5 5 

Reinforced-coiicrcte culvert 



nipe 

303540454550 

3 5 40 4.5 5.0 3 0 5.5 

Remforced-concrete culvert 



pipe -extra strength) 

303540 4.0 4040 

4 0 4.0 4 5 4 5 4.5 5 0 

Corrugated metal pipe 



Gage 18 

20 

25 

16 

1 5 2.0 2 5 2 5 3 3 4.0 4 5 

2.0 252530354350 

14 

2.0 2.5 3 0 3 5 4.0 4 5 

253035403055 

12 

303340 4.5 45 

3.5 4 5 5 0 5.5 5.5 

10 

253035 4.0 4045 

3 0 3 5 4 5 5.0 5 0 5.5 

8 

3 0 3.5 3.3 4 0 

4.0 4.5 4.5 5.0 


Note 1. Cover for pipe in airfield areas not used by aircraft traffic shall be designed for a single wheel load of 15,000 lb. 
Note 2. Cover for pipes within runway or taxiway strips and other aircraft traffic areas shall be provided in accord¬ 
ance with the above table except as provided lor rigid pavements m Note 3 below 

Note 3. Pipe placed under concrete pavements on airfields shell have a minimum cover meas'jred below the slab of 
1 ft for single wheel loads of 69,000 lb and 2 ft for single wheel loads of loO.OOO ib. 
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age by proper specifications to assure that the trench will be backfilled with well-compacted, 
properly graded material. Grades should not be less than 0.1 ft in 100 ft. In order to 
prevent the infiltration of the surrounding natural soil into the interstices of the porous 
backfill material, it is recommended that the relationship in grading between the natural 
foundation soil and the backfill material shown in Fig. 14 be followed. 


29. EROSION CONTROL 

In airport construction, cut and fill slopes are iisualh' made as fiat as possible. Cut 
slopes more than 8 or 10 ft deep, with higher ground above them, should be provided with 
a cutoff surface ditch constructed several feet back from the top of the cut and running 
parallel to the top-of-cut line to intercept the surface vvater flowing down from the higher 
ground before it reaches the cut bank. To protect the cut slopes, it may he necessary to 
riprap, sod, sprig, or seed with lapiJ-growiiig grass or vegetation. It is good practice also 
to construct a surface ditch at the base of the cut slope to mtercept the flow of runoff before 
it reaches the airport area. 

All fill slopes of more than 3 ft in height should be protected agamst surface-water ero¬ 
sion by the construction of berms or gutters along the top of the slope to intercept the sur¬ 
face water and to prevent it from spilling down the slope. The surface water, thus inter¬ 
cepted, may then be disposed of by properly constructed rubble or concrete spillways, pipe 
spillways, vertical drop inlets, or by other suitable means of conducting the water down the 
slopes to proper outfall ditches. 

Spillways should be provided with an adequate cutoff wall beneath the entrance apron 
to the spillway. This cutoff is most important as it prevents water from seeping down 
under and along the spillways and causing failure from lack of support. 

Where open-trough-type spillways are constructed, their cross-sectional area should be 
larger than that required for the design storm, and provision should be made in the design 
for ample free board. 

30. COVER REQUIREMENTS FOR CONDUITS 

Conduits installed on airfields are normally subjected to either a dead load (loads due 
to the weight of soil or other oveiburden placed over the conduit) or a combination of a 
dead load and live loads (stationary and mo\’ing airplanesi. The relative effect of ea^-h 
t\'pe of loading ma^' vary considerably. In some instances, the dead load ma\' comprise 
the total load. This is true of conduits installed in areas away from the landing strips, 
runways, and taxiways. Usually, the conduits will normally be subjected to both a dead 
load and a live load. On the smaller type airports, the effect of the live, or surface loads, 
will generailv be minor in relation to the load due to the weight of the soil or other over¬ 
burden The problem in this case is somewhat analogous to the problem usually encoun¬ 
tered m the design of conduits installed on highway projects. On the larger-type airports, 
the problem is different. In many instances, the surface loads may comprise the major 
percentage of the total load on the conduit. 

Investigations have shown that proper installation has considerable effect on the abil¬ 
ity of a conduit to support loads. Provision should, therefore, be made to insure that 
proper construction procedures are followed for installing conduits. Table 11 shows recom¬ 
mended minimum depth of cover required for conduits installed with good foundations and 
properly backfilled. Figure 14 shows the gradation characteristics for backfill. 


PAVING 


31. GENERAL CONSIDERATIONS 

Airport pavements are subjected to impact, dynamic, and static loads When an air¬ 
plane la standing with the motors dead, the load on the pavement is static and equal to 
the gross weight of the aircraft. This is the heaviest load imposed on the pavement. 
Te>ts and observations have disclosed that the gross load transmitted to the pavement 
is reduced when the plane is standing and the propellers operating at high speeds as well 
as wiien the plane is taxiing. Thii> may be explained by the aerodynamical forces acting 
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on the wings producing an air-borne condition to a c* rtain degree. Because the airriaft 
is at least partially air-borne when taxiing and largely air-borne when landing and taking 
off, the dynamic (moving') and impact loads are less critical than the static load Fo'- 
this reason, pavements designed for static loads will be adequate for all conditions of load¬ 
ing. 

For design purposes it is the usual practice to consider the gross weight of the aircraft 
as distiibuted between the two mam wheels or group of wheels, disregarding the p.utK)n 
of the load that may be carried bj' the tail or nose wheel. The static wheel loads inav. 
theiefore. be taken as one-half the gross -weight of the plane. 

To deteunme the pavement thickness required on a given airport, it is necessar\’ ro 
know ( 1 ) the weights and number of aircraft to be accoiuinodated, ( 2 ) the engineeinig 
properties of the soil on which the pavement will rest, (oi the general charaftH-i of the 
diuinage, and (4> the local climatic conditions, especially with respect to depth of frost 
penetration. 

Service records have shown definitely that taxiways. aprons, turnarounds, and waim-up 
pad> at ends of runways are the most critical areas from a standpcunt of aiicratt u-?e 
Pavement failures have occurred on these areas when pavement of the same t> pe and 
thickness on the runway proper showed no signs of distress. This dift'eience in condition 
reaiilts from the numerous repetitions of loads due to channelization of traffic in the-ie 
cntnal areas as compared to the wide distribution of traffic on the runway. ThU l^ ini- 
poitant in pavement design because of its influence on pavement-thickness requiienu-ni" 

For safe and efficient aircraft operations, pavement gradients and vertical curves should 
comply with the standards set forth in Art. 7 of this section Particular care m^l•^t b,‘ 
taken to provide easy transitions at intersections, not only with respect to giade* but m 
providing convenient turning radii. Other features of aeronautical importance follow 

1 Rough wearing surfaces should be avoided because of the excessive wear cau'sed to 
tires of landing aircraft. Bituminous surfaces may be finished with a sand or fine-criishc I 
aggregate H 4 -in maximum >ize’ seal. Concrete surtaces should have an even, tine sand'.’ 
or gritty texture A smooth trowel finish should never be permitted. 

2. The wearing course should be deiue and well bonded to prevent loose surface ag¬ 
gregates and consequent damage to propellers. 

8 . Pavements at loading and warmmg-up aprons and turnarounds at the eniis of the 
runways should be of sufficient stability to withstand, without damage, the hea\w shear¬ 
ing stresses occasioned by short-radius brake turns, the vibration of engine run-up, and 
drippings of gas and oil. 

4. Crowns and transverse gradients should be sufficient to expedite surface water run¬ 
off. 

A description of pavement t\T>es and requirements as to quality of mateuuU and 'Aork- 
iiianship are covered in 5^ect. 4. Highway Engineering. Standard speciffcaiiou.-^ pub "hed 
by federal, state, and other public agencies should be consulted regarding detaiF lei-itive 
to quality of materials and mixes, control tests, and methods of construction. 

Design procedures vary in accordance with the agency respoii'^ible for the development 
of standards which they consider applicable to their particular needs In general, pave¬ 
ments on civilian airports are designed in accordance witli the methods de.scribed m Airpoi t 
Paving, published by the CAA. For military airports pavement design foiUiws eithei the 
method of the Corps of Engineers as established in Part XII of the En^ihccring Manual 
for TFar Department Construction or the procedure presented in the Design Manual of the 
Bureau of Yards and Docks of the Navy Department, 

Ail the de.sign procedures specify thicker pavements loi aprons. taxiwa>s. and rimwa\’ 
ends than those required on the major poitiun of the runway Special turnaround area-s 
and warra-up pads, when required, »houid have the same thickness as taxiwa\ s. 


32. RIGID PAVEMENTS 

Rigid pavements for airports consist of Portland cement concrete pavements, with or 
without reinforcement, and with or -without addition-^ of natural ce^lent.'^ or othei adimx- 
turcj' Ill any case, regardless of aircraft loading, concrete pavements should have a mini- 
iiiuin thickrie.''S of h in. 

Most ngid-pavement design is baseii upon the principles <>f elastic deflections of slabs 
as developed by II. M. Wesiergaard. This analytical method ha -5 been widely accepted. 
Both the CAA and the Corps of Kngineeis have published a senes ul design curves based 
on the We-^tergaard principles but modified in accordance with the observed behavior of 
pavements under service conditions. 
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Single wheel load, 1000 lb 

FiQ. 15. Concrete pavement: taxiways, aprons, and runway enos. 



Fio. 16. Concrete pavement: runways (CAA method). 
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CAA Design Procedure. Thickness requirements for single wheel loads * from 15,000 
to 100,000 lb are shown graphicalh’ on Figs. 15 and 16. The designations Rl, R2, and 
a, b, c, d, and e refer to subgrade classes discussed in Art. 22 of this section. 

Referring to Figs. 15 and 16, line a represents the subgrade class that requires no sub¬ 
base. Subbase requirements are the same for Rl and R2 subgrades, but the R2 condition 
requires a concrete pavement 1 in. thicker than the Rl. For certain conditions an addi¬ 
tional inch of rigid pavement is considered more desirable than a proportionate increase in 
subbase thickness. In general, subgrades are placed in the Rl class where the combination 
of soil, drainage, and climatic conditions are favorable; otherw’ise, they are classed as R2. 

Figure 15 shows the required concrete pavement thickness for runways: the require¬ 
ments for taxiways, aprons, and runway ends are shown in Fig. 16. Their use may be 
illustrated by an example as follows: 

Assume a single wheel load of 45,000 lb, an E-6 soil, good drainage, and severe frost. 
The corresponding subgrade class for these conditions is R2b which -will require a concrete 
pavement 9 in. thick on the runways and 11 in. thick on taxiways, aprons, and runway ends. 
The subbase requirement is 8 in. in both cases. Thicknesses are taken to the nearest inch. 



^iain concr^e^g* ^Surface 


.p 


End of 

\ Subbase^ 


runway 

^Subgrade 

1055 of runway 



length to nearest 

locy 


Runway End Section 


This longitudinal section illustrated runway end 
design for a single wheel load of 45,000 lb and 
a .^ 2 ^ subgrade. Pavement thickness increased 
for 1055 of runway length to nearest lOO^. 


Reinforced concrete; 

When pavements are reinforced concrete, the 
pavement may be reduced 1' in thickness but 
in no case shall the thickness be less than 6*. 




^ I Variable 

CM - 


Concrete 


Section A~A 


Increase in depth of concrete runway at 
intersection of a taxiway and a runway. 

Length of section variable depending on 
angle of intersection. Length shall be equal 
to maximum distance between fillet ends. 

Fig. 17. Typical sections, concrete pavements. 

Cross-section details for the thicknes.ses given in the above examples are shown on Fig. 
17; Figs. 18, 19, 20, and 21 and Table 12 give jointing, reinforcing, dowel, and tie-bar 
details. 


* For relationship between single wheel loadings and dual wheel loadings, see Table 2. 
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LEGEND 


-Keyed or butt longitudinal construction joints 

-Longitudinal dummy joints Vifith tie bars 

-Transverse dummy joints with dowels 

' ' Transverse expansion joints with dowels 
-Longitudinal expansion joints without dowels 

NOTE: In runway construction outside the limits of 
the intersection the standard design shall govern. 
Transverse expansion joint interval 120-400', 
transverse dummy joint interval 15'-20'. 


Longitudinal expansion 
joint without tie bars ‘ 



Longitudinal dummy 
joint With tie bars ' 


Typical plan for jointing 
plain concrete pavement 
at intersections 




^ up to 84®, use 25' radius 
^ from 85® to 115®, use 50* radius 
^ over 115®, use 100' radius 


Details of runway fillets 

Fig. 18 Details of pavement intersections. 
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120'-400' 




'i 



L 

L 

L 

L 

L 


\ 

■ ^ T- 

Expansion - 


1 Dummy grcxjve- 

; 


Expansion v 

joint 


joints 



jotnt'~^.' 


; 

- A - 

A 


: r 




■_j 


■ c- 

■~1 : 






: B 

- 


C - 

- C 

f-: 


Plan of Transverse Joints in a Construction Width 


i 

i 


yummy groove 




j contraction joint ^ 



i ^ H’ expansion joint 

y 

iii 

L . 1 

h’ expansion joint 


i 


T ° 

- ^ t 


and equipped with expansion caps 


Longitudinal Section 


and equipped with expansion caps'' 



caps required on these dowels 


Section A-A 


Section C-C 


Dummy Groove Construction 
Joint With Dowels 



Section jB-B 
Expansion Joint 


Construction Joint When Needed 

1 T, cross section tlnckness. 

2 L, according to type of coarse aggregate 
may vary from 15' to 20' 

3. Dowel bars shall be used in dummy groove 
type of joints on aprons, taxiways, and 
critical thickened end sections of runways, 
and on all runways designed for wheel 
loads of 60,000 lb or more. They may be 
omitted in the mam portions of runways 
between the critical thickened end sections 
when the wheel loads are less than 60,000 
lb. 

4 Dowels shall be supported and held in place 
by an appioved a^S'embly within I's" 
foot of being paiallel with the plane of the 
slab surface and witlua 1. s" per foot of be¬ 
ing parallel to center line of the pavement. 
Dowel size, length, and spacing as lenuired 

5 All jointj> .'^hall edged 

G liuaciiig of tran»%erso expansion, joints may 
\ary from 120' to 400' 


Fig. 19. Transverse joint details plain concrete. 











Cross Section of LongitudinaUoints for W = 10-12.5 ft 


H" 0 deformed tie 
bars, 30' long, 
spaced 30' on centers 

I_ 


Sealed with specified 
^ material within 
/ of surface ^ 


Dowels to be painted and greased 
except in first outside lane where 
W = 20-25 ft and in first two outside 
lanes where W = 10-12.5 ft 




Sealed with specified 
material within 
/ H' of surface 





Longitudinal Keyed 
Construction Joirrt 
With Tie Bars 
V <t> deformed tie 
bars, 30' long, V 
spaced 30* on centers / 


Longitudinal Keyed 
Construction Joint 
Without Tie Bars 
Sealed with specified 
— material within — 
k’ of surface 


Longitudinal Butt 
Construction Joint 
With Dowels 


Nearest dummy joint ^ 


1 X'or 1? <M 


t 

L__i 




□ 

[ _ s 

I'l 

I or Jfi' j 

1 radius J 

Q3 



-JjUv non-extruding 

I expansion joint filler 
TTT —^ .. . .— *1 



Longitudinal Dummy Groove 
Construction Joint With Tie Bars 


Note: Te = 1,25T to nearest 1' 
but not less than T + 2 


Longitudinal Expansion Joint When Needed 

Flo. 20. Longitudiiiat joint detaila, plain concrete. 
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Longitudinal section 


. c c 

c ^ 

>♦2" to 4' Ur/4-H" 

2" to 4"-*^ 

-1:_ ""I' Vi 


Reinforcing through dummy joints-' 

''•Doweied transverse contraction or expansion joints 

Panel section 


to 64^ 

E j 

F F '\ 

J'/4-H^l 3-to64jj 


- 1 .-. . -1 



No lie bars required in ^ 
longitudinal dummy joint i 
Remforcing through dummy joint' 


\ longitudinal 
‘ joint 



Jj* radius 

■Tli*V Ss'orJs'ral 
Dowel socket or 
'expansion cap 
with pinched ends 


Non-extfuding fiiier 


Transverse section 
of construction lane 


[nil's hall' of dowel to be painted and 
greased to provide slippage m slab 

Transverse 
expansion joint 



Transverse 
dummy joint 
without dowels 


Sealed witii speafled 
mat^iai within 
of surface 



2* to 4* 

r/4+u 


f-. I 

V rad 


Smooth'dowd bar *• ‘Sf 


'Dowels to be painted and greased to provide 
slippage tfl slab, no dowel sockets or 
expansion caps required on these dowels 


Transverse dummy groove 
contraction joint with dowels 


Dimensional Limitations 


Slab 

1. ^ 

L_!J 

g 1 

T 

Min I 

Max 

Mm. 

Max 

Mm 

Max. 

6'-8' 

120' 

400' 

40' 

60' 

: 15'i 

20' 

9'-12' 

120' 

400' 

40' 

60' 


25' 

13'-20' 

120' 

400' 


60' 


25' 


Amount of Reinforcement 
The amount of sectional area provided by the 
reinforcing steel shall be at least equal to that de¬ 
termined by the following formulas: 

ro°4tudinalj.4.-iIg/^ 

members 1 7* 

r°'' I , s.rEVWf 

transverse { A* -- ^ - 

members t '* 

in which 

A* = square inches per foot of length or width 
B = length of panel in feet 
E * width of panel in feet 
T s* thickness of slab in inches 
■* = unit stress in steel in lbs per sq in. 

IA = 28.000 for cold- 
Ailowable unit stresses \ drawn wire 

I/, = 23,000 for bars 

Legend 

A = Spacing of transverse expansion joints 
B = Spacing of transverse contraction joints 
C = Spacing of transverse dummy joints 
E = Spacing of longitudinal construction joints 
F = VzE (locates longitudinal dummy joints) 

T = Thickness of slab 


Lonptudinal edge oi constniction joint-»y 



Longitudinal edge or construction joint 

Transverse contraction • 
or expansion joint 


Cutaway top view 
of typical panel 


General Requirements 

Reinforcing may be either welded wire fabric or 
bar mats, furnished in flat sheets or mats, and 
installed with end and side laps so as to provide 
continuous reinforcing throughout each slab 
panel 

Longitudinal members shall be spaced not less than 
4* nor more than 12''; transverse members not 
less than 6" nor more than 18'^ 

The term “slab panel” refers to a unit of pavement 
ha^•ing B length and E width. Each panel shall 
have one center longitudinal dummy joint; and 
at least one but not more than three equally 
spaced transverse dummy joints. This layout is 
designed for construction width E of either 20' 
or 25'. 

Runways exceeding 250' in width shall have one 
center longitudinal expansion joint. 

Aprons and other large paved areas shall have lon¬ 
gitudinal expansion joints spaced 120' to 400' 
apart 

Grade of material, fabrication, lapping, etc., to meet 
requirements prescribed in the general speciflca- 
tions. 


Fiq. 21. Reinforcement details for concrete pavements. 
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Table 12. Dowel-Bar Details for Longitudinal Butt Joints and Transverse Expansion, 


Construction, and Contraction 

Joints 

Slab 

B.ar 

Bar 

Bar 

Depth 

Diariif ter, 

Length, 

Spacing, 

T, m. 

Hi. 

in. 

in. 

6 

5 i 

16 

12 

7 

0 4 

16 

12 

8 

1 

16 

12 

9 

1 

lb 

12 

)0 

1 

16 

12 

! \ 

1 1/4 

20 

15 

12 

} 1.4 

20 

15 

13 

11,4 

20 

13 

14 

n'4 

20 

15 

15 

1 l4 

20 

13 

16 

U/o 

24 

15 

17 

] 1.0 

24 

15 

18 

1 1.2 

24 

15 

19 

1 1/0 

24 

15 

20 

1 i:l 

24 

15 


33. FLEXIBLE PAVEMENTS 

Flexible pavements for airport-? con>i-?t of a bituminous wearing surface resting on a 
non-rigid base and a subbase course when required by subgrade conditions. Bituminous 
matenal may abo be u>ed in the ba«e course or subbase. 

Ju.-'t as in the case of rigid pavements, procedures for designing flexible pavements vary 
according to the agencv responsible for the establishment of design criteria. 

CAA Design Procedure. Thicknes'* requirements for single wheel loads from 15.000 to 
100,000 lb are shown graphically on Figs 22-25 inclusive. The designations Fa to FIO 
refer to subgrade classes di&ciissed under Art 22 of this section. The line Fa represent> 
the subgrade class that requires no subbase. When the subgrade falls into Classes FI to 
FIO. subbases of varying thicknesses are requiiod. 

To illustrate the use of the design curves, assume a single wheel load of 45,000 lb. an 
E-6 soil, good drainage, and severe frost. The corre«pondmg subgrade class for these con¬ 
ditions is F3. For a non-bituminous base, the pavement requirements are: 


Runways 'Fic. 22) 

Bituniinous surface 2 1/2 in- 

Base 8 in. 

Subbase 6 in. 

Total 16 1 '2 in. 

Taxiways, Aprons, Runway Ends (Fig. 23) 

Bituminous surface 2 1/2 in. 

Base 10 in. 

Subbase 8 in. 

Total 20 1/2 in. 


Base course and subbase requirements are taken to the nearest full inch of thickness. 

When a bituminous base course is used, thn^kne.s*^ requirements are determined in the 
same manner from Figs. 24 and 25; Figs. 20 and 27 show the required thicknesses foi a 
bituminous-coated aggregate base. 

Cross-.sectional and other de.«ign details for flexible pavements are shown on Fig. 28. 

With respect to the design curves. Figs. 22-27. ?ion-hituminous base refers to base courses 
consisting of dr>‘-bound macadam, water-bound macadaru, crushed stone, gravel, caliche, 
lime rock, shell, etc., whereas bituminous itase limited to a central-plant hot mix of bi¬ 
tuminous material and aggregates of approximately the same design a- tiie bituminous 
surface course. Bitvminous-coated aggregait bast is defined as a mixture, produced in a 
central plant or travel plant, of bituminous material and aggregates which are inferior in 
gradation and quality to the aggregates meeting the requirements for non-bitummou?. 
ba^e courses. 
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Single wheel load, 1000 lb 

Fig 23. Flexible pavement, non-bitummous base, taxiwajs. aproms, and runway ends (C.4.A methods 












Thickness of base « Thickness of base 

Thickness of subbase, in surface, in. S Thickness of subbase, in. and surface, in. 
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24. Flexible iia%eiiient. bituminous base rmiitay (CAA iiiethodl. 



15 30 45 60 75 100 

Single wheel load, 1000 lb 

FlQ. 25. Flexible pavement, bituminous base; taxiwsys, aprons, and runway ends (CAA method). 
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15 30 45 60 75 100 

Single vyheel load, 1000 lb 

Fig. 26. Flexible pavement, bituminou5.Kioated aggregate base; runways (CAA method). 


Fig. 27. 



4« l I I I I I I I I I I I I I I 1. -l.-J 

15 30 45 60 75 100 

Single wheel load, 1000 lb 


Flexible navement, bituminous-coated aggregate base: taxiways, aprons, and runway ends 
(CAA method) 
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H' to iiy- 


Pavement width 



Place shoulder slightly 
(approx 1^$") below 
surface edge; do not 
leave base extension 
uncovered 


At least 6* 
compacted subgrade 


h' to Ky 
Base material 

Shoulder 


Granular subbase two or 
more layers if needed; 
subbasa shall be placed 
in compacted layers not 
to exceed 8" in thickness 


Natural soil 


Cross Section of Runway 



This longituQinal section illustrates runway end 
design for a single wheel load of 45,0(X) lb and 
a F3 subgrade. Pavement thickness increased 
for 10% of runway length to nearest 100'. 


i V. 

A. 


- 1 — r- Runway 

1 '14" 

T 

cot 

<, f — pavement 

' \ 


y/ 1 

Base and i 

subbase 1 

L 

Variable 

1 \. 

J ^Approx, slope 4 1 


Section A-A 


Increase in depth of base and subbase 
at intersection of a ta xiv/ay and runway. 
Length of section variable depending on 
angle of intersection Length shall be 
equal to maximum distance between 
fillet ends. 



Fig 28 Typical sections, flexible pavements. 


Selective grading during construction is recommended so that the belter pes of soil 
found on the site ^vlli be placed in the upper part of the subgrade. This can result in a 
reduction in total costs, since the required thicknesa of pavement is so closeh' associated 
with the t\ pe and condition of the subgrade soil. 

Corps of Engineers Design Procedure. Combined thicknes.ses of pavement l>urface, 
base, and subbasei required for different wheel loadings, tire pressures, and landing gear 
assemblies are presented on Figs. 2^)-32. In these curves the pavement design depends or. 
the California Bearing Ratio (CBR) of the subgrade soil, a test specially developed for 




Combined thickness in inches of pavement and base courses p Combined thickness in inches of pavement and base courses 
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use in flexible pavement design. This test and its interpretation are described in Sect. 7. 
Table 13 gives CBR values for representative soils. 

To illustrate the use of the design curves, assume a single wheel load of 40,000 lb, tire 
pressure of 200 Ib/sq in., CBR = 10. Figure 30 shows the requirements for aircraft 
equipped with single wheel landing gear and with tires inflated to 200 lb/sq in. The chart 
is entered at the top for a CBR of 10 and the line is dropped vertically to intersect the 
curve for a single wheel load of 40,000 lb. It is then carried horizontally to the left-hand 
margin where the combined thickness in inches of pavement and base is seen to be 21 in. 

This method of design permits the construction of a pavement by means of layers of 
different materials, each having an increasing CBR value as the surface is approached. 
This may result in more economical construction at sites where high-grade materials may 
be difficult to obtain. 

Bureau of Yards and Docks Design Procedure. Results of plate loading tests performed 
on specially constructed trial sections are the basis for flexible-pavement design by the U. S. 
Nar-j'. -43 a first step in the design an estimate is made of the required pavement thickness. 
Then trial sections, approximately 20 ft by 20 ft, are constructed at selected locations 
prepared and graded to subgrade elevation m (1) cut area, (2) fill area, and (3) transition 
area where there is no cut or fill except for the removal of plant growth. Three trial sec¬ 
tions having thicknesses equal to, two-thirds of, and 1.5 ti.mes the estimated required 
thickness are constructed in each of the test areas (cut, fill, transition). In each case the 
surface course is replaced by an equal thickness of base course material so that it is not 
necessarj- to lay bituminous surfaces on the trial sections. Loading tests are made with 
circular plates on each of the test sections, and the unit pressures and deflections are meas¬ 
ured. .4s an example of this method, it is desired to determine the pavement thickness 
required for a single wheel load of 50.(K)0 lb and a tire pleasure of 150 Ib/sq in. From load¬ 
ing tests on the subgrade soil and a theoretical analysis of the deflections, it is estimated 
that this particular loading will require a pavement thickness of about 15 in. Therefore, 
the trial pavement sections are constructed with compacted base course thicknesses of 15 
in., 10 in., and 22.5 in. 
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3 4 5 6 7 8 9 10 15 20 25 30 40 50 60 80 

California bearing ratio 


Fig 32, (Tentative.) Flexible-pavement design curves for taxi ways, etc., twin tandem assembly 
31* X 60* C.C., 267 sq in. contact area each wheel. (U S Army Corps of Engineers, revised 5-21-51 ) 


Since the tire contact area is equal to 50,000/150 or 333 sq in., the diameter of the 
equivalent circular area is 21 in. to the nearest inch. Consequently, the pavement tests 
are made with a 21-in. 
diameter plate. Tests on 
the subgrade are made 
with a plate 30 in. in 
diameter. Deflections or 
settlements of the circular 
plate on each of the test 
pavements in each of the 
test areas are measured 
and plotted against the 
pavement thickness as 
shown on Fig. 33. A 
smooth curve is drawn 
through the points corres¬ 
ponding to the greatest 
settlement. The required 
pavement thickness is 
taken from the point on 
the curve corresponding 
to a settlement of 0.20 in. 

If conditions at the site 
indicate that it is desir- 



Fio. 33. Flexible-pavement design (Bureau of Yards and Docks). 
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able to compensate for anticipated increase in moisture content, laboratory compression 
tests are made on 2 by 4 in. cylinders cored from the subgrade. These are tested at opti¬ 
mum moisture content and at a moisture content of 2% above optimum. From the results 
of these tests a correction factor is applied to the settlements determined by means of the 
loading tests. 

Accelerated Traffic Tests. Where time permits and different types of base course ma¬ 
terials are available, it may prove economical, on certain projects, to construct a test track 
consisting of short sections of pavements of variable thicknesses and using various com¬ 
binations of materials and construction techniques. The test track is then subjected to 
accelerated traffic of a specified wheel loading, and the relative performance of each type 
and thickness of pavement is determined. Information from these tests will aid in the 
establishment of a pavement design for the materials and conditions peculiar to the site. 
It may also result in monetary savings far in excess of the costs of the tests. 


34. STRENGTHENING EXISTING PAVEMENTS 

Because of increasing loads imposed by new t>T>es of aircraft, it is frequently necessary 
to strengthen existing pavements. In the case of flexible pavements, this can be accom¬ 
plished by adding a bituminous concrete overlay to the existing surface and the thickness 
can be determined by one of the design methods given above. In connection with concrete 
pavements, however, the problem is more complex since the addition of concrete slabs less 
than C in. in thickness is not satisfactory. 

With respect to concrete overlays, the Portland Cement Association suggests the fol¬ 
lowing formula as a guide: _ 

he = ” - w 

where 

he =* thickness of overlay slab. 

h = thickness required of an equivalent single slab placed directly on the subgrade 
with a working stress equal to that of the overlay slab, 

h, =s thickness of existing slab. 

C =s coefficient, depending on condition of existing pavement. 

For example: 

C — 1 when existing pavement is in good condition. 

C = 0.75 when existing pavement has initial corner cracks due to loading but no pro¬ 
gressive cracks. 

C = 0.35 when existing pavement is badly cracked or crushed. 

When conditions are such that satisfactory bond cannot be obtained between the overlay 
and existing slabs, the overlay may be determined by the following formula: 

he = Vft* - CV 

The design of bituminous overlays for concrete pavements is still under investigation. 
For this reason, no design curves or formula are presented herein. 

35. PAVEMENTS FOR JET^POWERED AIRCRAFT 

Although pavements to be used by jet aircraft are designed, structurally, in the same 
manner as pavements accommodating aircraft pow’ered by reciprocating engines, the 
operation of jet aircraft has raised many questions concerning the effects of fuel spillage 
and high exhaust temperatures on airport pavements. These factors are still under ob¬ 
servation, but it IS generally agreed that spillage is not a serious problem except in those 
areas where refueling is performed. This problem exists with all types of aircraft. It has 
been observed that dense-graded, asphaltic concrete offers excellent resistance under nor¬ 
mal operating conditions. Also, the use of tar in bituminous mixtures and in seal coats 
makes them even more resistant. Bituminized rubber compounds seem to give the best 
service as joint sealers in Portland cement concrete pavement. 

The effect of jet bla.st, however, is severe in certain areas. These areas are small in extent 
and are almost entirely confined to locations where engines are tested. In these locations 
the pavement is subjected to sustained blasts of 5-10 minutes’ duration, or longer. This 
has caused serious erosion of bituminous pavements and has blasted out the sealing ma¬ 
terial in joints of rigid pavements. 
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There is no damage to either concrete or bituminous pavements as long as the jet air¬ 
craft is in motion. 

Some minor surface deterioration of bituminous pavements has been observed at ends 
of runways and on short sections of taxiways where they join the end of the runway. To 
overcome these conditions certain agencies recommended the construction of concrete 
surfaces for a distance of 300-500 ft at the ends of runways and on the adjoining taxiways. 
Also, concrete is recommended m engine test areas. 

It is important to note that the effects of jet aircraft on pavements will depend on the 
design of the aircraft with respect to velocity and temperature of the blast and the angle 
of the exhaust. The more the angle of the blast approaches the horizontal, the less im¬ 
portance it has as far as pavements are concerned. Finally, it should be remembered that 
any conclusions reached regarding the performance of pavements under the operation of 
jet aircraft must be qualified as tentative and subject to change as new models of aircraft 
are developed. 


36. PERSONAL AND SECONDARY AIRPORTS 

The foregoing design requirements cover air-carrier-service tj'pes of airports. For per¬ 
sonal and secondary airports, similar types of pavements will be used but requirements, 
both as to quality of material and thickness, may be relaxed so that the best possible use 
may be made of locally available materials. Bituminous surfaces may consist of surface 
treatments and seal coats rather than plant-mixed bituminous concrete. In most cases, 
pavements, including base courses, need not be tliicker than 6 to 8 in. except under severe 
conditions of drainage and frost, when it may be necessarj- to include subbases ranging 
from 3 in. to 12 in. in depth. 

In manj’ instances, a turf surface will be satisfactory for personal and secondary types 
of airports. If the soils are such that they become unstable in wet weather, it is recom¬ 
mended that the upper 4-10 in, be stabilized with granular materials before establishment 
of a turf surface. Stabilization requirements are given in Table 14. Article 41 of this 

Table 14. Aggregate-Turf Pavement, Wheel Load Up to 5000 Lb 

Good Drainage Poor Drainage 


Soil Group 
E-! 

E-2 

E-3 

E-4 

E-5 


No Frost Severe Frost No Frost Severe Frost 

Stabilise or condition existing soil to a depth of 4-6 in. 


E-6 Stabilize to obtain 55% retained on No. 200 sieve for 6-in. depth 

E-7 

E-8 Stabilize to obtain 65% retained on No. 200 sieve 

E-9 

E-IO For 6-in. For 8-in. For 8-in. For 10-in. 

E-l I depth depth depth depth 

E-12 

E-l 3 Unsatisfactory Unsatisfactory Unsatisfactory Unsatisfactory 


If coarse aggregate is available efforts should ba made to include such material in stabilization. 
The above requirements are minimum and shoald be increased where conditions warrant. 


section gives general information on the development of a turf. For additional informa¬ 
tion at a particular site local agricultural authorities may be consulted. 


37. BITUMINOUS SURFACES 

Bituminous surfaces on airports must (1) provide resistance to the penetration of sur¬ 
face water, (2) protect the base from the raveling and disintegrating effects of traffic, (3) 
provide a smooth, well-bonded surface free from loose particles that might cause damage 
to planes, (4) resist without damage the shearing stresses occasioned by short-radius turns, 
and (5) furnish a non-skid surface while avoiding a rough surface that would cause exces¬ 
sive tire wear. In order to accomplish this, the bituminous materials and aggregates must 
be combined in such a manner as to produce mixtures which, when properly compacted, 
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will furnish a uniform surface of suitable texture and provide the maximum in stability 
and durability. 

These objectives can best be achieved by the use of a dense-graded, hot-laid bituminous 
mixture produced in a central mixing plant where accurate control of materials and pro¬ 
portions can be assured. When properly designed and compacted, they are practicalh' 
impervious to water and possess high structural strength. 

CAA thickness requiieincnts for the bitummous surface range from 2 in. for a single 
wheel load of 15,000 lb to 3 in. for a 100,000-lb wheel load when the base courses consist 
of non-bituminous materials or bituminous-coated aggregate. When a bituminous base 
13 surfaced, the range in thickness varies from 1 in The Corps of Engineers specify 
minimum thicknesses of bituminous surface rangmg from 2-4 in. depending on wheel 
loading and tire pressure. 


38. BASE COURSES 

Base courses, together with a subbase when required, serve to distribute the wheel load 
pressures to the undeilying subgrade, and, as such, should be of adequate stability and 
tiiickness (1) to prevent failure of the subgrade, (2) to withstand the stresses produced in 
the base, (3) to resist vertical pressures that tend to produce consolidation with resultant 
distortion of the bituminous surface, and (4) to resist volume changes caused b>' fluctua¬ 
tions in moisture. 

Stability of the base course is controlled by specifications which cover grading, physical 
properties, and compaction of the mixtures as well as quality of the individual materials 
comprising the mixtures. An important requirement, common to all gravel, stone, or slag 
base courses, is the limitation that the liquid limit shall not exceed 25 and the plasticity 
index shall not exceed 6. 


39. SUBBASES 

Subbases form an integral part of the flexible pavement structure on all but the very 
best of subgrades where the base course alone is considered to be adequate in thickness. 
Subbase materials are generally of inferior quality compared to base course materials but 
superior compared to the subgrade soil on which they are placed. They usually consist 
of locally available materials that can be obtained at a much lower cost than the higher- 
quality base course. Their use results in great savings in construction costs since the 
required amount of the more expensive base course material can be kept lo a minimum. 

In addition to increasing the load support furnished by the entiie pavement structure, 
properly designed subbases serve the following purposes. 

1. Piovide a drainage course. 

2. Eliminate fiost heave. 

3. Minimize the effects of volume change, elasticitj'. and capillarity. 

A subbase under concrete pavements serves several purposes* 

1. It improves the support furnished by the foundation soil. 

2. It provides a more uniform bearing for the pavement. 

3. It prevents pumping action, w'hicli may be defined as the displacement and ejection 
of water carr>'ing soil particles in suspension caused by the deflection of slab ends at joints 
and cracks under heavy loads. 

4. It reduces the detrimental effects produced on pavements by volume change in soils. 

5. It prevents the detrimental effects produced on pavements as a result of frost action 
in soils, provided the subbase is of sufficient thickness. 

In connection with frost action, there may be instances where the combined thickness 
of pavement and subba&e may not be adequate to pievent detrimental frost heave with 
the resulting breakage of the pavement. In this case, the thickness of subbase should be 
increased over that shown on tlie design curves. The actual combined thickness required 
must be determined from a study of local conditions. 

40. SPECIAL COMPACTION REQUIREMENTS 

In order to avoid the development of pavement settlement and rough surface conditions 
as a result of base and subgrade compaction under the action of heavy aircraft, the fol¬ 
lowing compaction requirements have been established by the CAA for all areas to be 
paved: 

Base courses, 95% of maximum density. 

Subbases, 95% of maximum density. 
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Subgrade (fills), of rnaxiinum deiiMty in upper 9 in. 

Subgrade (cuts), 95^ of maximum density m upper 6 in. 

Compaction requirements specified by the Corps of Engineers are given in Table 15. 
Table 15. Compaction Requirements, Military Airfields 


Wheel Load, 
lb 

j Depth in Inches belo- 
to Which Indicated 1' 
AASHU Density 

IV Pavement Surface 
’ei Cent of ^lodified 
Should Extend 

All ?ubgrades except j 
Coho^-ionk-ss Saneb | 

Cohe5ionle55 Sands 


i 00% 1 

1 95% ' 

100% 

95% 

5.000 

15,000 

I 

• i 

■ 

i 

1 12 i 

12 

! 12 

; 24 

40.000 

12 1 

1 18 ' 

24 i 

36 

70.000 

! I 

i 30 , 

30 i 

48 

150,000 

1 30 

54 ! 

48 1 

78 


The depths shown are for cases where the indicated compaction extends into the subgrade. In no 
case should the compaction in the top 0 in. (after compaction) of the subgrade be less than 95% for 
all subgrades except cohesionless sands, and for cohesionless sands compaction should be 100%. All 
fills will be compacted to 90% of Modified AASHO density below the depths to which greater com¬ 
paction is indicated. 

Compaction requirements are constantly under investigation, and requirements are sub¬ 
ject to change as more information becomes available. 


TURFING 


41. FUNCTIONS AND CLASSIFICATION 

Turf is used on airports as a wearing surface for traffic areas; to control dust and erosion; 
and to improve the appearance of the airport, especially the grounds around buildings, 
drives, and parking areas. The primary' advantage of turf over other types of cover is 
economy, both m initial development and subsequent maintenance. 

Turfed areas of an airport differ in purpose and vary in usage. The kind of turf and the 
cultural practices needed to develop and maintain it will vary somewhat, depending on 
the specific area involv'ed. 

The use of frequent-traffic areas necessitates the development of the best ty'pe of turf 
that it is practical to produce under the soil and climatic conditions prevailing on the site. 
This turf sliould be long-lived, dense, durable, low-growing, and sod-forining, and have 
maximum bearing capacity, ability to recover rapidly from dormancy or abuse, and a short 
establishment period. On occa^iona1-traffic areas, a thinner turf may' be satisfactory and 
a longer establishment period allowed; thus smaller quantities of seed and fertilizer are 
required. Non-traffic areas are varied in character and each group may require different 
treatment. A typical turfing plan is shown on Fig. 34. 


42. SELECTION OF SPECIES 

The selection of grass species for any airport planting is dependent on many variable 
factors, including climatic conditions, physical and chemical properties of the soil, the in¬ 
tended use of the areas, the speed of coverage that is desired, tlie availability of seed or 
vegetative planting material, and the kind of maintenance that is likely to be given to the 
area Each species has its limitations as to the areas where it will thrive; some are adapt¬ 
able to extensive areas, whereas others are restricted to areas limited to only a few states. 
It must be borne in mind that for any specific location, the local soil and climatic conditions, 
as well as other variables, must be considered before selecting the gras-5 species to be used. 

The use of legumes on landing strips or other freriuent-traffic areas on airports is not 
encouraged because they do not have the ability to withstand intensive plane traffic. 
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When used as a mixture with turf species, they tend to crowd out the grasses m localized 
spots rather than to grow uniformly throughout the area. On non-traffic areas, however, 
they sometimes may be used to advantage, particularly on infertile soils that are subject 
to erosion. 


43. PLANTING METHODS AND PROCEDURES 

Turf grasses may be established either by seeding or by vegetative planting. In most 
cases, the establishment of turf by seeding is much less expensive than by sprigging or 
sodding. On the other hand, the latter methods usually provide a surer means, especially 
under extremely adverse conditions. 

Important factors to be considered in seeding are time and rate of seeding, even distribu¬ 
tion of seed, depth of planting, and compaction. Best results are obtained when seed is 
sown at the season when conditions for germination are most favorable and while there is 
still time for a good growing peiiod. 

Important considerations in sprigging are that the material be viable, dense, and thickly 
matted, that there is sufficient moisture in the soil to insure rooting and establishment, 
and that the sprigs are placed deeply enough to prevent drying out. During the opera¬ 
tions of harvesting, transporting, and planting, the sprigs should not be permitted to dry 
out. 

Another procedure often used in developing turf is mulching, the purpose of which is 
to provide an immediate cover to protect bare soils against water and wind erosion, to 
conserve moisture, to control temperature, and to aid in the establishment of permanent 
vegetation. The most common forms of mulch materials are hay and straw. Anchoring 
is a very important phase of the mulching operation. It is greatly influenced by previous 
tillage operations, soil conditions, and distribution of mulch material, but above ail, it is 
contingent upon the use of suitable anchoring equipment. 

Seeded, sprigged, topsoil-planted, hay-mulch seeded, or sodded areas should be com¬ 
pacted immediately following planting operations. Compaction firms the soil around the 
seed, sprigs, or sods, eliminates air pockets, and encourages the movement of capillary 
moisture through the surface soil. An ordinary water-ballast roller, Culti-Paker, or simi¬ 
lar equipment is sufficient for compaction. The use of hea\T road rollers is undesirable. 

When turfing work is done at the right season, watering is ordinarily not necessary. The 
high cost of application of water to large areas in quantities sufficient to be of any value 
usually prohibits its use, especially in seeding operations. Light surface watering, such as 
is done with sprinkler trucks, is rarely effective. There are instances, however, where 
watering may be necessary and justified. This is more often the case with sprigging or 
sodding operations than with seeding. 


44. LIME AND FERXaiZER 

In many sections of the country, the airport soil is too acid even for the more acid-tol¬ 
erant species of grass. Lime is valuable as a neutralizer of excessive soU acidity and also 
assists in making certain elements available for plant use. 

The need for lime should be determined by one of the approved methods of soil testing, 
either in the field or in a laboratory. Ground limestone or agricultural lime generally is 
the preferred form of lime to use on airports. When hme is needed, 1/2-2 tons per acre are 
adequate except in extreme cases. 

No other controllable factor is more essential to the development of an adequate and 
serviceable stand of airport turf than the addition of fertilizer. The function of fertilizer 
is to supplement the nutnent-supplying power of the soil so that an adequate quantity of 
each element required for plant growth is available to the grass. 

The decision as to the grade and quantity of fertilizer required for turf at any particular 
airport site is dependent upon several local factors, including mineral deficiencies of the 
soil, requirements of the species to be grown, the intended use of the area, the speed of 
development required, type of soil, rainfall, and local sources of fertilizer materials. 

Nitrogen is usually deficient in the soil, and its application may be required for several 
years after the initial planting. 

Under most climatic and soil conditions where all three of the common fertilizer ingre¬ 
dients are needed, mixtures which contain approximately half as much phosphoric acid 
as nitrogen and still less potash have been found to give the best results at the minimum 
cost. For establishing new turf, fertilizer should be applied immediately before or during 
planting operations. 
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45. SEEDBED PREPARATION 

The best turf will be obtained on a correctly prepared seedbed. Improper ground prepa¬ 
ration usually results in turf stands which are weedy, spotty, and rough. In the humid 
regions, a well-pulverized, firm surface is preferred to encourage the rapid growth of the 
sinall-seeded grasses that are geiierallv u&ed for airpoits. In the and and seiniand regions, 
the surface may be left firm but roughened to check wind erosion and loss of seed. 

The ideal soil for turf development is one which is relatively stable when wet or dry, 
readih- permeable to water, inherently fertile, and capable of supporting a dense turf. In 
general, fertile, puious sandy loams oi sandy clay loams will meet these requirements. 


46. COVER AND NURSE CROPS 

In many cases, grading, paving, or other construction operations on an airport are com¬ 
pleted at a season when permanent glasses cannot succe.ssfuUy be established. In such 
instances, it is often desirable to plant annual or temporary cover crops to control dust 
and erosion until the permanent species can be dev'eloped. Rapid-growing cereal grams 
or grasses are the commonlj- used temporari' covers, although in some cases legumes may 
be grown to advantage. 

In some sections of the country, temporary glasses are used in combination with the 
permanent species and are referred to as nurse grasses. The most commonly used species 
of permanent grass develop slowlj- in the seedling stage and, consequently, provide little 
protection to the soil for several weeks, or much longer m the case of dry-land native 
gras.ses. The quick-developing temporary species are included in the seed mixture to 
afford this initial protection. However, if the nurse-crop seeding is too heavy, or if tne 
nurse crop is allowed to grow too high before mowing, it may fail in the objective of aid¬ 
ing the permanent species and may actually smother them. The seeding rate for the tem¬ 
porary species as compared to that for the permanent species should therefore be kept low. 


47. ESTABLISHMENT 

The most critical period in the development of turf is the several weeks or months during 
which the new growth is being established. During this period, turfed areas usually re¬ 
quire much more work on them than is needed after the desired species are well established. 
It is moat important that an\' exceos growth of weeds or temporary species be mowed in 
time to avoid too much competition for the permanent grasses. Aieas where the stand of 
glass !■? thin or weak should be reseeded or refertilized, or both, as needed to produce a 
uniform good cover 

Neglect of tuifed areas during the period of establishment may result m loss of much 
of the turf and lead to extensive and costly renovating or repair work. 


LANDSCAPE PLANTING 


48. PLANTING DESIGN AND LAYOUT 

Planting design of an airport involves the consideration of the entire area of the airport, 
including the entrance, access, and other roads and walks, buildings, parking lots, outlying 
areas, and, in some cases, even areas outside the property boundaries. It should be planned 
not only from the point of view of the observer on the ground, but also m the air. Aerial 
observations ol an airport give a comprehensive impression of the whole area, and the 
lack of proper planning or appropriate planting is quite conspicuous 

By planning well in advance of airijort construction, desirable existing vegetation can 
often be protected and saved m place, or removed to other locations on the site much more 
economically tiian it could be provided by subsequent operations. 

One of the first items to consider in planting design is the purpose for which the plant¬ 
ing is intendeti. The choice of material, its location and arrangement, and other consid¬ 
erations are dependent upon the purpose or function of the planting. 

Simplicity of layout is another important objective in airport planting design. Straight¬ 
forward planting schemes which take broad simple forms create an orderly appearance 
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and are in keeping with other elements of the airport design in which form follows function. 
Plantings which are too elaborate or follow complicated layouts are not conducive to 
economy, either in original cost or in subsequent maintenance. 

Informality in planting design has certam advantages over formality for most areas in 
ihe airport because of its greater flexibility, softer appearance, less exacting requirements, 
and lower maintenance coats. Only in come cases may formality, implying a more or less 
a\'jmnetncal treatment about an axia, be justified and deairable for limited areas (see Fig. 



Fig 35 In this simple plant arrangement, shrubs and trees are used effectively and, once established. 

require little maintenance 


Plantings should in no iii-'tance he located "o as to make the use of the airport hazardous 
f(;’ fl' ing Trees or '•hruV»'^ .shouM ni^t be planted in the apriroaeh zone'' or other critical 
aiea- where their ultimate heiglil will be above the obatiuetioii dcaiaiice lines. 


49. SELECTION OF PLANTS 

Selection of plant material to be U''od on airports is influenced by manv factors. Fun¬ 
damentally, plants are chosen tor theii ability to pioduce a given desired effect; that is. 
for the natural growth characteii^tu*-' of the plants themselves. In one situation the most 
plea'^ing appearance luav be obtained fioni using everirieen shrubs; in another, deciduous 
flowering shrubs may be most appiopnate; in a third, tall upright oi low spreading forniv 
may be desirable. The many vai\iiig characteristics of plants, including size, shape, 
texture, and character of foliage, color and time of blooming, fruiting display, etc., offer 
many different effects from which to choose. Then, of course, the plants selected must 
be hardy and suitable to the local comlitions of soil, climate, altitude, exposure, and other 
environmental features influencing plant growth. 
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In determining whether trees, shrubs, or combinations should be used for a certain lo¬ 
cation, it should be borne in mind that trees furnish shade which is often desirable and 
frequently lacking on airports. In the original planting, trees are more difficult to handle, 
and with their wide spacing do not give an early effect as do shrubs. However, trees are 
generally longer-lived and less expensive to maintain than shrubs. 


50. PLANTING OPERATIONS 

The success or failure of airport plantmgs is often determined by the sequence and de¬ 
tailed execution of planting operations. Even under the most favorable conditions, the 
moving of trees, shrubs, or vines from one location to another results in a severe shock to 
them. But by proper planting and care thereafter, recovery can be hastened and the plants 
will become adjusted to their new en\nronment. 

Airport building or grading operations are not usually completed at the most opportune 
time for planting operations. In such cases it is advisable to delay planting operations 
until a favorable planting season. The best time varies with local conditions. Generally, 
the most favorable period for the planting of most species is in the spring or fall. 

Mulching is of value in all planting work. It adds a surface cover which provides shade 
to the ground beneath and reduces the loss of water through evaporation. In cool climates 
it protects the plants from the injurious effects of alternate freezing and thawing. The 
more stable mulch materials tend to reduce both wind and water erosion. 


LIGHTING 


61. PLANNING THE SYSTEM 

Planning an airport lighting system must take into consideration, (a) the size and shape 
of the airport, (6) the amount of traffic, (c) type of night operations planned, (d) the type 
of aircraft to be used, (e) t>'pe of landing surface provided (paved or unpaved), (/) ulti¬ 
mate development of the airport, (g) funds available, (h) power service available, and (ij 
climatic conditions. 

General overall standards and practices apply to all airports, but each airport lighting 
installation must, to some extent, be separately designed to suit local conditions. Essen¬ 
tial basic elements of all airport lighting systems are: (a) beacons, (6) runway, strip, or 
boundary lights, (c) taxiway lights, (d) obstruction lights (if required), and (c) illuminated 
wind indicators. The beacon tells the pilot the location of the lighted airport; the runway, 
strip, or boundary’’ lights outline the area the pilot must use in setting the aircraft on the 
ground; the obstruction lights warn the pilot of hazards to avoid in making his landing: 
the illuminated wind indicator gives him necessary wind direction information which he 
needs in making his final approach and touchdown. 

To assist the airport operator or designer to choose the type best suited for his airport, 
the CAA has prepared various lighting bulletins and equipment specifications which are 
available on request. There are also well-qualified lighting engineers in each regional office 
of the CAA who can furnish assistance in the selection of units and general design of light¬ 
ing systems. 

62. AIRPORT BEACONS 

For identifying the airport at night there are three types of airport rotating beacons 
approved by the CAA. The best-known type is the large 36-in. rotating beacon conform¬ 
ing to Specification CAA-291. This beacon consists of a single large drum with a 1000- 
watt lamp in the center and a lens at each end of the drum providing two beams of light 
180° apart. For indicating a lighted airport a green color screen is placed between the 
lamp and the lens at one end which results in the pilot’s seeing an alternate green and white 
flash as the beacon rotates. 

Another type is the 24-in. beacon which consists essentially of two 24-in. drums placed 
back to back on a turntable with a green lens in one drum and a clear lens in the other. 
Each drum has its own lamp of 500 or 1000 watts and each drum is essentially a separate 
projector. The two drums mounted back to back on the turntable are rotated so as to 
produce alternate green and white fla.shes for the pilot. 
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The third type of beacon used by the CAA is the small airport beacon made in conform¬ 
ance to CAA Specification L-801. This beacon is used only at small fields where there 
are no regularly scheduled commercial flights. It produces much less candlepower in its 
iiiain beams than the other two types mentioned above. 

63. RUNWAY, STRIP, AND BOUNDARY LIGHTS 

Runway lights are divided into two general categories: medium and high intensity. 
Medium-intensity lights are used for runways on which landings are made normally only 
during contact conditions. They do not provide enough candlepower for landings under 
low ■visibility conditions; i.e., instrument conditions. 

Medium-intensity lights are of the elevated type and are designed to conform to CAA 
Specification L-802. They are a considerable improvement over the old-style flush marker 
lights, many of which are still in use. 

High-intensity runway lights should always be installed on designated instrument 
runways where landings and take-offs are to be made under conditions of restricted visi¬ 
bility. These lights provide much more candlepower in their main beams than do the 
mediuin-intensitj* lights. Three different types of high-intensity lights are available from 
which the airport operator or designer may choose. The three CA.4 specifications cover¬ 
ing the high-intensity runway lights are listed below: 

1. L-818. Specification for Controllable Beam, Bi-Directional High Intensity Runway 
Light, dated May 1, 1948. 

2. L-819. Specification for Fixed Focus Bi-Directional High Intensity Runway Light, 
dated January 1, 1950. 

3. L-820. Specification for Fixed Focus, Uni-Directional High Intensity Runway 
Light, dated May 1, 1948. 

A standard configuration and layout for runway lights, both medium and high intensity, 
provides that there shall be clear lights along the sides of paved runways at intervals of 
as near 200 ft apart as is practicable. The lights shall be located in straight rows not more 
than 10 ft out from the runway edge. 

Across each end of the runway green threshold lights are placed in a row at right angles 
to the runway center line. The row of green threshold lights should be not more than 60 
ft from the end of the runway. For runways not over 200 ft wide six threshold lights 
are used, three on each side with an 80-ft clearance gap in the center. For runways over 
200 ft. eight threshold lights are used at each end maintaining the same clearance gap of 
80 ft in the center. 

Strip lights are identical with medium-intensity runway lights. The configuration used 
for strip lights is the same as that for runway lights with the exception of the green thresh¬ 
old lights. On an unpaged strip the corner lights at the end of the strip are clear white 
lights, and between these corner lights are placed a minimum of four green threshold 
lights equally spaced, 50 ft apart, and grouped symmetrically about the center line of 
the strip. 

Boundary lights are seldom used today. However, where it is desired to light a small 
“all-way” field which contains no paved runways and no definite “strips,” clear white 
boundary lights are placed around the perimeter of the field at intervals of 300 ft. These 
boundary lights are of the elevated type quite similar to the medium-intensity runway 
lights except that the light distribution is symmetrical; i.e., they do not produce definite 
beams 180° apart as is the case with runway lights. 


64, TAXIWAY LIGHTS 

Taxiway lights are quite similar in physical si*e and shape to the elevated medium- 
intensity runway light. The principal differences are that taxiwav lights are always blue 
in color and the light distribution normally used is symmetrical. Taxiway lights are placed 
on both sides of the taxiway at a distance of not more than 10 ft from the edge of the pav¬ 
ing. On straight sections of the taxiway the lights are spaced as near 200 ft apart as prac¬ 
ticable, but closer spacing is used on curves to help guide aircraft around the curved por¬ 
tions at night. Closer spacing is also used where the taxiways join a runway or an apron. 
At these intersecting points the taxiway paving is joined to the runway apron by means 
of comparatively large curved “fillets.” These fillets are treated the same as curved por¬ 
tions of the taxiways and additional taxiway lights are used to mark these entrances and 
exits to the taxiway. 
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55. OBSTRUCTION LIGHTS 

Obstruction lights are small lighting fixtures with red globes that are designed for inaik- 
ing obstructions in the vicinity of an airport (or on the airport itself). These units can 
be operated from either series or multiple circuits and the lerl glass globes have de¬ 

signed to concentrate most of the light output iii a slight elevation from the hoiizontal. 
Lookmg at the unit fiom above the horizontal light, output is symmetrical. It la designed 
to warn pilots of ob^^tructions m the approach wavs and in the turning zones o! an airport 
The obstruction lights may be included as part of the airport lighting svstem or mav be 
operated from -separate sources of power when located a remote distance fiom the aiipoit 
The deteiminatiuii of which obstructions in the viciriitv of an airport should be lighted 
is made by foliowmg the criteria established in the previously mentioned TSO-XIS. 


56. ILLUMINATED WIND INDICATORS 

Some type of illuminated wind-direction indicator is necessary at all airports where 
night operations are planned. It is required that all airports, regardless of size, should have 
an illuminated wind cone. Larger airports may also find it desirable to have an illuminated 
wind tee in addition to the wind cone. 

The illuminated wind cone consists essentially of a long fabric sleeve or “sock." The 
wind sock or cone is held open at the throat bv a metal ring or cylinder, and the metal part 
is in turn attached to a vertical suppoiting pole by means of brackets fastened to the pole 
on bearings. The lubiicatod bearings permit the wind cone to rotate freely about the vei- 
tical supporting poh* a.? tlie wind diiection changes. Lamps with mvcrted reflectors above 
the -^-ind cone furnish sufficient illumination to enable pilots to see the wind cone at night 
from a considerable distance out from the airport. An obstruction light is normally 
mounted on top of the supporting pole. 

The lighted wind tee, when ^'iewed from above, has the appearance of the letter T lying 
flat on the ground. The length of the stroke of the tee is approximately IS ft. and the length 
of the head is approximately 12 ft Actually, the wind tee does not lie flat on the ground 
but is supported some distance off the ground on a vortical shaft. The wind tee is bal¬ 
anced on top of the shaft, and the shaft is free to rotate in any horizontal direction. At 
the base of the stroke of the tee there is a large vertical fin or tail which causes the tee to 
be actuated by whatever wind is blowing. It is designed to show true wind direction within 
5*^ when the wind is approximately 4 miles per hour or more. Lamps with green globes 
are placed along the top edge of the stroke and head of the tee at intervals of 12 in. to 
provide a good lighted signal to aircraft at night. 

Lighted wind cones and wind tees are normally placed inside a segmented circle marker, 
which is described in Airport Marking. 

57. TRANSFORMER VAULT AND MISCELLANEOUS EQUIPMENT 

There are many itern.s of power-supply equipment needed in conjunction with the air¬ 
port lighting at large aiiport.s. This equipment must be housed in a vault conforming to 
all of the requirements of the local code having jurisdiction, or to the requirements ot the 
National Electrical Code. This transformer vault may consist of a separate conorete or 
brick building or it may be a .suitable fireproof room inside one of the other airport build¬ 
ings. For the small airport which has only one or two short runways to light, togeihei with 
a small beacon, a small wind cone, and a few obstruction lights, the speciallv prepared 
vault miglit not be iiecessaiy These small airports may use any one of a number of low- 
voltage cabinet'' available which contain all the power-supply equipment needed, as well 
as control switches mounted directly on top of the cabinet. 

As for miscellaneous airport lighting equipment, the mo.st commonly used devices are 
apron floodlights for the loading and unloading zones. These apron floodlights are pro¬ 
duced commercially in many different sizes. Where it is desired to purchase fioodlighi^ to 
light any particular area, the various manufacturers will furnish the necessar\' illumina¬ 
tion data as a guide for obtaining proper light m the area. 

In addition to the apron floodlights, there aie a number of other items of miscellaneous 
airport lighting equipment that can be added as desired. Such items would include a 
tower traffic control signal light, a ceiling projector, a control-tower searchlight, etc. 

In the design of an airport lighting system, the engineer must include complete wiring 
diagrams, runway layouts, and installation details (see Fig 36'. These will be needed 
before any part of the lighting installation can be started 
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AIRPORT MARKING 


68. RUNWAY MARKING 

In the interest of safety, representatives of the U. S. Air Force, U. S. Navy, and the 
CAA have formulated a uniform system for the marking of airfield runways and taxi- 
ways.® 

Runway markings consist of numbers and letters, longitudinal stripes, length symbols, 
and distance markers. Numbers and letters assigned are determined from the approach 
direction. The number is the whole number nearest one-tenth the magnetic azimuth of 
the center line of the runway measured clockwise from magnetic north. 

Symbols are used on the runway ends to indicate the runway length in feet, whereas 
distance markers are used to mark points 1500 ft from the ends of the runway. 

All markings on runwaj'S are white and a background of black may be provided if con¬ 
sidered necessarj'. All paints, except for numbers, letters, and length symbols, are re¬ 
quired to be reflective. 


59. TAXIWAY MARKING 

Taxiway markings, consisting of longitudinal stripes and holding point markers, are 
yellow in color and should be reflective. The longitudinal stripe is a single line (1) termi¬ 
nating 10 ft from the nearest edge of the runway symbols at intersections with runway 
ends, (2) terminating at the nearest edge of the runway stripe at other intersections with 
runwaj's, and (3) intersecting at taxiway intersections. 

Taxiway intersections and points of junction of taxiways and runwa 3 's ar? indicated by 
a holding point marker placed across the taxiway at right angles to the taxiway stripe. 
The nearest end of the holding stripe is not less than 100 ft from the nearest edge of the 
intersected runway or taxiwaj’ measured on a line perpendicular to the intersected center 
line. 


60. BOUNDARY MARKERS 

On small airports, especially those that are impaved and unlighted, boundary markers 
are installed so that a pilot may identify the landing area. These should clearly indicate 
the area utilized for take-offs and landings. The placement and suggested construction 
of boundary markers are shown on Fig. 37. 


61. SEGMENTED CIRCLE 

The segmented circle airport marker i^*stem provides for a minimum installation con¬ 
sisting of a segmented circle located off the traffic area with a conventional wind cone lo¬ 
cated at its center. To thb minimum installation other pilot aids and traffic-control 
devices are added as may be required to meet the conditions existing at a particular air¬ 
port. 


62. WIND-DIRECTION INDICATORS 

Three types of wind-direction indicators are in common use: tliey are the wind cone, 
wind tee, and tetrahedron. They are manufactured in accordance with prescribed stand¬ 
ards and need no further description liere. It is important, however, that they be located 
where they can be readily seen from the air, and arrangements should be made for lighting 
them at night. 


6 TSO-NIO: Air Force-Navy-Civii Uniform Requirements for the Numbering and Marking of Air¬ 
field Runways and Taxiways, April 8, 1948, available from Aviation Information Office, Civil Aero¬ 
nautics Administration, Wasbingtcm 25. D. C. 
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Fig. 37. Boundary markers. 


AIRPORT BUILDINGS 

Because speed is the prime advantage of air transportation, airport buildings should 
be located and planned so that rapid exchange will be achieved between air and ground 
transportation. To fulfill this requirement, buildings should be readily accessible to the 
people using them; also, the floor plan should be so arranged that activities performed in 
the buildings will be expedited. The highly specialized nature of this problem makes it 
essential, especially in large airport projects, that competent architectural service be used 
to coordinate the design and development of all buildings with other airport facilities. 

Monumental treatment of airport buildings should be avoided. They should be func¬ 
tional and of an architectural style which is suited to the particular area. The design should 
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be such that the structure can be economically enlarged or altered. Also, the designer 
must comply with local building codes covermg method of construction, acceptable ma¬ 
terials, and fire and health requirements. 

Usualh'. the airport is developed in stages of construction to meet the current aeronauti¬ 
cal activities and demands. Tiie master plan should depict the various stages from the 
mitiai to the ultimate development. The master plan of the building area must allow for 
e.xpansion of any facilities in addition to being inherenth* flexible to permit accoininoda- 
tion of the continually changing pattern of airport activities. 


63. BUILDING AREA 

The building area provides for tlie transition of persons and property between surface 
and air-borne equipment. This area includes access roads, walkways, auto parking lots, 
loading aprons, and various buildings, all unified through appropriate landscape planting 
and architectural treatment. 

The building area should be so located (1) that it will be accessible from the community 
with a minimum of travel time and distance, and ( 2 ) that it will provide direct access to 
the ends of all runways to minimize costly and time-consuniing taxiing of aircraft, to sim¬ 
plify and reduce the amount of taxiway construction, and to ease the problem of ground 
control of aircraft. 

Topographical features of the airport site must be considered in locating the building 
area in order to keep grading and drainage cost-s as low as possible and to provide the 
maximum in visibility from the control tower that is usualU" located on the terminal build¬ 
ing. Regardless of whether the control tower is located on the terminal building or some 
other building, it is of utmost importance that unobstructed sight lines be provided to all 
aprons, taxiways. runways and their ends and approaches for the control of aircraft on 
the ground and in the air. 

64. ADMINISTRATION OR TERMINAL BUILDING 

The terminal building generallv is the center of airport interest and activitv. There¬ 
fore, it should be given first consideration respect to location in the building area. 
In general, all managerial, operational, and service functions are performed m this build¬ 
ing 

It serves as a processing center for passengers and property- between ground and air 
transportation, in addition to providing concessions for the comfort and convenience of 
passengers. Also, it serves as an operating base for scheduled air cainers and in some 
instances, for fixed-ba^e operators and piivate flyers The terminal buil img may function 
as an Air Traffic Control Center and U .S. Weatfier Bureau statitm. and. whore interna¬ 
tional traffic IS accommodated, it will house Customs, Immigration. U. S. Public Health, 
and Department of Aitriculture inspection facilities. 

The principal problems of tlie terminal building area layout are adequate circulation of 
passenger and vehicular tiaffic on the access road side of the building, and of passenger 
and cargo planes on the landing field side and their relationships to auto parking and build¬ 
ings housing other activities. 

Access Roads and Parking, Direct connections from the acce.ss roads to the tennmal 
building and automobile parking areas must be provided to make possitjle rapid tran.sfer 
of passenger-' and propertv from vehicles to the terminal building. Direct access must 
be provided to the service area adjoining the teiminal building for u^e of commercial and 
.service vehicles, .^ut'uuubile parking can be divided into several parking lots to provide 
limited periods of parking clo.se to the building for the use (»f t'nose visitors who will require 
parking of only a lew minutes’ duration. Long-time parking areas can be provided at a 
greater dustance from the buihimg. Cross circulation between pa.sseugers and velncles 
should be avoaled whet ever posMble in the interest of safet\ and the rapid movement of 
traffic. The service court should be adjacent to the terminal building to provide for the 
loading and unloading of express, mail. food, and cargo (when handled from the terminal 
building) in addition to pro%uding vehicular unloading of items of a building service nature. 

Separation from Hangars and Other Buildings. In order for the terminal building to 
serve its primao* purpose as a control center to expedite the movement of passengers, 
property, and aircraft on the ground and in the air. it mu.st be separated from the build¬ 
ings housing other airport acti\nties. Each activity has its own peculiar problems and 
requirements which can best be satisfied by providing separate building areas, although 
the overall plan must be tied together for administrative control. Each area is indirectly 
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related to the terminal and administrative area to provide for the interchange of passen¬ 
gers, property, and information and is directly related to the runwa>' and taxiway systems. 

Separation will be governed by the nature and extent of the activities. In any case the 
buildings and building areas should be arranged in such a manner that orderly expansion 
will be possible, when necessary. 

Size and Layout. Among the basic considerations affecting the size and layout of the 
terminal building are the types of airline service offered, e.g., whether the location under 
consideration is an originating, terminating, thiough, or transfer point. Generally speak¬ 
ing the airline’s operating-space requirements are larger at originating and terminating 
points, since more airline personnel are likely to be required for ticketing and ramp-service 
actudties, and the public space requirements, such as waiting room, eating, and rest-room 
facilities, are greater at transfer points, since transfer passengers hace more time to patron¬ 
ize the various concessions and other public spaces in the building. 

At large airports serious consideration should be given to a building with two-level op¬ 
eration (Fig. 38) in order to simplify the problem of passenger and baggage circulation. 


Passengers 



One-level 


One-level with 
two-level concourse 



Fig. 38. One- and two-level operations. 


In this t3'pe of operation, baggage and cargo handling is confined to the apron level and 
all passenger facilities to the level above. Vehicle driveways to both levels are provided 
on the access-road side of the building with the passenger-vehicle driveway elevated to the 
main entrance. 

The break point in passenger volume at which a two-level operation becomes feasible 
is believed to be about 500,000 annual passengers, that is, 250,000 enplaned and 250,000 
deplaned, or approximately 1500 total average daily passengers. 

In a two-level operation, outgoing baggage is received at the ticket counter and by 
means of chutes or conveyors is sent to the lower level and transferred on carts to the plane. 
Incoming baggage is transferred from the plane to the lower level and thence directlv to 
the baggage-claim room either on the lower or upper level. The upper level is preferred 
in order to keep passenger vehicles and loading on the upper driveway, reserving the lower 
driveway for servdce and mail trucking. A ramp from the lower level to the baggage- 
claim room above is considered more desirable than elevators or a conve\ or system be¬ 
cause (1) the baggage can be delivered quicker and with less handling, (2) fewer service 
personnel are required, and (3) even though the ramp may take up more space the problem 
of maintenance of mechanical equipment for convej'ors or elevators make these systems 
more costlj^ in the long run. 

Traffic volume, as measured b^' the number of planes to be loaded or unloaded during 
peak hours, is an important factor to be considered when planning the building layout or 
configuration. At medium or small airports, plane loading positions can be placed parallel 
with the face of the building and the frontal scheme (Fig. 39) will be satisfactory. At 
large airports, the finger scheme has been evolved to reduce the walking distance between 
plane and terminal building (Fig. 39). It consists of one or more covered passageways 
projecting from the face of the building with space for baggage carts and airline ramp 
service on the apron level, and passenger concourse on the level above. 
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International Traffic. Facilities for international traffic will be required in relatively 
few locations. It is desirable that these functions be separated from, yet adjacent to, the 
other public spaces in the terminal building. Few of the conveniences of the terminal 
building proper will be duplicated there. However, the problem of passenger and baggage 
circulation is considerably more complex where international flights are accommodated and 
will require special study in order to achieve a unified plan layout and at the same time 
keep separate the lines of communication of domestic and international traffic. 
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Frontal scheme 

Fig 39. Loading position layouts. 

Loading Apron and Gate Positions. The apron is the area of transition between the 
landing field and the terminal building. Its design must be closely integrated with the 
design and layout of the landing field as well as the terminal and other buildings. The 
loading, unloading, and servicing of aircraft is just as important to the efficient operation 
of an airport as is the layout of the runway system. Sufficient loading positions and maneu¬ 
ver area should be provided so as to prevent delays and aggravation to the users of the 
airport. 

Size of the loading apron and size and number of loading or gate positions depend on 
the volume and concentration of traffic, the number of paiticip'itinz airlines, and the vari¬ 
ous t\'pes of aircraft. It is generally accepted that airline operations can be satisfied by 
an average spacing of 160 ft between plane parking positions. 

The number of loading or gate positions required at a given airport is determined by 
the number of planes to be berthed at one time. For planning purposes it may be assumed 
that the average time each plane will occupy a berth will be 30 minutes. On this basis, 
each position can handle two planes per hour. Since each landing and each take-off is 
considered a separate operation, each plane accounts for two operations per hour. There¬ 
fore, the number of positions can be estimated as one-fourth the number of operations 
the runways can handle per hour. This formula applies where the traffic is such that the 
runways are being utilized to capacity. Thus, a capacity of 40 to 60 operations per hour 
on a single runway under non-instrument conditions will require from 10 to 15 positions; 
a parallel runway handling 120 operations would have to berth 30 planes. 

A reduction in the number of gate positions may be made when it is obvious that the 
capacity of the runways will not be utilized. Also, an effort b being made to improve 
loading, unloading, and servicing techniques so as to reduce the amount of time a plane 
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must occupy a loading position. Layover parking areas should be provided close to the 
apron so airciait <^an be -iioved to this area fiom tiie gate position duiing extended layovLr. 

In adJiti(>n :o the apron area required for the loading and servicing o: aircraft, adequate 
space must be provided for the circulation of planes to and from the taxivravs The recom¬ 
mended «tandard'^ for distance between center line of runwav>. and airport buildings arc 
given in Table 3. The^e are inmimurn cleaiances for safe operation of aircraft on the field 
and have notinng to do with the space requirements for maneuvering and b Ttning planes. 
Toe minimum depth of apron (from edge of landing area to edge of building areai at an 
airport haihng 'Scheduled aiiline service should be 300 ft. This allows foi a line of bertlis 
and one-way tra.dic. 

At niai'jr air termmab. a mini nu ii depth of 500 :r and expansion to lOO i f: are recom¬ 
mended This depth can he provnled by either a solid apron or apron plus taxiway. The 
latter i^ niore economical in first construction and the space between may be paved later, 
if required. Al>o, it may be necessary to provide for two-way taxiing at terminals where 
apron activity demands it. 

Apron Services, It may be neco.ssary at some airports to install such at^ron facilities 
as sewerage lines, underground water and power supplies. air-Gundiimnuig hues. anJ air¬ 
craft waste-disposal units. At large airports, consideration shouM be given to the installa¬ 
tion of passenger- and cargo-loading equipment or speci.il devicc.s for docking aircraft. 

Means for fueling aircraft should he studied, and the^e facilities should be planned so 
as to cause the least fire hazard ami interference witli airport activities. Gasoline should 
be stored m a location away from buildings or parked aircraft. 


65. HANGARS AND OTHER BUILDINGS 

Hangar?, buildings to house aviation schools, commercial activities, maintenance, and 
fire-fighting equipment, warohousos, and relatOil facilities are other buildings to bo con¬ 
sidered for construction. The number, type, and size can be determined from the data 
collected from the potential users. 

Hangars are generally considered a'< being in two categories, repair or maintenance and 
sto.mge. Repair or maintenance liangars will vary in size according to the intonde.1 use. 
It is recoiuiiiended that they be built with door? at each end to permit readv expansion 
and additional fiexihility for the removal or storage of aircraft T hangars in individual 
units or multiples of the T are very adaptable for '■torage of personal pianos. 

Commercial Fixed Base Activities. Local commercial aviation enterprises such as sales 
services, repair, storage, charter, flight lustiuction. crop dusting, etc., normally require 
hangars, office and salesroom, classroom. an<i aprons for repair, storage, and tiedown 
Thi-s area must provide automobile parking for employees and visitors together with serv¬ 
ice drives and eiitrances for commercial vehicles 

Access from tiic commercial and passenger veluole drives must be provided to the hangar 
area with automobile parking adjacent both to the passenger and serxuce roads and to the 
respective administrative areas of the base operators Generally, the hangar activities of 
repair and maintenance, and sometimes storage, are connected directly to the administra¬ 
tive activities to piovide direct management control of the hangars. Aprons for the pur¬ 
pose of repair are usuall.v situated in close proximity to the openings nf the hangars Tie¬ 
down and other storage areas or aprons are usually located wuthm easy access of the hang¬ 
ars. 

Airline Maintenance Activities. Maintenance and or overhaul of aircraft and compo¬ 
nents used in scheduled service ii«tually calls for hangar^, shops, repair aprons, aircraft 
parking, commercial vehicle unloading areas, admimatrative offices, and automobiSe park¬ 
ing The operational requirements depend upon the nature and extent of the w'ork to 
be acconipli-shed b\ the occupy ing airlines in their respective facililies. 

The relationship's between variou'^ activities wutliin the area are goA'cined by the op¬ 
erating procedure's of tin? occupant-s. However, the aprons adjacent to liangars and re¬ 
pair positions should, provide for easy and direct access to otiier airline operational or 
maintenance bull ling.s a<ljniiiing them. Kach airline should be cun--u!ted for its operational 
requirements when a !a\'out is being prepare! for this area. 

Cargo Area. Space for cargo handling may be provided in the terminal building in the 
vicinity of the mail and express quarters. In cases where the volume is groat enough, 
separate buildings may be required for the-'e activities. The trucking court should be ad¬ 
jacent to the service drive and to the cargo transfer warehouse Avhich adjoins the cargo 
apron and aircraft loading positions. 

These buildings should be located as close as possible to the terminal building to provide 
for rapid interchange of cargo to and from combination cargo and passenger aircraft that 
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are norraally loaded from the terminal building In the layout of these buildings, proper 
allowances must be made for their orderly expansion and for the expansion of the terminal 
building as well. 

Airport Maintenance. Buildings for airport maintenance should be adequate to accom¬ 
modate offices, personnel, and grounds maintenance equipment. Depending on the type 
of airport, there ma>' be space demands for {a) offices for the superintendent and his staff. 
{b' drafting room, (c) photo and radio laboratories, {d) offices for police and fire depart¬ 
ments, lei cafeteiia and lunch rooms, (/) recreation and rest rooms, (g) first aid, (h) garages 
for ambulance, fire, and crash equipment, ser\'ice trucks, official cars, and ground main¬ 
tenance equipment, (f' workshops for carpenteis electricians, plumbers, metal workers, 
and painters, and (j * storage room for supplies. 

At small airports these quarters may be part of the terminal building, but at large de¬ 
velopments, where separate buildings are necessary, they siiould be located in an area con¬ 
venient TO the landing facilities and the drive road. 

Tire trucks, crash trucks, and other emergency equipment should be stationed at such 
a location so they w’ill have ready and rapid access to all areas of the airport. 


HELIPORTS 


66, GENERAL 

Ob^dous advantages of the helicopter in certain types of civil operations is becoming 
increasingly apparent. A number of substantial helicopter operations have been inaugu¬ 
rated m various parts of the United States with different degrees of success. 

Tiie helicopter has been found to be an aircraft wliich is ideally suited to such services 
as passenger shuttle, mail and cargo, commuting and taxi, property survey and mapping, 
geological survey, forestry patrol, crop seeding, spra.\-ing, orchard frost and moisture pre¬ 
vention, pipe- and power-line patrol, border patrol, emergency police control, air rescue, 
fish spotting, cattle roundup, ship-to-shore mail, and emergency communications. Other 
uses for this versatile aircraft will develop as its mherent advantages become better known. 
Among the first and most important services to be offered by the helicopter are the inaugu¬ 
ration of mail and cargo networks in metropolitan areas. The inauguration of passenger 
service over such a network should logically follow. 


67. SITE SELECTION 

In selecting a heliport site the area it is designated to serve as well as the type of activity- 
will be of primar\^ interest. For commercial operation to midtown locations, roof tops may 
serve more advantageously, whereas iii suburban areas ordinary ground sites are readily 
available. In aii> event clear channels of approach will be the main requisite. These may 
be waterway's, railroads, etc., that lead to the most suitable central landing site for the 
activity intended. 

Where a heliport is developed on a major airport, it should preferably be located where 
landings and take-offs may be made with no taxiing. A roof site on the terminal building 
proper of the airport post office may be satisfactory and sliould be considered, although 
a ground site is preferred. The only advantage of a roof site on a terminal building is the 
time factor to be considered in the handling of mail and cargo. A service and maintenance 
area as close as possible to the operations area, but separated from fixed-wing aircraft op- 
eration>, service, and maintenance, should be provided. 


68. SITE DEVELOPMENT 

With equipment being used at present, the heliport should have approaches to permit 
landings and take-offs at angles fiom the outer limits of the touchdown pad of 10:1 in 
the prevailing wind direction and 5:1 in other directions. These angles will permit safe 
anrl econuuiical operations under all conditions. (The larger helicopter now being designed 
will require flatter angles than shown above.) 

Size. Touchdown pad^ should be a minimum of twice the diameter of the rotor where 
not more than one helicopter is landing at one time. The safety area to be improved around 
the touchdown pad will vary' depending upon oKstructions and dust conditions. This area 
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should extend a minimum of 50 ft from the outer edge of the touchdown pad. Where 
more than one helicopter is using the site simultaneously touchdown pads should be ai- 
ranged in appropriate inuitiples ha^dng a minimum edge to edge distan-^e of 100 ft between 
safety zones to eliminate dangerous an cunents between aircraft. However, the combined 
touchdown pad areas ma\' be paved as an mtegral unit provided they are satisfactorily 
marked. 

Protection. The ground heliport should be enclosed by a substantial fence having a 
minimum height of 4 ft to prevent trespassing and sliould be provided with suitable gates 
tor passenger and vehicle entrance. Heliports on roofs .not having the protection of a 
paiapet of adequate height should be provided with a guard rail at least 4 ft high 

Design. For ground-surface sites a touchdowm pad may be either square or circular. 
The pad should be surrounded by eitlier a square or cncular clearance and safet\- area in 
a contrasting color, eg., fl' a white concrete touchdown pad surrounded by a bituminous 
surface safety area, or (2) a while concrete or daik bituminous touchdown pad surrounded 
b\’ a turfed safety area Foi a roof heliport a biiurninous touchdown pad may be sur¬ 
rounded by a tar and gravel safely area, a painted wood platform toiiLlidown pad may 
also be set on a tar and gravel surfaced roof. The safety area in each case should be free 
of dust or loose particles which may damage the craft’s rotors. The color combinations 
ma\' vary depending upon raateiials available and the location of the site. However, as 
sharp a contrast as possible between the touchdown pad and the surrounding safet\' aiea 
should be obtained so that the heliport ma\' be readily identified under all conditions. 

When contrasting colors between the touchdown pad and the safety zone are not feas¬ 
ible, the heliport may be marked by a circle with an H in the center. This marking mas' 
be formed by embedding a contrasting material on the touchdown pad or by painting. To 
aid in precision operation it ma\- be desirable to omit the circle and paint on the entire 
touchdown pad crisscross lines approximately 4 ft apart. 

Lighting. Heliports to be used for night operation will need a flashing or rotating beacon 
showing distinctive light signals, which will serve to identify the landing areas as a heliport. 

In addition to the beacon, it will be necessary to outline the perimeter of the helicopter 
landing area with suitable boundary or perimeter lights. 

The surface of the heliport may be floodlighted by suitable floodlights designed to show 
no light above the horizontal and such that the\- will provide sufficient illumination on 
the landing surface. 

In addition to the above, obstruction lights sliould be installed on all structures and 
objects which rise above the predetermined allowable approach surfaces. 

Touchdown Pad Loading. Where heliports are built on roofs the strength of the contact 
'‘Urface should be greater than the helicopter alighting gear by a comfortable margin. Heli¬ 
copter alighting gear structures are customarily designed to w’ithsiand from two and one- 
half to four times the static load on each wheel without taking a permanent set, and to 
enjoy a factor of safety of 50*^ m addition to this load without failure. Since no helicop¬ 
ter can impose its maximum load upon landing until at least three -wheels are in ground 
contact, the maximum strength of either wheel gear structure is approxiinatel\- two times 
the gross weight of the helicopter. Drop tests have indicated that this load can be built 
up in a period of from b ^20 to of a second and is relieved back to static load in from 
^'8 to of a second. It is recognized that the strain on a roof surface induced by a hard 
landing will be appreciabl\' greater than that of a steadily applied load. It is believed, 
therefore, that a roof structure would have sufficient strength if no part was stressed be¬ 
yond the stresses induced by a concentrated load equivalent to three-quarters the gross 
weight of the helicopter on any one square foot. 


SEAPLANE FACILITIES 

Increased interest in fl\'ing water-based planes and the use of waterway s by water-borne 
aircraft have placed added emphasis upon the necessity for planning ani developing sea¬ 
plane facilities. The essential elements of each development will vary coii-iderahly depend¬ 
ing upon the location ami type of operation. 

In order to develop a sati&iactory and efficient seaplane base, it is necessaiy to make an 
estimate of the number and tvpes ot planes expected to use the facility' and a survej- of 
the water area, bordering shore line, terrain, land development, and other factors relating 
thereto. Items such as length, width, and depth of the water operating area; current veloc¬ 
ity and water level differential; shore line and bottom characteristics; prevailing winds and 
their velocities; sheltered areas and mooring areas; approach conditions and obstructions 
will have to be considered Due regard should also be given to local boating, nearby prop¬ 
erty' owners, and onshore activities. 
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The proper location of floats, docks, ramps tiedown aprons, hangars, and other build¬ 
ings can be determined from the estimate of the expected activities at the base. These 
component parts should be sO placed as to be convenient to planes and the public using 
the seaplane facility. Routes which planes should follow in landing and take-oft' opera¬ 
tions can be e.stabhshed from an analysis of the expected volume and type of tralfic. 
These routes will aid m selecting the site most suitable for each of the several facilities. 
The acce'^slbllity to local transportation and public utilities should not be overlooked. 

An investigation should be made to determine if any existing federal, state, count}-, or 
local regulations might restrict or prevent the construction, operation, or development of 
the seaplane facility. 


MAINTENANCE 


69. PAVEMENTS 

Flexible-type pavements ma\- require maintenance for the following reasons: failure of 
base or subbase; raveling, drying, or cracking of surfacing material: shrinkage of soil due 
to extensive periods of drought, frost heave in subgrade, inadequate drainage; inferior 
materials: and improper construction in initial work. The cause of any pavement defi- 
cienc} or incipient failure should be determined and complete corrective measures applied 
to prevent a recurrence of the trouble .A. base failure will usually require replacement of 
the base course afte.* correction of the subgraile and drainage, if necessary, and replacement 
of surface course 

Raveling or breaks in the surface course .should be repaired by removing the defectiv'e 
material, squaring up the edges, and filUng witii new surfacing material similar to that 
used in the pavement. The materia! shoul.i be thoroughly compacted and sealed. At 
intervals of 3-6 rears, surface treatments similar to what i.s known by many as a seal coat, 
should be applied to seal cracks, restore life to the bitumen, and correct the surface texture. 
Rolling the pavement with pneumatic tire rollers in warm weather will extend the life of 
the surface course and lengthen the period between surface treatments. Cracks wider than 
1 s in. .should be cleaned out and >ea!ed with bituminous material as soon as discovered. 

Tne maintenance of rigid-typo pavements generally consists of sealing joints and cracks, 
replacement of broken areas, adjustment of pavement elevation to correct settlement or 
errors in construction, and the repair of spalls. Expansion-joini material wnll compress 
or extrude as the concrete e.xpands. and cracks will open a? contraction occurs. The main¬ 
tenance of loints Usually involves replenishing or replacing the seal material and trimming 
off of exce.s-^ive filler material which has extruded Contraction joints, comsiruction joints, 
cracks, and hinge joints should be kept filled and sealed Replacement of broken areas 
should be repaired with concrete in mch manner that the patch will be equal m strength 
and riding quality to the remainder of the pavement Patching should be done at the 
earliest opportunity and by accepted engineering practices. Correction in elevation of 
concrete pavement necessitated by .settlement can be accomplished by the use ol mud 
jacks which force a mixture of cement and mud through holes drilled into the pavement 
to the subgrade. Bituminous materials are also used for this purpose. Spalling of joints 
is usuallv caused by improper construction. When repairs are made to spalled areas, all 
unsound material should be cut away to neat lines and the area replaced with new concrete. 

Both flexible- and rigid-type pavements mav require resurfacing because of disintegra¬ 
tion or excessive loading of the pavement Tne pavement .should be resurfaced with bi¬ 
tuminous concrete, and two courses used if extreme irregularities m the surface contour 
are to be corrected. Resurfacing should not be delaved until the deterioration has pro¬ 
gressed to such an extent that the pavement cannot be salvaged as a base course. Badly 
broken areas should be repaired before resurfacing 


70. DRAINAGE SYSTEM 

Inspection and maintenance of drainage facilities are required at regular intervals, and 
in addition, during or following everv heavv storm, Mo.st drainage systems are integrated 
systems and generally a deficiency in one portion of the system will cause undue stress and 
resultant damage to other parts of the svstem 

Frequency of regular inspections vanes with amount and intensity of rainfall and with 
adequacy and condition of drainage facilities. As a minimum program, a complete inspec¬ 
tion i.s made m the fail in preparation for the winter season, and another in the spring, to 
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determine extent of repairs required. Maintenance includes cleaning inlets, culverts, storm 
drains, ditches, and underdrains; correction of washing, undermining, and settlement of 
structures; stabilizing ditches and slopes; removal of high shoulders and other obstructions; 
enlarging, replacing, or providing additional waterways and structures, as necessary. 
Proper inspection and maintenance require familiarity with design, capacity, and location 
of drainage facilities in place. 

Drainage facilities should, if possible, be patrolled during storms to relieve stoppages 
at critical points such as inlets, culverts, and other structures to prevent serious damage 
and unnecessary flooding. Inspection should immediately follow a storm to observe needed 
corrections in the drainage system, and to survey extent of damage to be repaired. 


71. LIGHTING 

Proper mamtenance consists of establishing a regular routine of testing, cleaning, ad¬ 
justing, repairing, and, when necessary, replacing worn-out or damaged parts. Lamps 
must be replaced; glassware and reflectors must be cleaned; moving elements in the 
beacon, wind tee, and wind cone must be lubricated; broken glassware must be replaced; 
and wiring and cable insulation must be maintained. 

To effect quick repair and replacement, an adequate supply of cable, lamps, gla^ware, 
film cutouts, fuses, gaskets, and spare parts for field lighting units should be kept on hand 
where they are readily available when the need arises. A suitable workshop and store¬ 
room are also of prime importance, and the maintenance electrician should have available 
a small panel or pick-up truck. 

It will be necessary, of course, for the maintenance electrician to make periodic inspec¬ 
tions of the lighting equipment. In addition to that, a daily check or test of the equip¬ 
ment operations should be made at about one-half hour before susnet. Any reliable and 
competent person stationed at the airport during the evening hours can accomplish this 
test. This should consist of turning on all airport lighting facilities and seeing that each 
is functioning normally. If any failure is noted, the maintenance electrician should be 
notified immediately. 

All equipment must be maintained free of dust, sand, surplus grease and oil, and other 
foreign matter. Experience has proved that dirty equipment contributes greatly to opera¬ 
tional failures. 

Maintenance instruction books and descriptive pans lists for each piece of lighting equip¬ 
ment at the airport should be procured from the manufacturer. A complete inventory 
should be made of the equipment installed and of the replacement articles carried in stock. 
A record of the style number, rating, model number, etc., of each piece of apparatus will 
facilitate obtaining replacement parts. 


72. TURF AND LANDSCAPE PLANTING 

Mowing is one of the most important factors in the establishment and maintenance of 
turf. It not only encourages the rapid coverage of turf species and promotes density and 
vigor, but it also serves to check the growth of weeds and undesirable grasses that tend to 
smother or compete seriously with the desired species. 

Mowing to a height of 3 in. is generally ad\’isable; below 2 in. is neither practical nor 
desirable for airport turf. It should be done when the grass needs cutting rather than on 
a fixed schedule. On well-established stands, this is usually when it reaches a height of 
6-8 in. If mowing is neglected too long, the clippings must be raked up and removed, which 
adds greatly to the cost of mowing. 

It IS necessary to apply fertilizer occasionally to established turf in order to maintain a 
heavy stand. On frequent-traffic areas, or other places where vigorous thick turf is essen¬ 
tial, njtrogen is of utmost importance. Results of soil tests should be considered in esti¬ 
mating quantities of the nutrients needed. Time of application varies with the growth 
characteristics of the species to be fertilized, but in general, fertilizers should be applied 
just prior to the time of most rapid growth of the species involved. 

In the event that existing turf has deteriorated to the point that it is ver\' thin and weedy 
or numerous bare spots occur, a general renovation may become necessary. A careful 
analysis of the soil, turf, and other factors involved should be made in order to determine 
the cause for the turf failure and to provide an effective program for the reestablishment 
of a smooth turf surface. 

Spring rolling of turfed areas is desirable in regions where the winter’s freezing and thaw¬ 
ing heave the grass plants out of the soil and leave an irregular surface. It should be done 
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as early in the spring as feasible. Rollers of the type used on farms or on golf courses shoxild 
be used. 

The control of weeds is generally a minor problem on properly managed turf areas. 
Timely mowing, adequate turf fertilizing, and other regular maintenance practices ordi¬ 
narily keep weeds in check without any special treatment. Under certain conditions, 
however, immediate control is required. Several chemicals or herbicides which may be 
used to advantage in controllmg weeds are now commercially available. 

The degree of maintenance required for landscape plantings depends to a large extent 
on the planting design. Formal plantings or extensive hedges require more constant care 
than simple informal plantings and, generally, trees require less attention than shrubs or 
vines. 

Under certain conditions artificial ■watering of trees and shrubs at airports becomes 
necessary. Lack of water immediately after planting is extremely dangerous especially 
during hot, dry, and windv we ither. After the plants have become well established, wat¬ 
ering is not usually necessary m the humid regions except occasionally duiing periods of 
extreme drought. 

Cultivating and mulching are beneficial during the establishment of plants in that they 
help to keep down the weeds, conserve soil moisture, and improve the textures of the soil. 
Also the regular mulching of most broad-leafed evergreens or other shallow-rooted shrubs 
is helpful and worth while. 

The need for refertilizing trees, shrubs, or vines is influenced by such factors as the 
fertility of the soil in which they are growing, the kinds of plants, and the kind and 
quantity of fertilizer used at the time of planting. Obviously no formula as to the proper 
kind and quantity of fertilizer to use can be made to cover all conditions. It must be made 
on the basis of local requirements. However, under normal conditions, trees and shrubs 
respond well to a fertilizer high in nitrogen. 

As a general rule, the best time to refertilize is at the beginning of the natural growing 
season. Plants should not be forced into lush growth by fertilizing just before freezing 
weather. 

With most trees and shrubs a certam amount of pruning from year to year is desirable. 
The purposes of periodic maintenance pruning are to remove dead or diseased wood, to 
shape the plants, to prevent bad crotches in trees, to remove low branches, to promote 
flowering or fruiting, and to trim hedge plants into a regxilar shape. 
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RAILROAD ENGINEERING 
ROADWAY 
1. RIGHT OF WAY 


Width of right of way for a single track line usually varies from 4 rods (66 ft) to 100 ft, 
but widths of 200 and 400 ft are not uncommon. Within station limits and yards, the 
width is increased to accommodate necessary tracks, structures, and facilities. Depths of 
cuts and fills control minimum width. On level ground, the minimum width is u* = 5 -f- 2s<i, 
where h is the width of roadbed, s the rate of sideslope, and d the depth of cut or fill. 
Sufficient additional width must be provided for side and berm or intercepting ditches, for 
fences, and to keep slides or sloughed-off material from encroaching on the property of 
others. Needs for future double tracking, siding construction or extension, and other e.x- 
pansion should be considered at the outset since the construction of a railroad often en¬ 
hances land values and makes later purchase more expensive. When additional width for 
more than one track is required, it is based on the spacing between track centers, usually 
13-14 ft. The center line of right of way has usually coincided at one time with the center 
line of one of the tracks but the track is frequently shifted from its original position in the 
processes of maintenance and line re^dsion. Property lines should be marked by monu- 
ments. Right-of-way monuments are not standardized. A satisfactory marker consists 
of sections of steel rails or of concrete posts about 8 in. square, 3-4 ft in length, and with at 
least 2 ft imbedded in the earth. The exact line is scratched on the top. 

Areas of land for different widths of right of way are given in Table 1. 


Table 1. Area of Right of Way 




Acres 



Acres 



Acres 


Acres 

per 


Acres 

per 


Acres 

per 

Width, 

per 

100 

Width, 

per 

100 

Width, 

per 

100 

ft 

Mile 

Ft 

ft 

Mile 

Ft 

ft 

Mile 

Ft 

16.5 1 

2.00 

0 038 

27 

3.27 

0 062 

40 

4.85 

0.092 

1 rod ) 

28 

3.39 

0.064 

41 

4.97 

0.094 

17 

2.06 

0.039 

29 

3.52 

0.067 

41.25 ) 

5.00 

0.095 

18 

2.18 

0 041 

30 

3.64 

0.069 

2.5 rods) 

19 

2.30 

0 044 

31 

3.76 

0.071 

42 

5.09 

0.096 

20 

2.42 

0 046 

32 

3.88 

0.073 

43 

5.21 

0.099 

21 

2.55 

0.048 

33 } 

4.00 

0.076 

44 

5.33 

0.101 

22 

2 67 

0 051 

2 rods 1 

45 

5.45 

0.103 

23 

2.79 

0.053 

34 

4.12 

0.078 

46 

5.58 

0.106 

24 

2.91 

0.055 

35 

4.24 

0.080 

47 

5.70 

0.108 

24.75 ) 

3.00 

0.057 

36 

4.36 

0.083 

48 

5.82 

0.110 

1.5 rods ) 

37 

4.48 

0.085 

49 

5.94 

0.112 

25 

3 03 

0.057 

38 

4.61 

0-087 

49.5 ) 

6.00 

0.114 

26 

3.15 

0.060 

39 

4.73 

0.090 

3 rods 1 


For greater widths use sums or multiples; thus, for 87 ft take the sum of the acres for 43 and 44 ft. 


2. FENCES, SNOWSHEDS, AND SAND PROTECTION 

Legal requirements for fencing vary from state to state. It is often economical to fence 
land regardless of legal requirements, especially in densely populated areas, to reduce the 
incidence of trespassing. If the right of way constitutes the fourth side of a field, the law 
usually requires the railroad to fence that fourth side when and if the owner has fenced the 
other three sides. 

Wire fences, with wood, metal, or concrete posts, of the following design are recom¬ 
mended by the American Railway Engineering Association (ARE.4) for right-of-way 
fences.^ Height is generally about 4 ft 6 in., but it and all other features must conform to 


^ AREA Manual, 1953 Ed., pp. 1-0-1 to 1-6-18, Americaa Railway Engineering Association, Chicago, 
Illinois. 
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Statutory requirements. Four classes are provided by the AREA with the longitudinal 
wires spaced as follows- 

Class A 5 in. above ground. 4. 4 ^ ' 2 . 5, 5 1 / 2 . <5. 7, 8, and 9 in. To make a Class A fence 
“hog-tiglit,” an additional wire is stretched midway between the ground and the first wire 
listed above. 

('lass B: 7 in. above ground. 6 1 / 2 , 7, 7 S. S ^ 2 . and 9 in. 

Cla^jS C: 2 in. above ground. 3. 3^2 4. 4 i 2 . 5. o ’-'b. for woven wire (25 V 2 in. high) 
with 3 strands of barbed wire above spaced 4 1 2 . 1- 

Class D 10 in above ground, 10. 10 12, and 12 in 

Wire. Smooth, round wire of Xo. 9 sage is recommended for Classes A and B, and the 
woven part of C, except that for the top and bottom ''traiuis of a Class A fence No. 7 wire 
is required. Ribbon, smooth, round, or barbed wire may be u^ed for Class D fences. 
Vertical wire stag's of No. 9 gage are recommended for Classes A, B, and C, spaced 12 m. 
apart. Woven-wire fencing giving the same coriibinations of spacing is commonly used. 
Longitudinal wires for Classes A. B. and C should be provided with tension curves to take 
up expansion and contraction. Wires are attached to the ^lde of post away from the track 
with No. 9 wire staples, 1 in. long for iiardwoods and 1 b '2 in. for softwoods Staples are 
set diagonallv with the grain of the wood and driven homo Wire for fencing and staples 
should be galvanized with an even coating of zim- aiul nave a minimum ultimate tensile 
strength as follows: 

Open-Hearth Steel Wrought Iron 
Line wire, No. 7 gage 2200 lb 1800 Ib 

Line wire, No 9 gage 1500 lb 1200 lb 

Stay wire, No. 9 gage 1100 lb 1000 lb 

Electrically welded fence should be galvanized after fabrication. 

Wooden posts should be straight and free from splits, rot. large knots, and other defects. 
Black locust, cypress, catalpa. cedar, chestnut. Douglas fir. black walnut, heart yellow 
pine, larch, mulberry, redwood, and white oak may be used without preservative treat¬ 
ment. Other woods should be treated. End. corner, anchor, and gate posts should be at 
least S ft long, S in. in diameter at the small end, and 40 in m the ground; intermediate 
posts should he at least 7 ft long. 4 in. in diameter at the small end, and set 28 in. in the 
ground. Dimen.-’ions of sawed or split posts should be at least equal to those of round 
posts. Posts are set with the large end down and spaced not more than 20 ft. The first 
line post from anv corner, anchor, or gate post is spaced 10 ft center to center with it. 
Holes are dug to full depth. To avoid blasting m solid rock, intermediate posts may be 
set on 6 by 6 in. sills 4 ft long braced on both sido'. bv 2 by 6 in. braces 3 ft long. Not 
more than two auch posts should be placed consecutively. After a fence is erected, the 
tops should be sawed off on a one-quarter pitch with the high side on the same side as the 
wire and about 2 m. above it. Intermediate posts in hollows or sags are anchored down by 
gaining and spiking two cleats near the bottom End and corner posts are anchored by 
cleats set one near the bottom and the other just below the ground surface and also braced 
bv cleats to adjacent po.sts. Cleats are of 2 by (i in. common lumber 3 ft long. Braces are 
of 4 by 4 in. common lumber. Wire braces made of a double strand of No. 9 wire are used 
where bracing by tension is needed. 

Concrete posts are recommended as practical, economical, and a suitable substitute for 
wood. The cross section is preferably a square or a circle, the latter having the more ex¬ 
tended use, whereas square or nearly square section>> are slightly more efficient in re¬ 
sisting the forces that ordiiiarih' cause failure. Greater resistance to deterioration and 
better methods of manufacture of round posts may offset the greater efficiency of the 
square. Corners should be rounded off to a radiu'^ of not Ic-^s than o/g in , and posts should 
be tapered from base to top. End, corner, and gate po^^ts should be at least S ft long, S in. 
at the base, 0 in. at the top. set 40 m. in the ground, and reinforced with four 3 rods. 
Intermediate posts should be at least 7 ft long, 5 in at the base and 3 ^,'2 m. at top for 
round posts, and 4 Lb in. at the ba.^e and 3 in. at top for square ones. 

Steel posts arc widely used. Higher first co^^t is iiif'^re than offset by reduced labor costs 
since tliese inav be driven either by hainl or bv a one-man post diiver. Metal fence posts 
may be made of steel, wrought iron, or allovs of iron of any kind which meet the following 
conditions- minimum tpn«ii!e strength ol 4lh9dt) lb ^q m , and, with a finished post, clamped 
rigidlv. and a load of 300 lb applied at a point 3 it from the face of the clamp, a maximum 
deflection ol 0 in. and a permanent -^et of 2 ^ 2 m Po-^ts should be provided with some 
convenient wav ot attaching the v.ire in at least twelve positions in a height of 5 ft above 
ground. One-third of the post length i'^ set below ground with a minimum depth of 2 l/o ft. 

Farm gates should be of ail-metal construction and 12 ft wide or wider depending upon 
the size of farm machinery pa>'^i!ig thnmgh it or statutes of the ^tucc. Height should 
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be at least 4 ft 6 in.. Gates arc hung so as to open away from the track, and, if hinged, as 
is desirable, to -^li -it by gravity and overlap the post a sufficient distance to prevent opening 
by side pre'-iiire 

Costs. Tiie first cost of fencing depends on prices of labor and materials and efficiency 
of the loinier. It should be estimated m each case from quotations on material and es¬ 
timated out])iit of labor. The annual cost involves also the estimated life and interest 
rate and shnuld be used in making comparison'-. 

Quantities of Materials. Fo^' wire fences, the 16 i' 2 -ft spacing requires 320 posts per 
mile Br ' -ed wire vane~ in weiglit with the type, but inav be estimated roughly at 1 lb 
per rod or 320 lb per mile, whereas No 7 and No. 9 wire weigh 439 and 306 lb per mile, 
respectively. 

Staples are put up in lOO-lb kegs. If of No. 9 wire, the number per keg is approximately 
1 in , lO.SOO; 1 ^ '4 in., 8,700: 1 1 2 m , 7.200: and 2 in., 5,800. For posts 20 ft apart, 83*?^ 
of the weights given in Table 2 will be required. Locks are of various types and maj- be 
estimated at 25 lb per 1,000. 

Table 2. Materials, except Posts, Required for Wire Fences, AREA Standards 

Per Mile of Fence 
Wire 


Longitudinals Staples 






\ erticals 






No. 7 

No. 9 

Barbed 

No 9 

Total 

1-m. 

1 V4-in.. 

Locks 

Class 

Lb 

Lb 

Lb 

Lb 

Lb 

Lb 

Lb 

No 

A 

878 

2142 


1300 

4320 

31.1 

46.4 

47 500 

B 


2142 


1236 

3378 

24.9 

37.1 

37 000 

C 


2142 

960 

700 

2842 

34.4 

30.8 

37 000 

D 



1600 


1600 

18 0 

26.8 


One inch extra 

was allowed at 

each end of vertical 

or stay 

wires 

and 0 % 

was allowed for loss of 


staples. Nothing was allowed for loss of locks or ties, as, if fabricated in the field, some of the stay 
Wires would be omitted at posts. 

Table 3. Labor in Man-Days per Mile of Fence 


Wooden Posts Concrete Posts Steel 


Class 

Auger 

Bar and Shovel 

Auger 

Bar and Shovel 

Driven 

A 

42 

48 

44 

50 

31 

B 

35 

41 

37 

43 

28 

C 

40 

46 

42 

48 

30 

D 

26 

28 

28 

34 

21 


Snow Fences. A snow fence is a structure erected to accumulate drifting snow. Snow 
IS earned bv the wind close to the surface of the ground and is deposited in railway cuts 
becau-^e of the eddies and diminution of wind velocities caused by the cuts The drifting 
of -now in -hallow cuts may be prevented or alleviated by raising tracks and eliminating 
the cut or by reducing slopes on both sides to a 4:1 or flatter Widening cuts provides 
room for snow to accumulate free of the tracks. A snow fence is .so placed that artificial 
eddies will form on the windward side of a ut at sufficient distance to cause the snow to be 
deposited between the snow fence and the cut. Thus the fence is set on the windward side 
of the track and at right angles to prevailing wind.s. The fence may bo set in a crescent 
form to give partial protection agaiii-t variations in wind direction. 

A tight fence of sufficient heieht causes snow to accumulate on the windward side. An 
open fence accumulates snow principally on the leeward side. Frequentiv the best tvpe of 
feiiee and its proper location mav be determined only by experiment; therefore portable 
-now iVnci'- are used. When practicable, a permanent fence located on the right-of-way 
line mav prove the most econoniKal. Where tIutj line is 50 ft or less from the center of the 
track, ttie boaids should be clo-e For greater distances, space is left bet'veen the boards. 
When the distance is 100 ft. 50G of the fence should be open space. The hciglit of fence 
should not e.xceed 10 ft C Hedges of California privet. Armour barberrv, evergreens, and 
locust have been planted in recent years for thi.s purpose. Their economic efficiency is 
still doubtful ) 

A .-ppciftf atiori, quoted from Orrock’s Raiboad Structures and Estimates, calls for cedar 
post-i 8 in. in diameter. 12 ft long, set 3 ft 6 m. in the groun<l, and spaced S ft on center^. 
Tlie Inwards are ^ 3 in by 0 m by 16 ft. and are nailed on withO-ni. clear spaces. This re¬ 
quires eight boards, four breaking joints at each post. A portable fence is made in panels 
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16 ft long. Six boards 1 in. by 6 in. by 16 tt, spaced 6 in. clear, are fastened onto three 
pieces 2 in. by 6 in. by 9 ft, spaced 7 ft apart. Two pieces 1 m. bv 6 m. bv 10 ft act as 
stiffeners. Three other pieces, also 2 in by 6 in. by 9 ft, are bolted, using 1 in. by 4 ^/ 4 -in. 
carnage bolts, with plate washers, scissorwise to the other three siiiiilai pieces. Two more 
boards are fastened to the lops of the second set of pieces. These sections may be folded 
up flat for storage When in uae, the schsors aie opened until llie lower ends are spread 
about 6 ft 6 in. apart and are fastened to stakes, d in. hy 3 in. by 2 ft. driven into the 
ground. On hard, rocky ground a tie-board. 2 in. bv 6 in. by 7 ft, may be nailed to the 
lower ends of the s? and weighted down with old tics, stones, etc. This construction 
is estimated to co^t per panel of 16 ft. 



Another tj'pe of portable snow fence is made by w'eaving wooden laths 4-6 ft lone with 
five to seven double strands of smooth galvanized wire, making a sort <ji picket fence. B\' 
varying the widths of the lath and the number of turns of wire between them considerable 
difference in the percentage of area shut off may be obtained. This fence is made in rolls 
up to 100 ft long and is set up by fastening it at intervals to pu-sts .<ei or driven into the 
ground. By keeping the laths well painted and using wire heavih L^alvanized the fence may 
be made quite durable; and it is easier to handle than the oth.er type. 




Snowsheds are expensive to build and to maintain. Their probable nece.sMty and the 
possibility of avoiding them should influence the decision 011 the Ic'CatK-c ui ihe road. 
There are tw’o tvpes of con.-'t ruction: (l,i those to protect the track agaiii-t >!i le-. the track 
being on a side hill or at the base of a hill, and f 2 i those to provetit the flUiiig of ruts or 
to protect the tru'-k from an extcs^ive level fall. Although the detail vanes .-omewhat with 
nearly everv location, tvpical designs for timber sheds are shown in Fig^ 2 to 5 


Fig 4 



Level Fall, Southern Facific Ry 



Sheds cut off the view considerably and are disagreeable to operate: hence a “summer 
track” is sometimes laid outside. To paitiallv f»pv‘'n up levei fall "hedv and to localize fires, 
movable sectiorio 100 ft long are provided wlindi are mounted on wheels and telescope into 
enlarged adjacent sections. The cost of maintaining the extremely heavj,' avalanche sheds. 
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particularly those for double track, and the great fire risk have led some roads to build 
combination concrere-and-tiiuber -heds arid reinforced concrete sheds. t?ee Railway 
Engir.(>'- inz an-/ Maintenari' c pp o4 and 5S. 1930. 

Sand. Protection against dnlting sand begins with initial construction. here pos¬ 
sible the loadhed should be constructed above the natural ground Cuts are widened 
and have fiat slopes as in snow protection Cut slopes may be oiled or paved with clay to 
keep -and moving. If sand is drdting in the track, the track mav he lialf-skeletonized 
perniitting the wind to blow the sand clear It is sometimes possible to remove the original 
source of the sand. Sand dune^ can sometimes be dissipated by scattering gravel or small 
stones on the windwar'l slope Where undercutting occurs from sand blowing aw'ay, a 
layer of clay placed on top '■>*' the sand ina\' achieve stability’. Possibh' the best method of 
.^and '-ontrol is to plant vegetation on the source to form a root matting which will hold it 
m place 

3. SUBGRABE 

Soils serve both as a foundation fur the subgrade and as a material from which the sub¬ 
grade ii constructed. A close adherence to the principles and good practices of soil en¬ 
gineering as found in Sect. 7 nec-rs^arv to obtain the requisite stability of the structure. 

Subgrade design involves the selection of three critical dimensions: width, height (or 
df'Piii), and .-lope. Each of these mav be influenced by the type of soils used in con- 
siructioii 

Width of roadbed is determined by the width of base of ballast section fsee p. 6-20) and 
the S'lppoiTing ahoulders which extend beyond. The AREA recommends a minimum of 
1 ho ft as the width for each shoulder, but a width of 2 ^ A ft (5 ft for both) is preferable 
to cover normal erosion and sloughing- When >‘.‘il materials are unstable, a greater width 
i.< helpful as determined by the principles of Sect. 7. Estimated settlement requires a 
wider shoulder on the basis of 3 adduiona! feet of subgrade width per foot of settlement 
(or whatever a slope ratio other than a 1 b'o* 1 requires) Roadbeds under multiple tracks 
miisr be widened bv the distances between track centers, usually 13--14 ft. Customary 
widths of single trark subgrades on I' S. railroad.? as reported by an -\RE.\ survey are as 
follows 

Main lines 18-24 ft* weighted averaff*''. 2‘) it H in 

Secondary line'' 10-22 tt wi-ignted avcrag“. 19 ft 3 in. 

7'!iird-grade or branch Ime^* 16 22 it. wcig itcl average. 17 ft 0 in 



I'lG. 6 Typical roadbed and ballast section i»repared materials of stone, slag, and gravel haMng 
o%er 20‘-,7 crushed particles 'AREA Manual, 1953 Ed , p 1-2-7 ) 


Some roads wnden the roadbed for high fill.-5 but the practice is non-unifortn. The Santa 
P'c widens as follows 22-ft width for fills under 20 ft, 24 ft for fills more than 20 ft but ies.s 
tlian 50 ft, and 2G ft for fills of 50 ft o! higher. Cut widths of 30 and 40 ft are used ^ 

Xu cuts additional provision nuic't be made for drainage ditches (see p. 0-13 . Good prac¬ 
tice todav recommend.-? that tiiTches be rna<}e wide enough or that low* berms be provided 
to permit use of off-track equipment for ditch cleaning, snow accumulation and removal, 
and other rnaintenam e operations 

Height of fill (or depth of cut) i- principally determined by the established grade hue 
The- practice of adding ail'litional height to finished grade to compensate for estimated 
settlements is not rec'immcnde I In a<ldition to the conventional factor.^ which govern 
the de.sign of a gra ie hue, it •'O-ot-li lif" desi.-able to give it added lieight to bring it above 
high-water lines or above drifting '■and or sru»w. 


- AREA Manual, Ed, pip !-l-I oj 

3 Grading Specificatuais. 5t'>r 12. 19 in. Atr-hi^'j-i. Tope.t-a, and Santa Fe Rad’.vay System. 
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Sideslopes must be designed for stability and should not be less than the angle of repose 
of the soil materials. Most soils are stable with a 1 Vs* 1 slope. Rock fills will stand on a 
1:1 slope. Some rock cuts stand on a ^/s-l or even a V 4 :l slope. Unstable materials 
having a low shearing strength require a flatter slope, 2:1, 3:1, or less. Stability and 
proper slope design are based on the principles of Sects. 7 and 4. Submerged slopes should 
be flat, 4:1 to 6:1 unless otherwise protected, see p. 6-08. Cuts subject to snow drifting 
should also have flat slopes, 4:1 to 6:1. With these exceptions there is no advantage in a 
flatter slope than required by needs of stability. There is a disadvantage m the greater 
area exposed to rain wash and erosion on the flatter slopes. 

4 



Fig. 7. Grouted blanket to protect roadbed slopes from erosion 





Fig 8 Protection for water-inimersed embankments .4 and B conform to ballast section, C varies 
■w-ith stability of slope completely saturated. 2 V2--3 t'2. 4-10 ft depending on height of wave; E, 

2-4 ft depending on wave height, depth of water, etc ; F, 4-10 ft depending on depth of water, etc. 

(After Proceedings of the AREA, Vol 50. p. 684. 1949 ) 

High slopes may be further stabilized by use of offsets or terraces. These should be well 
drained by a paved gutter at the toe of the upper slope to prevent accumulation of moisture 
and saturation of fill materials. Terracing practices are non-uniform. One road-terracing 
practice is as follows; 

6-ft terraces for fills 25-50 ft in height. 

12-ft terraces for fills over 50 ft in height. 

Again reference is made to Sect. 7 for further details on the application of soil engineering 
to this problem. 

Bank protection is essential to reduce erosion and promote subgrade stability. Quick 
protection and a pleasing appearance are obtained by sodding, but the method is expensive. 
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Planting with grasses or shrubs, especially those native to the vicinity, is recommended. 
Successful plantings are had with kudzu, Bermuda grass, the clovers, perennial rye, oats, 
woodbine, honey suckle, roses, sumac, locust, and evergreens. Russian wild rye is good for 
sandbank stabilization. Submerged slopes, especially those subject to swift currents, 
should be protected with riprap. One-man stone dumped in place is sufficient for many 
situations. Severe erosion conditions may require two-man or even derrick stone. An 
alternate method cover.^: the slope to a depth of 2—3 ft with one-man stone, crushed stone, 
slag, or other hea\"y granular material. A cement grout in proportions of one part of 
cement to two parts of sand is flowed over and through the porous cover. Asphaltic com¬ 
pounds mav be used in^-tead of the grout. The blanket material should be made heavier 
and thicker at the base to form a toe wall. Where swift currents or wave action cause 
severe ero-sion, hand-placed two-man stone or even derrick stone should be used in con- 
>tructing the toe wall. Drainage back of the blanket must be provided. Weep holes are 
made of 4-in. cast-iron pipe or old boiler tubes set in the blanket face and extending through 
the grouted depth of cover. Larger seepage drains may also be provided of 6-S in. cor- 
nigated-metal pipe, perforated and extending under the near rail of the track. The pipe, 
laid on iOO-ft centers, is backfilled with filter sand Blanket material or riprap should be 
carried high enougli up the slope to provide a freeboard space protecting against wave 
action and high water. 


4. SUBGRADE CONSTRUCTION 

Principles and methods of subgrade construction as presented in Sect. 7, Soil Mechanics 
and Site Examination, and Sect. 4. Highway Engineering, should be followed in the con¬ 
struction of railroad .subgrades These procedures include a soil-exploration program in 
keeping with the importance of the road under construction, adequate subsoil preparation 
by clearing, grubbing, and stripping: proper soil selection and mixing; adequate compaction 
by rolling, vibrating, and control of the moisture content: and finishing by placing porous, 
free-draining materials in the top layers and rolling and blading to a smooth, uniform sur¬ 
face. Small depressions, tire and tractor tread marks, and other undulations are forerun¬ 
ners of potential water and ballast pockets and must-be removed. The ARE.\ recommends 
sloping the subgrade 1 in 12 from a point under the outside end of crossties of the outside 
track?) to promote drainage. .Although good techniques should always be followed, there 
rnav be some departure from the more severe requirements of highway construction be¬ 
cause irregularities which develop in the track surface due to subgrade conditions can be 
Taken up bv relatively slight surfacing in the ballast section. The highway surface cannot 
he *'0 rcadilv adjusted and must conform to stricter requirements. For high-speed main 
ime- going into ininiediatc service there should be no relaxing of standards, and require¬ 
ments comparable to those for highways are maintained. 

6. SPECIAL ROADWAY PROBLEMS 

Unstable ground account.^ for the sinking and sideslips of railroad subgrades through 
foundation failures and niay lead to complete failure of the fill, sometimes under traffic. 
Instability occurs from soft underh ing clay layers, the presence of muck and peat bogs, or 
along planc.s of sliding on a snichill embankment. The first two are often concealed under a 
stiff cru-'t which eventually fails under the imposed loads During construction, early 
stahiht\ IS had by excavating the soft material and ba^'kfilling with good soils, by over- 
loarliTig the fill to hasten settlement, by drilling blasting hole* transverse to the overloaded 
.'^ubgrade and shooting the muck from underneatli the fill, or by drainage, using surface 
ditclies or vertical sand drains beneath the fill, to lower the water table. Timber mats or 
eordurovs mav be placed under the fill to give floating support. In severe case*, trestles 
aic c«>ii''rructpd acro-'S tlie unstable area or the line is relocated on firm ground Where 
slow suhsidenrc occurs, the track will have To be raised to proper surface and elevation and 
The balla-^t replenished at frequent intervals. The ballast, therefore, sliould be of a cheap 
material emdrr^, pit-run gravel, etc A more complete analysi.s and solution to foundation 
•^oil in-^tahility requires the appli^’ation of principles of soil engineering as presented in 
Pert. 7 

Slides as considered licre include both individual and mass movements of soil and rock 
occurring in natural or in graded -ilope^. Section 7 should be .stuflied for a more detailed 
analysis. Shdo': in general are caused by overstressing of .slopes hy load increases or by a 
decrea-?e in the strength of slope witli a constant load. Lack of shearing strength in a slope 
ma^' result from too steep a slope, especially in homogeneous soft clays: from moisture 
penetration m joint cracks of stiff cla\b; from transfer of intergranular to pore water pres- 
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sures in a saturated sand, detritus, or talus slope; or as a result of the rapid drawdown of a 
flooded stream. Clays of high sensitivity may flow like a liquid due to structural break¬ 
down caused by remolding processes of the initial slide. Loess slopes which stand ver¬ 
tically when dry break off m small portions along vertical root holes and slump like a soft 
clay on becoming saturated. 

Slide prevention includes avoidance of troublesome ground during location, grading of 
stable slopes, and adequate drainage. Safe slopes are determined by methods described 
in Sect. 7, but all slopes should be checked during excavation to observe if there is any 
need to revise the original design for greater stability. Tunnels and vertical drains supple¬ 
ment surface drainage to remove excess moisture. Since any slide is almost always pre¬ 
ceded by noticeable movement, all cuts and slopes, especially those suspected of slide 
capabilities, are observed for movement. In removing slides, excavation should begin at 
the top to lighten the load and impart greater stability to the sliding mass. 

Rock slides result from moisture alternately freezing and thawing in joints and cracks, 
from erosion or excavation of underlying supporting materials, or from shattering through 
overshooting in excavation. Loose rocks should be removed each spring from rock cuts. 
Other unstable masses are brought down under controlled conditions. Good location, 
careful excavation and sloping, adequate drainage, sealing of joints with grout, and con¬ 
tinual inspection and ^^gilance are measures necessary to prevent rock slides. 

Slide fences may supplant cut w’atchmen to pro\dde protection against slides and rock 
falls where these are a recurring source of danger. Wire-mesh fences are strung at the toe 
of slopes and along cut slopes and connected to the signal system so that a break or strain 
in the fence wall interrupt a detector circuit and set the wayside or locomotive cab signal 
at the “stop” or “stop-proceed” indication against oncoming trains. 


6. ROADBED STABILIZATION 

Unstable roadbeds may arise from inadequate compaction during construction. Frozen 
soil lumps, arching around large boulders and stumps, or the deca>- of logs, stumps, and 
timbers leave voids in the fill which collect moisture and develop instability. The “work¬ 
ing” of plastic clays and silts under the ballast as traffic moves forms a soft slurr>'-Iike 
material into which the ballast sinks. The process is repetitious and cumulative, until 
large moisture-filled ballast pockets up to 10 ft or more in depth are formed. These con¬ 
ditions are reflected in sinking track, muddy ballast, pumping joints, worn ties, battered 
rails, slow orders, increased maintenance costs, and sometimes complete failure of the 
emb.ankment. Instability is often accompanied by a characteristic heaving of the roadbed 
shoulder or push-up at the toe of the fill or at points even more remote. Slides within the 
roadbed limits are a form of instability. They arise from slope failures resulting from a 
failure of the soil in shear, sliding along a lubricated surface as in the case of a sidehill fill, 
and from foundation failures in the underlying subsoil. 



Roadbed instability is be.st controlled at the time of construction bv proper .soil en¬ 
gineering inriuding selection of stable .'soils, avoidance of conipressible silts, plastic clax’S, 
and swelling clavs and shales, providing adequate compaction and moisture control, and 
finishing of the top to a smooth surface tree of undulations, ruts, and depressions. Clay 
materials if used should be kept well below the ballast section. For roadbeds which are un¬ 
stable after construction, a variety of remedies are available. 


Grouting 

Roadbed grouting is one of the most useful and recent of the stabilization procedures. 
The following methods have been developed by the AREA with the assisting research of 
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Dr. Ralph Peck of the University of Illinois Engineering Experiment Station.* Grouting 
is most effective when applied to ballast pockets but has been successfully applied to high 
fills. A cement grout slurry is forced into the fill either by pneumatic or by hydraulic in¬ 
jection. A hydraulic displacement pump for hydraulic injection forces the grout through 
flexible rubber hose, usually 1 1/4 in. in diameter with standard train line connections. 
Pipe of the same size may be substituted for the hose. The grout is mixed in an agitator 
tank or tub. Holes for injection points are first driven with a spud bar if the soil or ballast 
material is hard. Injection points usually consist of a section of 1 ^/4-in. pipe. A loose 
plug or bolt in the driving end prevents the pipe from filling with soil during the driving. 
It is forced out by a long rod after the driving is completed. Commercial points combine a 
hardened steel tip with an inner steel core which can be withdrawn after the point is in 
place. Spuds are driven with 70-lb air hammers, and points with 52-lb hammers. The 
mixing tub, injection points, and air hose are the same for ail systems of grouting. 
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Fig. 10. Location of grouting points. 


Pneumatic injection is accomplished with an air compressor delivering 65-210 cfm at 
90 Ib/sq in. pressure. 

Cement-Sand Ratios. Rich-mix grouting uses a cement-sand ratio of 1:1 to 1:6. The 
average is about 1:4. Rich-mix grouting is usually applied to “spot” grouting whereby 
small individual soft spots are grouted. The portability of the pneumatic injection 
equipment commends it to spot grouting. Lean-mix slurries var>' from 1:6 to 1:32; 
1:12 is the most commonly used. Because of its low cost, the lean-mix is used for out-of¬ 
face grouting in areas of extended instability. The less portable hydraulic injection 
equipment is usually associated with lean-mix grouting. 

Standard Portland cement is used in the slurries. Air-entraining cement promotes 
flowability in the line. Gradations commonly encountered have been: 

Passing a 100-mesh sieve (0.149 minimum grain size) 99.5%. 

Passing a 200-mesh sieve (0.074 minimum grain size) 96.0%. 

Passing a No. 325 sieve (0.44 minimum grain size) 90.0%. 

Fly ash, a product of combustion of powdered coal under forced draft in power plants, 
is sometimes used as a filler for sand. It lacks cementing qualities but promotes flowability 
producing the same flow characteristics with less cement. 

Asphalt emulsions in quantities of 0.1 gal of emulsion per cubic foot of sand lubricate 
the flow and aid in suspending solids in the slurry, preventing the separation of sand from 
cement during injection. 

Sand should be flat and angular to promote stability but for flowability a rounded wind¬ 
blown or beach sand is preferable. For flowability the sand should pass a No. 20 screen 
100% with a large percentage passing a No. 40 screen. Sand with organic content, from 
upper coniferous areas, will not set readily; it should be corrected by adding about 1% of 
calcium chloride. 

Water content has varied from 3 to 6 gal per cu ft of dry material. Experience indicates 
4—5 gal of water per cu ft of material to be desirable, 

* Dr. R. B. Peck, Firat Progress Report of the .Joint Investigation of Methods of Roadbed Stabiliza¬ 
tion, Proceedings of the AREA, Vol 47, 1946, pp. 324-353. 
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Grout acceptance varies from a few cubic feet per track foot (one 94-lb bag of Portland 
cement bemo: assumed a-^ 1 cu fti in shallow fills and pockets to 35 and 103 cu ft per track 
foot in high nils. Grouting continues until the grout break-? out or the track begins to ri-M'. 
When acceptance is high as m high fills, it ma\ l^e desirable to do the grouting in stages 
allowing the first 20 or so cubic feet per track foot to &et up before going on with the grout¬ 
ing 

Costs depend on the mixture used and the acceptance per track foot. Actual costs }ia\e 
ranged from S0.2S to $1.04 per cubic foot of grout and $1.12 to S22.50 per track foot. 
Most installations have shown savings in maintenance cost-? sufficient to cover the costs oi 
grouting in 3—4 \ ears. In only a few cases ha= it been neces.^ary to repeat the grouting 
procedures, although this might become necessary over longer periods of time than have 
thus far elapsed. 

Other Methods 

Other stabilization methods have been succes;fuUy developed and used m certain 
situations. 

Piling 10-14 in in diameter and driven in the roadbed shoulde'- has proved helpful in 
some types of instability. To be effective at bast o0-t)5^ of t lO pile length should be in 

^ 12-in. timber spud 
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firm subsoil. Piles are driven witli couveritn>naI-lvpe pile driver.^ on 3- to b-ft centers, 
lied throush the subgrade to a eorre-^pondmg row on the opposite shoulder with tie rod.-' 
or wire cables, and braced Inngitudmallv with mp rails or in IB in. timber waier.>. 
In addition to mecharimal stability, the driving piucess tends to consolidate the fiil inaie- 
riai and provide vertical drain.age, especialh when an uiiderh-ing irnpervams stratum is 
couipletely penetrated. C'osts depend on length of piles, difficulty of driving, and extent 
ot interruptions from and to re^’enue traffic. 
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Short poles G-10 ft in length and 4-12 in. in diameter driven at the ends of every other 
tie have been in low fills and in shallow swampy areas. The stabilizing action is 

similar to that of piles in deepei fills Again 50-65^ penetration in firin inateiial i> 
e--ential. Old tiG^ nave been suecossfully used. Tight commercial on-tiack and cater¬ 
pillar-mounted (i+f-tiack pile diivers have been developed for this woik. Caie siiould be 
ob'crved to avoid ^lU-ing oh part of the fill. Costs v.-ere about SI 5l) per track toot for one 
jo'> on a souiliv extern laihoad. 

Sand piles lavoloe the dipung cf senes of holes mto the subgrade with a steel or timber 
spud inside and ont'ide the running rails. The holes are then filled with a clean, dry 
engine sand About of the subgrade top surface should be coveieil with the hole", 

(Tig 111 The spud is a^v-ut 12 m. by 12 in. and, for ease in driving and witndiawal, 
:rhould be ab' Ut 1U--12 it in length A light on-track or cat ?rpiUar-mounted off-track pile 
diiVxU -ct- and draws the spud. The sand pile piovides (oiwili-hition 'while dmnngi and 
vc’tn'al drainage, and the >x\n.d particles a^ld shcanng re^iatauce to the soil. Tlie spud 
.sLould ah\a \2 puncture the Ixjttom of all water pockets. Costs have run about $1.60 pci 
track fi)ot. 

Sand-filled blast holes are a variation of the sand pile. Holes are drilled with a 2- or 
o-in. auger and sprung at the bottom with I ’ 2 sticks of 40^ dynamite. The holes are 
then filled with clean, di,.- sand blown in un<l compacted by an air compressor Costs are 
aiv_,ut Si G8 per track foot 

Drainage must sihvay> be adequate to promote stability. Relief from water and ballast 
po'-ket> m fills rnav be had by locating tlie l<>\v spots iii the pockets an<l placing a cor¬ 
rugated. perforated metal pipe or open-jointed clay-tile dram (metal pipe is preferred' 
12-lS in below the bottom of the pocket, transverse to the track, and extending to the far 
rail of tlie near track. Pipes are laid with perforations downwaid. The ditch in which the 
lateial stub is laid is then backfilled with a sand filter material (see Sect. 7' and allowed to 
diuiii down the sh.'pe (Fig. 12). Where drainage is excessive, a paved gutter is required 
.\ fall about ^ 2 per ft is sufficient for t.he stubs. A screen of heavy wire mesh is 
phu ed over the pipe openings to keep out rodents. 



In cuts, the lateral drain .stubs connect to a longitudinal drain Iticated beneath the ro -d- 
bed ^houlher t I'ig. ]2/. The drain should be at lea-’t 2 in. greater in diameter than rhe 
transverse siuli- and of perforated coiriigated metal ni oi dram tile laid witli open jomt-s. 
-Vgam a backfill of h'ter material is used Laterals aie placed at low spots in the balla.-'t 
pocket-* as indicated b\ a subsurface survey marie with a haml or power auger. A mini¬ 
mum grade oi O.d'j'A' i‘- lield on the longitudinal The longuudirial ilram must be lc<l awa\‘ 
from tiie tra^k at exit to insure di.soharge in a direction awav from tire roidbed. p'cf- 
eiablv into an cxi-nug -urface flow cliannel. The exit ma\ bo protected b\' a light lueid- 
wall and a wire -<-ieen 

With all tup* i 0 / stahilization, the track is likely to he disturbed and should be given a 
hght surfacing aid lining. 


7. DRAINAGE 


Drainage is the most important single item in railroad construction and maintenance. 
Roadbed stabilitv and low maintenance costs can oniy exist wlien adequate flrainage Ls 
provided For additional information on drainage rcfeience is ma<ie to Vol. II, Sect. 12 
Hydraulics and Pumping, Sect. 13, Hydrologv-, and Sect. 17, Irrigation and Land Drainage! 
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Ditches 

Longitudinal drains include (a) intercepting or berm ditches which protect the slopes 
of cuts and intercepting or toe ditches whii-’i simihirly protect eiiibatiknc^'ic-- ou batinated 
soiK, ib side or track ditclies in cnta and sub-^uiface drains of 0- to I'l-ui t'l '. corrugated 
and perlorated metal pipe, or concrete pipe laid about 2 ft or more underground and hack- 
filled With porou'i filter material as described in the piecediiig paragraphs on ''uhdr.diiage. 

Ditch giadients may conform to the natuial slope of the ground for diteuc^^ listed under 
(ai and of the roadbed for those lij)ted under {b'-. The AREA reconimenrK a mini iiuni 
gradient of O.dO*^, to make the ditches self-flushing and eliminate standing water. Too- 
steep dopct giving flow velocities of 5-10 fps lead to scouimg and, if u:>ed. must be pro¬ 
tected by paving, by check dams, or by drops.® Long ditches mav have a crest in the middle 
and drain both ways. Since pipes t\ill carry water on a flatter slope than mere earth 
ditches, drams listed under (h> are particuiurly necessary wh.en the grade of the road is 
level and especiallv if tiie soil is retentive and impermeable. The ARE.-V further recom¬ 
mends maximum slope channel cross sections of 1:1 with a minimum base width of 3 ft for 
interceijtmg ditchea and 1 ft for track ditches. Intercepting ditches mu^t be 15 ft or 
preferably more from the berms of slopes or toes of fills so that the water < ontent will not 
saturate the slope and cause sliding. They should be deep enough to lower the adjacent 
water table. Borrow pit.s should be included in the system of toe ditches to prevent slope 
and subsoil saturation. All drains and ditches must have a free and unobstructed outfall 

Precise values for cross-sectional areas of ditches are obtained b\- apphing the methods 
described below under Computing Sizes of Openings, and by referring to the previously 
mentioned Sect.s. 12. 13, and 17, all in Vol. II. 

Ditch maintenance includes restoration of scoured slopes and bottom and removal of 
sediment and debris. Paving, sodding, or timbering restores slopes and prevents S'^our 
Riffle or check dams also reduce scour as well as velocities. Clamshell backets in wo^-k 
tiaiiis are used today for ditch cleaning only when on-track ditching blades or off-track 
scraping and loading equipment is not available or cannot be used becaii.?e of re^strict^'d 
space. 

Cross Drains and Culverts 


Cross drains and culverts are used to conduct water from one side of the roadbed to the 
other. Culverts are used to dram side ditches; pass side streams: dram pockets, coulees, 
and small valleys; serve as equalizers through pond and swamp areas; and form cattle and 
pedestiian underpasses. 

Computing Sizes of Openings. The cross-sectional area of an opening is A = Qe i' 
where A is the area of opening in square feet. Qc the quantity of flow through the opening 
in cfs. and o is the velocity of flow in second-feet. Manning’s formula gives 

r'3sf2, where s is the energy slope in feet of drop per foot of length, r is the hy- 


n 

draulic radius equal to A divided by the wetted perimeter and is a roaghne.s.s factor or 
coefficient of frictional flow varying from 0.012 for finished concret?. uol.j for smooth, 
tiled channels, 0.021 for corrugated metal pipe, 0.025 for bare earth, a.' i nibble, to O.OG 
for weed-grown ditches. It may be taken as 0.04 for average stream chani'i'ls when other 
data is lacking. If Qr is the rate of runoff fioni the drainage area, Qc = C-. Miice the open¬ 
ing must handle the runoff from tlie area. Bv assuming a value for A and determining 
corresponding values for r. s, and i\ the pipe capacity, Qc. is obtained and ernnpared with Q.. 
If the fir^t compai is not in tlo^c enough agieemeiit, a second value tor A i^ a>'?utJied, 
the cnoice being guided b\ the eiior in the firA assumption. 

The runoff, Qr. is obtained from the expresdon 


Qr =* AniR cfs 


where Au = area of the watershed oi tliaiiiage area in acres. 

i = rainfall intensity in inches per hour for a selected storm nf given frequency 
and duration, the maximum de.Mgn storm. 

R ~ iliC ruiiolT factor, a diifii ult value to deterinmo accuiat- •> -!!:i e it ■depend." on 
topography, vegetation, and pcnneability and conduio;i ..f ilie soil. Tiie 
factor will vary from 0 10 to 0.15 for fiat, vegetated, or gcnrix i< lling country ; 
from th3 to 0.-3 for built-up section'^, from OS to o 0 f.n cu' iijIereK- built-up 
sections or rock\ , hillv, or mountainous areas: ami will he 1 00 (la more when 
siiow Is rneltingi foi frozen ground 


5 Aff£A Manual, Ed . up. l-l-4o to l-l-tfi. 
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Saturation by long-continued rains makes most soils more or less imper\dous. Frozen 
soii is also impel viuiis. Vegetation retards flow and holds back some of the rainfall. 
Shape and slope of the watershed affect the time required for water to reach the culvert 
from different parts ol the area. Runoff factors have been determined with great care in 
some areas by state and federal agencies and may be used when thus available. 

Good judgment and knowledge of an area are essential in making an informed selection 
of values for runoff factors. Ample use should be made of field observations and of the 
histoiical evidence of higU-water marks and other flow characteristics. Section 13, Vol. II, 
should be consulted for this solution as well as for the use of the unit hydrograph, a more 
arr-urate iiieThod for determining runoff where stream flow is involved. 

The size of opening of a culvert or bridge should be sufficient to care for the flow resulting 
trim all ord’!’ar\ floml.'-. Wlien loss of hie or damages from interruption to traffic are 

likely to result from road- 



0 vO IIA) ISO 200 250 300 350 

of Culvert in square feet 


wa\- damage, it is necessary 
to provide for phenomenal 
flood conditions that occur 
at 50- to 75-year intervals. 
For other locations, it is 
more economical to repair 
the occasional damage 
which occurs than to tie up 
additional capital in con¬ 
struction for long periods. 
However, cost does not 
increase in proportion to 
capacity, this fact together 
with the difficulty of ac¬ 
curately determining re¬ 
quired sizes and the ad¬ 
vantages of standards in 
e^tlmatlng and construct¬ 
ing have led must roads to 
adopt a few standard sizes 
for small openings rather 
than try to fit each case 
accurately. 

Empirical formulas, of 
which there are many, are 
useful as guides where only 
general information is 
available or where long 
Usage has shown the re¬ 
sults to be reliable. Em¬ 


in; 13 K«c.ilvH>rt art'i.'by different formula'? pineal formulas are de¬ 


rived for the conditions of 


a particular water-?;u‘d and cannot safely be transferred to anv other. In the several fol¬ 
lowing example.'. A = rlrainage area m acres, a = area of waterwav' in square feet, and 
C — a, coefficient depending upon topography, vegetation, and soil conditions: 


E. T. D. Myer’s formula, a = CV A, in which C is a coefficient varying from 1 for flat 
country to 4 for mountainous country and rockj' ground. 

A N. Talbot’s tormula. a ~ CV'a^. "For steep and rocky ground C varies from 2/3 to 
i For rolling agricultural couiitiy, subject to floods at times of melting snow, and with 
the length of the valley ree or four times its width, C is about 1 / 3 : and if the stream is 
longer in proportion to the decrease C. In districts not affected by accumulated 

-no-v. and where th.e Icrigth the valloj la several times t.nc vidtli, ^'5 or ^ 5 or even less 
m i' he used. C should be increased for steep side slopes, especially if the upper part of the 
\ blec ha- a i.iuch ,cpr ftl! rhau tiio channel at the ^ulveft.” 


J r. Fanning s fi.mmla, u — n,2.i\ A*, in which im allowance is made for variations in 
f.'iltior;-: whli.h aff’ett 1 flow. 


II. McMatu .-i form ila. a — 0 5008’^ .I’, w'hicli was designed primarily for application 
L.) -ewer.' Like Fanning •?, it make© no allowance tor variations m conditions. 

( B A O formula, a = 0.4fV^75 A,'(3 -f- 0.079V A). 

F'luning's formula and the F B &: (). formula agree very closely, and also agree wdth 
Taiboff'j’* a mean vahi'^ of But Talbot’s ha^ the advantage of flexibility. Curves for 
H He torni'iljs are pbatred m Fig 13 fiom which values of a may be readily found. 
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Table 4. Area of Full Semicircular Arches with Vertical Abutment Walls 


Height of Span of Arch, ft 

Abutment - 


Walls, ft 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16' 

1 

14.8 

20.1 

26.2 

33.1 

40.8 

49.3 

58.5 

68.5 





2 

19.8 

26.1 

33.2 

41.1 

49.8 

59.3 

69.5 

80.5 

92.4 




3 

24.8 

32.1 

40.2 

49.1 

58.8 

69.3 

80.5 

92.5 

105.4 

119 0 



4 

29.8 

38.1 

47.2 

57.1 

67.8 

79.3 

91.5 

104.5 

118.4 

133.0 

r48’4 


5 

34.8 

44.1 

54.2 

65.1 

76.8 

89.3 

102.5 

116.5 

131.4 

147.0 

163.4 

m.5 

6 


50.1 

61.2 

73.1 

85.8 

99.3 

113.5 

128.5 

144.4 

161.0 

178.4 

196.5 

7 



68.2 

81.1 

94.8 

109.3 

124.5 

140.5 

157.4 

175.0 

193.4 

212.5 

8 




89.1 

103,8 

119.3 

135.5 

152.5 

170.4 

189.0 

208.4 

228.5 

9 





112.8 

129.3 

146.5 

164.5 

183.4 

203.0 

223.4 

244.5 

io 






139.3 

157.5 

176.5 

196.4 

217.0 

238.4 

260.5 


Table 5. Diameters and Areas of Small Openings 


Pipe 

Diameter, 

Area, 

in. 

sq ft 

8 

0.351 

10 

0.55 

12 

0.79 

15 

1.23 

18 

1.77 

21 

2.41 

24 

3.14 


Pipe 

Diameter, 

Area, 

in. 

sq ft 

30 

4.91 

36 

7 07 

42 

9.62 

48 

12.57 

60 

19.64 

72 

28.29 


Unless local conditions specifically dictate otherwise, no pipe smaller than 18 in, in 
diameter should be used as a culvert or cross drain. 

Culvert types in railroad use include 

(а) corrugated metal pipe which combines lightness in weight with strength, durability, 
low cost, and ease of installation, especially in old embankments. Conventional sizes range 
from 12 to 48 in. For diameters over 48 in. multiple plates prebent to circular shape, and 
field-assembled, replace the tubular sections. When subject to scouring or corrosion, the 
entire pipe may be asphalt-coated and the invert paved with asphalt to a depth well above 
the depth of corrugations. The AREA Manual establishes recommended specifications 
for corrugated metal culverts on pages 1-4-6 to 1-4-16 and 1-4-25 to 1-4-32, 1953 Ed. 

(б) Precast concrete pipes, which are usually cheaper than metallic sections, are more 
fragile, heavier, and not so easy to install. Concrete sections are non-flexible, in contrast 
to corrugated metal pipe. Large sizes of concrete pipe, 60-72 in. in maximum cross- 
sectional dimension, may be elliptical or rectangular for use as underpasses. Pipes come 
in lengths of 24, 48, 72, or 144 in. The large sections may have an eyebolt set in the top 
to which a hook, cable, or chain can be attached for ease in handling with crane or block 
and tackle. 

(cj Concrete or stone masonry box or arch culverts are used for larger-sized openings 
and for initial construction. The box type is rectangular in cross section. Both types are 
laid or cast in place. For design of these culverts, reference is made to Sect. 23, Vol. Ill, 
Masonry and Plain Concrete Structures, as well as to the following general notes. 

Design of Culverts. For other than pipe culverts, the following general design features 
should be noted: 

The length of the barrel of a culvert between the inside faces of the walls is 
L = 2sd H- 6, in which s = the slope ratio of the embankment (horizontal to vertical), 
d « depth to top of culvert, b = width of roadbed. This length may also be used for pipe 
culverts with head walls. 

End or Wing Walls. These act as retaining walls for the lower part of the embankment 
and are of three types (see Fig. 15). 



Fig. 14. Length of culvert. 



Fig. 15. Types of end walls. 


Type A is the simplest form, but the volume of masonry is usually greater than that 
required by the other tjijes except in narrow gorges. It is generally used for pipe and other 
low and f'ulverts. 
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Type B requires less masonry and is more commonly used for large culverts. 

Type C is liable to the objection that the water may work its way behind the wung walls, 
scour them out, and endanger the embankment and culvert. When this can be unques¬ 
tionably prevented, the type has the advantage of simplicity and economy of construction. 

The length of an end wall of type A should be a little more than sufficient to keep the 
earth of the embankment spilling around its ends from reaching the opening or more rhan 
twice the slope ratio times the height under coping plus the width of opening minus twice 
the thickness of the w’ali. Type B is tapered down to a height of from 2 to 4 ft and type C 
to practically nothmg. The types are often combined for culverts on a skew in order belter 
to guide the stream into the culvert. 

Standard Designs. Many railroads have prepared sets of standard plans for culverts 
and other structures, track work, signs, etc. These usually give quantities and are con¬ 
venient for both estimating and construction as the men become accustomed to their use. 

Stone Box Culverts. The thickness of the roof slabs for stone culverts usually vanes 
from 10 in. for a 2-ft span to 15 in. for a 4-ft span. Figure 16 represents w'hat may be con¬ 
sidered a typical design. Such a culvert requires 7.0 cu yd of masonry for each of the end 
walls and 1.41 cu yd of masonry for each foot of length between the inside faces of the 
coping stones. This estimate does not include the volume of the paving. Dry masonry 
culverts should not be used on soft soil because of the danger of their being undermined; 
for these conditions concrete is practically always used at the present time. 



Fio. 16. Typical stone box culvert 


Wooden box culverts, similar in design to the stone box, are used to save time and ex¬ 
pense during construction, where timber is cheap. They are made large enough to allow 
a pipe culvert to be put through them before the timber gives out. The sides are of 12 by 
12 in. timbers, laid up solid, and the top varies in thickness from 8 in. for 3-ft span to 12 in. 
for 5 ft. The bottom should be planked and the ends protected from undercutting. 

Correct culvert location is important for successful operation. Culvert alignment in¬ 
sofar as practicable should coincide with that of the stream. Where the stream is at an 



angle to the roadbed, a skewed culvert should be installed. Culverts may be given the 
same slope as the stream but should be held to a minimum gradient of 0.30% to prevent 
sedimentation. The pipe should be set about 2 in. above stream bed. Where the pipe 
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discharges down a slope, a paved spillway should be provided. When installed under a 
high fill, a slight camber, obtained by a break in grade of the pipe bed, is placed in the pipe 


under the midpoint of the fill to compensate for any 
settlement of the fill onto the pipe. Head walls, pro¬ 
vided where necessary with wings and aprons, hold back 
the fill, permit a shorter length of culvert barrel, and 
prevent wash and erosion around the entrance and exit. 
Head walls also resist longitudinal forces tending to 
separate the pipe sections. 

Flexible culverts are laid in a well-tamped bed of 
porous material with a contour of the lower third of the 
pipe hollowed out. All backfill must be thoroughly 
tamped to develop approximately equal earth pressures 
around the pipe and thus in turn develop the maximum 
resistance of the flexible barrel to those pressures. 
Large-diameter pipes should be elongated vertically 
about 5% by jacking and strutting the pipe out of 
round. Struts are removed about two months after 
installation. Strutting has the effect of developing full 
earth pressures around the pipe. Corrugated metal 
pipes are conveniently installed in old roadbeds by jack¬ 
ing through the fill (Fig. IS). 

Rigid culverts (concrete and cast-iron pipes) are also 
set on a prepared bed and carefully backfilled. The 
prepared bed should include a space for the bell end 
laid upstream. Joint cracks are filled with mortar or 
asphalt. The latter has flexibility and will not crack 
under slight movements of the pipe sections. Smooth- 
barreled sections of the male and female type may also 
be jacked into place. Culverts should be set at least 
below the ballast section. Clay tile when used is set a 
minimum of 3 ft below top of cover because of its low 
resistance to crushing. No stones should be in contact 
with it. 

Culvert maintenance includes the following: 

(а) Inspection by local forces should be made at least 
once a week and after every storm. 

(б) Cleaning is performed in the spring and fall and 
whenever else inspection discloses a need for it. 

(c) Sags and settlements which impede the flow of 
water or cause icing and sedimentation are corrected b\’ 
digging out and resetting shallow pipe. When pipe is 
deeply buried, new pipe must be installed. 

(d) Crushed sections near the end may be replaced. 
Temporary relief is had by installing struts under the 
weakened portions. Cracks are filled with asphalt or 
mortar. A new flexible metal pipe may be threaded 
through the old pipe. 

(e) Separated joints are jacked together and the joints 
filled with asphalt or mortar. Longitudinal steel tie rods 
may be used to hold joints together. When jacking is 
difficult, metal segmented collars are installed by ex¬ 
cavating a slight amount around the joint from inside 
the pipe. Installation or repairs to head walls may also 
be required. 

(/) Scour at the entrance and exit is reduced by re¬ 
setting the pipe on a flatter slope or by constructing a 
stone or concrete apron or spillway at each end, 

(g) Concrete and sti-uctural failures in large box and 
arch culverts call for repairs common to all major 
structures of that type of construction. 

An adequate program of inspection, usually semi¬ 
annual, is required to preserve the safety and life of 
these structures. Reference should be made to Sect. 23, 
Volume 3, Masonry and Plain Concrete Construction. 



.laclvinn culvert through a fill. 
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TRACK 


8. CLASSIFICATION OF TRACK 

The following classification of railway track, based on annual tonnage and on maximum 
speed of freight and passenger trains, is recommended by the AREA as the basis for con¬ 
struction and maintenance of roadbed and track. In the AREA Manual, 1953 Ed., pp. 
16-4-1 to 16-4-2. all track is grouped as follows: 

Class A. Railway main track carrying 12.5 million or more gross tons annually, or on 
which freight trains normally operate at average speeds of 40 mph, or passenger trams at 
average speeds of 60 mph or more between stops. 

Class B. Railway main track carrying more than 5 million but less than 12.5 million 
gross tons annually, or on which freight-train speeds are more than 25 but less than 40 
mph, or passenger-train speeds are more than 40 but less than 60 mph average between 
stops. 

Class C. Railway main track carrj'ing not more than 5 million gross tons annually, or 
over which freight trains normally operate at speeds less than 25 mph, or passenger trains 
at speeds less than 40 mph average between stops. 


9, BALLAST 

Ballast is a granular, non-cohesive material placed on the subgrade to hold the track in 
line and surface, to provide immediate drainage, to transmit track loads to the subgrade 
with diminished unit pressure, to facilitate maintenance operations, and to discourage 
vegetation. 

Characteristics of a good ballast are: 

(o) Strength and toughness to resist static and dynamic crushing loads. 

(6) Durability, including resistance to abrasion and weathering. 

(c) Stability or resistance to flow or movement when in place, i.e., high internal friction. 

(d) Drainability to provide rapid movement of moisture from the track especially from 
around the ties. 

{e) Clcanability. 

(/,' Workability, 

(g) Availability. 

{h) Low overall economic cost (rather than low first cost). 

Types of ballast in general use today and in order of desirability include: 

Crushed Stone. Basalt, granite, limestone, or other hard rock material artifically broken 
into sizes from 3/^ jn. to 3 ^2 The larger sizes are used on roads with very heavy axle 
loads. Stone possesses strength, durability, stability, and is readily cleaned. 


Table 6. Grading Requirements for Ballast Prepared from Crushed Stone and Crushed 
Air-Cooled Blast-Furnace Slag * 


Nominal Size Amounts Finer Than Each Sieve (Square Opening Laboratory Sieve), % by weight 

Size Square --——— . . 


No. 

Opening 3* 

21/2'' 

2' 

11/2' 

r 

3/4' 

1/2' 

3/8' 

No. 4 

No. 8 

24 

21/2'-3/4' 100 

90-100 


25-60 


O-IO 

0-5 




3 

r A" 

100 

9(1-100 

35-70 

0-15 


0-5 




4 

\ V2''-^/4' 


100 

90-100 

20-55 

()-15 


0-5 



5 

1' 



100 

90-100 

40-75 

15-35 

0-15 

0-5 


57 

r -No. 4 ... 



100 

90-100 


25-60 


0-10 

0-5 


• AREA Manual, 1953 Ed., p. 1-2-3. 


Crushed slag, the waste product of iron and steel production. Crushed to the same sizes 
as stone, it possesses most of its characteristics but is less expensive in first cost. 

Prepared gravel w'hich has had excessively fine and deleterious materials removed and 
large particles crushed to proper size. Gravel lacks the strength and durability of stone or 
slag and cannot be cleaned without undue loss of the smaller particles. 
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Table 7. Grading Requirements for Prepared Ballast Gravel, Depending upon the 
Percentage of Crushed Particles * 


Crushed Amounts Finer Than Each Sieve (Square Opening), % by weight 


!Size 

No. 

Parncles, 

^ c 

1 Vo" 

1" 

IG" 

G-: 

0-20 

100 

80-100 

50-6j 

G-2 

21-40 

100 

65-100 

35-75 

G-3 

41-100 

100 

60-95 

25-50 


* AREA Manual, 19o3 Ed., p. 1-2-3. 


No. 4 

No. 8 

No. 16 

No. 50 

No. 100 

20-40 

15-35 

5-25 

O-iO 

0-2 

10-35 

0-10 

0-5 



0-15 

0-5 





Pit-run gravel, which may occur sufficiently free of deleterious materials and graded in 
nature to permit immediate application to the track. 

Table 8. Pit-Run Gravel Ballast * 

Amounts Finer Than Each Size, 

^-0 by weight 


Grade A Grade B 

97-100 97-iOO 

20-55 20-65 

0-2 0-3 

* AREA Manual, 1953 Ed., p. 1-2-5. 


Sieve Size 
(Square Openings) 
2 1 ■>" 

No 4 
Nu. 200 


Chat IS the tailings or refuse from zinc, lead, and silver mines, and consists of small rock 
particles combined with bits of ore. Chat is easily worked and possesses reasonable 
strength, durability, and stability. 

Cherts are compact, flmt-Uke siliceous rocks or hornstone occurring in natural deposits 
and possessing characteiisties similar to chat. 

Cinders lack conipre&sive strength and will pulverize and harden. Cinders are suitable 
for branch lines, yards, sidings, subbaliast, and for full ballast application on unstable and 
settling portions of roadbed. 

Sand as used for ballast is any hard, granular, finely divided rock material of grain size 
passing a No. 10 screen but retained on a No. 50 screen. It lacks the required stability if 
the particles are rounded or possess excess moisture. It will blow and drift. 

Other Materials. Burnt clay is formed by burning clay in beehive inouiids and then 
crushing to ^j-i-in. to 1 ^'' 2 -in. size. It lacks crushing strength, absorbs moLSture. and is 
generally obsolete today. Caliche, burned tailings of coal mines, suashells. and even soil 
may be used for light, temporary lines. Volcanic ash. which occurs m certain parts of the 
Southwest, has been used with success. It can be crushed to the same sizc.s as stone, and 
IS considerably cheaper if it is located close to the tracks of the u^ing carrier. 

Ballast tests as recommended by the AREA on p. 1-2-4 of the 1953 Manual are based on 
ASTM and .AASHO recommendations. 

(a) Size and Gradation Tests. ASTAI Test C-136, Method of Test for Sieve Analysis for 
Fine and Coarse Aggregates. 

(5) Tests for Deleterious Particles. 

1. Material finer than No. 200 sieve shall not exceed 1% in stone, slag, and washed 
gravel ballasts, 

2. Soft and friable pieces must not exceed 5% in prepared ballasts, in accordance 
with the Method of Test, ASTM C-235-49T, 

3. Clay lumps must not exceed 0.5% as determined by the current Method of Test 
for Clay Lumps in Aggregates, ASTM C-142. 

(c) Resistance to abrasion is determmed in accordance with the current Method of Test 
for Abrasion of Coarse Aggregates by Use of the Los Angeles Machine, ASTM C-131. 
The difference m weight before and after rotating and screening expressed as a per cent of 
initial weight should not exceed 40%. 

(d) Soundness test is made in accordance with Test for Soundness of Aggregates by Use 
of Sodium Sulfate or Magnesium Sulfate, ASTM C-8S. For use in freezing temperatures, 
the ballast should not show a weighted average loss exceeding 10%. 

(e) Weight per cubic foot is given by the ASTM Test C-29, MetHod for Testing Unit 
Weight of Aggregates. 

(/) Experience is deemed a satisfactory' test by the AREA even though a ballast may 
not meet all formal test requirements. 
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Selection of ballast will depend on wheel loadings, volume and speed of traffic, stability 
of roadbed, weather conditions, desired ease in surfacing (2-in. surfacing lifts are hard to 
make with 3-in. stone), availabili:\-, and overall economic cost. 

Shrinkage of ballast is the decrease in volume from that loaded at the pit and measured 
dumped loosely in the car to that measured in the track after ballast has been tampe.l and 
compressed by tiains. The AREA has reconimendc-d in the pa.-st an ‘‘allowance for shrinkage 
to be added to measureincnis in eaisj at the loading point for calculated quantities’’ as 
follows ^ 

Stone, sla", and prepared gravel ballasts 12—15^ 

Pit-run gravel ballast 8-20^ 

The ballast section as shown in Fig. 6 has a horizontal shoulder extending at least G in. 
beyond the end of tie and then sloping to the iubgrade or subballast section on a 2:1 slope. 
The subballast section holds the same slope as the subgrade. Quantities of balla.st re¬ 
quired per mile are a function of the depth of ballast beneath the tie. This in turn depends 
on traffic volume, weigfit and speed, type of ballast, weather, and condition of subgrade. 
An unj'ielding subgrade might require only 6 in. of ballast beneath the tie. Xo practical 
^ubgrades are unyielding. The minimum depth for A should be at least equal to the tie 
^pacing but may be divided between the subballast and ballast up to 50^ of each Class 
A track may require 16 in. of ballast and 14 in. of subballast, or 30 in. of ballast without a 
Mibballast section. The preferred depth is that which gives a minimum economic cost of 
maintenance. Quantities of ballast per mile of track tor various combinations of ballast 
and subballast depths and for curves are found on pp. 1-2-7 to 1-2-11 of the AREA Manual, 
1053 Ed These are based on 3200 ties per mile with a 15% allowance for shrinkage. 

Unloading of ballast is best performed with special-type on-track ballast cars of 70 tons 
capacity with side and center doors, ratchet controlled, which permit distribution of 
ballast in the places and quantities desired. Unloaded ballast should be plowed down to 
rail level or lower by spreader blade or fianger, or with a reinforced timber skid placed in 
front of the rear truck of the car being unloaded. Other car types, i e., bottom-dump coal 
cars may be used bv chaining the doors to a predetermined opening. Unloading costs in¬ 
clude the wages of the train and engine crew, the foreman and at least four to six laborers, 
and the rental charges on the cars, spreader, and locomotive. The ratio of the per cent of 
track-usage time to the total time on the road and the length of haul also affects costs. 

Cleaning Ballast 

Ballast becomes dirty and “dead” in from 2 to 7 years. Engine sparks and cinders, dirt 
and dust blown or dropped onto the track, abrasion of ballast particles, and clay and silt 
■working upward from the subgrade are principal causes of dirty ballast. Loss of draining 
qualities, pumping joints, and general track deterioration quickly follow. Low-grade 
ballasts (chat, cherts, cinders, sand, etc.) must be dug out and replaced or, more commonly, 
the track is raised on the old ballast and filled with a spread of new ballast. Stone, slag, 
and some prepared gravels can be cleaned. 

Frequency of cleaning depends on local conditions of ballast, subgrade, w'eather, loco¬ 
motive types, and traffic. Some roads clean on a 2- or 3-year cycle. The best rule is to 
clean ballast when it needs cleaning, i.e., when it begins to lose its “life” and drainability. 

Cleaning Procedures. The oldest method, and still a common one, is hand cleaning. 
Ballast IS forked out of the shoulders, intertrack, and cribs by hand. It is cleaned by shak¬ 
ing on the fork or by throwing it on an inclined screen before returning it to the track. A 
mechanized alternative is to use clamshell buckets to dig the ballast and dump it on in¬ 
clined screens mounted in railroad cars. The dirt falls through the screens into the cars; 
the ballast falls back onto the roadbed. 

A variety of commercially developed cleaning machines are available for purchase or 
lease including both on- and off-track designs. Essentially all mechanized cleaners consist 
of a combined plo'w and digging head which carries the ballast from shoulder or intertrack 
onto a conveyor or elevator, over a series of vibrating screens, then back to a conven or for 
deposit on the roadbed. Dirt is wasted from another conveyor or chute onto the right of 
■way or, in the case of on-track equipment, into cars back of the conveyor. Cribbing 
machines, recently developed, force the crib ballast onto the shoulder or intertrack for 
pick-up and cleaning -with conventional equipment. 

Two or more cleaners and cribbers are efficiently operated in groups. Cleaning rates 
vary from 2 to 60 ft per minute. Shoulders should be cleaned to subgrade, and intertrack 
to tie bottom and preferably to 12 in. below the bottom. Cribs should be cleaned 2 to 3 
in. below the bottom of tie. The balla.st bed under the ties partially cleans itself by leaching 


6 AREA Manual, 1948 Ed., p. 2-15. 
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out into the cleaned portions of the section. Ballast fouled with clay may require two 
passe? of the cleaner About 0.1 cu yd of dirt is obtained per track foot, averaging about 
470 tons per mile. Dh t wasted close to the track is likely to be drawn back into the ballast 
by the suction of passing trains Usually some new ballast will have to be added after 
cleaning to replace the “fines” lost through the cleaning screens. 


10. TIES 

Railroad ties, set tiansversely to the rails, hold tiie rails to correct gage, bear the rail and 
tiaffic loads, and transmit those loads with diminished unit pressure to the ballast Ties 
arc- classified b\' species of wood, b\' method of dressing (sawed four square or hewed), by 
use (plain, switch timber, bridge tie, oi third-iail tie . or by the type of preservative treat¬ 
ment (usually zinc chloride or creosote-oil impregnation'. 

Tie lengths vary from eight feet, suitable for bianch lines and yards and for street and 
interurban lines, to the prcsei t m-track standard of S ft 6 m. and the 9-ft tie now recom¬ 
mended by the AREA for new » onstruction and maintenance renewals.^ Narrow-gage ties 
are proportionately shorter. Other recommendations based on AREA standards for size 
of cross section are found in Table & 

Table 9. AREA Recommended Tie Grading * 

Dimon<Mons 


Sawed or Hewed 
Size 4 Sides 


Sawed or Hewed 
Top and Bottom Only 


Usual Assignments 


0 

1 

2 

3 

4 

5 

6 


5" depth X 5*' width 
6" depth X 6" width 
6" depth X 7" width 
6" depth X 8" width 

1" depth X 8" width 
7" depth X 9" width 
7" depth X 10" width 


5" depth X 5" width 
6" depth X 6" width 
6" depth X 7" width 
6" depth X 8" width 
7" depth X 7" width 
7" depth X 8'' width 
7" depth X 9" width 
7" depth X 10" width 


Not accepted for standard gage 
Yard and side tracks only 
Yard and side tracks only 
Sidings and secondary main lines 

Primary mam lines 

Primary mam lines (especially on curves) 
Primary mam lines 


* AREA Manual, 1953 Ed., p. 3-1-2. 


Tie woods should be free of splits, shakes, and knots, should be hard, tough, and resistant 
to splitting, abrasion, and decaj', and should preferably be grown local to the using rail¬ 
road. White and red oak are preferred materials; Southern pine, Douglas fir, and gum are 
in widespread use. AREA specifications are found in AREA Manual, 1953 Ed., pp. 3-1-1 
to 3-1-S. 

Spacing. The usual maximum spacing is 2 ft on centers. Class A track will require 
19.5-22 in. spacing. An open space of 10 in. betvreen ties is sufficient for tamping. A 
maximum bearing area on ballast is obtained by use of wider and longer ties. The num¬ 
ber of ties per mile for various spacings follows: 


Number of ties per 39- 


ft rail 

26 

25 

24 

23 

22 

21 

20 

19 5 

19 

18 

17 

16 

Average spacing, in. 

18 0 

18.7 

19.5 

20.3 

21 3 

22.3 

23.4 

24.0 

24 6 

26 0 

27.5 

29.2 

Number of ties per mile 

3520 

3385 

3250 

3114 

2980 

2843 

2708 

2640 

2573 

2437 

2302 

2166 


Tie renewals are normally earned out by “spotting” in ties to replace those no longer 
serviceable The j'ear’s program is usually based on a fall inspection, and later by a spring 
inspection to locate any additional ties that did not last through the winter. Out-of-face 
renewals call for the 100% replacement of all ties in a location without regard to individual 
condition. Such renew'als reduce overall tie life and, since all the ties wear out at approxi¬ 
mately the same time, may cause unsafe track conditions. Where the cost of opening the 
track exceeds any losses otherwise incurred, out-of-face renewals are necessary, including 
paved cios'^ings and station platforms, in tunnels, on bridges, and through retarders. 

Tie life for an untreated tie varies from 3 to 15 years (with an average of 7 years) de¬ 
pending on type of wood, traffic, and roadbed and climatic conditions. Ties normally are 
removed from track because of natural decay and mechanical failure Ties can be given 
protection against insects and decay for as long as 40-50 years by chemical treatment. 
The older, somewhat injurious, zinc chloride treatment has been largeh' replaced by im- 


^ AREA Manual, 1953 Ed., p. 3-1-6. 
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pregnation under pressure in a vat or cylinder with a creosote oil after the tie has been 
thoroughly seasoned or dried. 

Mechanical failure arises from splitting during the drying process, from abrasion of 
rail or tie plates, from the crushing effect of wheel loads, and from rough handling, ex¬ 
cessive respiking, and derailments. Antisplitting irons driven in tie ends reduce splitting. 
A considerable reduction in splitting has resulted from a quick drying process which can be 
combined with preservative treatment in the same chamber. Drying is accomplished in 
about 14 hours instead of the 6 months required for natural seasoning. Tie plates spread 
the load over a greater tie area and absorb abrasion from the rails. The plate itself may 
cause abrasion if not secured tightly to the tie by plate-holding spikes Screw spikes are 
frequently used for plate holding. Rubber or fiber pads between plate and tie reduce plate 
cutting and keep away moisture. Moisture greatly intensifies abrasion of the wood fibers. 
Cementing compounds are being developed to hold plate, pad, and tie in a watertight union. 
Additional and helpful w'aterproofing has resulted from spraying the tie with an asphaltic 
compound of the type used to waterproof ballast sections. 

In 1953 the 5-year average renewal rate for the United States was 99 ties per mile or 
3.0% of the total ties in track. This gives an average tie life in track of 33.3 years but 
includes light traffic lines. In Class A track, the life may be no more than 12-20 years. 
Ties cost $4-$6 in track. Figure 19 gives the annual replacements for ties of various 
average life. 


11. RAILS 

Manufacture. Rails are made from the steel of open-hearth furnaces and rolled to the 
desired cross section. The rolling process gives fine grain, strength, and toughness to the 
metal. Rails are hot-sawed to proper length and, for main-line use, are control-cooled to 
allow hydrogen gases to escape, thus preventing the formation of shatter cracks from which 
the dangerous transverse fissure defect develops. Rails from the hot saw are placed in 
cooling boxes at a temperature of 725-1000®F and kept there for at least 10 hours and until 
the temperature of the top layer has fallen to 300®F or less. Rail ends are now frequently 
end-hardened by heat-treating to reduce wear and batter. Some rails are heat-treated 
throughout for use in frogs, turnouts, and crossings. After cooling, rails are straightened, 
ends and edges ground free of burs from the rail saw, ends slotted or beveled in some cases, 
bolt holes drilled, and the rails are inspected, classified, and loaded for shipment. 

Rail Designations. Rails are usually designated by weight, section, and length. The 
weight is expressed in pounds per yard of rail length. The section refers to a particular 
design of cross section and is usually identified by the initials of the agency creating the 
design. 

Example: 132 lb RE rails weigh 132 lb per yard and were designed by the AREA. 

Weights and sections are given in Table 10. Rails are further identified by the mill 
stamp or brand placed on the web in rolling. On one side is stamped the weight, section, 
rolling mill, country (U.S.A.), year, and month rolled. On the reverse is stamped the heat 
number, a letter designating the portion of ingot used for that rail, and the ingot number. 
Control-cooled rails bear the letters CC preceding the heat number, CH if control-cooled 
and end-hardened, B if Brunorized. 


Specifications 

Most rail is rolled to recommended specifications of the AREA and must pass the tests 
thereby estabhshed.® 

Inspection. Inspection and tests are made at the works of the manufacturer before 
shipment. The works management must afford all reasonable facilities for determining 
the satisfactory quality of the rails accepted. 

Chemical Composition. The chemical composition of the steel, determined as pre¬ 
scribed in the AREA specifications, shall be within the following limits. 

Weight, Ib/yd 


Constituents, % 70-90 


91-120 121 and Over 


Carbon 0.55-0.77 

Manganese 0.60-0.90 

Phosphorus, not to exceed 0.04 

Silicon 0.10-0.23 


0.67-0.80 

0.70-1.00 

0.04 

0 10-0.23 


0.69-0.82 

0.70-1.00 

0.04 

0.10-0.23 


AREA Manunl, 1953 Ed., pp. 4-2-1 to 4-2-8. 
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Rail Classification and Assignments. The customary and AREA recommended rail 
classifications and assignments are as follows. 

Ko. 1 Rail. Rails free from injurious defects and flaws of all kinds; for use in main 
tracks preferably on tangents The ends are unpainted. 

No. 2 Rail. Rails with only minor surface imperfections not in sufficient number to 
render them unfit for recognized use are classified No. 2 and accepted up to 8% of the total 
order. Also classed as No. 2 rails are those reaching the straightening press with kinks or 
camber greater than 6 in. in 39 ft: also those that are not hot-stamped. These rails may 
be laid on tangents or on curves not exceeding 3®, preferably in freight tracks where speed 
does not exceed 50 mph. The ends are painted white and a figure 2 is stamped on both 
ends. 

Hi-Carbon Rails. All heats with the carbon content in the upper five points of the mean 
carbon percentage are classed as Hi-Carbon rails and are painted blue on the ends. As¬ 
signments are on curves, through turnouts, or through hazardous locations or places 
difficult to renew on bridges or in tunnels. 

A Rails. Those rails from the A position in the ingot are painted yellow on both ends 
and should not be laid on curves or in hazardous locations including tunnels and bridges 
or where inspections cannot be made. 

X-Rayls. Rails w’hich on fracture of a test specimen exhibit seams, laminations, ca\’ities, 
interposed foreign matter, or a distinctly bright or fine-grained structure are classified as 
X-Rayls and painted browm on the ends. X-Rayls may only be laid in locations approved 
for No. 2 rails and in yards, sidings, and other safe, slow-speed locations. 

Short Rails. Rails are rolled in 39-ft lengths. Shorter lengths down to 25 ft may con¬ 
stitute 11% of the entire order. The ends are painted green. Some 66-ft rails have been 
roUed for use in turnouts and crossings. The rolling of 78-ft rails is not uncommon and is 
being considered for recommended practice. 

Rails of each classification must be loaded in separate cars for shipment from the mill. 

Rail Design 

The rail sections in common use today originated in the tee rail designed by Col. Robert 
T. Stevens, Chief Engineer of the Camden and Amboy Railroad in 1830. It was reinvented 
in England in 1836 by Charles Vignoles and is used in Europe and England as the Vignoles 
rail. In England, the old double-headed or bullhead rail which required chairs for its 
support on the tie was officially replaced by the tee rail in 1948. 

Although some railroads design their own rails, most railroads have adopted AREA 
designs as standard. The first series of RE sections were issued in 1915. The latest re- 
^•isions are those of 1946. The tendency is to increase the resistance to bending by using a 
heavier rail section (the moment of inertia varies as the square of the weight) and a higher 
section with a moment of inertia increasing as the cube of the height. Heavier, stiffer rail 
sections bring about a marked decrease in maintenance on the entire track structure. 

Street Railways. Interurban and some city railways use the ordinary tee rail in weights 
varying from 60 to 110 lb per yard as recommended by the ASCE, ARA, AREA, and the 
American Transit Engineering Association. On paved streets, the rah head must not 
interfere with traffic. A special high web tee rail may be used in conjunction with a special 
paving block, providing a 2-in. flangeway or a groove may be formed in the concrete pave¬ 
ment on the gage side of the rail. A better system is the use of a grooved girder rail having 
a flangeway rolled into the rail head. Paving can then be set tightly on both sides of the 
rail. 

Rail Life. Excluding defects, the service life of rails is a function of tonnage, axle 
loading, speed, curvature, gradient, and degree of maintenance. The limit of rail wear 
is usually taken as 25% of the head area and may be produced by 300-500 million gross 
tons of traffic. For curv^es over 7®, curve wear is the limiting factor and rails may carry 
only 100 million gross tons. On tangents and curves up to 4° direct wear or abrasion has 
no practical effect but joint and surface wear set in as early as the passage of 200 million 
tons. On the average, heavy traffic lines will have to renew rail every 10 years and light 
traffic lines every 25 years gi\’ing an overall average of 15 years. Rail removed from main¬ 
line track often finds additional servdce life in secondary lines, yards, and sidings. 


Layii^ Rail 

In laying rail for new construction, the track is usually built directly on the finished 
subgrade or subballast section. Ties are placed in approximate alignment, rails are spiked 
to the ties and to correct gage, ballast is unloaded and the track raised, surfaced, and 
lined. Rails, fastenings, and ties should be laid out in advance by truck or flatbed trailer. 



RAILS 


6-27 


In old track, rail renewals are made out of face. The track must be in good line and sur¬ 
face especially where heavj* lining on curves is required. The re-lay should be followed at 
least by a light surfacing raise to protect the rail. Hea\’y tie renewals and ballasting may 
also follow the re-lay. Turnouts, railroad crossings, and highway crossings may be re¬ 
newed separately from the re-lay, preferably l^forehand. Rail and other materials should 
be laid out at the approximate spot to be used a few hours in advance of the re-lay. One 
side of the track is laid at a time. The actual re-lay procedures involve: (a) distributing 
materials; (b) unspiking, unjointing, and setting out old rail; (c) preparing the track by 
plugging spike holes, adzing the plate-bearing surface, swabbing it with creosote oil, and 
setting tie plates; (d) setting in the new rail (once performed by hand, now with a light 
on-track crane); (e) fastening the new rail, which involves applying joints, gaging every 
third or fourth tie, driving intermediate spikes, and applying rail anchors and signal-bond 
wires; (/) spotting up old joint locations; (g) cleaning up all old material. A new device 
permits gaging the plates as placed (step c), thus eliminating the gaging from step e. 

It is customary to insert temporary expansion shims in the joints according to the tem¬ 
perature of the rail as indicated by a rail thermometer and as required by the AREA® 
(Table 11). Metal shims should be removed ever>' 12 rails, and reused. Other types are 
left in track. 

Table 11. Re-Lay Shims for Temperature Expansion 

Rail Temperature, Size of Shim, 135 joints 

degrees F per mile for 39-ft rails 

0-25 1/4 in. 

26-50 3/16 in. 

51-75 1/8 in. 

76-100 Vl6in. 

Over 100 None 

Continuous Welded Rail 

Continuous welded rail is formed by welding standard-length 39-ft rails in continuous 
length. Three processes are used on railroads. 

The Thermit process makes use of the production of molten Thermit metal from the 
chemical reaction between iron oxide and metallic aluminum: FaO -{- Ab —* AlO -f- 2Fe. 
The revised Thermit process makes a full fusion weld (the older process combined a fusion 
weld of web and base with a pressure weld of the head area). Rail ends, aligned by clamps 
and held iu. apart and inclosed in a two-part mold, are preheated by a kerosene jet. 
A crucible set above the joint in the mold contains Thermit powder which, upon ignition, 
proceeds with the foregoing reaction at a temperature of 5000®F. The crucible is then 
tapped, and molten steel flows into the mold. After 10 minutes of cooling, the mold is re¬ 
moved and the rail ground to a smooth contour. A foreman and 20-25 trackmen can pro¬ 
duce 30-40 welds in an 8-hour day. This process has had extensive use in street-railway 
work since early in the century. The process is simple and reliable, and the equipment is 
portable. 

Electric flash welding depends on electrical heating for fusion and welding of rail ends. 
The rails to be joined are gripped in current contact pads and brought to fusing temperature 
by intermittent short-circuiting contact. The ends are then brought into continuous short- 
circuiting contact; the metal becomes molten and flashes out. removing rough spots and 
metal from the rail faces. Rail ends are squeezed together under pressure, fusing ihe ends 
in an upset arc which must be ground to proper contour. Stresses from high heat con¬ 
centrations are relieved by heating in an oil-fired oven and cooling at atmospheric con¬ 
ditions. The process is reliable and produces 17-20 welds per hour. Equipment is cum¬ 
bersome and expensive. 

Oxyacetylene process forms a weld below the melting point of the steel by diffusion and 
recrystallization under pressure. Held in gripper blocks, the rail ends are forced together 
cold under a pressure of 2500 Ib/sq in. while subject to flame from four blocks of oxy¬ 
acetylene tips. Ender heat and pleasure, the metal upsets and shortens each rail S/g in., 
pressure is released, flames are turned off, and the rail cooled for 2 minutes before nor¬ 
malizing with welding tip flames and grinding to correct contour. The process produces 
20-30 high-quality welds per day with a 12-man crew. Most rail weldmg today is bemg 
done with this system. 

Other Processes. An earlier electric weld known as the Jacobs process was used by 
the Larkin Steel Co. on street railways. The bar-weld process also used by the Larkin 
Steel Co. for street railways welds two plates 18 in. long, 3 in. wide, and 1 in. thick to the 


^ AREA Manual, 1953 Ed., p. 5-5-4. 
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webs of the rails. Raised bossed surfaces on the plates are pressed against the web with 
pressures up to 35 tons while a current of 25,000 amperes taken from the trolley wire is run 
through the joint. 

The only limitation on length of continuous welded rail is that imposed by the location 
of insulated joints and of crossings and turnouts. Continuous w’elded rail is still a subject 
of test and study and has not yet been recommended by the AREA for use in high-speed 
main-line territorv. 

Restraint of Continuous Welded Raild® To overcome the natural expansion and con¬ 
traction in welded rail due to temperatuie changes, the rail must be restrained by rail 
an-'hors. spring clips, tie-plate shoulders, and joints at the ends of the section. Using the 
stress-strain relation and a modulus of elasticity for rail steel of 30,000.000 lb sq in., an 
internal stresa or restraining force of 195 ib'sq in. must be established per square inch of 
ci n'^s-soctional area per degree change in temperature. The amount of rail movement that 
will occur at the ends of the long rail before a full restraining force has been established by 
tie re-straiDi alone is 

M = XTL/2AE 


where .V = number of ties required to produce full restraint. 

T = average tie resistance in pounds per tic per rail (tie spacing and restraints 
considered uniform! and equal to 500-800 lb per tie spaced 22 in. in stone 
ballast (and twice as much when the ballast is frozen). 

A = cross-sectional area of tie in square inches. 

E = modulus of elasticity of rail steel = 30,000,000. 

L = length of rail showing movement = Ns -where a is the center-to-center tie 
spacing in inches. 


If joint restraint is considered, tie restraint can be less and 


-V = 


(F - J)H 

2TAE 


where J = joint restraint varying from 5000 lb for loose joints to 100,000 lb for a tight 
6-hnle bar. Because it is non-uniform and difficult to determine, joint restraint is usually 
omitted and used only as a factor of safety. 

Economics of Continuous Welded Rail. Since rail joints consume as much as 45% of 
track labor, a saving is accomplished by their elimination. Joint assemblies cost $5 to $8 
and are usually renewed twice during the life of rail. A welded joint costs $10 to $12 in 
track l)ut lasts as long as the rail. Labor savings of 30% have been reported on actual in¬ 
stallations. 


12. TRACK FASTENINGS 
Rail Anchors 

The longitudinal running or creepage of rails is the result of rail flexure under a moving 
wheel load, of expan.'-ion and contraction due to temperature changes, and of other causes 
not full\ understood. Rail anchors, of great variety, usually depend on attachmg the 




Rail anchors, for single track 

Fig 20 Rail anchor placement. (AREA Manual, 1053 Ed., p. .5-5-5 ) 


Proceedings of the AREA, 1037, Vol. 38, pp. 493-498. 
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anchor to the base of rail by spring force and friction and securing the assembly by a bear¬ 
ing between the anchor and tie. The AREA recommends that a minimum of 8 anchors 
spaced uniformly per 39-ft rail be used for one direction of traffic with two additional 
back-up anchors near the quarter points for occasional movements against traffic, Fig. 20. 
With traffic in both directions, 16 per 39-ft rail, 8 in each direction, are recommended. If 
traffic is lighter in one direction, the number of anchors may be changed accordingly. 


Rail Joints 

Rail joints are made necessary by the discontinuity in rail length. The ideal joint bar 
must preserve insofar as possible the continuitv of the rail by pro\'iding the same strength, 
stiffness, and flexibility as the rail itself. Rails must be held to the same horizontal and 
vertical alignment forming through the joint a continuous girder distributing the load 
applied at the joint over several ties. 

A variety of joint-bar types have been developed. Of these the angle-bar design was 
successful and is still used even with modern rail sections. It offers a greater moment of 
inertia than the strap type of bar for small rails with limited space between the base and 
head. Good results are being had from angle bars with short toes. 

Recent preference is shown to bars with almost 100% symmetry. Bending and de¬ 
flection are both restricted giving greater resistance to flexure and lateral bending and 
with lower bolt tensions. The conventional contact area between bar and rail head is the 
inclined bearing space under the head. The head-free bar is loaded through the fillet 
curve under the head increasing the area of contact and permitting a heavier load on the 
bar. 

Length. Early joint bars drilled for 4 bolts were 18-24 in. long. Bars up to 40 in. with 
6 holes have been used. Short bars have been found adequate to develop resisting moments 
but tests indicate a substantial increase in service life of 3G-in. bars as well as a smoother 
joint surface and prolonged life of rail. 


Table 12. Recommended Rail Drillings, Bar Punchings, and Track Bolts * 



r>i 






threads 8 per inch 




H 


>— 



Cli 

Jv 


IVI 


Track bolt 


115-, 132-. and 90- and 
133-10 rails 100-lb rails 



Elevation, 4-hole bar Rail drilling Elevation, 6-hole bar 


nimen'?iGns, in. 


Rail drillings 

90 lb, RA-A 

100 lb. RE 

113 lb, RE 

132 Ib. RE 

133 lb, RE 

a 

2 37/64 

2 45/64 

2T/8 

3 3/32 

3 

b 

2 n/i6 

2 11/16 

31.0 

3 1/0 

31/2 

c 

5 IS 

51'2 

6 

6 

6 

d 

Bar punchings: 
24-in. 4-hole bar 

5 1/2 

5 1/2 

6 

6 

6 

e 

5 1,S 

51/2 

71/8 

7 Vs 

71/8 

f 

51/2 

51/2 

6 

6 

6 

8 

36-in. 6-hole bar 

3 3/4 

33/4 

2 7/16 

2 7/16 

2 7/16 

h 

5 1/2 

5 \h 

7 1/3 

71/8 

7 1/8 

i 

51/2 

51/2 

6 

6 

6 

j 

51/0 

5 I/O 

6 

6 

6 

k 

Track bolt 

4 1/4 

41/4 

2 7/16 

2 7/16 

2 7/16 

D 

1 

1 

I 

I 

1 

L 

51/4 

5 1/9 

51;'2 

53/4 

5 3/4 

1 

2 

2 

21/4 

21/4 

2 1/4 


* After AREA Manual, 1953 Ed., pp. 4-1-14 through 4-1-19. 
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The AREA recommended specifications, for high-carbon steel joint bars, are found in 
the AREA Manual, pp. 4-2-9 to 4-2-11; also, for quenched carbon steel joint bars, pp. 
4-2-12 to 4-2-14. Both tj-pes are for general use in standard railroad tracks. 

The breakage resulting from stress concentrations at the corners of spiking slots has led 
to the discontinuance of those slots on many roads. Rough spots on rail ends due to hot 
sawing gouge the bars and develop cracks therein. Any unevenness in the fishing area 
leads to stress concentrations and cracks. Better millwork and grinding of rail ends and 
fishing spaces is necessary to reduce joint failures. 

Wear. The joint bar acts as a beam distributing applied load over several ties. The 
unit intensity of pressure will be greatest under the rail-head ends where the load is applied 
and maximum wear on both rail and joint will occur there. Less severe wear also occurs at 
the bottom ends of the bars. Initial wear is taken up by bolt tightening. Excess wear 
causes cracked joints and leads to rough track. Excessive wear of i /64 in. to i/ie in. can be 
improved by inserting metal shims betw'een the rail and bar. The worn space on the bar 
may be rebuilt by welding and grinding or by reforming the bar after heating. The 
welding or reforming should include a small amount of overfill to compensate for wear of 
the bearing surface under the rail head. 

Track bolts for rail joints use the U.S. Standard coarse thread and are made from heat- 
treated carbon steel. Some roads specify alloy steels. Recommended specifications are 
given in pp. 4-2-15 to 4-2-21 of the AREA Mantuzl. Ultimate tensile strength must be 
within the limits of 100,000 to 115,000 Ib/sq in. Diameters in use are: 2/4 in. for 60- to 
70-lb rail, 1 in. for 70- to 100-lb rail, and 1 in. or 1 i/g in. for heavier than 100-lb rail. 
Smaller sizes are available for very light rail. Bolts are shipped in 200-lb kegs, the size 
of bolt determining the number per keg. 

Bolt tension must be maintained to draw the bars into the fishing spaces and affect a 
close fit. Initial bolt tension is lost under traffic. The AREA recommends an initial bolt 
tension of 20,000-30,000 Ib/sq in. to overcome the roughness of fishing spaces and pro\’ide 
a proper seating.'^ Bolts should then be retightened 1-3 months after application and at 
1 -year intervals thereafter with 15,000 to 20,000 Ib/sq in. tension per bolt. 

Joint lubrication is necessary to prevent scale, corrosion, and dirt from causing bars to 
“freeze" to the rails preventing movement as the rails expand and contract. Rail ends 
should be cleaned with a flame or by grinding and painted or sprayed with a lubricating 
compound. On the fishing spaces and web, heavy oil or graphite grease give temporary 
lubrication. Preformed jomt packings are available. 

Offset or compromise bars compensate for differences in height, base, head width, etc., 
when joining rails of dissimilar weights or sections. Weight and section of both rails 
must be specified when ordering as well as whether a right- or left-hand joint is required. 
When facmg an offset bar from inside the track, the side on which the higher or heavier 
rail occurs defines its right- or left-hand designation. 

Insulated joints are used where adjacent track circuits flowing through the rails must be 
isolated from each other. Fiber inserts impregnated with an insulating compound are 
placed betw’een the rails and the bars. Bolts are inserted through fiber bushings and a fiber 
plate is placed back of metal plate washers. A fiber end post is placed between the rail 
ends. 

Nutlocks maintain track-bolt tension between tightenings. Recommended specifica¬ 
tions for a single spring washer are found in pp. 4-2-19 to 4-2-21 of the AREA Manual. 
Many roads find nutlocks to be ineffective and do not use them. The AREA has not 
made a recommendation as to the use of nutlocks. 


Spikes 

It has been demonstrated that of aU the various forms of driven spikes which have been 
proposed, the plain spike of uniform section has the greatest holding power. The holding 
power is increased by a cutting edge at the lower end which cuts rather than crushes the 
fibers, and by a beveled wedge whose length is about twice the width of the spike rather 
than a short blunt point. The sizes of spikes recommended for different weights of rail are 
given in Table 13. 

The specifications of the AREA require the steel to be made by the Bessemer or open- 
hearth process. The required properties are: 

Ultimate strength, not less than 55,000 Ib/sq in. 

Elastic limit, not less than 50% of ultimate strength. 

Elongation, not less than 25% in 2 in. 


11 AREA Manual, 1953 Ed., p. 5-5-6. 
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Table 13. Railroad Spikes 


Size Measured 

Average 
Number, 
per keg 

Ties 24 in. between 
Centers, 4 Spikes per 
Tie, quantity per mile 

Suitable Rail, 

under Head, in. 

of 200 lb 

Pounds 

Kegs 

lb per yd 

6 1/2 X 3/8 

230 

11,360 

56.8 * 

I! 0 and heavier 

6 X 5/s 

250 

10,880 

54 4 

120 to 150 

5 1/2 X 5/8 

275 

7,680 

38 40 

85 to 110 

5 1/2 X 9/16 

340 

6,220 

31.10 

45 to 90 

5 X 9/16 

360 

5,840 

29.40 

40 to 56 

5 X 1/2 

495 

4,260 

21.30 

40 

4 1/2 X 1/2 

540 

3,920 

19.60 

35 

4 X 1/2 

600 

3,520 

17.60 

30 

4 1/2 X 7/16 

655 

3,220 

16.10 

25 to 30 


* Based on 19.4 in. tie spacing center to center. 

The driving of spikes should be by blows in line with the spike. Eccentric or glancing 
blows tend to enlarge the spike hole and reduce the holding power of the spike. The spikes 
should not be driven directly opposite each other, but should be staggered. The staggering 
should be reversed for the two rails on one tie: that is, the spikes on the inner side of the 
two rails should be near the same side of the tie to prevent slewing of the tie. 

Screw Spikes. The advantages of screw spikes aie: (1) The increase in the life of the 
tie by the avoidance of spike killing; (2) The decreased cost of maintenance (although this 
is denied), and (3) their greater holding power. It is said, as an objection to their use, that 
when they are rusted or the head broken off by accident, it is difficult or impossible to 
extract the stump. One strong objection is the entire loss of holding power when the wood 
fiber between the threads becomes vrorn as it does under the action of the extremely heavy 
traffic. The screws cost considerably more than common spikes, and require more work to 
put them in place. The screwing must be done with a hand or power-driven wrench. The 
auger hole should have the same diameter as that of the screw at the base ol the thread, or 
perhaps l/i6 in. larger. Screw* spikes find 
use today as plate-holding spikes. They are 
extensively used in Europe for raff-holding 
purposes. The AREA specifications require 
them to be made of open-hearth steel, having 
not more than 0.05% of either phosphorus 
or sulfur. The minimum allowable figures 
for the finished spike are ultimate strength 
60,000 ib, elastic limit 50% of ultimate 
strength, elongation 22% in 2 in., reduction Fig 21 Screw^pike 

of area 40%. The material must be capable 

of being bent 180® and hammered dowm flat and the finished spike bent 90® without sign 
of fracture. Various forms of spring clips and other hold-down devices are available but 
are not in general use. 

Tie plugs of plain or preferably creosoted wood are used to fill holes from which spikes 
have been withdrawn. The plug keeps out moisture and insures a better fit of the spike if 
redriven in or near the same hole. 

Tie Plates 

Tie plates absorb rail abrasion and reduce the unit pressure of the rail on the tie thus 
reducing cutting the tie. Better track gage is maintained. Double shoulders reduce skew¬ 
ing tendencies of the plate and promote better line and surface. Corrugations on plate bot¬ 
toms aid in gripping the ties but the cutting of wood fibers overcomes the other advantages 
and fiat-bottomed plates are preferred. Plate edges should be beveled to avoid cutting the 
base of rail. The AREA recommends a cant of 1:40 on the bearing surface to tilt the rail 
inward and more nearly in full contact with the coned treads of worn wheels. To offset 
the strong outward thrusts which accompany vertical loadings and cause plate cutting of 
ties, the outer end of the plate is made longer than the inner. One-half of the excess length, 
as measured from the center line of the bearing surface, is known as the eccentricity. The 
AREA recommends an eccentricity of ^/g in. for use with 115 and 132- to 133-lb rails. 

Based on a crushing load of 400 Ib/sq in. for hardwood ties and 250 Ib/sq in. for soft¬ 
woods and dynamic loadings of 40,000 lb on the inner rails of curves and 25,000 lb on tan¬ 
gents, 100 sq in. of plate area are needed to protect hardwoods on curves and softwoods on 





Table 14. Tie-Plate Dimensions, in. 
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tangents, and 63 sq in. to protect hardwoods on tangents. Plate width is limited to slightly 
less than width of tie. The more important AREA plate designs and recommended as¬ 
signments appear in Fig. 22 and Table 14. 



Fig 22 Tie plate dimensions A'ote-Round holes may be specified for use with screw spikes for plate- 
hoidmg purposes. May also specify 4- or 6-hole punching. 


Rail Bonds 

Rail bonds are used to insure the continuity of signal and traction current return circuits 
through rail joints. The older-style signal bond was one or two cables, single wire or 
stranded, with a tapered soft metal plug cast or pressed into each end. The plugs were 
inserted in holes about 3 in. beyond each end of the joint bars and driven home. To reduce 
theft and tripping hazards, some roads placed the wires between the joint bars and web of 
rail. Recent designs are small twisted copper cables about 6 m. long Holes are drilled 
in the heads of the rails about 2 in. from the ends and the small plugs attached to the cables 
are driven home. 

Heavier bonds are usually required for traction bonding. These may be attached by 
mechanical pressure to the head or web, or by soldering, or brazing. Traction bonds con¬ 
sisting o^ two strands of hea’V’y braided copper cable inserted in welding heads are brazed 
or welded to the rail head. The rail-head surface is first prepared by grinding it smooth 
and clean. 

Other Track Devices 

Derails protect traffic on one track from interfering with movements on another and 
derail trains in preference to running into open movable span bridges. Railroad crossings 
use derails only when there is a definite preponderance of movement over one line Sidings 
have been so protected but the practice is falling into disfavor. Storage tracks and in¬ 
dustrial spurs leading from mam or running tracks are accepted locations. Derails may 
be of the split switch, the lift, or of the frog type. In all cases the derail must be set so as 
to throw the car or train to be derailed away from the protected track. 

Bumping Blocks and Car Stops. Car stops are used to prevent cars from rolling off 
the ends of «tub tracks Bumping posts engage the coupler or buffer of rolling equipment 
and are designed to stop movement without regard to car damage Mounds of earth or 
massive concrete blocks have been used ()ther t\ pes are made a part of the track strurnire 
and transmit the shock to the ground throuirh timber blocks or steel frames. The height 
of block which receive'^ the impact is set 2 ft in above tup of rail t,2 ft 11 in. where pas- 
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senger equipment only is to be used). For freight cars, the block should be set at the 
center of impact which is slightly left of center going away from the end of track. 

Wheel stops engage the car wheels rather than the coupler or buffer. The rigid type is 
bolted or clamped to the rail and bears against the tie. A friction type allows the wheel 
tread to slide along on the rail. Car stops are for much lighter service than bumper blocks. 
Neither is a substitute for careful switching procedure. 

13. TRACK 
Gage 

Standard gage for tangents and curves of less than 8 ° is 4 ft 8 1/2 in., as measured in. 
below the top of rail. At least one road has adopted 4 ft S 2/3 in. in high-speed tangent 
territory to reduce nosing action (lateral motion). For curves over 8 °, gage is widened 
w'hen necessary’ to prevent locomotive wheels from binding in going around the curve. 
The practice varies. One road widens i/s in. per additional degree over 6 ° to a maximum 
of 4 ft 9 i/s in. Gage widening due to wear should never exceed 4 ft 9 ^''4 in. Standard gage 
is in general use in the United States, Canada, Mexico, Britain, Europe, and parts of Asia 
and Africa. Narrow gage (36-in., meter, 42-m. and 22-in. gage) is used in many foreign 
countries and on a few common carrier and mining and logging roads in the United States. 
Broad gages of 5 ft, 5 ft 3 in., and 6 ft are used in India, Russia, Portugal, and Spain. 

Ctirvature 

A railroad route is composed of a series of curves connected by straight track or tangents 
(to the curves). Computation of horizontal curv^ for ahgnment and vertical curves for 
the profile will be found in Sect. 2, Survejdng, and will not be discussed further here. 

Railroad Spirals. The general principles of spiral or easement curves will also be 
found in Sect. 2. These curves have the dual purpose of pro\dding an easy ridmg approach 
to full curvature and of introducing superelevation in the outside raU at a rate correspond¬ 
ing to the rate of increase in curvature from zero at the point of spiral to full elevation at 
the point of full curvature. The theoretical value for superelevation is 


Iv^ 



where I = horizontal projection of distance between bearing points of -wheels on rails =* 
4.7' for standard gage. 

V = speed in fps. 

R = radius of curvature = 5730/D approximately. 
g = acceleration due to gra-vity. 

In railroad units, e ~ 0.00066DU^, where e is in inches of superelevation, D = degree of 
curve, and V = speed in mph.^^ Excessive superelevation causes rapid wear and crushing 
on the low rail. Too little superelevation causes excessive -wear on the gage corner of the 

170.7 

high rail and may in extreme cases cause a derailment where the overturning speed = —^— 

for equipment with a center of gra-vity 7 ft above the rails. Experience indicates an un¬ 
balanced superelevation of 3 in. as both safe and comfortable. Thus a track may be super- 
elevated to provide equilibrium conditions for a slow-moving freight train with passenger 
trains operating at a speed corresponding to an equilibrium elevation 3 in. higher. When 
this alone does not suffice for both fast and slow speed, the track will be given excessive 
superelevation for slow trains or the fast trains "will have speed restrictions imposed on the 
curves depending on which ser\hce predominates. The AREA recommends a maximum 
superelevation of 6-7 in. but many roads consider this excessive and set an even lower 
maximum. 

The comfort and smoothness of spiral operation depend upKjn the rate at which it runs 
in. The AREA recommends nothing faster than 1 1/4 in. per second. Some roads have 
u^d 1 l/s in. per second in high-speed territory, and several for 85-100 mph use 1 l/g in. 
per sec. The length of spiral in feet thus determined is L, = CeV, where e is the super¬ 
elevation in inches, V is the speed in mph, and C is a coefficient based on the rate of run-in 

w area Manual, 1953 Ed., pp, 5-3-1 to 5-3-9. A recommendation is being made to the ARE.\ that 
% value of 1 = 5.0' more closely represents the distance between bearing points of wheels on the rails. 
The equation for superelevation thus becomes « = 0.00070Z)F^. 



Table 15. Superelevation of Outer Rail on Curves 

e = elevation of outer rail in inches 
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Ve ~ cquihl>nUTn where e = 0 OOOGODVV^. 

Vc = comfortable speed where e = 0 00066/)rc^ — 3. 

± = Hounded off from an exact value one or two mph higher (+) or lower (—). 
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having values of 1.17 for 1 ^4 in per sec, 1.26 for 1 in. per sec, and 1.301 for 1 Vg in. 
per sec 

Vertical curves, used to connect all changes in gradient, are also explained in Sect. 2. 
The AREA recommends (p. 5-3-13 of the 1953 manual) that, for high-speed main tracks, 
the rate of change in gradient along the curve should not be more than O.Oo ft per 100 
ft in sags and not more than 0.10 ft per 100 ft over summits On secondary lines, the 
rates may be twice those for primary lines. Tracks of lesser importance may have even 
greater rates of change but the rate should be kept to a minimum. 

Limiting effects of curvature are most pronounced in the limitations imposed on train 
speeds as indicated by the superelevation tables and restrictions on its maximum values. 

(u; Length of rigid wheelbase of car or locomotive is given by the AREA formula 



P 


where R = radius in feet of maxirr um curve that can be negotiated safely. 

a — distance in feet from center pm of lead truck to center of lead driver in feet. 
h = distance in feet from center of lead flanged driver to center of rear flanged 
driver. 

p = side play in inches assumed as in. 

When using a swing motion truck 

R 


where s » side motion in inches, usually 1 1/2 in. See p. 6-34 for a discussion on widening 
the gage on curves. 

(6) Coupling difficulties arise from poor alignment of couplers, e-specialiy of passenger 
equipment, on curves of 6® and over. 

(c) Clearance, Additional clearance, both vertical and horizontal, must be provided on 
curves in the vicinity of bridges, tunnels, buildings, platforms, and adjacent tracks. The 
AREA recommends that clearance for overhang on curves be based on a car 85 ft long 
with 60-ft truck centers. For vertical clearance, allowance must be made for super¬ 
elevation, a car height of 14 ft. and rail height of 8 in. The car plan and cross section may 
be plotted on coordinate paper (with the cross section oriented with respect to the super¬ 
elevated plane of the rails) and necessary allowances—actual plus 6 in. for tolerance—read 
from the coordinate scale. 

Track Elasticity 

i^ince ties are closely spaced in modern track and elastically supported, the rail may be 
as>amod without undue error to be a continuously and elastically supported beam with 
apiilied loads distributed over two or more ties, depending on the flexibility of the beam 
ari'l Its supports. The ratio of applied load to track depression is related through a factor 
u termed the modulus of elasticity of rail support, or simply the track modulus. It is the 


6ab 


V + 


sh 

a b 


Table 16. Values of Track Modulus u * 



Rail 

Ties, spaced 22' c.c. 

Track and Ballast 

u 

1. 

90 lb 

None used 

Concrete roadbed 

8000 

2. 

110 lb RE 

7' X 9' X 8' 0" 
GEO fastenings 

Limestone ballast, wide, stable road¬ 
bed 

5100 

3. 

llOib RE 

7' X 9' X 8' 0’ 
GEO fastenings 

Flint jrravel ballast, wide, stable 
roadbed 

2900 

4. 

130 lb RE 

7’ X 9" X 8' 6' 

24" gravel ballast plus 8" of hea^'>' 
limestone on well-compacted road¬ 
bed 

2800 

5. 

85 lb RE 

7' X 9' X 8' 6' 

24" crushed limestone on loam and 
clay 

1200 

6. 

85 lb 

6' X 8" X 8' 0' 

6" crushed limestone on loam and 
clay roadbed after tamping 

1080 

7. 

851b 

6' X 8" X 8' 0' 

6" crushed limestone on loam and 
clay roadbed before tamping 

970 

8. 

851b 

7' X 9' X 8' 6' 

6" cinder ballast on loam and clay 
subgrade 

750 

9 

85 lb 

7' X 9' X 8' 6' 

6" fine tinder ballast, poor condi- 

530 


tion, loam and < lay subyrade 

♦ Dr. A. X. Talbot, Chairman Special Committee to Report on Stresses in Railroad Track, First 
Progress Report, Proceedings of the AREA, 1918, Vol. 19. 
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pressure per unit length of each running rail (the wheel load) required to depress the track 
one unit; or it is the load on one rail required to depress a tie one unit divided by the w.ieel 
spacing. The modulus, a measure of elasticity or stiffness of support, is independent of 
the rail stiffness but varies with spacing and stiffness of ties, tj’pc, depth, and compaction 
of ballast, quality of surface and tamping, and stability of the subgrade. 

Track depressions and upward pressures result from the applied wheel load P so that 
p = uy. On the master diagram of Fig. 23 and the equations shown thereon, p,.. is the 
upward pressure per unit length at the point of wheel load where X = 0. y is the rail de¬ 
pression at any point x, and p-i is the rail depression at the point of wheel loading A'; is 
the distance from wheel load to point of zero upward bending and 3.Yi the distance from the 
wheel load to a point of zero upward pressure. The values of bending moment M. depres¬ 
sion y, and reaction p developed at any point by a single wheel load may be determined 
from ma.ximum values from the master diagram of Fig. 23. Where wheels are olosel.v 



Fig. 23 Master diagram. I = iiioiiient of inertia of rail. E = niodulus of eiasticitv of rail , = 
30.000,000, u = track modulus 


spaced as in a car or engine truck, the combined effect is obtained through the principles of 
superposition by taking the algebraic sum of the effects of mditudual loads. Keasuiial lv 
good agreement is had between computed and observed values of rail deflection ami bend¬ 
ing moments. 

Track Maintenance 

In addition to maintaining individual units of the track structure, close attention must 
be given to securing and maintaining correct gage, good lino, and smootli surface. 

Gage. The railroad usually specifies a gage rail (the north or the west rail, for e.xample), 
and the other rail is gaged to it regardless of effect on alignment. The track can later 1 e 
properly aligned. Wide gage is likely to occur where decai'ed ties provide insufficiei't 
holding power for spikes. In regaging the cut surface of the tie must be smootlied h\ hand 
or machine adzing to provide .an even bearing for the plate. 

Line is detailed adherence to the establislied alignment. The railroad designate^ one 
rail or the other as the line rail. On curves, the high rail is always the line rail. Lo' al 
irregularities are removed according to eye. but stakes should be set by transit evey 
200-400 ft on tangents and every 31-50 ft by transit or bv stringline on curves Even 
when stringlming, spirals should be established bv transit. The transit, .-et well back 
from the point of tangenc.v, is “wiggled in” on a true tangent line. Initial throw- are 
recorded to place the existing “tangent” on true tangent. Tangent offsets are then re¬ 
corded for the curve, those inside the line of sight being negative, and those outside tiie 
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line of sight positive. Tangent offsets are then reduced to midordinates for stringline 
computation by the formula 

— Oti-I + On+l — On 

where = computed midordinate at any station. 

On = tangent offset at same station. 

On-i = tangent offset at preceding station. 

On+i = tangent offset at next station in advance. 

Good sixrface requires adherence to the established grade and uniformity of cross level 
in the plane of the rail heads as well as to established superelevation on curves. Non- 
uniform tamping, soft and decayed ties, poor or dirty ballast and subgrade conditions, 
lack of recent tampmg, center-bound track, and depressed ballast under joints cause poor 
surface. Resurfacing, track raising, and reballasting are required for track in poor surface. 
All track defects are cumulative and contribute to an accelerating rate of track deteriora¬ 
tion unless corrected. 


14. TURNOUTS AND CROSSINGS 


Turnouts are used to divert trains from one track to another. A conventional turnout 
consists of a smutch to inaugurate the diversion, a frog to carry wheel flanges over opposing 
rails, guard rails to protect the frog points, and the closure rails betw'een the frog and 
switch. 

The stub switch of Fig. 24 is now obsolete on all main line railroads and on most of the 
others as well. It has some use as a temporary expedient for light contractors’ and mining 
railways and emergencies but should otherwise be rejected. In the stub switch, both of 
the main rails are cut at H and K. The rails from S' to H and from SioK are not fastened 
to the ties but are tied to each other by four or more tie rods. The gaps at H and K 
are always sufficient to cause a considerable jar to the rolling stock. In the winter, the 
gaps become excessively wide. In summer, expansion of the steel rails may close the gaps 
completely, sticking the switch. When operated as a trailing switch, a derailment is in¬ 
evitable if the switch is incorrectly set. 


Fact ng 
- > 



Trailing 
<- 


Fig. 24. Stub switch. 


The standard s-witch in use todaj* is the split switch of Fig. 25. The switch rails or 
points which initiate the diversion taper from a full section at one end, the heel, to a V 4 -in. 
point at the other. The point is further beveled and planed to a Vs-m. thickness at the 
gage line. The switch angle between the gage lines of point and stock rails varies from 0° 
45' to 2® 30'. For good riding, the ratio between frog and switch angle should be ap¬ 
proximately 4:1. At the heel, the point rail is fastened to the adjoining lead rail by bent 
splice bars w'ith cast-steel heel blocks inserted for rigidity between the point and lead rails 
and the stock rail. Thimbles in the heel-block bolt holes permit the point to hinge or pivot 
at the heel. The point rails rest and slide on switch or riser plates which have planed 
bearing surfaces of varying thickness. These raise the point i/g to 1/4 in. above the stock 
rails to prevent derailments from cupped wheel treads. The points are bound together by 
switch rods. The throw rod is coupled at one end to the points or switch rod and at the 
other to a power-switch operating mechanism, a ground-throw lever, or a switch stand. 
The switch stand has a lamp and target to indicate the position of the switch. Yard 
switches may have a banner only. Braces, fixed or adjustable, attached to the switch 
plates, bear against the outside base and underside of the head of the stock rail to resist 

13 H. B. Christiansen, Asst. Chief Engineer, C. M. St. P. & P. Ry., Milwaukee Method of Straight¬ 
ening Curves, 1940, pp. 4-7. 
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side or lateral thrust on point and stock rails. There is an abrupt bend in the stock rail 
on the turnout side equal to the switch angle which houses the point. A pocket milled in 
the main-track stock rail prevents wear on the point. Spring switches hold the points in 
place by a stiff spring which yields to permit wheels to trail through on reverse moves. 

Tongue Switch. For railway work in paved streets, the tongue switch i^ used, Fig. 26. 
A steel wedge-shaped tongue, pivoted at the heel, fits into a groove in the main running 
track rail when aligned for a turnout move. Its mate at the opposite rail may be a similar 
tongue when used in line-haul railroads in which case the operation is like that of a split 
switch. For street railways, the tongue mate will be a fixed frog point m the opposite rail. 
Both point and fixed mate are set in steel casings to permit placement of street paving 
materials. The double tongue is operated by a ground-throw lever in a coveied box often 
set between the rails. 

Frogs permit wheel flanges to cross opposing rails in turnouts and crossings. Frog 
types include: 

(a) Bolted rigid frogs of standard rail sections bolted together. 

(tij Hard-center frogs having a replaceable manganese steel ceuter or insert secured 
within standard rail sections. 

(c; Spring-rad frags which hinge the wing rail on a sprmg at the joint on the turnout 
side. For main track moves, the wing is held in line, by a spring, with the running rail to 
provide a solid support for the wheel. In a turnout move, the wheel pushes the wing out¬ 
ward against the spring to provide an open flangeway. Solid support i» provided for the 
side having the prevailing volume of movement; hence spring frogs are designated as right 
or left hand depending on which side the spring rail is located when facing the point. 

Frogs are designated by the frog angle F but more commonly by the frog number N 
which is the ratio between a unit spread and the axial distance from the theoretical point 
to the place where unit spread is measured. In Fig. 27, the relation between the frog 
angle F and the frog number -V is X = 1/2 t-ot F/2. If the point were brought to a knife 
edge, it would soon batter and chip away. It is therefore ground back or cut off to the 
■“actual’* point where it is approximately I /2 in. in width The “frog bluntne^s’’ or dis¬ 
tance from the theoretical to the actual point in feet is XF; 12 whore P is the mea.-^ured 
width in inches. 

Guard rails are set opposite the frog point to hold wheels away from the point, thus pre¬ 
venting point wear and possible derailment. The midpoint of the guard rail is set a few 
inches ahead of the point. The distance from the gage of the frog point to the gage of the 
running-rail side of the guard rail must be within 4 ft 6 - 2 m. to 4 ft G ’ k in. based on 
AAR specifications for wheel mounting. This provides a n.iniinuin flangewav of 1 
Where gage is widened on curves, the point to guard rail distance must bo held and the 
ffangeway widened. Guard rails may be made from ordinary rail seftmiis. sheared head 
and base on one side, to fit close to the running rail, with flared ends, and held in place with 
spikes, rail braces, filler 1:riocks, bolts, and clamps. Modern designs include manganese 
cast-steel guard rails with plates, rail braces, and foot guards mtegi ally (. a-st or attached to 
form a coraplete unit. On self-guarded frogs, vertical risers on the outside of the wing 
rails bear against the outside treads of the wheels, forcing them away from the point. 

Turnout design is shown in Fig. 28. The length of point, I, the point width, usually 
taken as i/s in., and the heel spread, b, taken as 6 1/4 in., are known The sine of the 
switch angle, *S, equals {h — The lead distance from actual point of frog to actual 

point of switch isL = l + b-\-d~\- XP/12. Note that the actual or “ 1 / 2 - 10 .*’ point of 
frog is shown in Fig. 27 and is used in all field la^'outs as a point of reference. In triangle 1, 
angle F and side/are known. Solve for sides d and e. In triangle 2, ^ide Q = g — {h e] 
and the angle (F 4- Si /2 are known. The triangle is solved for b and C. C, tlie long chord 
of the lead curve equals 2{R -{- «/2) sin (F — S)/'2. From this, li l^ obtained. Turnout 
dimensions depend on the length and thicfcrtess of switch rails, the heel spread, frog angle, 
and length of wing rails of the frog. These msj’ all vary witldn narrow limits depending on 
the standards of the various railroads or the ananufacturer. The 4:1 ratio between frog 
and switch angles is maintained only ajiproxiimAely so that a few stvnda’d combinations 
of switch length and frog angle can be hid. The AREA recommemleo turnout dimensions 
are given in Fig. 35. 



vc»rrcx oistanci: /Solid 6*S€ slide PL*.tE foft AOJuST*ALt rajl 6ftJ[4£ 
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Fia. 25 Profcrri*(l names of parts for split switches. (Trackwork Plan 190-42 of the AREA. Chicago.) 
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Fig 28 Turnout design. (After G W. Pickels and C. C. Wiley, Route Surveying, John Wiley 

Sons, 1949 ) 
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Ttimout Installation 

Basic problems involving the use of turnouts include connections to diverging tracks or 
routes, siding connections, crossovers, and ladder tracks. 

The diverging route, Fig. 29, may be a main line, branch line, utility or industrial spur, 
or siding. Usually the engineer needs only to locate the point of frog and the P.C. and P.T. 
of the connecting curve if any. The foreman instalhng the turnout will be provided with 
aU other necessary information on a standard plan giving frog and switch dimensions, 
length of lead and closure rails, and spacing of switch timbers. 



Fig. 29. Diverging route. 


The intersection angle A between the main track and the proposed diversion is measured, 
Fig. 29. AU angles in triangle ABD are known. The side DB is known where g.V + NP/\2 
is distance from the intersection of center lines to the actual point of frog, K is the heel 
distance of the frog plus any additional desired distance, preferably at least a full rail 
length, and Tp is the tangent distance of the connecting curve, where one is used, having 
a degree equal to or less than the degree of turnout curve and an intersection angle, 
A — F. Triangle ABD is solved and AB laid off from point A, the frog angle, F, is turned 
off from B, and the frog point located a distance gN + fVP/12 from B. Point C is laid 
off from point B, and E is located from point A and checked by running in the connecting 
curve. To avoid cutting a rail, it may be necessary to shift the position thus determined 
by as much as half a rail length. The triangle ABD 
must be reused in the ratio of side AB to the shift in 
point of frog. The problem is more compUcated 
when the route diverges from a curve. Turnouts 
should not be located on curves for safety reasons 
and because of difficulties in maintaining supereleva¬ 
tion, maintaining line and surface, and keeping the 
switch in proper adjustment. 

Connecting Curves from Turnouts. The following 
solutions for connecting curves and crossovers be¬ 
tween straight parallel tracks are based on the use 
of straight frog rails beyond the frog point. Let 
p = distance between track centers, g = gage, F = 
frog angle, w' = length of wing rail back of theo¬ 
retical frog point DF in the figures, R = radius of 
main curv'ed track, r = radius of connecting curved 
track, -V = frog number corresponding to frog angle 
F, = central angle, measured at center C of main curved track, required for connecting 
curve, <t> = central angle, required for connecting curve, measured at center O of con¬ 
necting curve. 

For a connecting curv-e from a straight track, see Fig. 30. 

- ,, , p — g — w' sin F 

(r - 1/2 g) =- 



vers F 
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Although the distance from F to the “fouling point” (which is on the line ab) may be 
shortened somewhat by using a sharper curve and using a short tangent at each end, the 
method indicated in Fig. 30 is preferable. Under such conditions, using the standard 
dimensions given in Fig. 35, the distance from F to the “fouling point” measured along 
the main track, is a definite quantity for any frog number, and is as given in Table 17 for 
p = 13, g = 4.70S. 

Table 17. Connecting Curve from Turnout, Straight Main Track 


Degree Degree 


Frog 

Distance, 

Radius, 

of 

Frog 

Distance, 

Radius, 

of 

Number 

ft 

ft 

Curve 

Number 

ft 

ft 

Curve 

5 

85.06 

424.93 

13 29 04 

12 

186.93 

2102.35 

2 43 32 

6 

93.41 

525.63 

10 54 16 

14 

217.91 

2855.30 

2 00 24 

7 

108.87 

713.19 

8 02 25 

15 

234.04 

3292.44 

1 44 25 

8 

124.68 

935.56 

6 07 37 

16 

248.45 

3723.27 

1 32 20 

9 

139.38 

1168.59 

4 54 16 

18 

281.30 

4749.75 

1 12 23 

10 

156.55 

1464.5! 

3 54 47 

20 

312.23 

5863.15 

0 58 38 

I! 

171.38 

1768.46 

3 14 25 






For a connecting curve on the outside of a main curved track, see Fig. 31. 


tan 1/2 rp — 


2.V {p — g — w' sin F) 
272 -b p 4- sin F 


(r — V 2 5) = S + w' sin F) 


sin p 

sin (F H- p) 


DS = '2(r — 1/2 s) sin ^ '2 (F -b p) 



Fig 31, Connection to parallel tracks, curved 
For a connecting curve on the inside of a main curved track, see Fig. 32. 



Fig 32 Connection to parallel tracks. 
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tan 1 / 21 /' 


2-V(p — g — w' sin F) 
2R — d — w' sin F 


ir 


4- i) = {R ~ 1/2 g — w' sin F) 


sin yp 

sin (yp — F) 


In case the frog angle F is larger than 1 ^, the center of curvature of the connecting curve 
rails will be on the other side of the mam track as shown in Fig. 33. Then 


- 1/2 i ) ^{ R ~ 1/2 5 


w' sin F) 


sin yp 

sin (F — yp) 



Fig. 33. Connection to parallel tracks. 


In case yp should exactly equal F, the connecting rails would be straight and r = infinity. 
This is true when 

2R — p — w' sm F = 4.V^ (p — ^ — ic' sin F) 


The solution of this equation will show the value of R which makes this case possible for 
any given values of N, p, g and w'. 

A crossover, Fig. 34, permits movement from one track to a parallel track. Using 
frogs of the same angle, F, and track centers p ft apart, the solution is ba^^ed on assuming 
one frog point location and locating the other by measuring the distance from a point on 

A p 

the parallel track opposite the first point of frog. BC = AD = .Vg + in Fig. 34; 
d = AE cot F — 2 where D and B represent the actual or half-inch points of 


frog. When frogs of unequal number are used, a short connecting curve of about the same 
degree as the shorter turnout is necessary between the two frog tangents. 



For crossovers between parallel curved tracks and using equal frog numbers and a simple 
connecting curve tangent to the heels of the frogs, the distance along the main track be¬ 
tween frog points is practically the same as for parallel tangent crossovers. Diamond 
crossovers connect parallel tracks in both directions at the same location and make use of 
crossing frogs designed for the track centers involved. 

Ladders connect the body tracks of a yard with the approach or switching lead. The 
simple case in Fig. 36 is that of parallel tracks equally spaced with the same frog angle 
throughout. Knowing p and frog angle F, triangle ABE is solved for AB and AE. The 






15 30-0 0-56- - )-4i 66-ni 87-Oj 

16 30-0 0~58~ - ■ -4 91-11 92-0 
16 30-0 0-5&- J -. J-Hj 99-11 lOQ-O 
20 30-0 3-56- • -njno-n ill-O 
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initial point of frog is then located by measuring AK ~ Xg 4- 


^ and AB BC = CD. 
12 


The outside track is connected to the ladder with a curve of intersection angle F and i 
radius approximately' equal to that of the turnout curves in use. Fig Sd. \ ariation-i of this 
problem include ladders and body tracks on curves, ladders with frog angles greater or 
less than the one m the lead and layouts in which every other track comes out of a body 
track instead of from the ladder. 



Slip Switches 

Slip switches are used with small angle crossings to affect movement between tlic two 
tracks and are termed “double” or “single” depending on whether connections exist on 
one or both sides of the crossings, Fig. 37. Standard frogs serve as end frogs. lU'iei ciu e 
points in design and construction are the end frogs and the longitudinal and tran&vcr>e 
axes. Movable points are often used as center frogs as well as in plain crossmgs (see ne.xt 
paragraph) to provide a solid bearing for the wheels aud avoid the long, open fiangeways 



Fig. 37 Slip switch with movable point frogs 


characteristic of small angle frogs; see Fig. 38. Slip switches are seldom installed under 
traffic but are built in one piece or as units and set in place with a crane. The slip siiould be 
secured under a light girder or truss combination to give stiffness and prevent sagging 
during the lifting operations. 


Notes vn Fig. SS . , 

1 Tiie ^iraph ^flGWs miniinam angUs tnjtween tangents at intersection of center lines oi tra-^k for 

which nmd center froi;' may hr a-^ referred to on Plan Basic Xo 700 

2 Fur cur\ed iraek trie center line of track having the greater degree of cur%ature within tiu* hnuto. 
of th-' diamond of the cru-'in'-i: shah apply 

3 Fur cros-ings in the Area C hoTwpen the lower solid graph line ana tta- dash graph line rai't^l 

guard' are re^iuircd to d’-o' ide etTective guarding For cro'^ings in the Area B between tlie da^h grapu 
line and the upper solid grapn line, level guards will provid.:* smlicient guarding, but raided guards aie 
recoiumend'^d to protect the frog p-ant^ from flange wear For cros'»ing'5 in the Area A abuv<‘ tlie uppi i 
cohd graph line, level an ird-are reroniinended , , 

4 Where raised guards arc S[>ecified. the inside guarding face shall be 1 higher than the top si>rij< * 

of the frog . , , , . i , 

0 Dotted grar-h auoiu - onlv for in-tallations in yards and terminals and requires that the gage and 
guard line^ of the p;.nt^ be stended ^tiaight (with no side chamfer) to a point where they ai, ' •>” 

i/Vocumoti' e- wiiri blind drivers should only be orieratcd at restncteil speeds over cent.T ficj-g-. hav¬ 
ing the i" higii g'.ard 
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20’ DEGREE OF CURVATURE 
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Crossings. For two straight tracks the frog angles are the angle (and its supplement) 
made by the two alignments. For one straight and one curved track. Fig. 39 applies with 
these equations: 


cos Fi = 


R cos M + 1/2 g 
R - 1/25 


cos F 2 ~ 


R cos M + ^/2 g 

R + 


cos Fz 


R cos M — 1/2 g 
+ V 2 fi 


cos Fi 


R cos M — 1/2 g 
R - V2 fi 


FzFi = (72 + 1/2 fi) sin F3 — (72 — 1/2 fi) sin Ft 
HFi = (R — ^his) (sin F4 — sin Fi) 

F1F2 = (72 + 1/2 fi) sin Fo — (72 — 1/2 fi) sin Fi 




For two curved tracks all four frogs are unecfual, see Fig. 40. The radii of the two tracks 
are of course known and also the angle of intersection of their tangents (M). Then ri, r 2 , rs, 
and Vi become known by adding (or subtracting) 1/2 fi to the known track center radii. 
In the triangle C 1 -VC 2 , 

1/2 (Ci + Ci) = 90® - 1/2 M 
tan 1/2 (.Cl — C2) = cot 1/2 
From these equations Ci and C 2 become known. 


Then 


c 


C1C2 = 722 


sin M 
sin Cl 


For abbreviation »i = 1/2 (c + ri -{- r 4 ); sz — V 2 (c + n + ^4); 89 ~ 1/2 (c 4 * n + rs) 
and S 4 = 1/2 (c + To 4- rs). 


Then vers Fi = 

vers Fs = 


2(81 — ri)(ai — r 4 ) 
rir4 

2(83 — ri)(s3 — rs) 


vers Fz ~ 


vers Fi = 


2(82 - r 2)(82 - 

rzTi 

2(84 — r 2)(84 — rs) 


sin CiCjF 4 = sin F4 — ; sin C1C2F2 = sin Fz — I F2C2F4 — C1C2F4 — C1C2F2 
c c 

sin F1C1C2 = sin Fi— ; S’nF2CiC2 = sin Fz ; FiCiFz = F1C1C2 — FzCiCz 

c c 


From these equations the chords F 1 F 2 and F 2 F 4 are readily computed. 

For crossings greater than 25°, the various pieces, cut to fit, are united by bolting 
through filler blocks and heavy straps. A much-used recent design contains a replaceable 
manganese insert at each frog point. Except for 90° crossings, each installation is a 
special job. In Route Surveying, Pickels and Wiley give the following data as necessary in 
ordering crossings from manufacturers: 

(a) Crossing angle. 

(b) Gage of each track. 

(c) Curvature by degrees or radii. 

(d) Direction of curvature. 


G. W. Pickels and C. C. Wiley, Route Surveying, 3rd Ed., 1949, p. 223. 
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(e) Length along each gage line from one gage-line intersection (theoretical point of 
frog) to the nearest rail joint. 

(/) Length overall along each gage line. 

(g) Height, weight, and section of rail from which the crossing is to be made. 

(h) The spacing and size of holes for splice bars. 

(i) The type of crossings, etc., unless covered by general specifications. 

(j) A small sketch based on field measurements correct to the nearest i/s in. (0.01 ft). 


15. MISCELLANEOUS ROADWAY STRUCTURES 

Track tanks, or pans, are used to give a supply of water to a steam locomotive while the 
train is in motion. A scoop, lowered from under the tender, is attached to a pipe leading 
to the tender tank. The rapid motion forces the water up the pipe from the long shallow 
pan between the rails. The height of the top of the tender tank above the track pan is 
usually about 9 ft, and this means that water will not flow into the tank unless the speed of 
the engine is more than 16 miles per hour. Even at 20 miles an hour more water is wasted 
by slopping over the sides than reaches the tender. The minimum wastage is about 12 1 / 2 % 
and occurs at a speed of 45-50 miles per hour, although with a properly designed pan the 
wastage is fairly constant at speeds from 25 to 60 miles per hour. Adequate drainage is an 
important feature of the installation. 

Track pans are made of 3/^g-in. plate 19 in. wide, 6 in. deep, and 1200-2400 ft long. 
They must be on absolutely level track and on tangent track or flat curves. To prevent 
freezing in winter, steam pipes having i/g-in. nozzles are inserted every 40-50 ft of tank 
length and jets of live steam forced through from the pump-house boiler. Another system 
circulates the water, feeding steam into it at the inlets. 

Section Tool House. Class A houses, 14 ft by 20 ft, and class B, 12 ft by 18 ft, AREA 
recommendation, are set with the long side parallel to the track with an 8-ft sliding door 
at the extreme end for motor-car storage. Class C houses, 10 ft by 14 ft, place the short 
side nearest the track with double swinging doors on the track end. Temporary locations 
shall be on wooden posts, others on brick or concrete piers. Wood, galvanized iron, and 
corrugated metal have had common use. 

Highway Grade Crossings. Unimportant country roads and farm crossings may be 
made of 3-in. planks spiked to blocks on the ties on either side of each rail, the outer 
planks tight against the heads of the rails. As with all types of crossings, a flangeway of 
2 1/2 in. (2 3/4 in. on curves in excess of 8®) is allowed. Space between the planks is filled 
flush with ballast. Rails laid on side, head against web of running rail or standing with 
separators between it and the running rail, may be used. The ends are bent inward to 
give a flangeway entrance opening of at least 4 in. As a safety precaution, crossings should 
be at least 4 ft wider than the adjacent approach of pavement or roadway. Surface of 
highway shall be in the same plane as tops of rails for at least 2 ft outside and, where super¬ 
elevation does not require otherwise, shall be no lower than 9 in. or higher than 3 in. above 
tops of rail at points 30 ft beyond on the highway. Prevailing highway grades should not 
be exceeded beyond the 30-ft point. Adequate drainage must be provided. Nine-foot 
ties are preferred. Rail joints should be kept at least 6 ft from the crossing, using longer 
than standard rails if necessary. In addition to the foregoing, AREA recommendations for 
bituminous, wood plank, prefabricated sectional treated timber, precast concrete slab, and 
monolithic concrete crossings will be found in the AREA Manual, pp. 9-1-1 to 9-1-16. 

Stock Guards. A stock guard consists essentiall 3 ’’ of wing fences extending from the 
right-of-way fences to aprons which are short sections of fence, usually flaring, set parallel 
with the track at the track end of the wing fences; and a rough surface, on which stock 
will not walk, which extends the entire width of the track between the outer ends of the ties. 

Recommended Practice. The AREA recommends surface guards in preference to pit 
guards, chiefly on account of the disastrous consequences of derailment at the guard or a 
failure of the pit structure. A surface guard should be so designed that it will not catch 
dragging brake chains or other rigging; it should not endanger emplo\'ees who must walk 
over it; it should not rattle during the passage of trains; it should be reasonable in first cost, 
durable and easily applied or removed for track repairs: finally, it should be effective to 
deter all kinds of livestock from attempting to cross and 3 ’et should not catch and hold such 
as should make the attempt. 

Surface Guards. Home-made wooden guards consist of slats about 8 ft long, 2 I /2 in. 
wide, 4 in. high, spaced 4 1/2 c.c., using 2-in. fillers and tied together with three 3/8-in. 

round rods running through slats and fillers. The slats are chamfered on the upper cor¬ 
ners. Metal guards are usually patented and consist of rods (replacing the slats), or some 
one of a variety of designs in stamped sheet metal which, by bending out lugs, make a rough 



6-52 


RAILROAD ENGINEERING 


surface, or of rollers. A surface may also be made by a combination of interlocking tiles 
about 4 in. wide, 15 ft long, and with their upper surface forming ridges. This type is free 
from rust or decay but is more liable to breakage. 



Fio. 41. Clearance diagrams. State laws govern anv conflicts. Manxial, 1953 Ed., pp 28-2-1 

to 2S-2-7) 

Clearances. Side clearances are measured with references to the center line of track, 
vertical clearance from the top of rail. All structures should clear a man on the side of a car 
and failing this should be protected with close clearance signs. Overhead clearances are 
protected with tell tales, rope ends suspended above the tracks. Most states establish 
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clearance requirements which must be observed. The AREA, in their manual, has recom¬ 
mended a series of clearance diagrams for various locations—tunnels, bridges, station 
platforms. Figure 41 shows an all-purpose diagram which will meet practically all situa¬ 
tions. Clearances may be obtained by direct measurement or by use of a clearance car 
mounting a frame of adjustable, graduated measuring rods which can be set to the in- 
dmdual cross section of track and structure under study. 


YARDS AND TERMINALS 

16. YARDS 

(Condensed from Definitions and Recommended Practices of the AREA) 

A yard is a system of tracks within defined limits for receiving, separating, and making 
up trains, storing cars, and other purposes. A large j'ard will have some or all of the fol¬ 
lowing features: A receiving yard where the incoming train may wait, and the locomotive 
and caboose can be removed, until the cars can be separated; a holding yard where cars can 
be moved if not ready for classification; a classification yard in which cars are classified or 
grouped in accordance with requirements preliminary to forwarding in trains; a storage 
yard where some cars await further disposition; a departure or forwarding yard where cars 
are assembled into trains. The distribution of cars onto various tracks is often accom¬ 
plished by pushing them over a summit beyond which they run by gravity. Such a yard is 
called a summit or hump yard. In rare cases natural grades give a true gravity yard. A 
yard in which movement of cars is accomplished entirely by locomotives is called a flat 
switching yard. Saucer yards are flat-switched but have a slight descending grade at one 
end to aid in car movements and a slight ascending grade at the other to keep cars from 
rolling past the clearance point. 

Tracks 

Tracks in a group or a set of parallel tracks all used for some one purpose are called 
body tracks. They should be spaced from 13 to 14 ft c.c. and 15 ft from a main or a running 
track. A group of such tracks all lead into a ladder track which should be not less than 
15 ft c.c. from any parallel track and 18 ft if parallel to another ladder. Number 8 is the 
minimum frog number which should be used on such tracks The track connecting either 
end of the yard with the mam line is called a lead track which should be interlocked with 
the mam line Running tracks and open tiacks arc provided so as to permit the free move¬ 
ment of cars and switching engines from any portion of the yard to any other. When 
riders are used to control cars on classification tracks a rider track may be used for the gaso¬ 
line car which takes them back to the hump or they may be required to walk back. Many 
large > ards are now equipped with car retarders which control the speed of cars by pressing 
against the sides of the wheels. These, together with switches, are operated from towers 
by one man in eacli tower, thus eliminating riders and switch tenders. C'aboose tracks 
should be located between the receiving and forwardmg yards, and are preferably so con¬ 
structed that a caboose may be readily pushed thereon from a receiving track and then 
dropped by gravity to the tram departing in the direction from which the caboose has 
arrived. Scale tracks should be located between the receiving and separating yards or on 
tlie descending hump lead. I'ueling, ashpit, sand, and engine tracks should be located on 
the route to and from the engine house; they should be .so arranged tliat water, fuel, and 
sand may be taken and ashes disposed of in convenient rotation and also provide that 
switching engines may clean fires, take fuel, water, and sand and pass around the waiting 
engines. Bad-order tracks should be convenient to the classification j ard, so that bad- 
order cars may be set off and easily run to the repair tracks. The repair tracks should have a 
nia.ximum capacity of about 15 cars each and should be spaced alternately 18 and 24 ft 
apart c.c. Fifty-five linear feet of track should be estimated m rating the capacity of 
freigiii-car repair tracks, in order to provide working room about each car. Parts of the 
yards should be provided with air and water pipes with outlets 55 ft apart for testing cars. 
A materials supply track should be placed in the space between each pair of repair tracks. 
Heavy freight-car repairs should be made under cover in a shop provided with overhead 
traveling cranes to facilitate hea\'>' lifting. Icing tracks should be located between the re¬ 
ceiving and separating yards so that the cars to be iced may readily be moved from the re¬ 
ceiving to the icing tracks and thence to the separating yard. A coach-cleaning >‘ard should 
be located for ready and quick access to and from the station. The tracks should be long 
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(a) V-type 




(h) V-type 




{c) Double lead V-type 




(d) Central lead 


Fig. 42. Yard leads and ladder types. 
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enough to accommodate trains without cutting, and should preferably be stub-ended, with 
a car-cleaners’ repair supply building located at right angles at their ends. Yard track ca¬ 
pacity is estimated by allowing 45 linear feet of track to each freight car, 70 ft for passenger 
cars. Truck delivery yards should be located convenient to the freight house so that the re¬ 
ceipt and shipment of freight may be easily under the control of the freight agent’s force. 
The tracks should be stub tracks in parallel pairs, the tracks of each pair 12 ft between cen¬ 
ters and the pairs 52 ft between centers. For convenience of shifting, the tracks should 
have a capacity of about 20 cars each. A crane for handling heavy^ freight should be pro¬ 
vided. If possible, ingress and egress for trucks should be provided for at each end of each 
teamway. Truck scales should be pro\’ided near the truck entrance of the yard, and track 
scales should be provided and located for convenient switching. 

Ladders and body track may be laid out to form a simple gridiron as in Figs. 42a through 
d. Figure 42(i shows a type of central ladder having all switches in line, clearly \’isible 
from the engine, and accessible to the switchman. The double central ladder arrangement 
pro\’ides space for tools and material in carrying on maintenance work and to deposit 
snow cleaned from the switches. 

The main tracks should preferably go around both sides of the yards to ehminate any 
interference between through trains and those moving in and out of the yard. A second- 
best arrangement (and the only desirable one for a single track line) is placing the yard 
entirely on one side of the main tracks despite the traffic interference which must follow. 
The worst possible arrangement is locating the main tracks through the yard. 

Assisting Gradients. The operation of flat-switched yards may be improved by the 
use of assisting gradients. The following were proposed to the AREA in 1951: ^ 

Drill Tracks. Level or with a slightly assisting gradient except for 300 ft of 0.20% 
gradient preceding the first switch. 

Ladder Tracks. 0.1-0.3% depending on length of ladder and possible use of an acceler¬ 
ating gradient. 

Body Tracks. 0.2-0.25% for 300 ft following the switch, gradually decreasing with about 
400 ft of level track at the end. Some roads place a slightly ascending grade beyond the 
level section to stop cars from rolling out of the yard. 

Drainage is very important to good yard design and operation. Terrain conducive to 
dramage should be selected. The midportion of the yard should be kept higher than the 
outside. Flat areas which are not free draining should be drained by a system of sub- 
drains consisting of one or more trunk drains with lateral stubs or feeders made of 6- to 
10-in. vitrified tile laid with open joints or perforated metal pipes, 2-3 ft below the surface, 
and backfilled with filter sand materials. 

The Hump Yard 

A hump yard should have receiving, classification, and departure tracks. Trains may 
be handled through it faster and at less cost than through any other form of yard. The 
receiving tracks and lead from the main track should be of sufficient length to hold a 
maximum train, and should be sufficient in number to hold as many trains, arrhdng in 
quick succession, as the character of the traffic renders probable. If possible the grades of 
the receiving tracks should be such that one engine can push the maximum train over the 
hump. The length and number of the classification tracks depend on the number of classi¬ 
fications required, number of cars in each classification, whether or not a sorting yard is 
used, etc. Classification of through traffic may often be shifted from one yard to another 
with advantage. The departure tracks should be of full train length and sufficient in 
number to provide ample standing room for trains being tested for air and waiting for en¬ 
gines. An air hose and an air-brake testing plant should be pro\’ided in conjunction with 
the departure tracks. 

Hump Design. Trains should be brought to the highest elevation possible in the re¬ 
ceiving yard without exceeding 80% of the division’s ruling grade. The hump should be as 
close to the receiving tracks as possible consistent with the necessary hump elevation and a 
gradient which can be overcome by one locomotive. The hump master's office, the con¬ 
trols, and the pin puller’s position should be on the right-hand side of the hump so the 
coupler knuckles will be opened from that side and thus stand open for coupling on impact 
in the yard. Height of hump is based on two principal situations: (1) the empty, hard- 
rolling car in winter with a head wind and (2) the loaded, easy-rolling car in summer with 
an assisting wind. The hard-rolling car must be given sufficient elevation and velocity 
head so that it will roll well beyond the clearance point. The easy-rolling car, once under 
way, must not accelerate unduly and, in retarder operation, must not accelerate after 
leaving the last retarder. Grades for manually operated hump yards are shown in Fig. 43. 

16 Bvlletxn of the AREA, Vol. 51, No. 490, November 1950, p. 258. 











(6) Moderate climate 
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(c) Warm climate 
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Fig 43. Typical hump gradients 

Design for Retarder Operation. In order to make the most efficient use of retarders, 
the ladders and j ard leads should follow a pattern similar to that of Fie. 44, dividing the 
elassification tracks into groups with group- or subleads. This layout is facilitated by use 
of the lap or tliree-wav switch shown in Fig. 45. The drop from suniinit to the clearance 
point .4 in Fig. 46 must be sufficient to roll the hard-rolling oar well into the yard. Height 
11 troiri last retarder to the clearance point must provide a gradient sufficient to start a car 
stooped in the la.st retarder but not undul.v accelerate an easy-rolling car. The drop, 
! - B. from the summit to the last retarder should be apportioned so as to separate 
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quickly the cars or cuts and give adequate spacing for operation of switches. Increased 
height is necessary when scales or a double hump lead with diamond crossover is placed on 
the descending slope of the hump. In Fig. 46, *4 = Dz 4- D\Zi -}- Ac where z and zi are the 
per cent gradients equivalent to the resistance of hard-rolling cars in the distances D and 
Di and equal respectively to 1.4 and 0 9 per cent gradients. A is the total degrees of central 
angle in distance D Di and c is the equivalent curve resistance of a hard-rolling car ex¬ 
pressed as feet of drop per degree of central angle It is usually taken as 0.045 ft. 



B = DiY + C’lAi a -r h, where Y is per cent gradient equivalent of the easy-rolling 
car = 0.22*^, and Ci, the curve resistance of easy-rollmg cars = 0.025 ft per degree of 
central angle for the cur\*ature, At, in distance Di- Switch resistance m equivalent feet 
per switch in distance A is a — 0.06 ft for .Mngle switches, U 12 ft for lap switches. (Those 
factors are often omitted when compensated grades are used ) An allowance in feet of 
drop, h, is sometimes made for accelerative increment over and above all other resistances 
in distance D\. Beyond the last retarder non-acceleratmg grades of 0.20-0.15% are used 
depending on whether the hard- or easy-rolling car traffic predominates. 



Inspection pits are sometimes placed under the ascending hump lead, permitting in¬ 
spection through a glaas window of the underside of the cars. PiT'> must provide for ade- 
(iuaie drainage, hghnng, a comfortable inclined seat for the inspector, a %\iper to keep the 
window clear in bad weather, a means of spraying an identih ing paint or whitewash on 
the tilicks r»f bad-order cars and a means of communication with the hump master and 
rerarder-s\Mtch operators so the cars can be diverted to the bad-order track. 

Lighting must be provided for night operation. Floodlight towers are placed at each 
end of the yard facing into it. A row' of tow'ers with banks of lights facing into both the 
re<‘eiving and classifying yards is installed on or near the hump. Horizontal flood lights 
should be used to illuminate the crest of the hump 

Communications are carried on by telephone, teletype, pneumatic-tube system, loud¬ 
speaker and talk-back system, inductive telephone, and radio. Adequate communications 
are \'ital to modern yard operation and most of the foregoing are usually required to main¬ 
tain efficient contact between yard units, the general yard office and outlying points, be- 
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tween yard supervision and yard engine crews, between the yard and dispatcher, and be¬ 
tween the yard and switch and transfer runs. 

Track scales location depends on volume of tveighed to unweighed traffic. The scale 
usually should not be placed on a drill track or hump lead when tiie volume of traffic to 
be weighed is less than of the total since that location involves increased maintenance, 
inspection, and testing costs and is a hazard to trainmen. When weighing in motion, as 
on a hump lead, a minimum of 4 sec of weighing time per car is required and the car must 
be uncoupled and alone on the scale during the operation. Dead rails should be provided 
on all scales not designed to support the heavdesc locomotives which might run over the 
weigh rails. Where only spot w-eighing is done a runaround track is desirable. Much 
additional detail is provided in the AREA Manual, 1953 Ed., pp. 14-5-1 to 14-5-92. 

Enginehouses 

Locomotive terminals are located to provide the minimum of traffic interference, delay, 
and running time m moving locomotives to and from their trains. The design should be 
coordinated with all other facilities and provide for future expansion. Ser^-icing facilities 
are laid out in the order in which the servicing will be pei formed on uibound and outbound 
iocomotive.s. The track layout should provide for an orderly movement of locomotives 
without reverse moves and with at least one runaround track to provide flexibility. Where 
turntables are used, approach and departure tracks should line across the table to the 
house, with enough tangent to permu all engine trucks to be on straight track before 
moving onto the table, and crossovers should permit engines not requiring turning to be 
seridced without use of the turntable. 

Enginehouses- A circular house is preferred for steam locomotive-^ but for diesel and 
electric locomotives or where a wye u»ed for turning, a rectaugulai house is better. 
Length of stall for steam locomotives should exceed overall length oi engine and tender by 
20 ft to provide trucking and walking >pace and room to detach the tender rtft.ill angles 
should permit tracks acros? a half circle to line up across the turntable. Iiwpcciion and 
repair pits, 4 ft wide and 4-4 ft deep below top of lail. should be paved and uell di amed. 
Details of drop pit design for removing diiving wheels are found in the AREA Manual, 
1953 Ed., pp. G-21-4 to G-21-S. In unpaved liou'^e'.. a concrete apron on each '•ide of the 
pit extending about 24 m, be\oud the rails provides a firm ba-'e or jtu'kiiig pad on which 
to set jacks. Smoke jacks set over locomotive stacks, or exhausts draw off smoke, steam, 
or diesel exhaust gases. In a circular roundhouse tlie normall\- has it" tender 

towaT'd the table, rixod-fvpe smoke jacks of non-combu"tible, nun-corrodible material 
should have a bottom opeinng at lea-'t 42 in by 12 ft atiii should be ."et as low as rh-arance 
permits, usually IG ft G in , at the ends and 15 ft G in. at the sides above top of rail, Ttie 
upward slope simuld be unilorm to a flue of 7 sq ft niimmum cro^.-, section with an annular 
space of 2 ft around the flue for cnginchouse ventilation. 

Doors should have a minimum clear eiitiarice of 13 ft in width and 17 ft m height and 
should be of non-corrodihle inateiials. Koof design may he ol the monitor or ol tlie ridge 
type. Windows have advantages over skylights m providing adequate lighting. Heating, 
conccntiatcd at the pits, sliould maintain a temperature not losS than 5U'F with openings 
closed. Piping must piovide fur air, steam, and water supply, and for brjiloi blowuff. 

Rectangular House. The size of a rectangular house is set by the number and lengths 
of units to be simultaneously housed Running repair narks should be tiirough tracks; 
heavy repair tracks may be stub-ended. To allow for a 12-ft width of working platform, 
minimum track centers shouM be 23 ft. Inspection and repair pits should be 4 it wide, 
4-4 1 /., ft deep (from top of rail' and long enough to serve the maximum assembly of units. 
The floor between track" should be oG m below top of rail to taciiitare working on sides of 
locomotive incchanHms Elevated platform^ with side clearance of 5 ft G in. trom track 
center line and 4 ft 10 in. above top of pit rail, as long as the longC't diesel and with mini¬ 
mum width of 12 ft for two-track service is neccs.sarv for work at locomotive-floor level. 
A 25 or 30 ton overhead crane with a 5-ton auxiliary hont is necessary for the handling of 
engines, generators. motor-=. trucks, ami other heatw parts. 

Turning Facilities. Most diesels and electrics need not be turned. V>'yo. loop, or 
balloon tracks mav be used for turning both locomotives and trains. Turntables provide 
conventional and rapid roundhouse turning. The three-point hearing type is prclerable to 
the balanced. Modern locomotives re<iuirc table length of 80-135 ft. The design of the 
table and determination of loads will follow the principles of steel-struciure design in Sect. 
28, Vol. III. A deck-type table is more economical but a through table for a balanced type 
may he cheaper and facilitate drainage. Electric power or a compre^-^ed-air motor is used 
for power. The circle rail rupporting the end or ends of the table >hould be on a concrete 
base, and the circle wall should be of Cf>nt\ete ma-ioiuy with a steel or timber coping. 
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The pit floor should be paved and well drained. Easy access to turntable mechanism is 
desirable for inspection, lubrication, and repair. Proper spacing must be maintained be¬ 
tween ends of rails of radial tracks and the table tracks, and a mechanical means must be 
provided to lock the table in line with radial tracks. 


17. WATER STATIONS 

Chemical treatment is necessary when the water contains objectionable amounts of 
iiiiTusting or corrosive matter or of alkali salts and la desirable for practicallv all natural 
waters’, especialh' those containing even a fraction of a gram of calcium or magnesium 
suhate When water is boiled at a pressure of over 60 lb. the carbonates of lime and niaa- 
nc'-ut will precipitate and form mud or soft scale whose presence in the boiler i^ objection¬ 
able It may be blown off, but tins wastes water and more or less heat. The sulfates of 
lime and magnesia when boiled form a hard scale which adheres to the tubes and is only re¬ 
moved with difficulty. Treatment with lime in a tank will precipitate the carbonates, 
which aie thus easily removed The cost of this treatment is very moderate. The use 
oJ sodium carbonate (or soda ash) in a water containing sulfate of lime will produce car¬ 
bonate of lime, which precipitates forming soft scale and also sulfate of .‘<oda which is 
obiectionable because of its effect on “foaming.” Foaming is primarily due to suspended 
matter m the water but aggravated bv^ the alkali salts, sulfate, carbonate or chloride 
of sodium, and is objectionable because it is difficult to maintain the proper amount of 
water in the boiler and keep wet steam out of the cylinders. If the sulfate hardness is 
very great the water is practically worthless, since too much alkali salts would be developed 
by treatment. 

The quantities of pure reagents required to remove I lb of various scaling and corroding 
substances are given in Table IS. These should be increased to give equivalent quantities 

Table 18. Reagents Required for Water Softening, per Pound of Substance 


.\nierican Rativvay Engineering .Association 


Substance 

Reagent and Amount 

Foaming Mat¬ 
ter Increased 

Sulfunc acid 

0 76 lb hme and 1.08 lb soda ash 

1.45 lb 

Free carbon dioxide gas 

1.68 lb lime 

None 

Calcium carbonate 

0 56 lb Hmo 

None 

Calfium sulfate 

0.78 lb soda ash 

1 04 lb 

Calcium cliloride 

0.96 lb soda ash 

1.05 lb 

Calcium nitrate 

0.65 lb .«oda ash 

1.04 lb 

Magnesium carbonate 

! .33 lb lirnc 

None 

Magnesium sulfate 

0.47 lb Imie and 0.88 lb soda ash 

1.18 lb 

Magnesium chloride 

0.59 lb hme and 1.11 lb soda ash 

1.22 lb 

Magnesium nitrate 

0 38 lb lime and 0 72 lb soda ash 

1.13 lb 

Calcium carbonate 

3.15 lb barium hydrate 

None 

Magnesium carbonate 

3 76 lb barium hydrate 

None 

Magnesium sulfate 

2.62 lb barium hydrate 

None 

* Calcium sulfate 

2.32 ib barium hydrate 

None 


In precipitating the calcium sulfate, there would also be precipitated 0 74 Ib of calcium carbonate 
or 0.3 Ub of magnesium carbonate, the 2 32 lb of barium hydrate performing the work of 0 41 lb of lime 
and 0 78 lb of soda asli. or for roactuig on either magnesium or calcium sulfate, 1 lb of barium hydrate 
performs the w ork of 0 18 Ib of hme and 0 34 lb of soda ash, and the lime treatment can be correspond¬ 
ingly reduced. 

of pure reagents in case commercial products are used. The pounds of matter per 1000 
gal may be found by dividing parts per 100,000 by 12 or grains per gal by 7. The total 
amount of lime must be sufficient to take care of the free carbon dioxide gas as well as the 
solids. 

Concentration of foaming solids reaches the critical pomt between 100 anrl 2n0 grains 
per gal. depending on the cfmracter of the alkali salts and the amount of suspended mat¬ 
ter in the nater. Systematic and frequent blowing off and otcasional ooniplete blowing 
down and wa.shing out at terminals are the best means for keeping below tins limit. 

The cost equals the cost of pumping, treating, and heating to boiler temperature the 
amount of water blown off, plus cost of W'asliing out boiler. W ith the limit 100 giains per 
gallon the percentage of wa.stage equals the number of grams per gallon in the water sup¬ 
plied; for other limits the per cent vane.s inverselv as the limit. 

The equipment for a lime soda treating plant includes the tanks in which the chemical 
reactions and sedimentation are carried out, a smaller tank for mi.xmg and storing the 
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chemical charge, and chemical pumps and feeder lines to deliver the required amount of 
chemicah. 

The zeolite process uses sodium aluminum silicate, which first exchanges its sodium 
foi the calcium and magnesium in hard water, and then exchanges these hardness in¬ 
gredients for sodium when the zeolite bed is regenerated with sodium chloride. The proc¬ 
ess is simple, can readily be installed in existing structures, and is cheaper for water that is 
low in hardness; hardness removal is practically 100%, and waste products can be disposed 
of in the sewer. The process may cause foaming where the water is already high in soluble 
salts, and those with iron and manganese contents exceeding 1/4 gram per gallon require a 
prior treatment. \Vater for zeolite treatment should be clear enough not to exceed 20 on 
the Jackson scale. The plant includes a zeolite bed tank through which the hard water is 
passed and a tank, plus equipment, for the preparation of the regenerative brine solution 
and its introduction into the zeolite bed. 

Supply. The AREA recommends the purchase of water where it can be obtained in 
sufficient quantity and of suitable quality at a reasonable price. Ordinarily the quantity 
should be sufficient, if economically possible, to give a 24-hr supplv in 7 hr at terminal 
stations and 4 hr at intermediate stations, except for large stations when one ma\' figure on 
lO-hr or even 20-hr pumping service. 

Pumping. The AREA recommends the use of Table 19 for determining the size of 
pumping plants. See Sect. 12, Vol. II, Hydraulics and Pumping, for details of pumping. 

Table 19 


Terminal Stations Intermediate Stations 


Quantity per 

Time Pump 

Gallons 

Tune Pump 

Gallons 

24 Hr, 

to Run m 

per 

to Run in 

per 

gal 

24 Hr 

Minute 

24 Hr 

Minute 


Hours 


Hours 


2 000 000 

20 

1 666 

20 

1 666 

1 750 000 

20 

1 458 

20 

I 458 

1 500 000 

20 

1 250 

20 

1 250 

1 250 000 

20 

1 042 

20 

1 042 

1 000 000 

20 

833 

20 

833 

900 000 

20 

733 

20 

733 

800 000 

20 

666 

20 

666 

700 000 

20 

583 

20 

583 

600 000 

20 

500 

10 

1 000 

500 000 

7 

1 189 

10 

833 

450 000 

7 

I 071 

10 

750 

400 000 

7 

928 

10 

b66 

350 000 

7 

838 

10 

583 

300 000 

7 

714 

10 

300 

250 000 

7 

595 

4 

I 041 

200 000 

7 

476 

4 

833 

150 000 

7 

357 

4 

625 

100 000 

7 

238 

4 

416 

50 000 

7 

119 

4 

208 

25 000 

7 

60 

4 

104 


Tanks of ordinary size are sometimes built of wood: redwood, cypress, fir, white pine, or 
other approved species. Steel is used especially for the larger sizes and permanent in¬ 
stallations, and a few reinforced-concrete tanks have been constructed with varying re- 


Table 20. Capacity, in U.S. Gallons, of Tanks of Various Inside Dimensions 



Diam¬ 



Diam¬ 



Diam¬ 


Height, 

eter, 

Gal¬ 

Height, 

eter, 

Gal¬ 

Height, 

eter. 

Gal¬ 

ft 

ft 

lons 

ft 

ft 

lons 

ft 

ft 

lons 

10 

12 

8 460 

14 

16 

21 057 

18 

22 

51 185 

13 

9 929 


18 

26 650 


24 

60 914 


14 

11 515 


20 

32 901 


26 

71 489 


15 

13 219 


22 

39 810 


28 

82 910 

12 

14 

13 817 

16 

18 

30 457 

20 

24 

67 682 

15 

15 863 


20 

37 601 


26 

79 432 


16 

18 049 


22 

45 498 


28 

92 123 


18 

22 843 


24 

54 146 


30 

105 752 
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suits. The construction of wooden and steel tanks is now a specialized business which 
ma> be left to the builders under gcneial specification's. (See the AREA Manual ) Their 
capacity usually varies from lO.OOO to SO.UOO gal. Two or even three smaller tanks are 
preferable to one excessivelv large tank. 

The total cost of wooden tanks per 1,000-gal capacity may be roughly estimated at 
from SG0-$70 for 100 000-gaI tanks. $00-5100 for :l0,000-gal tanks. Sl40~S150 for 15,000- 
gal tanks, and S26U-S2S0 for 5,000-gaI tanks. Steel tanks will cost from 25^ to 50^ more. 

Water columns serve as hydrants to deliver water into tlie locomotive tender from the 
storage tanks or lines. The rate of flow depends upon the head and the length and di¬ 
ameter of the line a^ shown in the -'±7?£’T Manual, pp. 13-2-10 to 13-2-14. 

Track pans to ^^upply water to tlie locomotive wliile it is in motion have been discussed 
in Art. 15, Miscellaneous Roadway Structures, p. G-51. 

18. OTHER LOCOMOTIVE FACILITIES 

Coaling stations are placed both in terminal and at roadside locations as determined 
by the need- of operation. For light traffic, bram h lines, and temporary locations, hand- 
shoveling or locomotive- or crawler-type crane operation mav prove economical. To pro¬ 
vide for the quick relca.se of coal cars, a ^t'lrage bin or platform should be erected about 5 ft 
higher than the top of car. poi table loading convcvors also may be used. 

Mechanical stations are de-igned tt> deliver coal to one. two. three, four, or more tracks 
The -tation includes an elevating conveyor which raise- the coal from a hopper underneath 
the receiving track into a -^-toragc and delivery bin from Y*'hich it is dumped by gravity 
tliruugh a liopper bottom and dtdivery spout operated by chain hoi-t or a counterbalance. 
The receiving lioppe’ -hould be .it h-a-t 20 ft m lenglli. about IG ft m depth, and equipped 
with a car haul to aid in spotting car- Appiomhiicg and leaving the hopper, the track 
should have a -lightlv descending gr'.do t> a--i-T <*ar movements. Storage bin.s should 
have a capacitv- equal t>» at lia-t <*pcratK>ri Hoisting equipment should permit 

rai-jing of a 24-li' -upplv m one ■''-In -!iift Sonioiiahzvd bin's permit storing of different 
yrjde- cfial and man»taini:u!: -ome oiieration wiiile one section is undergoing repairs. 
Station- are built m voo 1. '^tO‘4 or comTeTc Fna-. prefabricated, to a standardized design, 
are available (omhid rcndlc. 

Sanding facilities .-Imuld be adiacenr to the fueling station for steam locomotives, so 
that both fuel and -and < an be taken on at the same time. For <Uesels. facilities should be 
«ieparate to ]M'event -and mixing with the fuel oil Facilities must provide for unloading, 
-tormg. and ilrving the green -and and for elevating -tonng. atid delivering the dry sand 
Mechanical convc.vor- ‘ir coimi*’'"--*.' 1 air coiivca-- the drv sand into an elevated storage 
tank Horn which it flo\s- fa gia''ity throagh a pipe into the locunotives. 

Fuel oil facilities, whether lor -team or die-el u-e. must include provision to unload the 
oil from car.-, hrdd it in .-toiage. and deliver it t«) the locomotive Oil may be unloaded 
from the bottom h.v gravit.v. <.i l>v' pumping or aw pre-suro For -team locomotives, the 
oil ma\- bo di'^charged by graMU* ini'^ -leel or ooncrote boxo< depre-^ed between the rails 
aiul thence cariied to a sump for pum{>ing into a storage tank. The size f)f storage tank 
depend- not onb,' on daiK' coii-ui.>ption but on. availabilitv and market conditions. Storage 
i- in rylindrical -tt-cl tanks on leveled earth foundations with .steel or fireproofed-wood 
cover- and sU'Tounded witli an cartli '.like ■with, a volume 1 ^ b times the tank capacity. 
Ventilation mii-t provide fc^w the escape of ga-o- evaporating from the oil. Delivery to 
steam locuriiotives i- made through columns •whicdi can be swung into position and the 
valve opened froiri the tender and equipped with a drip bucket or other antalrip device. 
For die-el locomotives a -ection of ho-e ■with a pres-ure-tvpe fuel nozzle and quick-acting 
coupling i- connected to the fuel line on a fueling crane or m a box. Where low tempera- 
tiire^> are aiitii ipated, steam coils are placed in the tank to improve flow ability. Provision 
rnu-t lie included for metering, fire protection, and draining of water from lines and tanks. 

Ashpits. The .simiile-t form of ashpit is iixade by laying the rails on 12-in by 14-iri. 
ivoodcn -rringer^. which re-t on cros'.tie-. leaving a net spa<-e 4 ft -wide. The stringers and 
ties are covered with old boiler plate to j.rotcct them from the hot aslio- Water service 
■^vith hose to quench burning <'i:ulers and suitable drainage aie essential. Although such a 
pit IS .}u‘'i’ifiable for a road doing small busme—. mechanical means of handling ashes are 
recommended for pits serA'ing 25 or more engint-- per 2-1 hour-^ The next ^tep is to con¬ 
struct a pit with concrete walls and bottom and 'with a clear depth of about 3 ft. or a wnder 
pit with one rail on one side wall and the other rail on a series of cast-iion or concrete 
columns. This affords greater freedom in the removal of the ashes. For large terminals 
the pit^ are often filled ■with water and the ashes removed by a grab bucket operated from 
a gantry, traveling, or locomotive crane 
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Inspection pits are usually located on the inbound track near the terminal entrance, of 
a depth for convenient inspection, about 3 1,2 to 4 1/2 ft below top of rail, at least as long 
as the longest locomotive and well drained. Stairway access, ample lighting, and telephonic 
and pneumatic tube connections to the enginehouse are also recommended. 

Wash racks for steam locomotives are preferably located between the cinder pit and 
turntable. Platforms level with the top of rail and eciuipped with drains and sloping 
surfaces to facilitate dramage provide a place for the cleaners to work and also facilitate 
drainage. The platforms should extend a minimum of 7 ^ '2 ft from the center of track and 
be about 10 ft longer than the longest locomotive and tender. If oil is used in cleaning, a 
means must be provided to keep it from entering the drainage system. Diesel and electric 
locomotives as well as cars may be washed on the foregoing racks or b:’.* passing them be¬ 
tween large vertical cylindrical brushes. The brushes rotate and cleaning spraj’s are 
turned on automatically when the locomotive shunts the rails at the washer. 

Oil Houses. The essential features are a fireproof place of economical construction for 
the storage of oil, combined with conveniences for its distribution. The oil should be stored 
in tanks located in the basement, the basement having masonry walls and the floor above 
being made preferably of reinforced concrete A trap door of fireproof materials should be 
the only opening into the vault beside the pipes. No illumination except electric lights 
should be permitted. The vault is surmounted b\' a house which may be of wood, and 
which is used for pumping the oil from the tanks into small cans for distribution. Since 
the oil is put in and removed entirely by pumping, the vault need not be opened except for 
occasional inspection and repairs. 


19. OTHER TERMINAL FACILITIES 

Icing Facilities. Icing platforms are usually built in conjunction with a storage house 
for natural ice, a plant making artificial ice. or a combination of both. The handling of ice 
may be by gravity or mechanical convex or system. The former is cheaper to construct 
but slower to operate. The design should be such as to avoid back handling and duplicate 
handling as well as collison of ice cakes in transit to avoid breakage loss. Icing platforms 
are single or double decked. The ARE.V recommends single platforms be 13-10 i/o ft 
above top of rail: double-deck platforms 13-14 ft for the lower, 20-23 ft for the upper. 
Both decks are 12 ft wide, the upper deck 6 ft from center line of track, the lower 7 ft. 
Crushed ice is handled in two-whee! carts on the upper, cake ice on the lower. Single plat¬ 
forms should be wider than 12 ft. to permit handling both crushed and caked ice, and set 
7 ft from center line of track. (These close clearances may require permission from state 
commissions,5 Where traffic is heax^y icing tracks are placed on both sides of the platform 
to work two trains at once An endless chain platform conveyor may be used to move the 
ice. Proxision for salt is required The platform must be well lighted for night operation. 
Roller mounted and pivoted spouts permit delivery of crushed ice to car bunkers. 

Livestock must be loaded, unloaded, fed, rested, and watered. Facilities include stock 
pens and sheds, loading and unloading chutes both for single- and double-decked cars, 
watering troughs, and drenching hydrants. Construction is of heayx' timber, simple but 
firm and substantial. 

Produce terminals design will be governed in part by the type of produce marketing 
operation. U:>ually the structure must provide a large display and auction hall or perhaps a 
series of display rooms. Refrigerating facilities protect extremely perishable produce. 
Adequate provision must be made to dispose of large quantities of garbage. Platforms 
providing easy unloading of car^ to the displa 3 - floor should be supplemented by team 
tracks when purchasers unload directlx* from the cars. 

Freight houses should be built of fire-resistant materials and in every way conform to 
requirements of the National Board of Fire Underxvriters. Separate inbound and outbound 
houses or platforms are used onh- where volume of freight justifies the investment. For 
hand trucking, a minimum platform width of 30 ft for outbound and 40-00 ft for inbound 
houses is required. For tractor trucking, the outbound width is 50-60 ft and preferablj- 
free of columns. Mmununi length of platform is determined by tailboard room require¬ 
ments for trucks. The AREA recommends 1.12 tons of freight per foot of length. Maxi¬ 
mum length depends on an economic combination of platform length and number of tracks 
required to handle a given tonnage per dax'. Platforms outside the house on the track side 
protected bx^ a canopj' shed eliminate the need for precise door spotting of the cars. These 
should be no less than S ft in width for hand trucking and 12 ft for tractor trucking. The 
street side should proxdde a canopy over the trucks or ex'en proxnde bax's inside the build¬ 
ing. The street-side platform should be 3-4 ft abox^e the street or driveway grade de¬ 
pending on the type of truck used but low enough to permit opening end doors over it. 
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Doors may be of the counterbalanced type, rolling shutters, or horizontal sliding. A maxi¬ 
mum amount of opening is desirable on the trucking side. With no outside track platform 
(as in cold-weather country-) continuous doors should be used. All doors should be at 
least S ft high. The platform should be approximately car-floor level, namely 3 ft 7 in. 
above top of rail or slightly higher. All clearances must conform to state requirements or 
the clearance diagram of Fig. 41. 

Passenger stations generally have only one waiting room with rest rooms, ticket offices, 
baggage, express, and other facilities grouped around it. Ramps, surface-treated with 
non-shp material, are preferable to stairways and steps up to grades of 12%, but should be 
less than 10%. Long rises should use mo\*ing stairways. High, car-floor level platforms 
are recommended only for tracks used exclusively for passenger traffic, and where the 
volume of traffic is heavy and speed in moving passengers to and from cars is a factor as in 
handling commuting traffic. Umbrella-type sheds (with gutters under each side of plat¬ 
form canopy' are preferable for heatw-snow country, butterfly sheds (wdth a single 
gutter along the center of the canopy) for localities with little or no snow. Adequate 
parking facilities should be free of streets and station approaches. 


20. SIGNALS AND INTERLOCKINGS 

Signals have a twofold purpose of providing for the safe operation of trains and for their 
rapid movement whih a minimum of delay time. To accomplish this, block signals are 
used to space trams and to provide speed control when approaching restrictive indications. 
Speed control is also provided by interlocking signals for crossover and diverging route 
movements. Train-order signals, usually of semaphore type, tell a train to reduce speed 
or stop to pick up train orders. Signal types include semaphore blade and color lights, 
color lights, position lights, and color-position lights. A common feature possessed by all 
IS the showing of the most restrictive indication whenever anything goes wrong wdth the 
signal. 

Signal Location and Spacing. Signal systems must provide advance warning of the 
most restrictive indications to permit the proper control of the train speed. Thus distance 
signals are set in advance of home signals in manual block and interlocking territory. In 
automatic-signal territory, each signal in turn serves as an advance signal for the signal 
ahead. All signals acting as distance signals must be set at least maximum braking dis¬ 
tance apart for the authorized maximum speed involved. The signal mast is usually placed 
to the right of and adjoining the track to which it refers. On a signal bridge the signal is set 
over the right-hand rail (engineman’s side/ of the track governed. At turnouts, the signal 
is set back of the fouling point to protect converging and opposing train movements. Sig¬ 
nals 'should be set for maximum visibility with due regard for background, curvature, sight 
distance, and prevailing weather conditions. 

Track circuits are fundamental to all modern systems of signaling. 

Simple closed track circuits are used in automatic block territory so that a train, by 
its presence on the track, will provide its own protection as it moves down the track. A 
simple track circuit, Fig. 47, is comprised of a source of current, usually a dry- or wet-cell 



battery of 0.5-1.5 volts delivering 0.115-0.300 amp, or a transformer winding, the rails 
forming the principal path for the current, and a track relay which is de-energized and 
permits the armature to fall a\\ ay from the magnet when the track is shunted by the wheels 
and axles of a car o*- the current interrupted by a broken rail. Insulated joints isolate one 
circuit from another, bonds provide a continuous electrical path around joints (see p. 6-33), 
and a resistor in senes with the battery prevents rapid discharge when a train short- 
circuits the battery. The track relay is used to control one or more line circuits which 
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actuate the signal mechanism to display proper mdications. Traction direct currents are 
often combined with a-c signal circuits by using an a-c relay with a shielding impedance 
coil across the terminals which shunts out the direct current. Traction return currents are 
carried around insaulated joints thiough impedance coils wliicii permit the How of direct 
current or of alternating current of another frequency but offer too much impedance to 
permit the flow of alternating current of undesired frequency 

Dry insulation must be mamiamed in the insulated joints and ballast kept at least an 
inch below the base of rail Excessive leakage under conditions of wet or dirty track re¬ 
quires the signal maintainer to increase the voltage through the circuit to prevent false 
stop-proceed indications. 

Coded track circuits make use of conventional track ciicuit elements. Instead of a 
steady current flow, periodic energv’ impulses are sent through the circuit from a contin¬ 
uously operating coding device or transmitter A code following track relay picks up 
during each “on” period of the transmitter and releases during the “off” period. A track 
circuit detector relay is held up continuously while the .‘‘ode-iollowing relay follows the 
code, but is released when the code-following relay is de-cnergized by the shunting action 
of a train on the circuit. This in turn controls the signal indication The particular code 
being sent by the transmitter depends on the code which is picked up by a block approach 
relay depending in turn on the condition of the block ahead. Coded circuits offer the ad¬ 
vantages of improved sensitivity to train shunting, less susceptibility to stray currents, a 
greater variety of signal indications with few line wires, and a greater length of track circuit 
without cut sections. The coded circuit can also be picked up inductiveh'. electronically 
amplified and used to operate cab signals and automatic train control. Coded circuits (in 
line wires) form the basis for modern CTC operation. 

Interlockings are defined as an assemblage of switches, signals, locks, and levers so 
interlocked that the movement of each can only be made m a predetermined order Cross¬ 
over and diverging route layouts, junction switches, railroad crosaings at grade, and 
movable span bridges may have their controls and signals assembled in an interlocking 
plant. An interlocking must prevent setting up conflicting signaU or conflicting or in¬ 
complete routes. Mechanical, electromechanical, and electropneumatic plants make use of 
mechanical interference in the control lever racks to provide the lock. Recently designed 
all-relay plants provide interlocking by a senes of intercoordinated circuits and relays in 
the control circuits. On the ground outside the plant further protection is obtained by the 
use of track circuits which provide: 

(a) Section lotking to prevent throwing a switcli under a tram. 

(h) Route locking whereby a route once established and accepted by a train cannot be 
changed while a tram is in the route. 

(c) Sectional route locking which releases each section of a route for other use as soon as 
it has been cleared bv a train. 

{d} Approach or time locking which prevents the taking away of a signal which may have 
been accepted by a tram until a mechanical time release has run down. 

(c) Switch inditation circuits whereby the switch points must move completely into a 
tight fit with the stock rail m order to release an electric lock on the lever in the plant. 

(/) Traffic locking giving signal protection against opposing moves within the plant. 
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21. TRAIN RESISTANCE 

Definition, Train resistance is that resistance to motion encountered by a train moving 
at constant speed on level track in still air. It i& expressed m pounds per ton An em¬ 
pirical formula for tram resistance takes the general form A /iV -r Cr- m which A 
represents a coefficient var\ mg with the gross axle load and compri-^mg mamly journal or 
axle beating iriction, rolling friction, and the resi'-tance which rc-^uhs irom track depression 
under load The second term includes that j>ortion of journal friction which vanes with 
.speed and also the effect? of flange resistance and of swa\ mg and concussion. The third 
term represents air resistance almost entirely. 

Davis Formula. Mr \V. J. Davis, Jr., combined the results of several set.? of field 

29 

tests into an empirical for uula similar to the foregoing witli the form R — 1 3 — — -j- 

cAr- 

bV d—— where R is tiie unit resi?taiice in pounds per ton. >v is the weight per axle, n 


wn 



6-66 


RAILROAD ENGINEERING 


the nuinbei of axlea. T’’ la the velocity in iiiph, --1 the cross-sectional area in square feet, C 
the drag coefficient, and b an experimental coefficient^® Table 21 presents Davis's ac¬ 
cepted values for 6, C, and A. 


Table 21 



b 

C 

A 

Freight cars 

0.045 

0.0005 

80-90 

Passenger cars 

0.03 

0 00034 

80-90 

Locomotives (steam, electric, and diesel-electric) 

0.045 

0.0024 


L'nstreamlined 




50 tons weigat 



105 

70 tons Weight 



no 

120 tons weight 



120 

Sircaniimed 


0.0017 * 


Motor and niulnple-unit car trains 

0 045 

0.0024 

100-110 


Not on;nnally prupo.-^ed by Mr. Davis but recommended by the author on the basis of a 30% 
averase reduction m tiie drag coefficient due to streanilming. 


Internal friction in the cylinder, valve motion, pins, and linkages of a steam locomotive 
causes additional internal resistance losses of an approximate value in pounds equal to 
20 limes the weight on druers in tons. Internal friction is included m the motor and gear 
efficiency used in determining tractive effort curves for electric and diesel-electric loco- 
mntive.s and need not be otherwise considered. 

The Davi>, formula, based primarily on the studies made by Professor Edward C, 
Schmidt, University of Illinoi.?, has TMde acceptance and is accurate for speeds through the 
10-40 mph ranges within which most train resistance studies for tonnage rating and loca¬ 
tion purposes are made. It is reasonably accurate up to 50 mph speeds. For freight cars 
operating in the higher speed ranges, curves reflecting the tests made by Professor J. K. 
Tuthill extending the studies of Professor Schmidt into higher speed ranges should be used 
(see Fig. 48). 

Streamlined passenger-train resistance, e.speciaUy at high speeds, is best found by use 
of A. I. Totten's revision of the third term, that for air resistance, in the Davis formula. 
Streamlined locomotives: 

Ra = (0.023-^Z7 + ZA'i)r2 

where Ra = total air resistance of locomotive with length Li in feet moving V mph, Kl is 
the sum of appropriate factors from the table following these paragraphs and based on the 
degree of streamlining. 

Cnstreamhned vestibuled cars: 

Ra = j^O.OOSlFc (J^" ' + 

where Pe, perimeter of the car. may be taken as 40 ft if not otherwise known and Le is the 
car length, '^Kc again represents the streamline factors. 

Streamlined cars: „„ _ 

Ra = j^0.00173oR. (^)° + 

where Pc is the car perimeter (taken as 35 ft when not otherwise known) of length Lc in 
feel. 

For an entire train including a power unit integral with the train: 

Ra = |^0.0020P. ^ + --K.] 

where Lt is the overall length of train. 


15 Tractive Resistance of Electric Locomotives and Cars, by Mr. W, J. Davis, Jr., General Electric 
Review, October 1926. pp. 685-708. 

Resistance of Lightweight Passenger Trains, by Mr. A. I. Totten, Railway Age, July 17, 1937, pp. 
75-79. 

13 John K. Tuthill, High Speed Freight Tram Resistance, Its Relation to Average Car Weight, 
University of Illinois Engineering Experiment Station Bulletin 376, Jan 17, 1948. 
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Fig. 48. Schniidt-Tuthill tram rc^i^taiR'e rur\es (r.-!atu.ri of rf^-i'^tanoo to sp'di for various weio-hts 
IK-r car} Dashed lm»-s '•how Sehnndt’ 5 . Ust'-. ^ohj hn.*’., Tuthill’'. test' 




6-68 


RAILROAD ENGINEERING 


Resistance Factors for Degrees of Streamlining 

(As summarized by A I. Totten from the tests of DeBell and Lipetz 

Ki For power or leading ear, nose well streamlined = 0. 

For nose bluntly streamlined = 0.000036 X cross-sectional area of nose at full section, including 
trucks, in square feet 

J\2 For tail shape of rear car v.e!l strean bned = 0 

For tail bluntly streamlined = 0 000061 X cross-sectional area of tail at full section, including 
trucks, in square feet. 

A’s For po\\cr-car trucks, both faired = 0. 

For unfaired trucks = 0 00026. 

Ki For faireil trailmc-car truek.« = 0 

For unfaired trucks = 0-00013 X number of traihng-car trucks. 

A’s Fi>r smooth diaphragms = 0. 

For co\\led diaphragms = O.0OCO37 X X number of diaphragms. 

A'e For no bulge of power car = 0 

For bulge of good streamline shape = 0.00032 X cross-sectional area of bulge in square feet. 
For bulge of relatively poor streamline shape = 0 00051 X cross-sectional area of bulge in square 
feet. 

Kj For closed wheel shrouds on streamlined locomotives (all wheels completely enclosed’' = 0. 

For open shrouds (2 ft by 2 ft 6 in. inspection openings over the driving-wheel journals) = 0.0005 
X total number of openings. 

For short shrouds (driving wheels and tender trucks completely exposed) = 0.0182. 

A'g For helmet nose on streamlined locomotive = 0. 

For straight nose = 0.0021 
For round nose = 0.0026. 

Ag For round-top boiler shape on streamlined locomotive “ 0. 

For cowled top (domes and fittings enclosed m longitudinal cowl above boiler shroud) = 0.0035. 

Extra Resistance of Starting. The rebistance of journals and axles is very much greater 
at the instant of starting and until they have become warmed up. Car.s which nave been 
stationary overnight, especially in cold weather, will become “frozen up” and will require 
a much greater force to start them, but the added resistance is only momentary and con¬ 
sumes but little energy, measured in foot-pounds. However, as much as 15-20 miles of 
running may be required to warm the lubricants to normal conditions. The frequent prac¬ 
tice among locomotive engineers of backing the locomotive for a few feet and then im¬ 
mediately reversing and starting ahead has three effects, all of which help to start the 
tram (1) the journals are loosened from the somewhat rigid condition they will assume 
even during a short stop; (2i the springs in many of the couplers are more or less compressed 
during the backward movement, and their expansion materially assists in starting the cars; 
(3i if the train is very long, the total slack in the couplers is very considerable, and the 
locomotive will have moved forward seveial feet and will have a considerable velocity 
before the last car «!tarts; the cars are therefore started one by one. Since so much depends 
on the method of handling the locomotive, there is a corresponding variation in the results 
of test's which have been made to determine the value of this resistance. Thirty-five tests 
on the Ro<-k Island system, with trains of 34-45 cars, gave results varying from 10 6 to 
18.2 lb per ton. The weighted mean of the values was 14 1 lb per ton. The same tests 
quoted 30 lb per ton when a train had stood overnight and was “frozen up”; also a re¬ 
sistance of only 6 lb when the stop was merely instantaneous. Other tests have shown an 
average of 14 Ib per ton. An average of 28 lb per ton is often assumed for steam loco¬ 
motives. 

Owing to the above practice in starting trains and to the increased tractive force at 
starting, this extra resistance h of little importance, i.e., it practically never limits the 
weight of the train. 

Roller bearings decrease journal friction and are particularly helpful in making smooth, 
ea'^y starts with hea\w trains Fii>t cost and danger of losing cars so equipped in inter¬ 
change have retarded any extensive adoption of roller bearings to freight car'=J Actual 
reductions in journal friction of 80^ have been noted at starting with an average re¬ 
duction in journal friction of 10^ between 5 and 35 mph -\verage starting resi'^tances of 
1.0 lb per ton for cars and 3--4 lb per ton for locomotives liave been obtained in tests. At 
high speeds, the value of roller bearings debatable. 

Grade resistance is 20 lb per -hort ton (2000 lb) for each per cent of grade This rule 
1' not mathernaticallv precise but the error is less than 0 5^ for a 10% grade, 0.08% for a 
4% grade, and is inappreciable for ordmar\ railroad grades. Tiie grade of repose is the 


Air Re.sistance of Pa.^?e.L..vr Trams, by J. W. DeBell and A I. Lipetz, Railway Mechanical Engineer, 
Deceiiiber 1935, pp. 49C-502. 
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grade on which the effect of gravity just equals the tractive resistance. If a wagon or car 
13 started down such a grade, it would continue to move indefinitely at a low velocity as long 
as the conditions are constant. The total resistance up such a grade is precisely twice that 
on a level. 

Curve resistance is considered the equivalent of a 0.0-4:% grade per degree of curve, or 
0 8 lb per short ton per degree of curve. 

Compensation for Curvature. The principle involved is that the grade should be re¬ 
duced by such an amount that the saving in grade resistance will compensate for the 
additional resistance caused by the curvature. The proper rate of compensation evidently 



10 20 30 40 50 60 70 

Initial speed, mph 

Fig 49 Relation between coefficient of friction and speed for brake shoes on chilled and steel wheels. 
{.Based on The Faction of Railway Brake Shoes, Its Varialxous with Speed. Shoe Pres>ure and Wheel 
Material, by Edward C. Schmidt and Herman J Schrader, L' of Illinois Engmetring Experiment Sia- 

txon Hull 2o7, June 1933 ) 

depends somewhat on the speed of the train; it also depends largely on the resi^^^tance to the 
rotation of the car trucks about their kingbolts, being very greatly reduced when ball 
bearings are used under the center and side plates: it is apparently far less per degree of 
curve on very sharp curvature than on easy curvature. Tiie rate of compensation should 
be made greater on a curve occurring immediately above a stopping place for trains. 
Since the added resistance of curvature virtually increases the grade, it i:> unimportant 
whether there is any compensation on curves which are on minor grades, provided the 
total resistance does not become greater than that nf the ruling grade. The rules recom¬ 
mended by the AREA are as follows; (1) Compensate 0 03 ft per degree when the length 
of curve is less than one-half the length of the longe.-^t tram, when the curve occurs vithin 
the first 20 ft of rise of a grade, or when curvature is in no sense limiting. Compensate 
0.035 ft per degree when the curve is between one-half and three-fourths as long as the 
longest train, and when the curve occurs between 20 ft and 40 ft of ri-e from the bottom of 
the grade. (3) Compensate 0.04 ft per degree when the curve habitually operated at 
low speed, when the length of curve is more than three-fourths that of the longest tram, 
when the elevation is excessive for freight trains, or at all places where curvature is likely 
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to be limiting. (4) Compensate O.Oo ft per degree wherever the loss of elevation can be 
spared. 

Brake resistance wastes the kinetic euergj" of a train by transforming it into heat. 
Unless su'.h energy* has been acquired b\’ running downhill it constitutes a double loss, 
since application of the brakes also requires power. For ordinary stops it may be con- 
sidere<i equivalent to a 7 5^ grade or 150 Ib per ton, whereas for emergency stops it 
may reach double that amount Braking force may be computed as equal to pfitcc/wheie 
p is the ratio between actual brake cylinder pressure and basic tram line and auxiliary 
leservoir pre^-^ure, u' is the light weight of the car in pounds and R is the ratio between the 
light weigiit and the nominal weight, equal to 0.70 to 0.90. The effi' leiicy oi the brake 
ringing system is e = 95-OS^. and / the coefficient ot brake-shoe tnction as shown in 
tliG cm \-Q=. of Fig. 4V). The actual braking distance. Li, is determined bv n-^ing the braking 
if-rc-' past derived as Fi in an expression from the principles of acceleration (see p. 6-92f 

70TTh'TV - T7' 


viiere L-,, 


Fi 


The distance to inaugurate brake action, cciual to 1.40717, 


must also he added, where U is the initial speed in mph and t is the application tune in 
serord- with an average value of aliout 0 1 ■second per car for conventional brakes, 0 75-1.U 
sec fijr electropneumatic brakes for the entire train. Since many of the foregoing factors 
aie difficult To -letermine with anv degree of accuracy, a factor of safety of 30^ should be 

used or F = I 1.47617 ^ (1.3). For most purposes individual rail- 

L pRu'ft J 

roads rely on braking distance curves obtained from test train runs. 


22. MOTIVE POWER 

Locomotive Classification. Locomotives may be classified as to source of propulsion 
enoigy («-teaiii. electric, gas turbine, or dieseb. by service assignment (passenger, freight, 
yard switching', or by wheel arrangement. The last classification is in widespread use 

An elect!ic or cUesel-electric u«e^ numbers to describe the pilot and trailing wheels, but 
the numbo] of driving wheels is indicated by a letter of the alphabet corresponding in 
alphabetical poaitioii to tiie number ol driving a.xle3. Thus a G-G-1 type electric with 
two pilot and two trailing wheeU and two three-axled-power trucks would be classed as a 
2-C-C-2. 

For steam locomotives the first number of a series denotes the number of pilot wheels: 
the second < and third for mallets', the number of driving wheels; and the third, the trailing 
wheels. A Northern type wnth four pilot wheels, eight drivers, and four trailing wheels 
would be de«-<^ribed as a 4-S-4, In European practice the same engine would be a 2-i-2, 
counting flic axles instead of the wheeK. 

Talile 22 includes a few representative e.xamplcs. 

Tractive force of a locomotive i.s n.s pulling force. It is limited by the capacity of the 
steam, electric, or diesel generating equipment, by the conversion equipment—cylinders 
or motors-'an<l by the frictional force or adhesion between drivers and rail. This last is a 
function of the weight on drivers an<I of the coefficient of friction between the wheel and the 
rail. Tlie latter mav vary from 0 U) for slippery, frosty rails to 0 33 for clean dry rails or 
with the U'C of sand. An average value of 0.25 is normally used in locomotive design 
although 0.30 or better is sometimes used for rotative motion engines, electric and diesel, 
wliere abeciu'c of trie pulsating force application of steam engines permits a more uniform 
grip on the rails. The corresponding reciprocal of the coefficient of friction called the 
fac tor of adhesion, Usually equal to 4, is more often used by motive-power men. A loco- 
nit'tive with a theoretical tractive effort which exceeds the weight on drivers 4- factor of 
adhesion is over powered and will '•lip its drivers on hard pulLs. Locomotive." must be de- 
''igned and powered according to the proposed service assignment. There has been a con¬ 
tinuing iiKrca-c in tractive cffoit in ie<cnt years. Modern locomotives have tractive 
effnit" I’l the hO.UOO- to SO, 000-lb range. 

Drawbar Pull. Locomotive tractive effort minus the sum of all resistances (train, 
< u: vf, and grade • is tiic net tractive force or drawbar pull. 

Diesel-electric locomotives are essentially electric locomotives with self-contained 
(div.sei-'liiven generators! power plants Early diesels m switching service used a 4-cycIe 
engine, tiie weiglit of which wa" advantageous in giving more adhesion in switching. 
L.LTicral railway u.sc has followed the adoption of a 2-cycle engine with air-intake-com- 
pre.-^ion stioke and a power-exhauot .stroke and turbo supercharging of 4-cycIe engines. 
The heart of the diL'cl is its fuel pump and injector combination, which measures the fuel 
and delivers it pressurized into the cjdmder through an orifice in the injection nozzle. 
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Ignition is efferted when the cylinder pressure reaches nOO lb sq in. at a temperature of 
1000°F. The burning fuel raises the cylinder pressure another 200-.300 lb sq in. 

Electric Coupling, binee the diesel is a constant-speed, constant-torque machine with 
little or no overload capacity, some form of transmission is required to reduce high engine 
speeds to those suitable for locomotive drive wheels. Electric coupling provifies that re¬ 
duction and flexibility of control. A generator mounted on the engine shaft supplies elec¬ 
tric current to traction motors. The usual type of generator is self-excitcd shunt wound 
with a variable field current to keep it operating at full engine capacit;,'. Tne traction 
motors, normalh' four per cab and geared to the axles, are d-c series wound. 

Tractive Effort. Tractive-effort curves are computed from data on generator traction 
motors and auxiliaries with an overall Imiitation imposed by the horsepower rating of the 
diesel engine. Torque of the motors, and therefore tractive effort, varies with the square 
of the current. Voltage and speed vary inversely as the current. The tractive-effort 
curves furnished b\' the manufacturer are considered to be sufficiently accurate for most 


(hp — hua' X '>75 

purposes. Using the general horsepower formula. - - X t whore/ip 

is the rated diesel engine output, hpa is that furnished to auxiliaries, e is motor and gear 
efficiency, usually S0~S5%. and T' is the speed in mph. For a conventional d“sigu of U. b. 

locomotive this formula may be rewritten as TE, = Tiie general formula for 


all electric propulsion given on p. 6-S3 may also be used, again taking SU-so'^ as a value 
for e, the efficiency. 

Tractive-effort curves furnished comnierciall.v by locomotive manufacturers. Fig. 50o, 
show the theoretical maximum available as well as the continuous ratings for various gear 
ratios. Characteristic data will also show the maximum length oi time the continuous 
ratings can be exceeded under overload conditions without overh uting the motors (usually 
15-20 mini. Since the diesel engine is not directly coupled to tlio drivers, its full hoise- 
power IS available over all speed ranges. Accelerating capacity is higa therefore, through¬ 
out the low and medium speed ranges, making the diosel-electiic parti- ularlv suitable for 
service involving frequent starts and stops as in switching, yard, and traii-ier work 

Dynamic Braking. On descending grades, the motor leads may be rever.-ed causing 
the motors to act as generators. The resulting “drag" on the axles "an tie utilized to con¬ 
trol train speed with little or no resort to tram brakes and the costs and delays the use of 
those entails. The generated current is wasted as heat through cooling giiJs on the cab 
roof. 

Other characteristics include rotative rather than reciprocating torque delivery to the 
drix-e wheels with a reduction in dynamic stresses in the track and a noticeable reduction 
in track maintenance costs. The diesel-electric is smooth starting and relatively eas.v to 
handle. Several units can be controlled from one control position. Availability for service 
is about 85-95% of the time as compared with 50-Su% for steam Iticomotives. 

Economies. Diesel-electrics average about twice as much in first cost as equivalent 
steam locomotives, $300,000-$600,000. depending on the number of units per locomotive. 
Intensive use must be made to cover these costs and carrying charges. Economies result 
from greater availability and from a decrease in fuel costs, track maintenance, and delays: 
from eliminating the extra crews required in double heading and helper service of equiva¬ 
lent steam power; from the elimination of coal, water, and ash facilities (where the division 
is 100% dieselized); and from a reduction in terminal service time and expen.se. Author¬ 
ities are still in argument as to the exact numerical value of these savings. The effects of 
diesel-electric power on location are discussed on p. 0-97 

Mechanical Transmission. Direct-drive diesels have been successful only in .small 
locomotives (less than 500 hpl, in contractor and industrial switching service. Heavier 
loadings involve too much strain and maintenance on mam shafts and meehaniral trans¬ 
missions. Hj-draulic-torque converter systems have been applied to light-weight rail car.s 
which are meeting with success in handling mail, baggage, and passengers, on branch lines 
where operating costs of equivalent steam service are too high. Tlicre has as s et been no 
application of this sj stcm to road service locomotives. 

Gas Turbine Locomotives. Gas turbine locomotives use the burned ga-e-s from low- 
grade fuel oils to operate a turbine. The turbine drives an electric generator furnishing 
current for traction motors. This design is past the initial experimental stage and is in 
regular service on one large western railroad Operating characteristics are similar to any 
electric-drive locomotive. Disadvantages include noise and the necessity of keeping the 
engine running full speed even when the locomotive is stopped. 

Determination of Rated Tractive Force for Steam Locomotives. The tractive force of 
a locomotive may be determined by actual measurement with a dynamometer car, or at a 
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Fig. 50a. Tractive-eSort curve for (iieael-electric lijcomotive. 
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locomotive testing plant, or by computation. With a dynamometer car. speeds, align¬ 
ment, and grades muat be accurately known in order to make the pi oper allowances. The 
AREA recommends that speeds be determined to the nearest 0 1 mile per liour. Cylinder 
power may be determined by means of indicator cards and used to find tractive force. By 
compulation: for low speeds (or maximum tractive force! one may xnaplv take oue-fifih to 
one-fourth the weight on the drivers, assuming reasonably good design. For higher speeds 
of steam locomotives, recourse must be had to the theoretical i.n'mula with empirical 
coefficients or to empirical methods. Let P = the boiler pressure m u'lunJs per square 
inch; S, the length of :^t^oke m inches, d. the diameter of piston for 'simple enmnes: D, the 
diameter of drivers; and T.F. the tractive force at the circumference of thi' drivers. In a 
simple engine the work done by both cylinders during a conipl-te ievolution of 
the drivers = piston area X effective average cylinder pres.-uro X bti-'ke K '1 y 2. But 
the work also equals the tractive adhesion developed at the circumterenc e of the drivers X 
the distance traveled bv the drivers during one revolution, which of (•oai>e equals the 
circumference of the drivers. Therefore, for simple engines. 

Theoretical 1 _ Piston area X Effective cylinder pressure X vStiok e X 2X2 
tractive force] Circumference of drivers 


The effective area of the piston is reduced about l.oFo on account of the area of the piston 
rod. The effective energy at the wheel rim is reduced on account or iri. tion of the piston, 
piston rod. crosshead, and the various bearings. The effective steam pressure in tlie cyl¬ 
inder is always considerably less than that in the boiler, even at low •'peed and full cutoff. 
These reductions may be allowed for by figuring the steam pressure ‘effe'":i\v at the drivers' 
TO be S0-S5^ of the boiler pressure. Therefore, dividing both numerator aiid denominator 
by 7r(3.1-il0) we have 

TF = O.S5Pd^5/I> (for simple engines' 


This is the rated or starting tractive effort and ma3* be used with no appreciable inaccuracy 
up to speeds of lo inph. For a multicylindered engine having -V cylinders 


TF 


X O.SoPd^^ 
2 ^ ~D~ 


Thus a 4-cj'lindered single expansion articulated engine would have a TF 


1 7P<f-S 
D 


Few compound engines are in use and none have been built in recent \•ear:^. The surplus 
steam at starting and low speeds is sometimes used to give additional tractive effort by 
using it in the cylinders of a small geared booster engine replacing the trailing wheels under 
the firebox. The increased tractive effort in pounds is 


Tb 


KPd^Sr 

D 


where r = gear ratio. 

K = ratio of mean effective pressure in the cylinder to boiler pressure. It varies 
from 0.77 for 70% cutoff to 0.80 for 75% cutoff. 


Tractive Effort at Various Speeds. At starting and low speeds, the boiler can evaporate 
water into steam much faster than cylinders can use it so that tractive effort limited by 
cylinder size. At higher speeds, the cylinders can use .steam faster than the bthler f-an pro¬ 
duce it and boiler de.'’ign becomes the limiting factor. As greater speed is required, more 
efficient use of the steam can be made by shortening the cutoff, adinitting steam for a 
portion of the stroke only, and allowing the expanding steam to compiete the stroke As 
tlie cutoff shortened, available Tractive force is bound to fall off titore rapidly. Loco¬ 
motive Tractive force is thus dependent on the steaming capacity of the boilei as well as 
cylinder and driving-wheel dimensions. The steaming capacity depend-^ U]v3n the area of 
evaporative surface (the size of boiler and tubes', the firebox area, and upon the grate area, 
quality' of fuel, and method of firing. A single curve of tractive effort V'v speed will not 
represent the spoed-tractive-effort relation unless a specific cutoff and steam production 
are assumed. Tlie relation must be represented by the area occupied by a group of curves 
each of which corresponds to a certain speed-steam relation, Xevertiiele-s, in the interest 
of simplification, single curves are drawn based on average representative values of evap- 
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oration and cutoff. These, as given herewith, may not be accurate enough for locomotive 
design purposes but are sufficiently accurate for use in railroad location studies. 

Baldwin Method. Two curves are plotted, one based on cylinder design and the other 
on boiler capacity. The limiting or low’er portions of each are connected b\' a smooth curve 



to form a“true” tractive-effort curve. Fig oOh. The cylinder design curve uses the relation 

d^S 


TEf, = tractive effort at any speed = (mep) 


D 


(PS . 

D 


tained from the curve of Fig. 51. Figure 51 gives the mep in the cylinder at any speed in 
terms of per cent of boiler pressure for various piston speeds which in feet per 

minute — — , where V is the speed in miles per hour, S is the stroke in inches, and D is 
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Piston speed, ft/min 

Fig ol -Mean effern e pio.ssure curve ar vanou" mp}) ■.froui Lucomutv.e Data, IJih Kd , 

p 22, Baldwin-!.ui.a-Haniiiton , l‘.U4 ) 


driving wheel diaiiierer in inches. Figure ol. ba.^ed on average cutoff values, is more nearly 
accurate for locomotive designs produced alter 1920. 


Boiler tractive effort 


Boiler hor sepower X 375 


where V 


* speed in miles per hour. 

Boiler horsepower ** 


{Ade + AU)l.0 S 
Fs 


where Ad 

€ 

A^ 

t 


Fs 


= sum of direct-heating surface areas (firebox, combustion chamber, siphon, 
arch tubes) in square feet. 

= assumed evapoiaiion per square foot per hour (55 lb for pre-1920 designs. 
SO Ib for po-t-1920 de&ign.s). 

= indirect-heating surface area (boiler tubes and flues) in square feet. 

= tube factor, the evaporation in pounds per hour from one square foot of in¬ 
direct heating surface (see Table 23). 

= steam factor, pounds of steam assumed to be evaporated per indicated horse¬ 
power hour for given degrees of superheat (see Tables 24 and 251. 


The 1 ('S factor gives S% additional evaporation when a feedwater heater used. 

Table 23. Tube Factors * 


Tube Length, 

Evaporation, 

Tube Length, 

Evaporation, 

ft 

Ib/sq ft 

ft 

Ib/sq ft 

10.0 

13.0 

17.5 

10.00 

1 t 0 

12 55 

18.0 

9.85 

12.0 

12.0 

18.5 

9 70 

13.0 

n . t )3 

19.0 

9 50 

14.0 

1 1 25 

19 5 

9 35 

15.0 

10 90 

20.0 

9 20 

16.0 

10.70 

20 5 

9 05 

16.5 

10.50 

2 f.O 

8.95 

17.0 

10.35 

21 5 

8.80 


10 20 

22.0 

8 t)5 



22 . 5 

8 55 



23.0 

8 40 



23.5 

8 30 



24.0 

8 20 


♦From Lucutnotiie Da:a, 12th Ed., Baldwin Locomotive ^\orK?, Phiiadclfiliia. 1944, p 23 
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Table 24. Steam Rates for Maximum Indicated Horsepower Output * 


'rteani Pounds of Steam per Horsepower-Hour 


Gase 

Pre«$urr>. 

Ih 

Temper¬ 
ature, de¬ 
grees F 



Superheat, deeree.s F 


Saturated 


200 ° 

250° 

300° 

350° 

175-195 

377 

28.75to 
28.10 

21.65 

21 10 

20.40 

19.80 

19.30 

18.80 



200-220 

388 

28.00 to 
27.50 

21.00 

20.65 

19.70 

19.30 

18.70 

18.30 



225-245 

397 

27,40 

27.00 

20.55 

20.25 

19.25 

18.90 

18.25 

18.00 



250-270 

406 

26 90 

20.20 

18.85 

17.95 

17.80 

17.10 

16.30 

275-295 

414 

26.60 

20.00 

18.70 

17 75 

17 70 

16.80 

15.95 

300-320 

422 

26.30 

19.70 

18.60 

17 675 
17.575 

16.73 

15.90 

325-345 

429 

26.00 

19.50 

18 50 

17.55 

17.49 

16.70 

18.58 

350-370 

436 

25.80 

19.40 

18.40 

17.48 

17.43 

16.60 

15.75 

375-400 

442 

448 

25.70 

25.60 

19.30 

19.20 

18.30 

18.20 

17 40 
17.30 

16.50 

16 40 

15.60 

15.50 


♦From Locomo^ne Data, 12th Ed., Baldwin Locomotive Works, Philadelphia, 1944, p. 2o, 


Table 25. Average Values of Degrees of Superheat * 


Tj'pe of 

Tube Conibination, 

Ratio of Small 

Degrees of 

Superheater 

dia in in. 

to Large Tubes 

Superheat 

A 

5 Vs-2 

7 or over 

150 


5 1/2-2 1/4 

6 or over 


A 

5 3'3-2 

5 to 7 

200 


5 1/2-2 1/4 

4 to 6 


A 

5 3/8-2 

Under 5 

250 


5 1/2-2 1,4 

Under 4 


E 

3 1/2-2 1/4 

3 Vo-21'4 

4 -2 1/4 


250 


* From Locomo'i'i Data, 12th Ed., Baldwin Locomotive Works, Philadelphia, p, 24. 

Horsepower. At low velocities horsepower increases almos' directly with the velocity. 
At speeds above 12-lS mph, it increases very slowly, and at high >poeds it dccrea-ios some¬ 
what as veIor-it\' increa.-r'es. This limits the rate of acceleration at low speeds as compared to 
diescl-eleecric powered units but permits a more rapid recovery from speed reductions 
within the higher speed ranges. 



Table 26. Diesel>Electric Locomotive Data 

Courtesy of Electromotive Diviaion, General Motors Corp. (E.M.D.), and General Electric Co. (G.E.) 


Locomotives 

Line Item _ 


1 

Model 

F-9 lead 

F-9 booster 

A unit 

B unit 

GP 9 (single unit} 

2 

Horsepower 

1750 

1750 

1500 

1500 

1750 

3 

Builder 

EM.D. 

E.M.D. 

G.E. 

G.E. 

E M.D. 

4 

Classification 

B-B 

B-B 

B-B 

B-B 

C-C 

5 

Overall length 

50' 08" 

50'00" 

52' 00" 

30' 00" 

36' 02" 

6 

Overall tvidth 

9' 10" 

10' 08" 

lO'06 1/o" 

10' 06 l/o" 

10'021/2" 

7 

Overall height 
above rails 

15'00" 

15'00" 

14' 10" 

14' 041/2" 

14'115/8" 

8 

Number of motors 

4 

4 

4 

4 

6 

9 

Driving wheels 

4 pair 

4 

4 pair 

4 pair 

6 pair 

10 

Driving wheel 
diameter 

40" 

40" 

40" 

40" 

40" 

n 

Wheel base between 
truck centers 

30' 00" 

30' 00" 



31'0" 

12 

Weight on drivers 

232.600 lb 

224,800 lb 

230,000 lb 

223,000 lb 

235,5001b 

13 

Total weight 

232,600 lb 

224.800 lb 

230.000 lb 

223,000 ib 

235.500 lb 

14 

Fuel 

1200 gal 

1200 gal 

1200 gal 

1200 gal 

800 gal 

15 

Servdce 

Frt and psgr. 

Frt. and psgr. 

Frt. and psgr. 

Frt- and psgr. General purpose 

16 

Radius or degree of 
max. curvature 

250' 

250' 

21* 

2r 

274' Gocomotive 
alone, 1500 

17 

Tractive e5ort 
(max.) 

69,780 lb (at 
30"f adhe¬ 
sion) 

67,4401b 

60.000 lb 

60,0001b 

70,650 at 30% ad¬ 
hesion 

la 

Tractive effort, con¬ 
tinuous (max. and 
min.) 

Determined by adhesion in 
most cases 

42,5001b 
and 42,500 
lb 

42,500 lb Determined by ad- 

and 35,000 hesion in most 

lb cases 

19 

Gear ratios (for 
max. and min. 
continuous T.E.) 

65/12 and 
56/21 

65/12 and 
56/21 

74/18 and 
64/19 

74/18 and 
64/19 

65/12 and 56/21 

20 

Intermediate ratios 

Yes 

Ves 

Yes 

Yes 

Yes 


available 

Table 27. Steam Locomotive Data * 


Locomotives 


Line 

1 

Item 




Railroad 

C. <feO. 

W.M. 

A.C.L. 

2 

Builder 

Baldwin 

Baldwin 

Baldwin 

3 

Type 

4-6-4 

4-8-4 

4-8-4 

4 

SerMce 

Passenger 

Freight 

PodsSenger 

5 

Year built 

Aug. 1948 

Jan. 1947 

April 1938 

6 

Railroad’s classifica¬ 

L-2 

J-l 

R-1 

7 

tion 

Cylinder diameter 

25" X 30" 

26 1/2" X 32" 

27" X 30" 

8 

and stroke 

Valve type 

Franklin 

Piston 

Piston 

9 

Boiler pressure 

Poppet 

255 Ib/sq in. 

14" dia. 

255 Ib/sq in. 

12" dia. 
275 Ib/sq in. 

10 

Firebox 

264 sq ft 

281 sq ft 

272 sq ft 

11 

Combustion, chamber 

81 sq ft 

139 sq ft 

127 sq ft 

12 

Flues 

(3 1/2") 

3885 sq ft 


13 

Circulator or syphons 

3245 sq ft 

60 sq ft 

153 sq ft 

169 sq ft 

14 

Tubes 

(12 1/4" X 18') 

(21/4" X 21') 

(2 1,4" X 21' 

15 

Total 

528 sq ft 

4178 sq ft 

516 sq ft 

4974 sq ft 

4181 sq ft 
4797 sq ft 

16 

Superheater 

E 1785sqft 

E 2170 sq ft 

A 1497 sq ft 

17 

Feedwater heater 

Yes 

Yes 

Ves 

18 

Grate area 

90.2 sq ft 

106.7 sq ft 

97.7 sq ft 

19 

Driver diameter 

78 in. 

69 in. 

80 in. 

20 

Engine wheelbase 

41'5 1/2" 

46'10" 

47' 9" 

21 

Total engine and 

93' 101/4" 

95' 0" 

97' 11" 

22 

tender 

W’'eight on drivers 

219,500 lb 

290,000 lb 

263,127 lb 

23 

Total engine w'eight 

443,000 lb 

506,500 Ib 

460,270 lb 

24 

Total tender weight 

317,500 lb 

340,500 lb 

435,500 lb 

25 

2/3 full 

W'heels under tender 

12 

12 

16 

26 

Tank capacity 

21.000 gal 

22,000 gal 

24,000 gal 

27 

Fuel capacity 

30 tons 

30 tons 

27 tons 

28 

Fuel 

Coal 

Coal 

Cual 

29 

Tractive force 

52,100 lb 

70,600 Ib 

63,900 lb 

* Cuurte^y 

• of Baldwm-Liiua-Haniilton Corp 
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23. CHARACTERISTICS OP ELECTRIFICATION 

General. The esseutial characteristic of electric traction which distinguishes it from 
other forms 15 the separation of the source of motive power from the rolling stock. This 
gives it a virtual inonopoh,* for street and interurban systems because it permits the genera¬ 
tion of motive power to be concentrated in a single economical plant instead of being dis¬ 
tributed over a number of comparatively uneconomical ones, as in the case of steam 
traction. 

Conditions for Electric Traction on Railroads. On electrified railroad trunk lines the 
generating and distributing systems must have large capacity in order to handle the heav>' 
trains, but are nf»t kept fully employed due to the comparative infrequency of traffic. This 
results in the investment of a great deal of capital which becomes idle, the fixed charges on 
which generall\- exceed the operating economies. Exceptions to this generalization occur 
under the following conditions’ 

(al When the cost of coal is very high, the operating economies may be sufficient to 
counterbalance the fixed charges, as electric traction requires only half the amount of coal 
needed with steam traction. 

(b) When cheap water power is available, a similar condition may occur. 

(c) When it is desired to increase the w'eight of trains to be hauled on steep grades, the 
elimination of the power generating system from the locomotive, in electric traction, per¬ 
mits an increased concentration of motors on the locomotive, thereby obtaining the desired 
increase of hauling power, at a lower cost than by the elimination of grades. 

(d) When it is desired to increase the capacity of a mountain division and this can be 
accomplished b\- increasing the weight of trains as described above, rather than by in¬ 
creasing the number of tracks so as to permit more trains to be hauled 

{e) When it is necessary to eliminate smoke and gases in tunnels or city streets, the ele¬ 
ment of economv being necessanlv subordinated to safety or convenience. 

('/) When tlie traffic den.sity is unusually great, as in certain surburban zones. 

igt When bv the elimination of smoke and gases, trains through cities can be run under¬ 
ground and the ground surface utilized for lucrative building purposes. 

f'nfavorabh* factors include low traffic density, high costs of power, and high interest 
ratea and taxes on initial investment. 

Economic Differences between Systems. The stationary equipment of an electric 
traction svstem consists of three parts—the generating, transmission, and distribution 
systems These must have sufficient capacity to carry the peak loads and are therefore 
likeh- to be comparatively idle durmg a large part of the time. The acth-ity of these parts 
depends upon the number of cars or trains in operation. 

The moving equipment of an electric railway system consists of the motors, controllers, 
and other parts of the rolling stock necessary for electric operation. The activity of these 
parts does not depend upon the number of cars or locomotives in operation, but only upon 
the activity of each. 

There are several systems of electric traction which differ in the distribution of the in¬ 
vestment between stationary and moving equipment. Staiionaiy equipment costs less 
than moving cfiuipment of the same capacity, because it is concentrated in larger units and 
its design is not restricted by the limitations of car construction It is, therefore, obvious 
that for raihva\ s operating a large number of cars or trams it pays to have a comparatively 
large investment in stationary equipment; whereas, railways with few cars or trains must 
economize in stationary equipment and concentrate their investment as far as practicable 
on their limited rolling stock. 

Technological Differences between Systems. The various systems of electric traction 
now in use may be classified as follows according to the above principle; 

Low-voltage, direct current. 

High-voltage, direct current. 

Three-pha.^e. 

Single-phase. 

In every practical electric railway system current is generated for transmission at a high 
voltage and utilized in the motors at low voltage. In the d-c systems, the transformation 
from high to low voltage is accomplished at 'Stationary substations, which also change the 
alternating cm rent from the transmission lines into direct current, which i" fed to the 
troilev or third r ail, and thence to the motor.'*. In the a-c 'systems, tlie high-voltage corrent 
i> delivered to tlie troilev line‘s and rran-^formed down to a voltage suitable for the motors 
by means of transformers on the cars or locomotives. Locomotives used with ingh voltage 
a-c transrnisvion rna.' have direct-motors, which are supplied with direct current from a 
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motor generator set m the locomotive. As the d-c systems carry a greater proportion of 
investment in their stationary equipment, they are especially adapted to urban and im¬ 
portant interurban lines, street railways, subways, and elevated lines. The a-c systems, 
which carry a proportionately greater investment in moving equipment, are especially 
suitable for trunk lines having infrequent service. The 11.000-volt, 25-cycle a-c current 
supphnng a single-phase motor has received widespread use for line-haul railroads in the 
United States. 

An ignitron-type mercury-arc rectifier changes a-c into d-c current within the locomo¬ 
tive and permits use of 60-cycle current supply from commercial sources. The ignitron 
locomotive is said to produce 40% more tractive effort for a given weight than an a-c 
motored unit 

The high-voltage, d-c system is intermediate, in the above respect, between the low- 
voltage, d-c and the a-c systems. 

The choice of systems does not depend merely upon the investment, but also upon the 
operating costs. 


24. ELECTRIC LOCOMOTIVES AND CARS 

General. Electric locomotives unhke steam locomotives, can be made of practically 
any desired power capacity without excessive complication and without increase in the 
number of operators. This arises from the absence of boilers and the possibility' of con¬ 
trolling a number of motors or even a number of complete locomotive units as if they were 
a single unit. 

Rating. The rating of electric locomotives is usually expressed in terms of the weight 
on drivers, the nominal 1-hour tractive effort, the continuous tractive effort, and corre¬ 
sponding speeds. 

(a) Weight on Drivers. The w'eight on drivers, expressed in pounds, shall be the sum of 
the weights carried by the drivers and of the drivers themselves. 

(b) Nominal Tractive Effort. The nommal effort, expressed in pounds, shall be that 
exerted at the rims of the drivers, when the motors are operating at their nominal (1-hour > 
rating. (See p. 6-83.) 

(c) Continuous Tractive Effort. The continuous tractive effort, expressed in pounds, 
shall be that exerted at the rims of the drivers when the motors are operating at their full 
voltage continuous rating. 

In the case of locomotives operating on intermittent ser^dce, the continuous tractive 
effort may be given for one-half or three-fourths voltage, but in such cases the voltage 
shall be clearly specified. 

(d) Speed. The rated speed, expre^ed in miles per hour, shall be that at which the con¬ 
tinuous tractive effort is exerted. 

Classification. Locomotives may be classified as follows, with reference to trucks: 

1. Rigid wheelbase. 

(а) Without leadmg and trailing trucks. 

(б) With leading and trailing trucks. 

2. Separated bogie truck (the trucks being connected through the upper frames as in a 
car): 

(а) Symmetrical. 

(б) L^nsymmetrical. 

3. Articulated (wherein the two trucks are hinged back to back). 

All of these types of locomotives are practically steady at speeds under 40 mph, but above 
this speed marked differences appear, the steadiest riding machines, according to G. Gibbs, 
having high centers of gra\’ity and long unsymmetrical wheelbases. Considerable differ¬ 
ence of opinion prevails in regard to proper mechanical design for high speeds. 

Transmissions. Motors are connected to locomotive drivers by the following forms 
of transmission: 

(a) Gearless, the motor armatures being mounted direct on the axles. 

(b) Gearies quill, each motor armature being mounted on a hollow shaft or quill which 
surrounds the axle, but is free with respect to it. At each end of the quill is a disk having 
projecting arms which fit into spaces between the spokes of the driving wheels. The arms 
are connected to the driving wheels by springs which tend to keep the arms centered be¬ 
tween spokes but allow sufficient play to relieve the excessive starting stresses in the arma¬ 
ture. 
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(c) Direct gears, the motors being mounted either between or over the axles, a motor 
ha\’ing a pinion engaging a gear wheel on the locomotive axle. 

(d) Quilled gears, the gear wheel being on a hollow shaft or quill which engages the 
driver? through springs, thereby reUeidng both the armature and gears of excessive starting 
stresses. 

(e) Cranks and Scotch yoke, in which two motors are connected together and have crank 
shafts which operate three sets of drivers 

(/) Crank and countershaft, in which the motors are located above the trucks and are 
connected through a countershaft to side rods joining the drivers. 

Control. Practically all modern electric locomotives have multiple-unit control, so 
that two or niore ioconiotives may be coupled together under the control of one operator. 
Indeed, some locomotives consist of two sections—each of which is \’irtually a separate 
locomotive—coupled together permanently. 

Selection of Motor. The following information, relative to the service to be performed, 
is required, in order that an appropriate motor may be selected. 

mi eight of total number of cars m train (in ton? of 2U00 lb; exclusive of electrical 
equipmeni and load. 

(.6' Average weight of load and durations of same, and maximum weight of load and 
durations of same. 

(c) Number of motor cars or locomotive in train, and number of trailer cars in train. 

{d) Diameter of drhing wheels. 

{€) Weight on dri\dng wheels, exclusive of electrical equipment. 

(/) Number of motors per motor car. 

(gi ^’oitage at train with power on the motors—average, maximum, and minimum. 

{h I Rate of acceleration in miles per hour per second. 

(f) Rate of braking (retardation in miles per hour per second). 

U) Speed limitations, if any {including slowdowns). 

(k) Distances between stations. 

(P Duration of station stops. 

(m I Schedule speed including station stops in mph. 

(/i) Train resistance in pounds per ton of 2000 lb at stated speeds. 

(o) Moment of inertia of revoUdng parts, exclusive of electrical equipment. 

(p) Profile and alignment of track. 

ifj' Distance coasted as a per cent of the distance between station stops. 

{r) Time of layover at end of run, if any. 

Rating of Motors. The one-hour rating of a railway motor shall be the output at the 
motor shaft measured in horsepower (or kilowatts) which the motor can carry for 1 hr on 
stand test, .starting cold, at itb rated voltage and frequency (in case of a-c motor) with the 
ventilation system as in service without exceeding the temperature limits given in the table 
of limiting temperature rises. 

The continuous rating of a ventilated railway motor shall be the output at the motor 
shaft measured in horsepower (or kilowatts) which the motor can carry for an unlimited 
period on stand test, at its rated voltage and frequency (in the case of a-c motor', with the 
ventilation system as in service without exceeding the temperature limits given in the 
table. Direct-current ventilated railway motors may also be given a continuous rating in 
amperes at full, three-fourths and half-rated voltage. 

The continuous rating of totally enclosed d-c railway motors shall be given in amperes at 
three-fourths, and half rated voltage. 

In the absence of any specification as to the kind of rating the one-hour rating shall be 
understood. 

The ratings of a field-control d-c motor shall relate to its performance with the field con¬ 
nection which gives the maximum motor rating. (This is usually the minimum field.) 
Each section of the field winding shall be adequate to perform the service for which it is 
designed without exceeding specified temperature rises. 

Voltages- Direct-current motors are usually made for line voltages of 500, 550, or 
GOO volts and sometimes for 1200 volts or somewhat more. On 2400-volt lines, it is usual 
to have the motors in pairs connected permanently in series. 

Alternating-current single-phase motors are usually made for 400-500 volts, the re¬ 
quired voltage being obtained by transforming down the line voltage by means of a trans¬ 
former or autotransformer on the train. 

Weight. Motors vary in weight from 30 lb per horsepower (40 lb per kilowatt) for the 
largest sizes (200 hp) to 70 lb per horsepower (93 lb per kilowatt) for the smaller sizes 
(35 hp), the ratings beiiig the nominal. 

Controllers. The speed of d-c motors is controlled by connecting resistance in series 
with the motors, by connecting the motors at first in series and then in parallel, and some- 
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Table 28. Limiting Temperature Rises 


Item 

1 

i 

1 

1 Tj-pe 

1 of 

I Enclosure 

1 

; 

1 

j Liiiutmg Teiii 

de;;r 

^Method of |- 

Temperature ; Ur.e-Kour 

Detennma- | Ratiiia 

[’crature Rise, 

^e- C 

Continuous 

rcuuig 

Employed | Cla-s A | Cia-.- 13 
! Ip.-ula- j Irmula- 

I tlOIl [ tiUU 

Cla-s A Class B 
lusula- Insula¬ 
tion tlOIi 

1 

Armature and field wind- ] Ventilated 
mg i 

Resistance ' 100 ! 120 
Thermou'.eter 80 , y5 

85 105 

o5 80 

j Totally^ 1 Resistance i MO 1 130 
! enclosed j Thermometer ‘ 90 103 

95 115 

75 90 

2 

Cnre.« and ruechanical ' Ventilated j Thermometer j 80 | 95 

y-ans in contact with j Totally'* 1 ThermoiiiCter 90 1 103 

or adjacent to insula- ; emlosed ; i 

tluU 1 1 ' ' 

65 80 

75 90 

3 

Commutators , Ventilated ; Thennon.eter ; 95 MO j 80 . 95 

Totally ' j Thermometer i 105 120 ^ 90 105 

enrlr.'^ed ; , ‘ ' 

4 'j 'Mi-celkinetias parts i-iuh as brush holder-. bra.dn.-;, pule tips. cT' ^ oilar ina:: thu-e ^^hose 


; lijfatioii i" such that th'*y niuv affeti iht- adjU'Ciic ui^'ilatiou iiia\ aitaiu ,'such 

_t emperature.- at. wiU no t be lujurjuu^ui any otlier re^pe< t 

* The teniperal are rise^ of totally enclo.-ed ir.otors are taken as 10®C highrr than the ventilated motors 
since the coolin;: on stand test will be inferior to that obtained in ser\ice 

Xote Short-time ratings using modern silicon and glass insulation.- permit temperatures up to 160®C. 

times by varying the strength of the fields. Alternating-current motors are similarly con¬ 
trolled, except that autotransfonners are used instead of resistance- 

The direction of rotation, in both kinds of motors, is changed by leversing the current 

in eiihtr the fields or armature, this being usually accompli-hed by rotating an auxiliary 

handle of the controller. 

The type K controller is largely used for light-weight cars, and consists of an operating 
handle which moves a cylindrical drum with projecting contact pieces which come in con¬ 
tact with stationary finger^. The first three points correspond to accelerating steps, by 
means of which the resistance in senes whh the motors i.-s gradually cut out. The fourth 
step, full senes, gives about half «peed and i> a contiiir .us running point. The following 
steps re^store the resi^jiance and put the motors in parallel. The last step leaves the motor- 
111 parallel without any lesislance. 

AluUiple-unit control is used on large cars, especiallv where the combined motor capacity 
exceeds .300 hp. The equipment consi-^ts of a small niastor controller which enables a 
comparatively weak current to operate contactors large enough to make the necessarv 
changes in the circuit, as m the case of type K controllers. The lun-tei controller on any 
car will operate the contactors on all cars, if a jumper cable be rim from car to car con¬ 
necting together all the control circuits. 

The weight of control equipment of type K vanes from 1200 to 2250 lb. and of multiple- 
unit equipment from 2S00 to 3200 !b. 

Tractive effort for an electrify locomotive is given by the general expression: 

r X 24 X -V X e X f? 


where TE is tractive effort in pounds, T is torque of a single motor in pounds taken at a 
1 -ft radius from the motor armature shatt (on tlie circumference of a circle of 24-in. di¬ 
ameter), -V is number of motors. D ia diiving wheel diameter, G-’ is the number of gear teeth, 
g IS the number of pinion teeth, and e the combined electrical and mechanical efficiency 
taken as 80-So^. When the manufacturer’s curves are baaed on substation voltage, the 
tractive effort values should be reduced about Since, practicaliv speaking, there is 

no limitation on the power supply to the motor.s. full hor-epower is available over all speed 
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ranges, permitting rapid acceleration from st-ops and rendering electric propulsion es¬ 
pecially suitable for city and suburban service where fast schedules must be combined 
with frequent stops. 

Table 29. Maximum Overall Efficiency of Motors and Gears at Rated Voltage 


Horsepower, l-hr rating 

Kind of Motor 

Maximum Efficiency, % 

30-100 

D-C geared 

83-86 

100-250 

D-C geared 

86-89 

239-500 

D-C gearless 

91-93 

50-200 

A-C senes geared 

70-80 ♦ 

200-500 

3-phase induction geared 

85-89 


* laclading step-down transformers. 

Power Required at Given Speed. Let 

r = train resistance in pounds per ton of total w'eight of train. 

G = per cent grade. 
g = degree of curvature. 
a = degree of acceleration in mphps. 

= speed in mph. 

W = total weight of train in tons. 

Then the power required at the rims of the drivers is 1.99r(r -f 20G + g + 100 a) watts per 
ton, or 2.67 X 10“\’lV(r ■+■ 20G + £ + lOOaj horsepower, total. 

The power input, pt to the car or locomotive is equal to the power at the rims of the 
drivers divided by the overall efficiency e of the controller, motors and gears, that is, 

1.99 Wv{r -b 20 G + g + 100 a) , 

P. ---kilowatts 

Approximate Method of Calculating Energy Consumption. The following method is 
based upon simple kinetic principles, and, if certain characteristics of the run are known, 
gives the actual energj’’ output at the wheel rims. This fact makes the method useful, not 
only for rough calculations, but also to check calculations made by the more accurate 
step-by-step method. 

When the method is applied to checking purposes, the column of Table 30 below headed 
“Actual Energj' Output” should be used and the input calculated from the known effi¬ 
ciencies. When applied to rough calculations, the column headed “Approximate Electrical 


Table 30. Output at Wheel Rim and Input to Cars in Watt-Hours per Ton-Mile 


Energy for 
Acceleration 

Frictional train resistance 

Grades 

Curves 


Actual Energy Output 
at Wheel Rims 

36.2L 

l.99rLp 

L 

39.8GLp 

L 

1.99gl.p 

L 


Approximate Electric 
Energy Input 

25 

Z9r 

Q 

5/G 

Q 

2.9g 

Q 


Total Sum Sum 

Note: 25 = 36.2<, 57.8 = 39.8 -9- <, and 2.9 = 1.99 «, where « is the efficiency, taken as 0 7. The 

formula for energy due to curves assumes each degree of curvature to be equivalent to a tram resistance 
of 1 lb per ton, which is probably high. 

Energv^ Input” should be used. In the latter case the maximum speed and length of run 
with power on are not known, but it is possible to assume certain values, based upon ex¬ 
perience, which will give a rough approximation to the energy required. The total energy 
in watt-hours per ton-mile will be the sum of the amounts required for acceleration and 
overcoming frictional train resistance grades and curves. Let 

V = average running speed in miles per hour. 

Vm = maximum speed in miles per hour. 

L =» length of run in miles- 



ELECTKIC LOCOMOTIVES AND CARS 


6-85 


Lp 

n 

r 

G 

i 

K 

Q 


distance traveled, with power on, in miles. 

l/L = number of stops per mile including one terminus. 

average train resistance, in pounds per ton (say that corresponding to a speed 
from 10 to 20% greater than the average speed), 
a^'erage equivalent grade, m per cent, 
average curvature in degrees. 


= ratio of maximum to average speed; see Table 31 for values of K. 

= ratio of length of run to distance traveled with power on. See Table 31 
for values of Q. 


Table 31. Values of K and Q 


Stops per Mile, 

Locomotive Pas¬ 

tfiiifde Cars, Multiple Unit 

Q 

n 

senger Trams 

Trains, and Freight Trams 

All Trains 

0 

1.0 

l.O 

1.0 

0.1 

1.2 

1.1 

1. 1 

0.2 

1 35 

1.2 

1 25 

0.3 

1 5 

1.25 

1.4 

0.4 

L6 

1.3 

1.5 

0.5 

1.7 

1 35 

1.7 

0.6 

1 75 

1.4 

L8 

0.7 

1 8 

1.45 

1.9 

0.8 

L85 

1.45 

2.0 

0.9 

1.9 

1.5 

2 1 

1.0 

1.93 

1.5 

2.15 

1.2 

1.95 

1.6 

2.2 

1.4 

1.95 

Lb 

2.3 

1.6 

1.95 

1.6 

2.4 

1.8 

1.95 

L65 

2.5 

2.0 

1.95 

1.7 

2.6 

2.5 

1 95 

L75 

2.7 

3.0 

2.0 

1.8 

2.8 

3.5 

2.0 

L85 

2.9 

4.0 

2.0 

1.9 

2.9 

4.5 

2 0 

L95 

2.95 

5.0 

2.0 

2.0 

3.0 


More exact methods involve a knowledge of the motor characteristics, gears, brakes, and 
control. 

P.C.C. car IS the designation for a relatively new design of high speed (up to 50 mph), 
streamlined, and modernized car designed by the President’s Conference Committee. The 
car is featured by one-man operation, rapid acceleration and deceleration (the lattei aided 
by magnetic brake shoes which grip the rails;, rubber wheel treads to reduce noi^e. stream¬ 
lining (mainly for appearance;, wide end and central door entrances and exits, and more 
pleasing and comfortable interior and seating arrangements. To provide smoother opera¬ 
tion in conjunction with the higher rates of starting and stopping, G1 to 200 controller steps 
are used instead of the customary steps. 

Multiple unit or M.U. cars are used both by suburban and line-haul road.s and for sub¬ 
way and elevated service. Superficially the cars resemble single unit street cars, but they 
have provision for coupling several together in a tram with control from the front platform 
or compartment. Thus the number of cars in a tram may readily be varied to meet 
traffic conditions. C'ars vary in length and weight from 40 to 75 ft and from 25,000 to 
75,000 lb. Electric control over pneumatic brakes is combined with an empty-load device 
which automatically vai ics the bj aking ratio in proponiou to the load Som^ de'>uuj' place 
a common truck under two adjacent cars to form articulated units. Cars having no 
motors are operated as trailers coupleil to motorized units Wide doo’.^ are pneumatically 
controlled by the rnotorrnan or conductor. Usually the tram cannot start until all doors 
are closed. Ceiling fans or other adequate form of ventilation are important in subway 
service. 

Regenerative Braking. Like the diesel-electnc. the motor leads of electric locomotives 
may be reversed on downgrades permitting the motors to act as generators and exert a 
drag or braking action on the train. The current thus generated L fed back into the Im© 
and may be credited to the railroad's power account. 
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Additional characteristics of electric operation include freedom from smoke, soot, and 
cinders, greater availabiLit>', ease in starting, and elimination of fuel, water, and ash 
facilities. Disadvantages are high initial costs and carrying charges, e.^^pecialh' for the 
power production and tran=imi.ssion systems, tie-ups resulting from power failures or storm 
damage to transmission systems, and inabilit 3 * to operate on tracks not equipped with 
transmission facilities. 


25. POWER STATIONS AND SUBSTATIONS 

Power Stations. The power plant of an electric railroad should be located with reference 
to the load center, the water and coal supply, and the cost of real estate. The load center 
is usuallv the least uapoitaiit corisideratiou a> the cost of transmission lines and the losses 
therein Jo nut rank in importance with considerations of plant economy. 

Water is reouired for boilers and condensers. The coal suppljc should be brought bj’ 
water where practicable, with auxiliary rail connection. 

Substations. A substation is a group of apparatus or machinerj’ which receives current 
from a transmission scstem, changes its kind or voltage, and delivers it to a distribution 
system. Most commonly, substations transform high-voltage alternating current to low- 
voltage direct current, the former affording the most economical transmission, and the 
latter the most economical conversion of electrical into mechanical energ\'. Substations 
are usually housed in substantial brick and concrete buildings, although where the current 
has to be changed only in voltage and not in kind, as on single-phase railway systems, the 
building is often unnecessary, as no rotating machinerv' is required, and the transformers 
and switching apparatus can be built for outdoor operation. In some locations, the high 
tension bus, transformers, and switching equipment may be installed in an outdoor sub¬ 
station adjacent to the building housing the rotating equipment, meters, etc. 

Economical Location. Substations are located at intervals of 3-20 miles along the rail¬ 
road, the spacing being limited by consideration of line voltage, regulation at the cars, and 
economy, both of first cost and operation. The average permis.sible voltage drop in trolley 
and track return is 10^. Theoretically, substations should be located so as to give the 
least annual exj^enso, taking into account the fixed charges on the investment m substations 
and feeders, the operating charges, and the cost of energy* losses in the system. An in¬ 
vestment m copper feeder's, especially in the case of bare or weatherproof aerial cables, 
causes little annual expense beyond the interest and taxes on the investment, whereas a 
substation involves, in addition, heav\' depreciation charges and labor charges for operation. 
In recent year-? the u^e of automatic sub.''‘tations has been spreading rapidly, as it enables 
the operating ir>rre to be reduced, and in many cases eliminated, with the exception of a 
small force for in-^pection and inaintenaiice. one gioup of men being responsible for the care 
of several substations. Automatic substations have the further advantage that they act 
iiistantlv in case of trouble, reducing the damage to equipment caused b^- abnormal con¬ 
ditions within or external to the station. 

Automatic stations are usually controlled from a central point by a load dispatcher or 
supervisor b\- means of one of several forms of superxdsorv control which by the use of a 
very few wire-i, usuallv from one to four, enables all switches in a large group of substations 
to be operated, and all desired indications, such a.s switch positions, machine temperatures, 
station output, to be relaved to the supervisor’s board 

On interurban ^'u.teni's where the traffic densit.v is low automatic stations may be 
equipped to Aart automaticallv as a car approaches the section fed hy the substations, 
and to shut <lown as =:oon as the load has dropped. 

The permissible dhtance f>ecween substations depends on the voltage of distribution, 
being greater the higher t!ie voltage. Use of the 22.00f>-volt a-'" system instead of the 
11.000-volt sy'tem has been considered to reduce the number of substations On an ideal 
line, doubling the operating voltage quarters the lUstance between substations. This ratio 
is not strictly adhered to. however, as the location of subAations is also influenced b\^ 
physical conditions such as availability of a suitable location for the substation, or the 
location of concentrated loads caused bv j-ards, grades, or sharp curves. 

Where a length of tra'^k receives its power from onh’’ one direction, the distance that 
can be fed, with a givoii voltage drop, is one-fourth the distance allowable between sub¬ 
stations. 

Apparatus. In the usual type of substation for the conversion of high-pressure alter¬ 
nating current into low’-prc=!sure direct current, the high-pressure current first passes 
through oil switches to the high-pressure bus. then through oil switches to the primary’ 
winding-^ of the transformer.s. From the secondary' wundings of the transformers, the low- 
pressure alternating current enters the slip rings of the converters, and emerges from the 
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commutators as direct current of a slightly higher pressure. From the commutators it 
passes through circuit breakers to the d-c bus bars and thence through circuit breakers to 
the outgoing feeders. In the design of substations, it is good practice to arrange all the 
apparatus so as to make the route of the electric current as direct as possible. 

All substations are not equipped with S 3 ’nchronous converters, motor generators having 
been used especially for pressures in excess of 750 volts. Such a motor generator usually 
consists of a synchronous motor driving a d-c generator. 

For voltages below 750 volts, the rotarj' converter has a -virtual monopoly, although in 
special cases both motor-generator sets and mercury-arc rectifiers are used. 

For d-c voltages of the order of 1500 volts, all three clases of equipment are used, the 
rotary converter and motor-generator set now meeting competition from the mercury- 
arc rectifier. 

For voltages above 1500 volts, motor-generator sets have been used exclusively, but 
the development of the mercur\’-arc rectifier is making rapid strides and manj’ installations 
are now operating at this voltage in Europe. 

Portable Substations. Portable substations, that is, substations of small size installed 
in a box car, are sometimes used where unexpected or occasional loads are liable to occur. 
They are especially useful to carry holiday loads for which it would not pay to install a 
permanent substation. 

Power Capacity. The power capacity required in a substation depends upon the size, 
number, acceleration, and speed of cars, on the length of line fed, and upon the number of 
stops per mile. 

Railway substation machines and transformers are usually rated by the kilovolt¬ 
ampere output which, having produced a constant temperature, may be increased 50% 
for 2 hours without producing temperatures or temperature rises exceeding by more than 
5®C the standard limiting values established by the American Institute of Electrical 
Engineers. This is known as the nominal rating. 

Buildings. ^Substations having all apparatus on one level require about 0.2 sq ft per 
kilowatt of nominal rating. Buildings are usually of brick with concrete foundations for 
walls and machines, except -where the machines are small, in which case the machines are 
often carried by the floor beams. It is usual to provide a crane which, in important sub¬ 
stations, may be equipped for both manual and electrical operation. 

Provision must be made for ventilation and good illumination, but roofs must be con¬ 
structed so that there will be no danger of leaks over the machines and other live apparatus. 
In locations where the air contains a considerable amount of dust, the air entering the 
station should be dra-wn through air filters, circulation of the air being obtained by means 
of motor-driven fans blowing the air into the station through louvers in the floor near the 
machine. Lavatory", toilet, and telephone booth should be conveniently near the operators’ 
desks. 

Transformer Stations. A transformer station, as used on a-c railway systems, is an 
aggregation of apparatus for converting high-voltage alternating current from transmission 
lines into lower-voltage alternating current for use in the trains, the apparatus being 
usually out of doors and protected by a fence. 

Special designs of oil-cooled transformers, switching apparatus, and lightning arresters 
must be used for this purpose. 

All apparatus is set on concrete foundations, and steel structures are used to support 
overhead wires and switching apparatus. 

Autotransformer System. The New York, New Haven & Hartford Railroad system 
transmits at 22,000 volts between trollej' and feeder, but the locomotives receive current 
at 11,000 volts between trollej' and track rail. This is accomplished by transformer sta¬ 
tions about 2 miles apart, -where the trolley and feeder are eaf’h connected to the track 
rails through a separate autotransformer. This arrangement not only effects economy- in 
transmission, but also greatly reduces the current in the track rails and earth, with con¬ 
sequent reduction of disturbances to telephone lines. 


26. TRANSMISSION AND DISTRIBUTION SYSTEMS 
Trolley Systems 

The trolley wire is usually of hard-drawn copper but, under unusual conditions, bronze 
or steel "wires are sometimes used. The wire is suspended from insulators some 16-30 ft 
above the ground, and presents a continuous contact surface to a trolley wheel or bow or 
to a sliding pantograph shoe attached to the rolling stock or locomotive. The former is 
limited to currents of 350 amp or The pantograph collector ha^ become almost 
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Standard for heavj’ traction work. The contact shoe is mounted on a heav>' collapsible 
frame which may be raised by air and closed by gravity, or unlatched b>- air, raised by 
springs, and lowered by air. One shoe is used for low currents. Two shoes with wearing 
strip of copper or bronze are used for currents. There are two classes of trolley con¬ 

struction, the span wire and the side bracket; each may have simple or catenary sus¬ 
pension. 

Span-Wire and Side-Bracket Construction. In the simple »pan-wire construction tlie 
trolley wire is supported by wires stretched across the tracks between poles or building 
walls. The side-bracket construction resembles the span-wire except that instead of the 
supporting wire being stretched between two poles, it is stretched between two supports on 
the same pole. In both of these types of construction, the trolley wire is supported at 
intervals of 100 ft or more and sags between supports, making it necessary for the trolley 
to be in vertical idbration as the ears move- 

Catenary Construction. The speed attained upon modern electric roads makes it 
difficult to obtain satisfactory service with a trolley wire which dips between supports and 
sways with every impulse. The catenary construction was de\'ised to meet this condition. 
In general, it consists of a grooved copper trolley wire suspended horizontally from a 
sagging messenger cable, which is suitably insulated and firmly held in place. The sup¬ 
porting structure employed for interurban single- or double-track roads usually is of the 
side-bracket type, but for some conditions cross-span construction becomes necessary. 
The latter method of support differs only in the substitution of a catenary cross span for 
the bracket arm and doubling the number of poles required for single track. 

Applications of Various Types of Construction. The overhead trolley system is U‘='ed 
on urban railways, wherever the unsightliness or danger of its exposed construction is not 
considered objectionable It is used on interurban, suburban, and trunk lines, wherever, 
by reason of low load or high voltage, the current taken by the trams is not too great to be 
economically earned on copper wires. 

Center-pole construction is approved practice for double-track railways, side-pole con¬ 
struction being generally used for single-track lines. Span-wire construction is used where, 
for any reason, it is impracticable to have the poles near the tracks or where, as is com¬ 
monly the case m Europe, the span wires are supported from the walls of buildings. Prej¬ 
udice against overhead lines is often due to the excessive loading of poles, which is both 
unsightly and dangerous. 

Parts of Overhead Trolley Construction. The trolley wire is secured to an “ear” by 
soldering, clamps, or other means, and the ear is bolted to a “suspension” which may or 
may not be pro\’ided with an insulating portion. These suspensions are carried by span 
wires which in turn are fastened to the poles or brackets, or they may be fastened directly 
to the bracket. If the “suspension” is not insulated, “strain” insulators are inserted in the 
span wire between the ear and its point of attachment to the poles or brackets. A jslightly 
different form of suspension, called a “puil-off,” is used on curves. At turnouts “trolley 
frogs” must be used to guide the trolley wheel. 

Curves. Poles are frequently spaced closer together on curves. Table 32 may be con¬ 
sidered typical, the divergence of the wire from the theoretical curve being kept within 
3 t /2 in. 

Table 32. Spacing of Poles on Curves, Interurban Road 


Degree of 

Pole 

Divergence 
of Trolley 

Wire from 

Degree of 

Pole 

Divergence 
of Trolley 
Wire from 

Curvature 

Spacing, 

Track Center, 

Curvature 

Spacing, 

Truck Center, 

of Track 

ft 

in. 

of Track 

ft 

in. 

Tangent 

120 

0 

6 

60 

2.87 

\ 

120 

1.87 

7 

50 

2.34 

2 

110 

3.37 

8 

50 

2.64 

3 

90 

3.06 

9 

50 

2 94 

4 

80 

3.37 

10 

50 

3 24 

5 

70 

3.06 





Simple and Compound Catenary Construction. Catenary construction may be divided 
into simple and compound. In the former the trolley w’ire or wires are earned by one or 
t'wo meS'.cnger cables which are supported only at the poles, bents, or span wires, in the 
latter, the horizontal wnre or wires are carried by a messenger cable, which is itself sus¬ 
pended from another messenger cable which is supported at the poles, bents, or span wires. 
The advantages of the compound catenary are greater flexibility, reduced stresses in the 
supporting wires, shorter hangers, better lightning protection, and superior curve con¬ 
struction. 
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The double catenary uses ivro catenary wires hung from points in the same horizontal 
plane and supports the trolley wire with double hangers. Inclination of the hangers is kept 
constant with crossties. This system is infrequently used because of the expense. 

To obtain a line which will not require frequent readjustment, the messenger cable must 
be installed with practically uniform tension throughout its length, making it necessary to 
have less sag in the shorter spans. For this reason certain definite pole spacings and cor¬ 
responding hanger lengths have been standardized. 

Hangers. Where only one horizontal wire is su>pended from the messenger cable, the 
hangers should hamr loosely from the '-able and •should be screwed fast to the trolhn- wire. 
This permits the trolley wire to rise shghtlv as the trolley passe.^ under it. thereby making 
the wire equally flexible along its entire length. Where a steel contact wire is clipped the 
horizontal conductor, the hangers are usually rigidly attached at both ends, as the rla- 
plication of horizontal wires assures uiiiiorm flexibility, regardless of the hangers. (.See 


Table 33.} 


Table 

33 . Tangent 

Length 

pDle 

N”umber of 

Spacing, 

Points of 

ft 

Suspension 

150 

!1 

125 

9 

no 

8 

95 

7 

80 

6 

70 

5 

35 

4 

Wear of Trolley 5 


Trolleys 


Lenath of Hangers, in. 


6 3,4 8 1/2 

2 2 


131/2 14 3/4 16 

2 

2 . . 2 
2 2 


171/2 


191, < 
2 


20 1 ;- 


1 Bow and Trolley Wire. The wear of the trolley wirc-i is net 
serious with either v.heel or bow' collectors. On the lines of the Indianapuhs 3: t iucinimti 
Traction Company, a copper trolley wire lost less than 1% in w’eight after it hah experi¬ 
enced 39,000 car movements, each car raking an average of about 40 amperes by an aiunu- 


num slider 

The vertical wear of the steel contact wire on the X. Y., N, H. d: H. R.R was 0.f'.2S lu. 
in 30 months, which is practically 4.5% per year of the half diameter of the wire (one-h.ili 
taken to permit wire to be held in clips) which, even on this vertical diameter basi'?, in¬ 
dicates a life of over 20 years; but as a matter of fact it will be much more than tliis. 1 ji 
the reason that as the vei tieal diameter lessens the breadth of contact increases Thromrhout, 
thus diminishing the rate of vertical wear. Of further interest is the fact that there is prac¬ 
tically no corrosion of the wire as the ware is covered with a film of grease deposited the 
pantograph siioo (W. S. Murray). 

Change in Length of Trolley Wire. The change in length of copper due to chancre'm 
temperature is one of the greatest difficultie.s in the maintenance of overliead wr)rk. A drop 
of 100”F in Temperature will cause a copper bar to contract approximately 1 m. for overy 
100 ft of length. If it is restrained at the ends this will cause an additional stress of 2500 lb 
in the case of a Xu. 0000 trolley. 


Third-Rail Systems 

Third rails are used for low-voltage railways where the power re.iuiremeii’’'' ire m exres 
of the current-carr/ ing capacity' of a trolley wire, and where 
there is piivate right of way. 

Collector Shoes. Current is collected from the third rail 
by projecting cofiecior shoes on the cars. These shoes are 
placed on each side of each truck, and are all alive, when an.\' 
one is alive. 

Rails are usually made of special high-conductixuty steel. 

It being not unusual to have a conductivity i q cr ^'7 that uf 
copper. 

Types of Construction. Third-rail construction may be 
classified into the top-contact and uuder-con^ai t types, each 
of which IS suscuytiblc imj)urtant varla^l4>nc^ m dl^llm, 
especially with reference to the type of protciUioii. 

(a) Interborough Top-Contact Type. One of the mo>t com¬ 
monly used type illustrated in Fig. 52. It is often called 
the “Interborough tyY>e ' on acv’ounx of its usc m the subway ^ 
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oi New York. The rail is a standard T section and rests on reconstructed granite in¬ 
sulators. A board protection is attaclied to the rail itself by means of clamps and uprights 
and is thereby kept in perfect alignment. 

‘J}< Pennsylvania Top-Contact Type, (tig* odd Another type has the protection sup¬ 
ported on separate brackets independent of the third rail itseh. It is claimed that this re¬ 
duces tue aaiount of labor w'hich has to be done on the live rail wiien repuns are being 
made, but it cannot be leiied upon aa well as the New Y'ork subways' type to keep the rail 
and piotection in perfect alignment. 



{c) Under-Contact Types. iFig 54.> Although the top-contact types have given 
fir.^t-class service, they are considered to have certain disadvantage^ for exposed locations 
as thG>- cannot be wholh protected from snow, ice, and sleet. The lower part is only a few 
inches from the ties: holding clips generallv reduce this clearance, increasing the danger of 
grounding from accumulation of wet snow, and from flooding The occasional suspension 

of traffic during sleet and snowstorms and floods, on rail¬ 
roads using the top-contact type of third rail, led to the 
idea of an under-contact third rail looseh' clasped in in¬ 
sulators by hookbolts hung from brackets, with the top 
and side.'' of the rail completely sheathed m a flexible in- 
.'.ulatmg material for protecting the rail from accidental 
contact with man and bea.-5t, and from sleet, snow, and 
^pr.av With this type of rail the protection is of such 
ciiaracter that there is no packing of snow betw’een the 
."Ueathing and the contact rail, as in some other forms, 
aud m sleet storms no ice forms on the contact surface; 
''omc icicles may form at the edge of the petticoats, but, 
hanging down clear of the edge of the rail, are easily 
bioken off bv the passing shoe. 

Where the lail is buried in snow, the passage of the 
contact shoe breaks the snow away, leaving the rail sur¬ 
face clear, instead of ironing the snow' down on the rail, 
as may happen with the top-contact type 

Location and Weight of Third Rails. There is no 
standard gage for contact rails, corresponding to the 
standard track gage. This unfortunate condition arises 
from lack of uniformity in the clearance lines of the right of way and m the maximum 
equipment linen of various railroads. The following standard has Vjeen recommended 
(1911 and 1912) by the AEllE.V: 

The gage line of the third rail to be locaterl not lesa than 26 in. and not more than 27 in. 
from the gage line of the track, and the contact surface of the third rail to be not less than 
2 3 ,4 in. or more than 3 b2 iu. above the plane of the top of the track rail. 




I 04 N V (' K II under-con- 
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This standard has since been abandoned, and three standard clearance lines adopted 
instead. The maximum equipment line for third-rail structures and permanent \va\', re¬ 
spectively, are given, below. 


Table 34. Third-Rail Structures Must be Contained within the Line Indicated by the 
Following Ordinates and Abscissas 


Height above 

Distance out 

Height above 

Distance out 

Top of Rail, 

from Gage Line, 

Top of Rail, 

from Gage Lice, 

in 

lU. 

in. 

in 

Top of tie 

193.^ 

9 7(8 

333 4 


'9 3/4 

61 K 

36 3 , 

3 ii/16 

25 

1 « 

36 I 4 

8 

25 

-2i'4 

33 1/4 

9 V '8 

26 7/3 

Top 01 tie 

35 1,4 

(On curves of less radii than 800 ft and at switches, tliis 

line must be moved out 2 b'o in } 

Table 35. Permanent Way Structures Must not Encroach upon 
the Following Ordinates and Abscissas 

the Lme Indicated by 

Height above 

Distance out 

Height above 

Distance out 

T\.,p of Rail, 

from Gage Lme, 

Top of Rail, 

froiii Gaee Line, 

in 

in 

m 

in 

Top of tie 

36^4 

7 -It 

37 3 '4 

= 2 1/9 

0 

36 1/4 

37 3/4 

lOT, 

34 1-4 

fOn curves of less radii than 800 ft and at switches, this fine must be moved out 2 I /2 in ) 

Inclines. Where it 

15 necessary to break the third rail at crossovers, grade cro.ssings, 


or electrical section breaks, end declines are required to catch the contact shoes and bring 
them to the normal level of the third rail. 

The exact location of the inclines on each side of a track-rail intersection depends upon a 
number of conditions, an important one of tvhich is the extent to winch the car equalizer 
bar and iournal box project outward. If there is a tram bus line connecting all tlie cars, 
the end inclines niav be situated manv feet back from the switch point or frog, but if there 
IS no such bus line, the contact rail will probably have to be terminated m a ci oss incline ex¬ 
tending as near as possible to the switch point or frog. 

Bonding. In order to provide a continuous path of low resistance for the flow* return 
traction cuirent through rail joints, some form of traction bond must be provided around 
the joint. 


27. LOCOMOTIVE RATINGS 

Locomotive tonnage ratings state the maximum load a locomotive of a given type can 
haul over a specified territory' and maintain the required schedule. It depends upon the 
total tractive reMstance to be overcome, of which grade resistance is usualh the most im¬ 
portant Hence most tonnage ratings are based on the ruling grade. Other contributing 
factors are variations in train resistance with speed, curve lesistanee. time to accelerate, 
and length of g’ ade. A mimmum overall scheduled speed ma\- be determined based on type 
of tram (whether passenger, expres.s. expedited freight, or drag fuight' and nature of 
commodities handled. The length of ruling grade sets the speed over the grade ne'•e:^'ary 
to fit the schedule L'sing that speed, the tram, curve, and grade resistances are sumrnated 
and subtracted froni the net draw'har pull at that ‘^peeil to obtain the total gro-" tuii^ that 
can be hauled. For comparative purposes this simple rating is usually sufiieiont. It may 
also be obtained by working with resistance throughout on a per ton basis. 

Adjusted tonnage ratings are necessary to compute the actual performance of a,loco¬ 
motive under practical condition,': where account must be taken of the var\ ing weights of 
individual cars and the corresponding variations in tram and grade reAstance The 
Penn.'vlvania Railroad method dcteimmes an adjusted tonnage factor. K, which is adcle<i 
to the flat tonnage of each car m building a train to us adjusted tonnage.^ In determining 
K, the simple tonnage rating for trams of emptv tons per carl and train^^ of loaded cars 


21^ Pennsylvaraa Railroad, Ttst Otpnrtmtni m 2b, IUIj. 
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are obtained, 
equal, that is. 


By use of the ady.istnient factor, the adjusted tonnages of each should be 


TT'i + A’-V: = TT: d- A’-Vs or 



where TT’i and Tlh are the simple tonnage ratings of the trains, with empty car^ and the 
trains of loaded cars respeciiveK . and -Vi and -V-j are the eurrespuiiding nun.her o: (‘ai.i in 
each train. Decimal values of A can usuallv be ignored and the resulting inaccuracy over¬ 
come by using an average of B’l -r A’-Vi and Tth -r Al\h for the adjusted tonnage rating. 

Tor a given type of locomotive engine and speed on the ruling giade. tl.e grade itself is 
the only variable, Henc-e curves can be plotted showing adjusted raimgs lo^ tiiat type 
engine on other grades 

Economical Speed. When the velocity of trains is very low (say 5 inph). the fuel used 
per mile is greater and train wages are greater both on train under consideration au-l 
ot'ners due to greater interference with traffic, but any saving is small, d'or high velocities 
the cost per train mile is likewise comparatively hig’n The mo.st economical speed is about 
17 mph for single track and nearly 2u mph for double track according to results of com¬ 
putations by Isaacs and Adams, in BuL 115 of the Amer. Rwy, Eng. and Main Way Assoc 
The^e were, of course, based on certain assumptions, but there is no doubt that it is often 
not most economical to haul maximum train loads or full “ratings' on account of low 
<=perd= 

With electric and diesel-electric locomotives, a more serious objection to low speed is 
lound in excess heating of the motor. Since tractive effort increases as speed decrease?, 
practical low-speed iimitations are set by the continuous, hourly, and .'short-time ratings 

Dynamometer cars are used to obtain by test the performance capabilities of loco- 
inotivea, obtained with the foregoing computations. The car is placed between the loco¬ 
motive and train and measures the locomotive drawbar pull (through a hydraulic cylinder 
and pi.'tonl, which is recorded as a curve on a moidng tape along with other necessary data 
of ?poed, throttle or controller position, fuel consumption, etc The area under the curve 
of drawbar pull represents the work done and, wlien divided by the tune required to 
cover the distance, measures the horsepower. Electric ami diesel-electric, etc., performance 
can oe more readily and accurately determined through instrumentation of the locomotive 
u-^ed along with the builder’s curves of motor characteristics. 

Temperature has an effect on tonnage ratings by increasing starting and tram resistances. 
Most roads provide some reductiori m tonnage, the amount varying with the temperature. 
Practice on the P.R.R. e.stablishes the tonnage adjustments shown in Table 30. 


Table 36 * 


Temperature Range, degrees F 
Above 25'^ 

From 25* to 15^ 

From 15* to 5^ 

From 5® to zero 
From zero to 5' below 
From 5" below to 10^ below 
From 10® below to 15® below 
From 15° below to 20° below 


Tonnage Rating, % 

too 

05 

90 

55 

80 

75 

70 

65 


* Pennsylvania Railroad, Letter of Mr Cover, Chief of Motive Power, Nov. 29, 1950. 


Tb.-.‘ above ratings applj- to steam locomotives only. No reduction.? have been found 
necessary for electric and diesel-electric locomotives. 


28, ACCELERATION AND DECELERATION 

A definite force or tractive effort is required to accelerate a train to ca higher r.ate of speed. 
Orb.' t’nat portion of tractive effort not required to overcome other forms of tractive re- 
siciance is available for acceleration. From physics, accelerative force, F,-. in pounds, is 

Fa = where v: is train weight in pounds, r is speed in feet per second. 5 is distance 
'^Ss 

in feet to accelerate, and g is the acceleration due to gravity. For practical use and to 
accelerate from one speed to another, Ti and V 2 are initial and final velocities in mph, ]V is 
weight in tons, and 6% additional force for rotative energy is added: whence Fa == 
jCiTL , 70 

(Tr — TVb The net accelerative force in pounds per ton is — — (TV “ V 2 ^). 
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The tn ar-f'Cio?atc ; i' - ~ iho time to accelerate f:oin a 

^poe.i or v' r > ■ ’r,ph i- ^ = - - -T- T’ is frr'-'arcr t-.ar. T'j, then these formulas 

^ive the Ti' o an r'^rar''*** a ’ -Ar ). i- The relatuu:'- ht'iwecn 

spcc'l. U'O' cu.’ lii'Teoi •< e'.pie'- i ti-j. ■ . rat’ ■ ■‘ii Ae<-eler o ion curves ^\uuhi l>e si! maht 
lines II ih.* ’‘aM.- o ••ria!ia<- ■'cl.-i-U' . SuiLe ii i" not uini.jrio, points on 

thi' a ■■'•e'ci-t'loT .. -le--'h r ari.»i. .-mv.-- ,e (o’opuT’.na a time or di-tan<-e must 
he oHiauu'.i 'o--p^r intCM-u- o’* ireof nuej val depends oii accuracy re¬ 
quired hara'T iiitereals ai'-t vai le- •». :i -c •■n i di->tau'-e whhh aie less than aetually 
reqiiiusl One -i-oe i-or hrjui im rmiui.*- .ou suecesSlulU used with dieseUclectncs, 

but n,r ^toa’n h>■ o'notivti-i ha" "t rT'. --.1 <.r* curve i-* seldom arcurato c-nouah 
to ju'-iin' an\:hine: '<>'tnan •* > .ii’- - V.duc- 01 tractive effort, resi-iauces, 

ac{‘eleratiec forte lime, ami d.'-'.tn-x' ’..a' con'‘-.aenth' he set up in tabular lorm for 
each spt-'d incremcm. Tiactiv-- a.d -.--i'-ai. - au- 'leteinmu'd for the cutrage 

value tu speed over the ^pee-^ u'. m t ' ‘s.'-p;'. - .m.i speed-flistance curve'^ are 

piottoo to- various m.tdes , r.von f th ' ">'■' of the acceleration and de- 

coleiation curves co» rospoudme i. spe. ts. u: • .• ai.-l ‘.istaucos involved may be trans- 
terred to a piofile of the hue to st ’•v.* am-*- mate ’i.-iU (-r car* pe^iorrnancc prepare tonnage 
rannas. m «tudy the ehe'-t-^ of relO''aTn"u- - < \rv- ’-nd levisioii-! Before rtiotnng, all 

Stops an I speed ro'*tnciions due t*:* eurv-tt'ir«. i ity orhunanct" railroad > rossings, etc, 
aiiould be spotted on the profile. Units of tuiit' pluttea auain-i pxonlc distances from a 
time-ilisiance cuive give tiie overall elap-^ed tune heivseeu sii. points on the entire 

territory 

29. ECONOMICS OF LOCATION 

Location consists of fixing the horizontal and vertu'al position 01 tiie line. 

Economic iocation i«: the deteiminatic-u the proper relation between construction and 
operating expenaes and the discovery, lu .any individual ca&e. of that lueaiion tvluch will 
a^ord the most oconomioal combmanon of cost and operating expeiKses lor the given or 
estiinateil traffic Tfie principles are i>ractically applied by comparing prouosed plans for 
now eonstruction or by inveMicatins cnanges in existing lines including abandonment of 
existing fa' iluics. For now work the motno'i must incluvie for each proposed route these 
features (!' the estimated cost ot the line: (2' the annual interest charge on capital at a 
rate whicn the circum^tanees of the proiect make proper: {3i the estimated annual traffic 
(lun onh' the gros<? tonnage, bar also tiie number 01 trains required to handle it', (4i tiie 
clTect. if any. ot change tu location i>n the iraffi-- obraiiiai4e. <d' the estimated annual eo^t 
of handling siicli traffic; ((b the effect, as tar as it is possible 01 proper to predict n. of fuiure 
changes in traffic or m operating condition^'. Having doteruuned the gross revenue, tb.e 
interest on first cost, and the operating expense’' the hue giving the largest net revenue is 
evidontl> the most economical line. When i''venuo i-' not affected (generally true for small 
change.^' the iiue liaving a nuniiuum sum of operating expenses and interest on fiist cost is 
the mo-^t economical. When -^tudving change" of an existing line, in addition to the features 
above mentioned, the po’<«ihle injnrv to exi'-ting facilities numt 00 con'iiclered. The pro¬ 
posed plan shou'd IP Slum a case, so mcrt.ase tlie net income that the exr'ess will at least 
pa\- a T'l'-’per return cm tlie eiiTire co-^i -f the clvange. 

Til-’ geiu’ral motiiod 0 } ana!'-'">- <.'»n'-5i"t= iti scjmrating the liifferent items of co"t of 
opoiMtTon and deternuning tiie nropii’each irem which is afteeted bv each ph\"ii.al 
clement m the propo-=ecl c' • nge of line The pluMeal oiements are distance, curvature, 
mru^i grades, and ruling g’ - ie& Table 37 gives t!;e aggregate results for each of the main 
group-A oi opevatuig expenses and illustrate" the fueihod Both th.-- grouping and the per¬ 
centage" are now change.! (.see Table 44. n fi-lb j-. 

The laek of agreement of these rigvnes is parb>: <lue to some differences in the ba^is of 
compulation. nartl\ to the different tunes at whicli thc\- were computed, and partly to the 
fact tiiat sueh figures can never be const.am foi all times an-i cnnditions. but must be UiOrix- 
fied to suit local conditions It h.'‘wever. renui^kabie that tlie mean values for the large 
and small changes give 3S 1 . 41 4U . 3s >‘”7’. arni 42^, re"pei'tivi'ly as the percentage of 

tota’ o]>eratiug expense'' which are affected bv changes of length, of line. 

Kaiher location .studies reduced all costs to a train-mile baris. assuming therebv that 
Train-nulc cost." varied little with the size of the tram The ARF.A recommends use of the 
lOoO grn"S Ton miles (G T M i unit reflecting tram load as the proper basis in comparing 
effects (■' distance, r-m-vaturc. and minor grades. IluUng and pusher grades are compared 
on a traiu-mik' ba-is. 



Table 37. Distance. Percentage of Operating Expenses Affected by Length of Line According to Four Estimates 
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n Per 1000 G.T.M. 
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Distance 

Short increases or decreases in distance, i.e . those loss than a mile, have onb' a nominal 
effect on operating costs. As the table mthcatos. onl\ a small percentage of operating ex¬ 
penses var\ tvith these distances A greater percentage. SS 39c. are affected wiien distance 
variations are between 1 and 10 miles. For distances greater than 10 miles, the per cent 
affected is 49.G9t or 60.49c, depending on whether or not train- and engine-crew wages are 
affected. 

Reduction of distance niay also reduce the receipts as well as operating expenses and 
thus reduce the advantage gained b\ shorter distance, provided the change of distance is 
so great that it is measured in miles The effect on receipts is not computable except in 
the most approximate way; ii depends on the following elements (1) Since the cost of 
operating additional distance is approximatelv 40*-'^ of the average, whereas passenger 
receipts and some other kinds are based more or strictK' on actual mileage, there is a 
real advantage and profit m added di^^tance for such kinds of traffic. (2i For competitive 
business, where receipts are absolutely independent of distance, any added distance is a 
pure loss, wdthout any compensation. (3) For through business, where the division of re¬ 
ceipts between roads is more or less strictly according to the relative mileage of hauls on 
the two or more roads, there is profit or loss according to the percentage of length of haul 
on the home road to the total haul; the larger the percentage, the larger the possible profit, 
which also depends on whether the rate is competitive or non-coinpetitive. (4) Since a road 
always has varying proportions of these several kinds of traffic, the net advantage or dis¬ 
advantage depends on the combined effect. As a final conclusion, there is always some 
addition to receipts to partially offset tlie added cost of operating added distance; for a 
road whose business is very largely non-competitive the increase in receipts due to added 
distance might be greater than the increase in operating expenses, for a road whose busi¬ 
ness is chiefly competitive the net loss will be great, in any case there is some reduction on 
the advantage computed above by decreasing the distance. 

Curvature 

The basis of the analysis of cost is the determination, first, of the degree of curve on 
which the power requirements are precisely double the power used on a straight level track, 
and then the determination of the additional cost of the doubled resistance It is then 
assumed that train resistance and added cost of curvature are proportional to the number 
of degrees of central angle and independent of the radius of curvature. The degree of 
curve on which the resistance is precisely double that on a level tangent has been variously 
estimated from 10® to 12® 30'. .A. mile of such continuous curvature will have from 52S® to 
660® of curvature. Doubling the j^ower reqiurements on the engine will increase certain 
items of cost of a train mile by a computable percentage of such cost. A continuous 10° 
(or 12° 30') curve will increase items of maintenance of way and equipment h\ percentages 
which may be closely estimated. Manv of the items of cost of a tram mile are unaffected. 
In this way the total increase in the cost of one mile of such curved track is computed. 
Dividing the total extra cost by the number of degrees (52S to 600/ give‘=5 the value of 1°. 
The chief items affected by curvature arc rails, of which the extra wear may be from 200 to 
300%: repairs to locomotives. 100 to 200%. and repairs of cars which are increased from 50 
to 100%. Some other items of maintenance of way are increased 25 to 50%, and fuel and 
water would be increased about 50% The extra cost per degree has been variously com¬ 
puted as shown in Table 38. 


Author 

Date 

Degree per Milo 

Percentage 

Extra Cost per 
Degree Per Cent 

Wellington 

1887 

600° 

35.6 

0.0593 

Berry 

1904 

660 

( 35.35 * 

\ 29.88 t 

0.0536 

0 0498 

Webb 

1908 

528 

34.6 

0.0655 

AREA 

1951 

528 

31.2t 

0.0600 


* Uncompensated curvature, 
t Compensated curvature. 
t 1000 G.T.M. 

The percentage of extra cost per degree chosen should be multiplied by the estimated cost per 
train mile or 1000 G.T.M. and this value multiplied by the number of trains (1000 G T.M.), 
which gives the yearly cost of 1° of curvature Capitalizing this at the proper rate of 
interest gives the amount which may justifiably be spent to avoid one degree. For cal- 
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culations of thif* kind, estimate^ must be made on. the following iteins w’hich will vary 
accorjina to the l-ioal conditions. (1; the local cost per tram miles or 1000 G.T M.; (2) 
the percentage by which the various items of cost per train mile are affected by curvature; 
(3! the number of trains which will use the tracks. For new construction even the last 
item is an uncertain quantity. 

Minor Grades 

Tho basU of computing the cost is to determine, first, the rate of grade wliich will exactly 
double the iesistance on a level tangent, second, to compute the effect on operating ex¬ 
penses of a mile of such a grade: and third, on the assumption that the cost of lifting a 
tram through so many vertical feet is proportional to the height, the extra cost of 1 ft of 
elevation equals the added cost of operating a mile of such grade divided bj- the number of 
vertical feet in a mile of that grade. It is assumed that the grade which doubles tractive 
resistance on a level tangent does not limit the length or weight of trains it is designed to 
haul ndth one engine, or that an;.- limiting effect is a separate matter, and that the onli- 
effect of the grade is to increase -he operating expenses over those required for operation 
over a level track. Minor grades are necessarily divided into three classes on account of a 
distinction in their effects on the operation of trains. Class A includes those grades which, 
on account of the rate of grade or the length, do not require any change in the handling of 
the train, no brakes, and no change in the throttle or cutoff. Class B includes those grades 
which are steep enough or long enough to require shutting off power (but no brakes) in 
order to avoid objectionable velocity while descending and to require more power or longer 
cut-off when ascending. Class C includes the grades which require that power shall be 
shut off and brakes applied on downgrades and full power used on the upgrades. Since 
a fast passenger train ina,v safely attain very high speed in a sag and since the effect of a 
hump is a relatively small reduction of a previously high velocity, a grade which should 
properly be classified as an A grade for fast passenger trains should be classified as a B 
or ex-en a C grade for slow freight trains. The average tractive resistance of a train at 
ordinary x-elocity is about 10 lb per short ton. For slow freight trams the figure is too 
nigii, for fast passenger trains it is too low. Ten pounds per ton is the equivalent of the 
grade resistance on a 0.5% grade which has a rise of 2C 4 ft per mile. 

Sags and Humps. This section applies only to the possible elimination of sags and 
hump.s, since a long uniform grade connecting two predetermined points is practically un¬ 
changeable. The problem therefore becomes the determination of the value of removing 
a hump or filling a sag whose height is the vertical distance f.-om the vertex of the sag or 
hump from the uniform grade by which it would be replaced Value of 1 ft or rise-and- 
fall: Class A grades hax'e no effect on the power requiied of the locomotive, and no effect 
on operation except a harmless temporary increase or decrease in x-elocity. they hax-e also 
no appreciable effect on operating expenses and can therefore be igonored. The effects 
of Class B and Class C grades have been x-ariously computed as shown in Table .39. 

Table 39 




Percentage 

Affected 

Annual Value * 

Author 

Date 

Class 13, % 

Clas. C, ^ 

Class B. % 

Qass C, % 

Wellington 

1887 

3.03 

Q.67 

84 

276 

tv ebb 

1908 

6 08 

7.92 

168 

219 

BeiT>' 

1904 

3 38 

7. 13 

93 

197 

AREA t 

1951 

2 36 

8.85 




* ,4iinual value in per cent of average cost per train nule for each round trip daily train per foot of 
ri?e-arid-!all. 

7 Per 1000 G T.M. 

Table 39 is based on an average train resistance of 10 ib per ton. whereas C to 7 lb is 
more nearb' correct for present roiling stock. 


Ruling Grades 

Ruling grades are those -wiiicii limit the length or weight of the trains which may be 
handlcii by one locomotive. The classihcatiou does not include steep grades which will 
aiwa\ s be operated by two or more engme.s and are called pusher grade.^. nor does it include 
very short steep grades which may always be operated by momentum. The maximum tram 
loads which may be hauled on a given ruling grade and on the proposed lighter grade by an 
engine of given weight, dimensions, and power may be fletermined by dividing the tractive 
force by the total resistance per ton, both taken lor the same speed. 
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The cost per train mile of each additional tram tor hauling the same tonnage of cars up a 
somewhat steeper grade has been computed by W'ebb as about of tlie average cost of 
a train mile. J. B. Berry {IJul. 49, Anier. Ry. Eng and Mam. Way As^oc.} computes the 
cost similarh’ as 43.209 g- Isaacs and Adams (Bui. 112 of same association,' computed that 
30.64% of the total operating expenses are "alTected by locomotive mileage.'' Timy use 
the figure by multiplying the additional number of tram miles required bv the liigher grade 
by 30.65'c of the average cost per tram mile and consider this as the additional co^t of the 
higher grade. The author has computed a value of 39.0 

The number of daily trains required for each grade may Le found by dividing the given, 
or estimated, total tonnage by the maximum net tram loail for each grade; the difference is 
then the number of daily trams saved. 

Table 40. Per Cent of Trains Necessary to Handle a Given Traffic with Single Engine, 
if Gradients Are Changed from Those in First Column to Any Other Given Gradient 


Gradient to Proposed Gradient, Per Cent, with Per Cent of Trams to Handle SaniO Tradic on Original Gradient 
Be Re- - 


duced, 9c 

0.4 

0 5 

0.6 

0 7 

0 8 

0.9 

1.0 

l.l 

1.2 

I 3 

1.4 

1 5 

1.6 

1.7 

1.8 

1.9 

2.0 

26 

30 

34 

33 

42 

46 

51 

55 

60 

65 

69 

74 

79 

84 

89 

95 

1.9 

27 

31 

36 

40 

44 

49 

54 

53 

63 

63 

73 

78 

84 

89 

94 

100 

1.8 

29 

33 

38 

42 

47 

52 

57 

62 

67 

72 

78 

83 

89 

94 

100 


1 7 

31 

35 

40 

45 

50 

55 

60 

66 

71 

77 

82 

88 

94 

10G 



1.6 

33 

37 

43 

48 

53 

39 

64 

70 

76 

o2 

87 

94 

100 




1.5 

35 

40 

46 

51 

57 

63 

68 

75 

81 

87 

93 

100 





1.4 

37 

43 

49 

55 

61 

67 

73 

80 

87 

93 

100 






1.3 

40 

46 

53 

59 

66 

72 

79 

86 

93 

100 







1.2 

43 

50 

57 

64 

71 

7S 

85 

92 

100 








1.1 

47 

54 

61 

69 

76 

84 

92 

100 









1 0 

51 

59 

67 

75 

83 

91 

100 










0.9 

55 

64 

73 

82 

91 

100 











0.8 

61 

71 

80 

90 

100 












0.7 

68 

79 

89 

100 













0.6 

76 

88 

100 














0.5 

87 

100 















0.4 

100 

















This table is taken from Bui. 49 of Amer. Ry. Eng. and Main. Way .4.ssoc., by J B Berry; calculated for engine ana 
tender weighing 15U.3 tons in working order, tractive force 35,268 lb, weight of caboose 17 tons, velocit) and fricuonai 
resistance 6 lb per ton. As percentages, the figures apply approximatelj- to almost any freight vntiine 


Ruling grade selection is governed in part by the necessity of holding certain key 
points—initial and final terminals, traffic centert. mountain passes, and rivei crossings. 
Between these control points there may be several route possibilities. A ruling grade is 
selected for each, and the several routes compared. Each leg of the route then contains a 
potential ruling grade from which one must be selected for the entire route oi district. Not 
only the minimum gradient is sought but also the shortest, since excesaive distance on a 
limiting grade adds tune to the schedule. Keeping approxunately equal grades on adjaceni 
divisions permits use of similar types of motive power and tonnage ratings. Trams need 
not be rebuilt at division pomt*^. Ruling grades should be free of sidings, stations, water 
and fueling points, railroad crossings at grade, and any other cause for stops. Wiion these 
of necessity must be present, the gradient should be reduced to a value on which a tonnage 
train can be started. Futuie line changes and improvements should also be kept in mind. 

The ability of electric an<i diesel-electnc locomotives to operate for limited periods of 
time at overload capacities permits the use of heavioi grades than indicated by the con¬ 
tinuous rating of these units. The grades must be short enough to be negotiated within the 
time limit for safe overload oiieration and should be followed by lighter or. better, descend¬ 
ing grades to permit cooling tlie motors Manufacturer’s data sjoecify the safe short period 
ratings for the various gear ratios and speeds Tiiese characteristics are useful with a 
rolling profile. 

Pusher Grades. A road may be designed for pusher grades by determining a pair of 
grades such that two engines of a certain type can haul up the steeper grade the same tram 
that will just tax the capacity of one such engine on the lower grade. This pair of grades 
must be selected according to the character of the country' and must be such that all the 
grades of the line may be reduced, unthout unreasonable cost, to the limit of the grade for 
one engine, except such grades as it is intended to operate with jui-her engines. Little or 
nothing is saved by reducing these pusher grades hclow the Hunt conipuied for two engines. 
In e.xceptional cases a combination of three grades may be computed, of which the two 
lower grades are to be operated as above, and the highest grade is such that three engines 
are required to haul the same tram over it. Table 41 is computed for one type of 
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engine. The precise balance between any through grade and the corresponding grades for 
one and for two pushers depends on the type of engine, the available ratio of adhesion, and 
the tractive resistance, but it may be demonstrated that reasonable variations m the type 
of engine or tractive resistance uill only alter the required grades by a few hundredths of 
1% The corresponding pusher grades may therefore be accepted as approximately true 
for all cases. The accurac\ of the table is theoretically impaired by the fact that the rating 
tonnage on the pusher-engine service is somewhat different from that on the through- 
engine service Tlie variation will depend on the ratio of rating-ton resistance to tare-ton 
resistance. As an illustration, a 1 9% one-pusher grade corresponds to a 0.92% through 
grade according to the table. Working out the corresponding grade, using the values pro¬ 
posed by Dennis of 2 0 lb as the resistance of a rating ton and 9 lb as the resistance of a tare 
ton, the <"orresponding through grade is computed to be 0.99% Some increa.se should be 
expected since the pusher locomotive has a higher resistance per ton than average tram 
resistance This shows that although no table can be compiled which will suit all con¬ 
ditions, the differences will probably not exceed a few hundredths of 1%. The variations 
are of less importance with the higher pusher grades The cost of a pusher engine mile as a 
percentage of the average co^t of a train mile was estimated bv Wellington (1887) as 
38 3%; by Berry (19041, 34.4%; by Webb (1908), 38 8%. 

Table 41. Balanced Pusher Grades for One, Two, and Three Engines 


Track Resistance. 61b ! Track Resistance. 81b 




Corre.'pondmtt Pii<her 


Corresponding Pusher 

Ihrough 
Grade, % 

Xet Load for 
One Eiiinne. 

Grade ’or '^ame 

Net T.oad, % 

Net Load for 
(.>ne Fln'zifie, 

Grade for Same 

Net Load, % 


t<jns (2000 lb> 

One 

Two 

tons (2000 Ib) 

One 

Two 



Puslier 

P'’sher« 


Pusher 

Pushers 

Level 

3868 

0 28 

0 53 

2874 

0.37 

0.72 

0 10 

2874 

0 47 

0 82 

2278 

0 56 

0.98 

0.20 

2278 

0 66 

1 08 

1880 

0 74 

1.23 

0.30 

1880 

0 84 

1 33 

1596 

0 92 

1.47 

0.-40 

1596 

1 02 

1 37 

1384 

1.09 

1.70 

0 50 

1384 

1 19 

! 80 

1218 

1 27 

1 92 

0 60 

12)8 

1.37 

2.02 

1085 

1.44 

2 14 

0.70 

1085 

1.54 

2 24 

977 

1 60 

2 36 

0.80 

977 

1.70 

2 46 

887 

1 77 

2 56 

0.90 

887 

1 87 

2 66 

BIO 

1.93 

2.76 

1.00 

810 

2,03 

2.86 

745 

2.09 

2.96 

1.10 

745 

2 19 

3 06 

688 

2.24 

3. 15 

1.20 

688 

2 34 

3.25 

638 

2 40 

3.33 

1.30 

638 

2 50 

3 43 

594 

2 55 

3.51 

1 40 

594 

2.65 

3 61 

555 

2 70 

3.68 

1. 30 

555 

2.80 

3.78 

521 

2.85 

3.85 

1.60 

521 

2 95 

3 95 

489 

2.99 

4 02 

1.70 

489 

3 09 

4. 12 

461 

3 13 

4 17 

1.80 

461 

3 23 

4 27 

435 

3 27 

4,33 

1.90 

435 

3 37 

4.43 

411 

3.42 

4.49 

2.00 

41 1 

3.52 

4.59 

390 

3.55 

4.63 

2 10 

390 

3 65 

4 73 

370 

3.68 

4 78 

2.20 

370 

3 78 

4.88 

332 

3 81 

4 92 

2.30 

352 

3 91 

5.02 

335 

3 94 

5 05 

2 40 

335 

4 04 

3 15 

319 

4.07 

5 19 

2.50 

319 

4 17 

5 29 

304 

4 20 

5 32 


Basis. Through and pu.sher engines alike, consolidation type, total weight, 107 tons, weight on 
drivers, 53 tons, adhesion, 9/40. giving a tractive force for each engine of 23 850 lb, normal track re- 
'■i-5tance 6 (also 8} lb per ton. It is assumed that the engine is so designed and that the velocity and 
^team pressure are such that the engine can always develop a tractive force of 23 850 Ib. 


The mileage must be computed as twice the total distance between the sidings at top and 
bottom of the grade, this distance being always somewhat in excess (and sometimes very 
much so) of the length of the pusher grade on the profile. 
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Balanced Grades. The foregoing principles have by implication been applied to grade 
design for movement in one direction onh*. Actually trains run in both direction^ over the 
same profile. Usually a prevailing tonnage movement exists in one direction onl>’. per¬ 
mitting fewer return trams with more empty cars. But locomotives and crews must be 
returned also. This suggests the return of lightly loaded trams which do not require as 
easy gradients as the loaded outbound movement. To be exactly in balance, the return- 
bound ruling gradient need be no flatter than necessary to permit the same number of cars 
with less total resistance to be handled as are taken loaded in the opposite diiection. Tiie 
problem is not quite that simple, however The difficulty lies in determining juat what per 
cent of theoretical balance should be used since only m a few limited cases—for exaniple, 
one-directional movement of iron ore from the pit—do theoretical conditions govern It 
is difficult to predict what the ratio between prevailing tonnage and adverse traffic is 
going to be. Usually passenger traffic and tonnages will be the same in both directions. 
These factors must be considered aa urging substantial modifications of a completely 
theoretical balance ratio. 

Momentum Grades and Velocity Heads 

Momentum grades are grades winch, although somewhat steeper than the ruling grade, 
can invariably be approached at such a velocity that the kinetic energx' of the tram will 
assist the engine sufficiently to carry the train past the summit with a minimum velocity of 
say 10 mph. If the resistance of trains were independent of velocity, the mechanics of the 
problem would be much simplified, but the e.xtensive dynamometer tests of Dennis, con¬ 
firmed by those of Shurtleff, have shown that the resistance per ton of freight trains at 
velocities between 10 and 35 mph is so nearly uniform that the following method gives a 
close approximation to accuracy. It is also fortunately true that a very considerable error 
in velocity height at high velocities is comparatively unimportant. Assuming that a train 
could run without track resistance, its kinetic energy at a velocity v in feet per second 
would lift it up a grade to a total vertical height h = v~. 2g, in which g is the acceleration of 
gravity. II U = velocitj' in miles per hour, h - 0 033441'-: adding 5% for the rotative 
kinetic energy of the wheels, we have = OOSolI"^. The values of h (or “velocity 
heights’') are given in Table 42. 

An engine properly loaded will haul its train up the ruling grade, and the test of the 
momentum grade or hump is the possibility of hauling the train up the excess grade with 
the help of momentum. For e.xamplo, a tiain, with the engine loaded for a 0.7% grade, 
approaches a 1.2^ grade 7S5C ft long with a velocity of 35 mph. The excess grade is 0.5^-. 
and in a distance of 7850 ft, the excess rise is 30.25 ft. The velocit> head corresponding to 
35 mph is 43.01 ft; subtracting 39.25, we have left a velocity head of 3 76, which cor¬ 
responds to a velocity of 10.3 mph, wliich is a safe speed for going over the summit The 
secondary question, whether it is safe to assume that no fully loaded freight train will ever 
need to stop, or even slacken speed, along this grade of 7S50 ft, is a matter of practical 
operation which the engineer is unwarranted m assuming. 

The accuracy of this method depends on the assumptions that the resistance is uniform 
within the range of the velocities, and also that the work done b^' the engine is uniform. 
Although the resistance may be considered substantially uniform, the tractive force of the 
engine decreases as the velocity increases. When, as m the above illustration, the train ap¬ 
proaches the grade at a velocity of 35 mph, the engine is not producing as much tractive 
force as it can produce at a lower velocity. But if the rating of the engine is based on a 
fairly high velocitj' on the ruling grade, the excess tractive force at lower velocities may so 
balance the deficiency' at the higher velocities that the method is applicable without 
material error. Experience has shown this to be true. 

Momentum grades should not be introduced in well-designed locations. Rather, mo¬ 
mentum should be looked upon as a factor of safety. When momentum grades are used, 
the actual grade should be no greater than that on which a given locomotive can start half 
its maximum train load. This permits doubling the hill, i.e., taking one-half the train at a 
time. 

Length of grade must also be considered since velocity head is lost through losses due 
to sway and to buffer and drawhead concussion. It is assumed to be dissipated at the rate 
of 30% per mile of grade. As a practical matter, most of the initial velocity head will 
have been dissipated before the summit is attained. 

Sags in Grade Line. Economies are often possible where sags having grades exceeding 
the ruling grade on one or both sides may be harmiessly introduced. Their harmlessness 
may be tested by Table 42. It is of course assumed that running through the sag without 
a stop mav he depended on. Deciding fir^^t the maximum permissible speed for freight 
trains in the bottoni of the sag, the ability uf tlie tram to mount the grade in. either direction 
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Table 42. Velocity Heads :n reet for Speed in Miles per Hour 


Speed 

.0 

0.1 

0.2 

0. 

3 

0 . 


V,' 

5 

0 ( 

5 

Q 

7 

0. 

S 

0.9 

0 

1 0.00’'l 

0.00 

o.oo! 

0 1 

OO! 

0 : 

Oi 

r"l 

nil 

0 

ni! 

0 

02 ! 

0. 

02 

0.03 

i 

0.03 '! 

0.04 

0.05| 

0.: 

Ool 

! ) 

07 1 

0 

OS' 

0 

09 

0 

10' 

0, 

11 

0.13 

2 

' O.U 1 

0.15 

0.171 

0. 

191 

0 

22 i 

0, 

221 

0 

24 

0 

26i 

0. 

27 

0.29 

3 ' 


0.34 

O.Sol 

0., 

o:', 

0 ■ 

40:1 

0. 


0. 

45 

CL 

1 V ' 
-xOj 

0. 

51 

0.53 

4 , 

1 

, 0.50|t| 

0.55 

0.62i 

0.' 

65i 

0. 

o8i j 

0. 

71 

0. 

74 

0 

i t \ 

0. 

81 

0.84 

5 

i 0 S7;.| 

0,91 

0.95 

0. 

9s! 

1. 

02 :| 

1. 

06 

1. 

10 

1 

14 

1 

IS 

1.22 

6 I 

i 1.20i,l 

1.30 

1.35 

1 

39! 

1. 

43l! 

1. 

4S 

1. 

52 

1 

57 

1 

62 

1.67 

7 ' 

1.721! 

1.76 

1 3! 

1 

87| 

1. 

92 i] 

1. 

97 

2. 

02 

2_ 

08 

2. 

13 

2.18 

S 

2.24 

2 30 

2 .35 


’M 

■) 

47'| 

2 

53 

2 

59 

2 

65 

2 

71 

2.77 

9 

2.84' 

2.90 

2.96 

3 

03 

3. 

09;! 

3. 

It) 

3. 

23 

3 

29 

3 

36 

2 43 

10 , 

; 3.50, 

3.57 

3.64 

3 

71 

3. 

7'-J.| 

3. 

86 

3 . 

93 

4 

01 

4 . 

08 

4.16 

11 ' 

! 4.24' 

4.31 

4.39 

4 

47 

4 

55'1 

4 . 

63 

4 

71 

4 

79 

4 . 

S7 

4.96 

12 

' 5.04, 

5.12 

5.21 

5 

29 

5. 

3S|i 

5. 

47 

5. 

56 

5 

65 

5. 

73 

5.82 

13 

! 5.91'. 

6.01 

6.10 

6 

191 

6. 

2S!i 

6. 

5S| 

6. 

47 

6 

,5/ 

6. 

66 

6.76 

u . 

: 6.S6;:| 

6.96 

7.06 

7 

16i 

7. 

26' 

7. 

361 

7. 

46 

7 

56 

7. 

67 

7 77 

15 ' 

7.87'il 

7.9S 

S.09 

8 

19 

8. 

30* 

S. 

4li 

8. 

52 

8 

63 

8. 

74 

8.85 

16 

; 8.964i 

9.07 

9.18 

9 

30 

9. 

411 

9 . 

531 

9. 

64 

9 

76 

9. 

88 

10.00 

17 1 

!0.1l!'| 

10.23 

10.35 

10 

47 

10 

60! 

10 . 

72 

10. 

84 

10 

97 

11. 

09 

11.21 

18 1 

11.341'! 

11.47 

11.59 

11 

72 

11 

S5' 

11 . 

98 

12. 

11 

12 

24 

12. 

37 

12.50 

19 ' 

! 12.641' 

12.77 

12,90 

13 

,04 

13 

.17 1 

13. 

.31 

13. 

45 

13 

.53 

13. 

72 

13.86 

20 i 

1 14.00! 

14.14 

14.28 

14 

42 

14 

57 1 

14. 

,71 

14. 

85 

15 

00 

15. 

14 

15.29 

21 ' 

1 15.44ii 

15.5s 

15.73 

15 

,88 

10 

03|| 

16, 

,18 

16. 

33 

16 

48 

16. 

63 

16.79 

22 i 

16 94,i 

17.10 

17.25 

17 

41 

17 

56'! 

17, 

,72 

17. 

88 

18 

03 

18, 

19 

18,35 

23 1 

'! 18 52j, 

18.68 

18.84 

19 

00 

19 

17 

19, 

,33 

19. 

50 

19 

66 

19. 

82 

19.99 

24 1 

20.16,. 

20.33 

20.50 

20 

.67 

20 

84 

21 

.01 

21 

.18 

21 

.35 

21, 

,53 

21.70 

25 I 

21 8s;S 

22.05 

22,22 

22 

,40| 

1 -7 f 

58 

I") 

.76 

22. 

,94 

23 

.12 

23, 

.30 

23.48 

26 1 

23.66', 

23,84 

24.03' 

24 

.2l| 

24 

10 

; 24 

.58 

24 

. / i 

24 

.95 

25 

,14 

25.33 

27 

25 52 

25.70 

25.90 

26 

.09 

26 

2i 

: 20 

.47 

26 

.66 

26 

.36 

27 

.05 

27.25 

23 

, 27,44!, 

27 64 

27.83 

28 

.03 

28 

23, 

i 28 

.43 

28 

.63 

28 

.S3 

29 

.03 

29.23 

29 

29 44;, 

29 64 

29.84 

30 

.05 

30 

25’ 

i 30 

.40 

30 

.67 

30 

. 63 

31 

.08 

31.29 

30 

31.50l 

31 71 

31.92 

32 

.13 

32 

35! 

1 32 

56 

32 

. 78 

32 

.98 

33 

.20 

33.42 

31 

33.641, 

33. S5 

34.07 

34 

.29 

34 

51; 

} 34 

. i 0 

34 

.96 

35 

.18 

35 

.40 

35.62 

32 

■ ' 35.84: 

36.96 

36.29 

36 

.52 

35 

74; 

! 36 

97 

37 

19 

37 

.42 

37 

65 

37.88 

33 

38.11; 

1 38.34 

38.58 

38 

.81 

39 

05, 

39 

.27 

39 

.51 

39 

.75 

39 

.98 

40.22 

34 

1 40.46 

40.70 

40.94 

41 

.18 

41 

42| 

41 

.66 

41 

.90 

42 

.14 

42 

.38 

42.63 

35 

, 42.87 

43.12 

43.37 

43 

.61 

43 

86 | 

44 

.11 

44 

.36 

, 44 

.61 

44 

.86 

45.11 

36 

1 1 45.36i 

45.61 

45.87 

46 

.12 

46 

38 i 

46 

.63 

46 

.88 

, 47 

.14 

47 

.40 

47.66 

37 

11 47 . 9 lj 

! 48.15 

1 48.43 

48 

.70 

43 

.96; 

49 

.22 

: 49 

.48 

; 49 

.74 

50 

.01 

50.28 

38 

' i 30.54| 

i 50.81 

51.08 

' 51 

,34 

51 

Oil 

i 

.881 52 

.le 

; 52 

42 

52 

.69 

' 52.96 

39 

, 53.24| 

! 53.51 

53.78 

' 54 

.06 

, 54 

. 34 ] 

5-1 

61 

54 

.8t 

’ 55 

.17 

55 

.44 

55.72 


!,! 0.0 

' 1.0 

2.0 

3 

.0 

4 

•0 1 

! S 

0 

6 

.0 

7 

.0 

8 

.0 

9.0 

40 

56.00! 

■ 58.84 

r 61.74 

64 

.72 

67 

.761 

1 70 

.88; 74 

oe 

1 77 

32 

SO 

.64 

84.03 

50 

• 1 87.501 

1 91.0. 

i 94.64 

98 

.31 

'102 

.06 

1 105 

7/ 

il09 

. 7: 

' 113 

.72 

117 

.74 

121.83 

60 

' Il26 00 

' 130.2- 

i 134 54 

138 

.92 

; 143 

36 

147 

87 

'1152 

4 = 

* 157 

.11 

161 

84 

166.63 

70 

. 171.50 

il76.45jl81.44 

186 

.52'iyi 

65^1196 

' 881202 

K 

1 207 


All 


218.42 

eO 

; ,224.00 

i|229.601235,331241 

.10 246 

.90 

1257 

.881258 

81 

t 264 

91 

|271 

.04 

277.22 

90 

, ,283.50 

,;289.82j2y6.23|302 

.70,309 

.25 

.1315 

.861322 

52 

i 329 

31 

1336 

-15 

343.05 


100 350.00 


Note: For the table the theoretical heads have been increased approximatelv o'V to ailoit for tlic en¬ 
ergy o, the rotating v heels. From Elements o/Ro:lroad E„.>,„tnns,hy \\ G. Kavmond H E 
and W. C, Sadler, Gth Ed., p. 322. ' 
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and have lent s-:.',3d at tht* - i the abrade may bo It aho be deterinineei 

what '^poed c: approach !•? necessary at the other end -'d the sag in order to attain '.nat 
inaximuin ^peed .tt the- bottom, and whether it praeticalde to approach the sag at that 
speed. 

As an ilhasiiat. .n the ruling grade is 1.2^,; economical constiuetion suggests a down¬ 
grade of 2 h.-r a distance oi 45UU ft, followed by an ujograde of fur ft. As- 

sun.e a inaxiniiun pernii-sibie freight-tram velocitv of 45 niph, the velocity head being 
71.10 ft. The grade is O.S^, which in 70(J0 it has a rise of 50 ft. Ac tne top of the 

grade the retnaining ■'.'elocity head is 15.10 ft, which corresponds to 20.7 niph which shows 
that a sx>eetl of 4j niph through the sag w'ould be unneces&arv. The drop on the other slope 
of the sag is UO ft. which would give to the train a velocity of over 50 inph. even without 
using steam. There is therefore no question in this case of the abilit\ of the train to acquire 
that speed at the bottom of the sag. It will also be suli easier to run the tram tlnough tiie 
sag in the opposite direction. 

Classification of Grades. Table 42 may be utilized to predict the behavior of trains, and 
therefore to classify the grades into the A, B, and C classes discussed under Minor Grades. 
The above case should be classified as C grade, since power must be shut off and brake.s 
used to prevent objectionably high speed in the sag, for either direction of movement. 

Velocity Profiles. Acceleration and deceleration represent a change in velocity head In 
accelerating from a speed of Vi to Tb mph, the gam m velocity head is 

h = 0 0351 (TV “ TV' 

During acceleration a train may be said to he overcoming re^i^tai'ce. the resistance of a 
grade equivalent to the increase in velocity head. The tram viil hold that velocvv i.oad 
once gamed until there is a change in speed. Figure 55 sho',\ s g: apliicady the demand made 



Distance 


1 IG j.j Virtual 


on the locomotive through changing speed and grade •■'ondition-^ by repm'^' ■ 'ii g '’ .u 
demand as a virtual or velocity oiofile The sketch show-s the rela’ious bcf.\< t a td, a 'lnn 
and virtual pi utiles to be as follows. 

(a> When a tram accelerates, the profiles diverge. 

(6! When a tiam deceleratO'i, the profile^ c mverg'^^ 

(c) When a tram maintains a con-Ntant 'peed, rlio profiles remain paKdIel :t' ' Urtamc 
equal to the velocity head for tliat coii'^tani ''peed 

The AREA Proccfiings for 1043, Vol. 44. pp. Is2-I0'h de'i nbe" m- 'd Js !l . prcparimi 
velocity profiles and their use; these are too 1.-: gthv for prexentati'm dere. 
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30. COSTS AND OPERATING STATISTICS 

Unit costs are used in preparing estimates for track and structures construction and 
maintenance. As discussed in construction procedures in Art. <5. unit costs in roadbed 
construction are determined by the cubic yard of excavation, the gallon or square for com¬ 
paction. and square feet or square yards for stripping and grubbing. Fences are e-stimatoxi 
either as a rod of completed fence or by individual items. Fencing is listed by the yard. 
Ballast is estimated by the cubic \'ard, crossties bv the piece, bridge timbers by the board 
foot, and switch ties by the board foot or in sets Rail, once bought by the long ton. 
2240 lb. and scrapped by the short or 2000-lb ton, is now bought by the short ton. Turnouts 
are listed as complete units or may be detailed by indhndual items. Crossing frogs and 
other special fittings are itemized as mdi\’idual units. Track fastenings are listed by the 
unit or by the hundredweight For quick tentative estimating, track is listed at so much a 
track foot or so much a mile. Various unit costs are shown in Table 43, which follows. To 
these should be added appropriate percentages for transportation, stores, and other ex¬ 
penses. Current prices are quoted in pertinent trade journals. Most railroads maintain 
up-to-date price lists both for items of materials and for work units. Formal estimates are 
usually prepared using account numbers prescribed by the Interstate Commerce Com¬ 
mission in their Umform System of Accoiints for United States Railraods. The capiial 
accounts record all investment in roads and equipment or any additions and betterments 
to the property. Operating accounts for maintenance of way and structures, cars and loco¬ 
motives, etc., contain the costs of maintaining and operating the properties. 
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Table 43. Typical Costs per Mile of Track and Other Unit Costs 
As of Sept 20, 1954 

1 A. E^'lmated cost to construct 1 mile to2HO track feet) of 1 Is? lb main 
track using new materiel throughout, excluding grading 


Item 

Unit 


Price 

Amount 

Total 

Ties 






Cross, creosote, 7" X 8" X S' 6" 

Each 

3250 

$ 3 73 

$12,122 50 


btore expense 29c 




242 45 

$12,364 95 

Rail 






132 lb new 10560 linear feet 

G.T. 

207.59 

101.95 

21.163.80 


Store expense 2*^-^ 




423.28 

21,587 08 

Other track material 






1321b angle bars 36" 

Pair 

278 

6.30 

1,751.40 


Bolts, track, M le" X 6" 

Keg 

19.4 

22 90 

444 26 


Nutlocks, 1 1 s’' spring 

M 

1 668 

86 75 

149 70 


132 lb tie plates 

Each 

6300 

1.07 

6,933.00 


Spikes, track, 6" X 5, s" 

Keg 

56.52 

15 40 

870.41 


Rail anchors, Fair S.I. 

Each 

2110 

0.38 

801.80 


Store expense 6% 




658.35 

1 i 63C Q2 

Ballast 






Rock 

C.Y. 

4000 

I 25 

5.000 00 


Labor to unload 

C.Y. 

4000 

0. 76 

3.040 00 

8,040 00 

Track laying and surfacing 






Lay and surface track 

Feet 

5280 

2 09 

11,035 20 

11,033 20 





Total 

$64,658 15 





Pei track foot 

$ 12 25 

1. Estimated cost to construct 1 mile 

track feeti of 11^ lb mam 


track using new 

matenal ikroughout, excluding grading 



Ties 






Cross, creosote, 7" X 8" X 8' 6" 

Each 

3250 

$ 3.73 

$12 122 50 


Store expense 29o 




242 45 

$12,364 95 

Rail 






115 lb new 10560 linear feet 

G.T. 

180.24 

101.95 

!8 375 47 


Store expense 2% 




367 51 

18,742 98 

Other track matenal 






115 lb angle bars 36" 

Pair 

278 

5 67 

1,576 26 


Bolts, track, ! Vl6^^ X 3 ^-'2" 

Keg 

18 53 

22.90 

424 34 


Nutlocks. 1 l/g" spnng 

M 

1.668 

89 75 

149 70 


115 lb tie plates 

Each 

6500 

0.97 

6,305 00 


Spikes, track, 5 3/4" X Ws" 

Keg 

53.72 

15 40 

827 29 


Rail anchors, Fair S.I 

Each 

2110 

0.38 

301 80 


Store expense 69c 




d 05 Ob 

10,689 45 

Ballast 






Rock 

C.Y. 

4000 

1.25 

5.000 00 


Labor to unload 

C.Y. 

4000 

0 7b 

3,040 00 

S.040 00 

Track laying and surfacing 






Lay and surface track 

Feet 

5280 

2.09 

11.033 20 

11,033 20 


Total $60.87:.58 

Per track foot $ 1 1.53 

2. Track, per foot 

Mam track n51b$ll 53 132 1b $12.23 

Secondary and side tracks 90 lb 8.40 

3 Turnouts, complete 

No 8 non-msulated 90 lb $1. <>60 00 115 Ih $2,680.00 1 32 lb $2,690.00 

No. 10 insulated 90 1b 2.190.00 llolb 3,640.00 132 1b 4,020.00 

4. Rad, per gross ton 


New 

$i0i 95 

Second-hand 

64.75 

Scrap 

5. Ballast, per ton 

33 60 

Crushed stone 

$1 25 

Slag 

1.05 

Other 

1.00 
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Table 43. Typical Costs per Mile of Track and Other Unit Costs —Continued 


6 . Ties, aterage cost 

Sizes 2 and 3 $3.13 

Sizes 4 and 5 3.73 

7. Joint assemhhes, pair (including bd^s and locks) 
1151b $7.58 

1321b 8.21 

8 . Track spikes, pe^ cu't 
90 1b $8.09 

115 lb and 1321b 6.91 

G. Rati atickuTs, each 

Improved, fair $0.35 

Supenmproved, fair 0.38 

10. Highway crossing, single track, 20-ft Vaghway 
Ballast surface $175.00 

Bituminous surface 200.OG 

Concrete surface 350.00 


11. Section todhcuse 

Branch or main line 12' X 30' $3,500.00 


12. Axdomatic block signals 

Per mik $8,500.00 (varies with location) 

Per signal 7,000.00 


13. Track laying and surfacing 
Per track foot $2.09 

Sote All unit prices of track work are exclusive of grading. 


Table 44. Operating Expenses of U. S. Railroads * 



Expense Item 

Amount, 
in 5100C 

Per Ce.nt 
of Total 

Per Cent Change Due 
to Total Number of Train? 

I, 

Maintenance of way and structures 
\Va\ 

830,248 

12.046 

6.891 


Structures 

161,449 

2.344 

0.274 


Wire and signal systems 

85.561 

1.213 

0.412 


Miscellaneou.s 

179,237 

2.600 

0.064 


Joint facilities 

29,034 

0.42i 



Total 

1,253.529 

18.624 

7.641 

II 

Maintenance of equipment 
E'iuipnjent repairs 

1,232.541 

17.885 

6.555 


Retirements 

283,638 

4. 187 



Machinery 

47,315 

0.686 

0 . 106 


Miscellaneous, deferred, others 

38,839 

0.564 

0.042 


Total 

1.607.333 

23.322 

6.703 

III. 

Traffic 

194,351 

2.820 


TV. 

Transportation 

Yard 

698 593 

10.136 

0.083 


Trains 

1,613,714 

23.414 

22.817 


Mi>cellaneou3 

1,011,716 

14.681 

1.935 


Joint facilities 

91,771 

1.332 



Tutal 

3,415.794 

49.563 

24.835 

VI. 

Mi‘=-ceiIaneous operations 

117,992 

1 712 


VII. 

General 

272.820 

3.959 

0.426 


Grand total, railway operating 

exfien'ies 

6,891,819 

100.000 

39.605 


* From StatiiiiC'* of Railivayi in the United States, Table 89, pp. 83-86, 1949, compiled by the Inter¬ 
state Coniinorto Cornniii>ioii. 

It’.m V s as 1' eii di-contiimed b> the ICC. 
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Table 45. Selected Statistics of Class I Railroads in the United States 

From Statistics of Railroads in the United States, compiled by the Interetate Commerce Commission, 
as of December 31, 1951, iinlesa otherwise noted 


Item 

1941 

1948 

1949 

1950 

1951 

1. Miles of road owned 

219,15! 

214,512 

213,968 

213,539 

213,401 

2. Railroad-owned freight cars 

1,703,224 

1,759,523 

1,753,728 

1,721,231 

1,752,391 

3. Railroad-ownedpasseni^ercars 

20,709 

21,033 

19,684 

19,109 

18,340 

4. Rate of return on investment 

4.28 

4.24 

2.86 

4.23 

3.69 

5. Locomotive-^ owned 

Steam 

39,353 

33,585 

30.493 

26,575 

23,601 

Electric 

804 

760 

734 

718 

705 

Diesel-electric 

!, 007 

5,098 

6,669 

8,643 

11,057 

6 . Crosslie renewals, X 1000 

Treated 

41,461 

35,024 

28.875 

29,340 

27.938 

Untreated 

5,763 

1,818 

1,410 

!, 154 

1,124 

7. Rail renewals, in 1000 long 

tons 

1,196 

1,366 

1,280 

1,208 

1,13! 

8 . Employees, X i 000 

1, 140 

1,327 

1, 192 

1,220 

1,276 

9. Operating revenues, 

X$ 1.000,000 

5,347 

9,672 

9,580 

9,473 

10.391 

10, Operating expenses 

X$l,000.000 

3,664 

7,472 

6,892 

7.059 

8,041 

11. Operating ratio * 

68.53 

77.26 

80.32 

74.52 

77.39 

12. Train speed, mph 

17.0 

16.8 

16.9 

16.2 

16.5 

13. Net tons per loaded freight 

car mile 

28.5 

32.9 

31.4 

31.7 

33.0 

14. Car miles per serviceable 

frt-ight car per day 

43.7 

47.2 

42.9 

46.5 

47.7 

15. Gross ton miles per freight 

train hour 

34,684 

42,363 

^2,346 

44,353 

46,424 

16. Cost per freight train mile * 

4.93 

9.64 

10.26 

10,34 

11,52 

17. Cost per 1000 revenue freight 

ton miles * 

5.89 

8.84 

9.71 

9.05 

9.42 

18. Cost per passenger train mile * 

2.14 

4.49 

4.66 

4.83 

5 84 

19. Freight locomotive miles, 

xiooo 

645,745 

663.244 

553,107 

576,990 

758,680 

20. Freight train miles, X 1000 

576,727 

584,671 

498,573 

514,971 

528,573 


* From Railroad Transportation, A Statistical Record, published by the Bureau of Railway Econom¬ 
ics, Association of American Railroads, March 1953, Washington, D.C. 
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SOIL MECHANICS AND SITE EXAMINATION 

i. GENERAL 

Soil mechaiiics inuy be dt-fined as tUe appluation <>i the of mechanics to the deier- 
rniuaiiOR of the strentrth, stability, ami cun-?olulatiou r-haraeterUtH‘S of soils Attempts to 
apply matheniatif al anaiv^is to ■'Oil and foundation problems before the development oi the 
nl>*choli'^ and teclinMues ot modern soil mechanics were devoted largely to theoietical con¬ 
sideration of the anticipated behavior of hypothetical non-cohesive materials. Modern 
aoil mechanics, v/hile utilizing the techniques of mathematical analysis, takes cognizance 
of the result-? of extensive laboratory and field inve«tmations of the actual behavior of 
many kinds of soils under stress. It also takes cognizance of the importance of water as a 
constituent of soils of many types, rather than treating it as an extraneous, and possibly 
fortuitous, material Engineers are indebted to Dr. Karl Terzaglii, the late Daniel E. 
Moran, and others, many of whom were Dr. Terzaghi's students and associates, for 
originating many of the concepts of soil mechanics and developing soil mechanics into an 
engineering specialty the importance of which is unquestioned. For soil mechanics has 
converted the engineering of foundations and earth structures from an art based almost 
wholly on empirical rules and the experience of the practitioner to an art based largely on 
science 

But the methods and techniques of soil mechanics do nor alter the fact that the non- 
homogeneous character of soil greatly complifaie-^ the prediction of its behavior under 
stress Stresses in soils and the beha\uor of .-^oiU under stre-ss cannot be determined and pre¬ 
dicted with the assurance with which the structural engineer deals with stresses and strains 
in steel, concrete, and timber. Foundation encineering and the engineering of earth struc¬ 
tures therefore make? very heavy demands on the experience and sound judgment of those 
who practice these closely related specialties. Though a knowledge of soil mechanics has 
become an essential part of tlie eijuipment of engineers who deal with foundation and &oil 
problems, the fact remains that they practice an art that i? not wholly based on science. 
Therefore the soundness of many of their deciMons must depend largely upon experience 
and good judgment. 

Nomenclature. The following nomenclature is in sub.'tantial agreement with reference S. 

A area. 

h dimension, usually width of a foundation. 

c cohesion per unit area. 

Cu FTazenA uniformity coefficient. 

Cp coefficient of settlement or coefficient of subgrade reaction. 

CBR California Bearing Ratio. 

D.i relative density. 

Df external diameter of sampler. 

D, internal diameter of sanipler opening. 

D\t\ Hazi^n’s effective "size of a ^and, the 10<T: size. 

Dr,, the OOC 'ize of a sand or size such that of the material by weight is 

'•mailer. 

d a dimension, usually depth of a foundation, a dial reading, character desig¬ 
nated by .''Ubscnpt 

r void ruti*.^ lano of volume of voids to volume of solids. 

Cr critical ^■OKl ratio of sand-?. 

ff merhaniral effieieney of a pile hammer. 

F fi.rec, eriaraercr indieated by subsenpt 

Fn foH-e. (ir component of f(jrne, normal ro a plane. 

F< laco.i of .'•aieiv 

C •'pe< iric gravity, overall measure of -specific gravity of soil particles. 

G>. ^'u!k -pocihc gravity, ratio between weight of g^05?^ volume of soil and equal 

Volume .d water. 

H thirknc-??, .>ften one-half thickness of a cohesive stratum; height, drop oi 
stroke of a pile hammer. 


7-02 



GENERAL 


7-03 


h her.J ' f '.vmer. 

her iioi.irlit te which a cohesive soil will stand vertically if unsupported. 

Ip pLii-tiGity index. dilYeience between liquid and plastic limits. 

1 h> druulic SI adient. 

t:r cntnnil ''U'draiilu- gradient. 

; .'e< paL'o :(>;< .* per unit volume. 

K,i ooorhcient of active earth pressuie, 

ivp ccethcieiir of passive earth pressure. 

K {'uefhciei.t of uenneabjliiy. 

L icnatli. 

d/ inomenr, character desnrnated by subscript. 

rrix* moduiu^ ol volume change. 

a porosity, ratio of volume of voids to total volume. 
p unit pressure, character indicated by subscript. 

Q quantity, usually quantity of water flowing in a >peciSed unit of time. 
q load per unit area. 

q,j, coiiipies^iive strength of unconfined specimen, 

H recovery latio. 

allowable bearing capacity of a pile. 

Rxi ultiTiiatc bearing cap-Uity of a pile 

.S dogiee of saturation: settlement: sensitivity of a clay to remolding, 
s shearing strengTh per unit area; set of a pile under last blow of the hammer. 
T time laetor in settlement estimates. 

t time. 

V volume, character indicated by subscript. 

IT’ weight, nature indicated by subscript. 

TT’p weight of a pile. 

Tl’r weight of drop hammer or ram of steam or diesel hammer. 

w water content, ratio of weight of water contained in a soil to weight of dry 

solids, usually expressed as a percentage. 

U'l liquid limit, least water content at which cohesive soil acts practically as a 
liquid. 

Wp plastic limit, least water content at which coliesive soil remains plastic. 
iL's shrinkage limit, least water content completely saturating cohesive soil. 

2 a dimension, character indicated by subscript. 

a an angle. 

/3 an angle. 

7 unit weight. 

7 6 buo\'ed unit eight of submerged soil. 

''.md dry density, unit weight of a dried sample of a compacted soil. 

7 « total unit weight of a partially or completely saturated soil. 

7 ii specific gravity of water. 

. 1 ^ an increment 

6 an angle of friction between soil and back of retaining wall 

d an angle, 

p a settlement. 

<x a unit pressuie or stress. 

4> angle of internal friction. 

Geology. A knowledge of the geology of the region in which a proposed project is to be 
undertaken is e'?^ential to the handling of foundation and soil problems The engineer 
doing foundation work and the engineering of earth structures sliould therefore have 
'sufficient training in the fundamentals of engineering geologv to interpret and use in¬ 
telligently the information oliiainable from geological map-' and folio' '•iicli a^j tho^e pub¬ 
lished bv the V. S. Oeological Purvey. He ."houM al-^o be familiar \\rLh 'Uc;! sQ,l^r•e^ of 
geological information as the descriptions and maps listed in the bibliograi)'.'!^ bulletins of 
the Geological Surve\ . N’aliiable mlormalion on the geology of a region mien be ob¬ 
tained at lofal natural hi'torv mu'^euin'^ or from instructors in ''iGore and geology at 
neaibv eoHegv^- and '•chooU Flxcellcnt siimnuiiies of the osscntiaN ijf geo’ogicai engineer¬ 
ing will be fouiul ill refs. 20, 22. and 24. For more complete treatment' of T^ie vitally im¬ 
portant sidjeets sUgIi text' U' refs. IS, 10, an«l 23 mav be consulted. At all events the 
engineer dealing vitli soil and foundation problems should appreciate tiic significance of 
fundamciitai characteristics of weli-recognized geological formations such as are sum¬ 
marized below 
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Glacial deposits are notoiiously erratic, having been transported, plowed, and mixed by 
glacial ice and the water running from melting ice to such an extent that irregular pockets 
and lenses of materials of different tj^^es may follow each other heterogeneoush'. 

Shore deposits and delta deposits were formed where rivers entered seas or lakes and where 
the resulting sediments ma>’ have been eroded by waves and shifted by coastal currents. 
Such deposits may contain pockets of silt, clay, or even peat. 

Floodplain deposits were placed during high-water seasons alongside the lower reaches of 
rivers They usualh' consist of faiily uniform and continuous la\'ers of silt or clay sepa¬ 
rated by equally uniform layers of sand and even coarser material. However, their nor¬ 
mally uniform character may change abruptly where an old river channel has been filled 
with sedi'iients of various types. 

Volcanic formations, coral formations, and combmations of the two frequently uncovered 
on tropical islands are usually more erratic and unpredictable than glacial deposits. 

Bedrock, whether igneous or sedimentary, is usually a reliable material but may contain 
fissures, folds, and fault zones. These may be filled with compressible soils or ma\' be open 
as the result of scour. Fissures in the upper surfaces of bedrock are common in glaciated 
regions. Cavernous conditions are common in soluble limestones. 

yjarine deposits frequently comprise fine materials, such as clays deposited in bays, seas, 
and oceans. Thick clay beds are generally of such formation. Coral rocks are a form of 
marine deposit. 

V'ind-laid deposits, such as dune sand and loess, are usually remarkably uniform in char¬ 
acter but are likely to prove troublesome because they are not densely compacted. 

Finally, the engineer dealing with foundations and earth structures should have not 
onl\- a knowledge of the fundamentals of engineering geology but an appreciation of the 
limits of his own knowledge. In doubtful cases and frequently where major projects are 
concerned, a geologist familiar with engineering problems should be called into con¬ 
sultation to advise on the probability of deep-seated and unexpected conditions of which 
cognizance should bo taken. 


2. PRELIMINARY EXAMINATION OF THE SITE 

Topography and Appearance. To an experienced observer familiar with the geology of 
the region visual examination of the site and its surroundings often will be strongly in¬ 
dicative, but not conclusive, as to the nature of the subsurface structure. Topographic 
maps and aerial photographs also may yield valuable information under careful scrutiny by 
an experienced observer. The natural vegetation found on a site may give information of 
value to an observer familiar with the cliaracteristics of soils and subsurface structures 
which locally favor certain types of growth. 

Nearby structures, excavations, and fills should be examined and studied. As much as 
possible should be learned of the history of the foundations of local structures and of any 
extensive nearby earthwork. Great care should be taken to ascertain definiteU- whether or 
not the site being examined may be an old fill. Fills, particularly hydraulic fills, placed on 
marshes anti tidal flats may take on an appearance of permanence in a few years that is 
most deceptive. Comparisons of old maps with recent maps often provide valuable in¬ 
formation. 

Preliminary subsurface exploration, compiising at least one dry sample boring and 
possibly a few soundings or probings, should be made during the initial examination of the 
site of any major project The dry sample boring should be made by methods to be de¬ 
scribed subsequently and should be carried to the maximum depth at which a deposit of 
soft or compressible material, such as clay or peat, might cause troublesome settlement 
of the structure under consideration. In any event, the boring or borings should be carried 
to a depth equal to the least horizontal dimension of the largest proposed structure to be 
erected on the site. 


3. SUBSURFACE EXPLORATION 

On major projects and when unusual conditions are encountered on any project, the 
following brief treatment of the extremely important subject of subsurface exploration 
should be supplemented by consulting ref. 15. 

Supervision of a subsurface exploration should be in the hands of a competent soils 
engineer under whose personal observation the work should be done. Leaving the super¬ 
vision of such work to technically untrained personnel, even though they may be ex¬ 
perienced members of drilling crews, leads to the misinterpretation of data and may lead to 
consequent serious error. 
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The number and location of borings, probings, and test pits should be such as to give a 
reasonably’ accurate estimate of, and disclose important irregularities in, subsurface con¬ 
ditions. On a large site the first borings should be so located as to furnish data for a 
general geological survey rather than be arranged in a rigid geometrical pattern. For the 
initial work on such a site borings spaced as widely as 400 or even 500 ft apart will often be 
satisfactory provided they are judiciously placed and are not all on a single straight line. 
Additional borings or investigations may then be made to obtain the data required to 
bring the general survey’ to a satisfactory' state of completion and to give detailed sub¬ 
surface information on the sites of proposed structures and excavations. This may’ involve 
spacing a number of borings as closely’ as 50 or even 25 ft and occasionally even more closely, 
though a spacing of 25 ft will usually' be satisfactory' for even the erratic subsurface con¬ 
ditions of a glaciated region. This way of developing a plan of subsurface exploration as 
underground conditions are revealed during the early’ phases of the investigation is far 
more satisfactory, especially’ in a large site, than rigid adherence to a preconceived ar¬ 
rangement of borings. The latter procedure frequently' yields inadequate information, 
and may’ also waste money’ on unnecessary’ work. 

In a limited area, such as the site of a building or bridge pier, a subsurface exploration 
should usually’ be started by’ making a few borings near corners of the proposed structure. 
Unless the subsurface conditions are known to be very’ uniform, at least three borings 
should be made. These preliminary borings should then be supplemented b.v such others 
as may be required to give sufficient information to permit the effective design of the 
foundation. 

When the construction of a major structure is contemplated on a site w’here foundation 
conditions are known to be uncertain, or where they are unknown, preliminary’ borings on 
the site should be made prior to its acquisition. Furthermore, a few borings in adjacent 
areas will often reveal that great economies might be realized by an otherwise unimportant 
and relatively' slight change in the location of the structure. A subsurface investigation of 
a long narrow area should also include a sufficient number of borings in adjacent areas to 
permit determination of the dip and strike of important strata. 

Where foundations are to be built in cofferdams, which may be difficult to unwater, it is 
often advisable to locate borings outside the areas to be inclosed, as boreholes inside coffer¬ 
dams may’ develop into troublesome leaks. Holes bored inside the area to be inclosed 
should be plugged with well-tamped impervious soil, but it is preferable to avoid borings 
inside cofferdam areas. 

Depths of subsurface explorations are frequently determined by arbitrary rules, such as 
that the depth shall be at least equal to the width of the proposed structure. Actually the 
proper depth of a subsurface exploration is a function not only of the area, dimensions, and 
weight of the proposed structure but aUo of its sensitivity to differential settlement, the 
probable depth of its foundations, and the subsurface conditions revealed by both the 
preliminary’ investigation of the site and the initial phases of the subsurface exploration. 

Borings should always extend to material of adequate bearing capacity to carry safely 
the proposed structure, and to sufficient additional depth to clearly demonstrate that such 
proposed bearing stratum is not underlain by a more compressible or less stable formation. 
Where the contemplated bearing material comprises a compressible clay, subject to con¬ 
solidation, the borings should extend to a sufficient depth to insure that the increase in 
stress, produced b.v the weight of the structure, will not materially increase the rate of 
consolidation. 

Borings iiiav usually’ be .stopped when rock or other material of a known high bearing 
value is encountered, but only’ after it has been thoroughly established that the satisfactory 
material is not underlain by soft or compressible strata. Where this is not well established, 
sufficient borings should be extended to the maximum depth to w’hich soft or compressible 
material could cause unanticipated settlement Where a foundation is to be supported on 
rock, a boring should be extended at least 10 and preferably’ 20 ft into it to make sure that 
bedrock, and not a boulder, has been encountered. Subject to the above general require¬ 
ments, which take precedence over the specific suggestions enumerated below, it will 
usually’ be satisfactor.v to extend borings on the sites of various types of structures and 
projects to the depths hereinafter indicated: 

1. On the sites of buildings and struiturcs borings should extend to a depth such that the 
increase in the vertical soil stress will not exceed 10% of the vertical stress existing prior to 
the proposed construction, but the depth should not be less than the width of the struc¬ 
ture and should extend to not less than 25 ft below the bottom of the deepest part of the 
proposed foundation. 

2. On the sites of quay or retaining walls borings should be earned to a depth bey’ond 
which surfaces of failure or sliding will not develop. This depth cannot be determined until 
the results of the initial phases of the subsurface exploration are available. For purposes of 
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preluninary estimates and the planning of a subsurface investigation, a depth below the 
bottom of the foundation, or the tips of supporting piles, equal to the net height of the wall 
may be used. By the net height is meant the vertical distance from the surface of the 
earth, or firm harbor bottom, in front of the wall to the top of the wall coping. 

3. On the sitts of terraces and fills borings should extend to depths beyond which surfaces 
of failure will not develop. For preliminary estimates of the required depths of exploration. 
It is suggested that 1.25 times the horizontal projection of the slope distances of terraces 
and one-half the horizontal projection of the slope distances of triangular or trapezoidal 
fills, be used. 

4. On the sites of deep cuts borings should be carried to a depth below the deepest part of 
the proposed cut equal to its bottom width, where this width is less than one-half of the 
depth of the cut. Where wide cuts are contemplated the stability of the soil under the im¬ 
posed double terrace loading should be considered. Where the bottom of the cut will be 
below ground water level the extent of pervious strata and the pore water pressure should 
be investigated as the stability of the slopes may be affected by seepage. 

o. On the sites of dams and levees borings should penetrate not only soft and unstable but 
also permeable strata as consideration of seepage conditions as well as foundation loading 
must govern design. Seepage and uplift are not only governed by conditions under the dam 
or levee but also by conditions under the inundated area. For purposes of preliminary 
estimates depths of exploration of one-half the bottom width are suggested for earth fill 
dams and levees not exceeding 100 ft in height.. For concrete dams not exceeding this 
height a depth of twice the height from stream bed to crest is suggested. The problem of 
making subsurface explorations on the sites of large or unusual dams is a subject too com¬ 
plex and highly specialized to be dealt with in a handbook. The required depth of explora¬ 
tion for such structures should be governed largely by the subsurface formations disclosed 
by preliminary borings and investigations. 

C, On the locations of highways, railroads, and airfields borings should extend through 
weathered strata and disclose general stability, drainage conditions, and the maximum 
effect of frost action. Except where major fills and cuts are necessary, a depth of from 5 to 
10 ft is usually sufficient provided unsatisfactory strata are fully explored when encoun¬ 
tered. 

7. On the sites of tunnels preliminary explorations should extend to a depth below the 
invert equal to the gross width of the tunnel. 

Dry sample boring is today the most widely used method of making subsurface explora¬ 
tions. It is, if properly done, a satisfactory method of making a preliminary investigation 
of subsurface conditions in a wide variety of sites. It will, in many cases, give sufficient in¬ 
formation to make more elaborate and expensive methods unnecessary. It can be done 
fairly effectively with improvised equipment, though on projects of any considerable 
magnitude both time and money can be saved by the use of specially built boring rigs. 
Tlie most serious weakness of the method per se is its inability to penetrate rock. This 
would make the method useless in soils containing boulders, were it not possible to include 
in factory-built dry sample boring rigs a rotary or percussion drill with which rock may be 
penetrated. 

The essentials of a typical rig for making dry sample borings are shown in Fig. 1. The 
components of such rigs are sometimes mounted on trucks, sometimes on skids, and more 
often, as in the outfit illustrated, are arranged for independent transportation to each site 
where they are set up in necessary juxtaposition. In any event, the actual boring is done 
with a bit. of which there are many varieties, carried on a hollow drill rod which is raised 
and lowered and, at the same time, rotated back and forth by means of a tiller clamped to 
the rod. Water fed down the hollow drill rod issues from orifices in the bit, assists in 
loosening soil particles, and then carries or “washes” them to the surface through the 
annular space around the drill rod. The wash water, as it comes out of the casing that 
usually lines at least the upper part of the bore, is caught in a contamer or sump and 
pumped back down the drill rod after the coarser soil particles liave settled out. Ite- 
circiilating the wash water is usually more satisfactory than connecting the drill rod to an 
independent supply, a procedure that makes it difficult, if not impossible, to determine 
when porous strata are encountered which take up large quantities of water. 

A casing of extra-strong welded black steel pipe, usually 2 1/2 in. nominal diameter and 
in ."S-ft lengths, is used to prevent collapse of the bore. Extra-strong couplings threaded in 
the standard manner are commonly used for joining the lengths of the casing. The casing 
Is driven in such a way that it follows the progress of the drilling closely enough to prevent 
caving of the walls of the drill hole and consequent seizure of the drilling tools which may 
lesult in a “lost hole.” Where samples are to be taken the casing should not be advanced 
beyond the level reached by the drilling tools even w’hen soft ground makes raiud advance 
of the casing possible. Occasionally an exception to this rule occurs where sanda make it 
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impossible to advance the drilling bej'ond the bottom of the casing. When the casing is to 
be driven, a special driving cap is substituted for the T from which wash water emerges. 
Driving is usually done with a 3()ll-lb hammer. The weight of the hammer, the drop, and 
the number of blows required for each foot of penetration of the casing should be recorded. 



Fir, 1 Dry .‘i.arnple toring rig The rig Mi. wn is .-et .ip fr.r j.lvaiK-mg t’lu hr.Ie t-y washing Tlie 
inset shows the arrangement f.T driving a samiihng sp'jon Conrt, .-y hprague and Hc-nwooa, Inc 


Standard or extra-strong welded 1-, 1 ^ 2-, or 2-in. lilack pipe, with couplings reces-ed to 
permit tlie pipe lengths liuUiiig at the joints, is usually used for drill rod. Specially made 
drill rod, such as is used for diamond and core drilling, is, however, preferable on jobs where 
many borings are to be made. Its e.xtra-heavy weight, great strength, and the rugged 
square-cut threads of the couplings with which it is fitted insure freedom from many of the 
troublesome delays that can be caused by drill rod failures. 

As boring proceeds with the equipment and bj" the methods outlined above, an ex¬ 
perienced operator can tell by the “feel” of the tiller with which he rotates the drill rod, and 
by the color of tlie wash water, when there is a marked change in the character of the mate- 
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rial encountered by the bit. Whenever there is such a change, and at least every 5 ft 
whether or not a change occurs, a dry sample should be taken. Prior to taking a sample a 
cleaning tool providing horizontally directed jets should be substituted for the drilling bit 
and the casing should be thoroughly cleaned. A strong jet directed downward should not 
be used for cleaning purposes as it may disturb the material to be sampled at the bottom ot 



Auger blade 



Cutting edge 


Cutting edge 


Cultng edge 


Section B-B 
(a) For 2K" casing 


Bottom view 
(b) For 6" casing 


Wash Pipe with Scrapers Providence Cleanout Augers 

Fig 2 Tools for cleaning boreholes. From Subsurface ExploraHon and Sampling 


the bore. Figure 2 shows cleaning tools for casings of several sizes. Those which have an 
auger, or inclined cutting blade at the bottom, are especially useful through gravel or other 
coarse material likely to accumulate at the bottom of the bore. Finally a sampling spoon 
or sampler. Fig. 3, is substituted for the cleaning tool, and the sample is taken by driving 
the spoon its own length into the undisturbed material below the bottom of the casing and 
borehole. The spoon or sampler should be driven with a hammer of known weight dropped 
an established distance. A hammer weighing 140 lb dropped 30 in. is frequently used for 
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driving 2-in. samplers in 2 i/ 2 -in. casings, and this weight and dimension are recommended 
for general adoption. The blow^. per loot required to drive the sampler should be recorded 
as rougliK' indicative of the relative density of coliesionieos soils or the consistency of co¬ 
hesive soils. Table 1 maj’ be used to make a rough approximation of these soil character¬ 
istics from the behavior of the sampler under the hammer. After being driven the sampler 



Shielded Jet Augers Cleanout Auger with Calyx 

of for Cu’i' Engineering Purpose?, Engineering Foundation, November 194S. 

IS withdrawn, removed from the drill rcnl, and opened. The material it contains is then im¬ 
mediately transferred to a jar with a tightly fitting top and rubber gasket Identifying 
data should then be entered without delav in waterproof mk on a label firmly attached to 
the jar—not to the cover. The label should be given a brush coat of a quick-drying lacquer 
to waterproof it. 

Where cohesive soils are encountered it may be desirable to use a thin-walied open-drive 
sampler consisting of a piece of thin brass tubing or steel Shelby tubing mounted on a head 
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Sprague and Raymond Sampler Proposed Heavy-Duty 

Henwood Sampler Sampler 

Fig 3 cramplmii: spoon.' or samplers. Those spoons are driven into the soil to sef'ure «o-.'allcd drv- 
sample* L ndisturboJ samples cannot be obtained with tl-.fii tr'»m ^■fz6'-w//cce Ej.plu a’i'Vi tznu 
Sampling of Sodi for Civil Engineering Purpot,e->, Lninneei .na roundation, Xovernber 194-5 


Table 1. Presumptive Characteristics of Sands and Clays as Indicated by 
Standard Penetration Tests 


Number cf Blows N t 
0-4 
4-10 
10-30 
30-50 
Over 50 


Sends 


Clays 


Number of BI^ws N t 
Lc'.' than 2 
2-4 
4-8 
8-15 
15-30 
Over 30 


Ci'/nsi3tency 
Very aoft 
Soft 

Medium 

Still 

\'ery stiff 
Hard 


Ri iative Densities 
rv luosG 

M. iiM'n 

I). 

Vi'r\ d.Mise 

Uncoiifi'ied Compr-L'^ive 
Stre-iittii qu, tuiu* per ft" 
Lu> 3 tiidti 0 25 
0 25-0 50 
0 50-1 00 
1 00-2 00 
2 00-4 00 
Over 4 00 


* Data from Soil Mechanics in Engineering Practice, Karl Terza-thi and Ralpli B r-cck John Wilev 
& Sons, 1948. ’ 


f I n ° w diameter sampler, such as the Raymond sampI-T 

^ ^ ^ ^ Id and a height of fall of 30 m The test should he made after clean¬ 

ing the bore with a tiater jet or auger, lowering the sampler on the drill rod and driving it about 0 in. 
in o the soil at the bottom oi the hoie before commencing the test 


7 in 
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which screws onto the drill rod. Fig 4. m^^tead of the >ampUii‘j: spoon Sarnplors of this 
l\-pe should not be driven down with a hainiuer but foicci down with a steadi- push. 
Tins can be accompli'.hed by jacking or by iiiean-i of a special bluck-and-tackle device 
whiL-ii pulls down a croashoad or fitting attached to the drill rod. Boring rig:? of the more 
elaborate t\’pe arc sornetiuies equipped with a hydraulic cylinder or special jacking device 
for pushing down thm-walled samplers. Such fcamplei» ahould be pushed straight down. 



•^S'AHen set screws 

•leafier CLp-OO J'Ms'’ 
'Ais.'ier 


' hard-d'^wit seamless J 
steel tiling-IS ga 



v jr 



2' Thin-V/ali Sampler 
with Ball Check Valve 


2' Thin-Wall Sampler 
with Piston Cneck Valve 


3^' Thin-Wall Sampler 
with Piston Check Valve 


Fig 4 Thin-walled Shelby tube samplers Samplerb such as those shr-.nld he pushed, not driven, 
into the soil to secure so-called undi^-tnrhed samplo*. Undisturbed samples 3 1,'2 m <’r more in diainetcr 
are preferable to 2-ia samples, which may be r.f doubtful value if the sr.il is s’en'Uivc to disturbance 
From Subsurface Exploration and Samp'me. of fnr Ciiil Enemee.i/ii Pu, poses. Engineering Foun¬ 
dation, November 194S 


Under no circumstances should they he pushed and turned sc to “screw” them into the 
soil. Material is not removed from tliin-walled vlrive saniplers in the held. Iii'-tcad the 
brass tube or Shelby tube coinpri.-'ing the body of the sampler U detached from its head, and 
the open ends are cleaned out for a depth of at least -hg in. and seale^i b\' pouring melted 
paraffin or battery-sealing compound into the space from which the soil has been removed. 
Battery-sealing compound is more effective tiian paraffin but is mess\' an.’. liffinilr to re¬ 
move. The effectiveness of paraffin seals may be improved b^' first p^-'uring in paraffin to 
a depth of in , placing a metal disc on this as soon as it liardcns, and then compieting 
the seal with another V 2 in. of paraffin Friction-tape strips should then be placed over the 
seal and finally bound into plaiv by tape wound aioun-I the tube over the ends of the strips. 
The tape should be givt-n a coat of lacquer The sample is sent to the lal.-oratory in the 
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sealed tube. Samples taken in this way may be used for a preliminarj' determination of 
many of the characteristics of cohesive soils, and are therefore sometimes referred to as 
“undisturbed samples.’’ However, the term “undisturbed sample” should be reserved for 
samples of larger diameter which will more nearly approximate a truly undisturbed con¬ 
dition than can be realized with any sampler small enough to go down a 2 h'o-in. casing. 

Uncased borings are commonly used in some localities \\here very stable cohesive soils 
make it unnecessary to extend casings further down the borehole than is required to re¬ 
cover the wash water and protect the top of the hole from caving and abrasion. 

Special drilling fluids or '‘muds,** consisting of suspensions or emulsions of fat clays or 
bentonites, are sometimes used in heu of water and are useful in minimizing the caving of 
boieholes which cannot be effectively driven with water alone as a drilling fluid. \Miere 
suitable clays are not available locally, commercially prepared proriucts. such as Volclay, 
Aouagei, or other highly colloidal gel-formmg clays may be procured and used 

Rotary drilling is sometimes used in lieu of drilling and washing in making subsurface 
e\q.'r>rations. The boring in such a case is done by a rotary bit lubricated with a drilling 
fluid or “mud” consisting of a suspension of fat clay, bentonite, or a similar material in 
w.;‘> r. The method is now extensively used for drilling wells. When samples are to be 
nriiuined. the bit and drill rod are removed and the sample is taken with the same type of 
'''(’upment and by the methods described above under dry sample boring or later to be 
vl..aciibed under “undisturbed sampling.” 

Percussion drilling, the method traditionally used by country well drillers, is sometimes 
U'ed for advancing a boring between the taking of dry or undi.'^turbed samples. Percussion 
drilling rigs are usuallj* truck mounted. The actual drilling is done by a hea\'y bit which is 
churned up and down in such a way as to disintegrate tlie material at the bottom of tlio 
hole. Water is introduced in limited quantities, if it is not present in sufficient amount as 
ground water. The loosened material is then removed by means of a bailing bucket sub¬ 
stituted temporarily and penodicalK* for the drilling bit. The method can be used to 
penetrate many types of soil and rock and is therefore useful in differentiating between 
large boulders and ledge. It is very slow in sticky clays and shales, and impossible in fine, 
loose, water-bearing sands. Where drilling is done by the percussion method, samples 
are taken with the types of spoons and samplers used when drilling and washing or rotary 
drilling advance the bore hole. 

Auger borings may be used in making general explorations and are very useful in re¬ 
connaissance surveys. Samples of cohesive soils and some t\ pes of non-cohesive soils may 
be obtained by this method if the soils are not too soft. However, the samples brought up 
on the auger are invariably badly disturbed and conseipienily of limited value. They 
may in fact be valueless Fully saturated non-cohesive soils will not bo retained on an 
auger 

Hand-operated augers especially made for subsurface explorations are shown in Fig 5. 
If such augers are not readily obtainable, a fair substitute mav be improvised from one of 
the large augers used by boatbuilders for boring the shaft log.s of motor boats. Hand auger.s 
are screwed into the earth a few inches at a time and then pulled out, bringing up a .sample 
of the material on the bit. The process is continued until the exploration is extended to the 
desired depth or. more probabK', until the limiting depth attainable bv a hand auger has 
been reached. This limiting depth is usually about 10 or lo ft. though under favorable con¬ 
ditions it may be as much as 25 or 30 ft. 

Power-driven augers, originally developed for boring holes m earth for setting posts and 
piles, are now used to a considerable extent for making relative shallow exploratory boiings. 
Continuous helical augers shown in Fig. 5 are available for use with equipment of this tvpe. 
With such augers additional sections of “worm,” m^^tead of additional length of drill rod, 
are added as the depth of the hole increases Material is thus brought to the surface 
without the interruptions caused by frequently withdrawing the anger from the hole. 
Mateiials are, however, very badly disturbed, and it U difficult if not impossible to deter¬ 
mine the depth from which a sample came. Such power-driven augers will bore a hole G or 
S m. in diameter very quickly. Under favorable condition's they may be able to reach a 
depth of lOU ft. Therefore, they may be used effectively for drilling holes from the bottoms 
of which dry or undisturbed samples are obtained by sampling spoons or samplers of ti'pes 
developed for use in holes bored by other means. Short helical augers with interchangeable 
cutters may also be used on power-driven auger-boring rigs to bore holes in earth from 12 
to 16 in m diameter, and disk augers are available with which holes up to 42 in. m di¬ 
ameter may be excavated. In cohesive soils such large-diameter holes of moderate depth 
are sometimes very useful to permit inspection of the soil in place. 

Xcithor hand-operated nor power-driven augers will penetrate hard or cemented soils, 
nor will they work effectively in water-bearing sands. This naturally limits their use¬ 
fulness. 
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Combinatiorx drilling rigs, developed by the "Materials and Research Department of the 
California Division of Hig’nways. are equipped for auger boring, percussion drilling, 
rotary drilling, core boring, the operation of dry samplers, the dewatering of holes, and the 
making of field permeability tests. Such “all-purpose” drilling rigs are, of course, most 
useful in making the extensive subsuiface explorations required for major projects. Their 
high cost, however, precludes their use on the average job. 

Probing is a method of subsurface exploration that is of minor importance. It is some¬ 
times a useful supplement to borings for determining the approximate elevation of the top 
of a known uiitierl\'ing hmi stratum. Probings may also be useful in large areas to deter¬ 
mine the extent and spacing of borings. In its simplest form probing consists of foremg or 
driving a rod or pipe into the groumi. In its more elaborate practical form as used in the 
United States the probe consists of 3 / 4 - or 1-in. pipe driven by a light drop hammer operated 
by hand from a portable tripod which is also used as the support for a block and tackle wdth 
which the probe is pulled. The number of blows of the hammer, when dropped a fixed 
distance, say 30 in., required to drive the probe a foot are recorded. The resistance to 
driving is the combined result of point resistance and skin friction. Some probes or 
sounding rods are fitted with enlarged points and others are operated in casings to minimize 
or eliminate the effects of skin friction. For detecting soft spots in shallow h>'drauUc fills 
and for determining the bearing capacity of the subgrades of roads and airfields, probes 
have been developed which include some form of spring dynamometer %\dth which the 
force required to shove them, by hand, into the soil is measured Methods of using these 
devices, and more highly specialized types of probe developed recently in Europe, are 
described in ref. 15. 

Wash boring was for many years a widely used method of making subsurface explora¬ 
tions. It is now, however, complotoly discredited. The equipment with which wash 
borings wore made is similar to that used for making dry sample borings except that no 
■sampling spoons or samplers were used. Instead, samples of wash water were caught as the 
boring proceeded and an attempt was made to identify and classify the material which 
>ettled out of the water The samples thus obtained were so often misrepresent at ive and 
misleading that the method is no longer used by progressive practitioners in the fields of 
aoil mechanics and foundation engineering. 

Undisturbed Sampling. The method used for obtaining samples at least 3 1^2 in. in 
diameter for determination of the strength in shear and the con.solidatioii characteristics of 
'•ohesive soils and for determination of certain other characteristics of non-cohesive soils 
IS commonly referred to as “undisturbed sampling.” Such samples can be secured from 
properly drilled boreholes sunk by am* of the means previouab' described, providing the 
hole and casing are of sufficient diameter to permit free passage of the sampler They can 
also be secured from test pits The smallest casing diameter through which satisfactory 
•mdiirtuTbprl sarapdes c.in be obtained is usually considered to be 4 in. Larger casings '^re 
I'lreferahle for many purposes, efspecially for obtaining samples of clay for the determination 
of its consolidation characteristics. Prior to taking an undisturbed sample, the borehole 
•should be carefulh- cleaned and any accumulated debris removed from the bottom by 
means of cleaning tools of the type shown in Fig. 2 The sampler should then be mounted 
on the drill rod, lowered to the bottom of the borehole, and pushed into the soil either by 
lackins or by a suitable block-and-tackle downhaul attached to the drill rod. The sampler 
should not be rotated a.s it is pushed doAvn nor should it be driven wdth a hammer. 

Samplers of many tx’pes are described in ref. 15. The t\’pes of sampler commonly used 
are thm-walled open-diive samplers and piston samplers, the latter type being in general 
preferable. Figure 4 ^hows several typical thin-wallod open-drive samplers. They consist 
e-^sentially of a thin brass tube or a steel Shelby tube of lb- to IS-gage material attached 
by means of countersunk screws to a liead w'hich screws onto the drill rod. The head con¬ 
tains a vent and a check valve, or equivalent device, which permits the upw'ard escape of 
the water or air in the sampler as it is forccil into the soil. The check is intended to close 
when the sampler is withdrawm and thus prevent pressure on top of the soil sample from 
forcing it out of the tube. The low’er end of the tube should be reduced slightly in diameter 
and •sharpened to a cutting edge in such a way that the diameter or “bore” of the opening 
IS 1 to 1 ^<?5S than the internal diameter of the sampler body. Thin brass tubes, be¬ 

cause they do not rust, are preferable to Shelby tubes for procuring and storing undisturbed 
samples. 

Some more elaborate types of sampler have a detachable shoe which forms the cutting 
edge and contains a concealed "wire snare for cutting off the sample. Others are fitted with 
thin spring or hinged fingers or “core catchers” intended to prevent the core from falling 
out of the sampler tube when it is raised. The thickening of the sampler wall necessary to 
accommodate such devices is unfortunate and limits their value. Cores of non-cohesive 
soils are difficult to retain. The introduction of “drilling mud” to the borehole promotes 
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the retention of sand samples but some fine water-bearing sands require special equipment 
and unusual methods such as freezing the core before lifting it. For descriptions of these 
special devices and methods see refs. 15 and 3. 

The piston samplers contain a piston or plug which is usually mounted on a long rod 
which extends the full length of the hollow drill rod. Such samplers are shown in Fig. 6. 
They are lowered to the bottom of the casing -with the piston closing the opening like a plug 
and preventing the entry of extraneous material and scrapings from the walls of the casing 
or drill hole as the sampler is lowered. When the sampler comes to rest at the bottom of 
the drill hole, the piston rod is released from the drill rod and is clamped or held ac the top 
in such a way that it cannot descend as the sampler is forced down into the soil. After the 
sampler has been forced down, the piston rod is again clamped to the drill rod and the 
whole affair withdrawn. 

Samples are not removed in the field from the bodies of thin-walled open-drive or piston 
samplers. The thin-walled tubes are removed from the sampler heads and shipped to the 
laboratory with the samples in them. Immediately after removal from the sampler head 
the open ends of such tubes are sealed by the method described under dr>^ sample boring. 
It is advisable to retain the soil removed from the ends of sampler tubes prior to sealing 
them. These small samples should be placed immediately in glass jars with tightly fitting 
screw tops and labeled. They will often prove of value for purposes of identification and 
classification of soils prior to the removal of the undisturbed samples from the Shelby tubes 
in the laboratory. 

The maximum safe length of sample which may be taken without having the material 
unduly disturbed by the action of the sampler varies with different soils and sampling 
deduces. In general the ratio between the safe length and the diameter of the sampler de¬ 
creases as the diameter increases. It is also affected by the thickness of the sampler wall, 
the cha^-acter of the cutting edge, and the clearance, or difference between the diameter of 


the opening formed by the cutting edge and the internal diameter of the sampler body. 
Generally speaking the safe length in dense to loose cohesionless soils will be from five to 
ten times the diameter of the sampler. In stiff to very soft cohesive soils it will be from 
ten to twenty times the sampler diameter. The length of sample that may be obtained 
without forming a soil cone below the cutting edge and ha'vnng no more soil enter the sam¬ 
pler far exceeds the safe length. If the safe length is exceeded, soil entering the sampler 
will be disturbed and will not yield reliable data when subjected to tests in the laboratory. 

Because materials in the top and bottom of a sample are inevitably more or less dis¬ 
turbed, and for reasons of economy when continuous sampling is practiced, it is desirable 
that undisturbed samples should be as long as possible. For this reason the recovery ratio, 
or the ratio between the length of a sample as recovered and as it was in the ground, should 
be determined for every sample taken. With piston samplers, which are preferable to 
open-drive samplers because scrapings from the casing and extraneous soil fragments do 
not enter the device as it is lowered, the recovery ratio ma\^ be considered to be the length 
from the top of the sample to the cutting edge of the sampler divided by the distance the 
sampler was driven. With open-drive samplers an attempt must be made to identify and 
remove disturbed scrapings from the top of the sample before measuring its length. Sam¬ 
ples may generally be considered undisturbed when the recovery ratio lies between 1.00 


and 1.00 — 2Ci, where (7^ 



and De being respectively the 


mternal diameters 


of the sampler opening and body (see Fig. 4). 

Continuous sampling may be desirable m certain cases, especially where estimates must 
be made of the prospective settlement of a compressible or cohesive soil. The process, as its 
name implies, involves taking samples one after another in such a way that a practically 
unbroken series of samples is obtamed, each sample advancing the borehole by its own 
length. The boring may, in fact, be entirely accomplished by the sampling operations, but 
it is usually necessary to enlarge the bore and drive the casing after each sample is taken, 
being careful not to extend the work beyond the bottom of the last sample secured. Drill¬ 
ing and washing, percussion drilling, rotary drilling, or auger boring ma>- be used in this 
way to enlarge the bore, but it is usually done by drilling and washing. 

Test pits are in many cases the most reliable source of information on subsurface con¬ 
ditions and therefore should be used where practicable. Their high cost when earned to 


any considerable depth and the difficulty of extending them below the water table m 
permeable soils limit their usefulness. 

Test pits of moderate depth which require no sheeting and do not extend below the water 
table in permeable soils are in common use on sites where bedrock or hardpan is within easy 
reach. Deeper test pits are frequently employed on the sites of important structures and 
are commonly used in exploring dam sites. Test pits are furthermore employed in pre¬ 
liminary investigations of many kinds. Shallow test pits are generally dug by hand, but if 
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Test Pit at Franklin Falls Dam 
Vertical Sheeting, Three Lifts, Well Points 


Note The dimensions of sheeting wales etc apply only to small test pits in faiHy stable soil 


Fir. 7 Te>t pits and test pit sheeting Two tiers of well points were used to lower the water table 
when the de-p test pit was sunk at Franklin Falls Dam (lower nght hand corner; From Subiuijo-ce 
Exploration and Sampling of Soils for Civil Engineeting Purposes, Engineering Foundation. 













SUBSURFACE EXPLORATION 


7-19 


many are required it will usually be economical to use a clamshell or orange-peel bucket on 
a small power excavator. Power equipment should not, however, be used when approach¬ 
ing the final depth from which samples, particularly undisturbed samples, are to be taken. 
Where all the excavating is to be done by hand, dimensions of 4 by 6 ft will frequently prove 
more convenient and cheaper than smaller pits in which a man does not have room to work 
effectively. These dimensions are also about the minimum providing adequate working 
space for taking large undisturbed samples. 

Several types of sheeting suitable for use in deeper test pits are shown in Fig. 7. Of these 
horizontal or box sheeting is the simplest and requires the least excavation for given di¬ 
mensions of the pit, and has the advantage of permitting examination of the soil strata in 



Driving Undercutting 



Recovery with spade 



Sampling by 
advance trimming 


Original soil surface 
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or plate 


Block sampling 

Fig 8 Test pit sampling procedures. 


the wall of the pit as work progresses. Small openings or louvers between the boards of 
horizontal box sheeting are sometimes advantageous. They permit drainage and allow any 
cavities formed by soil movements or seepage to be packed with hay which usually proves 
an effective method of controlling a tendency of soil to run into the excavation. 

In very soft or loose soils polling boards or vertical sheeting. Fig. 7, will be necessary. 
Steel liner plates of the type used m tunneling are sometimes used instead of polling 
boards. The polling-board method is less effective in soft ground than closely driven 
vertical sheeting but has the advantage, where adequate, of permitting the maintenance of 
the original dimensions of the pit irrespective of depth. Vertical sheeting may consist of 
plain boards, tongue-and-groove boards, or Wakefield sheet piling. Where more than one 
lift of vertical sheeting is required to reach the desired depth, allowance for offsets every 12 
or 18 ft should be made. The starting dimensions of such a pit should provide for at least 
a 3-in. clearance between the wales of the upper lift and the sheeting of the lower one to 
give room for driving the sheeting. The dimensions of timbers shown in Fig. 7 are based on 
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experience rather than on theoretical considerations of earth pressures. In excavations of 
small dimensions open for relatively short periods arching undoubtedly reduces the earth 
pressures that might otherwise occur. Nevertheless, great care should be exercised to avoid 
accidents. In firm soils the excavation may go forward concurrenth'^ with or even a little 
ahead of the sheeting, but in such cases the formation of cavities behind the sheeting should 
be avoided. Wedges should be driven between the boards and wales where spaces show 
inadequate bearing. 

Steel sheet piling, open caissons of steel or concrete, or even pneumatic caissons may 
occasionally be justified on major projects to permit examination of the soil in place at far 
greater depths than can be reached by timber sheeting. The use of these types of equip¬ 
ment is described in Sect. S, Arts. 6, 7, and 8. 

The control of ground water in test pits demands great care. In cohesive, mixed, or 
gravelly soils pumping from a sump and drainage channels may be effective. In sands and 
silts, however, such methods will be effective only if the depth below the original ground- 
water table is slight. Even then it may be necessary to protect the drainage channels and 
sump by partially filling them with a layer of gravel or broken stone. In cohesionless soils 
it is necessary that during sampling the ground-water level be held below the bottom of re¬ 
quired undisturbed samples. For this reason well points, described in Ait. 8 under drainage, 
nia\’ be necessary to depress the water table considerably below the bottom of the pit. 
A suitable arrangement of well points is shown in Fig 7. An advantage of pneumatic 
caissons is the possibility of so adiustmg the air pressure that the water table in the working 
chamber may be depressed sufficientlv to permit taking undisturbed samples of non- 
cohesive soils m the capillary rather than in the submerged range of saturation. 

Sampling should be done near the center of test pits and at least 12 in. from any sheeting 
that may have disturbed the soil when being driven. Sample? may be taken by short 
open-drive samplers or piston samplers, the former type being the one generally used. 
The disturbance caused by forcing a .'jampler into the soil can be largely avoided in a test 
pit by trimming the sample down to nearly the desired diameter just ahead of the cutting 
edge of the sampler. This and oilier sampling procedures commonly used in test pits are 
shown in Fig. 8, Of the methods illustrated in this figure the most important is block 
sampling. Strongly cohesive soils, such as stiff clays, are much easier to handle as they are 
far less susceptible to disturbance by jarring. Blocks of soils of this type may be readily cut 
from a vertical face or sloping bank by methods illustrated in Fig. 8. These methods re¬ 
quire no comment bej-ond a word of caution as to the advisability of taking sample^ im¬ 
mediately after the exposure of the face or bank from which they are to be obtained and the 
necessitv of coating them immediately with paraffin to prevent the loss of moisture. The 
physical characteristics of soils depend to a great extent on their moisture content and it is 
essential that specimens reach the laboratory with this unchanged. 

Determination of the free ground-water level, or levels, and any marked excess hydro¬ 
static pressure in perHous strata are essential steps in subsurface explorations. Ground- 
water conditions may be regular, with a single closely defined water table which is the 
contact surface between the free ground water and the capillary zone, Fig. 9; or irregular, 
with one or more bodies of ground water having water tables perched above impervious 
strata or held beneath such strata under artesian pressure, as shown in the same figure. 
Ground-water levels are subject not only to seasonal changes but also to daily, and even 
hourly, changes caused by pumping from nearby wells, the drainage of excavations and 
large subsurface structures, and the effects of tidal variations on sites near tide water. The 
distances over which the effect of the tide on ground-water elevation may be noticeable are, 
in some cases, surprising. In Florida, for example, the artesian pressure in wells a number 
of miles inland varies regularly with the rise and fall of the tide. It is therefore of primary 
importance that records of ground-water observations give specific information not only as 
to dates and weather conditions but also as to the exact time of each observation. 

In a normal boring operation the borehole is kept full, or at least partly full, of water. 
Reliable determination of the hydrostatic pressure at the bottom of the casing demands 
that the pressure in the soil and the borehole be given a chance to equalize as evidenced by 
the establishment of a stable water level in the hole. In perWous gravels and sand such 
stabilization may occur within a few minutes and the elevation of the water table deter¬ 
mined from time to time without dela^^ng the boring seriously. It is difficult to tell when a 
float lowered down a borehole makes contact with water. Accordingly, a water-surface 
depth gage consisting of a weighted steel tape, coated with chalk, or a steel rod coated with 
chalk and suspended from the end of a tape, should be used. The water level in the casing 
will stabilize at the water table much more rapidly if clean rather than dirty water has to 
percolate into the soil at the bottom of the casing. For this reason the bore should be 
thoroughly cleaned and washed with a tool providing horizontally directed jets prior to 
each determination of the ground-water elevation. The bore should then be pumped out 
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below the estimated elevation of the water table, and the actual stabilization of the water 
at this elevation checked by successive measurements of the depth to the water surface. 

In sands and silts of low permeability, the time lag or time required for equalization of 
the water level in the borehole with the hydrostatic pressure at the bottom of the casing 
may be hours or even days. Such prohibitively long time lags may sometimes he reduced 



to practical limits by the device of progressively bailing water out of a bore in which the 
water level is going down, or introducing water into a bore in which the water is rising until 
the opposite effect is produced. In this way the approximate elevation of stability, that 
is the elevation of the water table, may be found much more quickly than by waiting for 
inflow or outflow through a soil of low permeability to produce stable conditions. Another 
method of making a rough approximation of the elevation of the water table is to wash out 
the bore, pump it out to the estimated water table, and then measure the depth to the water 
at the beginning and the end of tw'o equal consecutive time intervals. The difference be- 
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With the rise or fail determined for two 
or more equal time intervals 

T = Tq - = 72 - Ti = T3 - T2. etc. 

The distance to the ultimate stabilized 
level in the boring can be estimated by 


tween the elevation of the water table and the water in the bore at the beginning of the two 
intervals may be computed by the formula given on Fig. 10. 

Determination of ground-water levels and pressures in a simple borehole will at best, 
however, cause serious interruption of the boring operation unless the material encountered 
is reasonably pervious. It is therefore advisable to make the best practicable approxima¬ 
tion of the water-table elevation or elevations in the first of several borings on a site as the 
first boring is made. This should show "whether ground-water conditions are regular or 

whether perched or artesian 
Casing--* ^ Ground surface conditions obtain. One or more 

/ cased bores may then be left as 

observation wells in which the 
^^^■5 water level maj' be given time 

With the rise or fall determined for two to stabilize and thus make pos- 
equal time intervals sible an accurate determination 

iZ/AA T’— 7 ’—T—T—T Dfr of the elevation of the water 

T 2 .etc. ^able or water tables encoun- 
Ultimate Stabilized The distance to the ultimate stabilized tered. 

water /leve l level in the boring can be estimated by Pore pressure determination 
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Fig. .10. Method of approximating water-table elevation in irn- studies of soft soils being con- 

pervious sou. From 5u6«ir/ace ExploraUon and Sampling of ... . j -i •, 

Soils for Civil Engineering Purposes, Engineering Foundation. solidated by means of sand 

drains, and large earth struc¬ 
tures such as high embankments, deep fills, and earth dams (see Sand Drains in Sect. 8 , 
Art. 5). 
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Fig. 10. Method of approximating water-table elevation in im¬ 
pervious soil. From Subsurface Exploration and Sampling of 
Soils for Civil Engineering Purposes, Engineering Foundation. 


In such cases the method illustrated in Fig. 11 should be used. A borehole is extended 
down to the stratum in which the pore pressure is to be determined, or a bore drilled during 
the subsurface exploration may be utilized if not too deep. Backfilling a deep borehole 
should not be attempted as it is "virtually impossible to backfill a bore so tightly that the 
pore pressure in a stratum above the bottom of the hole may be determined accurately. 
The bore must be cleaned thoroughly and filled with clean water. A filter point consisting 
of a short piece of perforated pipe wrapped with several layers of screen cloth, or a short 
length of permeable ceramic pipe, is then securely connected to a or i/ 2 -in. plastic or 
metallic tube and lowered to within a foot or so of the bottom of the bore. A non-metallic 


filter point and tube should be used if there is any chance that electrolytic action might re¬ 
lease gases that would \itiate the test. The bore is then backfilled -with permeable sand 
to within 3 or 4 ft of the top of the stratum in which the pore pressure is to be determined. 
From this elevation the backfilling is carried on with a fat, impervious clay placed bj' 
dropping balls of clay, or a mixture of clay and bentonite, down the bore and tamping them 
in 3- or 4-in. layers with an annular tamper. 

If the soil under investigation is a silt with a coefficient of permeability of about 10~^ cm 
per sec or more the tube leading down to the filter point may be used as a piezometer in 
which the water surface should stabilize at an elevation representative of the pore pressure 
within 6 hr or less. This elevation may be determined by means of a narrow chalked tape 
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weighted with slender sinkers that will go down the tube. The measurement should be re¬ 
peated a number of times at intervals of a few hours to be sure that stabilization.has 
actually occurred. 

If, however, the soil is an impervious silt or clay the time lag required for stabilization 
of the water surface in even a ^/g-in. tube will be excessive. In such cases it will be neces¬ 
sary to attach a mercury U tube manometer, or a bourdon 
gage reading both pressure and vacuum to the upper end 
of the tube leading to the filter point and also to provide 
a vent for fiJling the tube or permitting the escape of gas. 

After filling the tube and closing the vent the pore 
pressure may be read from the gage or manometer as 
soon as conditions stabilize as indicated by successive 
readings. 

Even this expedient will be ineffective if the soil is an 
extremely impervious clay, or if the pore pressure is equiv¬ 
alent to that of a water table more than the height of 
the water barometer below the ground surface. In such 
cases hydrostatic pressure cells equipped for the remote 
control of dials at the ground surface must be used. 

Realization of the important relationship between pore 
pressure and the stability of some types of soil has led to 
the practice of checking the pore pressure in the interior 
of large earth structures as filling proceeds. For this 
purpose filter points may be set in the fill as work pro¬ 
gresses and connected by tubes to manifolds and gages 
located in observation stations on the sideslopes of the 
structure. In these installations it is very important 
that the tubes from the filter points to the gages run 
upgrade all the way to avoid air pockets and consequent 
maccuracies in pressure measurements. In some instal¬ 
lations two tubes are run to each filter point from the 
observation station and provision is made for circulating 
water through them periodically to flush them out. 

Hydrostatic pressure cells operating dials by remote 
control may also be placed in earth structures as the 
filling proceeds to determine the pore pressure as the 
work goes forward. 

The approximate yield of water that may be antici¬ 
pated from a pervious stratum may be determined by 
bailing or pumping the bore and observing the corre¬ 
sponding stabilized draw-down level. The yield of a 
single, small-diameter boring cannot be relied upon, how¬ 
ever, to furnish data upon which a trustworthy estimate 
of the pumping requirements for a proposed foundation 
excavation may be based. Far better results may be obtained by means of a test pit or 
caisson. 

Borings in rock may be made by percussion drilling or core boring with a diamond drill, 
shot drill, or steel saw-toothed bit. Percussion drilling has been described. It is of ex¬ 
tremely limited value as an exploratory method in rock as it yields no good samples. Core 
boring, on the other hand, if properly done can yield practically continuous samples from 
which reliable information may be obtained as to the character and soundness of the rock 
penetrated. Of the three methods of core boring mentioned above, diamond drilling is the 
most widely used and generally satisfactory for making deep explorations in hard rock. 
The shot drill and the steel saw-toothed bit are, however, used extensively in softer rocks 
and are considered satisfactory by many authorities for a number of purposes. For descrip¬ 
tions of the highly specialized equipment and devices used in core boring with these three 
types of drill and for information as to methods of using the equipment, see ref. 15. Equip¬ 
ment cannot be improvised for making core borings by any of these methods. They de¬ 
mand specially built machinery operated by trained and experienced personnel. 

Records of the entire process of making exploratory borings and subsurface explorations 
must be complete and accurate. It is essential that the record be kept up to date, and that 
events be recorded promptly as the work progresses. Attempts to write up the records at 
the end of the day, or even at the end of each shift, will inevitably lead to mistakes. 

Samples should be carefully packed for shipment to the iaboratoiy Gr<»t care is 
needed in transporting undisturbed samples of non-cobedive materials ii they are to reach 
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the laboratory in satisfactory condition. It is. in fact, virtually impossible to transport 
some samples of this t\’pe, and it is therefore occasionally necessary to establish a teni- 
porar\' iaborator\' in the field in wliich certain types of tests can be made without sub¬ 
jecting samples to the inevitable jarring in handling incident to transporting them to a 
centralh' located laboratory. Jars containing representative samples of soil should be 
carefully sCviied, identified h\- labels rendered waterproof with a coat of lacquer after data 
has been entered in waterproof ink, and given adequate protection against breakage 
during shipment It is important that identifying labels be placed on the jars containing 
representative samples. If the labels are placed on the jar covers, exchanges and con¬ 
sequent misinterpretations are almost sure to occur. X’ridisturbed samples should be sent 
to the laboratory in the tubes m which they were taken. The tubes should be sealed by 
methods previously de.scnbed and labeled for identification in the same wa\' as the jars 
containing representative samples All soil samples, and particularly samples of non- 
cohesive materials, should be guarded against unnecessary handling, jarring, and vibra¬ 
tion. For this reason it is much more satisfactory to transport samples to the laboratory 
on a cushioned support in a service vehicle or truck than to entrust them to the inevitable 
rough handling they will receive at the hands of a common carrier. 


4. SOIL CLASSIFICATION 

A preliminary field classification, by soil types, of the material encountered in a sub¬ 
surface exploration should be made by the soils engineer in charge. The identification of 
the material encountered, as reported m the records of the exploration, is based on this 
preliminary field classification. Work subsequently done in the laboratory may, however, 
lead to the reclassification of materials of doubtful character. The following definitions 
are given in the interest of standardizing the nomenclature of field classification. The 
definitions are based largely on those given in refs. 20, 22, and 24. 

Boulders are detached and rounded or worn pieces of rock, the least sizes of which are 
from 6 to S in. 

Gravel consists of loose, rounded fragments of rock ranging in size from ^/4 in. to boulder 
size. 

Sand is a cohesionless granular soil consisting of particles smaller than gravel. It often 
occurs as a mixture with gravel. Sand may be further subciassified as. Coarse sand, the 
greater portion of which is retained by a 28-mesIi sieve. Medium sand, the greater portion 
of which passe.s a 28-mesh but is retained by a 6o-niesh sieve. Fine sand similarly passes a 
65-niesh and is retained by a 200-mesh sieve Compact or dense sands require a pick for 
their removal. Loose sands can be excavated by shoveling Quicksand is any sand rendered 
unstable by an upward flow of ground water. It U therefore a condition rather than a 
material. Any sand can be made quick by an upward flow through it of sufficient velocity. 

Silty sand is a mixture of sand with fine-grained materials having some plasticity and of 
the t\’pes defined below as silts. These may be of organic or inorganic origin. 

7 norganic silt is a fine-grained soil having appreciable though slight plasticity. Silts have 
little cohesion when dried, and they dust off easily when allowed to dry on the hands. 
Some fine-grained silts are difficult to distinguish from clays when wei. When such silts 
are shaken m the palm of the hand, how'ever. their surface becomes glossy due to the ex¬ 
pulsion of water from the pores of the soil. Then if the glossy pat of material is suddenly 
squeezed or bent its surface becomes dull. Clays will not respond in this way to this simple 
test. 

Rock flour is an extremely fine-grained inorganic silt, the particles of which are so fine 
that the material may have a strong superficial resemblance to clay when wet. It can be 
distinguished from clay by the shaking test described above. 

Organic silt is a fine-grained, more or less plastic soil containing fineh' divided particles 
of decomposed organic matter. It ranges from light to dark gray in color and often contains 
gaseous products of the decomposition of organic matter which give it a characteristic odor. 

Clay is an extremely fine-grained inorganic soil, the individual particles of which are so 
small as to be impalpable when rubbed between the fingers. Many of the particles are in 
fact of colloidal size. Wet clay sticks to the hands and when allowed to dry on them does 
not brush off easily. Through a rather large range of water content claj- can be rolled into 
threads that have appreciable tensile strength. Clay has pronounced cohesive qualities. 
A lump, or pal, of it that is allowed to dry develops considerable strength. Clays may be 
further subclassified as follows Fat clays are finer grained than lean clays. When wet they 
inav have a distinctly soapy feel. They are strongly cohesive and when dry can be broken 
but not crushed or pulverized b\- hand. Partially dried fat clavs are plastic. Lean clays 
arc coarser grained than fat clays but the particles are, nevertheless, too fine to be palpable. 
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Lean clays are strongly cohesive but less so than fat cla.vs. Hard or stiff days cannot be 
molded with the fingers nor excavated without a pick. Such clays have been coinpres&ed 
to a low water content and may be good foundation materials. Soft days can be molded 
easily with the fingers and excavated with a spade. Such clays are relatively compressible, 
have low shearing strength, and fail under heavy loads. Varced day consists of alternating 
thin strata of clay and silt deposited respectiveh' in the winter and summer by water from 
melting ice at the close of a glacial epoch. 

Shale is sometimes considered a rock and sometimes a "Oil. It is material in a state of 
tran^iiion from clay to alate. Some shales decompose raputlv when exposed to the weather. 

Marl IS a mannf" deposit con:^l^tlng of clay, sand, and calcium carbonate It mav occur 
in the form of a crumbh' and very soft rock or a fairly stiff to very stiff gre\'ish green 
claj’like soil. 

Marlacwus shales, hm>‘stonfS, and days contain enough marl to give them -^ouie ot its 
characteristics. It is exceedingly difficult to define t^pocific distinctions between those 


20 mm 10 mm 0 5 mm 01 mm 005 mm 001 mm 0 005 mm 0 001 mm=sl/i 



materials and ma:l. In dil/eient parts o. the i ountry the terms are applied to somewhat 
different matenaiB 

Hardpan is a tnorouglily compacted mixture of clay, sand, gravel, and boulders, or a 
cemented mixture of sand, or sand and grav'el, with or without boulders which is difficult 
to remove b^- hand-tool excavation. The term is applied to different materials in different 
localities. 

Loess is a fine-grained, granular, slightly cemented, and slightly compacted soil that was 
deposited b^' wind. Loess is characterized b^' a very uniform grain size, by the presence 
of vertical root holes, and the ability to stand with nearly vertical slopes. The bond, which 
is due to a calcareous binder, may be destroyed bv saturation combined with an increase in 
load. The result will be rapid settlement. Cuts in should be left with very steep, 

almost vertical, slopes to minimize surface erosion. 

Adobe IS a term applied m some parts of the couiitrv to natural mixtures of fat clays and 
sand. It IS an exceedingly cohesive and sticky soil whicii used in the Southwest for mak¬ 
ing unburned adobe brick. 

Peat is an organic soil consisting larselv of deconipo.-^eit vegetable matter. It is plastic 
and highly compressible. When dried it is light enough to float and will also burn. As the 
support for a foundation or a material for the construction of an embankment or earth 
structure, it is proh'ably the most undesirable matc’ial with which the cngme.T has to deal. 
Deep-seated and un.suspccted depo.sits of peat undeiK lug strata of more dosiialile material 
have been the cause of luanv seiious foun lation sett'ements. 

Classification by grain size is the basis of oe\eial ''y-tems winch attempt to identify soils 
by consideration of the size, but nut the cliaraeter, of me panicles of which they consist. 
The methods have the merit of gmng definite numerical values for the limiting gram sizes 
of soil types. On the other hand, the methoiis have tiie weakness of ignoring one of the 
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most important characteristics of a soil. This is its plasticity, which is probably due to the 
shape rather than the size of the soil grains; plastic soik have a preponderance of thin fiat 
grains, whereas the grains of non-cohesive soils are angular or more or less spherical. 
Grain-size classifications therefore make no distinction between clays and fine silts such as 
rock flours, although the materials do not behave similarly when called upon to support a 
foundation or to remain stable in an embankment or the face of an excavation. 

The three most widely used grain-size classification systems are the U. S. Bureau of Soils 
Classification, the Classification originated by Glennon Gilboy, and the International 

Classification. The ranges of grain size assigned to various soil types by the three s^^stems 
are shown in Fig. 12. 

The U. S. Bureau of Soils Textured Classification, another method based on grain size, is 
illustrated by Fig. 13. The size ranges used to designate the character of the materials, the 



Fiq 13. U. S. Bureau of Soils textural classification. From Fundamentals of Soil Mechanics, D W. 

Taylor, John Wiley & Sons, 1948. 

percentages of which are plotted on the triangular charts of this system, are those of the 
XJ. S. Bureau of Soils Classification, except that sand sizes are considered to extend to 2.0 
mm and all coarser cases are eliminated from consideration. A soil with given percentages 
of material falling into the size categories of sand, silt, and clay is therefore represented by 
a point on the triangular chart and may be given definitely the ‘‘overall” designation as¬ 
signed the area within which the point falls. 

The uniformity coefficient devised by Allen Hazen as a means for quickly and con¬ 
veniently giving the approximate characteristics of a filter sand is used to a certain extent 
in soil mechanics and foundation engineering. Hazen called the effective size of a sand the 
grain size such that the weight of all smaller grains in a sample is 10% of its total weight. 
This grain size is designated by Dio. Grain size or diameter, Dio, is sometimes called the 
10 % size and it is recognized practice to designate other percentage sizes by similar nota¬ 
tion: for example, the 60% size, designated Dgo, is such that the weight of the smaller grains 
in a sample is 60% of its total weight. The ratio of these two effective sizes, that is, the 
ratio of Deo to Dio in a sand, was called by Hazen the uniformity coefficient, Cu- The 
“grain sizes” or “grain diameters” referred to are the dimensions of the openings in square- 
mesh sieves which will pass or retain the percentages of sand used in determining effective 
sizes and uniformity coefficients. A uniformity coefficient Cu of 1.0, or slightly more than 
1.0, is indicative of a soil in which the grains are all of practically the same size. Ottawa 
sand is such a soil. A large coefficient means that there is a big spread in grain sizes. 
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Grain-size curves, such as those shown m Fig. 14, are of value in studying the char¬ 
acteristics of a soil, particularly in making an approximate estimate of its permeability. 
It is usual to plot such curves on logarithmic paper because the curves for soils having 
similar uniformity characteristics but differing in coarseness will ha\'e the same shape on a 
logarithmic plot, the curves for finer materials lying to the right of those representing the 
grain-size distribution of coarser soils. The curves will have little resemblance if the grain 
sizes are plotted to a natural scale. 
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Fia. 14. Grain-size curv’es By permission, from Soil Mechanics, Fouridations and Earth Structures, 
by G P Tschebotarioff, copynght, 1951, McGraw-Hill Book Co. 


The Public Roads Administration Classification System, the Soil Classification for Airfield 
Projects developed by Arthur Casagrande, and the Classification of Soils for Airport Con- 
struction appearing in the Civil Aeronautics Administration’s pamphlet Airport Pa\'ing, 
published in 1948, are broader systems of soil classification which are widely used for the 
purposes indicated by their titles. The Public Roads system classifies soils with respect 
to their desirability for the construction of “dirt” or unpaved roads. The Casagrande and 
Civil Aeronautics systems classify soils with respect to their desirability as subgrade 
materials for the support of airport pavements. The essentials of the Casagrande s\'stem 
are given by Fig. 15. The right-hand column of the Casagrande classification chart, it will 
be noted, gives the Public Roads classification for each type of soil considered. Figure 16 
is the CAA classification chart. The four columns at the right of this chart cla-s.^fy each 
soil group with respect to its quality as the subgrade for both rigid and flexible pavements 
in localities subject to no frost and severe frost. These classifications run from Fa. the most 
desirable, to FIO, the least desirable subgrade material for the support of flexible pave¬ 
ments; and similarly from Rla to R2e for rigid pavements. 
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Fio. 16. CAA soil classification system. Classification based on sieve analysis of portion of sample passing No. 10 sieve. When sample contains material coarser than 
No. 10 sieve in amount equal to or greater than maximum limit shown, a raise in classification may be allowed provided coarse material is reasonably sound and well graded. 
Good drainage occurs where tliere will be no accumulations of water that would develop spongy areas in subgrade, wliere water-table elevation is such that soil will not 
become waterlogged by percolation from above or capillarity from below and surface water will be removed rapidly. Severe frost condition assumed where depth of frost 
penetration exceeiL anticipated thicknes.s of surfacing, base, and subbase as determined for no frost. See CAA publications on airport paving. 
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5. SOIL MECHANICS LABORATORY TESTS 

The application of soil mechanics to foundation and soil stability problems frequently in¬ 
volves tests by experienced personnel in an adequately equipped soils laboratory. The 
results of tests which may have been attempted, from necessity, by inexperienced personnel 
with improvised equipment should be used with great caution. Soil mechanics laboratory 
tests may be divided broadly into “routine tests” which are of a relatively simple nature 
and are made more or less as a matter of course on all samples to which they are applicable. 
These are the determination of the natural water content; the Atterberg tests for the deter¬ 
mination of the liquid limit, plastic limit, shrinkage limit, and plasticit\' index; mechanical 
analysis; determination of the specific gravity of the sohds; and determination of the void 
ratio. Other tests which may or may not be justified in connection with a specific problem 
are strength tests; including unconfined compression, direct shear and triaxial shear tests; 
consolidation tests; permeability tests; and compaction te sts. Xo tune, effort, or money 
should be wasted in attempting tests on soils to which they are inapplicable or in making 
tests which will not yield information relevant to the problem under consideration. 



Fig 17 Liquid limit apparatus By permission, from Soil ^fechan^cs, Foundations and Earth Struc¬ 
tures, by G. P Tschebotanoff, copyright, 1951, McGraw-Hill Book Co. 


Brief descriptions of the common routine tests follow. Detailed instructions for making 
them are given in refs. 1, 2, 6, and 17, which should be consulted by an\'one undertaking 
soils laboratory work. 

The natural water content, u\ is the ratio of the weight of water contained to the dry 
weight of a soil and is usually expressed as a percentage. It is determined by w'eighing a 
sample in a container of known weight, diying the sample in the container, again weighing 
the sample and container, and computing the water content by the formula 


TFi - B s 
Wi — Wc 


100 


w 


( 1 ) 
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in which w = the water content expre'^sed a percentage of the drj* weight of the soil. 
IPj = combined weight of soil, water, and container. 

— weight of container an<i “^oil dried to constant weight in an oven at a tem¬ 
perature not exceeding 110°C; higher temperatures may drive off water 
chemically combined with constituents of the soil. 

Wc = weight of tlie container. 

The Atterberg tests determine minimum water contents of cohesive soils causing 
specified conditions of consistency. The water contents of the Atterberg limits are usually 
expressed as percentages of the weight of the dry soil. 

The liquid limit, u'l, is the least water content at w'hich a cohesive soil is practically 
liquid. It is determined by finding the water content at which a groove cut in a pat of 

the soil will close when the 
sample is subjected to the 
shock of 25 blows in the ap¬ 
paratus shown in Fig. 17. 
The apparatus, it will be 
noted, standaidizes not only 
the dimensions of the pat 
and the groove hut also the 
severity of the shocks. It 
IS unnecessary to make re¬ 
peated trials at different 
water contents until one is 
found at which the groove 
closes after exactly 25 
shocks. The number of 
shocks if plotted to a loga¬ 
rithmic scale against water 
contents to an arithmetic 
scale will, for a given soil, 
give a senes of points on a 
straight line. It is therefore 
sufficient to make several 
tests at different w’ater con¬ 
tents, plot the results as in 
Fig. 18, and accept the or¬ 
dinate to the resulting 
Blows (log scale) straight line at the 25 shock 

Kiu 18 Graplii'’al method of determining liquid limit By per- as the liquid limit. 

iniS'-ion, from Sod Mt^hanics, Foundation* and Earth Structuies, by 1 he plastic Limit, U'p, IS 
G P Tschebotanoff, copyright, 1951, McGraw-HiU Book Co the minimum water content 

at which a cohesive soil is 

plastic. It is determined by finding the minimum water content at which a small sample 
of the soil can be rolled into threads of about ^,'s-in. diameter wuthout crumbling. No 
special apparatus is required, the soil samples being rolled under the hand on a glass 
plate. 

The plasticity index. Ip, is the difference between the liquid and plastic limits and is 
computed by the formula: 

Ip = wi - Wp (2) 


Table 2. Unit Weight or Specific Gravity of Distilled Water at Given Temperatures 
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To get unit weight of wat^r in the English system multiply by 62 424. 

Source Fundamentals of Soil Mechanics, D. W. Taj lor, John Wiley & Sons, 1948. 
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The shrinkage limit is the minimum water content completeh' saturating a cohesive soil. 
It may be determined m two ways. If the specific gravity' of the soil is not known, a con¬ 
tainer of known volume and weight, usually a dish about 1 iti- iti diameter and V 2 ia. 
deep, is filled with the soil in a plastic condition and weigiied. The sample is then dried to 
a constant weight, the dr\'ing being accompanied by considerable shrinkage of the plastic 
soU. The shrunken sample is accurately weighed and its volume determined by mercury 
displacement. The shrinkage limit is then computed by the formula: 


jw, - w;\ - - v-z) 

W, 


100 


(3) 


in which u's 
B'l 
Ws 


yw 


= the shrinkage limit expressed as a percentage of the dry w'eight of the soil. 
= weight m grams of the specimen in its initial plastic condition. 

= weight of specimen in grams after being dried to constant weight at a tem¬ 
perature not e.xceedmg H0°C. 

= unit weight of water m grams per cc which equals its specific gravity at the 
temperature of the specimen (see Table 2t. 

= volume of container in cc 
= final volume of shrunken specimen in cc. 


If the specific gravity of the soil has been determined by the pycnometer method, which 
is described subsequently, the shrinkage limit may be computed by the formula: 

~ g) 


in which G ~ the specific gravity of the soil. 

Other terms have the same significance as in the previously given formula for uu- 

The opinion of soils engineers var\- widely as to the importance of the Atterberg tests. 
They are virtually ignored bv some men. Others make them as a matter of routine on 
practically all the cohesive soil^ with which they deal Members of the latter group main¬ 
tain that the results of the tests give them valuable information wliich has been called 
“a feek' for the character of a .'^oil. I’ndoubtedly the Atterberg limits are of great value in 
classifying doubtful soils, their utilitv for this purpose being recognized by the inclusion of 
plasticity charts, based on the limits, in both the Casagrande and CAA systems of soil 
classification for airfield projects, Figs. 15 and 16. The Construction and Material Speci¬ 
fications issued by the Department of Highways, State of Ohio, in 1946, included in its re¬ 
quirements for soils used in embankments a pro\nsion that a soil “shall have a liquid limit 
not to exceed 65, and the minimum plasticity index number of soil with liquid limits be¬ 
tween 35 and 65 shall be not less than that determined by the formula 0.6 liquid limit 
minus 9.0.” 

Mechanical analysis for the determination of grain size distribution is readily accom¬ 
plished by sieving if the material is a sand or relatively coarse-grained soil. The sieves re¬ 
quired are: 

1. For preliminary preparation of the specimen in accordance with ASTM Designation 
D 421-39 

No. 4 4760 micron 

No. 10 2000 micron 

No. 40 420 micron 

No. 200 74 micron 


2. For the final analy sis in accordance with ASTM Designation D 422-39 


No. 20 
No. 40 
No. 60 
No. 140 
No. 200 


840 micron 
420 micron 
250 micron 
105 micron 
74 micron 


3. For mechanical analyses upon which soil classifications by the CAA system are to be 
based use the sieve sizes heading the columns of the C-4A. classification chart, Fig. 16. 

It will usualK' be necessary to wash tlie material through the 200- and 270-meah sieves in 
order that all the fines capable of passing their small openings actualh’ go through. 

For the mechanical analj'sis of a fine-grained soil, such as 3 clay or silt, or for obtaining 
data on the grain-size distribution of the finer portions of most soils, analysis by sieving is 
inadequate if not impo>sible. In such cases it is usual to resort to methods based on Stok^ 
law that grams of different sizes fall through a liquid at different speeds. The most prac¬ 
tical of these methods is one utilizing the specific gravity of a suspension of the soil in dis- 
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tilled water, determined by a special type of hydrometer as an indirect measure of the 
amount of material remaining in suspension after given intervals of time and hence of the 
amount of material of such grain size that will remam in suspension for each of the intervals 
used. The method, for which detailed instructions are given in Designation 

D 422-39, requires much special laboratory equipment and therefore will not be described 
here. 

The results of mechanical analysis may be plotted on a grain-size accumulation curve of 
the type shown in ASTM D 422-39 from which the percentages listed below are read off 
and reported; 

(а) Percentage of particles larger than 2 mm. 

(б) Percentage of coarse sand, 2.0 to 0.25 mm. 

(c) Percentage of fine sand, 0.25 to 0.05 mm. 

(d) Percentage of silt, 0.05 to 0.005 mm. 

(c) Percentage of clay, smaller than O.OOo mm. 

(J) Percentage of colloids, smaller than 0.001 mm. 

Another form of report largely used today is: 

Sieve Analysis 

Percentage Passing 


No. 

4 

4760 micron 

No. 

10 

2000 micron 

No. 

40 

420 micron 

No, 

60 

250 micron 

No. 

200 

74 micron 


Sieve Size 
2 in. 

1 1/2 in. 
3/4 in. 
3/8 in. 


Hydrometer Analysis 

Size Particle Percentage Smaller Than 

0.05 mm 
0.005 mm 
0.001 mm 

Data from the second form of report may be entered directly on grain-size distribution 
curves of the type illustrated in Fig. 14. 

The results of mechanical analysis are of unquestioned value in determining the suit¬ 
ability of a soil as subgrade material for roads and airport pavements, for determining its 
fitness for use in earth dams and high embankments, also for estimating its probable 
stability if required to stand in the exposed face of a deep cut. As data upon which to base 
an estimate of the ability of a soil to carry loads imposed by a foundation, the results of 
mechanical analysis are of much more doubtful value. They are not, in fact, used by some 
engineers m foundation work, although the same men recognize their great importance in 
the fields mentioned above. They should, however, be made and used in all cases of doubt 
as to the true character of a soil. 

The specific gravity, G, of a soil is defined as the ratio between the weight in air of a 
given net volume of the particles comprising the soil and the weight of an equal volume of 
distilled water at 20°C. ASTM Designation D 854-45T describes in detail the pycnom¬ 
eter method of determining G. The method is outlined briefly below. 

A sample of about 25 grams, dry weight, of the soil is put into a constant-volume flask, 
called a pycnometer, which is then partially filled with distilled water. Air and gases are 
driven off by boiling, either by the application of heat or, preferably, by connecting the 
flask to a vacuum pump capable of reducing the pressure enough to cause boiling. The 
material in the flask is agitated frequently while being boiled to facilitate the almost com¬ 
plete removal of air and other gases from the soil sample. After boiling, the pj-cnometer 
and its contents are allowed to come to room temperature and it is then filled to the refer¬ 
ence mark with water at the same temperature. The weight of the pycnometer when 
filled to the reference mark with water at various temperatures likely to be encountered 
having been previously determined and recorded, the specific gravity of the soil is deter¬ 
mined by the formula: 

Ws+Wa-Wb 

in which G = the specific gravity of the soil. 

Wa — the weight in grama of the oven dry sample. 


(5) 
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Wa = the weight in grams of the pycnometer filled with water at the temperature 
of the room. 

Wh = the weight in grams of the pycnometer containing the soil specimen and 
filled to the reference mark with water at the temperature of the room. 
yio = the specific gravity of water at the temperature of the room from Table 2. 

The specific gra^fity of a soil may also be determined by the formula. 


Viy^ - Wi+Ws 


in which G is the specific gra^nty and the other terms have the same significance as in 
formula (8). This method is not as precise as the previously described p^'cnonieter method 
which is the accepted standard procedure for determining the specific gravity of a soil. 

The specific gravity, G, is an overall or average measure of the specific gravity of the 
particles comprising the soil. The specific gravities of most soils lie between 2.65 and 2.S5. 
Specific gravities below 2.60 are strongly indicative of the presence of organic particles in 
the soil. Soils containing hea^w substances such as iron may have specific gravities ex¬ 
ceeding 3.00. The specific gravity of a soil is important because it is required in void ratio 
determinations which may be necessary in stabilitj' studies. It is also of importance m 
some soil classification problems. 

The bulk specific gravity of a soil is the ratio between the weight of the gross volume of a 
sample and the weight of an equal volume of water. It is determined by the formula: 



(6) 


in which Gb =* the bulk specific gravity of the soil. 

Wh = the weight of a known gross volume of the soil, preferably in grams. 
= the weight of the same volume of water. 


The bulk specific graY-ity Gb is less frequently used and is less important than the specific 
gravity G. It is, however, needed in connection with some problems dealing with sub¬ 
merged soils. 

The void ratio, e, of a soil is the ratio between the volume of the voids, or intergranular 
spaces, and the volume of the solid particles. Naturally it changes with varying degrees of 
compaction or consolidation of a soil. It is usually expressed as a ratio and obtained by 
use of the formula: 

Vv Gy,rV ^ 

^ = Yr-wr-^ 


in which e = 
G = 

Tw = 
V = 


Vv = 
Vs = 
Ws = 


the void ratio expressed as a ratio—not a percentage, 
the specific gravity of the soil. 

the specific gravity of water at laboratory temperature from Table 2. 

the volume in cc of an undisturbed sample of the soil, or a sample at the 

degree of compaction or consolidation under consideration. 

the volume of the voids. 

the volume of the solids. 

the dry weight in grams of the solids in the sample. 


The void ratio e is used more frequently in soil mechanics than the porosity n, which 
is the ratio of the volume of the voids to the total volume of the soil mass, or the degree of 
saturation S, which is the ratio of the volume of water to the volume of voids. Both n, the 
porosity, and S, the degree of saturation, are usually expressed as percentages and obtained 
by the use of the formulas: 


n = Y X 100 

(S) 

5 = ^ X 100 

(9) 


in which n 
Vv 
V 

s 

Vsv 


the porosity expressed as a percentage. 

the volume of the voids in the sample. 

the gross volume of the sample. 

the degree of saturation expressed as a percentage. 

the volume of water in the sample. 


The void ratio e and the porosity n are different expressions for the same characteristic 
of a soil. It is usually more convenient to use e, rather than n, because when a given soil 
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is compacted or consolidated its varying void ratios are computed from fractions in which 
the denominators do not change. 

If a soil is initially saturated the void ratio may be determined by use of the formula: 


e 


TT^ 


( 10 ) 


in which 

G 

s 


the weight of water in a sample, 
the oven dry weight of the sample 
the specific gravity of the soil 

the degree of saturation of the soil expressed as a ratio. 


This method of determining e is, however, less precise and reliable than the method 
previously given, as soils which are apparently saturated may actually contain appreciable 
quantities of gas. 

The void ratio is a very important characteristic of soils. It is first of all indicative of the 
compressibility of both non-cohesive and cohesive soils and, to a certain extent, of the per¬ 
meability of soils of the former type. It is not m the slightest degree indicative of the 
permeability of a cohesive soil. Fat clays, which are only slightly permeable, usually 
have large void ratios. The void ratio is of great importance in estimating the stability of 
saturated non-cohesive soils—see the discussion of critical void ratios below under triaxial 
shear tests. 

The degree of compaction., Dd, frequently called the relative density, is used to express nu¬ 
merically the looseness or denseness of sandy soils. It is computed by the formula* 


in which Dd 

^max 

e 

®m»n 


O, = (11) 

Smax €min 

the relative density expressed as a ratio. 

the void ratio m the loosest state that can be produced in the laboratory, 
the void ratio of the soil as found in the field. 

the void ratio in the densest state that can be produced in the laboratory. 


The relative densities of soils are frequently expressed as percentages Normal ranges 
of relative densities of sands according to Terzaghi are: 


Relative Densities of Sands 

Loo.se sand Dd vanes from 0 to 1/3 (or 0 to 33%) 

Medium sand Dd vanes from I /3 to 2/3 (or 33% to 66 %) 

Densse sand Dd vanes from 2/3 to 1.0 (or 66 % to 100 %) 


The total unit weight of a partially saturated soil lying above the water table may be 
computed by the formula: 

G7» (12) 


in which t = 
w = 
G = 

e ~ 


the unit w’eight of the partially saturated soil. 

the water content of the soil expressed as a percentage. 

the specific gravity of the soil. 

the unit weight of water. 

the void ratio. 


The buoj'ed unit weight of submerged soil or a soil below the water table may be com¬ 
puted bv the formula. 

G - \ 

in which the terms have the same meanings as in eq. 12. 

Soil mechanics strength tests frequently employed in the solution of foundation and soil 
stability problems are direct shear tests, unconfined compression tests, and triaxial shear 
tests. 

Direct shear tests may be used to determine the strength in shear of either cohesive or 
non-cohesive soils. They are made in three types of apparatus: the single-shear box, the 
double-shear ring, and the single-shear torsional ring apparatus. Of these the oldest, the 
best-known, and moat widely used is the single-shear box apparatus shown diagrammat- 
icaUy in Fig. 19. Specimens tested in such machines are usually from 2 to 4 in. square and 
from t /2 to 1 in. thick. Occasionally specimens as big as 12 in. square and several inches 
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thick may be used if the soil to be tested contains large granular particles and a box shear 
apparatus of sufficient size is available. The specimen is mounted in a rectangular two- 
part box the movable, upper part of which slides over the fixed lower part m such manner 
that the specimen is sheared m the plane of deinarkatioii bet'.veen the upper and lower parts 
of the box. In an occasionally 

used variant of this arrange- i^c 

ment the upper part of the 
shear box is held against hori¬ 
zontal but not vertical move¬ 
ment, while the lower part 
slides beneath it. but this de¬ 
tail does not affect the princi¬ 
ple of operation of the appara¬ 
tus. The upper box is fitted 
■with a set of interchangeable 
tops and the lo'wer box with 
similar interchangeable bot¬ 
toms. Some of these have 



porous stone facings through 
which -water can escape from 
the specimen during a test: 
others are impervious. Botii 
types are roughened, serrated, 
toothed, or spiked to inhibit 
slippage of the specimen. In 
addition to the arrangements 
outlined above for permitting 
or preventing the escape of 
water from specimens under 
test, provision is also made for 
keeping them submerged The 
top of the upper part of the 
shear box is free to move verti¬ 
cally except for the support 
given it by the specimen. Ver¬ 
tical loads of known magnitude 
may be applied to the top of 
the shear box and thence to 



(b) 

Fig 20 Direct shear methods (n) Controlled stress test 
The load Ft is gradual'v iiiLie..sed t>y adding weights W Shear¬ 
ing and vertical di‘=placeiiient« are riica«ured by the dial gages 6 
and c. (b) Controlled stram te't The specimen is sheared at a 
predetermined rate by the screw jack de\nce J which may be 
motor driven The shcannr forci Fr i? measured by the pro\dng 
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the specimen. Variations in the horizontal shearing strength of a specimen produced by 
varying the vertical stress to which it is subjected may therefore be determined. A dial 
gage measures the vertical movement of the top of the upper box induced bv shrinkage or 
expansion oi the and another similar gage the lelative horizontal displacement 

of the uppei and lowci pait'' of the shear box. 



Shearing displacement in inches 

Fig 21. Shearing stre’ijih p.;rj,nst '-Vxnnu displacenvnt-v The results of direct shear tests 

made in a box shear apparatus are 'isually presented m trus w-i? when the controlled strain technique 
IS used. From Fundarnentah of Soil d/et/tanics, D W Taylor. John Wiiey cc dons, 194<3. 

Two basic methods are used for applying load to specimens in box shear apparatus. In a 
coTitrolled stress test the load is gradually applied by some such device as placing additional 
weights on a hanger or filling a counterweighted bucket, Fig. 20a, the shearing displace¬ 
ment and vertical displacement being read from the dial gages, b and c, and recorded as 
functions of the load Ft producing the shearing stress. In a controlled strain test the shear¬ 
ing displacement of the upper part of the shear box over the lower part is induced and con¬ 
trolled mechanically in such manner that it increases at a fixed and predetermined rate, 
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the resistance to displacement offered by the specimen, Ft, being measured by the dial of 
the proving ring, /, Fig. 206. 

Controlled strain tests are easier to make than controlled stress tests and have the ad¬ 
vantage of giving data on the shearing strength of specimens after the peak or maximum 
value has been reached—see typical curv^ of shearing strengths of soils plotted against 
shearing displacements, Fig. 21. 

The essentials of the direct double-shear ring apparatus are shown diagrammatically in 
Fig. 22. The specimen, which is cylindrical, is placed in a round shear box consisting of 
three rings or sections. The central section or ring is movable and can be slid out from be¬ 
tween the two fixed ones by application of the force Ft in such manner that the specimen is 
sheared on the two planes SS. The apparatus may be so designed that the inner tube of a 
special sampler consists of rings that fit into the shearing device, thus making it unneces¬ 
sary to transfer the soil from them. However, the undesirable wall thickness of such sam¬ 
plers probably nullifies the admitted advantage of avoiding transfer of the specimen. The 
ends of the fi-xed rings are closed with piston-like plugs which may, or may not, provide for 
drainage of the specimen and through 
which controlled forces Fn apply stre^ 
perpendicular to the planes of shear. 

The single-shear torsional ring ap¬ 
paratus provides for the mounting of 
the specimen, in the shape of a thin 
“doughnut” of rectangular cross sec¬ 
tion, in a circular shear box, the upper 
part of which can be rotated by the 
application of a controlled moment. 

Rotation of the upper part of the box 
shears or “twists off” the specimen on 
the plane of demarkation between 
the lower and the upper parts of the 
shear box. A disadvantage of the ap¬ 
paratus is that the shearing displace¬ 
ments and stresses are not uniform, 
being greater at the outer than at the 
inner part of the annular surface of 
rupture. This complicates the evalu¬ 
ation of test data. Furthermore, it is 
almost impossible to fit anything but a disturbed or remolded specimen into the hollow 
ring-shaped shear box. An advantage of the apparatus is that there is no limit to the 
shearing displacement that can be produced. This makes the torsional ring apparatus very 
useful in some special research problems. 

Three types of shear tests made in direct-shear apparatus are now commonly known by 
designations first suggested by Arthur Casagrande. 

The quick teat is an undrained test, quickly made without first permitting any consolida¬ 
tion of the specimen or escape of water from it under the load applied perpendicular to the 
plane of shear. This load will hereafter be called the “normal load” and designated by the 

F 

symbol Fn- The intensity of the resulting normal stress ^ will be designated by the 

symbol fn, A being the area of the sheared surface. The difficulty of preventing the escape 
of water from a specimen in a single-shear box apparatus makes such equipment less de¬ 
sirable for a quick test than a double-shear ring apparatus or a triaxial shear apparatus 
described in a later paragraph. 

The consolidated quick test is made after permitting drainage and full consolidation of the 
specimen to take place under the normal load. When the dial readings indicating vertical 
movement of the top of the shear box show that consolidation of the specimen under the 
normal load Fn is complete, which will usually be within less than twentj^-four hours, the 
shearing force Ft is applied to produce rapid failure. This is done without removing or 
reducing the normal load Fn 

The slow test is made after permitting complete consolidation of the specimen as in prep¬ 
aration for a consolidated quick test. The actual shearing of the specimen is then done 
so slowly under drained conditions that any excess pore pressure induced by shearing 
stresses and deformation will have time to dissipate and additional consolidation can occur 
before the specimen fails. 

With saturated cohesive soils the dov) test wiU generally give the highest value of shearing 
strength, the quick test the lowest value, and the consolidated quick test an intermediate value. 





Fia 22. Double-shear ring apparatus The pressure pn 
is normal to the plane of shear. 
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The results of direct shear tests are usually presented graphically. At least three tests 
should be made on three specimens from the same sample under varying normal loads Fn- 

Ft 

The resulting shearing strengths 3 , which for each teat equal —, are then plotted against 


their corresponding normal stresses fn as indicated by the points 1. 2. and 3 in Fig 23 It 
is essential that the same units—kips per square fool, tons per square foot, or kilograms per 
square centimeter—be u^ed for plotting s and A and that both be plotted to the same scale. 
The throe points should then lie approximately on a straight line, the slope of w’hich is the 
tangent of the angle of internal friction, of the soil. In the case of an undisturbed clay 
or cohesive soil, the line will usually cross the FF axis, orequals 0 line, at some such 
point as 4 in Fig. 23. The ordinate 0-4 is then considered the cohesion c in Coulomb’s 
equation: 

s = c -r fn tan <p (14) 


in which s = the shearing strength of the soil. 

c = the cohesion or shearing strength when the normal stress A is 0. 
fn = the stress normal to the plane of shear. 

0 = the angle of internal friction of the soil. 

It should not. however, be assumed that the soil would actually have the shearing 
strength c if the normal stress were 0. The shearing strength of many soils "falls off” as 

the normal stress ap¬ 
proaches 0 in some such 
w’a\' as indicated by the 
dotted line on Fig. 23. 

In the case of clean non- 
cohesive soils such as sands 
the line plotted through 
points representing the re- 
of several shear tests 
made under varying values 
of fn should pass through 
tue origin of coordinates. 
This, however, is not a 
matter of great importance 
as direct shear tests of 
sands are rarely worth 
while because of the virtual 
impossibility of taking and 
mounting specimens m lab¬ 
oratory apparatus with¬ 
out disturbing them so 
seriously that subsequent 
tests are of little value. 

The triaxial shear test is 
an indirect, but for many 
purposes a highly satisfac¬ 
tory, method for determin¬ 
ing the shearing strength of a soil. The method is indirect because the triaxial ma¬ 
chine measures the compressive strength of a short cylindrical column of soil subjected 
to a measured vertical load and a uniformly applied lateral supporting pressure. From 
the intensities of the axial and lateral stresses the shearing strength may be computed 
or, in accordance with more common practice, determined by means of a graphical method 
known as a Mohr diagram. The essentials of the triaxial machine are shown diagrammat- 
ically by Fig. 24. The cjdindrical specimen is usually 1.4 in. m diameter and about 3 m. 
long, though some recently built machines take specimens 2.8 in. in diameter and as much 
as 7 in. long. The cylindrical surface of the specimen is covered by a very thin watertight 
rubber membrane which transmits to the soil specimen the pressure of the liquid in the 
closed chamber inside which the test is conducted. The specimen rests on a porous stone 
through which drainage into a burette may, or may not, be permitted by opening or closing 
the stopcocks g and /. In making a triaxial test the specimen is mounted in the machine, 
covered with the rubber membrane mentioned above, and subjected to the uniform and 
controlled pressure of a liquid, usually glycerine, which fills the pressure chamber inside 
which the test is made. The pressure of this liquid induces an equal uniform stress, desig¬ 
nated <Tz, in the specimen. A measured vertical load is then applied axially to the specimen 
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by means of the piston rod protruding from the top of the test chamber. The stress induced 
on a transverse cross section of the specimen by this load is designated cri. The axial load is 
increased by either stress-controlled or strain-controlled methods, meanwhile keeping the 
liquid pressure and as constant, until the specimen fails, the axial load at failure and cor¬ 
responding value of cri being recorded. It ia usual to repeat the test with several specimens 
prepared from the same sample of soil, but to vary the liquid piessure and correipcnding 
soil stress as with each repetition 



FiiT 24. Triaxial shear apparatus The tnaxial apparatu'^ detcrniine-^ the 'sl'eancK strenfrth of the 
specimen indirectly The apparatus deternunes the cornprc‘i«-ive .^trenKth of a cylindncai sjircimen 
covered with a thin rubber membrane through which pressure la applied by a siirroundiug lioiiid to 
give lateral support Valves a-m control pie-^sures and flow of liquids invoh ed From tlie con piessive 
strength of the specimen when subjected to a known lateral supporting pressure its '^lica'-’ng strength 
may be determined by means of a Mohr diagram. Fig 25. For detailed instructions for making tost 
see refs. 2 and 17. From Soil Testing for Engineers, T. W. Lambe, John W'lley ^ Sons, 1951. 


A Mohr diagram is preferable to analytical methods for determining the shearing 
strength of a soil from data yielded by a triaxial test. To draw a Mohr diagram cri and cz 
from each test are laid off as abscissas on the XX axis of a sheet of rectangular coordinate 
paper. A “Mohr circle” is then drawn for each test with its center midway between the 


plotted values of cri and <rz and radius - 


- as shown in Fig. 25. 


Line A-B drawn tangent 


to the series of circles should be nearly straight—theoreticalh’ it should be straight—and 
will have a slope such that the angle ^ equals the angle of internal friction of the soil, and 
the intercept 0-A is the cohesion c of eq. 14. A line P-F drawn in any of the Mohr circles 
represents the probable plane of failure of the soil in shear, a being the angle between this 
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plane and the horizontal. The line A~B is known as a Mohr envelope. Ordinates of points 
on this line represent the shearing strengths of the soil when subjected to normal stresses 
represented by corresponding abscissas. Points on the line therefore represent critical 
relationships in which failure impends. Points below the line represent safe relationships. 
The Mohr envelope for a purely cohesive soil should be horizontal and for a completely non- 
cohesive soil should cut the YY axis at the origin of coordinates. 

A complete treatment of the theory underlying the Mohr diagram wiU be found in 
ref. 20 . 

The triaxial machine can be used for making quid: tests, consolidated quick tests, and slow 


tests. For a quick test, the stopcock controlling drainage is kept closed and the load is 

applied rapidly to produce 



quick failure of the speci¬ 
men. The triaxial machine 
is far superior to the direct 
shear apparatus for such 
tests because of the more 
satisfactorj'control of drain¬ 
age. For a consolidated 
quick test full consolidation 
and drainage are permitted 
to lake place with cr\ equal 
to 0 - 3 . The axial load cri is 
then rapidly increased to 
produce quick failure. In a 
slow test, full consolidation 
is first permitted and the 
test IS then conducted so 
slowly under drained con¬ 
ditions that any excess pore 
pressure induced by shear¬ 
ing deformations will have 
time to dissipate under ad¬ 
ditional consolidation. 

In all drained tests made 
with the triaxial machine on 
saturated specimens of non- 
cohesive soU, the fluctua¬ 
tions of water level in the 


Fig. 25. Mohr circle plot of tnaxial shear test. burette to which the drain¬ 

age from the specimen is 

led give an accurate measure of any change in the volume of the specimen. The machine, 
therefore, affords the best means j’et developed for estimating the important critical void 
ratio, 6 c, of a saturated sand. This is the void ratio at which there is no tendency for a 
specimen either to increase or decrease in volume when sheared. 

The critical void ratio is important because, if a fully saturated loose or inadequately 
compacted sand is subjected to a sudden shock or heavj^ shearing stress, there is danger 
that the grains may rearrange themselves in such a way that they temporarily lose contact 
with each other. Any load carried by the sand is then temporarily thrown onto the pore 
water, and the entire mass behaves as a liquid. Durmg such a temporary liquidation a 
loose saturated sand may flow for a distance that makes the resulting “slide” a major 
disaster to an earth structure. The critical void ratio, Cc, of a sand can best be determined 
by means of a series of triaxial shear tests. The tests cannot be made satisfactorily in a box 
or direct shear machine. Three or more saturated samples of the sand are artificially pre¬ 
pared with varying void ratios e. At least one sample should be as loose as possible and one 
should be thorouglily compacted. A specimen from each sample is then tested in the tri¬ 
axial machine, the confining pressure cz being the same for all tests. The tests are made 
under drained conditions. The increase or decrease in the volume of the specimen is noted 
by observing the rise or fall of water in the burette. The increases or decreases in the 
volumes of the specimens when failure occurs are then plotted against their initial void 
ratios as shown in Fig. 26. Several similar series of tests are then made with different con¬ 
fining pressures < 7 - 3 , the results of each series being plotted as shown in Fig. 26. It should be 
noted from this figure that the critical void ratio of a sand changes if the confining pressure 
<Tz changes. It follows that the critical void ratio of a sand in an earth structure is affected 
by the normal pressure to which the sand is subjected. In spite of the fact that critical void 
ratios vary in this way, their determination in the laboratory is sometimes justified in order 
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that sudden and disastrous flows—sometimes erroneously called slides—of saturated non- 
cohesive materials may be guarded against in the construction of large earth structures. 

The unconfined compression test is another indirect method of determining the shearing 
strength of coliesive soil. The method is inapplicable to sands and non-cohesive materials. 
The specimen m the Jorni of a short column, about the size of the specimens tested in a tri- 
axial machine, is placed in a small, hand-operated, vertical testing machine in which it is 
loaded to failure by either stress- 
controlled or strain-controlled meth¬ 
ods. The test may be looked upon 
as a triaxial test in which tlie con¬ 
fining pressure, oz, is 0. The shear¬ 
ing stress in the specimen is therefore 
theoretically at all times one-half the 
direct stress on its cross-sectional 
area. The ultimate shearing strength 
of the material is accordingly as¬ 
sumed to be one-half its ultimate 
strength in compression as deter¬ 
mined b\' an unconfined compression 
test. 

The unconfined compression test, 
because of its simplicity, is one of the 
most satisfactory techniques of soil 
mechanics. Portable machines are 
available in which these tests can be 
made, and it is therefore possible 
to conduct unconfined compression 
tests of specimens of cohesive soils 
in the field with a minimum risk of 
disturbance of the specimen and loss 
of moisture affecting the results. 

The unconfined compression test is 
therefore today the most important 
method of determining the shearing 
strength of a cohesive soil. 

The sensitivity of a clay is an 
index of its loss of strength when 
remolded. The sensitivity may be 
determined by making an uncon¬ 
fined compressive test of an undis¬ 
turbed specimen and repeating the 
test with a remolded specimen, 
taking care that neither specimen 
loses a significant quantity of water 

by evaporation during the tests. The sensitivity is then computed by the formula 

Qu (undisturbed) 



Fig. 26. Determination of critical void ratio of sands. 
By permission, from Soil Mechanxca, Foundations and 
Earth Structures, hy G P. Tschebotarioff, copyright, 19.51, 
McGraw-Hill Book Co 


iS = 


qu (remolded) 


(15) 


in which »S = the sensitivity—a dimensionless ratio. 

Qu (undisturbed) = the unconfined compressive strength of an undisturbed specimen. 

Qu (remolded) = the unconfined compressive strength of a remolded specimen. 

Consolidation tests give data needed for estimating the compression and consequent 
settlement of saturated cohesive soils. The prospective rate of settlement also can be 
estimated with sufficient precision to warrant guarded consideration of the resulting 
figures. Satisfactory techniques have not been developed for making and interpreting 
consolidation tests of unsaturated soils and non-cohesive soils whether saturated or not. 

The theory of the consolidation of saturated cohesive soils likens the behavior of the 
saturated soil to that of a spiral spring supporting a leaky piston in a liquid-filled cylinder, 
Fig. 27a. If load L is suddenly placed on the piston, the immediate effect is to raise the 
pressure of the fluid in the cylinder and induce its escape through the leak, Fig. 276. 
During the early phases of the resulting “settlement” of the piston, the fluid pressure is 
relatively high and the portion of the load carried by the spring correspondinglv small. As 
the leakage continues, however, and the descent or “settlement” of the piston progresses, 
the spring takes more and more of the load until, when stability is finally achieved, the 
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entire load is carried bv the spring and there is no pressure on the fluid other than that due 
to its static head, Fig. 27c If now an additional load L-2 be placed on the piston there will 
be a further settlement accompanied by further leakage of fluid, Fig. 2~d, until a new con¬ 
dition of stability develops, Fig. 27e, with the spring again carrying the entire load. During 
each periud of settlement the liquid pressure, rate of leakage, and consequent rate of settle¬ 
ment are at first relative^' high. They become lower and finally very low as stability is 
approached. 

Application of thia theory to a practical problem of soil engineering involves determina¬ 
tion of the iHa.Kimum consolidation and consequent settlement that will be caused by a 
given load and the rate at which water will squeeze out of the soil and permit the settle¬ 
ment to occur Or, to continue momentarily with the spring and leaky piston analogy, it is 
neces'.arv to determine the load-carrying chaiacteri-stics of the ^prlng and the rate of leak¬ 
age through the pi'^ton. This is done by te-^ting soil specimens in a type of consolidometer 



(a) (b) (c) (d) (e) 


Fio 27 Tf-rzaghi consohdat’on theory- (o Piston rests on spnng and has no effect on pies«ure of 
lifpiid in cylinder <0) NS’cnrlit L carried largely by increase in liquid pressure until '‘settlement” of 
piston i-- cjinolete ir) ^\eurhl L and ueight of piston earned by spnne Leakage and “settlement” 
compltte {d) .\ddition nf aecond weight L-2 starts a new c\cle of leakage and settlenieni le) Equi¬ 
librium again attained with all weight carried by spring 


developed by Dr. Arthur Ta^agrande. Figure 28 i.s a diagrammatic drawing of the ap¬ 
paratus. A short cylindrical specimen, usually 1 m. thick and from 2 ^,'2 to 4 i/o iri, m 
diameter is cut from an undisturbed sample of soil, mounted in a close-fitting rnetal con¬ 
tainer ring and squeezed between porous stones through whicli water can e-scape. The 
pressure is put on the specimen by means of a controlled load and the resulting consolida¬ 
tion measured bv a dial gage reading to O.OOOl in. The load is applied in a series of in¬ 
crements each of which doubles the previous compre.ssive stress m the specimen. The 
.series of com]ue>sive stresses used in making consolidation tests has not been standardized 
but loads causing stresses of I/ 4 , ^,' 2 . 1. 2, 4, S. and 16 tons per sq ft or kg per sq cm are 
wideh' used By a fortunate coincidence a stress of 1 ton per sq ft so nearly equals 1 kg per 
sq cm that the units may be used interchangeaHj' without a conversion factor. 

The maximum load applied in a consolidation test should produce a compressive stress 
in the specimen at least equaling the maximum anticipated compressive stress in the soil 
due tu both natural overbar»ien and superimposed load As the test progresses, each load 
increment is added without removing the previously applied load and each increment is 
kept on long enough to cause practically the maximum consolidation it is capable of pro¬ 
ducing. Twent\-four hours is generally sufficient for the full consolidation of 1-in. speci¬ 
mens under each load increment During the 24-hr application of each load increment, the 
progre.ss or rate of consolidation should be observed and recorded by taking readings of the 
consolidometer dial gage at some such series of times as Immediately after the application 
of the increment and then 15 sec. 30 sec. 1 minute, 2 minutes. 5 minutes. 15 minutes, 30 
minutes, 1 hr, 2 hr, 5 hr, and 24 hr after the initial application of the increment. A time- 
compression curve, of which Fig. 29 is a typical example, should be plotted on semilog- 
arithmic paper as consolidation of the spei imen under each load increment progresses. 
Abnormalities in the shapes of these curves v.ill reveal any tendency of the consolidometer 
to “stick” or otherwise work badly. Furthermore, one or more of the time-compression 
curves may be required as a source of data for computing the coeflicient of permeability of 
the soil as will be explained later. 

After completion of consolidation under the final load increment the specimen is un¬ 
loaded in decrements which may be considerably larger than the increments used in the 





















10.0 100.0 
Time, minutes 


10,000.0 


Fig 29. Consolidometer dial readms-time curve The shape of these curves tells whether the con- 
solidometer is working normally The curve for the load increment most nearly approximating the 
anticipated increase m load under the foundation may be needed for determining the coefficient of 
permeability k of the soil See Fig 35 for method of determining do. ^oo. and dioo and their sigmficance. 

From Soil Testing for Engineers, T. W Lambe, John Wiley & Sons, 1951. 
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loading phases of the test. For example: If a maximum load of 16 tons per sq ft has been 
placed on a specimen by the increments previously suggested, the first decrement might 
reduce it to 2 tons, the second to 1/2 ton, and the third remove it entirely. The specimen 
should be allowed to expand for at least 24 hr after the removal of each load decrement and 
should be supplied with all the water it can take up through the porous stones of the con- 
solidometer during each expansion period since expansion can develop fully only as the re¬ 
sult of such absorption. It is generally unnecessary to take dial readings at stated intervals 
and plot time-expansion curves during the periods of expansion following the removal of 
each load decrement. The dial should be read and the reading recorded, however, at the 
beginning and end of each expansion period. 

Immediately after expansion under no load is complete the specimen is removed, 
weighed, dried to constant weight, and again weighed. The specific gravity of the soil is 
determined if this has not already been done. The height in inches of the solid content of 
the specimen, the height of the water content at the end of the test, the void ratio at the 
end of the test, the change in void ratio occurring during each period of expansion and com¬ 
pression, and the void ratio at the beginning of the test are computed by the formulas: 


AG X 2.54 

_ ^ _ 

A X 1.00 X 2.54 



h, 

hi ^ hf 

hs 



in which K = 
W, = 
A = 
C? = 
hwf = 


TFtc/ — 
€/ = 
Ae = 

Ah - 

K - 


€i = 


the height of the solid content of the specimen in inches, 
the dry weight in grams of the solids in the specimen, 
the cross-sectional area of the specimen in cm^. 
the specific gravity of the soil. 

the final height of the water content of the specimen at the end of the test in 
inches. 

the final weight of water in the specimen at the end of the test, 
the final void ratio at the end of the test. 

the change in void ratio produced by a decrement or increment of load. 
The value of e is computed for each decrement and increment, 
change in thickness of specimen during period of application of a load in¬ 
crement as indicated by dial readings. 

the initial thickness of the specimen—usually assumed to be the height of 
the container ring, 
the initial void ratio. 


Subtracting Ae for the last decrement from e/ gives the value of e before the decrement 
was removed. Successive applications to this value of e of the appropriate values of Ae 
for the various decrements and increments of loading, subtracting for decrements and 
adding for increments, gives the value of e at the beginning of each loading period and 
finally Ct, its value at the beginning of the test. Thb should check the value of given 
directly by the above formula. 

As a consolidation test progresses, the initial dial reading and the readings at the ends of 
the application periods of the load increments should be plotted as ordinates against cor¬ 
responding soil pressures as abscissas on semilogarithmic paper to produce a dial reading- 
pressure curve of which Fig. 30 is a typical example. After completion of the test the void 
ratios should be similarly plotted to produce a void ratio-pressure curve, Fig. 31. The 
similarity of the curves is apparent. The justification for plotting both is that the dial 
reading-pressure curve, which is plotted as the test progresses, gives assurance by the 
normality of its shape that the consolidometer is functioning properly; and the void ratio- 
pressure curve furnishes data needed for estimating settlements by widely used methods. 
However, the dial reading-pressure curve, as will be shown later, may form the basis of a 
reasonably accurate preliminary settlement estimate which can be made without drawing 
the void ratio-pressure curve. 

The most probable value of preconsolidation pressure under which the soil has in the 
past been compressed and consolidated may be ^timated from the void ratio-pressure 
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curve by Casagrande’s widely used empirical method. The method, which is graphical, is 
illustrated by Fig. 32 and described in the legend of the figure. The construction will also 
be found drawn to a much smaller scale on Figs. 30 and 31. If the preconsolidation pressure 



Soil pressures, kg per cm^ 

Fig. 30. Dial reading-pressure curve. Casagrande’s graphical method of e.'timatmg the most prob¬ 
able value of the preconsohdation pressure is shown ^See Fig 32 also ) Basic data from Soil Tet^iing 
for Engxneerat T. W Lambe, John Wiley in Sons, 1951 

is materially less than the pressure due to existing overburden, the soil may still be con¬ 
solidating under its weight. The resulting settlement, it should be noted, will be along the 
steep part of the consolidation curves (Figs. 30 and 31) and will be relatively large. If, on 
the other hand, the preconsolidation pressure greatly exceeds the pressure due to existing 



tiG 31 Void ratio-pressure cur\’’e. Standard procedure for e.«5tiiiiating anticipated settlements of 
saturated cohesive soils makes use of such curves (See Figs 30 and 32 for e.\pianat)on of graphical 
method of determining the most probable value of preconsolidntion pre-s^ure ') Basic data from Sod 
Testing for Engineers, T. W Lambe, John Wiley <i Sons, 1951 
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overburden, and especialh’ if it exceeds the sum of the overburden pressure and the pressure 
due to anticipated loads, future settiement will be along the fiat upper part of the consohda- 
lion curve and ina\' be slight and possibh’ negligible. For this reason the preconsolidation 
pre:bsure i-* cun^idered b\' autlioiities to be the most important single item of inforina- 

tion \'ieided b\' a con;=olidatioii test. It is important to bear in niind that the test is ex¬ 
tremely seii-^iiive to discurbaiiee of the sample or specimen. Disturbed samples will yield 
’■lew” j)reconsolidalion pressures and thus cause undue apprehension as to the probability' 
of exres'?ive settlements. For this reason preconsolidation pressures obtained by testing 
specimen' cut from sa^nples of small diameter, such as may have been taken with a sampler 
2 ‘-'2 in in diameter or smaller, are of doubtful value and should be considered nothing 
more than rough approximations. 



IiG 32 (.''a»agran<Je'b method of e-stmuting the probable precon^cli.iation pre'-snre The point of 
maximum curvarure .1 of the \oii ratio-iires&ure cMir\o i'. located b\ eye At tin-' point a tangent AB 
to thi' [-UP r- and a hun^-mtal lin'^ AC are diawn Th-^ amilc C.\B i«; h’^rcted The intei«iection of the 
bisector AF witli a tangent DE drawn to the bower straight part «»f thr f urve deteriuines the probable 
nidNunum preCun-s-j'.idation pies'ure 


Prec(ui'solidanon pressure^ •'X< ceding tlio-^e explicable by a geological history of glacia¬ 
tion or eiro'ion are not nccc'^''arily incorrect. Surface drvmg, and especially repeated 
werring and drying in the geological history of a cohesive soil, may induce heaxw internal 
coniprC'bive "trosscs by capillary action and consolidate tlie material as effectively as a 
superimposed load vSimilarly, chemical action in a soil containing cemcnlatious phos¬ 
phates and i.Miii oxides may induce internal com])resbive stres'cs (‘on'ideiably greater than 
tho'«e to which the soil lia-s been subjected by the weight of ovcrbuidei). 

The total settle:u-eiit to be anticipated from an estimated increase iii the pressure at the 
I' id-depth of a stratum of cohesive soil is computed b\ the formubt 


S = 


(n — t'2) 
(1 -b Cl' 


2H 


( 16 ) 


m which. = the total anticipated settlement m feet 

// = 1 2 tiic thickricsb of the stratum ot cohesive soil m feet. 

= the void latp- I!Din the void Tatio-preb-ure curve at the estimated pressure 
due to ovciburdeii at the mid-depth of the stratum 
fo = the vf)id ratio from the curve at the anticipated pressure at the mid-depth 
of the stratum. 

The settlement given by the above ft>nnula is the total settlement to be anticipated from 
the assumed increase in pre.s.bure. Methods of estimating pressure increa.ses will be dealt 
with later. It should be noted that water may squeeze out of a thick stratum of impervious 
clay so slowly that the rate of settlement during the final stages of consolidation may be 
extremely slow, so slow in fact that only 909^; or l(^s of the total settlement S will occur 
within the probable useful life of even a so-called permanent structure. 
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Before attempting to estimate the rate at which settlement will occur, it is necessar 3 ' to 
determine the modulus of volume change, rnr/, and the coefficient of pe^meabilit 3 ^ A:, of the 
soil. 

The modulus of volume change is computed bj' the formula: 




(ci — C2) 

(2?2 “ Pi)(l -r Cl) 


(17) 


in which rrix — the modulus of volume change in cni^ per kg or ft^ per ton. 

ei and co have the same significance as in formula (16) for the settlement S. 

P 2 = the anticipated pressure at the mid-depth of the cohesive stratum in kg 
per cm- or tons per 

Pi = the estimated existing pressure at the mid-depth of the stratum due to 
oberburden in same units- 


Estimation of the time in which any specified percentage of the total anticipated settle¬ 
ment will take place demands determination of the coefficient of permeability' k of the soil. 
This is the imaginary average velocity of the flow of water through the gross area, voids 



Pbbmeabiltti and Dr.\in*aoe CaAa\cTE.RJ9TTCs OF Soils 
Coefficient of Perineatnlity A m cm per sec dog scale) 

10^ 10^ 1.0 10“* 10"- 10“® lO"-* 10"® 10"® 10"* 10"^ 10“® 

1 1 ' :_I ■ ' i ' ' . 


Drainage j Good i Poor j Practically Iinper\'iou5 


Soil 

types 

Clean gravel 

i 

Clean sands, clean sand 
and gravel mixtures 

i 

Very fine sands, organic and in¬ 
organic silts, muctures of sand 
Slit and clay, glacial till, strati¬ 
fied clay deposits, etc. 

* Impervious” soils, 
eg, homogeneou<3 clays 
below zone of weather¬ 
ing 

“Imperxious" soib modified by effects of 
vecetation and weathermg 

Direct 

Direct testing of soil m its original position— 
pumping tests. Reliable if properly conducted 

Considerable experience required 


ot k 

Constant-head permeameter. Little expe- 
1 nence required 


Indirect 
deierraination 
of k 


Falling-head permeam- 
i eter Reliable Little 
j experience required 

Failing-head permeam- j FaDing-head permeanieter. 
eter. Unreliable. Much \ Fairly reliable Considerable 
expenence required | experience necessary 

Computation from gram-size distnbution ] 
Applicable only to clean cohesionless 1 
sands and gravels 


Coniputation based on 
results of consolidation 
tests Reliable Con¬ 
siderable experience re- 
1 qUired 


After A. Casagrande and R. E. Fadum 


Fig. 33 Methods of determining coefficient of permeability The diagram above the table illustrates 
the significance of the coefficient. The coefficient of permeability of a soil may be considered the imagi¬ 
nary average velocity of flow of water through the gross area of the material, voids plus sohds, induced 
by a hydraulic gradient of unity The flow is considered laminar, and velocities are directly propor¬ 
tional to the hydraulic gradient Table from Soil Mechanics in Engineering Practice, by K. Teraaghi 
and R B Peck, John Wiiey <k Sons, 1948 
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plua solids, induced hy a hydraulic gradient of unity, the flow being non-turbulent and the 
loss of liead directl\- proportional to the velocity. Figure 33 illustrates the meaning of the 
coeflicient. shows the normal range of its values for common classes of soil, and indicate, 
the methods geueralh consideied practical for determining k for each class of materials 
Tlie iiguie gives k in cm per see. As the viscosity of water varies considerably with tem- 
peratuie ctiaiigt.-s, the results o! permeability teats aie affected by the temperature of the 
w ater with which i\ie\ are made. Before compaimg or using values of k as determined by 
laborator\- tests the values should be multiplied b> specific viscosities obtained Irom Fig. 
34 to convert them to values which would have been secured with water at the generally 

accepted standard temperature 
of 20°C. In making compari¬ 
sons of coefficients of per¬ 
meability cognizance should be 
taken of the wide variety of 
units m which k may be given' 
cm per sec, ft per minute, ft 
per hr, and ft per year being in 
more or less common use b\’ 
different authorities. 

In dealing with cohesive soils, 
the estimated settlements of 
w'hich are based on consolida¬ 
tion tests, decision as to the 
method to be used for deter¬ 
mining the value of k must be 
based on an advance appraisal 
of the characteristic of the soil 
which is to be determined—its 
permeability. In dealing with 
clays and silty clays having co¬ 
efficients of permeability less 
than 6.0 X 10“® cm per minute, 
k should be determined by an 
indirect method based on data 
taken from one of the tinie- 
compre-ssion curves. As a check 
the coefficient should also be 
determined directly by using 
the consolidomoter as a falling 
head permeameter in a manner 
to be described subsequently. 
In dealing with more pervious 
soils, the indirect method fails 
and the coefficient must be de¬ 
termined by use of the consoli- 
dometer as a permeameter. 

If the coefficient of permeability is to be determined by the first of these methods, the 
tune-comprossioii curve should be selected w'hich resulted from the pressure increment 
mo-!>t nearly approximating the anticipated increai.e in pressure at the mid-depth of the 
stratum from pi to pi. The compression recorded on the curve is the total compression 
of the speciriieii, due not onlj' to the expulsion of water from voids in the soil, but also to a 
slight squeezing out of the soil between the loaded filter plate and the container ring, the 
po‘'Sible presence of small quantities of gas in the specimen, and the so-called residual or 
secondary compression of the soil particles It is necessary to estimate the amount of the 
total compre-^sion due to these causes, eliminate it from consideration, and deal with the 
compres.sion due to expulsion of water only in order to compute the value of k 

In many ca.ses this may be done by a graphical method known as the logarithm of time 
fitting rnrtnod or log method This method, whieh is illustrated by Fig. 35 and explained in 
the legend of the figure, results m two horizontal lines being drawm on the time-compres¬ 
sion curve, the upper one showing what the dial should have read at zero compression and 
the second one what it should have read when 100% consolidation had been achieved if all 
instrumental errors and secondary effects had been eliminated. 

The log fitting method is, however, unsatisfactory with soils having large secondary 
compressions and in consequence yielding time-compression curves the lower end of which 
have no “straight” portion to which a satisfactory tangent can be drawn. In such cases it 



Temperature in C degrees 

Fig 34 Correction factors to apply to values of k obtained with 
\\ater at a temperature other than 20®C The viscosity of water 
vanes with chanL^os of temperature Values of k obtained with a 
periiitMiiieter should be correct*^d by a factor obtained by enter¬ 
ing the ciiaitram above wuth the temjjerature of the water actually 
used Tiie corrected permeability will be that which would hate 
becri obtained had the water been at the standard temperature of 
20”^C From Soil Teshng for Engxneei'i, T \V Lambe, John 
Wiley & Sons, 1951 
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'■ea-ding-pressure showing logarithm of time fitting method of estimating time required 
for 50% consolidation, Zero per cent compiession line .s dravsn by laying off above a point in the 
neighborhood of 0 1 minutes an ordinate e<iual to that between this point and one at a time four times 

as great 

is advisable to redraw the time-compression curve on ordinary graph paper with abscissas 
proportional to the square roots of the times in minutes. Figure 36 shows such a “square 
root of time” plot of a time-compression curve and the graphical construction used to 
locate the zero compression and 100% compression lines on it. 

Having located these lines by either the log fitting or square root fitting method the 50% 
compression line, midwas' between the zero and 100% lines, is drawn and the abscissa of 
its intersection with the tirne-compression curve noted. This is i^o, or the time in minutes 



Fio, 36. Square root of time fitting method By the construction indicated the square root of the 
time at 90% consolidation may be estimated. 
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required to effect a 50% compression of the specimen. With this factor established the 
coefficient of permeability is computed by the formula: 


k 


= 0.000323 y- ha- 


(IS) 


in which k — 
m/ — 


tso = 
ho = 


the coefficient of permeability in cm per minute. 

the modulus of volume change m cm* per kg or ft* per ton as previously 
determined. 

the time in minutes reQuired to effect a 50*-''^ consolidation of the specimen as 
determined from the time-compression curve. 

the thickness in inches of the specimen at the zero point of the compre'sion 
curve as determined by us initial thickness and subsequent dial readings. 



Fig 37. Consolidometer nizKed as a falling head permeameter At the end of one of the 24-hour 
applications of a load increment and without removing the load, this test should be made to determine 
the coefficient of permeability k of the soil if the coefficient materially exceeds 6 0 X 10~^ or if there is 
reason to anticipate that it will exceed th.s figure 
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In case the coefficient of permeahilitv inaterialiv exceeds 6 0 X i0~® cm per minute or 
if there is reason to expect that it ■vvill exceed this figure, the consolidometer should be 
rigged as a falling head permeametei. irclicated m Tig d7. and a liirot t deterrniiiaiion 
of the periiieahiliiN' made after the end of one of the 24-lir application.-' of a load increment 
The te-t should be made Yvithout removing the load Horn the con^olidometer. The staiid- 
pipcj should be filled vilh distilled water from which an ha-r been removed by boiling and 
the true in minutes, t, noted in which tlie water ■surface drops fiom hi to h-z. The coefficient 
Of permeahuJity is then computed by the formula: 


k = 





h: 

h] 


(19,' 


in which k 
L 

a 

A 

t 

hi 


~ the coefficient of pcmieabilitL in cm per minute. 

= the thickness m cm of the specimen at the time of the test as determined 
by its initial thieknei> anci subj-e^^uent dial leading'^,. 

= the cros''-'ectionai area oi the standpipe m cm- 
= the cross-sectional area of the specimen in cni- 

= the time in minutes in wni'h the water •'iirtvice in the standpipe drops from 
h^ to hi 

= the head of water in the standpdpe rausing tlou through the specimens (see 
Fig 37i at the commencement o: the time iiiterval measured by the interval 


A'> = the head in cm as measured above at the end of the time interval t. 


Having computed the modulus of volume cnange m ' and the permeability k by the 
methods outlined above, tlie time required for the aci ornplishment of any specific per¬ 
centage of the anticipated total settlement is computed by the formula: 


t « -d-0 929//2r 


f20- 


in. which t 

mj 

k 

li 


T 


the time in minutes required to accomplish a specified percentage of the total 
anticipated settlement X 

the modulus of volume change in cm- per kg or ft-. 

the coefficient of perrneabilitv of the soil in cm per minute. 

one-half the depth in feet of the stratum of ^alurated cohesive soil under cori- 

si'leration if porviou-s strata provide a means for the e.5cape of expelled water 

from both the upper and lower faces of the cohe:>ive stratum. If there is 

drainage fiorn but one face of the cohesive ^t^atum H equals its depth in feet. 

the time factor, a dimensionless quantity obtained from a graph, Fig. 3S, by 

methods described in the legend of the figure. 


A simplified procedure, eliminating the void ratio-pre-=;^iire curve and permitting pre¬ 
liminary settlement estimates to be made as a consolidation test progresses, gives results 
that do not differ seriously from tho-<e obtained b\ the previously described and generally 
accepted method. In using tlie "implifiod procedure the precon-'Dlidation pressure is esti¬ 
mated by a direct application ('f (.’a^agrandeX method to the dial reading-pressure curve 
aa indicated on Fig. 30. 

The anticipated total settlement X is then computed by simple proportion, the ratio be¬ 
tween X and the thickness of the stratum of cohesive soil being the same as that between 
the consolidation of the specimen under an appropriate increment of pressure and its 
thickness. This relationship may be reduced to the formula. 


^2Hid^ - dis 
k. ~ (.L - di) 


( 21 ) 


in which S = 
H = 

di - 

di = 

hi = 
di = 


the anticipated total settlement in feet, 

one-half the thickness of the stratum of cohesive soil in feet, 
the dial reading m 1 10,000 in. from the curve at the pressure at the mid¬ 
depth of the stratum due to overburden. 

the dial reading corre-^ponding to the anticipated total pressure at the mid¬ 
depth of the stratum. 

the thicknes'^ of the specimen in inches at the beginning of the test 
the dial reading at the beginning of the test. 
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Sand 


(a) 




(b) 



0.004 001 0.04 0.10 0.20 0.40 1.0 

Time factor, T 


Fig 38 Time factors T for computing settlements The carve Tp is applicable to the usual case of 
a layer of clay with strata of .sand above and below it See diagram a above Cui^'e Ty applies to a 
bed of clay consolidated under its own weight with no drainage at the bottom and surface drainage at 
the top. The four curA'es Th apply to a stratum of clay m which sand drains have been placed, see 
diagram b By permission, from Soil Mechanics, Foundations and Earth Structures, by G. P. Tschebo- 
tarioff, copyright, 1951, McGraw-Hill Book Co. 
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The modulus of volume change is then, like the settlement, computed from data obtained 
directly from the dial reading-pressure curve, the formula being: 




_ (di — _ 

- Pi][^ - {d^ - di)] 


( 22 ) 


in which = the modulus of volume change in cm^ per kg or ft* per ton. 

P 2 = the anticipated pressure at the mid-depth of the stratum in kg per cm* or 
tons per ft*. 

Pi = the existing pressure at the mid-depth of the stratum due to overburden 
in kg per cm* or tons per ft*. 

di, di, hx, and dx have the same significance as in the formula for S. 

The coefficient of permeability k is determined by one of the two methods previously 
described and the time t required to effect a given percentage of the total settlement is 
similarly computed by formula 20. 

Constant head permeameters are used for determining the coefficients of permeability 
of sands and other permeable soils. A simple form of constant head permeameter is shown 




Fig 39. Constant head permeameter. (a) Two simple types of constant head permeameters 
(6) Constant head permeameter modified to eliminate error caused by silting of the pores at the upper 
surface of the specimen (c) Constant head permeameter rigged to minimize errors due to evaporation 
when testing specimen of low permeability From Soil Afechanics in Engineering Practice, K Terzaghi 
and R B Peck, John Wiley & Sons, 1948, and Soil Testing for Engineers, T. W. Lambe, John Wiley & 

Sons, 1951. 


diagrammatically in Fig. 39o, the apparatus being essentially a small filter in which the 
specimen is the filter bed. The quantity of water passing through the specimen in a 
definite time interval is measured and the value of k computed by the formula: 


k 


Qlcv 

Ath 


(23) 


in which k = 

Q = 

I = 
A = 


the coefficient of permeability in cm per minute. 

the quantity of water passing through the permeameter during the test in cc. 
the length of the specimen in cm through which the known and constant loss 
of head occurs. 

the cross-sectional area of the specimen in cm*. 
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t = the time in minutes in whit-h the quantity of water Q passes through the 

speomion 

h = the hrad m fin lost the length 1. 

Ct ~ a correi tion iaoior i.btained from Fig. 34. 


(''omiaon "Ouri. es of error in values of k deteniiiiied with constant head pcriiioaiiicters ami 
recognized methods of minimizing these errors are 

(a' Air o: aa*- •h'-'-olved in the water rna''- form bubhle*' in the intergranular -paCL-.' ui the 
tpociinen and materially reduce ns permoabiliTy. Te-'t^ should therefore be i.iade with iis- 
tilled watof \vhii-'h ha." been deaerated b\ li.oJing. Wa'^te of this specialh' prera’'ed water 


|1 

Standpipe 



nia\ bo minimized by the arrangenieiiT ''hnwn in Fig due. 
bill it m essential that the supply btutle ho of in-h large 
diameter that the head on the perrneameter remains prac- 
ti'-alh <-onstant throughout a test. 

'■'» Fine maieiial may collect on the Ui>per sunace of 
the .'•peciuieii m a thin layer the perineabihiv ol which !•- 
relatively low. Measurement of the head Ions between 
two piezometers installed in the body ui tne perrneameter. 
the distan'-e between theni being consi ler-.-l 1. as in¬ 
dicated m Fig Z9h, practically eliminates this source 



F'a. lU Talhns hrad pernicam- 
k-ier iroiii .^01/ Mech'iniCi in 
Pia-(itt, K 'I'erzaglii 
und. R B Peck. John \\'iley 
?ons, 1948 


d The loss of water by evaporation fro'u the graduate 
111 -Ahi'-’n Q IS measured may caiiNt- serious error if tests ol 
rclariveb* impermeable soils, through whn'h the percola 
inm Is sugiit. are attempted, in a dr\ atmi'-'phL're. ifuch 
mav be inimniized by mclo.sing the di-cnarge end of 
T'le perrneameter and using rubber bahooii' to 
'■'ts^ure equalizati.on ^houn in Fig du',, nut it is gen.-i- 
allv preferable to use a falling head permearm-ter 

Falling head permeameters of the type s.u^wn di.tgram- 
uiatically in Fig 40 may he used to deTcrmmr- the val le 
ofk f'»r .^oiis of a \Mde range of pcrmeabilit\ ifhtted^Mtna 
number of interehang* able ''tandpijies, bie diauietcrN «d’ 
whieh var\ from th.at ot the peniiea.’it te’ its‘If l'< uri*-'- 
tenth or le<s of this diameter Formula I'l i-* u^etl lor 
computing A. Though a properlv propurtioiied falling 
head pennearneter in the hands of un expeueiiced tech¬ 
nician may be used to determine the (oefncieiit oi per- 
nieabihtv of soiU impervious a.s claves, it is ^era rallv 
preferable, when dealing with impervious >oiI' su» h 
the^e. to determine their coefficient.'^ of perfiioabilitv in¬ 
directly from data yielded by comolidations tests as 
described prcvii^usly 


The permeabiiity of soil is greatly affected l>y remolding. Also there are usually large 


differences between the permeability of natural sods in horizontal and vortn al directions 


Most natural soils contain thin layers of fine matcual which make their c>K‘fficients of 


horizontal permeability from two to five iinies, and occasionally ten or more time'^. their 


fooffifients of vertical permeability. There are. however, notable exceptions in which the 
vertical pemieability of a soil has been found to be many time '5 it.s horizontal permeability. 
Good judgment must therefore be used in interpreting laboratory permeability tests and 
3 .ssuming relation''»lups between values of k obtained in the laboratory and the coefficient of 
permeability of a soil in situ 


The capillary rise of a soil, is the height to "which water may be drawn, or held m it, 
above the water table by capillary action It is much greater m fine-grained than in coarse¬ 
grained sod.'' varying between practically zero for gravels and coarse sands to as much as 5 
or b ft for e.\tremcly fine sands. In cohesive soils may be very much larger In fine silts 
It may be as much as 20 ft and its value is not limited to the height of the water barom¬ 
eter, or 32 ft. There is, however, no true capillary rise in extremely fine-gramed and im¬ 
pervious sods such as fat clays. Their low' permoabdity makes an actual upward move¬ 
ment of water so slow that for practical purposes it does not exist even though the capillar\' 
potential due to the extremely small interstices between the sod particles ma\- exceed lOU ft. 
The capillary rise of water in sand may be demonstrated in the laboratory and liie value of 
hr approximated by pouring sand, which must be dry. into a vertical glass tube whmh has a 
.screen across the bottom and placing the tube in water with its lower end ju>t below the 
free water surface. The height to which w'ater is drawn to fill, or partly fdl. the vunF 1 - 
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indicated by the darkening of the sand. Unfortunately the height of the capillary rise ob¬ 
tained by this simple procedure is neither an accurate nor a reliable indicator of the actual 
height above the water table at which capillary moisture may exist in the soil in situ. This 
height depends largely upon the past history of the water table. It is usually much greater 
in soils that have been saturated and in which the water table is failing than in dry soils 
into which water is rising. 

Other methods of determining the capillary rise he of non-cohesive soils are described in 
refs. 1 and 2. These methods without exception require long experience and good judgment 
on the part of the laboratory technician if results of any practical value are to be obtained. 
It should be noted that all methods of determining the capillarj- rise involve the use of dis¬ 
turbed samples and none are applicable to cohesive soils 

Compaction tests are made to determine the most desirable or optimum moisture 
content of soils used in making compacted fills such as embankments or darns. The pro¬ 
cedure is: 

(a) A representative sample weighing at least 6 lb is put through a No. 4 sieve after 
lumps have been broken up with a rubber pestle. Pebbles and fragments too large to pass 
the sieve are rejected. 

(b) A standard Proctor-type mold, Fig. 41, with the collar on. is filled with the sieved 
material which is placed in three layers each 2 or 3 in. thick. Each layer, after being gently 
pressed smooth, is tamped with 25 blows of the standard type of hammer shown in Fig. 41, 
the hammer being moved about to insure uniform distribution of the blows. 



Fig 41 (a) A Proctur-type mold for ci>!iii>acru)a teats Froxn Soil Mechanirc, Foundation^ and Earth 

Structui>>^, G P T^cheliutanotf, McG:.tw-Hill Book Co, 1951 (6) Standard Proctor haitnuer For 

modified Proctor test of AASHO a hammer of same diameter weighing 10 Ih is dropped 18 in. 
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(f) The collar is removed after rotating it to break its bond with the soil which is then 
trimmed flush with the top of the mold. The mold and soil are weighted to 0.01 lb, and the 
weight of the compacted soil alone is obtained by subtracting the weight of the moiu. 

(d) The soil is removed from the mold and the water content of a representative 
100-gram sample is determined. The dry density of the compacted soil is computed b> the 
formula: 

_ (24) 

y(ioo + w) 

in which ymd — the dry density of the compacted soil in lb per ft®. 

W — weight of the moist compacted soil 

T'' = the volume of the mold in ft® (^/so ft® in case of a standard Proctor mold). 
ic — the water content of the moist compacted soil expressed as a percentage. 

(e) The water content of the soil is then raised about 3^ by adding water with a sprayer 
and mixing it thoroughly. The test is repeated as often us may be necessary, each time 

with a larger quantity of 

jrtQ__^____ water in the specimen. 

T Finally a curve of dry den- 

i ‘titles in lb per ft® is plotted 

_ ^ ‘_against water contents in 

Z'* percentages. Several such 

y* \ curves are shown in Fig. 42. 

optimum water con- 

^110 j fQj. particular com- 

3 \ paction technique used m 

makmg the test is that at 

— 105--- which the dry density is 

•- 2 J maximum 

.■S' The optimum water con- 

§ lOQ-g -- tent of a soil as determined 

•S ''*''**^ b\- a compaction test will 

^ be found to vary with 

^ gg _3 ^ __ _ changes in the technique of 

^Z^ testing, particularly with 

> changes in the amount of 

gQ _^ ___energy used in compacting 

the material into the mold. 
Variations m the weight of 
the hammer, the drop of 
20 15 20 25 hammer, the number of 

Water content in % 

' layer of soil, and the num- 

Fiq 42 Compaction test results—dynamic compaction curves for ber of layers in which the 

a silty clay. The curves show the effect of changes in the energy goU is placed in the mold 

used in compacting specimens From Soil Te^/irm for Engineers, ,, offpot tliP rp^rnlt nf 

T. W Lambe, John Wiley & Sons, 1951 ^“ect t!ie result ol 

the test. It is accordingly 

®p°er' Hammer Hammer advisable, when making 

No Layers Layer Weight Drop compaction tesis of cohe- 

( 1 ) 5 55 10 1b 18in (mod AASHO) sive soils in important fills 

(2) 5 26 10 18 and earth structures, to re- 

f.3) 5 12 10 18 (std AASHO) peat the tests Iavo or three 

3 ^ times, using ciiiTerent total 

A^ofe.' 6 in diameter mold used for all tests. energies for coinjracting 

each series of specimens, 

and thus obtain a group or family of curves, 1, 2, 3, and 4, Fig 42, showing the effect on the 
optimum water content of changes in the energy of compaction. Finallv a curve, 5 = 100%, 
Fig. 42, showing the theoretical value of ymd which would have been obtained if the speci¬ 
mens had been 100% saturated should be drawn by assuming several values of w and 
computing the corresponding value of ymd by the formula: 

ymd = 62.4-(25) 

1 + ^ 

100 

in which ymd = the dry density of the soil in lb per ft®. 

G — the specific gravity of the soil. 
w = the water content expressed as a percentage. 


10 15 20 25 

Water content in % 

Fig 42 Compaction test results—dynamic compaction curves for 
a silty clay. The curves show the effect of changes in the energy 
used in compacting specimens From Soil Testing for Engineers, 
T. W Lambe, John Wiley & Sons, 1951 


(std AASHO) 


Note: 6 in diameter mold used for all tests. 


No 

Layers 

per 

Layer 

Hammer 

Weight 

Hammer 

Drop 

(1) 

5 

55 

10 lb 

18 in 

^2) 

5 

26 

10 

18 

IS) 

5 

12 

10 

18 

(4) 

3 

25 

5 1/2 

12 
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If the compaction testa have been properly conducted, none of the curves of the dry 
densities plotted against water contents can intersect, though they may approach, this 
theoretical curve. 

In making compaction tests reuse of the same sample by the addition of water after 
each determination of ymd will give results that differ materially from those secured b>- 
running simultaneous tests with varying water contents on samples each of which is used 
but once. The latter procedure is preferable to rousing a single sample if the relatively- 
large amount of soil required is readily obtainable. 

The California Bearing Ratio laboratory test determines the relative resistance to 
penetration between a cornnacted specimen of soil and a standard spcciinen composed of 
crushed rock A cylinder having an internal diameter of 6 in. and a height of 7 ui. is filled 
with soil compacted by a standaid procedure ami at an optimum moisture coutc-nt de¬ 
termined by a prehmin^ry compaction test. The speci’nen is covered with a perforateil 
plate upon which a light surcharge load rests ami while so loaded is submerged for 4 days 
with a dial gage set to measure to 0.001 in. any swelling of the soil during this period .4.fier 
the swelling has been measured and recorded the force required to press a flat-ended 
cylindrical plunger 3 in ^ in area (1.91-in. diameter' into the specimen und'.'r strain-i c.^- 
trolled conditions at a rate of penetration of approximately O.Uo m. per minute is dct..'-- 
minod in a testing machine or by means of a loarlmg frame, screw jack, and proving ring. 
The California Bearing Ratio is the ratio expressed as a percentage between the rc'-istancG 
of the soil to a penetration of 0 1 in. and 1000 lb per sq in which i« assumed to be the resist¬ 
ance of a comi)acted specimen of crushed rock to a 0 1-in. penetiation. Both the swelling 
of the specimen and the bearing ratio give information of value as to ^h<^ quality of the soil 
as a subgrade for flexible highway and airport pavements 

The California Bearing Ratio test is a valuable index test onh- for thf'se engage*! in ^ igh- 
way and airport engineering, and the laboratory test require.^ extensive oxpcr’»*ncf for 
effective interpretation. There is little or no relation-ship between the C3R of a vsod iind 
its actual practical bearing value as a support for a foundation, t'ee California D- .ifiu; 
Ratio, Art. 6, p. 7-7S, and refs. 1, 2, 17. and 24. 


6. SOIL MECHANICS FIELD TESTS 

Loading tests are advocated, and in some cases required, by buildmg cniic'? If properly 
conducted and interpreted in the light of adeciuate sul)»urface data they yiol'i luio'-uiation 
of value in estimating allowable bearing values and preu. nng setik .. 'it.-* I nadi-ig te^fs 
should be made whenever available data are inconrluMve as to the bearing ^uc-' “i 

Recommended apparatus for making loading teats ia aK<»wn in Fig The I 
plate by which the load is applied to the soil may be either round i.r - ,iare and 'Imul i huv • 
an area of not less than 1 ft^. Some codes specify plate-^ not le«a ih.vu 4 It- in urea T. 
on large areas are preferable to tests on .amall areas hut where high inr-maitiC': are r*. 
proved, large area tests may be prohibitively expensive. Often, comparative tt.it' ■ n 
bearing plates of different sizes are desirable. Loads mav be applied by a ■■aiibr- 
draulic jack as indicated in Fig 43 or by placing weight^ on a platform on the or the 
column which rests on the bearing plate. As loads are applied in increment^ the ar¬ 
rangement is usually preferable because an increment i.s more readily applie«i R i" !i(/Wover. 
necessary to keep a man at the site of the test throughout it> duration to maintain the i i.-k 
pressure. 

The bearing plate should be set at the elevation of the bottom of the pn-posed i-juiKlation 
and the backfill around the box or pipe surrounding the column which carries the lun'i down 
to it should be brought to the intended elevation of the ground around the huililmj; If 
the soil is non-cohesive and the water table higher than 4 ft below the inientle>l I'-'Ur iation 
elevation, the water table should be lowered by means of well points anil h.-ld i ft below 
the bearing plate for the duration of the test. If the water table is higher than 4 ft billow 
the test plate in a non-cohesive soil, much larger settlements will occur under te^t loads than 
under finished structures. 

The bearing plate should be seated firmly on a smooth, level surface prepared with a 
minimum disturbance of the soil. If a satisfactory seat for the plate cannot be made by 
trimming and screeding the soil, a bedding material should be used. Ti is may consist of 
a layer of medium sand, firmly tamped and screeded and not over 1 in. thick. A mortar of 
plaster of pans, or plaster of paris and sand, may also be used as a bedding material. The 
important thing is not the nature of the bedding material but that the plate be firmly 
seated and level. 

Provision should be made for observing settlements to 0.001 in. This is usualh- done 
with dial gages mounted as shown in Fig. 43. There should be a gage for each corner of a 
square plate and at least three gages spaced equidistant around the perimeter of a round 
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plate. The mean of the gage readings is assumed to be the settlement. It is vital that 
the gage mountings be well built and firmly supported an adequate distance from the 
bearing plate. stakes driven well into the ground at either side of the bearing plate 

and at least 8 ft from it will usually afford such support. It is also necessary that the gage 
mountings and the frame or rods that transmit the settlements of the plate to the gages 
be protected from distortions that might be caused by large differential temperature 
changes or the alternate wetting and drying of timber. 



Fig. 43. Load test. The test is applied by a calibrated hydraulic jack with which any desired part of 
the 60,000-lb load may be transmitt^ to the beanng plate. 

In planning a loading test, or designing a foundation, soil pressures may be reckoned as 
gross pressures, which are the total pressures under a bearing plate or foundation, in lb or 
tons per ft*; or net pressures, which are gross pressures less pressures due to overburden 
that has been, or is to be, removed. Net pressures'wull hereinafter be dealt with and re¬ 
ferred to merely as pressures unless otherwise specifically stated. 

The load should be applied in increments each of which should not produce an increase 
in the soil pressure under the bearing plate exceeding 25% of the assumed safe bearing 
value of the soil. Smaller increments may be, and frequently are, used on non-cohesive 
soils which are not subject to appreciable progressive settlements. On cohesive soils the 
settlement under each increment may continue for a number of hours or, if the bearing 
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plate is large, for several days. Large mcreinenta must therefore be used on cohesive soils 
to keep the duration and cost of a test witlim reasonable limits. 

At the beginning of a test a load of 150 lb per ft^ should be applied and left on for 5 
minutes to seat the bearing plate. This preliminary load should then be released, the dials 
set to zero, and the first increment of load applied. The dials should be read and settle¬ 
ments recorded ^ 2 minute, 1 minute, 2 minutes, 4 minutes, 10 minutes, 20 minutes, 40 
minutes, and 1 hr after the application of each load increment. Thereafter readings .-ihould 
be taken and recorded at intervals of an hour. Settlements sliould be plotted m the field 
to an arithmetic ^c•ale against times to a logarithmic scale m the curves of Fig. 44. Each 



44 Time settlement curve"*. Setilemeiit-* in thousaiuitn.' 'C an inch aic jilutn d to an arithmetic 
scale The corresponding tunes m tuinuies in ucich tlc" ''eit.tiii nts <.'ct a.c pl'-Ttcd to a lugarith- 

luic scaU- 


intermediate increment of load bhouUl be left on until tlie settlement under it i-* less t.'ian 
0.01 in. per hour. The increment catising a bearing pro-'^ure equal to the as-umed safe 
bearing value of the soil and the increment producing ol this pros'^ure should be 

left on until the bettlenients under them do not exceed U Oi in in S hr The heaviest load 
applied should cause a soil pressure at least 150% of the assumed bearing value of the sc,! 
unless a smaller load cau.^Cb continued settlement and thus ?>hows the assumed bearing 
value to be too high. Two types of load-settlement curves .•’hould be plotted a- the test 
progresses. Final decision as to the maximum load to be applied m tae te**! should in 
many cases be based on information given by tlie second of these curves. 

Curv’^es of the first type are plots of settlements against total loads, butfi vO aruhmetic 
scales. Four such curves appear in Fig. 45. A is typical for a non-cohesive .'uii. It has an 
early straight hue portion and becomes gradually steeper after a point 01 cuivature la 
reached, but there is no definite point of failure other than that indicated by exf^essive 
settlement. Curve B for a purel\' cohesive soil may not be quite "Straight, evr-n in its early 
part, and the steepness of its slope increases rapidlv a.s failure impends Tiiere is a well- 
marked point of failure at which the curve drops verticalh. Soils that are n.i.xtuies of 
cohesive and non-cohesive materials yield curves, such as C . possessing -umc of the cfia''- 
acteristics of the curves t\picai of both soil types. A short portion of rever.''e car^ature in 
the early part of a load-settlement curve, as in curve D, is usually indicative of tlie bearing 
plate not having been firmly seated at the beginning of the test. 

The second, more important, type of load-settlement curve should be started as soon as 
the early straight-line, or nearly straight-line, part of the first type of curve indicates by 
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its intersection with the "zero load line” the “zero correction” to be subtracted from 
ail settlement readings to allow for the imperfect seating of the bearing plate and other 
causes of an apparent slight settlement under no load. Settlements, after the subtraction 
of tins zero correction, should be plotted as abscissas against corresponding load intensities 
in lb, or tons, per ft- as ordinates, both to logarithmic scales, Fig. 46. If a proper zero cor¬ 
rection has been made from the arithmetic plot the logarithmic plot almost invariably 
gives two straight lines the intersection of which may be considered the yield value of a 
cohesive soil. The bearing value used in the design of the foundation should be kept safely 
within this yield value. Load tests should be continued sufficiently to determine this yield 
value which is probably the most useful information given by a load test. 



Fig 45 Settlements plotted against load mtensitios or total loads, both to arithmetic scales 


Some building codes provide that the settlement under the assumed allowable bearing 
pressure shall not e.xceed a given amount—often i/j in.—and that the settlement caused by 
the increments producing the 50% overload shall not exceed 60% of the settlement ob¬ 
tained under the proposed safe load. The latter provision may, however, lead to the ap- 
pioval of relatively high bearing values and the disapproval of lower values m cases where 
practically no settlement occurred under a low assumed bearing value and where a slight 
settlement was produced b.v the 50®c overload. 

The comprehensive interpretation of a loading test involves obtaining as much data as 
possible from it for the design of an economical foundation the total and differential settle¬ 
ments of which will be within acceptable limits. This demands consideration of principles, 
dealt with more fully in Article 9, which deny the validity of the once widely held belief 
that settlements of foundations, irrespective of their dimensions and depths and the nature 
of the soil on which the%' rest, should equal settlements observed during loading tests con¬ 
ducted on the same or similar soils at unit pressures equalling those under the foundations. 
Settlements will actually depend not only upon the unit loading but also upon the type of 
soil—cohesive, non-cohesive, or partially cohesive—Us density and state of submergence, 
and upon the width and depth of the foundation and the ratio of its width to its depth. 

The ratio f’p between soil stress and settlement, indicated by the early straight line 
portion of a load-settlement curve and called the ‘'coefficient of subgrade reaction” by 
highway and airport engineers, is not therefore a constant but is in general dependent upon 
the soil t\-pe and the ratio of the width of the foundation to its depth. The coefficient ma>-, 
however, be approximated for different widths and depths of foundation by methods out¬ 
lined below which are based upon data given by load tests. The coefficient Cp is, it should 
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be noted, a ratio between stress and settlement. In foot-pound units it may be given in lb, 
or tons, per ft^ per in. of settlement. These are ratios, it should be noted, which reduce to 
loads in units of weight per unit of volume, such as lb per ft® or per in.® In metric units Cp 
IS usually given in kg per cm®. Methods of determining the coefficient vary with the types 
of soil involved. 



On a partially cohesive soil, which may be considered the general case, two loading tests 
on bearing plates of different sizes, say 1 by 1 ft and 4 by 4 ft, are necessary and the re¬ 
lationship of settlements to depths and widths of bearing plates and foundations may be 
expressed by the formula: 


c, = ? = C. (l + ^) 


£? 

b 


( 26 ) 
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in which Cp = the coefficient of settlement in lb per ft* per m. of settlement. 

q = the intensity of the load in lb per ft*. 

p = the settlement in in. produced by the load of intensity q. 

Cl and C 2 are constants for the given soil. 

d = the depth below the ground surface of the bearing plate or foundation in ft. 

b = the width of the bearing plate of foundation in ft. 

Having obtained two values- of Cp from two tests, the above equations can be solved 
siiiiultaneouslv for the soil constants Ci and C^. These constants mav then be entered in 
the equation and values of Cp computed for other values of d and b. It should be empha¬ 
sized that values of Cp obtained in this way are nothing more than rough approximations 
giving a general idea of the order of magnitude of settlements that may be anticipated 
On an important project it may be worth while to make two or more pairs of large and small 
area tC't^ If independent computations are then made of C| and C 2 from all possible pairs 
of arca‘=5 the resulting maximum and minimum probable values of Cp should be helpful to 
the designer. 

On a purel\- fohesive soil, such as clay, the ultimate bearing capacity is independent of 
the width of the loaded area, hut practical allowable bearing values, as limited by accept¬ 
able settlements, are inversely proportional to these widths. They are but little effected 
bv depths The value of Ci in the equation given above then becomes zero and the equa¬ 
tion reduces to. 



It is therefore possible to determine C: and thus obtain a general formula for Cp for a purely 
cohesive soil by a single loading test. 

In dealing with cohesive and partially cohesive soils by this method, however, it is very 
important to make the previously recommended log-log plot of the load-settlement re¬ 
lationship and determine the \icld value of the soil, which should under no circumstances 
he excoede<l. Careful consideration should be given to the possibility of a «hear failure— 
see Art. b The importance of the long duration of settlements on coliesive soils should also 
be kept in mind. In a loading test conducted on a 2 by 2 ft hearing plate most of the settle¬ 
ment Mill probahlv occur within a few hours, or. at the mo^t. within a few day.<, whereas 
the settlement of a mat foundation 100 by 100 ft would possibly continue for decade? 

On a non-cohr--'^ e soil the bearing capacity depends more upon the den?itv than gram 
size or gram-size iii'-t^ibution Other things being equal, the denser a sand, the greater its 
bearing capacity. Submergence reiluces the bearing capacity of sands markedly. Cnder 
a given load a submerged sand —1 e . a sand below the water table—will settle from two to 
four time? as much as the same sand above the water table The ultimate bearing capacity 
of a sand i? proportional to the width of the loaded area The practicable allowable bearing 
value of a sand as limited by acceptable settlements is affected largely by the ratio of the 
depth to the width of the foundation and very little by it^ width alone. For purely non- 
rohesive soils the term Cj in the general equation given above becomes zero and the equa¬ 
tion reduces to. 



Accordingly it is possible to determine Ci and obtain a formula for Cp for a given non- 
cohesivo soil by means of a single loading test. 

In interpreting loading test.? consideration should always be given to the fact that the 
bulb of pressure, or limiting .-urface of the volume of soil subjected to a significant increase 
of pre-'sure under a bearing plate of foundation, has a depth about 1.5 times the least dimen¬ 
sion (the widtld of the plate or foundation. Fig. 47A. B, and C. If the bulb of pressure for 
a loading test. Fig. 47A, lie'« within a soil of good bearing value which is underlain by a les.s 
desirable material into which the bulb of pressure of a proposed foundation will extend, 
Fig. 47-B. great care mu’^t be used in interpreting the test. If closely spaced footings ap¬ 
proximate a mat foundation. Fig. 47C', a similar condition may be produced. 

For a more complete treatment of the important subject of loading tests see refs. 20 
and 22. 

Test piles may be used to determine the driving characteristics of a soil and the depth to 
a firm stratum capable of supporting a foundation. Information obtainable from such 
piles, particularly if they are test loaded, is helpful in estimating allowable loads for single 
piles and pile groups irrespective of whether the proposed foundation is to be supported on; 

{ai Friction piles depending for support upon the frictional resistance and shearing 
strength of the soil. 
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(6) End bearing piles driven through soft materials to, or into, a stratum capable of 
supporting them. 

(c) Pilefc which get their support by a combination of friction and end bearing. 

Test piles are not an adequate substitute for borings. The data yielded by test piles 
cannot, in fact, be interpreted intelligently without knowledge of the characteristics of not 
only the soil into which the piles were driven but also the underlying materials. If un¬ 
suspected soft material underlies a firm soil in which piles develop a satisfactorj' resistance 
to driving, neither their behavior under the hammer nor the test loading of indi\ddual piles 
will reveal a condition -which has caused costly foundation failures. Whenever, in such 
canes, the bulbs of pressure or zones of significant increase in soil stress of individual piles 
intersect, the safe bearing value of n piles will be lesa than n times the safe bearing value of 
a single pile as determined by a pile formula or a test load. 



Firm soil, rock, or hardpan 


Fig 47 Limitation of load tests A load test .4 made on firm soil underlain by soft soil will not reveal 
probability of settlement because bulb of pressure or limiting surface of soil subjected to significant 
increase of stress does not reach the soft soil. The buildings, however, will settle 


Pile formulas for estimating the allowable bearing values of piles are of two fundamental 
types. 

(a) Dynamic formulas which equate the energy of the hammer blow to the energj' ex¬ 
pended in driving the pile into the soil plus the energ>' wasted in mechanical losses. The 
resulting equations are solved for the resistance of the soil to the penetration of the pile. 
This resistance is assumed to be the static bearing capacity of the pile. 

(b) Static formulas based on assumptions as to the friction between pile and soil and the 
latter’s strength and supporting capacity. 

Of the two types of formula the dynamic is the more generally used and important. 
In the United States the best-kno-wn and most widely used dynamic formulas are the 
Engineering Ne-w's formulas and modifications thereof. These formulas are: 

For drop and single-acting steam hammers 


Ra 


2WrH 
« + c 


For double-acting steam hammers 

Ra 


2{Wr + Ap)H 
s c 


(29) 

(30) 


in which Ra — the allowable bearing capacity of the pile in lb. 

Wr == the weight of the hammer in lb, 

H == the fall of a drop hammer or stroke of a steam or diesel hammer in ft. 

A = the area of the piston of a double-acting steam hammer in in.^ 
p = the mean effective pressures on the piston of a steam hammer in lb per in.® 
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s = the “set” or penetration in inches of the pile due to the last blow (usually 
the average set for the last 5 blows with drop hammers and the last 20 
blows with other t\'pes'). 
c = a term having the following values: 


For drop hammers 1.0 

For steam hammers 0.1 

For steam hammers used on 
hea\'>' reinforced concrete 

W 

or steel piles 0.1 

” r 

in which Wp = the weight of the pile in lb. 


W 

The term 0.1 in the last of the three expressions for c is intended to allow for sig- 
W 


nificant energy losses due to inertia effects when a heav\' pile is driven with a relativeh- 
light hammer. When developed, the formulas given above were supposed to provide a 
factor of safety of 6. In the light of present knowledge the safety factor probably vanes be¬ 
tween 2 and 17. In rare cases it may be less than unity. 

So-called complete formulas attempt to make allowance for all energy losses. Prominent 
among these are the Hiley formulas, widely used abroad and strongly advocated by many 
engineers in the United States. The Hiley formulas are: 

For drop, single-acting steam, and diesel hammers: 


^ l2efWrH Wr + e^Wp 

“ s + 1/2 (Cl + C2 + Cs) ^ Wr-^Wp 

For double-acting and differential-acting steam hammers: 

„ ^ _ l2efEn Wr + e^p 

“ S + 1/2 (Cl H- C. 4- Cz) ^ Wr -r Wp 


(31) 


(32) 


The terms common to the Engineering News and Hiley formulas have the same sig¬ 
nificance in both with the exception of Wp, the -weight of the pile. The special significance 
of Wp in the Hiley formula and the meaning of the terms occurring in the Hiley formula 
only are: 

Wp = weight of pile, in lb, including shoe and driving cap for drop and single-acting 
steam hammer. In the case of double-acting and differential-acting hammers 
the weight of the anvil should be included. The weight of earth in the spaces 
between the flanges of H piles and in pipe piles driven open-ended "should be 
included as should the weights of mandrel and followers if used. In the '-‘ase of 
driving end bearing piles to refusal on rock onh- half the actual weight should 
be used in the formula. 

Ru = ultimate bearing capacity of the pile in ib, before the application of a safety 
factor. 

e/ = mechanical efficiency of the hammer. The following values are suggested: 
100% for drop hammers released by a trigger. 

75% for drop hammers that overhaul the hammer line and spin the "winch drum 
as they fall. 

75% for single-acting and differential-acting steam hammers and double¬ 
acting hammers in general. 

85% for double-acting steam hammers having a rated energy of blow based on 
indicator diagrams. 

100% for deisel hammers the manufacturers of which have introduced an 
overall efficiency factor into the rated energy of the blow. 

En — rated energy of the hammer blows of double-acting and differential-acting 
steam hammers, in foot-pounds, as published by the manufacturers. 
e = coefficient of restitution. Values vary between: 

0.55 for no cushion—steel on steel—when driving steel pipe piles. 

0.50 for well-compacted cushion when drmng pipe piles and for rams of double¬ 
acting hammers striking steel an-vils and driving steel or precast concrete 
piles. 

0.40 for medium-compacted wood cushion when driving pipe piles; for ram of 
double-acting steam hammers striking steel anvil and dri-ving timber piles 
or striking steel helmet containing wood and driving steel piles; and for ram 
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of single-acting or drop hammers striking directly on head of precast con¬ 
crete piles not fitted with driving cap. 

0.32 for ram of single-acting hammers striking on steel plate cover of wood cap 
on steel piles. 

0.25 for fresh wood cushion when driving pipe piles and for ram of single- 
acting or drop hammers striking on well-conditioned wood cap of driving cap 
in driving precast concrete piles or directly on wood pile heads. 

0.00 for deteriorated condition of heads of timber piles or of wood cap and 
excess packing in a driving cap. 

Cl = temporary' cornprebbion allowance for pile head and cap in in. 

C2 = temporary compression of pile in in. 

C3 = temporary compression allowance for soil. 


For estimating the values of Ci, C2. and C3 several additional terms are used in con¬ 
junction with Tables 3, 4, and o. The additional terms are; 


A 


p 


Pi = 

pn = 
P3 = 


L =* 


average cross-sectional area of the pile at butt and center of resistance to 
driving, in in.- (shell only in case of steel pipe and Monotube piles, shells and 
core, or mandrel, for cast-in-place concrete piles). In the case of end bearing 
piles the center of resistance is at the tip. In the case of reinforced concrete 
precast piles the area of the reinforcing bars should be transformed into an 
equivalent concrete area and included. 

stress in lb per in.^ on pile head = -- 

Area of pile head 

stress on average cross section 01 pile = —• 

Ap 

stress m lb per in.* on horizontal projection of the tip of an end bearing pile, or a 
pile of constant cross section, including driving points under steel pipe casings 
and the total area of the rectangle circumscribed about the cross section of an 
H pile; or the cross-sectional area at the ground line in the case of a tapered fric- 
, . . . 

tion pile. therefore, mav equal - -or 7;-;-;- 

Area of tip uross area at ground surface 

length of pile in ft from head to center of resistance to driving. 


With values of pi, p:, and pz and L Tables 3, 4, and 5 may be entered for estimated values 
of Cl, C2, and C3. These tables are reproduced from ref. 10 wdth the permission of the 


Table 3, Temporary Compression Ci, Hiley Formula 
(Temporary compression allowance Ci for pile head and cap *) 


Material to Which 

Easy Driving, 
pi = 500 lb 
per in.* on 
cushion or pile 
butt if no 

Blow Is Applied 

cushion, in. 

Head of timber pile 

0.05 

3-4 in. packing inside cap on 
head of precast concrete pile 

0.05 H- 0.07 t 

1 / 2 -1-in. mat pad only on head 
of precast concrete pile 

0.025 

Steel-covered cap, containing 
wood packing, for steel pil¬ 
ing or pipe 

0.04 

3/ig-in. red electrical-fiber disk 
between two S/g-m. steel 
plates, for use with severe 
driving on Monotube pile 

0.02 

Head of steel piling or pipe 

0 


Medium 

Driving, 

PI = 1000 

Ib per in.* 
on head 

Hard 
Driving, 
pi = 1500 
lb per in.* 
on head 

Ver>' Hard 
Driving, 

PI = 2000 

lb per in.* 
on head 

or cap, m. 

or cap, nn. 

or cap, in. 

0.10 

0.15 

0.20 

0.10 + 0.15 t 

0.15 + 0.22 t 

0.20 + 0.30 t 

0.05 

0.075 

O.iO 

0.08 

0.12 

0.16 


0.04 

0.06 

0.08 

0 

0 

0 


* Largely from A. Hiley, Pile Driving Calculations with Notes on Driving Force and Ground Re¬ 
sistance, The Structural Engineer, Vol. 8. July and August, 1930. For a fuller discuasion of the means 
of obtaining these values see this reference. For purpose of this section values represent average 
conditions and may be used. 

+ The first figure represents the compression of the cap and wood dolly or packing above the cap, 
whereas the second figure represents the compression of the wood packing between the cap and the 
pile head 

By permission from Pile Foundations, by R. D. CheUis Copyright, 1951, McGraw-Hill Book Co. 
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Table 4. Temporary Compression C*, Hiley Formula 
(Temporary compression values of (7*2 for piles) 



Easy Driving. 

Medium Drivmg, 

Hard Driving, 

Very Hard Driving 


P 2 = 500 lb per 

P 2 = 1,000 lb per 

pz = 1.500 lb per 

pz = 2 000 lb per 


in ^ for wood or 

in ^ for wood or 

in " for wood or 

in ■ for wood or 


concrete pile?. 

concrete piles. 

concrete piles. 

concrete piles, 


7.500 lb per 

13.000 lb per 

22.500 ih per 

30.000 Ih wr 


in." for steel. 

m.^ for steel. 

in * for steel, 

in " for steel. 

T\pe of Pile 

net section, in. 

net section, in. 

net section, in. 

net section, in 

Timber pile ba-'fd on value of 

E = 1.500,000 ‘ 

0.004 X L t 

ooosxtt 

0.012 X L t 

0.016 X L T 

Precast concrct-^ pi'e E — 

3.000,000 1 5 ' 

0.002 X I 

0.004 Xi 

0.006 X L 

0 008 X L 

Steel sheet pihnz. .Simplex tul>e, 
pipe pile, Monotul>e shell, 
Raymond ste^i mandrel '| {E 
= 30,000,000) 

0.003 X L 

0.006 X L 

0 009 X L 

0012 X L 


• For unusual types of Viooj piles see Table \T, ref. 10. for values of E. 

t L should be considered as length to center of driving resistance, not necessarilj' full length of pile. 

+ Values of C-i are m direct proportion to p 2 and inverse proportion to E. 

§ May reach 6 000.000 for exceptionally good mix. 

!| When computing for a Raymond steel mandrel, it is suggested that the weight of the mandrel be divided by 
3.4 X length of pile in ft to obtain the average area. 

By permission from PiU Foundations by R. D. ChelUs. Cop>Tight, 1951, McGraw-Hill Book Co. 


Table 5. Temporary Compression Cz, Hiley Formula * 
(Temporary compression or quake of ground allowance Cz t) 


For piles of constant cross section J, | 


Easy Driving, 
P3 = 500 lb 
per in.^ in. 

0 to 0.10 


Medium 
Driving, 
pz * 1000 lb 
per m.^ in. 
0.)0 


Hard 
Dri\nng, 
pz “ 1500 lb 
per in.^ in. 
0.10 


Ver>’ Hard 
Driving, 

PS * 2000 lb 
per in.^ in. 

0.10 


* All values of pz to be taken on projected area of pile tips or dri\'ing points for end bearing piles and 
piles of constant cross section: on gross area of pile at ground surface m case of tapered friction piles; 
and on bounding area under H piles. 

t Largely from A. Hiley, Pile Dnving Calculations with Notes on Dri\-ing Force and Ground Re¬ 
sistance, The Siructural Engineer, Vol. 8, July and August, 1930. For a fuller discussion of the means 
of obtaining these values see tins reference. For purpose of this section values represent average con¬ 
ditions and may be used. 

t It is recognized that these values should probably be increased in the case of piles with battered 
faces, but insufficient test data are available at present time to cover this condition. 

§ If the strata immediately underlying the pile tips are very soft, it is possible that these values might 
be increased to as much &s double those shown. 

By permission from Pile Foundations, by R. D. Chellis. Copyright, 1951, McGraw-Hill Book Go. 


author and the publisher. Because Ci, Cz. and Cz are partially dependent upon values of 
Ru, the solution (.if the Hile\' formulas for as a function of s involves a cut-and-try proc¬ 
ess that is laborious and time wasting. This difficulty can be overcome by assuming a 
number of reasonable values of Ru and solving the equation.s for s. Curves can then be 
drawn showing the relationship between the ultimate bearing capacity, Ru‘, a safe working 
load after the application of a suitable safety factor; the stress in the pile; and the set, «, 
Fig. 4S. Curves can also be readily dra-wn showing the same information plotted against 
blows of the hammer per inch of set, Fig. 49. 

A fielrl check of the reasonableness of the estimated values of Cz and Cz combined 
(Cz -f- Cz'i can be made by fastening a piece of bristol board to the pile just prior to the 
completion of driving, and drawing a pencil line on it along the edge of an independently 
supported straightedge. If the pencil is in motion when the hammer strikes a simple graph 
will result, Fig. 50, which gives the value of Cz + C3 directly. 

Most engineer.'? probably consider the Hiley formula fundamentally more accurate than 
the Engineering News formula and many therefore prefer it and advocate its general 
adoption. However, a dynamic formula as a means of estimating the bearing value of a 
pile is only applicable to a pile driven into non-cohesive soil. The applicability of d^mamic 
formulas to soils which are partly cohesive depends upon the extent to which the soils art 
as non-cohesive or cohesive materials. For this reason, and because the accuracy of com- 
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-McK-T No !0-8-2 115 Woos/min 15,000 ft-lt 
^ McK-T No 9-8-2 140 blows/mn £„ = 8,200 ft-! 
^McK-T No 9-B-Z 130 btovK/moi = 7,000 ft-l 
^McN-T No 9-8-2 120 blows/mm £„ = 5,940 ft-i 



0,4 06 08 1.0 12 

Set, 111 per blow 


1.4 16 18 2.0 


T'i'i 4-' > I '■iL uu B\ })eri!n'>'ion. from l’\' R D Ch* Ih*-, oopj* ri^rht, 

>.y .Mc( irAw-Hiil Book Co 

C’.iriditujii' of L Ltiiijiii'-r, M* Ki'-rrun-Tt ir\ y-BO, driMiiir <.ip. CoU I'l U’;, 144U Id pile, 

s'l-ci i' pt K)" n r> <1 X oD' Ion::. pile dir-on ti> 'and .U'd ni.v cl tLroutdi soft 

sT'-atu 'idc fi.t tiori rif-ul-.t.Ted, and puc a'^suim'd a* eo i beaiing, etfeotuc h-ngih, .^0' 

C-.tvhh of th « tyite nave no general apphcabil.ty For a given type and %\eight of pile and a given 
haiumer a special cur^■e must I'te diawn. 



140 blows/min En = 8,200 ft-)b 
130 btows/min = 7,000 ft-lb 
'1^120 b!ows/min = 5,940 ft-lb 


15T. > 75 


i lOT. E 50 



10 15 20 25 30 35 40 45 50 

Set, blows per in. 


Fig 4y TCIcn fcirnmla ciirvri; By T»t*!troi" /■’dV I ouKdaiiuri', lij R D Chi- 

McCIiaw-Hill Book Co 


I', copyright, 


Conditions of cu’-m--.. liaipm^’, McKiernan-Terij P-B-d driving cajt, n.'U IP ]l'„ 1-140 Ib pile, steel 
fiipie 10" F> I'l X J 4 " X dO' long, weight 700 lb, soil, pile driven to saini gr.ael thrt ugh soft strata, 
aide fr'ction ncgl-.*< ted, and pile aa end bearing, effective length, 30' 

These curve- .f. similar to tho-e in I'lg 43, except that they arc entered with blow- j>cr inch rather 
than inches i-er :>iow :i- an urguiiicnt 


Stress in pile tip (and butt), Ib per sq in. 
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plete formulas, such as the Hiley, depends largely upon the judgment with which empirical 
coefficients and constants are selected, some engineers maintain that such formulas have 
no real claim to greater accuracy than simpler ones; see refs. 9, 10, 11, and 12. 

Even though the best of dynamic formulas have but a limited value as a means of de¬ 
termining the bearing value of a pile driven into even a purely non-cohesive soil, and are 
practically valueless when dealing with cohesive soils, they are nevertheless necessary as a 
means of specifying when to stop driving to obtain reasonably uniform resistances without 
damaging piles. Complete formulas of the Hiley type are, for such purposes, preferable 




Fig 50. Determination of (C 2 4* Cz) in the field. By permission, from Pile Foundalions, by R D, 
Chellis, copyright, 1951, McGraw-Hill Book Co. 

to the simpler and older formulas as they yield reasonably accurate estimates of the stresses 
produced in the pile by driving. When thus used for determining pile stresses the least 
conservative reasonable assumptions should be made as to hammer efficiencies and con¬ 
stants, rather than the most conservative estimate which should be employed when es¬ 
timating the bearing values of piles. 

Static formulas estimate the bearing values of piles by applying to the embedded surface 
areas of their sides factors representing the frictional and cohesive resistance offered by the 
soil; and to their end areas, if there is a partial end bearing effect, factors representing the 
bearing value of the material on, or in, which the pile tips rest. In practice static formulas 
have been used extensively in only such localities as New Orleans and Shanghai where 
thick deposits of soft cohesive soils render dynamic formulas valueless and require the use 
of friction piles under conditions making consideration of end bearing effects unnecessary. 
Table 6 gives approximate allowable values of the skin friction on piles. These figures, 
after being checked against the best available data on successful local practice, may be used 
for minor projects involving pile foundations on cohesive soils. On large or important 
projects test piles should invariably be driven and loaded. 
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Table 6. Skin-Friction Factors for Friction Fills 
(Approxiinat€ allowable value of skin friction on piles *) 

Skin Friction, lb per ft^ 


Material 


Ajjproximate 
Depth, 20 ft 


Approximate 
Depth, 60 ft 


Approximate 
Depth, 100 ft 


Soft silt and dense muck 
Silt (wet but confined) 

Soft clay 
Stiff clay 

Clay and sand mixed 

Fine sand (wet but confined) 

Medium sand and small gravel 


50-100 

50-120 

100-200 

125-250 

200-300 

250-350 

300-500 

350-550 

300-500 

400-600 

300-400 

350-500 

500-700 

600-800 


60-150 

150-300 

300-400 

400-600 

500-700 

400-600 

600-800 


* Some allowance is made for the effect of using piles in small groups. 

By permission from Foundatiort9 of Strticlures, by C. W. Dunham. Copyright, 1950, McGraw-Hill 
Book Co. 


Test piles should be of the type of pile proposed for use in the foundation, because 
different types of pile behave differently under the hammer. The cost of the piles them¬ 
selves is an insignificant part of the total cost of driving and loading test piles. Therefore, 
the saving that might be realized by substituting timber test piles for concrete or steel 


Ground surface 


A B C D 


Soft soil 


Thin stratum sand and gravel 


Firm sand and gravel 



Fig 51. Driving through a thin firm stratum When timber test or foundation piles are to be driven 
through a thin firm stratum to an underlying firm material, piles frequently break instead of punching 

through the thin stratum. 


piles of the type probably to be used in a foundation is not worth the decreased value of the 
information obtainable and the possible consequent increase in the cost of the foundation. 
Some saving in the cost of test piles may, however, be realized by so locating them that 
some or all may later be incorporated into foundations. 

Test piles should be driven with hammers of the type and weight to be used in driving 
the foundation piles. The weight of the ram should exceed the weight of the pile mul¬ 
tiplied by the coefficient of restitution {Wr > Wpe). Steam hammers should be operated 
at the pressures recommended by the manufacturers and should be checked to make sure 
that they are running at rated speed and stroke. Some steam hammers, when the driving 
IS hard, do not work at their full rated stroke nor deliver the energy to the pile at each blow 
that they are supposed to. 

If a drop hammer is used it should weigh not less than 3000 lb, and the height of the 
drop should not be less than 8 nor more than 15 ft for wood piles and not more than 8 ft for 
precast concrete piles. Care should be taken that the slack of the hammer line is not taken 
up prematurely at the end of each drop in such a way that the energy of the blows is 
reduced. 

A few representative piles should be redriven at least 24 hr after they initially develop 
a satisfactory resistance under the hammer. The usual effect of such a rest period is to 
greatly increase the resistance. It may, in fact, require a number of hammer blows to 
start a pile moving after it has become “frozen” into a partly cohesive, or cohesive, soil. 
On the other hand, soils are occasionally met in which piles develop temporary resistance 
to driving that disappears after a rest period of a few hours. In such material a pile which 
has developed practically absolute “refusal” under continuous driving with a steam ham- 
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mer nia^' again drive easily and exhibit little supporting power after a 24-hr ‘"rest.” Such 
soils have usually been stiff, blue, claj*-like muds encountered in the construction of piers 
and wharves in coastal waters. 

If the heads, of timber piles broom or split they should be cut back to ^^ound wood and 
driving continued after an interruption long enough to insure the resumption of normal 
conditions liefore the final .set per blow is determined. 

here pile^ are to be driven through a thick bed of soft soil containing one or more firm 
strata too thin to support the proposed foundation, timber test piles may break m.3tead oi 
punching through one of the firm strata. Unfortunately it is often impossible to determine 
whether a pile has. in fact, punched through such a stratum or broken. Fig 51. break¬ 
age of this type mav lead to erroneous conclusions and serious mistakes in foundation de¬ 
sign. timber test piles, after being driven and possibly loaded, should be pulled and ex¬ 
amined if there is anvthing in their dri\ung records indicative of possible breakage below 
ground If a suitable dynamometer is available the pulling resistance should be deter¬ 
mined. By a.^suming the pulling resistance to equal the skm friction on the pile a rough 
approximation of the point bearing value may be obtained by subtracting the pulling re¬ 
sistance from the ultimate bearing value. 

A complete record should be kept of the driving of all test piles, and the data recorded 
should include. 

(1) Date and weather conditions. 

(2) T\"pe and weight of hammer and, if the hammer is steam or diesel, its make, model, 
stroke, rated energy delivered per blow at various working speeds, the pressure of the 
steam or compressed air used to run it, and the number of blow.s delivered per minute 

(31 The material and dimensions of each pile, and, for reinforced concrete piles, the date 
poured 

(4» The location of each pile and the elevation of the ground surface at the location. 

(o' The number of blows of the hammer for each foot of penetration and the elevation o: 
the pile butt when any notably hard driving occurred. 

(Gi The penetration under the last 5 full blows of a drop hammer or the last 20 blows of a 
steam or diesel hammer 

(71 The final elevations of the butt and tip. 

(8) An entry under ‘’remarks” recording any unusual circumstance or event attending 
the driving of the pile 

(9i The signature of the inspector responsible for the record. 

The original records of the driving of all test piles, not ‘‘smooth copies.” should be kept 
in the permanent files of the engineer responsible for the design of a foundation 

Finally, the data secured by driving each test pile should be plotted as in Fig 52, with 
allowable bearing values calculated by the pile formula of the engineer’s choice as abscissas 
against corresponding elevations of the pile tip as ordinates. It is helpful, as m this figure, 
to show the character of the material, as revealed by borings, on one side of the bearing 
value diagram to the same scale as the tip elevations. 

Test loads are applied by loading a platform attached to the pile, by jacking against a 
load, or by the “bootstrap method” of jacking against a beam anchored to other piles, Fig. 
53<i, b, and c. 

Of these methods the loading platform. Fig. 53a, is usually the simplest and cheapest 
way of loading a few isolated test piles. The platform must be of adequate strength and 
steadied laterally by bracing that will not partially support the load. If the soil is cohesive 
the possibility of a sudden settlement of the pile should be considered in guarding against 
accidents. The load should be applied in increments the true weight of which must be 
known. Weighed metal or concrete blocks, iron “pigs,” steel rails, structural steel shapes, 
weighed sandbags, sand in a bin, and water in a tank have all been used. 

Where large numbers of piles are to be test loaded the method of jacking against a load 
with a calibrated hydraulic jack, Fig. 535, may prove economical, especially if the soil is 
non-cohesive in which the settlement under each increment will develop rapidly, and the 
load can be made portable by mounting it on a truck or trailer. An objection to the method 
is the necessity of keeping a man in attendance to maintain the jack pressure and load 
constant under increasing settlement throughout the period of application of each load 
increment. 

The bootstrap method of jacking against a beam anchored to adjacent piles, Fig. 53f, 
is not in reality a load test, but merely a test of the frictional resistance along the surface 
of the piles and the shearing strength of the soil between them. No extra load is applied 
to the area, and no reliable information on compaction effects is yielded by the method. 
It is not recommended. 

Whatever the method of application, t^t loads should be applied in increments, each of 
which should be left on until settlement under it ceases or continued settlement indicates 
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failure. Small increments give more complete information than large ones on the char¬ 
acter of settlement curves, Fig. 54, and may enhance the accuracy’ of settlement predic- 
tion-^, but they prolong tests and increase costs. For general use the requirements of the 
194S Foundation Code of the City of New York are recommended, not only as to the num¬ 
ber and size of the increments in which the load is applied, but also as to the decrements in 
M inch it is removed and the frequency and precision of settlement and rebound readings. 

The NeM’ York code provides that: “The test load shall be tM’ice the proposed load value 
of the pile. The test load shall be applied in seven increments equal to one-half, three- 
fourths, one, one and one-fourth, one and one-half. one and three-fourths and tM*o times 
the proposed "working load. Readings of settlements and rebounds shall be referred to a 
constant elevation bench mark and shall be recorded to one one-thousandth of a foot for 



Fia 52 Test pile dnvina: report, graphical presentation Test pile No 17; precast remfr>roed con¬ 
crete 15" X 16" X 55'; Vulcan. No 1 hammer; for pile location, see drawing, formula 


Ra 


2\VrH 
0 + C 


each increment or decrement of load. After the proposed M'orking load has been applied 
and for each increment thereafter, the test load shall remain in place until there is no settle¬ 
ment in a tM'o-hour period. The total test load shall remain m place until settlement does 
not exceed one-thousandth of a foot in forty-eight hours. The total load shall be removed 
in decrements not exceeding one-fourth of the total test load Mith intervaU of not less than 
one hour. The rebound shall be recorded after each decrement removed, and the final 
rebound shall be recorded tM'enty-four hours after the entire test load has been removed. 
The maximum alloM'able pile load shall be one-half that M'hich cause- a net settlement of 
not more than one-hundredth of an inch per ton of total test load or shall be one-half that 
■which causes a gross settlement of one inch, whichever is le^s “ 

The Boston code pro\’ides that the pile, “shall be loaded to at lea-c twice the proposed 
M’orkmg load, the load being applied in increments of not over lO.odO pounds. At least 
four hours shall elapse betM'een the addition of successive increments. Measurements of 
the settlement, accurate to one thirty-second inch, shall be taken and recorded immediately 
before and after each increment of load is added. In determining the -ettlement, proper 
deduction shall be made for elastic compression of the pile under the test load. The al- 
loM'able pile load shall not exceed one-half of that causing a total settlement of one-half 
inch which remains constant for forty-eight hours." 

The field reports of load tests should be filed permanently and the data resulting from 
them plotted a^ shown in Fig. 54, the loads m tons being plotted as abscissas against 
corresponding settlements in inches. In Fig. 54 curves A and B are respectively typical 
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Fia. 53. Methods of loading tost inle.i. (a) Loaded platform supported l)y test pile (6) Jacking again.st a load, (c) Jiootstiiip mc'thod Couitesy Cainegie 

Stool Company. 
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of load test curv'es of piles in non-cohesive and cohesive soils. The solid line of curve B 
indicates the progressive settlement that occurs when a continuously applied load ex¬ 
ceeding the ultimate bearing value is placed on a pile in cohesive soil. Curves A' and 
B' at the top of Fig. 54 indicate the portions of the total, or gro>s. settlements e-^timated to 
be due to the elastic deformations of the piles. In computing the-e quantitie'? it is usual 
to assume the axial stre-^s in an end bearmg pile to be uniform throughout its length and 
that, m a friction pile, the stress decreases uniformly from a maximum at the ground line 
to nothing at the tip. 

As the load settlement cur\e of a pile in non-cohesive soil, Curve A, Fig. 54. shows in¬ 
creasing settlements with increasing load.s and no definite point of failure it is usual to 
limit the load placed on piles in non-cohesivo soils to amounts which will not produce ex¬ 
cessive settlements. Where the cohesive character of the soil supporting piles gives them 



Fig 54 Settlement curves of test piles Curve A is typical of the shape of the settlement curie of a 
test pile driven into a non-cohesis*e soil, curve B, into a cohesive soil. A' and B' show the theoretical 
elastic shortening uf the piles When very long piles are driven through funly firm >oil to rock, it is 
not unusual to have the total settlement less than the theoretical ela'^tlc shortening 

definite ultimate bearing values, these ultimate values, divided by a factor of safety of 2.5 
or 3.0 may yield a safe bearing value less than that indicated by the maximum permissible 
settlement. For additional discussion of the application of test pile data to foundation 
design, see Art. 5, Pile Foundations, of Sect. 8. 

For further and more detailed discussions of test piles, pile-drhmg formulas, the test 
loading of piles and allied subjects, see refs. 9, 10. 11. 12, 13, 16. 20, 22. and 24. 

Pumping tests are made to determine the permeability of water-bearing sands and 
similar relatively pervious saturated soils. Usually they are made to amplify the lesuics of 
laboratory tests when the coefficient of permeability of a water-bearing stratum ir.u^t be 
determined with the greatest practicable precision in order that its yield as a water source, 
or the inflow from it into a proposed excavation, may be estimated. Pumping tests give 
much more accurate results m soils relatively free from horizontal variations than in liighly 
stratified materials. A pumping test is, unfortunately, expensive, as it involves drilling a 
test well, usually 10 m. or 12 in. in diameter, installing a pump of large capacity', and 
operating it contmuousl\' for a considerable time. At least eight observation wells must 
also be provided. These may be as small as 2 1/2 in. in diameter. Occasionally boreholes 
drilled during a subsurface exploration may be used as some of the observation wells. 

The test well and the observation wells should be drilled through the stratum under in¬ 
vestigation to a relatively impervious underlying material as indicated in Fig. 55a and b. 
The observation wells should be located on two straight lines intersecting at right angles at 
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the mouth of the test well, one of the lines being in the general direction of flow of the 
ground water as estimated by observation of the elevations of the water table in exploratory 
bores. 

The test well should be pumped steadily until the drawn-down elevations of the water in 
the test well and the observation wells and the yield of the test well have stabilized. It is 
essential that a condition of stability be achieved before data are taken for computation of 
tiie coefficient of permeability or the result will be completelv' misleading. This ina\’, and 
often does, mvoive continuous day-and-mght pumping for a number ol da\ s. It is also 
essential that the discharge from the test w'ell pump be piped, or otheiwiae led away, from 
the vicinity ot the test. If this water is allowed to percolate back into the ground in such 
a manner a-s to eftect the elevation of the water in one or more of the observation wells the 
precision and value of the test are destroyed. After stability of the drawn-down w’ater 
table has been achieved the elevations of the water in the observation wells and the 
quantity of water delivered from tlie test well are determined with precision and recorded. 



Fig 55 Field determination of permeability well? and oh'servAtiDn woP^ ai Water-bear.nK 

stratum underlyins an imDerviou<=; mat-erial ii>) Water-beannir stratma havm;: a in-e water table in 
the stratum. From a'^oxI Meckanic.i m Engineering Practice, Li Tcrzauhi and R B Reck, Jolm tJ: 

Sons, 194S 


Finally the coefficient of permeability of the soil k is computed by one of the two formulas 
given below. The first of these applies to the case illustrated in Fig ooa in which an im¬ 
pervious stratum overlies or caps the completely saturated stratum of water-bearing soil. 
The second formula applies to the case shown in Fig. 556 in which there is a free water 
table in the pervious stratum. The formulas are: 


k « 


IA9Q , ra 

H(h 2 - hi) ri 


(33) 


k = 


2.98Q , 

- hi^ 


n 


(34) 


in which k = the coefficient of permeability of the soil in cm per minute. 

Q = the discharge of the test well pump in gallons per minute. 

If, hi, hi, ri, and r, are the dimensions, in ft. indicated in Fig. 55a and b 

Four values of the coefficient are obtained by using data taken from each of the four 
pairs of observation wells. Whether the arithmetic mean of the four values should be 
used in making subsequent computations and estimates, or whether greater weight should 
be given one or more of the values, is a matter for the judgment of the engineer. 

Detailed information on the technique of making pumping tests is given in ref. 25. 

In situ Shear Tests. Determination of the in situ shearing strengths of soils has been 
attempted by field tests based on forcing cone-shaped plungers into the material at the 
bottoms of drill holes and by measunng the torque required to rotate vane-shaped auger 
bits which have been forced into the soil at the bottoms of such holes 

In the case of sands and noii-cohesive soils the shearing strengths of which vary with 
changes in density and with pressure applied normal to the plane of shear the cone pene¬ 
tration test has little or no value as a means of determining the shearing strength and hence, 
indirectly, the angle of internal friction <j). Nor does there appear to be any reason for 
anticipating that the penetration of a cone into the material at the bottom of a borehole 
should generally give information of greater value than the penetration of a sampling 
device. 

The rotating vane has, in a number of cases, given values of the sliearing strengths of 
clays and cohesive soils which agree reasonably with values obtained by other and more 
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generally recognized methods applied to undisturbed samples. Devices of this type appear 
well worth further study and development—see ref. 5. 

The California Bearing Ratio field test is closely allied to the laboratory test of the same 
name (see Art. 5, p. 7-59). Field tests are made by loading compacted subgrades to deter¬ 
mine their bearing capacity. In the California Bearing Ratio field test a plunger of the 
same area as that used in the laboratory test is forced into a compacted subgrade under 
strain-controlled conditions approximating as closelv as possible those of the laboratory 
test. As in the laboratory test, the California Bearing Ratio is the ratio, expressed as a 
percentage, between the pressure required to force the plunger 0.1 in. into the subgrade and 
1000 lb per in.^, which is assumed to be the pressure required to force the plunger the same 
distance into compacted crushed rock. 

California Bearing Ratio field tests on an actual compacted subgrade yield information 
of great value as to the quality of the material, and the CBR tests, both laboratoiy and 
field, are the best available measure of soil performance under pavements. 

The Proctor needle, or plasticity needle, developed by R. R. Proctor, is a device for 
checking the res^tance to penetration and, indirectly, the moisture content of compacted 
soils. It consists of a small plunger which is placed on the surface of the soil and pressed in 
a specified distance by means of a calibrated spring and handle. Interchangeable plungers 
having areas from 1.0 in.* to 0.05 in.* are available. The Proctor needle, like the California 
Bearing Ratio test, demands extensive experience on the part of the user if consistent re¬ 
sults of practical value are to be secured, but in the hands of a skillful and experienced 
operator it is a useful device for making rapid field checks on the compaction of fills. 

7. GEOLOGICAL PROFILES 

A geological profile, or profiles, of the site of a project of any importance should be 
drawn in order that all relevant data on subsurface conditions ma>’ be assembled, cor¬ 
related, and presented graphically in a logical and systematic way to those responsible for 
major decisions on foundation and earthwork problems. There is no substitute for the 
preparation of a geological profile as a means of first developing and later presenting the 
reciprocal relationships between data which may, at first glance, appear to be extremely 
difficult, if not impossible, to correlate. It is therefore essential that those engaged in the 
engineering of foundations and earthwork have a thorough knowledge of the construction, 
interpretation, and utilization of geological or soil profiles. 

The development of a geological profile should be started as soon as sufficient data are 
made available by the early phases of the preliminary subsurface exploration to justify the 
commencement of work in the drafting room. Information on the classification and rec¬ 
ognizable characteristics of soils encountered in the borings and test pits should be en¬ 
tered on profiles of the site, drawn to an enlarged vertical scale. Fig. 56, in order that any 
systematic stratification may be recognized without delay. There are, of course, cases in 
which the arrangement of the deposits is altogether erratic and unpredictable. Such con¬ 
ditions are, unfortunately, common in shore deposits, in glaciated regions, and in tropical 
coastal regions which have been subjected to coral accretions interrupted by intermittent 
volcanic upheavals. But on most sites, the simultaneous development of profiles on sec¬ 
tions at right angles to each other, the occasional use of an isometric sketch drawn to 
scale with colored pencils, or, more rarely, the construction of a simple three-dimensional 
model consisting of dowels set in a board and colored to represent soils encountered in the 
borings and test pits will reveal a probable systematic arrangement of strata that can be 
confirmed or denied by additional field work or a slight modification of the originally 
planned program of subsurface exploration. 

As the development of the profile proceeds, the topography of the upper boundary of the 
bedrock or other underlying material which may be considered, for practical purposes, 
unyielding should, if possible, be ascertained. If there are indications of clay strata of 
variable thickness, every reasonable effort should be made to ascertain the topography of 
their upper and lower limits. 

The nec^sity of major changes in the program of subsurface exploration and soil 
testing will be indicated if the development of the geological profile shows the boundaries 
of the various deposits to be definitely erratic. In such cases money spent on numerous 
undisturbed samples and consolidation tests would be largely wasted and an increased 
number of dry sample borings, and possibly some probings, would be more useful. On 
such a site a knowledge of the locations of the softest and firmest materials and the general 
characteristics of these soils is about ail the information that can be used effectively in the 
design of a foundation. 
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Special profiles on which are plotted important variations in the characteristics of soils 
are useful in planning certain types of foundation earthwork, and tunneling projects 
For example, a profile showing variations in the unconfined compressive strengths of an 
erratic deposit of glacial clays on the site of a tunnel gave information of value to the 
engineers planning the job. A profile showing variations in permeability' may be useful m 
planning a dam or cofferdam, and one showing variations in penetration resistanres as 
revealed bv the logs of dry sample borings or tlie driving of test piles may be u.-^eful to 
engineers facing an unusual foundation project. 



Fig 56 Geolosical profile—prolinn’i-i'‘y .4. rouah firelniii'iiiiy g«*<>logical {)rofiIe should be drawn a-s 
borings are made Boring-* at .4. B. and C mdiratc the n-c.‘-s>ity of additional bonnes at B' and C 
to determine the extent of the depo.sit of medium yellow rlay They aKo indicate the nece^-ity of 
undisturbed samples of both the hard blue clay ana the medium yellow clay 

Completed geological profiles for major projects are shown in Fig. 57. A simplified 
profile .sometimes proves valuable as an illustration for a prospectus or non-technical 
publication intended to give the average intelligent reader some idea of the scope and 
character of a foundation problem and the methods proposed for its solution. 


8, SLOPE STABILITY PROBLEMS 


Standard slopes (.such as 1.5 to 1 for the sideslopes of excavations, 0 5 to 1 for firm earth, 
0.25 to 1 for rock, 4 to 1 for very soft earth, and 1.5 to 1 for earth suitable for use in em¬ 
bankments' were generally used in the design of cuttings, embankments, and earth striK*- 
tuics before the practical importance of soil mechanics was realized. That such standard 
slopes led only occa.sionally to costly failures is a tribute to the judgment of the men \\ho 
used them rathei than to their intrinsic merit, for standard slopes are m fact safe only und 'r 
limited conditions In reality there are no safe standard slopes for cohe:-5ive soils a- tiinr 
safe angle of slope is a function of many factors, one being the height of the slope. Xon- 
cohesive soils, such as sands, are on the other hand stable at any angle of slope less tuaii 
the angle of internal friction, irrespective of the height of the slope, unless their stability 
is affected bv water. 

The stability of soils, particularly non-cohesive soils such as sands, is greatly affected by 
the seepage forces resulting from the percolation of water through them. The force 
exerted on a unit volume of soil by water seeping through it may be determined by the 
formula: 

3 = iyvo C-io) 

in which j = the seepage force per unit of volume, 
i = the hydraulic gradient. 

7 u, = the unit weight of the water. 


If foot-pound units are uscil the above formula gives the value of j m pounds per of 
earth and becomes 

; = rej -I, 
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cal profile of the JMissi.i.sippi Bruise, Ninv Oilcans, La , from BriuKC honruiations, ( arlton B 
7ialion'd Association for Undue and Stiurtuial Eiigmeermg, Zurich, Vol. V, pp. 2()1 273, 11138. 
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Seepage forces act in the direction of flow. If the flow is upward and the resulting hy¬ 
drostatic uplift IS great enough to sustain the submerged weight of the soil, the granular 
particles lose contact with eacVi other, the material is rendered incapable of supporting a 
load, and is said to be “quick.” Quicksand i& therefore any sand in which there is an up¬ 
ward flow the velocity' of which is suffi<-ient to produce a hydraulic gradient equal to or 
greater than the minimum gradient capable of producing a quick condition. This critical 
hydraulic gradient may be estimated by the formula: 


= - 1 ) 
1 + e 


(36) 


in which = the critical hydraulic gradient. 

G — the specific gravity of the soil particles. 
e ~ the void ratio expressed as a decimal. 

Substituting the specific gravity of quartz sand, 2,65, and the void ratios of submerged 
sands in their loosest and densest conditions. 0.95 and 0,57 respectively, in the above equa¬ 
tion shows that the rritical hydraulic gradients of sands lie between 0.S5 and 1,05. In 
practice a value of 1.0 has been found to approximate the critical gradient, but it is usual 
to design for a gradient of 0 5 or less as sand begins to loosen and thus lose its supporting 
power before it actually becomes quick 

In the above discussion the direction of flow was assumed to be straight up. a condition 
readily produced in the laboratory but only occasionally encountered in practice. As 
seepage forces act in the direction of flow, their vertical components tend to lift soil and 
their horizontal components to move it laterally. The solution of many soil stabihtj* 
problems therefore demands a reasonably accurate estimate of the direction, velocitv. and 
quantity of the anticipated seepage. Such estimates are usually made by means of flow 
nets. 

A flow net is a graphical device for estimating the paths along which flow will occur and 
the distributions of the friction losses along such flow paths. Once the flow paths and the 
distribution of the head losses along them have been determined the quantity of the flow, 
its velocity and the consequent seepage forces can be estimated if the permeability of the 
soil IS known. 

Experimenters have used models of dams, dikes, and cofferdams to study the paths 
along which water seeps under or through them. Such models are widely used in labora¬ 
tories for demonstration purposes and are occasionally used in engineering practice as aids 
to the solution of unusual seepage problems. The models are usually built of sand in 
glass-fronted flumes, Fig. 58. Dyes introduced into the upstream side of the model produce 
colored streaks m the soil which are visible through the glass front of the flume and show’ 
the direction of the paths of seepage. It is helpful to consider these colored streaks in the 
soil a-5 “flow lines” and to apply the term “flow paths” to the spaces between adjacent 
lines. Piezometer tubes set in the walls of the flume show the total head, pressure plus 
elevation, at many points in the model and give data for drawing equipotential lines, or 
lines of equal total head, in addition to flow lines on the glass front of the flume. If the 
model is built of an isotropic soil these equipotential lines invariably cross the flow’ lines at 
right angles, the tw’o sets of lines forming a network of “curvilinear rectangles” which, if the 
spacing of the lines is judicious, become “curvilinear squares.” Such a network of flow’ and 
equipotential lines is a flow net 

A flow net can be drawm, and in practice flow nets are usually drawm, without the aid of 
a model by making freehand sketches which are modified and corrected until bv a process 
of trial and error a satisfactory net is produced. Figure 59a, 6, and c show’ thr‘‘e such nets 
all of whif h aro judged 'satisfactory because the following criteria are met 

1. The boundary conditions are complied wdth. inasmuch as certain lines representing 
fixed physical characteristics of the structures and their sites are incorporated into the nets 
as flow and equipotential lines 

2. The flow and equipotential lines intersect at right angles to form ‘'curvilinear 
squares.” None of these figures* are actually square but the angles at their four corners 
are right angles and the two lines which divide each square into four smaller ones are of 
approximatelv equal length. An exception to the requirement that the figures be square 
occurs in the first and last area in each flow path. These are usually of irregular form and 
are known a-^ singular squares Even they, however, conform to the requirement that all 
angles are right angles and that lines dividing the areas into four smaller ones are of ap¬ 
proximately equal length. 

To construct a flow net the boundary conditions are studied and the flow’ and equi¬ 
potential lines o-<tahlished by them are identified and drawn. Within these boundaries 
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Fro 58. SoppHRo flume for .stndvinK flow through an(f unrJer dikes, dams, and cofferdams (<i) Diagrammatic drawing of seepage flume with rows o 
tul)(is I, II, III, IV in the slieet metal back of the flume (b) Flume used to study flow through pervious »oii under masonry dam. (r) and 
(d) Models of earth-flii dams in seepage flume. The unbroken curved hne.s a-a, b~b, etc , are flow lines. The dashed line.s 1-1, 2-2, etc , are equipoten- 
tials. By permission, from »S’oi/ MeA'hanics, Foimdatious and Barth Structvies, by G P Tacliebotarioff, copyright, 1951, McGraw-Hill Book Co. 
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are then sketched flow and equipotential lines forming a net which is modified and adjusted 
until the criteria outlined above aie fully met. It should be noted that the first Ime drawm 
when the construction of a flow net is started determmes the position of ever\' hue of the 
net. D. W. Taylor’s Procedure of Explicit Trials, m ref. 20, commended to beginners in 
flow net construction, is based on this fact. Taylor’s procedure is to draw a trial ime, 
preferably a flow Ime separated from one of the boundaries by a single flow path, and divide 



Headwater 



Dram of 

pervious material 


Fig o 9 Flow nets fa) Flow net for a concrete dam built on pervious material underlain hy an im- 
{>ervioas stratum Sheet pile cutoff reduces percolation under the dam (6) Flow net for a iariie 
cofferdam The drams and the toe of the >Iope of the beriu Mioald be surfaced with gravel o: broken 
•^tone to inhibit erosion and sloughing if» Flow net for an earth fill dam on an imper\.ou‘' clay 
stratum The dram of pervious material at tlie toe is neecs^ary to prevent the emergence of riow Imos 
on the slope and eonaeiiuent .slouirhing 


the path into squares by sketching equipotential lines, Fig. 60a. If, as in this case, frac¬ 
tional squares result, the flow path should be widened or narrowed by moving the initially 
drawn flow line up or down until the number of squares into which the path is divided is an 
integral number, Fig. f)0b. The net should then be expanded by adding squares until it is 
complete or until an inconsistency develops, such as is illustrated in Fig. 60c in which a 
flow line intersects the io\\er boundary. This shows that the first line was wrong and that 
Its position must be changed and the process of constructmg the net repeated until a 
satisfactory net, Fig. 60d, is produced. 

Engineers experienced in the art of flow' net construction can produce satisfactory nets 
with surprisingly few trials by sketching the entire net and modifying and correcting it 
more or less m its entirety instead of constructing it from a trial line. Beginners are apt to 
draw too many lines. Four or five flow paths are generally sufficient for most practical 
purposes. 




Fig 60 Drawing a flow net—steps taken to produce tKe net of Fiir 5yn io'The dam and boundaries 
of the net—the river bottom and the impervious straluni—-are draun T\m» flow hues are drawn and 
the flow path between them divided by equipotcntial !me~ Mcidificauun of the path is iiidioated by 
the undesirable fractional 'square (6) A more ^atisfactorv' attenipt at drawnng the first flow path, 
(c) Expansion of 6 leads to the intersection of a flow line with the lower boundar>' This demand^ a 
change in tlie entire net. id) The final net In drawinsx flow net- the repetition of mistake^ can be 
avoided by working on tracing paper, each stage of the dioelopmeat of the net being worked out on a 
.-heet laid over the previous trial 
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The total seepage may be estimated, after a satisfactory flow ret has been constructed, 
by the formula: 

Q = ^ kh, (37) 

Ha 


in which Q 


rid 

k 

ht 


the quantit\' of seepage in ft^ per second per lineal foot of the length of the 
dam or structure 

the number of flow paths in the net. 

the number of equipotential drops-—spaces between equipotential lines—in 
the net. 

the coefficient of permeability in ft per sec. 

the head loss m feet between the surfaces of the head- and tail-waters. 


The value of Q is therefore the product of three quantities, one the head, one the co¬ 
efficient of permeability, and one the ratio between the number of flow' paths and equi- 
potential drops in the flow' net. If the net hass been properly draw'n this ratio will not be 
affected by the number of paths and equipotential drops in it. 

If the coefficients of permeability of the soil in horizontal and vertical directions differ 
materially, as they do in most natural soils, the section must be transformed by multiplying 
all horizontal dimensions by a scale factor before the flow net is drawn. The formula for 
the scale factor is: 


Scale factor = 



in w’hich ki — the coefficient of permeability in a vertical direction. 

kh = the coefficient of permeability in a horizontal direction. 

The formula for the quantity of seepage per lineal foot of dam length then becomes: 


Q = ht\ k,kK (3Sj 

rid 

As the true relationship between the horizontal and vertical permeabilities of soil in situ 
is difficult to determine it is advisable in many cases to draw two flow nets, one with the 
ma.ximurn and the other with the minimum probable difference between the horizontal and 
vertical permeabilities The net yielding the less favorable solution to any problem under 
consideration should then be used in the solution of that problem. 

If the dam itself is pervious, as are earth All dams, the flow net extends into the earth 
structure itself. In such cases the upper flow line must be located by judicious application 
of such requirements as that it must meet the equipotential Ime of the upstream face of the 
dam at right angles and that, as it is an atmospheric pressure line, the only head that can 
exist along it is elevation head Therefore there must be uniform differences in elevation 
hetw’een the points at which the equipotential lines intersect the upper flow' line. Figure 
60c illustrates this and also shows the virtual necessity of some kind of filter or drain in the 
downstream toe of an earth fill dam to prevent the emergence of flotv paths on the down¬ 
stream face and consequent sloughing of the soil by seepage unless the slope is very flat 

Flow' nets are useful in the solution of such stability problems as estimating the uplift 
pressure on the under side of a darn. Consideration of the significance of the equipotential 
lines of a flow net shows the intensity of the uplift pressure at any point to be equal to the 
pressure due to the elevation of the headwater suiface less the pressure drop along the flow 
path to the point in question. Thus in Fig. GOd the pressure under the dam at the point A' 
will be: 

P — {ht A hf ~ A(')62 4 

in which P = the pressure in lb per ft". 

ht and hf are the dimensions in feet indicated m Fig. 60d. 

The fraction 8-13 is the number of pressure drops ( 8 ) in the flow’ path from its start to 
the point A divided by the total number of pressure drops in the path (13). 

Complex seepage problems, though frequently met in engineering practice, are beyond 
the scope of this brief treatment. Their solution frequently involves the use of either 
models or electrical analogy devices. For thorough treatments of the subject see refs. 7, 
14. 20, 22. and 24. 

Capillarity. Capillary action may augment seepage through earth fill dams, dikes, and 
cofferdams and thus promote sloughing of their dowmstream faces. In cold climates it aLso 
promotes frost heave and frost boils. On the other hand the presence of capillary water in 
fine-grained non-cohesive soils, particularly fine sands, may increase their stability ma¬ 
terially. 



SLOPE STABILITY PROBLEMS 


7-87 


The major portion of the seepage through and under earth fill dams and similar struc¬ 
tures follows paths such as are shown on the flow net in Fig. 59c and occurs in the saturated 
soil below the water table The flow line forming the upper boundary of the net represents 
the sloping water table characteristic of earth structures of this type. However, the soil 
above the water table is not usually drv, for the zone of so-called capillarj saturation ex¬ 
tends upward from it to the height of the capillary rise of the soil. he. In this zone the soil 
is nearly, but rarely completely, saturated by water drawn into, or held in, its interstices 
by capillary action. Above the zone of capillarv saturation there lies a zone of contact 
moisture m which water is held m isolated small interstices and m menisci surrounding 
contact points of the soil particles. In the zone of capillary 'saturation, but not in the zone 
of contact moisture, there is an appreciable seepage flow whuh may issue from the down¬ 
stream face of the structure m sufficient quantity to promote sloughing. Fig. 59c. unless 
the drain in the downstream toe is so located as t.o keep the surface of the zone of capillary 
saturation below the surface of the soil. Seepage 
in the zone of capillary saturation may also cause 
capillary siphoning over an impervious core of in¬ 
adequate height, Fig. 61. The quantity of seepage 
through the capillary zones of earth structures is 
not usually important unless it promotes m.sta- 
bility of the soil, though there are cases where 
raising the height of a core wall may be justified 
by the resulting reduction in leakage due to capil¬ 
lary siphoning. The quantity of seepage through 
the zone of capillary saturation of a small labora¬ 
tory model of a dam or earth structure might, 
however, be as much as 25% of the total seepage 
and therefore of great significance if the model 
were made of fine sand. Models are therefore usually made of coarse sands with a slight 
capillary rise as their effectiveness is independent of the permeability of the material of 
which they are built. 

The stabilizing effect of capillary moisture in fine-grained non-cohesive soils, particularly 
fine sands, may be marked and important. Tension in the water of the menisci draws the 
soil particles together with appreciable force: the resulting friction between the particles 
gives the soil sufficient strength in shear to stand on steep slopes for heights of 5 or even 10 
ft or to present, within the tidal range, the firm surface of a beach at low tide even though 
the beach sand, when either submerged or completely dry, may be noioriousl.N- unstable. 

Frost heave and frost boils result from the freezing of water held in the soil by capillary 
action and the subsequent progressive freezing of additional water drawn up to the giowing 
ice crystals and masses by osmotic action. If a silt, silty sand, or varved clay has a capil¬ 
lary rise such that the upper part of the zone of capillary saturation is above the frost line, 
heaving and the formation of frost boils are probable Once started, the action continues 
progressively until thick lenses of ice form, heave up the soil, and reduce it to a mushy boil 
when the spring thaws occur. Similar action may take place behind a retaining wall, the 
pressure exerted by the development of the ice lenses so far exceeding that due to the earth 
pressure for which the wall was designed that it is shoved over, a little at a time, winter 
after winter, until it ultimately fads. Frost heave does not occur in coarse sands or gravels 
in which the capillary rise is so small that the zone of capillary saturation lies below the 
frost line nor in impervious clays which, although they have a large potential capillary rise, 
are so impermeable that the upward migration of water through them la negligible. 

The soils in which frost heave is most likely to be troublesome are uniform soils having 
more than 10% of grains smaller than 0.02 mm and mixed-grained soils having more than 
3% of the total material smaller than 0.02 mm. Varved clays are particular^' troublesome. 

The prevention of frost heave is best accomplished by the use of subgrade materials of 
such grain size that they are not subject to heave. Attempts to prevent frost heave by the 
introduction of a layer of coarse sand or gravel through the large interstices of which 
capillary migration cannot occur have not in genera! been successful. 

Thermo-osmosis, or the migration of water from warmer to cooler areas, has been ob¬ 
served in fine-grained clays even though the cooler areas were far above freezing tempera¬ 
tures. This phenomenon has been responsible for the swelling of clays and the heaving of 
earth-supported floor slabs and shallow foundations of light buildings in Africa and Cuba. 

Drainage lowers the water table, promotes the stability of soil by eliminating seepage 
pressure and increasing shearing strength, and reduces the danger of frost heave. Per¬ 
manent drainage produces these effects for long periods to insure the utility of an area or 
stability of an earth mass. Temporary dramage is undertaken for limited periods, its 
usual purpose being to permit subsurface construction work. 



Fig 61. Capillary siphoning The loss or 
leakage over an impermeable core wall of 
inadequate height may be considerable even 
though the cre«t of the core is above the 
elevation of th<» surface of the impounded 
water From So^l Mechanics in Engincerwg 
PracUce, K Terzaghi and R B. Peck, John 
Wiley & Sons, 1948. 
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Dramag'' to fontrol permanently the elevation ot the water table in an earth structure or 
in an aaM. uirural area is u-'uallv effected by dram-^ of perforated, porous, or open-jointed 
The venting of '^vater-boaring ''trata underlying an earth 'trui ture may. in addition, 

I .-ipi.ie reiiei wells consisting of vertical pipes pla^eii by well-drilhng method-^ and slotted or 
ofirmi-' perforated whore they traverse the strata from v. liich water is to e-cape. In 
I'joth ra^.‘- the material adjacent to the p»ipe should be of such size that it does not enter 
an i s al the perforations or openings, iiui pass through them in sUlfi<'iL'nt qiiantit\' to clog 

the dram or pipe. This may 
necessitate surrounding the 
pipe with an artiticially 
placed filter, usually of 
gravel and coarse sand or a 
mixture of the two. To 
prevent sealing the openings 
and. at the same nine, to ex¬ 
clude significant quaiitiCie.s 
of fine-, the Dsu size of the 
material surrounding the 
pipe and in actual contact 
witii It should be about 
equal to the least dimen¬ 
sions of the .slots, perfora¬ 
tion-, or openings. In other 
words. of the material 
by weight should have a 
grain -ize smaller than the 
openings. To prevent the 
soil in contact with the filter 
fiorn clogging its interstices, 
the T>.6 size of the filtei 
material should not be more 
tiian four or five time.s the 
/A*, «i 2 e of the finest adja¬ 
cent soil. Also, to keep 
seepage forces within per- 
mi—ible limits, the Dis size 
of the filter material should 
be at lea-t four or five times 
the D]h size ol the coarsest 
surrounding '-oil. C'ompli- 
ance with these requir¬ 
ements may demand the 
eonstruetion of a graded 
filter, consisting of concen¬ 
tric ‘Tings’'—-in reality cyl¬ 
inders—of artificial mix¬ 
tures of gravel.s and sands, 
so graded that the gram-size 
relationship- stipulated above are met between the soil and the outer ring of the filter and 
th^ii <ucce—iveb- between the various filter rings. 

The infiltration of fine matenaU into drains can be further mhibitetl by providing per¬ 
foration- or opening- in the lower quarter only of the perimeter ot the pipe, E^ig. 62. Thi^ 
{)rcf aution pin- a filter of pea gravel has proved satisfactory in some fine Florida sands con¬ 
taining no silt or cohe-ive matter and in Louisiana sandy silts which contain appreciable 
fiuantirics of cohesive material 

Predrainage, or drainage in advance of excavation, may he effected by well points, deep 
wclF, a combination of the two. and occa.-ionally by mean- of sumps. To expedite tlie 
drainage of fine-gram -oil- of low permeability with well points, the so-called vacuum 
--\stom ma\ be used and soils too fine for even the vacuum system have been successfully 
drained by using electro-o-^rnosis to accelerate the flow to the well points. 

Well points used in predrainage systems are usually cither 2 in. or 2 b '.2 ni. in diameter, 
40 in long, perforated, covered with brass ctramer cloth, and open at the lower end to 
facilitate jetting them into place. A widely u-sed and .successful point is fitted with check 
valves which prevent the jetting water from escapmg through the screen while the point 
i- placed anil also prevent ?-oil and water from being drawn into the open end of the point 


Ground surface-N 



^Ground surface 



Tk, 1)2 Sub'surfacc 'ham- The oi>'nini:- ihrouch whicii water 

enter- a -u!)s;irfucc -Irain )>f* ai the hottt.ni. or at lea.-t in the 

part, of the j)ipe .--ket'n u -how- a -u« ee—tul method of 
i-iovnling 'Mch ui-emm:? in the j-^int- of bi'll-and'-spigot oifH? isketch 
6 "liow - a w idelv u-eii iiietfiod of Ia\ iii'j: hutt-jointed porou- farm tile 
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when suction is applied. Well points should be jetted into place in such a way as to wash 
out a hole of considerable size around the point. Thi.=; hole is filled with coarse sand to 
pro\’ide a filter around the point. Wei! points are usually* driven from 3 ft to 6 ft apart, 
depending upon the permeability of the soil, and connected to a 6-in or S-in. header pipe, 



Sheeted trench 


(a) 



Fig 63. Well point sy-tems (a) Sincle t»T system, 'fc) ilultiple tier systems. Cou^te^y of the 

Moretrench Conioranon 


Fig. 63a, which in turn leads to a centrifugal pump A •single row of points will usually 
suffice to predrain the site of a narrow' excavation, as indicated in this figure. Normally a 
6-in. pump, having a capacity of from 1000 to 1200 gallons per minute, will handle the flow 
frora 500 ft or 600 ft of header pipe. If. however, there la reason to anticipate that un¬ 
usually permeable soils wull be encountered, a pumping test should be made to determine 
necessary' pipe sizes and pump capacities before planning and installing an extensive well- 
point system The maximum depth to which the water table can be drawn down by a 
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single row of well points is IS ft. Predrainage to this depth can usually be accomplished 
b 3 ’ pumping continuously' for from 2 to 6 daj'S. It may' take much longer, perhaps several 

months, in a soU of low permeability'. 
Dramage to a greater depth than IS ft may¬ 
be effected by- several tiers of well points 
installed successively as excavation pro¬ 
ceeds as shown in Fig. 635. 

The vacuum method is a variant or re¬ 
finement of the ordinary- well-point method 
wliich extends the latter’s usefulness to 
much finer grained soils than it could other¬ 
wise dram. If the Dio size of a soil is less 
than O.Uo mm, gravity flow to well points 
will rarely-, if ever, be fast enough to make 
predrainage practicable unless a vacuum 
sy-stem is used. In setting points for a 
vacuum system, the upper part of the hole 
washed out by the jetting water is backfilled 
with a tightly tamped impervious clay-, Fig. 
64. The well points are usually set 3 ft apart 
and a single 6-in. centrifugal pump will nor¬ 
mally handle the w'ater from 500 or 600 
Imear feet of header pipe. One or two va¬ 
cuum pumps are connected to each header 
pipe in addition to the centrifugal pump. 
Positive displacement, gear-driven vacuum 
pumps are mounted on and incorporated 
into some centrifugal pumping assemblies 
built for well-point work. The beneficial 
effect of the vacuum is not limited to ac¬ 
celeration of the flow to the points. The 
atmospheric pressure applied to the soil 
■w'hen “a vacuum is drawn on the points” 
increases its shearing strength greatly and thus enhances its stability-. 

Electro-osmosis has been used to accelerate the flow of water to well points through 
extremely- fine-grained non-cohesive soils too impermeable for drainage by even the vacuum 
method. In one successful application of this method by German engineers at Trondheim 



Fig 65. Electro-osmosis as used at Trondheim This ins^enious method of promoting the flow of 
water to drainage wells through soils of low permeability was developed by Leo Casagrande and used 
successfully to unwater a “difficult” site for the construction of submanne pens for the German navy 

during World War II 

well-point cathodes 21 ft long were spaced 30 ft apart with anodes of the same length 
located midway betw-een them, the arrangement being shown diagrammatically- in Fig. 65. 
The method is still in the experimental stage and little has been published about the effect 
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Fig. 64 Vacuum system v-ell point From Soil 
Mechanics in Engineering Practice, by K Terzaghi 
and R. B. Peck, John Wiley i Sons. 1948. 
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of such variables as the conductivity of the water due to dissolved salts, or the energy re¬ 
quired to make the sj-stem effective in soils of different types. Indications are that the 
energy required on large jobs may vary between 0.4 and i.O kwhr per yd^ excavated and 
may be as much as 10 kwhr per yd^ on small jobs. 

Deep-weU drainage is usually resorted to when an excavation must be carried to such 
depth that predrainage by a single lift of well points is impossible. Figure 66 shows a 
typical deep-well drainage system. Deep wells are installed by well-drilling methods and 
are usually 8 in. or more in diameter. They are pumped by motor-driven vertical-spindle 
centrifugal pumps. The installation of a deep-w'ell system should usually be preceded b\' a 
pumping test to determine the necessary sizes and capacities of the wells and pumps. A 
row of well points, indicated on Fig. 66, at the bottom of the sideslope of the deep excava¬ 
tion is frequently necessary to intercept seepage flow between the deep wells. Such flow 



Fia 66. Deep-well drainage system The deep wells dispose of most of the \’-ater, the row of well 
points near the toe of the excavation slope being insurance again-t the emergence of riow lines and 

consequent sloughing 

if not intercepted will emerge at the toe of the slope and cause annoying sloughing, if not 
serious slides. 

Siemens* method of predrainage is a German predecessor of the woll-point and deep-well 
predrainage systems commonly used in the United State.- 

Sumps as predrainage devices were used occasionally in Europe before the Siemens 
method was developed in Germany and the well-point method came into u^e in the United 
States. Today, however, sumps are an expensive and slow method of predraining as com¬ 
pared to well points and should be used only when necessary equipment for the irisiallation 
of a well-point system is unobtainable. Sumps for predramage are in effect suifai.-e wells 
dug by means of small clamshell or orange-peel buckets inside timber or tteel sheet pile 
cofferdams from which water is pumped with any available equipment. Inverted graded 
filters consisting of layers of progressiveh' coarser niatenals may be necessary' at the bot¬ 
toms of the sumps to prevent boiling and consequent inflow of sand. 

Drainage during excavation is usually accomplished Vy pumping from sumps in the 
bottom of the hole. In an excavation of any considerable size drains located nenr its 
perimeter lead the water to the sump or sumps. The sulcslopes and gradients of the drams 
should be flat to minimize scour. If the excavation is in a non-cohesive soil such ^-and, it 
may be necessary to line the bottom of the drainage ditches with giavel and to place a 
thick layer of gravel in the bottoms of the sumps to inhibit scour and “bciling” of the 
due to the upward flow of water through it. The lining material, especially that placed in 
the bottom of sumps, may take the form of an inverted filter consisting of layers of pro¬ 
gressively coarser materials beginning with a coarse sand or fine gravel in cpntac r with the 
soil and ending with a coarse gravel or crushed rock. Inverted filters inhibit bnihne more 
effectively than simple layers of gravel or crushed rock but are expensive to build initially 
and must be constantly rebuilt as the excavation is deepened. Sheet piling is usually 
necessary to support the sides of deep excavations particularly if the soil is non-cohesive. 
An internally braced cofferdam, resulting from this use of sheet piling, Fig. 67, should be 
made of sufficient size to permit leaving a berm of earth around its perimeter as indicated 
in the figure. A circumferential drain should be at the toe of the slope of this berm as 
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indicated. “Boiling” of non-cohesive sods m the bottoms of cofferdams is much less likely 
to occur if such berms are provided than if drains are located close to the sheet piling. 

Well points, vacuum systems, and bleeder wells and even electro-osmosis may be used as 
adjuncts to drains and sumps where drainage is bemg provided as excavation proceeds. It 
is usual, however, to apply these methods to excavations which are predrained. 



Fig. 67 Internally braced land cofferdam in non-cohesive soil In cofferdams of this type in water 
beanng non-cohesive soils internal berms are frequently necessary to prevent a concentration of how 
lines and consequent upward flow causing boding of the bottom near the sheet piling This is even 
more probable m the corners than along tfte sides of the cofferdam The circumferential dram keeps 
the working surface dry. The stone lining of the dram and face of the berm inhibits sloughing, boiling, 

and erosion. 


Drainage during excavation is often cheaper than predrainage and, furthermore, has the 
advantage that the failure of the pumps, due to a power failure or engine breakdown, 
usually causes nothing more serious than a quiet filling of the excavation or cofferdam. 
On the other hand, failure of the pumps on a well-point, vacuum, or deep-well drainage 
system may bring about a rapid development of hydrostatic and seepage pressures suffi¬ 
cient to cause a serious boiling or even a blowdng up of the bottom of an excavation. 

Cuts in Sand. The stability of the sideslopes of cuts m sand depends on the angle of 
repose of the soil and the extent to which it is disturbed or stabihzed by water or eroded by 
wind. 

The angle of repose, the angle between a horizontal plane, and the maximum slope at 
which the soil is stable, is a recognized characteristic of non-cohesive soils. The angle of 
repose of sand is slightly less than its angle of internal friction, but the difference is so small 
that the angles may be assumed equal. Laboratory determinations of the angles of repose 
and internal friction of sand are generally unsatisfactory because of the difficulty of taking, 
tran.sporting, and mounting specimens of sand in laboratory apparatus without disturbing 
their structure Fortunately the angles of repose and internal friction of sands do not vary 
widely, and it is accepted practice to assume them to be between 30® for loose and 35® for 
dense sands. 

Both dr\’ and completely submerged sands, if not disturbed by seepage or eroded by 
flowing water, wave action, or wind, will stand to any height at slopes not exceeding their 



angles of internal friction. But. as sands are readily disturbed by seepage and wave action, 
the slope angles of reservoir and canal banks in sand, within the range of normal fluctua¬ 
tions of water level plus twice anticipated wave heights, should be no steeper than one-iialf 
and preferably one-third the angle of internal friction of the soil, Fig. 68. 
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The disturbing effect of water seeping out of the sand of a reservoir or canal bank during 
a period of draw down may be estimated by drawing a flow net and calculating the mag¬ 
nitude of the seepage forces. The method is described in ref. 20. Unfortunately, the 
method involve.s many assumptions as to characteristics of the soil. Therefore it 
generalh' more satisfactory to assume safe slopes than to estimate them by calculation^ 
based on assumptions more difficult to check than assumptions as to the slope angles them¬ 
selves. Knowledge that similar slopes have proved satisfactory elsewhere under similar 
conditions is the best guide to the determination of safe slope angles in such cases. 



Fig fi9 Slope protection m noTi*c(>lieM''c soils Non-<'olu‘>i\** mu^t be protected from disturb¬ 
ance by water and wind Planting is always indicated Tl.e drain* shown »vul he necessary* only 
when the non-cohesive material is over- or underlain by impervious soil, or tlu. -levittion of tlie water 
table is such as to cause an outflow from the lowvr part of the .'lope 


Exposed sand slopes should he protected from erosion by wind and water. The mo*t 
practical method is suitable planting. Intercepting ditcho* along the top of sidehill 
cuttings in sand may be necessary to prevent scour, particularlv if the overlying soil is 
impervious. The emergence of seepage water from '^and slopes underlain by impervious 
soils >hould al.'O be prevented. This may require a subsurface diaiii near the toe of the 
slope. Figure 09 illustrates both expedients. 

^Seepage water flowing into a sand slope and capillary water, particularly contact inoi>- 
ture in fine damp sand, have marked stabilizing effect This enables *ome line-grained 
damp sands to stand at very steep slopes to heights of 5 ft or more. The stability thus 
given by contact moisture is, however, temporary. Slides which occur when such sand 
dries may be dangerous to men laying pipe in trenches not m(.>re than 5 ft deep. 

For methods of estimating the pressures on braced '•hecc piling supporting the sides of 
deep cuts in sand see Art. 10, Earth Pressures. 



Fig. 70. A cut in loes* By permi**ion, from Soil ^ferhamc^, Foundahon^ and Earth Stryiclurei^i, by 
G. P. Tschebotanoff, copynght, 1951, McGraw-Hill Book Co 
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Dune sands and other wind-deposited sands are poorly compacted and notoriously un¬ 
stable. The void ratio of such a sand often greatly exceeds the critical void ratio ec and the 
soil if saturated and subjected to shock may suddenly “liquefy” and cause serious flows. 

Cuts in loess should have practically vertical faces. The particles of this fine-grained, 
wind-deposited, and loosely compacted soil are slightly cemented, and the material has 
sufficient shearing strength to stand vertically in unsupported cuts of considerable height. 
Water destroys the cementing agent in loess, and the soil not only erodes readily but 
softens and compacts if saturated. Loess must be protected from erosion and combmations 
of saturation and increase in loading if its stability is to be maintained. Figure 70 illus¬ 
trates a successful type of deep cut m loess 

Cuts in Clay and Cohesive Soils. The stability of the sideslopes of cuts m clay and co¬ 
hesive soils depends upon the angle of slope, its height, the unit weight of the soil, its 
cohesion, angle of internal friction, whether or not it is cracked and fissured, the presence 
or absence of pockets and strata of water-bearing sand, and the presence or absence of 
seepage. 

A cohesive soil of uniform strength and consistency which is neither cracked, fissured, 
nor subjected to seepage forces but develops a tension crack at the upper part of the 
surface of rupture will stand vertically to a so-called critical height which may be esti¬ 
mated by the formula: 

1.29 

flcr “ Qu (39) 

7 

in which her = the critical height in feet. 

Qu — the unconfined compressive strength of the soil in lb per ft^. 

7 = the unit weight of the soil in lb per ft^. 

This formula is applicable both to purely cohesive soils and to partially cohesive soils 
which possess appreciable angles of internal friction in addition to cohesion. It is not 
applicable to submerged cohesive soils which usually soften and lose strength under water if 
allowed to expand. 

Uniform cohesive soils in the absence of seepage will stand on slopes to maximum heights 
which may be estimated by the formula: 



7 


( sec^ i 
tan i — tan (p 


) 


(40) 


in which H = the height of the slope in ft. 

c - the cohesion of the soil in lb per ft^ 
i = the slope angle. 

— the unit weight of the soil in lb per ft^ 
(p = the angle of internal friction of the soil. 


Where i < <t> the height becomes infinite and the material, like sand, will stand to any 
height at a slope angle not exceeding its angle of internal friction. 

The above formulas are not applicable to stiff fissured cla 3 's in which numerous cracks 
reduce shearing strength to an indeterminate extent, nor to soils containing pockets or 
-trata of water-bearing sand. Su< h soils defy analytical determination of their stability. 
The best guides in dealing with tliein are experienre and study of the behavior of similar 
material^. In '?uch soils the drainage of water-bearing strata b^' porous drams surrounded 
h}- rf•^■er•^e filters maj' be necessary-. 

Cylindrical or circular slides, sometimes called “Swedish breaks,” in cohe.sive, or 
partially cohesive, soils have caused many failures of earth slopes, retaining walls, bulk- 
head.> and quay walls. Fig. 71. 

Estimating the stabilitj- of slopes and structures against c^-lindncal slides is simple in 
theorv but time-consuming because it involves finding the critical cylindrical surface upon 
whic}) a slide is mo.'>t probable b\- a 'series of trials rather than by the application of a for¬ 
mula locating Its center and giving its radius Essentialh' the process consists of’ 

(a' vSelecting b\- judgment and experience a possible center of rotation, such as the point 
a on Fig. 71. and drawing the cy lindrical sliding surface b — c. 

(6' Estimating the forces, and the moments of the forces, which tend to produce and to 
inhibit rotation of the earth mass about the axis of the cydinder and consequently to pro¬ 
duce or inhibit shear failure on its cylindrical surface. Computing the factor of safety 
against rotation about the chosen center and entering the factor against the plotted center 
on the drav.ung. 

(a Selecting other centers of rotation, computing the factors of safetv applicable to 
them, and entering these factors on the drawing alongside the centers to which they apply. 
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(d) Finally by trial and error determining the probable location of the most critical 
center of rotation and tlie factor of safety applicable to it. 

Many graphical teciiniques and short cuts are used by those who make circular-slide 
analyses frequently. \’aluable ones are described in refs. 20 and 21. For the practitioner 
who makes circular slide analyses occasionally, however, the basic method of slices ls 
recommended and described below. Such an analysis should be based on the following 
data. 





Fig 71 Cylindrical slides, soiiietiine.'- called Swedidi breaks The stabihty of slopes, embankments, 
and waterfront structures against this tyi>e of failure should be caiefuiiy considered when dealing with 
cohe''ive or partially cohe.^ive .soils 

(a) An accurate cross section of the slope showing the boundary limits of each classi¬ 
fication of soil and for each soil the unit weight, cohesion c, and angle of internal friction <p. 
All structures located on or near the slope should be shown with their weigiits and loadings. 

(b) The rate of any appreciable seepage through the section and—if such seepage be 
present—a flow not from which seepage forces may be estimated. 

{c) The possibility and probability of a slow oi rapid draw down of the water in a partly 
or completely submerged case. 

The steps involved in estimating the factor of safety against sliding on a cylindrical 
surface are then: 

(a) A center of rotation is selected, and a circular sliding surface drawn. 

(5) The section is divided into a convenient number of slices, Fig. 72. and the forces 
acting on each slice are estimated, the following simplifying assumptions being made; (1) 
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A longitudinal section of the cvlindrical earth mass of unit length—usually 1 ft—is studied. 
(2j No cognizance is taken of the restraining influence of frictional and cohesive forces 
acting on the end planes of the mass. f3i Similarly, no cognizance is taken of frictional and 
cohesive forces a -tmg on the vertical planes separating the slices. 



(b) 




ap 02, 03, etc , moment arms of weights 
r = radius of trial cylinder 

W2, etc , weights of slices in lb 
c = cohesion of soil in Ib/ft" 

O = angle of internal friction of soil 
Assumed length of slice 
perpendicular to plane of drawing = 1 ft 
Net driving moment Mp = algebraic sum of weights and arms 2 Wa 
Resisting moment M « = r 2 (/f + f^) 


fc% = 

/s = length of arc at bottom 
of slice number 8 


Factor of safety Fg = 


Mh 

Mo 


Fig 72 r'\liiiJn'aI ?lide analysis by the method of shoes See text for complete description. The 
method a oiit-and-tr>' procedure Eaoli i«f the values of Fs used in sketching the Fs =134 "contour” 
was obtained by making a complete analysis with the center of rotation at the indicated point 


(c) The weight and line of action of the resultant weight of each slice is estimated. 
Surcharges are considered weights. The buoyed weight, rather than the total weight, of 
that part of a slice lying below the free water surface alongside the slope in a partlv =;uh- 
merged case is considered. In a completely submerged case all weights are buoyed weight^. 

{d) The magnitudes, directions, and locations of the resultants of any appreciable 
seepage forces are estimated. 

{<?) The algebraic sum of the moments about the center of rotation of the weights and 
seepage forces acting on the several slices is computed. This is the net driving moment 
.Vd. 

(J) The reMsting forces due to cohesion and friction acting on the surface of sliding of 
each slice are estimated. The cohesive force for each slice is computed by the formula. 

fc = cl 
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in which fc = the cohesive force in lb acting tangentially on the cylindrical surface to 
resist rotation of the mass above the surface. 

c ~ the cohesion in lb per ft-. 

I = the arc length of the bottom of the slice. 

The sum of all the cohesive forces —/c is the arithmetic sura of the forces fc for the various 
slices. 

The frictional force acting tangentially on the curved surface at the bottom of each slice 
IS computed by the formula; 

// = TT cos f3 tan <p 

in which // = the frictional force in lb acting tangentially on the cylindri'-al surface to 
resist rotation. 

TT = the weight of the slice. 

^3 = the angle with the horizontal made by the cord diawn acro-sa the arc at the 
bottom of the slice. 


The sum of the frictional forces Z// is the arithmetic sum of the forces fy for the various 
slices. 

(^i The resisting moment is then computed by the formula. 

d/ft = rCiY. -h ^//> 

in which r = the radius of the sliding circle under investigation and the other terms are as 
defined above. 

(h) The factor of safety is computed by the formula. 


Fs 


Mf> 


Low factors of safety are the rule rather than the exception in such analyses, factors as low 
as 1.3 being considered reasonably safe when based on adequate knowledge of soil char¬ 
acteristics and seepage forces. 

(i) The process is repeated with other centers of rotation, the factor of safety applicable 
to each being entered against its plotted position. Fig. 72, until enough factors of safety 
have been determined and plotted to permit sketching “iso-Fs lines” or "Fs contours” as 
in Fig. 72. These may be used to locate the probable position of the center of the most 
critical circle. Computation of the Fs for this center serves as a check on the entire pro¬ 
cedure. 

Typical critical circles for several common cases are shown in Phg. 73. Thus where soils 
having appreciable angles of internal friction </> stand on steep slopes critical circles pass 
through the toe of the slope as in Fig. 73o. If the angle of internal friction is slight, critical 
circles may, and probably do, intersect the base as in Fig. 73b. If 0 equals zero and the 
slope angle is less than 53° the depth of the critical cylindrical slide is theoretically in¬ 
finite. Low values of 0 are undoubtedly provocative of deep-seated slides, but in practice 
their depth is invariably limited by a firm stratum to which the cylindrical sliding surface 
is tangent, Fig, 73c. 

Draw down of the free water surface on a partially submerged slope, or on a completely 
submerged one, if the draw dowm causes emergence of the slope, reduces stabilit\\ A slow 
draw’ down accelerates seepage and increases seepage forces. Making a quantitative esti¬ 
mate of their increase involves drawing a flow net showung the effect on the rate and direc¬ 
tion of seepage produced by a given rate of draw down. 

A sudden draw down accelerates seepage and changes the effective unit w’eight of the 
soil lying between the elevations of the old and new free water surfaces from the buoyed to 
the saturated weights. Rapid draw downs are therefore provocative of cylindrical slides, 
and their possibility should be considered in all analyses of slopes that are normallv' either 
partly or completely submerged. 

The stability of embankments depends upon the stability of their sideslopes and that of 
the soil upon which they rest. 

Embankments of non-cohesive soil must have sideslopes compl>’ing with the require¬ 
ments given for the sideslopes of cuts in sand. To obviate flow slides it is essential that 
embankment fills be compacted sufiicieiitly to insure a void ratio less than the critical void 
ratio ec of the material. Protection from erosion by planting is usually necessary. A large 
embankment of non-cohe.sive soil resting on an impervious material in a location wdiere the 
rainfall is heavy may need subsurface drainage at the toe of one or both slopes to prevent 
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the emergence of seepage and consequent sloughing as in the analogous case of the cut in 

sand illustrated by Fig. 69. . _ 

Embankments of cohesive soils should be designed with due regard to the limiting 
lationship between height, slope angle, cohesion, angle of internal friction, and unh "e'S » 
discussed in Art. 8 under Cuts in Clay and Cohesive Soils. In addition cyhndrmal-slide 
analvses should be made to determine the stability of the embankment slopes wrth resPect 
to slide failures. Proper compaction of the soil is vital, and to this end the moisture con¬ 
tent should be kept, if possible, within 2 or 3% of the optimum as determined by c m- 
paction tests described in Art. 9 (see also Sect. 9, Art. 8). 




(c) 


Fig 73 Cylindrical .slides, also called Swedish breaks and rotational slides, have characteristic shapes 
m different types of soil. The diagrams show the shape charactenstics of rotational slides in three 
tvpes of soil Note that all the soils have cohesive charactenstics Slides of this type do not occur m 
purely non-cohesive soils (a) Partially cohesive soils with an appreciable angle of internal fnction ■#> 
produce slides m which the cylindrical surface of failure may be tangent to but does not intersect the 
base (b) In partially cohesive soils with a small value of <p the cylindrical surface of failure may inter¬ 
sect the base but will not go far below it. (c) In purely cohesive soils hanng no appreciable angle of 
internal friction (0 = 0), deep-seated cylindncal slides of this type may occur. 

Embankments of either non-cohesive or cohesive soils may be destroyed by failure of the 
material upon which they rest; in other words, they are, like all structures, subject to 
foundation failures. The most common type of embankment foundation failure is a shear 
failure of a soft cohesive subsoil. Fig. 74. Such a failure, if the embankment itself is of 
non-cohesive material, will probably result from a deep-seated slide in the subsoil as in Fig. 
74a. If the embankment is built of cohesive soil, the slide maj' involve both the embank¬ 
ment slope and the subsoil as in Fig. 74b. Guarding against such failures involves thorough 
cylindrical-slide analyses of all embankments resting on cohesive soils. The stability of 
soft cohesive soils called upon to support embankments or other heavy loads may be im¬ 
proved by expediting their consolidation by means of sand drains or vertical filter wells. 
The occurrence of cylindrical slides in soft cohesive substrata may also be inhibited by 
careful control of the spreading of fills and the placing of counterweight berms as the work 
progresses. Fig. 75. 
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(b) 

Fio 74. Cylindrical-slide failures of the foundations of earth structures Embankments, dams, and 
similar earth structures are, like structures built of other materials, subject to foundation failures. 
The types of soil involved determine the characteristic of the failure as indicated above la) An em¬ 
bankment of stable non-cohesive soil founded on an unstable soft cohesive soil, organic silt, or muck 
may rotate as a unit The center of rotation of the cylindrical soil ma.«s wtU not necessanly be at one 
corner of the embankment. (6) If the embankment itself is built of cohesive soil the cylindrical surface 
of shear failure may pass through the embankment and the underlying soft material. 

Heavy loads brought onto substrata by embankments may cause not only shear failures 
but also troublesome settlement. Prediction of the amount and rate of settlement of the 
foundation of an earth structure, such as an embankment, is undertaken by methods 
described in Art. 9, Foundation Settlement and Stability Problems. 



Fig 75 Counterweight berms Cylindrical or rotational shdes can frequently be qrevented by tue 
use of counterweight berms where an embankment must be built on a ''oft :>oil so deep that it? removal 
and replacement by a more stable material is impracticable. A fill of this type siiouhi be built in tlun 
layers, each of which should be spread over the entire width to be covered before the next layer is 
started Similarly it is necessary to avoid large abrupt changes in the depth of the fill longitudinally 
if deep-seated shear failures, evidenced by the development of mud waves, are to be avoided 
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A satisfactory foundation is reasonable in cost, its total and differential settlements and 
the rate at which they occur are acceptable, and, if supported on cohesive soil, it possesses 
adequate stability against shear failure and its concomitant and frequently destructive 
settling and tipping. 

No phases of foundation engineering make greater demands on the experience of the 
practitioner than do predicting settlements, particularly settlements of cohesive soils, and 
determining the stability of foundations supported by them. Formulas cannot take the 
place of good judgment in identifying and estimating the thickness and drainage con¬ 
ditions of each stratum, which should be dealt with independently m preparing a settle¬ 
ment estimate, or in making necessary assumptions as to the physical characteristics of 
soils which rarely, if ever, possess the homogeneity contemplated by procedures which must 
be used when the possibility of shear failure is under investigation. 
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Settlements of non-cohesive soils can best be predicted by methods based on loading 
tests described in Art. 6. The constant C\ of the soil and, if it has an ascertainable though 
slight cohesive characteristic, the constant C 2 should be determined as therein described. 
The coefficient of settlement Cp should be computed by the formulas given in Art. 6 for 
the width and depth of foundation under consideration. The settlement is estimated by 
the formula; 


P 



(41) 


in which p = the predicted settlement in m 

q = the load on the soil in lb per ft“. 

Cp = the coefficient of settlement in ib per ft- per in. 

Settlements of cohesive soils may similarly be predicted by methods based upon loading 
tests, the coefficient of settlement being determined by procedures described in Art. 6 and 
the settlement estimated by the above formula. This formula, when applied to a cohesive, 
or partially cohesive, soil, yields only an estimate of the total anticipated settlement with¬ 
out giving information as to its probable rate and duration. As settlements of hea‘\'>’’ 
foundations resting on deep beds or strata of saturated soft clays may continue for decades 
and even centuries, it is generally accepted practice to estimate not only their magnitudes 
but also their rates and durations. These estimates are based on consolidation tests. 

The consolidation test and the basic principles underl\'ing us application to settlement 
predictions are discussed in Art. 5. That discussion is now amplified to describe the 
application of consolidation tests to practical problems of settlement prediction. The data 
needed are 

1. An accurate geological profile of the site and, for each stratum of cohesive soil of 
significant thickness, its: 

2. Specific gravity G. 

3. Water content u'. 

4. Void ratio e. 

5. Modulus of volume change m/. 

6. Coefficient of permeability k. 

7. Pressure-void ratio curve upon which the minimum, most probable, and maximum 
preconsolidation pressures have been indicated. 

8. The existing pressure pi on a horizontal plane at the mid-depth of the stratum. 

9. The anticipated pressure p-j which will occur on a horizontal plane at the mid-depth 
of the stratum after construction and loading of the proposed foundation. 

Methods of obtaining items 1 through 7 enumerated above have been described under 
Art. 5, Soil Mechanics Laboratory Tests. 

The existing pres-sure pi on a horizontal plane a known distance below the surface of the 
ground is the weight of a vertical prism of soil of unit cross section extending from the 
ground surface to the plane upon which the pressure is desired. In computing the pressure 
the total unit weight -y t of the soil above the water table and the buoyed unit weight yh of 
the soil below it should be used. 

The anticipated unit pressure P 2 on a horizontal plane a depth z below the bottom of the 
foundation and at a point a horizontal distance r from the centroid of its area is estimated 
by adding the pressure due to foundation loads to the pressure due to remaining over¬ 
burden and subtracting from their sum the pressure due to overburden removed. 

If the greatest dimension of the footing or foundation does not exceed z/3, the pressure 
due to foundation loads may be estimated without significant error by the so-called point 
load system using the curves of Fig. 76 and the formula: 


O', = QIq (42) 

in which <Tz = the pressure in lb per ft^ on a plane at depth z below the bottom of the 
foundation and horizontal distance r from the centroid of its area. 

Q = the foundation load in kips considered as concentrated at the centroid of 
its area. 

/q = a coefficient obtained from the curves of Fig. 76. 

If the greatest dimension of the foundation or footing exceeds 2/3, the point load system 
may be used by subdhdding the footing into areas the greatest dimensions of which do not 
exceed 2/3. prorating the entire load Q to these areas and finding the sum of the pressures 
due to the resulting indh-idual point loads. 
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Distance r, ft 


Fig 7G Inftueuce lines for vertical stress for 1-kip point load equation 


Courtesy Philip C Rutledge 




a + 


■ 2x 


Another method of estimating ctz when the greatest dimension of the looting or founda¬ 
tion exceeds 2/3 is baaed on the curves of Fig. 77 and the formula 

= (43' 

in which <Jz = the pressure in lb per ft- on a horizontal plane at a point under a corner of 
the loaded rectangular area as indicated in Fig. 77. 
q = the intensity of the loading on the soil immediately under the foundation in 
lb per ft-. 

/^ = a coefficient obtained from the curves of Fig 77. 

When the pressure at a point not below a corner of the rectangular load area is to be 
determined, the area is divided into four rectangles each of which has a corner directly 
above the point at whn-h tlie pressure I'J ile>ired TliU' to determine the pressure at the 
eeniroid of a rectangular foundation it** area is divide«.l into four equal rec tangles each 



Values of Tc 
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Fra 77. Graph for determining influence value for vertical normal 'Stress o-j at point .V located berieatli 
one corner of a uniformly loaded rectangular area Courtesy R E Fadum. 
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having a corner over the point at which the pressure is desired. The pressure <Jz is the sum 
of the pressures due to each of the four rectangles. Similarly if the pressure at a point 
such as A’ in Fig. 7S is to be determined the area is considered to be composed of the rec¬ 
tangles AFBH, AHEG, AGDJ , and AJCF each of which has a corner over the point at 
which the pressure is to be determined. The pressure is then the algebraic sum of the 
pressures due to the loads on the individual areas or 

(Tz = <JAFBH — (TAHEG — <^AJCF “T (TAGDJ 

If the loaded area is a long narrow rectangle, such as a wall footing the width of which 
does not exceed z, 3, the pressure produced on a horizontal plane may be determined by the 
line load diagram of Fig. 79 and the formulas appearing on the figure. Note that the 



Fig 78 Estimating soil pressure at a point not under a comer of the loaded area by means of Fig 77 
and this chart By adding and subtracting stresses produced by imaginary’ loaded areas, each of which 
has a corner over the point A', the stress due to a load on the area DCBE may be estimated See text 

for full explanation. 

method gives the pressure at the point having the coordinates x, y. and z, and that this 
point is abreast of one end of the loaded line. Pressures at points other than those abreast 
of an end of the loaded line are obtained by methods analogous to those described foc¬ 
using the loaded area diagram of Fig. 77 for finding the pressure at points other than tho-'C 
under corners of a loaded rectangle. 

If the pressure on a substratum due to the weight of an embankment of triangular cross 
section, Fig. SO, is to be estimated the following formulas are useful: 

(7zA = — a (44) 

TT 


<7gt ~ —Sin a COS a (.4o) 

TT 

in which Uzh — the pressure on a horizontal plane under the heel of the triangular fill at 
depth z. 

= the pressure on the same plane under the toe of the embankment. 
z = the depth of the plane 
Qh = the unit load under the heel of the fill. 
a = the angle indicated on Fig. 80. 

The above formula may be applied to an embankment having a flat top and different 
sideslopes. Fig. 81, b^' algebraic addition of the pressures due to assumed extensions of the 
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Fig 79 Line of finite length uoiformly loaded (Boussine&q case). Chart oreoared bv 
Dr R E. Fadum. 
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slopes. Thus, referring to Fig. 81, the pressure (Tsa at A would be: 

Qi , Q2 Qs Qi 

CTzA - — cei H- az -as- cti (46) 

TT TT TT IT 

In making settlement estimates it is usually satisfactory to consider the existing and 
anticipated average pressures and pz acting on each significant stratum to be the pres¬ 
sures at their nud-depths. Slightly greater precision may be achieved by making separate 



Load Diagram 


Fig 80 Pressures under a triangular embankment. The angle a in the first formula must be ex¬ 
pressed m radians. The practical utility of the formulas is that they can be combined to estimate the 
pressures under an embankment of normal cross section; see Fig. 81. 

Pressure at -4 = azh — ^ a 

V 

Pressure at B ^ sin a cos a 

V 

computations for the pressures crt, Cm, and crs at the top, mid-depth, and bottom respec- 
tiveb' of each stratum and averaging them by Sunpson’s rule 

O-avg ~ (<^i ~r 4(T»i -h CTi) 

taking the resulting average values as pi and pz. 

The estimated existing average pressure pi and the anticipated average pressure pz on 
each cohesive stratum of sigmficant thickness should be plotted as in Fig. 82 as abscissas 
against the mid-depths of the strata as ordinates, and the upper and lower limits of each 
stratum should be indicated on the plot as m the figure. The probable preconsolidation 
pressures for each stratum should then be determined by methods described in Art. 5 under 
Consolidation Tests and plotted alongside pi and pz as indicated. If, as m Fig. 82a, the 
anticipated pressure pz is less than the probable preconsolidation pressure, the settle¬ 
ment will be along the flat upper part of the pressure-void ratio curve and will be slight. 
If, as in Fig. S2b, pz exceeds the probable value of the preconsolidation pressure, settle¬ 
ment will be in part along the steeper section of the pressure-void ratio curve and may be 
considerable. If both pi and Pz exceed the probable value of the preconsolidation pressure 
as in Fig. 82c, the soil is still consolidating under its own weight, consolidation will be 
accelerated by the weight of the proposed structure, and rapid and extensive settlement 
along the steep part of the pressure-void ratio curve should be expected. 

The amount of the anticipated settlement of each stratum should in an 3 ' event be 
estimated by the formulas given in Art. 5 under Consolidation Tests. The times required 
for the achievement of various percentages of the total settlements should also be com- 



7-106 SOIL MECHANICS AND SITE EXAMINATION 



Fig. 81 Pressure under an embankment Note that the sideslopes of the embankment may differ. 
See Fig 80 and the text for detailed explanation. Pressure at A = <tza = — oti + — ai — — 0:3 — 

Qi T ir V 

— a 4 ; all angles expressed in radians. Material of embankment weighs Tl'Ib/ft*; * IT/ii; 52 = Tr?i 2 ; 

gz = IT/is; q4 = TTA^ 


puted, and, finally, the anticipated settlements of the various footings and parts of the 
foundation should be plotted against times in years, Fig. 83, in order that the extent of 
probable differential settlements may be studied. These differential settlements should be 
discussed with the designer of the superstructure and the necessity determined of reducing 
or eliminating them by modifying the design of the foundation. 


Preconsoiidation pressures for 



(a) 


Curve of 



(b) 


Curve of 



Fig 82 Relationship of estimated existing pressures and anticipated pressures to preconsoiidation 
pressures Studies of this type are of the utmost importance in dealing with cohesive soils The esti¬ 
mated existing soil pressures due to overburden, pi, and the anticipated pressures p 2 after completion 
and loading of the proposed structure are computed and plotted for the mid-depth of each stratum 
The estimated preconsolidation pressure for the material of each stratum is also determined and the 
values plotted as at a, b, and c. See text for interpretation of the diagrams. 


In making estimates of anticipated settlements consideration should always be given to 
the effect of the progressive lowering of the w^ater table that frequently occurs in urban 
areas. By increasing the effective unit weight of soil between the foundation and a con¬ 
solidating stratum from the buoyed weight yb to the total weight yt such lowering of the 
water table may greatly accelerate and increase settlements. 
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Fig 83 Time settlement curves Curves of estimated settlements of various parts of the foundations 
of a structure plotted against times permit an intelligent study to be made of the importance of pros¬ 
pective differential settlements. From Fundamentals of Soil Meckanxes, D W Taylor, John Wiley & 

Sons, 1948 



Fig 84. Shear failure of a building foundation The diagram illustrates conditions likely to lead to 
failures of tins type A load test was made at an inadequate depth on the upper part of a stratum 
of firm clay. Carelessly taken borings revealed the underlying firm stratum but failed to establish 
the untrustworthy characteristics of the soft clay of low shearing strength which cau.sed the failure. 
Shear failures of this type occur wnth dramatic suddenness They are more common under heavilj* 
loaded cement and gram silos but are by no means unknowin under hea^'y buildings. 
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In estimating settlements of foundations resting on alternate strata of non-cohesive and 
cohesive soils, it is customary’ to consider only the estimated settlements of the cohesive 
strata disregarding those of the non-cohesive strata as being so relatively slight as to be of 
little practical importance. 

The stability against shear failure of foundations on cohesive soils may be investigated 
by circular-arc analyses using the cylindrical surfaces of failure indicated in Fig. S4. In 
such cases, however, shear on the ends of the cylindrical mass of earth which rotates if 
failure occurs is a real factor in the determination of the stability of the foundation. This 
factor may be taken into coiiaideration when dealing with rectangular footings by the use 
of the formula. 


in which (i 
c 


Fs 

b 

d 

L 


= the permissible or “working'’ bearing value of the soil under the foundation 
in lb per ft-. 

= the cohesion in lb per ft" (usually determined by an unconfined compression 
test and the assumption that the cohesion equals half the unconfined com¬ 
pressive strength). 

= the factor of safety obtained from Table 7. 

= the width of the foundation in ft. 

= the depth of the foundation in ft. 

« the length of the foundation in ft. 


The above formula gives a value of the bearing value of a cohesive soil which should 
insure against shear failure, but does not limit the value to one which will keep settlements 
within reasonable limits Independent estimates of prospective settlements should there¬ 
fore always be made for foundations to be carried on cohesive soils. 


Table 7, Factors of Safety against Shear Failure to Be Used in Foundation Design 


Suggested Factors of Safety Fs 


Sensitivity 


Degree of Sensitivity Ratio S 

High >4 

Medium 2-4 

Slight 1-2 

Not sensitive <1 


Permanent 
Structures 
3.0 
2 7 
2.5 
2 2 


Tschebotanofi, 


By permission from Soil Mechamcs, Foundations and Earth Structures, by G. P 
copyright, 1951, McGraw-HiU Book Co. 


Temporary 

Structures 

2.5 
2.0 
1.8 

1.6 


10. EARTH PRESSURES 

The pressure exerted by earth on a retaining wall, sheet pile wall, or other structure 
which restrains movement of the earth is known as active pressure. The pressure exerted 
by earth on an abutment or structure the movement of which is restrained by earth is 
known as passive pressure. Typical surfaces subjected to active and passive pressures are 
illustrated by Fig. 85. The active pressure is con-^iJerably less than the passive pressure 
produced by a given depth of soil unless the material possesses neither internal friction nor 
cohesion and accordingl\' acts as a liquid. 

Earth pressures on rigid structures such as masonry and concrete retaining walls and 
bridge abutments are usually estimated by methods based on either the Coulomb or 
Kankme theory of earth pressure The former assumes that earth is non-cohesive and 
that a wedge-shaped prism of soil behind a rigid restraining, or restrained, structure and 
above a plane of rupture, Fig. S 6 , is held in equilibrium by forces the directions and magni¬ 
tudes of which can be determined by the laws of statics if the unit weight of the soil, its 
angle of internal friction 4>, and the angle of friction between the soil and the structure are 
known. 

The Coulomb theory lends itself better to graphical than analytical solutions. Figure 87 
illustrates the widely used Culmann method of locating the plane of rupture and determmmg 
the earth pressure for either active or passive cases. The angles are plotted as indicated, 
the slope line BS being drawn with the angle d> above the horizontal for the active case and 
below it for the passive. The trial planes of rupture BCi, BCo. BCi, and BC 4 are drawn 
arbitrarily and the weights IFi, IF 3 , and Tr 4 of the prisms of soil between the plane-5 
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and the back of the wall .-1^ are computed. The length of the^se prisms perpendbular to 
the plane of the drawing is a>'<uiiied to be 1 tt To a convenient scale these weight-s are 
plotted as the distances Bd\. B'h. Bd,. and B<U along the slope Imo from point B From the 
points d\, d:, dz, and di lines aie drawn parallel to the pre.^suro line BL to their intersections 
t'l, <= 2 . Co. and with the plane.? of rupture to which they correspond. The lengths of these 
lines measured to the scale of weights indicate the active pressure consistent with rupture 
along the arbitrarily chosen planes BCi, BC,, etc. A smooth curve, the Culmann line, is 



Fig S6 Eo:th pres-ure F, nuiibriuia condition-* a'--*'umed by the CouI<'mh tlieory IT and lb' a e 
the WL'isht^ of the triangular' earth ABC and of unit lenirth o = angle of internal 

friction I 1 boll h — anirh' of frii.tit»ii between boil and waU Fa ~ equihbrant of active pressure per 
iin ft of wall Fp = e pnlibranr of pa"'’ve nre's^-ure per hn ft of wall 
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then drawn through the points ei to f 4 inclusive, and to this curve a tangent parallel to the 
slope line BS is also drawn. Through the point of tangency e the actual plane of rupture 
BC is drawn and also the line ed parallel to the pressure line BL. The length of ed measured 
to the scale of weights is the required pressure. The approximate point of application of 
the resultant of the pressure may be found by drawing a line, not shown on the figure, 
from the centroid of the triangle ABC and parallel to BC to its intersection with the back 
of the wall. Surcharges may be dealt with by adding their weights to those of the trial 
prisms on which they rest before plotting the«8 as distances along the slope line. For a 
more complete discussion of Culmann’s method see ref. 22. 



Ftg 87. Coulomb earth pressure theor> Culmann’s construction for finding the planes uf rupture— 
BC in the active case and B'C in the pas-^ive—and the magnitude of the resultants of the active and 
passive pres>ures de and d'e' The planes Bci, B-'^, etc . are arbitraniy drawn ’ trial planes” of rupture 
The angle which deterraine® the sior*e of the pressure line, is the angle between the vertical and the 
direction of the resultant pressure on the back of the wall Similarly -n tiie pas-sne case 6^ is the angle 
between the vertical and the resultant of the passive pressuie 

The Rankine theory assumes that principles governing th.e dinribution of stress in a 
homogeneous solid are applicable to earth. It further assumes that earth is homogeneous 
and cohesionless, that the surface against which it acts h smooth and frictionless, and that 
the upper surface is a plane of unlimited extent. The first assumption and the principle of 
conjugate stresses leavl to the conclusion that the force amng against the wall must act in a 
direction parallel to the slope. As the coefficient of friction between earth and wall is 
assumed to be zero it follows that if the back of the wall is vertical the ground surface 
must be horizontal if the Rankine theory is to be strictly applicable. Today the theory is 
usually applied only to cases where the ground surface is horizontal and the back of the 
wall vertical, other ca.scs being more readily dealt with by some such graphical application 
as the CouloTnb theory or the Culmann method. 

A widely used technique for applying the Rankine theory is to compute the pressure 
which a liquid ha-^fing the unit weight of the soil would produce, and to this fictitious liquid 
pressure apply coefficients Ka and Kp -which yield respectively the active and passive pres¬ 
sures. The method is illustrated by Fig. 88 upon which necessary formulas appear. 

The effect of cohesion in a soil producing earth pressure may be appr^^ximated by plotting 
the pressure distribution which would be caused by a cohesionless soil of the same unit 
weight and angle of internal friction and then applying graphically the effect of tlie cohesion 
by the procedure illustrated in Fig. 89. When using this method the value of the cohesion 

should not be assumed ^ or half the unconfined compressive strength, as this term is a func¬ 
tion of both the cohesion and the angle of internal friction and equals 2c ( tan 45° + ^ 
The assumption that c = ^ and its subsequent application to the Ka and Kp pressure 

lines would result in taking cognizance twice of the effect of the angle of internal friction. 

Both the Coulomb and Rankine theories yield estimates of earth pressures which should 
be recognized as approximations, the precision of which does not warrant great refinement 
in calculations. Of the two methods the Coulomb, which takes cogmzance of the effect 
of friction between the earth and the wall or abutment, is generally considered the more 
accurate. There is, however, an error in Coulomb’s assumption of plane surfaces of rup¬ 
ture, as actual surfaces of rupture are curved. The error is not serious, except m pa.ssive 
cases in -v^'hich the angle of friction between the earth and wall or abutment structure 
exceeds 20°. In such cases the Coulomb theory' yields unsafely high value* of the pas.-^ive 
pressure as indicated by Tables 8 and 9. The second of these tables shows the marked 
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A Ground surface 



y = unit weight 
of soil 

0 = angle of 
inierna! 
fnction 
cf soil 


Fig S8. The Rankine theor>- of earth pressure. Passive case. Kp = tan- : resuitant 

- 1 ) ■ 


of passive pressure, • 


•> H\~K n 


. resultant acts at point ^ above Si. Active case- 


resultant of active pressure ; resultant acts at point ^ above Bi 


G''Ound surface 



Fig 89 Earth pressures—the ufToct of cohesion The active and pa-J-ive prL-.-'M» ht"-^ :ir - 'hown 
as determined by the Rankme formula. Other means may, however, be U'td tor o-rai'li-'b.n.; thf'C 
lines prior to deteruiinmjr Krapliically the effect of cohesion by tlie method ind..:it'Mi = unit 
weiiiht of soil, ‘p = aiii;lo of internal friction of -mjiI. ' = cnh-•'ion as d-.teruuiicd b\ trmxi.il 'iiear 
tC'-t inot by unconfined compression te-^tl if si,il has an appreria*'>le ani^le of internal friction, Ka ~ 

tan* ^43*’ — , Kp = tan* 
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Table 8. Earth Pressure Coefficients 
Lateral Earth Pressure Coefficients 


\'alues of K a 


Values of Kp 


i • <? Q 



25 = 

30® 

35° 

40® 

25® 

30 = 

35® 

40® 

-40® 




0.77 

(0.88) 




92.3 

07.5. 

-30® 

1 

0.87 

(Q.98t 

0,50 

0.36 


!0 0 
(6.4) 

13 3 
[0 7> 

25 1 
04.6, 

-20® 

0 61 

1 

0 47 
id 48v 

0.36 

0.28 

4 6 

(4.1) 

6 1 
(5.4> 

8.3 
(7 5) 

11 9 
ilO 4) 

- (0= 

1 

! 0 47 

0 38 

0 30 

0.24 

3 3 
(3 3) 

4.2 

(4.2) 

5.3 
(5 3) 

7.0 
(7 0) 

=0® 

! 0 41 

lO 41j 

0 33 
(0 33' 

0.27 
.0 27) 

0 22 
(0.22) 

2.5 

(2.5) 

3 0 
(3.0) 

3 7 
(3.7) 

4 6 

(4 6) 

-410® 

0 37 

0 31 

0 25 

0 21 

1 9 

2 3 

2 7 

3.3 

-20® 

0.36 

0 30 
(0.30) 

0.25 

0.20 

1.4 

1.7 

2.0 

2.4 

^30° 

1 

1 

0.30 

(0.31) 

0.25 

0.20 


0.87 

(0.53) 

1,3 

1 7 

-+-40® 




0 20 
(0 22) 




0.77 

(0.52) 


Ground surface assumed horizontal. 

0 *» angle of friction between soil and retaining wall. 

p as coefficient of internal friction of the soil. 

All figures based on assumption that cohesion r = 0. 

Coefficients in parentheses computed on the assumption that surfaces of failure are curved. Other 
coefficients ba-sed on usual assumption of plane surfaces Note that differences are significant only in 
the passive ca.''e when 5 is large 

\’alue3 in boxes are for the widely used value of p “ 30® and 35® and 5 = —30®, 0®, and 4-30®. 

By pprmi.«sion from Soil Mechanics, foundations and Earth Structures, by G. P. Tschebotarioff, 
copyright, 1951, McGraw-HiIi Book Co. 

effect on earth pressures of slope of the ground surface and the surface against which the 
earth acts. In dealing with unusual earth pressure problems the extensive tables of earth 
pressure coefficients based on curved surfaces of rupture of ref. 4 will be found helpful 
See also discussion on earth pressures and construction of pressure diagrams in Sect. 27, 
Volume III, Retaining Walls. 

Neither the Coulomb nor llankine theories of earth pressure are applicable to flexible 
structure.^ such a= steel sheet pile or timber bulkheads or the sheeting and bracing of open 
riit- in sand or clay. For a discussion of earth pressures on flexible bulkheads see Sect. 21, 
Harbor Fiigineenng 

Extensive investigations in America and Europe have shown that without doubt the 
earth pressure on braced flexible sheeting of cut-? in both sands and coliesixe soils docs not 
by an\ mcan= follow a ‘'triangular distribution” with minimum pressure at the ground 
surface and maximum at the bottom of the cut Actually the pressure distribution di¬ 
agrams in both materiaU approximate trapezoids but there are significant differences in 
the proportions of the trapezoids for non-cohesive and cohesive soils. The pressure di-^- 
tnbutions recommended for the design of the sheeting and shoring of cuts in sand and co¬ 
hesive soils are shown respectively in Fig. 90. A factor of safety of at least 2 should be used 
in designing the sheeting, wales, and struts to withstand the stresses caused by the earth 
pressures indicated in the diagrams. Points of inflection or “hinges” should be assumed m 
the vertical members at the indicated locations and knife-edge supports at their lower ends 
to simplify determination of stresses. The precision of the estimates of earth pressures 
does not warrant the refinement of treating the verticals as continuous bearna partially 
fixed at their lower ends. 








Table 9. Earth Pressure Coefficients 
Lateral Earth Pressure Coefficients 
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Ka 

values 
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(018) 
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(0 20) 
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(0 45) 

i3 = + 20’ 
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0 50 


2.3 

(1.8) 

31 
(2 8) 

49 
(4 6) 

+ 10“ 
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18 

(14) 

25 
(2 3) 

36 

(34) 

62 
(5 9) 

10“ 

r 

K, 

values 

0 75 
(040) 


33 

(31) 

44 
(4 2) 

88 

C' 4) 

-10" 
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092 

(052) 

26 

(24) 

38 
(3 6) 

59 
(5 7) 

16 7 
(9 3) 

-20” 

r 



— 


96 
(7 2) 

45 7 
(11.6) 


c- 

= 0. 


<p=30", 


0 = 0” 



All figures based on the assumption that tlie ooetficient of friction between the soil and the retaining 
wall IS 0 and that the coliesion of the >oil la ainularly 0. 

Coetfieients in parentheses computed on the assumption that surfaces of failure are curved. Other 
coefficients based on usual assuiupiion of plane surfaces. 

By pi rnnx'^inn in-m S-nl Mtckanxcif, FoundcJwns and Earth Structurts, by G P, Tsehebotanoff, 
copyri;:ht, 1951, McGraw-ihll Hook Co. 
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Pressure distribution for sand, 
7 = unit weight of soil 


Pressure distribution for cohesive soil, 

7 = unit weight of soil, 
q^ = unconfined compressive strength 

Fig an, Assumod pre^suro distnbiitions for desisra of -Moarli.Mj: and '.rjcin^ m opon cits Pro.sure 
distribution for sand by permission, from Soil ^r^,■hr.nt.•< t o and Eai.h Mru. .ures^ (j P. 

Tsehebotanoff, copyriglit, 1951, .McGravr-HiU Book bo I 'ensure distributiwi for cohesue .oil ,rom 
Sad Mechanics in Engineering FracHce, Iv Tevzashi and R Peck, John ft ilej i bons, 194S. 
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FOUNDATIONS 


FOUNDATIONS ON LAND 
1. GENERAL 

Foundation design in cities is in practice governed largely by building-code requirements 
which stinulate maximum allowable bearing pre'^sures on soils of the types conimonlv 
encounter'’i locally. Provisions of a modern enlightened code as to bearing values are 
given in 1 able 1 This table combines the Form for the Codifi'’ation of Allowable Bearing 

Table 1. Classes and Bearing Values of Soils Considered as Supports for Foundations * 

Allowable Bear¬ 


ing Value. 

Class Material tons per 

(1) C2i (3) 

1 Mas'sive crystalline bedrock, such as granite, diorite, gneiss, and traprock in 

sound condition 100 

2 Foliated rocks, such as schist and slate, in sound condition 40 

3 Sedimentary rocks, suon hard shale-?, Mlt-stones, limestones, sandstones, also 

thoroughly cemented conglomerates in sound condition 15 

4 Soft or broken bedrocks of any kind except sliale 10 

5 Exceptionally compacted or partiallv cemented gravels, sands, and hardpan !0 

6 Gravel, sand-gravel mixtures, corripact 6 

7 Gravel, loo^e, coarse sand, compact 4 

8 Coarse «and, loo^e, sand-eravel mixtures, loose; fine sand, compact 3 

9 Fine sand, loose 2 

10 Stiff clay and soft shales 4 

1 1 Medium-stiff clay 2 k'2 

12 Medium-soft clay 11/2 

13 Fill, mU, organic material, muck, peat, and unusual deposits not provided for 

herein 0 


* This table is based on data, from -4SCE Manual of Engineering Practice 32, American Standard 
Building Code Requirements for Excavation? and Foundations, approved .July 2, 1032, by the Ameri- 
can Standards Association. 

Valuer of ref. 2 with allowable bearing; value? recommended in the same publication by the 
Sectional Committee on Building C'ode Requirement? for Excavations and Foundations of 
the American Society of Civil Engineer.?. Reference 2 contains much information of 
great value to the designer and constructor of foundations. 

Some building and foundation codes permit deviations from stipulated maximum bearing 
value-- if properly conducted '?ub-5urface explorations, laboratory cxaiiunatioii's of specimen-!!, 
and load tests conducted in a manner satiTactory to the building ln^pectlon service con¬ 
vince the responsible authorities of that organization that a proposed foundation design is 
adequate. Where a code contain.-^ ?ucii provi>ious, however, the designer ahouiil bear in 
mind that it al-o s-uniinanzes an immense amount of experience with local soils The 
provisions of a well-considered code that has proved satisfactory in a locality, whether or 
not It IS legally enforceable on a site, should be con-sidcred by the foundation designer as 
iruport-ant but not necessarily conclusive evideni e as to the bearing values of materials 
encountered. But in no case ?houId the appearance of easily recognized reliable materials 
in siiallnw test pits be accepted a-- c<mclu--ix'e evnience as to the foundation reciuirements of 
an important 5tru<'ture to be built on a ^ile the underlying strata of whic'n have not been 
investigated by properly spa<'ed borings of adequate depth. The building code of the 
City of New York, for example, retimres one boring at least 100 ft deep for ev ery 10,000 ft^ 
of builfhng area. Furthermore allowable bearing x'alues indicated bv even a conservative 
code with a long record of sati?factor\ foundacion? to its credit should be checked bv the 
method? of soil mechanics if the pre.?ence of cohesRe soils indicate the possibilin- of trouble¬ 
some differential settlements or, above all, ?hear failure. 
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2. LOADS AND SETTLEMENTS 

Dead loads, live loads, wind loads, and, in appropriate localities, earthquake loads should 
be considered in the design of a foundation. An estimate of the importance of vind and 
earthquake loads may in manv eases lead to a decision that they may be disregarded as 
inconsequential, but such decision should be reached only alter careful consideration of 
their importance. 

Dead loads are usually the most important loads in foundation design because conti¬ 
nuity of application makes them the major cause of the settlement of foundations resting 
on cohesive soils. It is usually, but not mvariabh'. cohesive soils that cause troublesome 
settlements. In makmg a first, or preliminary, estimate of the dead loads on the founda¬ 
tion of a building, it is common and accepted practice to use approximate weiglits per unit 
area of the roof, floors, exterior walls, and interior partitions. Approximate unit weights 
of such elements of budding coiiatruttion may be obtained from many handbooks It is 
usual to make rough but reasonable assumptions as to the distribution of weights to the 
various parts of the foundation. In preparmg and checking the final design, however, the 
weights of various parts of the structure should be estimated more closely and assumptions 
as to the distribution of loads should take cognizance of the nature of the building frame 
and the direction or “run” of such members as joists which may transfer a large part of the 
weight they carry to opposite sides of a rectangle while delivering little or no load to the 
remaining sides 

Live loads are usually less important than dead loads to the designer of foundations, 
because their periods of application may bo not only intermittent but of short duration. 
Maximum allowable live loads practically never occur simultaneously on all floors of multi¬ 
story structures. Building codes therefore usually allow reductions in the live loads used 
in column and foundation do.sign on some such basis as the following, abstracted from the 
building code of the City of New York- 

(q) For multistory storehouses design columns and foundations for SS'Tc of maximum 
allowable live load«. 

(?) For other buildings design columns and foundations for 100*^ of allowable live loads 
on roof and upper story, 95% of allowable live load on floor immediately below the topmost 
one. 90% on next lower floor, and so on, decrea.sing the percentage of allowable live load 
by 5 for each floor until 50% of the allowable load is reached, which figure is used for all 
remaining floors. 

Judgment must be used in applying such arbitrary rules to unmsual buildings and struc¬ 
tures. Warehouses used for the long-time storage of heavy materials mav have full live 
loads on all floors for long periods Grain, coal, and cement silos and bins are frequently 
loaded to capacity for protracted periods. 

Impact. The live loads due to overhead traveling cranes should be increased by not 
less than 25% to allow foi impact. Increases of 50% should similarly be made for recip¬ 
rocating machinery and power units, 20% for light motor-driven machinery, 100% for 
elevators and their supporting units and hoists, and as much as 300% for such units as 
rock crushers, ball mills, and cement nulls. 

Wind loads and earthquake loads usually may be disregarded in designing foundations 
unless either causes loads on foundations exceeding one-third of the load due to dead and 
live loads combined. If this ratio is exceeded, the wind or earthquake loads should be 
included m the design as live loads. In such cases it is usual to allow an arbitrary increase 
—one-tliird according to the recomrueiidations of ref. 2—m tiie allowable bearing values of 
soils. Wliether earthquake and wind loa<U combined sitould be considered is a question 
for the judgment of the designer and depend^ upon tlie frequency of high winds and earth¬ 
quakes in the locality under consideration. Full wind loads should, however, be considered 
in the design of the foundations of unusually high and narrow buildings, gram elevators, 
smoke slacks, and ntlier unusually tall structures, the foundations of whiDh may be sub¬ 
jected to uplift or, if they rest on a pun-’v cohe.sive soil, to shear failure. 

Settlements and deformations must be kept within acceptable limits. All foundations 
settle. The settlement of foundations resting on firm, sound rock will be only the slight 
elastic deformation of materials stressed witliin safe limits If the supporting material 
is gravel, hardpan, firm sand, or a thoroughly precon'^ohdated firm clay with no softer 
underlying soil, the total settlement of properly designed foundations should usually be 
kept Within 1 or 2 in. and differential settlements within in. Even masonry structures 
are usually sufficiently flexible to tolerate such settlements. If, however, the supporting 
material is an unconsolidated, saturated cohesive soil, or if such cohesive soils underlie a 
firmer material upon which the foundation rests, much larger settlements are usual and 
differential settlements are likely to be troublesome. In such cases settlements have oc- 
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curred which are measured in feet and inches rather than in inches and their fractions- 
National Theater in Mexico City, for example, has settled more than 6 ft since it rvas built 
in 1909 On the same deep deposit of soft clay differential settlements of as much as 4 n 
have been observed in long buildings. The prevention of such excessive settlements is 


Better | 

location j 


Proposed 

location 

building 


Lens of dense sand which 
might be used as a natural mat 


Firm sand, hardpan, or rock~,„^ 


Clay, medium 


(a) 


Joints designed to permit 
differential settlement and 
slight tilting 








Deep deposit of clay, consolidation anticipated 
(b) 


Proposed 

building 


Sandy silt 



Fig 1 Diilicult sites for foundations In a the ImildinK should if possible be moved to the left to take 
adianta -e of the lens of dense sand wlii.-h mmht be utilized as a natural mat. In b the design of the 
sutjerstructure should provide for inevitable differential settlements In c the cost of a deep foundation 
reaching the dense sand should be compared with the cost of a better site 


naturally a function of the foundation engineer, but it should be kept constantly in mind 
that it is his duty to keep overall and differential settlements within acceptable limits 
rather than to attempt the often impracticable task of avoiding settlements. To this end 
the designer of a foundation must work in close cooperation with the designer of the struc¬ 
ture which it is to support and should advise him when and if the subsurface conditions 
at a site make the prevention of large differential settlements prohibitively expensive. 
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In some such cases a change in the location of the structure or even the abandonment of 
the site in favor of a more expensive one may result in overall economy. In other cases 
it may be ad'V’isable to design the superstructure so that large differential settlements may 
be tolerated. Figures la, b, and c illustrate three such cases. In a it is possible that 
moving the structure to the left, as indicated by dotted lines, will permit u^ing the thick 
lens of sand as a natural mat which will equalize settlements. In h the great differences 
in the weights of the high and low portions of the building make large differential settle¬ 
ments probable and indicate the advisability of providing flexible or aiticulated joints 
between sections of the building m order that they may settle independentl>’ without 
damage. These joints should provide not only for vertical differential settlements but for 
some slight differential tilting of the sections. In c deep and irregular pockets of soft 
clay and peat make the site an extremely undesirable one on which large and unpredictable 
settlements of buildings on shallow foundations are probable. In such cases the cost of 
deep foundations going down to firm material should be compared with the cost of a better 
site. 


3. FOOTING FOUNDATIONS 

Footmg foundations support most light buildmga and many heavy and important struc¬ 
tures. Their design is worthy of much more serious consideration than it frequently 
receives. It is not enough to estimate the safe beaimg value of the soil and then divide 
wall and column loads by this value to determine foundation areas. Such procedures 
frequently lead to large differential settlements if not to more serious types of fouiulation 
failure. Foundations designed on the ba.sis of empirical bearing values should be con¬ 
sidered adequate and safe only w'here such values have been thoroughly establi'^hed by 
local practice and have proven sound by adequate experience with similar structures in the 
same localities. Otherwise a complete study of the geology of the site should bo made, 
securing necessary data by borings, test pits, and other means of subsurface cxploration. 
Loading tests are frequently advisable and should usually be made if the coniomplajed 
structure is a major one and is to rest on material other than rock. Complex geological 
formations or unusual foundation conditions frequently require the advice and experience 
of specialists m foundation design and soil mechanics. 

The depth of a footing foundation should be sufficient to insure support on soil that 
will not be heaved by frost or the seasonal variations of the volumes of clays and cohe<i\e 
soils that occur in some localities. There is no substitute for local knowledge of conditions 
in determining this necessary depth. Ground rarely freezes to greater depths than 4 or o 
ft in the United States but there are exception> m the colder part.'s of the country. Local 
experience is also of great importance in determining the depth necessary to avoid seasonal 
heave due to changes m the moisture content of cohesive soils. In most pans of the coun¬ 
try no trouble of this kind occurs, but in some localities, notably central Texas, there are 
soils in which footings must be carried to depths as great as 20 ft in order to avoid diffi¬ 
culties of this kind. 

The depth of footing foundations must bo sufficient to reach soil of satisfactory bearing 
value as determined by prospective settlemeiit'> and stability' against sliear failure. Deter¬ 
mination of necessary footing depths involves coriaideration of the magnitude of the loads 
to be carried, data yielded by subsurface exploration, the results of laboratory and field 
tests, and experience that may be found sumiuarizeil m ioi'al building codes. It also 
involves consideration of the probable elTect ol footmg dimeiisioiis and depths on settle¬ 
ments. Thus under a given unit loading; The settlement of a footing on a partiaiU cohe¬ 
sive soil will be affected by not only the width of the footmg Vmt the lalio <>f it> ilepth to 
Its width as indicated by eq. 26, Sect. 7. On a puieh cohe-;ive soil the •M'tlleinent of a 
fooling will be affected by its width only as indu-ated by eq. 27, ^^ect 7, but both the 
width and depth of a footing affect its stability against sheai failure as indicated by eq. 47, 
Sect. 7. On a non-cohesive soil settlement- are affected by the ratio of the depths to the 
widths of footings as iiirlicated by eq. 2s, Sect 7 It frequently happens that such con¬ 
siderations as neccssai\ cellar depths dictate greater footmg depths than might otherwise 
be necessary. 

Allowable Bearing Values. In practical foundation design it is usual to start by as¬ 
suming a tentative allowable bearing value of the soil at the depth of the footings indicateii 
as necessary by the subsurface exploration or the cellar depth. If the structure is large 
and heavy the assumed value should in many ca.-e3 be checked by loading tests. 

Footing Areas. If the .soil is a firm non-cohe-ive material or a thoroughly preconsoli- 
dated firm clay, a first approximation of the footing areas may be made by dividing the 
combined dead and live loads on columns and walls by the assumed allowable bearing value. 
This simple procedure is justified by the fact that on such soils the intermittent character 
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of live loads is relaiivel\’ unimportant insofar as it affects settlement If, on the other 
liand, the soil is an unconsolidated or partially consolidated day or a loose non-cohesive 
material the tooting areas should be proportioned bv one of a number of methods devised 
to equalize the effect of intermittent live loads. Of several such methods one devised by 
the late D E. Moran is recommended and described below 

(a) The area of the footing receiving the largest ratio of live to dead load is determined 
by dividing the combined live and dead loads on this footing by the allowable bearing value 
of the soil. 

{h) The required area of this footing is then divided by the sum of the dead load and 
one-half the probable live load to secure a reduced allowable bearing value which is used 
in determining the areas of the remaining footings. 

(ci The area of each of the remaining footings is determined by dividing the sum of its 
dead load plus one-half its probable live load by the reduced allowable bearing value. 

Footing Dimensions. Once the areas of the footings are determined their dimensions 
sliould be chosen and the footings so designed as to avoid eccentric loading of the loaded 
soil areas. To accomplish this where the footings are not to extend beyond the lacc of 
the exterior wall, it ma\’ be necessary to support the w'all columns aibl the rG\s’ of columns 
next to the w’ail on combmed footings, tiiree t\ pes of winch are :>aown in Fig. 2. Combined 



Elevation 




Footing so proportioned that 
line of action of resultant of 
earth pressures coincides with 
resultant of column load and 
intensities of pressures on 
loaded areas are equal 


Fig 2 r”ombined footings Where the projection of footings beyond the exterior walls of a building 
is objectionable the combined footing avoids the eccentric loading of the soil areas upon which the 
column foundations rest Three common types of combined footing are shown, (a) Combmed rec¬ 
tangular footing, {b) Combmed trapezoidal footing (c) Cantilever or pump-handle footing. 
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rectangular and trapezoidal footings. Fig. 2a and b, are so proportioned that the centroid 
of the loaded soil area is located under the resultant of the two column loads. In tiie 
cantilever footing, commonly called a pump-handle footing, Fig. 2c, the interior footing 
is proportioned to carry its column load and then, taking moments about the center Imi 
of the interior column and assuming a uniform earth pressure under the exterior footing, 
the exterior footing is so proportioned that the moment i:> zero. Finally, moments should 
be taken about the center of the wall column and the reaction under the interior coluniii 
footing computed. A reduction in the area of the interior footing may then be indicated. 

Structural Design of Footings. In all three types of footings the usual method^ of 
reinforced-concrete design are used to determine necessar\' concrete and steel area^ and 



Uniform load on 
mat which with 
superstructure 
forms rigid unit 

No significant 
deflection 


Uniform load on 
mat which with 
superstructure 
forms rigid unit 

No significant 
deflection 
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(a) Non-cohesive soi! (b) Cohesive soil 


Uniformly loaded 
flexible superstructure 
on flexible mat 



(c) Non-cnHn<;fve soil 


Uniformly loaded 
flexible superstructure 
on flexible mat 



Fig. 3. Pressure distribution under rigid and flexible mat foundations supported by non-cohesive tnd 
cohesive soils. A uniformly loaded mat foundation which, with its supenmposed structure, is so rigid 
as to prevent any significant deflection will cause fa) maximum soil pressure at its center if the son is 
non-cohesive and (61 maximum pressure at the edges if the soil is cohesive Uniformly loaded flexible 
mats carrying flexible superstructures will, however, have the opposite effect of causing fc) maximum 
pressures under their edges if the soil is non-cohesix'e and (d) maximum pre.^sures under their centers 
if the soil IS cohesive The divergencies from uniform distribution are, however, dependent on so many 
variables (soil characteristics, rigidity of structure and so forthl that quantitative evaluation of diver¬ 
gencies is impracticable if not impossible 


stresses. Unless the foundation is waterproofed a minimum thickness of concrete over the 
reinforcement of at least 4 in. should be maintained even where theoretical considerations 
indicate lesser thicknesses sufficient. Concrete 2 i^o-in. or at most 3-in. thick will protect 
adequately the reinforcement of a waterproofed foundation In designing footiniis it is 
usual to assume uniform distribution of soil pressure-^ on their bearing surfaces although 
the actual pressure distribution is non-uniform. If the soil is non-cohesix*e. the pressure 
will be maximum at the center of the footmg and minimum at the edges, Fig. 3g. wiiercas 
if the soil is purely cohesive, the reverse will be true. Fig. 36. The degree of dex-iation 
from a uniform distribution is. however, so uncertain that the admittedly erroneous as¬ 
sumption of even distribution is recommended because factors of safety used in normal 
reinforced-concrete design procedures amply cover errors resulting from the assumption. 
Tables of value to the designer of reinforced concrete footings and other information of 
value in foundation design will be found in ref. 19. 

Steel-Grillage Footings. Footings consisting of structural steel grillages encased in 
concrete were widely used before reinforced-concrete design and construction were developed 
to their present state. Steel grillages may occasionally be preferable to reinforced-concrete 
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Fig 4 Plain concrete footmjjs Plain concrete footings are rarely used today except under very light 
buildings Where any considerable bearing area on the soil is necessary it is almost invanabfy eco¬ 
nomical to use a reinforced-concrete footing In rare cases where rock or high bearing value is near 
the surface it may occasionally be advantageous to use plain concrete footings under fairly heavily 

loaded columns. 


footings today. Information on their design may be found in ref. 10 and in many steel 
handbooks. 


Plain concrete-column and wall footings because of their size and weight have been 
generalh- supplanted by reinforced-concrete footings. Plain footings are, however, oc¬ 
casionally advantageous and if used 



their thickness should be not less 
than 8 in. nor less than twice the 
maximum offset. Fig. 4. 

Footings at different levels, 
whether they support the same or 
an adjoining structure, should com¬ 
ply with hmitation.=5 indicated on 
Fig. 5, unless adequate provision is 
made by a retaining wall for the 
lateral support of the material carry¬ 
ing the higher footing or unless test 
data on a cohesive soil shows the 
average stress to be not more than 
25% of the shearing strength of the 
soil. 


Fig. Footing? at different levels. Footings at different 
on a non-oohe'?ive soil .'should be designed so that the 
slope of the line joining their adjacent lower edges does not 
exceed 11 '2 to 1 On cohesive soil a careful analj'sis of sta- 
lality against shear failure should be made, and no simple 
“rule'’ applies to such cases. 


Settlement and Stability of Foot¬ 
ings. Footings resting on cohesive 
soil should be checked by eq. 47, 
Sect. 7, for stability against shear 
failure. In the case of a lieavy or 
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important structure estimates of prospective total and differential settlement? should be 
made before acceptance of the design as satisfactory. If a load test has been made, settle¬ 
ment estimates based on it should be prepared. It shouhl be kept in mind that load tests 
furnish the best possible data for estimating the settlements of non-cohesive soils. Settle¬ 
ment estimates based on consolidation tests should, furthermore, be made if cohesive soil 
underlies the foundation. 

If estimates indicate the 
probability of excessive 
differential settlements, 
consideration should be 
given to the possibility of 
equalizing them by vary- 
ingthefooting dimensions 
and depths in ways which 
will be suggested by eqs. 

26, 27, and 28 of Sect. 7. 

A final adjustment of 


D D D D D 0 

D D D D D D 

(a) 


footing areas may be de¬ 
sirable to insure that - - . . . 

prospective slight and P) H H fl FI PI 

acceptable differential LI U U LI U U 

settlements of the ends of 

walls and the corners of fl H H FI H fl 

buildings may be such as U U U U U 

to insure the ends and ----/-1- ^—-— -— 

corners settling a little -- 

less than the central por- 

tions of walls. Slight dif- g Some di?ht differential -setticmeiit^ ar> inoie tioud*'!" 

ferential settlements may than others Where .•'ottleuienr-' me uii'Mia'-h .nul »hj:ht d ih-’ i ' ai 
produce unsightlv cracks settlements probable, u is betrt r t<« huv*- i. ' I'ns 

• ® 'll T ..u settle slightly more than the end* than r<> ha\“ “^nd.* mure 

in a masonry t\all if the than the center (a) If the end- <>f a ^eirle -liLrlitl} ncrc 

ends settle more than the than the center. un*iirhtly cra«.k' dl - >1 i n fr >ni rh** Tn!i-. t f the \\ iiuiuws 
center, Fig. 6a, whereas, to the cornice (W If the cent.-r of a biuldm - -rttles .litntly mors 

.... ® • *u than the end', the greater cro*3-s“ctif}nal area f'l The luatf-ruii jvaila^de 

if the reverse is the case, take tension nummizes the crack? and !! >.'»* that -f’l'ur are less 
Fig. Qh, the greater area unsightly a-'d obieenonabU' 

of masonry available to 

take tensile stresses in the lower and more ma-^Mve porfon of the wml' makc'j the develop^ 
ment of cracks much less probable and small cracks, if th.'t- occur, will iv^t be <d)tru'‘ive 
Footings Subjected to Horizontal Loads. Footing *oundUK'n* ot retaining walls, 
towers at the end? of transmission lines, and other structure* subjected to con'tantly ap¬ 
plied horizontal forces demand special consideration. 

In the case of a retaining-wall foundation on non-cohe.?ive soils, or on cohc'-ivo soil so 
thoroughly preconsolidated that appreciable settlements are improbable. *'abihtv cm be 
assured by providing for: 

(a) Sufficient passive pressure to prevent sliding, Fig 85, Sect. 7. 

(5) Maximum pressure under the toe of the foundation within the allowahlr hearing 


Fig. 6 Some slight differential setticineiit^ ar> inoie uh,--. tioiij.*'!" 
than others Where .*ottleuienf' aie uii‘\ira''it .md '-light d ih*’ i ^ ai 
settlement? probable, it is betrt r t<« have rhi‘ 11 fir> ’ rh" ! I ens 
settle slightly more than the end* than r<> ha\“ ‘^'e “^nd.* '-‘tth^ mure 
than the center (a) If the enfl- f>f a bi''^di:ig ^etrle 'hglitb more 
than the center. un*ightly cra«.k' ■\ dl .ij i n fr mi rh'* tu! ' t ^ the iiui'ovs 
to the cornice (6) If the cenci-r uf a building v'ttle? 'hgf'tly more 
than the end-, the greater cro*3-s“ctional area uf the luatt-rial jvailaMe 
to take tension minimizes the crack? and th-.'f* that .f’l'ur are less 
un*ightly a-'d objeenonabU' 


value of the soil. 

(c) Location of the resultant of all forces acting on the bottom of the foundation within 
its middle third in order that there may be no uplift on the heel 

(tf' Adequate drainage of specially selected backfill material placerl imm*''!! bcdiiiul 
the wall to prevent hydrostatic pressures on the wall or the furinatioii oi ic* lUii'O' and 
consequent horizontal thrust in excess of anticipated earth pics'urc'. 

Where a retaining wail is to be earned by a partialh cousolnlate 1 (adiusive 

soil subject to piogressive settlement requirenieiits. a, b, and ^ enumerated .ib'ive 'douhi 
be met and in addition pressures under the foundation '-hould be equalized b' u Mifficent 
extension of the toe to insure the re-ultant ot forces acting on the under>idc oi tiic founda¬ 
tion being at it» center rather than merely \\ithin the miildle third. Furthc more, m *iich 
cases settlement estimate.? should he made and the stability against 'O- ar failure of the 
entire wall and the backfill behind it investigated by cylindrical slide arialv'i* of the type 


described in Art. 8. Sect. 7. 

In designing tower foundations it is desirable, if possible, to provide sufficient weight 
in the footings on the side away from the direction of any constantly appUod horizontal 
pull to prevent uplift. Such massive foundations are, however, expensive, anil economy 
may dictate the use of footings providing some anchorage in the soil In 'lu h cases 
friction on the sides of footing should not be relied upon, as maximum uplift will be -au^ed 
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by a combination of dead and wind loads most probable in a stormy period when soil 
strength is minimized by saturation. Footings designed to develop resistance to uplift 
by anchorage should have projecting flanges around their bases. Fig. 7, and the weight of 
onl\' the soil directly above these flanges should be considered as available to resist uplift. 

Actually a considerably greater weight 
of soil will act, but the material will 
be backfill and therefore somewhat 
untrustwmrthj' and unpredictable. 

Special conditions should be con¬ 
sidered in designing footing founda¬ 
tions of unusual structures, particu¬ 
larly if they rest on unconsolidated, 
saturated cohesive soils, the settle¬ 
ment of which will be accelerated by 
drainage. The presence of a boiler in 
a basement or a furnace in a metal¬ 
working shop may, for example, raise 
the temperature of a clay sufl&ciently 
to promote rapid migration of water 
away from heated areas by thermo- 
O'^mosis and cause serious differential 
'Settlements Similarly, the possibility 
and probability of the water table 
being lowered by leakage into sewers 
and deep basements, drainage into 
deep excavations, and pumping from 
wells should also be considered. It 
should be kept in mind that lowering 
of the water table promotes settle¬ 
ment by not only accelerating the 
drainage from saturated cohesive 
strata but also by increasing the 
effective loading on such strata 
through substitution of the total 
weight of overlying partially satu¬ 
rated soil for the much smaller buoyed 
weight of the same material. 

The firm seating of footing foundations on undisturbed soil is important. The surface 
of the soil at the bottom of the excavation in which a footing is to be poured should be 
freed of all loose material before the concrete is placed, thus insuring that the footing rests 
on firm undisturbed material. This is especially important where the soil is a clay or cohe¬ 
sive silt inclined to work up into a soft slurry under the feet of men engaged in setting rein¬ 
forced steel and doing other work which must be done after the final completion of the ex¬ 
cavation In such cases it is highly desirable to increase the depth of the footing a few 
inches and pour a layer of plain concrete from 4 to 6 in. thick in direct contact with the 
freshl\- cleaned earth. The footing is then constructed on the resulting concrete working 
platform without risk of undue disturbance of the soil. For information on the sheeting 
of footing excavations and the construction of the land cofferdams in which large and deep 
footings are occasionally built, see Land Cofferdams, Art. 9. 



Fig 7 Tower footing subject to uplift In designing an 
I’anchor footing’' of this type only the weight of the foot¬ 
ing and the soil within the prism defined by .4, B, C, and 
D should be considered as available to hold the footing 
down It is preferable to provide sufficient weight in the 
concrete of the footing, as thoughtless excavation around 
an “anchor footing" may destroy its stability against 
uplift. 


4. MAT FOUNDATIONS 

Mat foundations may be considered a special type of footing foundation in which the 
footings are so large that they not only touch each other and cover the entire ground area 
of the structure they support but are furthermore so rigidly connected that differential 
settlements are minimized. Early attempts to construct mat foundations of masonry or 
plain concrete usually failed because the material of the mat had insufficient tensile strength 
to withstand the bending stresses to which it was subjected. The development of rein¬ 
forced concrete, ho-wever, has made mat foundations practicable and they are now a rec¬ 
ognized foundation type, the characteristics, advantages, and weaknesses of which should 
be known to all engineers practiemg in the foundation field. 

Natural mats consisting of a stratum of firm material overlying soft, compressible soil 
may be used to reduce differential settlements. Figure la illustrates such a natural mat in 
the form of a thick stratum of firm sand at the left side of the diagrammatic drawing. If 
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this stratum is of sufficient thickness and strength, the proposed building might be moved 
bodily to the left as indicated by dotted lines and earned on piles driven to the sand 
Unfortunately it is impossible to determine the strength of such a naturaljnat with any 
degree of precision by computation, and dependence must be placed on experience to show 
the weights and spacing of foundations it can support without serious differential settle¬ 
ments developing. If piles are used to carr\' the foundation loads down to the firm ■erratum, 
care must be used not to drive them too far into the natural mat with the result that they 
will subsequently punch through it under their applied load In such an analysis the safe 
shearing strength of the material of the mat should be applied not only to the perimeter 
area of individual piles and comparf*d with individual pile loads but also to the periineter'j 
of pile groups and compared with the loadi they support. A thorough investigiticjii ui the 
stability of such a foundation again?-t rotational shear failure should aUo o. made, an i 
prospective settlements should be studied by estimates based on consolidation tests of the 
soil below the mat if this soil is cohesive. 

Strata of soft limestone which may he used as natural mats are foun i in many loealitie-s. 
Such strata are in general much more satisfactory than natural mats of firm soil, hut cam- 
must be exercised to guard against placing heaving foundations over the cavern^ that 
frequentb’ occur in many limestones. Where heavw foundations are carried on eri<i-b;ar- 
ing piles resting on limestone, the po-ssibility of dangerous cavernous situation- >houid be 
thoroughly explored in the subsurface investigation. 

Reinforced-concrete mats may be used to obviate seuous differential setileme:.:.- on 
sites where small localized pockets of compressible soils exist below foundation ievi-I hi.t 
the bearing value of tlie material underlying the greater part of tlie area is roa-orahu- 
satisfactory. Such mata are designed to carry occa-ional mdiviilual column loads v.ntl o-it 
soil support immediately below them and to minimize diffeiential settlements that othei- 
wise might be caused by sligln differences in the bearing value of tin. '>uil throughout 
the building area. The prelimmary investigation of the pru'n''abilit\ of a leinio’, <.(1- 
concrete mat should consider the effect of its dimensions on pro-pociive settlement t' e 
analysis being made by methods outlined for determining the effect of the widthr an l 
depths of footings on probable settlement If the soil is cohesive a tlmrough -tud' oi ri.,' 
stabikt^' of the foundation against rotational shear failure should be mad^- a- n an i 

spectacular sheai failures liave been experienced with large, liciivdy iiAidod i\ Foum Ij- 

tion mats may bo designed as reinforced-«“oncrote beam and girder structm'os or a-- tlii^ k 
reinforced-concrete slabs, the normal procedures of reinfor«*e<i-concrett' d.-ign hemg u-c 1 
in either case. Flat slabs are usually preferable to htam and girder -Mat- as the Iatt> - 
obstruct the basement floor senouslv Beams and girders -should not 'or- pla/ed helov the 
slab as the trenches nece—are for their connruction dis'urb the •^oil too <eriou^lv au i ii-- 
duce greatly the bearing value of a considerable iio'-tion of the jv* Uihle beaime ar'-a. 
Sufficient flexural strength sliould be provided in a reiniorce>I--oniTete mat ’’o on-vent 
serious deformation and consequent differential .settlenicnt if the pressure develoj.cd under 
the mat deviates materially from the uniform pressure that will he assu>’ied in the earb- 
phases of the design .A.ctualiy little quantitative information i- available a- to the cxtmit 
to which the pressure will deviate from uniformity It i» known, however, that the perim¬ 
eter pressures will exceed tiie average pressures on a cohesive soil and will };c lower than 
the average on a non-cohesive soil. The structural strengtli of the mat in anv case -iiould 
be .sufficient to tolerate a pressure under the outer bars 25'''c higher than undm Uie interior 
bays on a cohesive soil. On a non-cohesive soil the pressure under tlm exterior ba\ s may 
be a-sumed as 25U; less than under the interior bays. 

The use of thick reinforced-concrete mats to inimrnize differential settlements of louiiUa- 
tions on relatively soft cohe'^ive <oi!s is not recommended as the great eight of a mat ut 
tiie requisite tlucknes.s promotes excessive total settlement. For example, the weigiii of 
trie reinforced-concrete mat S ft thick under the National Theater in Mexico t it', almo.-t 
equals the weight of the superstructure and has undoubtedly been at least partially re¬ 
sponsible for the building settling more than 6 ft in 4U years. 

Floating foundations, cuiisi?ting of deep reinforced-concrete basements the -idewalF. 
floors, and interior framing of which are designed as big ‘‘haiges’’ stiffened mTeinall\' bv' 
bulkheads that may take t!ie form of Vierendeel trusses arc much more saii'<factury than 
thick concrete mats where a heavy building must be carried on a clay whicti cannot be 
classified as firm. 

An outstanding pioneer foundation of this t\ pe which focu-ed attention on its possibilities 
was constructed for the Albany Telephone Building, see refs S and 9. The general features 
of this foundation arc shown on Fig S. The de'^ipn provided for a weight of excavated 
material substantially equaling the combined weight of the foundation and superstructure, 
With the result that the building caused no increase in tlie pres-ure on the stratum that sup¬ 
ports It. No serious settlement has occurred and the foundation is an unqualified success. 





!'i<- *5 I uiui'iivtKjn of t111 Alban\ Tol«-i>hone T^uildin;^ Tfi#* ]>a'^*ment of the buildm;'i« a riirnl frame 
C(m< rote -truiture •'tifYen-<1 \Mtli VierenJoei tru-ws It m effect a iarae remforeed-ooncreto 

bar;re ‘^o h:rht in weunt that tiiC building doe? not it>ad the etrat'.m ujxm wluth it rc't- inorf ht a\ ily 
than u \v.a' foniieri\ loade<i by o^erburderl fal Heaimg mat and basement C framin': L'niforni 
settit uu lit .J f Liv 'ioii and low cost dictated < hmce of mat <h) Framing of basement B floor system 
Cc) Cro'S -section of rigid frame foundation From En^g Xeu’S-Rec , November 27, 1930. 
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Firm seating of mat foundations on undisturbed soil is as important as the firm seating 
of footings. The provision of a plain concrete working platform on the bottom of the ex¬ 
cavation immediately after the soil surface has been cleaned and freed of all loose material 
more often necessary for the satisfactory construction of mat foundations than it is for 
footings. When an excavation for a large mat is made, the elevation of the soil in the bot¬ 
tom of the excavation should be carefully checked for “heave’' or uplitt due to the relief of 
pressure and subsequent plastic flow caused by the 'weight of the surrounding material. 
Such uplift, if it occurs, will probably subside when the mat is loaded but cognizance must 
be taken of the deformation and settlement which wiH accompany the subsidence. 

The large land cofferdams in which mat foundations are usually built are discussed 
under Art. 9, Land Cofferdams. 


6. PILE FOUNDATIONS 

Pile foundations support many important buildings and structures, among which are 
masterpieces of not only modern but medieval and ancient architects and engineers. But 
the success with which pile foundations support a wide vaiiety of structures on an even 




Fti; Pu-ca-x cuiu r>'U' pUet Prcr.c^t are n^cl t xtp-n«ix p’y m wat(-r-fronx structures and occa- 

bionaliy m foundation work a'^hoie. "'i” cialK il a fonsiderai k of the pile will he free standing” 

between liie ground surface and tlie strueturc 1 *h < ,ret pile-' aie aHo u^ed to support many bridges 
C'ourtesv of Portland Cement As'iociaiion 


■wider variety of geological formations should not lead to the assumption that piles are a 
panacea for all foundation problems. Today there i'i little justification foi the once-popular 
policy of providing pile foundation's for practically all lieaAw structures that did not clearly 
demand support by piers or caissons earned down to rock or liardpan. This was a policy 
that without doubt led to the driving of many unnecessary- piles, and occasionally to the 
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Raymond Standard 
Concrete Pile 


Fig 10 Cast-in-place concrete piles Cast-in-place piles are made by pouring concrete into a shell 
a close-fitting internal mandrel while being driven Other shells and pipes are strong enough to stand 
filled All drawings except that of Monotube pile by permission, from Foundation^ 


driving of piles that did more harm than good. For piles driven through a stratum of 
moderately firm soil into an underlying stratum of sensitive clay may, by remolding the 
latter and transfeirmg the effective foundation load to the lower stratum, reduce the bear¬ 
ing value of the foundation the piles were driven to support. Modern foundation practice 
makes frequent use of piles but adopts them only after a thorough study of subsurface 
data indicate^ their necessity or their structural and economic advantages over alternate 
procedures. The di.scussion which follows deals with foundation piles. For information 
on pi!e« used in the construction of water-front structures, see Section 21. 

Foundation piles may be classified functionally as. 

(a,I Fuction piles which by skin friction distribute load throughout their length to the 
soil into which they are driven. 

(6' End-hearing piles which carry a load through soft soil to firmer underlying material 
on which their tips rest or into which they are driven a short distance. 

Both friction and end-bearing piles may be further classified according to the material 
of which they are made and in some cases are subject to subclassification as indicated below. 
Material classification of piles distinguishes between: 

1. Timber piles which are further subclassified as: 

(a) Untreated piles. 
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Temporary 



Cap and Pipe Concrete Fill Initial Stage in final fiesta! Pile with Thin Pedestal and 

Driven by Rammed Down Making Simple Pile of Plain Steel Shell Thin Steel Sh^ 

Mandrel as Pipe is Pedestal Pile Concrete Combined 

Withdrawn 

Some cast-in'-place concrete plies made by MacArthur Concrete Pile Corp (Similar construcbon Is used by others) 




National Tube Co. Oosed-Efld Open-End Driving Pipe Left in 

Pipe Pile Pile Pile Place if Needed 

(not customaiy) 


Thin Shell to Hold 
Concrete 

(driving pipe remowd) 


Some sted pipe, concrete-filled piles 


Western Foundation Corp. button-bottom piles 


or pipe previously driven into the ground Light shells and pip>es an* teiiii>ora;iIy strengthened with 
driving without such support Some untapered pip>e shells are withdrawn from the soil as they are 
of Structures, by C W. Dunham, copynghl, 1950, iVlcGravi-Hill Book Company. 


(6) Treated piles which have been impregnated (usually with creosote) to inhibit 
damage by decay, boring insects, or marine borers. 

2. Concrete piles which are further subclassified as. 

(a) Precast piles (see Fig. 9 for typical characteristics). 

{b) Cast-in-place piles (see Fig. 10 for widely used types). 

3. Composite piles (see Fig. 11) consisting of a timber lower section surmounted by a 
concrete section v'hich may be either: 

(а) Precast. 

(б) Cast-in-place. 

4. Steel piles which are further subclassified as: 

(а) H-beam piles. 

(б) Pipe piles. 

(c) Drilled-m caissons. 

5. Sand piles —now more commonly and properly called sand drains. 

Timber piles should comply with the specifications of ref. 5 the more important pro¬ 
visions of w’hich are outlined below for convenience. 

Untreated timber ■‘foundation piles and untreated timber piles used for the temporary 
support of falsework may be of any sound timber that will stand driving. Piles more than 
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Step-taper sections for- 
Tenon type composite 
plies usually start 
with #4 Of #5 


Step-taper sections for- 
Wedge type composite 
piles usually start 
with #2 or #3 


Raymond 
Composite Pile 



Tenon Joint, 
with seating ring 



Precast upper 
section 


Tenon Joint 
with rod, pin, 
and socket 


Pipe sleeve 
connection 


Timber lower 
section 


Wedge Joint with 
wedge ring forced 
Into the head of 
the wood pile 


(b) 


Composite-Pile 
Connections 


(a) 

Fig 11. Composite piles Composite piles consist of a concrete upper section and timber a lower 
section or tip It is e^i'sential that the junction l^tween the concrete and timber portions of the pile 
be below the water table or the timber will rot (a) Composite pile with cast-m-place upper section 
By permission, from Foundaticm of Structures, by C. W. Dunham, copyright, 1950, McGraw-Hill Book 
Company (6) Composite pile with precast upi.>er section If used in water-front structure, the joint 
between sections must be below mud line. 


40 ft long will, however, probably of necessity be southern pine or Douglas fir. Piles should 
be free from defects which may impair their strength such as decay, splits, twist of grain 
exceeding one-half the circumference in any 20 ft of length, large knots or holes, knots in 
clusters or groups, or shakes more than one-third the average diameter of the pile. Piles 
should taper uniformly from the point of butt measurement to the tip, should be free from 
short or reversed bends and from crooks greater than one-half the diameter of the pile at 
the middle of the bend. A line drawn from the center of the butt to the center of the tip 
should he within the body of the pile. All knots and limbs should be trimmed or cut 
smoothly flush with the surface of the pile. Ends should be cut square with the axis of 
the pile. If peeling is required it should leave the pile smooth, clean, and free from inner 
bark. Untreated foundation piles need not be peeled unless they are to be stored for a 
considerable length of tune before driving, m which case it is desirable to have the bark re¬ 
moved as it harbors destructive boring insects and their eggs. 

The diameter of piles measured 3 ft from the butt should be between 12 and 18 in. The 
diameter of pile tips should be not less than 8 m for piles less than 40 ft long. Piles 40 ft 
long and longer should have tips not less than 6 in. in diameter. A tolerance of 0.5 in. less 
than the given diameter should be allow'ed in not more than 25% of the pieces of that 
diameter. 

Pile lengths should be as ordered. Piles from 16 ft to 40 ft long inclusive should be 
ordered in lengths which are multiples of 2 ft; piles longer than 40 ft should be ordered in 
multiples of 5 ft. A variation of 6 in. should be allowed in the length of an\' one stick but 
the average length in a shipment should equal or exceed the billed length. 
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Treated timber piles should comply with Specification C12-51, Standard for Creosoted- 
Wood Foundation Piles, of the American Wood Preserver’s Association, should be creosoted 
in accordance with the Association’s Specification C3-53. Standard for the Preservative 
Treatment of Piles by Pressure Processes, and after treatment should be handled in accord¬ 
ance with the Association’s Specification M4-52. Standard Instruction for the Care of 
Pressure-Treated Wood after Treatment. 

Treated timber foundation piles should be southern pine, Douglas fir or red (Norway) 
pine; all of which are acceptable under the above-mentioned specifications. Southern pine 
IS preferable because of its wider sap 
ling. Creosote does not penetrate 
heart wood appreciably. Southern 
pine piles intended for treatment 
should have a minimum sap ring of 
2 bh in. Douglas fir and red pine 
should have a sap ring as wide as pos¬ 
sible. Piles should be peeled and if 
possible air-seasoned for from 4 to S 
months before treating. If this is im¬ 
practicable the piles should be steamed 
or boiled in the preservative in accord¬ 
ance with the above-referenced speci¬ 
fications. 

The preservative should be creosote 
complying with Specification Pl-o3, 

Standard for Creosote, of the Ameri¬ 
can Wood Preserver’s Association and 
should be applied in accordance with 
the Association’s Specification Cl-53, 

Standard for Preservative Treatment 
by Pressure Processes—All Timber 
Products, as amplified and modified 
by the above-mentioned Specification 
C3-53. 

The heads of treated foundation 
piles should be given at least two heavy 
brush coats of hot creosote, the first 
coat to be applied immediately after 
the pile is cut off to grade, in order 
that the untreated heart wood may 
be protected from dry rot. An even 
better method is to drive a knife-edged 
ring of heavy sheet steel 4 in. wide into 
the top of the pile immediately after 
it is cut off, Fig. 12, fill the resulting 
shallow basin with hot creosote, and 
allow it to soak into the end grain of 
the wood for 24 hr. After the appli¬ 
cation of the second brush coat or the 
termination of the soaking-in period 
the pile head should be given a heavy' 
brush coat of hot coal tar. 

In handling and driving creosoted piles care must be taken not to penetrate or damage 
the treated sapwood with cant hooks or by rough handling and thus admit spores of dry 
rot, larvae of boring beetles, or marine borers to the untreated heart wood. 

The splicing of timber piles, both untreated and treated, is readily accomplished by 
methods illustrated in Fig. 13. Splices are made after the lower section of pile has been 
driven piactically flush with the ground. 

Lagging is sometimes attached to timber piles to increase their frictional resi'?tance and 
bearing power. Its effectiveness is debatable. Unquestionabl\' it increases the resistance 
of a friction pile to driving and the Ijearing capacity of a single pile as indicated hy a load 
test. But whether lagging increases the capacity of piles to carr\- foundation loads depends 
upon characteristics of the soil, foundation, and loads. A single lagged pile, or a small 
group of witlely spaced lagged piles, will distribute load to underlying strata over a larger 
area than if the pile or piles were unlagged and consequently will settle less. But the 
bulbs of pressure of a large number of closelv spaced piles intersect so extensively that 



Untreated heart wood 
Treated sap wood 
Sheet steel ring 



Plan 


Fig 12. Protecting head-s of creosoted foundation piles 
at cutoff Where creosoted piles are U'-ed to support a 
foundation it is usually because of the difficulty or im¬ 
practicability of providing cutoff of untreated timber 
piles below the existing or probable future water table 
In such cases great care must h- u^eli to i>revent the 
infection of the untreated heart wood of the pile with 
the spores of dry rot A heavy brush coat of hot creo¬ 
sote should be given immediafehj after the pile has been 
cut off. It IS then advi-^abie to follow up the finish coat 
with the “soaking m" procedure shown above and de¬ 
scribed in the te.xt 
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lagging has little effect on the intensity of stress in compressible soil below the pile tips 
and hence little effect on the settlement caused by long-contmued loading of the foundation. 
Lagging has about the same effect as increasing tlie diameter of a friction pile. It will 
increase the bearing capacity* of a single friction pile and a small group of widel\' spaced 
friction piles driven into and underlain by cohesive soil, particularly if a large percentage 
of the total load l5^ live load applied intermittently for short periods. Lagging is m general 
ineffective on piles closel\’ spaced in large groups. 

Concrete piles, both precast and caat-in-place, hav'e been the subject of large volumes 
of technical literature. References 4 and 16 contain much information of practical value 
on concrete piles. 

Precast concrete piles are usually more expensive than c^t-in-place piles and are there¬ 
fore less frequently used in dr\'-land foundation work. Their carrying capacity will as a 

rule be limited by the sup- 


^ Top pile porting strength of the 

pipe soil, but consideration 

should nevertheless be 
X V' bar given in their design to 

the requirements that 

= ^ ^Bottom pile ,, u ui * ■ 

o A-A they be able to carry their 

o I || service loads without 

I L overstress and that they 

Q. il —m T I reinforced sufficiently 

^ j I ' fPTil permit lifting, hand- 

If! i ■* y 

A ‘thy loads are concerned 

t d ”5 t I r i the design of precast piles 

I ! ^ li I which do not protrude 

c 1 I J r I I I above the ground surface 

s L—Ull jL'*’ — + ‘1^:, ‘ Tr“'t; may be based on the usual 

1 ry i formulas for short con- 

w. I ^ Crete columns with either 

% I ^ If/ \\i spiral wrapping or lateral 

.3 /t/‘V X hoop ties around the axial 

I S (I I » 1 I reinforcement and w’ith 

j: : I !~>- 4 aiU ^ such additional axial re- 

inforcement as may be 

Fio 13 Splicing timber piles By permission from PtZc Foundon'ona, necessary to give the piles 
by R D Chelhs, copyright. 1951, AlcGraw-Hili Book Company sufficient flexural strength 

to permit their being 

lifted and handled without cracking. The spacing of the spiral wrapping or hoop ties 
should also be decreased at the heads and tips of the piles as indicated in Fig. 9 to inhibit 
shattering of the concrete during driving. If part of the pile will be free standing above 
the ground surface it should be designed by a column formula applicable to the condition 
of fixity that will exist at the top and with an assumed condition of fixity 5 ft below the 
ground surface if the soil is firm and 10 ft below the surface if the soil is soft. At least a 
1 1 / 2 -in cover of concrete should be provided over the outermost reinforcement to protect 
the steel from corrosion. 


'4 bars 4' x 


bolts 


Splicing timber piles 


ermission from Ptle Foundations, 


by R D Chelhs, copyright. 1951, AlcGraw-Hill Book Company 


Design of the reinforcement to withstand bending stresses due to lifting and handling 
is based on standard reinforced-concrete beam formulas and should take cognizance of the 
number and location of the proposed pickup points for the attachment of slings. A liberal 
allowance for impact should be made in computing the bending moments, some specifica¬ 
tions requiring the addition of as much as 100% to the statically determined moments. 
The great importance of the number and location of the pickup points is shown by Fig. 14. 
It is usual to provide inserts in long heavy piles for the attachment of lifting gear. Piles 
up to 60 ft long are usually lifted with wure-rope slings around them, the corners of the piles 
being protected by wood lagging. 


Precast piles should if possible be made in a casting yard near the job site because of the 
difficulty and expense of transporting them. The casting platform, usually of wood but 
occasionally of cement-bound macadam or concrete, must be level, smooth, and on firm 
ground that will not settle under the considerable weight of the curing piles. Forms, 
Fig. 15, are generally made of wood, though metal forms are economical on large jobs be¬ 
cause they can be reused many times. The forms may be set as close together as convenient 
and the piles moved to a storage yard as soon as they are strong enough to stand handling. 
Another method is to space the forms for the first lot of piles cast on centers twice the width 
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of the piles in order that the first lot cast, with building paper against them, may be used 
as forms for the second lot. A second and even a third and fourth tier of piles may then 
be cast on top of the first, making it possible to produce a large number of piles in a small 
space. 

Reinforcement should be assembled into cages. These must be well supported in the 
forms a» they are very likely to get out of position during the pouring of the concrete. 




Fig 14 Pickup points and handling gear for precast concrete piles The bending stresses caused by 
picking up and handling precaat concrete piles are greatly influenced by the number of points of attach¬ 
ment of the slings and the locations of the points 

The concrete mix should be proportioned to produce material having an ultimate strength 
of at least 3500 lb per in.^ m 28 days. Xo aggregate larger than 1 1/2 or more than three- 
fourths the minimum clear space between the reinforcing bars should be used. The 
concrete should contain not more than 6 gal of water per sack of cement including the w'ater 
in the aggregate. It should have a 3- to 4-in. slump for hand placing and 1- to 2-in. slump 
if vibrators are used, ^'lbratlon with internal high-frequency vibrators giving 3600-7000 
impulses per minute is strongly recommended. To prevent air voids on the undersides 


Cross ties-3' o.c. 




Fig 15. Forms for precast piles. Courtesy of Portland Cement Association 

of form surfaces of octagonal piles, this part of the pour should be thoroughly spaded or, 
better still, vibrated with a blade or a loop of rod attached to the vibrator head. 

Top surfaces of piles should be finished ■with a w'ood float when the surface sheen has prac¬ 
tically disappeared from the wet concrete Test cylinders should be made for at least 
each set of 25 piles cast and at least one set of cylinders should be made on each day piles 
are poured. Compression tests should be made on these cylinders in accordance with ref. 1. 
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High early strength cement may be used in precast piles when necessary to permit early 
handling and driving. 

Precast pile forms should remain in place at least 24 hr after the piles are cast. Piles 
made with standard portiand cement should then be kept soaked for at least 7 days either 
by ponding or covering with burlap, tarpaulins, or sand kept saturated by frequent sprin¬ 
kling. This is necessary for only 3 days with piles made with high early strength cement. 
Piles made with standard and high early strength cements will normally be ready for driv¬ 
ing in respectively 2S and 7 days. The usual precautions should be taken against damage 
by low temperatures when piles are cast or cured m cold weather 

Holloir, cylindrical cast-in-place piles have been made by the centrifugal casting process. 
More recently large hollow centrifugally east piles have been made in short sections with 
longitudinal holes cored in the walls through which steel cables are subsequently strung 
and used to prestroas the sections by the method of post-tensioning and assemble them into 
a pile of an\' desired length. The prestresaing cables are finally grouted into place. Many 
rectangular prestressed piles have been made in Europe by the pretensioning method. 
These types of piles are in general patented and are made and driven by the owners of the 
patent or their licensees 

Cast-in-place concrete piles are made by driving a metal form into the ground and filling 
it with concrete. The\' may be subclassified as: 

Mandrel-driven piles with thin metal shells, of which the Raymond pile is the most 
widely used in this country. The shell of the standard-type Raymond pile tapers at the 
rate of 0 4-in. diameter per foot of length and is shipped in 8-ft sections which fit together 
with a tight overlap in telescopic fashion. The shell is of corrugated sheet steel which is 
usually of 14 to 20 gage, but metal as heavy as 10 gage and as light as 24 has been used. 
It is driven with a hea\"j'-steel mandrel inside it. After driving the mandrel is removed, 
and the shell is inspected by lowering a light into it and Ls filled with concrete. The 
standard Raymond pile is available in lengths up to 37 ft 6 m A variant, the step-tapered 
pile, is available in lengths up to 80 ft. Both standard and step-tapered Raymond piles 
are shown in Fig. 10. 

Cast-in-place cased concrete piles driven without a mandrel have steel casings heavy 
enough to stand driving. A widely used type, the Monotuhe, has a tapered steel shell 
of gages varying from No. 3 to No. 11. The shells are fluted to give them added stiffness. 
They are driven, inspected internally, filled with concrete, and finally any excess shell 
at the top is cut off with a torch. 

Cast-in-place uncaged piles of which the Simplex and MacArthur are commonly used 
types are placed by driving a heavy untapered pipe casing, filling it with co ncrete, and then 
withdrawing the casing. The Simplex pile is driven without a core, a metal shoe closing 
the end of the casing being left in the ground. The MacArthur pile is driven with a core 
which fills the casing and is withdrawn before the concrete is placed. If an enlarged foot 
or "pedestal” is desired it may be formed on the MacArthur pile by replacing the core after 
the casing is partially filled and has been pulled up 3 ft or so. Driving the core lightly 
then forces concrete out of the bottom of the casing to form the enlarged foot, Fig. 10. 
The pile is completed by filling the casing with concrete and withdrawing the casing. 
Vnca.-ied concrete piles are objectionable in soils of sucli character that driving a pile will 
deform a nearby pile the concrete of which is still plastic. To offset this difficulty a light 
casing may be slipped inside the heavy one before the concrete is poured. This light casing 
i-^ left in place and the pile then becomes a special type of cased pile. 

Composite piles consisting of timber low'er sections and concrete upper sections, Fig 
11, are widely used. The upper sections may be preca.st, connected by either a pipe sleeve 
or dowel pin to the previously driven timber section and then used as a follower to drive 
the timber down until the entire pile is to grade. In other types of composite pile the 
concrete section i'- cast in place and is usually of the Raymond type. 

Composite timber piles may be made by splicing a treated upper section onto an un¬ 
treated lower section by one of the methods ilIu^t^ated in Fig 13. As in other types of 
composite pile it is e'^^-^ential that the splice be below the water table. 

Steel piles are used much more extensively today than in the early decades of the 
century, the increase being largely attributable to the versatility of H-beam and pipe piles 
DriUrd-in caissons are employed for the special purposes for which thev were developed. 

Strfl H-hram pil( s consist of heavy rolled H sections, the webbs as well as the flanges of 
which are thick enougii to prevent moderate corrosion seriously weakening the pile. H 
beams drive easily, can be spliced readily by welding. Fig. 16, to make piles of great length, 
and therefore can be used as end-bearing piles to transmit loads to deep-seated firm strata 
which it would be impracticable to reach with timber or concrete piles. H-beam piles are 
occasionally spliced by reveting or bolting, but splicing by welding is standard practice 
today. A valuable characteristic of H beams is their ability to penetrate deep beds of soft 



PILE FOUNDATIONS 


8-21 


soil containing thin lenses of firm sand» or sand and gravel, through which it would be 
difficult if not impossible to drive timber or concrete piles. The small cross-sectional area 
of H beams furthermore minimizes the volume of earth displaced and thus practically 
eliminates any tendency of H-beam piles to heave the soil and with it nearby previously 
driven piles—see subsequent paragraph in this article on pile driving. The foundation 
of a nearby existing structure is less likely to be disturbed by the driving of H-beam piles 
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Typical Details of Cutoffs and Bevels at 14BP Splice 



Elevation of Splice 




Detail A} 

L 

0 



0 

Fed 


J 


Detail A 2 



Splice Details cf 14BP73 to 14BPs89-102-117 


Fig. 16 H-beam pile splices The details are of a si'hce contieotiriK a fr*? standing upper part of a 
steel H-beam pile to a lighter lower .section Where the two section'^ are of the .same weight the splice 
IS simplified by the omission of fillers 


than bN' the dri^^ng of timber, precast concrete, or conventional t\pes of cast-in-place 
concrete piles. Disadvantages of the H-beam pile are its high cost and \'ulnerability to 
corrosion by acid soils and cinder fills. 

H beams are more often used as end-bearing than as friction piles. In many cases the 
bearing value of the material on which they rest is so high that their load-carrying capacity 
is limited only by their strength as columns. Table 2 gives the column strength of com- 
monh- rolled H-beam sections and Fig. 17 shows accepted methods of estimating their 
effective column lengths as foundation piles. To increase the contact area of H-beam 
piles that rest on hard rock into wdiieh they cannot be driven it is good practice to reinforce 
the pile tips in some such way as indicated in Fig. IS. 

When H beams are used to reach a stratum of firm non-cohesive soil into which they 
must, how'ever, be driven for a number of feet m order to develop satisfactory bearing value 
it has on occasion been found advantageous to box the pile b\' filling the spaces between 
the flanges. Fig. 19. Tiua mav be done by welding a plate between the flanges, by filling 
the spaces between them with concrete reinforced by rods welded to the steel as shown, 
or by filling the space between the flanges with timber. 





Table 2. Column Strength of H-Beam Piles 
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Column loads in kips for CBP and CB sections 
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Courtesy Carnegie Steel Company. 

Safe load values alxive upper zigzag line are for ratios of It not over 60, those between zigzag lines are for ratios up 
to 120, and those below lower zigzag line are for ratios not over 200. 

8-22 








PILE FOUNDATIONS 


8-23 



Fia. 17 EfYective columii lengtiis of H-beain piles Tests and accumulated exijerience show that the 
degree of fixity afforded by even soft soils is considerably greater than the assumptions upon which 
w’ere based conventional rules for estimating the effective column lengths of H-beam piles The 
procedure outlined in the sketches above is safe and conservative It should be used unless a cognizant 
building code provides otherwise, (a' Pile fully imbedded in soil—even if soil is very soft—consider 
pile fully supported laterally for entire length i6) Pile free standing in water for part of it.s length 
and soil below mud line is soft Consider unsupported length distance from upper point of fixity to 
an assumed point of fi.xity 10 ft below top of soft soil u-) Pile partly free standing in water and sou 
at mud line firm. Consider pile fixed at the mud line 


Types of Point Reinforcement for H - Piles 



Fig is Tip reinforcement for H-lx-’am niles Wherp H-heain piles are to be driven through sands and 
graA-els to rock it is u^ual to reinforce the tip> of the piles against distortion by welding on stiffemng 
plates as shown Courtesy of Bethlehem Steel Company. 
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Lagging Extends 
Below Tip 
(as used for Puerto 
Armuelies pier) 


Fig. 19. Boxing H-beam piles. Courtesy of Bethlehem Steel Company. 


H beams are occasionally used as long friction piles in cohesive soils. In estimating the 
probable bearing value of such a pile by a static formula the perimeter of the rectangle 
circumscribed about the pile section, or “net perimeter,” rather than the actual perimeter 
of the section should be multiplied by the imbedded length of the pile to obtain the area 
to which the unit shearing strength of the soil is applied. Steel and timber lagging has 
been attached to H-beam piles to increase their resistance to movement in soil. It is, 
however, very questionable that money spent on lagging might not have been better spent 
in making the piles longer. 

Bearing plates, unless demanded by building-code requirements, are unnecessary on the 
heads of H-beam piles embedded in concrete when the area of the pile section multiplied 
by the safe working unit compressive strength of the concrete plus the imbedded area of 






PILE FOUNDATIONS 


8-25 


steel multiplied by a safe working unit bond stress equals or exceeds the load on a pile and 
the concrete is adequately reinforced by spiral wrapping or hoops—see ref. 15. Typical 
bearing plates are shown in Fig. 20. 
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Pile Caps 


1-in. diam hole 
for tack welding 
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.4 

B 

1 

t 

Weight, 

lb 

. 4 ! 

B 

1 

f 

Weight, 

lb 

20 

8 

8 i 

3/4 

14 


1 









i 


23 

9 i 

9 1 

13/16 

19 

10 

10 1 

9'S 

23 
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20 
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1 






20 

20 

1 9, '16 

177 


These caps are based on aa allowable bearing value of concrete not exceeding 650 lb per in ■ 


Fig. 20. Bearing plates on H-beara pile heads Courtesy of Bethiebem Steel Company 


Pipe or tubular piles from 10 to 24 in. in diameter with w^all thicknesses from 1/4 to 5/3 in. 
have been widely used, particularly in New York City, as end-bearing piles of great length. 
The piles are in sections about 20 ft long, the ends of which are machined to insure strong, 
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straight joints. Couplings are internal cast-steel sleeves, Tnachined to insure snug driving 
fit, Fig. 21. Occasionally the sleeves and pipes are threaded but this is rarely necessary. 
Sections are added as dri-ving proceeds with only very short interruptions of actual driving 
for the addition of sections. Pipe piles are sometimes driven with a cast-steel shoe closing 
their lower ends After driving they are filled with concrete and thus become a special 
type of oased concrete pile in which the casing is so heavn,' that it is counted upon to carry 
part of the load. More frequently pipe piles are driven open-ended to mmiinize soil dis¬ 
placement and consequent tendency to produce heave of previously driven piles or disturb¬ 
ance of nearb%' existing foundations. In this case the soil inside the pipe is usually blown 
out with compressed air, the end sealed with concrete placed under 
water with a special bucket, and the water blown out with air and 
the pipe filled with concrete after the seal has hardened. The New 
York and Philadelphia building codes permit working stresses of 
500 and 6000 lb per in.” respectively on the concrete and steel of 
such piles and require an assumed reduction of in. in the thick¬ 
ness of the pipe wall w’hen computing the steel area to allow for 
possible loss of metal by corrosion. Specifications of the American 
Raihva>' Engineering .A.ssociation limit working stresses in the mate¬ 
rials of pipe piles to 400 and 6000 lb per in.^ respectively in concrete 
and steel and deduct the outer i '$ in. of pipe-wall thickness as pos¬ 
sibly removed by corrosion. These specifications also require a re¬ 
duction in the bearing capacity of pipe piles as determined by the 
above rule when the ratio of the length of a pile to its diameter ex¬ 
ceeds 40. For each diameter in length in excess of 40 the reduction 
is 1^. A reduction of 5% in the allowable load is also demanded 
by these specifications for each splice below the upper section which 
is in excess of the number of splices that would be required for uni¬ 
form 20-ft spacing of the splices. 

Sand piles have been used to compact loose non-cohesive soils 
and poorly consolidated cohesive soils to improve their bearing 
value. An early method of placing sand piles consisted of drhdng 
closely spaced short timber piles, pulling them immediately after 
they were driven, and filling the resulting holes with sand com¬ 
pacted by tamping. A later method was to drive pipe piles, remove 
the encased soil, fill the casing with compacted sand, and finally pull 
out the casing, leaving the core of sand in the ground. The latter 
methods closely approximate methods used today to place sand 
drams. The effectiveness of sand piles in cohesive soils is largely 
due to the fact that they provide escape channels for water and thus 
accelerate consolidation. To be effective they must be accom¬ 
panied by a surcharge load to squeeze the water out of the con¬ 
solidating cohesive soil. 

Sand drains are placed by dri^'ing thick-w'alled casings with either loose-fitting shoes 
or hea\'j’ flap valves closing their lower ends, filling the casings with permeable sand, and 
then pulling the casings in such manner as to leave the core of sand in the ground. The 
sand is sometimes compacted with internal vibrators as the filling proceeds, and the casings 
are often capped temporarily before they are pulled m order that compressed air ma\- be 
used to force the sand core out of the casing as the latter is withdrawn from the ground. 
A blanket of pervious material is necessary over the tops of the sand drains to provide a 
means of escape for the water that flows up them. This blanket of pervious material is 
usually placed before the sand drains are driven, in order that it may be available to carry 
the pile driver and equipment on the soft soil. The blanket of pervious material, usually 
sand, also accelerates the early stages of consolidation by its surcharge weight and forms 
the bottom layer of the fill which is to be placed on the consolidated area. Sand drains 
have no value unless fill is to be placed over the area where they are driven to consolidate 
the soft soil by its surcharge weight. The height (jf the fill is usually increased temporarily 
over its designed permanent height to hasten consolidation. 

Great care must be used in placing fill on an area being consolidated by the sand-drain 
method in order that mud waves, which are manifestations of deep rotational slides, do 
not occur. As shown in Fig. 22 the deep rotational slides that cause mud waves will 
shear off the sand drains and make them ineffective. They will also remold the soil, 
decrease its cohesive strength, and make it much more difficult to deal with than when in 
its original condition. To guard against the development of mud waves the fill should 
be placed in thin layers. Both horizontal and vertical displacement measurements should 
be made frequently on stakes set in the filled area and around its perimeter to make sure 




Fig 21. Cast-steel 
sleeve coupling for rape 
piles The coupling a 
drinng fit m the pipe 
sections the ends of 
which are machined, as 
are all contact surfaces 
of the couplings. 
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Surcharge added to 
expedite consolidation 
and to be removed 



Jig 22 Cylindrical-slide failure and resulting mud wave on a sand-dram project. The top layers of 
the embankment were placed too soon and earned forward too near its outer end A cylindrical slide, 
evidenced by the formation of a mud wave beyond the end of the embankment, has occurred. Note 
that sand drains have been sheared off and made useless 

that mud waves are not developing. On important projects pore-pressure measurements, 
Art. 3, Sect. 7, should be made as the filling progresses to insure that demands made on the 
shearing strength of the soil as indicated by circular-slide analyses do not exceed the actual 
shearing strength of the consolidating material as indicated by the formula: 

s — c -f (<T — u) tan 4> (1) 

in which s = the shearing strength of the soil in lb per ft^ due to both cohesion and internal 
friction. 

c *=* the cohesion of the soil in lb per ft-. 

cr = the total pressure on a horizontal plane at the depth of the possible cj’lindrical 
surface of shear failure. 
u = the pore pressure in lb per ft-. 

<f> = the angle of internal friction of the soil. 

On soft organic silt deposits such as salt marshes mud waves have been started by the 
placing of even a relatively thin blanket of sand when starting a fill. The use cf cinders, 
rather than sand, for the initial layer of fill on such extremely soft soils is advisable. 

The bearing capacity of piles is estimated by methods which must take cognizance of 
both the column strength of the piles and the ability of the earth to support them. In 
checking the column strength of piles full lateral support may be assumed where piles are 
imbedded in soil for their entire length, for even very soft soils provide sufficient lateral 
support to prevent failure of piles by buckling. In all cases of importance test piles of the 
type and dimensions tentatively selected for the support of the foundations should be driven 
and loaded by the methods des^^nbed in Art 6, Se^t. 7, under Test Piles If borings have 
revealed the presence of compressible cohesive material or loose granular soil under the 
stratum on which end-beanng piles are to rest the strength of such underlying soils and the 
ability of the stratum to resist failure by punching shear of single piles and pile groups 
should be estimated. 

The bearing value of friction piles should be estimated by first making a rough assump¬ 
tion by the use of Table 6. Sect. 7. If the shearing strength of the soil has been determined 
another check should be made by applying thio unit strength to tiie imbedded area of the 
pile and to the area of the smallest envelope that can be cucuniscribed about a pile group. 
Test piles should be driven by methods described in Art 6. Sect. 7, under Test Piles, but 
the fact should he kept constantly in mind that bearing value of n piles in a group is not 
usually n times the bearing value of a single pile as deter nined b^' theoretical considerations 
or the test loading of a pile. Careful consideration should be given to the sensitivity of 
a cohesive soil into which the driving of friction piles is contemplated. Above all, the 
performance records of similar piles m the same or similar soil should be studied as deter¬ 
mination of the safe load on a friction pile is, in the laj't analysis, more a matter of experi¬ 
ence and judgment than of applying theories and formulas. 
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Lateral Loads. The lateral loads that piles will carry without moving appreciably is 
difficult to estimate. Experience shows that almost any fully imbedded pile will resist a 
lateral force of 1000 lb without moving appreciably, and many building codes limit permis¬ 
sible lateral loads to this safe and conservative figure. If a foundation is to resist lateral 
forces of any magnitude, batter piles should be provided. The number of these should 
be such that the horizontal component of their safe loads equals the horizontal force to be 
resisted. The sufficiency of the anchorage pro\'ided by weight or anchor piles to resist 
the vertical component of force in the batter piles should also be investigated. 

Uplift. Piles are frequently required to provide anchorage against uplift. Many de¬ 
signs have been based on the assumption that a friction pile will safely resist an uplift equal 
to one-half its safe bearing value or an uplift producing a shearing stress of not over 250 lb 
per ft- on its imbedded surface, whichever is the lesser. Piles which are to resist uplift 
must have sufficient tensile strength to withstand the upward vertical forces to which the\' 
will be subjected. This may require the reinforcement of cast-in-place piles and special 
consideration of the design of tlie splices in spliced or composite piles. 

Pile-driving formulas are discussed in Art. 6, Sect. 7. Dynamic formulas are valuable 
“yardsticks” for determining when piles have reached a resistance indicative of a specified 
bearing value. In no case, however, should the bearing value of a test pile or foundation 
pile as indicated by a dynamic formula be accepted as adequate data upon which to design 
a pile foundation. Bearing values yielded by dynamic formulas should be considered 
merely one of several classes of data, all of which must be studied and correlated if a sound 
estimate is to be made of the bearmg values which should be used in the final design of a 
foundation. A study of the driving records of test piles makes possible a determination 
of the bearing value indicated by the chosen pile formula which corresponds to the design 
bearing value. Piles should be driven to this “bearing value” pro\*ided further that they 
have been driven to the depth necessary to reach the stratum on. or in. which the design 
contemplated their support. 

Pile groups and the manner in which the piles of a group distribute loads to the soil 
which support them are matters of great importance. Only in the case of end-bearing piles 
resting on bedrock, a stratum of compacted sand and gravel overlying bedrock, or hardpan 
of demonstrated bearing value is it safe to assume that a group of piles will safelj' carry 
n times the bearing value of a single pile. In all other cases, and particularly when friction 
piles are supported by a cohesive or partially cohesive soil, intersection of the bulbs of 
pressure of the individual piles builds up soil stresses which necessitate reducing the bearing 
value of individual piles in a group by applying to the estimated safe bearing value of a 
single pile an efficiency factor the size of which depends upon a number of variables. The 
Converse-Labarre formula for this efficiency factor is contained in the Uniform Building 
Code of the Pacific Coast Building Officials Conference and the specifications of the 
American Association of State Highway Officials. The formula is; 


„ , (n — l)m -H (m — l)n 

E = I — a -—- 

90w7i 

in which E = the efficiency factor. 

m = number of rows of piles. 
n = number of piles in a row. 

a == the numerical value, in degrees, of the angle whose tangent is d/s. 
8 = the spacing, center to center, of the piles in feet or inches. 
d = the pile diameter, measured in the same units as the pile spacing. 


( 2 ) 


Values of E computed by this formula for the common spacing of s = 3d may be obtained 
from Fig. 23. 

Another formula giving considerably lower values for the efficiency factor is the Seiler- 
Keeny formula: 




+ n 


(3) 


in which the terms have the same significance as in the Coriverse-LaBarre formula but in 
which the term d does not appear. For an extensive treatment of this important subject 
of the action of groups of friction piles see ref. 11. 

The design of pile foundations involves the selection of pile types by both functional 
and material classifications in conjunction -with a decision as to the required lengths of 
the piles. The number of piles required under each footing or pile-supported mat must 
then be determined together with the most advatageous arrangement of the piles. Finally 
the probable settlement of the foundation must be estimated, and, if the piles are to be of 
the friction type driven into a cohesive soil, the stability of the entire foundation against 
shear failure should be investigated. 
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In selecting pile types end-bearing piles supported on a reliable material are much to be 
preferred over friction piles if the requisite lengths of end-bearing piles will not be prohibi¬ 
tively expensive. End-bearing piles are particularly desirable where foundations are re¬ 
quired to carry heavy dead loads and where the probable periods of application of heavy 
live loads will be extended. Where dead loads will be light and the periods of application 
of live loads will be short, the prospects for small and acceptable settlements of friction 
piles in a firm cohesive soil are good. Friction piles should under no circumstances be 
used in soft sensitive clays. They will probablj do more harm than good. 

The material of which the piles should be made depends upon the size of the loads to be 
carried, the elevation of the water table, the poaaibility that the elevation of the water may 
lower progressively, the char¬ 
acter of the soil, the proximity 100 
of nearby structures the foun¬ 
dations of which may be dis¬ 
turbed by pile driving, and the 
availability of special types of 
piles and the equipment nec¬ 
essary to make, handle, and 90 
drive them. The cheapest 
piles, where the loads to be 
carried are within their capaci- ^ 
ties, are usually untreated tim- S 
ber. But it is essential that 
untreated timber piles be below ^ 80 
the water table throughout c 
their entire length or the\‘ will 
rot. In locations where pro- ^ 
gressive lowering of the water 
table may result in it being 
below pile cutoff untreated 70 
timber piles should not be used. 

Properly creosoted piles the 
heads of which have been care¬ 
fully treated immediately after 
being cut off should be perma¬ 
nent even if not completely sub- 60 
merged in ground water, but 
there is always the chance that Number of piles per row 

damage due to careless han 23 group, Con\erbe-Labarre formula. Bv pemiH’sion, 

dling or overdriving may expose from File Foundation^, by R D Chellis, copyright, 1951, 
the untreated heart wood and McGraw-Hill Book Company 

lead to the destruction of the 

pile. Composite piles, the upper sections of ■which are of concrete, are permanent if the 
elevation of the water table remains above the splice. 

Cast-in-place concrete piles are usually more expensive than timber piles and are immune 
to damage by rot and boring insects. Uncased cast-in-place piles and cast-in-p!ace piles 
made with a thin shell 'which is driven with a mandrel are cheaper than other types of 
concrete piles and are satisfactor 3 ' where the driving of nearbj' piles does not damage piles 
or unfilled cases that have been recently driven. This objection can be overcome by using 
cast-in-place piles having a heaw casing that remains in place, but such piles cost more. 
All cast-in-plaoe piles share the great advantage over precast piles of curing after they are 
driven, with the result that pile driving and foundation work can usually be started much 
more quickly with cast-in-place than with precast piles. Furthermore, money is not 
wasted in casting unnecessary lengths of piling. 

Precast concrete piles can be fully inspected before being driven and can be driven 
through material that will damage the .'^hells of most t\ pes of cast-in-place piles. Their 
relatively high cost, the space and time required to make and cure them, and the hea\’y' 
equipment needed to handle and drive them are, however, serious disadvantages. 

Steel H-beam piles, pipe piles driven open-ended, and drilied-in caissons can be driven 
as end-bearing piles to great depths and have the great advantage of causing a minimum 
disturbance of nearbj- existing foundations and piles alreadj’’ driven. Thej* are all subject 
to corrosion in acid soils and cinders. 

The lengths of end-bearing piles must be sufficient to reach the stratum on which they 
are to bring up. Lengths of friction piles must be such as to develop necessary bearing 
value as determined bv a study of the geological profile, records of the performance 
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of piles in the same or similar formations, and the driving and loading records of 
test piles. 

Pile groups should be planned to provide the maximum practicable spacing of piles, es¬ 
pecially when the piles are of the friction type The groups should be svminetncal, and 
the load should if possible be applied at the centroid of the group, A remforced-concrete 
footing, designed by the same standard procedures of remforced-concrete design used for 
designing footings supported directly on soil, should be constructed to distribute the column 

loads to the piles When it is impossible to apply 
the load at the centroid oi the pile group, the load 
on the most heavily loaded pile should be deter¬ 
mined by the following method’ Plot the pro¬ 
posed layout of the pile group to a convenient 
scale as m Fig, 24. and indicate the point of ap¬ 
plication of the resultant load. Draw the XX 
and yy axes intersecting at the centroid of the 
group as shown, the coordinates of the point of 
application of the load being xo, 2/0 as indicated. 
C'oinpuie the moments of inertia of the pile group 
about the XX and YV axes by the following 
formulas' 

ly ~ Ax'} -h Axy -f Ax 3' -b . . . -t Axn^ 

IX ~ Ay-r 4 - 4 - Ay^ -r.. - 4 * Ayn 

in which I, and Jx are respectively the moments 
of inertia about the FT and XX axis, and x\y\, 
^■iy-i, etc . are the coordinates in fe^t of the cen¬ 
ters of the piles The quantities .4 represent tlie area of the piles, and as these are ail 
assumed to be equal the quantities .4 can all be assumed as unity. 

Compute the load on any pile in the group by the formula' 
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Fig 24 Pile groap, load on most heavily 
loaded pile By ixrrmission, from Fxle 
Foundatxona, by H D Chellij-, copyngbt, 
1951, McGraw-Hill Book Company 


C , Pxoxn 

n ^ Ir h 


(4) 


in which Rp = 
In “ 
yn - 
p = 

7L = 
XO - 
2/0 = 


the load on the selected pile in kips, 
the distance of the selected pile from the YY axis in feet 
the distance of the selected pile from the XX axis in feet, 
the resultant vertical load on the pile group in kips, 
the number of piles in the group 

the distance from the point of appln'ation of the load to the YY axis in feet, 
the distance from the point of application of the load to the XX axis in feet. 


The most heavily loaded pile m the group will in general be the outermost pile on the 
same sides of the XX and FF axes as the point of application of the resultant loads, and 
the mo.st lightly loaded pile the one diagonally opposite it A negative value of Rp for 
the most lightly loaded pile indicates that it will be subjected to uplift, a situation which 
should be in general avoided by redesign. The load on the most heavily loaded pile in the 
group should be within the established safe bearing capacity of the piles. If the loads on 
individual piles vary greath' the grouping should be rearranged, using a closer spacing on 
the heavily loaded side or corner until, by trial, an arrangement is obtained w'hich sub¬ 
stantially equalizes the pile loads. 

A similar method inav be used to determine the maxmiurn load on the most heavily 
loaded pile of a foundation subjected to a horizontal live load such as the wind load on a 
smoke stack. In this case the A'A' axis should be chosen in the assumed direction of the 
wind and the loads on the inoat heavily and lightly loaded piles, which will be respectively 
the piles under the leeward and windward sides of the foundation, computed by the foliow’- 
ing simplification of eq. 4: 



(5) 


in which M is the moment of the resultant of the wind force about the base of the stack in 
foot kips and other terms are as in eq. 4. In this case equalization of pile loads under a 
vari'ing wnnd load is impossible, but the load on the most heavily loaded pile should not 
exceed its safe bearing value. 

Mat foundations are occasionally supported on large groups of friction piles, though in 
most cases a properly desgined mat renders piles unnecessary. If they are used, however, 
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the same principles on which the design of pile-supported footings are based apply to the 
design of tiie larger group supporting the mat. W’nere a pile-supported mat or closely 
spaced pile-supported footings rest on friction piles diiven into a cohesive soil, the <tability 
of the entire foundation agam-'t ^hear or area bearing failure and consequent tilting or 
excessive settlement ■='hould be checked. This is done h\' assuming a boxlike ^'iivelope. the 
sides of which surround the entire foundation and bottom of which lies under the pile tips. 
The stability of the imaginary rectangular foundation mass is then checked against shear 
and bearing failure. 

Settlement estimates of pile foundations may be made by asmmmg that the settle¬ 
ment of en<l-beanng piles under design loads will about equal the settlements of rest piles 
under similar load- Estimating the settlements of foundations supported hv friction piles 
IS not so simple, and there is, in fact, no precise way of making -uch estimates About the 
best that can be done is to assume a uniform distribution of hjad on a horizontal plane 
passed through the midlength of the piles and extending beyond the outer limits of the 
group for a rea-onable di.'-tance and then make an estimate. ba>ed on consolidation tests, 
of the settlement that would occur if the foundation were a tnat of t.he depth and dimen¬ 
sions of the as-umed plane. Such an estimate should, however, be considered notliing 
more than a rough aiiproximation of what may be expetteii. 

Pile Driving. Foundation piles should if possible I'le driven by steam hammer-?. Drop 
hammers, m comparison witli steam hammer>, are archaic and inefficient devices which are 
not only slow and uneconomical but likely to damage piles The lelationship bet%veen 
weights of hammers and piles, hinuation- as to maximum hammer drop, and precautions 
nece.ssar\ to insure the pi-oper tvorkmg of steam hammer- outimed in Art, 6. Sect. 7. under 
Test Pile.s should aU he maintained in the driving ot foundation piles. 

The head- of tinilxT piles should be cut square with their axes and tiimi]ie.i to fit snugly 
into the driving « ap of the drop hammer or the base of the steam hammer. In many 
localities it is customary to point timber piles with an axe or adze before driving them. 

conical or pyrami'lical shoo of heavy sheet steel i-? sometimes fitted to the pointed pile 
when it must be driven through thin strata of sand or g.mvel. It is undoubtedl.t advanta¬ 
geous and often necessary to point and shoe timlier piles which must bo driven through 
such strata, but in many soils blunt unpointed piles drive as easily as pointed piles and are 
less difficult to keep plumb during driving. 

In driving precast concrete piles a cushion of some kind is nece?>.'«arv between the pile 
head and the driving cap or follower to prevent shattering the concrete (hishioiiM are 
made of «oft wood, coiled rope, soft fiber board, old belting, and manv other materials. 
\ very .satisfactory type consists of three thickne-^-es of cheap soft wood boards, each \ in. 
thick nailed together with the gram of the middle thickne-?s at right angles to the other 
two. Though some foundation men advocate the reuse of such cu-?hions. it i? br'tter 
practice to u.'^e a new cushion on each pile as the use of old cushions that have lo?t their 
resilienct' may lead to cracked piles Another very satisfactory type of cu>hion C(Jn^lsts 
of a single thickness of soft fiber board such as Celotox about h i in. thick As in the case 
of soft wood cushion-- a new one is advisable on each pile. 

Jetting may be nece.s-ary and is often desirable where timber or precast concrete piles 
must be driven for some distance into sand Two jet pipes, one on each side of the pile 
and neither pipe attai hod to it are advi--able, though one pipe can often be u^^ed effef tivelv. 
The pipes should be 2 or 2 ^ 2 m. m diameter <lrawn down at the tip to form a 1-in. nozzle. 
Each jet should be supplied with at least 250 gal per minute at not les- than I3i> lb per m.^ 
if the soil contain^ any cohesive material. In pure sand 00-100 lb per lu - i-? u-ually ade¬ 
quate pre.s-ure. Quantity of water is more iniportaiir than pre'?^u^e, the euof'tivcne-s of 
jetting being more dependent upon lubrication of the sides, of the pile than upon di-turb- 
ance of the soil below the point. If the quantity of water is insufficient to “quifken” the 
soil around the pile by ri-?ing to the surface it is m-?ufficient for etTeciive jettiin:. By 
niampulatioii of the jet pipe, or pipes, much can be done to straighten up a pile that tends 
to get out ot plumb A jetted pile should be driven without the use of the jet. or lets, for 
the la‘-t 2 or 3 ft to make sure that it is firmly seated. 

Steel pile.^ can as a rule be driven without a cu-hion, the driving cap or hammer base 
re.-tmg directly on tiie pile head. Jetting is rarely. 11 ever, res<'ned to in drivinsj ^teol pile.-. 

Heave. In driving timber, precast, concrete, or ca-r-in-plaee pile- it is nece-sary to 
keep a close check on the elevation of the heads of piles already driven l>‘-t they heave due 
to the effect of -oil di-placemcnt when pile.s are dtiveu near tlicm. Piles which heave 
should be rediiven to their original elevation'? In ^oiK where heave i- troublesome the 
use of H-beam or open-ended pipe piles is advi??able. 

Overdriving. Great care must be exercised to avoid overdriving ]<iles. particularly 
timber pile*?. Tiie precautions outimed in Art. 6, Sect 7, un-l-T Te-t Pile- ^hould be fol¬ 
lowed to guard against and recognize the breaking or brooming of louu lanon piles. Care- 
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less overdriving of piles, particularly timber piles driven with drop hammers, has caused 
many serious foundation failures. 

Inspection. All pile driving should be done under the observation of a competent 
inspector who should keep a detailed record of the driving of each pile on a form such as is 
illustrated by Fig. 25. These records—^the original field records, not copies—should be 
filed permanently in the office of the designing engineer. Under no circumstances should 
the records be destroyed as long as the structure to which they apply exists. 

6. PIER FOUNDATIONS ON LAND 

Pier foundations are usually employed where a stratum of high-supporting capacity not 
underlain by unconsolidated or highly compressible soils may be reached economically by 
any of the pier-installation methods. 

Piers are usually founded on bedrock, 
hardpan, compacted sand and gravel, 
or firm sand. They are generally con¬ 
structed of concrete, either circular or 
rectangular in cross section. 

Pier foundations are installed by a 
variety of methods (see refs. 7, 10, and 
12). The tj-pes commonly employed 
include concrete piers built in open 
shafts excavated within braced sheet 
pile walls, and piers built by the method 
generally referred to and later described 
as the Chicago method. Large-diame¬ 
ter pipe piles, drilled-in caissons, open- 
dredged caissons of concrete or steel, 
and pneumatic caissons are all devices 
used in the construction of foundations 
which are fundamentally of the pier 
type. The special types of pier founda¬ 
tions constructed with the aid of open 
and pneumatic caissons are, however, 
described in Arts. 7 and 8, Open Cais¬ 
sons and Pneumatic Caissons. 

Permissible bearing values employed 
in the design of pier foundations are 
frequently controlled by building code 
requirements. Permissible loads as 
given in Table 1 may be used as a guide 
in the selection of bearing values, but 
frequently it is necessary to determine 
bearing values based on soil-mechanics 
laboratory tests of soil samples. In all 
cases w’here pier foundations are not 
founded on bedrock, borings should be 
made to determine accurately the 
strength and supporting capacity of all 
soil strata beneath the contemplated 
bearing surface of the pier foundation. 

Open shafts excavated within steel 
sheet piled walls may be sunk to con¬ 
siderable depths Piling is generally 
set around a template or frame All 
piling should be set and interlocked 
before any driving is done, and usual „ ^ , •, n r • 

procedure requires that the sheet piling foundation. Open w'ells of this type can be sunk only 
be driven to its ultimate depth before in impervious soils or soils abov’e the water table, 
excavation and internal bracing of the 

shaft are started. The sheet piles should be driven successively not more than 5 ft at a time, 
since the driving of single sheets more than 5 ft ahead of adjoining sheets (and in compact 
mediura-to-fine sands more than 2 or 3 ft ahead of adjoinmg sheets) results in damaged and 
frequently in stripped interlocks. Open sheet piled shafts may be excavated either by hand 
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or with clamshell or orange-peel buckets, internal bracing of tunber or steel being installed as 
the excavation proceeds. Where the greaiesi practicable lengtii of sheeting that can be 
driven does not reach tlie lei’cl of the bottom of the proposed excavation and where the ex¬ 
cavation is through impervious soils, an internal offset may be made about o ft above the 
bottom of the sheet piled wails and anotlier set of sheet piling driven as illustrated m Fig. 26. 
Xoriiialb' the concrete in open sheet piled shafts is poured against tlie steel sheeting for 
the bottom 10-12 ft onlv, pier bracing in this lower section of shaft bting removed as the 
concrete !•< placed After the miinii -et of the concretf, and before full bond with the steel 
sheet piling has developed, the -heetmg =iiould be tai'ped by the pile-Jtivmg hanimer to 
break its bond with the concrete so that on completion of the pier, the sht'etmg may Le 



(a) 



Alternate foot of 
Chicago-method pier 


( 6 ; 

By }iernii">i'>n, from ASerhanics, 
topytiglit, iuOl, -\icGra\v-Hill Book 


Fig 27 Chicaeo metiiod of excavating for pier foundation 
fouridatiori'^ arid £artK 6tructuiei, by G P T'clK-hotanofT, 

Company 


readily removed. Above the base concrete poured against the steel sheet piling, the pier 
1 '^ normally built within conventional forms after which the space between form and sheet 
piling !•< backfilled and the i-teel sheeting removed. 

The Chicago method, employed extenMvely in the city of Chicago and in other loca¬ 
tion*' where soil conditions aie comparable, provide'' for the construction of pier foundations 
through a elav stiff enough to permit excavation, usually done by hand, to be earned 4-5 ft 
below the bottom of the braced, sheeted portion of the shaft. Figure 27 illustrates the 
methc,J After excavating the shaft 4 or 5 ft below the braced and sheeted portion, vertical 
sheeting of 2 by 6 in. or 3 by G m. plank.s, approximately 4 ft long and beveled at the edges 
to fit together like barrel staves, are in.'jtalled to hue the circular hole. The newly installed 
sheeting i- then braced bj*' two or three mceriial hoops of .‘•tt'el bars, angles, or ciiannels. 
each hoop being made of two j-cmiuiicular picfu- bolted together to form a circle. The 
shaft IS then deepened the length of a "ci non of "heeruig. new -heetmg ami bracing are 
installed in the newly excavated section and the process contmue'l until firm material at 
the de-ired bearing level is reached. Jn ItMarion- where the Chicago mctliod is applicable, 
the soil penetrated i-s generally imriernuable and only =^mal^ quantities of water flow into 
the excavation. This small inflow i-- handled riv pumping. Where the Chicago-method 
piers bottom on soib of low'er .''Upportmg value than a harripan or compact sand and gravel, 
it IS general practice to bell out the bottom of the shaft ivithout sheeting, as shown in Fig. 
276 to increase the bearing area of the pier. As the shaft is filled with concrete, the sheet- 
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ing usually, but not always, is removed. This method has proved successful and econom¬ 
ical in fairly firm, uniform clays, but should in general be avoided where pockets or strata 
of water-bearing granular soils are hkelj' to be encountered. However, where borings have 
demonstrated occasional thin sand lenses mterbedded m a massive clay deposit, the Chicago 
method may be modified by the installation of short sections of steel-plate cylindrical 
caisson which may be metalled and predriven through such water-bearmg strata, the shaft 
then being continued by the normal procedure 


7. OPEN CAISSONS 

Open caissons comprise three general t\’pe> which are so called because the\' are sunk 
througii soil to an adequate supporting medium by open methods, that is without the use 
of compressed air, and as such are open top and bottom. Open cai^:?ons may be. 

1 ('\lindrical caissom, 

2 Siiigle-wall l)Oxt\pe caissoii-a, or 

3. Multiwall cai>->on piers with dredging wells. 

Drilled-in caissons from 2 ft to 4 ft h m. in diameter are properly cla^>jfi€d, as their 
name implies, as a type of open cylindrical caisson although occadonally referred to a> a 
type of pier foundation. The shells for 
drilled-in caissons are of welded steel plate 
and the caissons derive their name from 
the fact that they are sunk to rock and 
excavated, sealed agamst the indow of 
t\ater and soil b\' a tremie concrete plug, 
and the bedrock then core-drilled to receive 
a structural steel H-beam or heavy I-beam 
section to permit loading the finished cais¬ 
son as a column to develop higher bearing 
intenMties than would otherwise be ob¬ 
tainable. 

The Gow Caisson is used in. localities 
underlain by shallower clay deposits than 
are usually dealt with by the Chicago 
method. Figure 2S illustrates the essen¬ 
tials of Gow’s method of sinking a shaft to 
firm material underl\-mg clay. Excava¬ 
tion of the circular shaft is started with¬ 
out sheeting as in the Chicago method. As 
excavation proceeds welded or riv’eted cir¬ 
cular liners are slipped down into place, 
each being from 4 to S ft m length and 
enough smaller than the one previously 
placed to pass through it. The liner .sec¬ 
tions therefore fit together b>' telescoping, 
and the diameter of the shaft decrease.s as 
its depth increases. Any inflow of water is 
dealt with by pumping as in the Chicago 
method. The bottoms of the shafts of 
Gow caissons are frequently belled out in 
the clay as are the lower ends of Chicago- 
iriethod piers. The lengths of caisson lin¬ 
ing are usually but not always removed as concreting proceeds. Gow caissons are more 
readily placed than the timber lining employed in shafts sunk by the Chicago method, but 
the reduction m diameter neee.^sitated by the telescoping of the sections limits the depths 
to which Gow caissons can be sunk without excessive reductions in diameter. 

Single-wall open caissons, Fig. 29, are constructed of timber or concrete and are box¬ 
like self-braced structures, partly or entirely open both top and bottom and sunk through 
soil, or water and soil, to an adequate a^upporiiiig medium by excavating soil materials 
below tlic open floor of the caisson as it is sunk, after which the caisson is filled with ma¬ 
sonry or concrete. This t>'pe of caisson is iise*i occasionally on land but is employed more 
extensively for the construction of bridge piers 

Mtiltiwalled open caissons of the tj^pe described in Art. 14 are used occasionally for 
the construction of building foundations but are employed much more extensively for the 
construction of bridge piers. 



Z_A 

L D I 


P'lG 28 Gow caisson method of excavating for pier 
foundation Af. must be suflicient to prevent soil 
from bems squ«*C7ed up through the spaces between 
the caisson sections Numeiical value of AL varies 
widely with Soils of different consistencies By per¬ 
mission, from Sod Merhanu's, Foundations and 
Earth Structure'', by G P Ischebotanoff. copy¬ 
right, 1951, AIcGraw-Hill Book Company 
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Fig 29 Single-wall open caisson Caissons of this type are btiilt on the surface of the ground and 
sunk by excavating or dredging through the open well with claiusheli or orange-peel buckets In case 
difficulty IS caused by striking an obstruction an air lock can be fitted and sinking continued by the 
pneumatic process. Open-well caissons are used more widely for bridge foundations than building 

foundations. 

Rotary-Drilling Methods of Sinking Caissons. Other methods of sinking small-diam¬ 
eter cylindrical caissons, have been based on some form of rotary drilling. For example, 
the concrete pier foundations of the Detroit Post Office were poured in shafts averaging 
6 ft in diameter and 118 ft in depth bored by a machine to full depth in firm clay before 
sectional lagging was installed. In less stable soils caving of the sides of deep-bored shafts 
has been prevented by keeping the holes filled with a thick, semifluid “drilling mud” as 
the work proceeded. After the hole reaches full depth, a steel plate liner is installed and 
the bottom sealed with sand and cement placed outside the casing, or tremie concrete 
inside it, before the mud is pumped out and the caisson filled with concrete. 

Caisson foundations for the Federal Building in New York were sunk to rock through a 
deposit of sand containing some boulders by an unusual method. Teeth were cut in the 
lower edge of the steel plate cylinder caisson, bent slightly “in and out” to give them a req¬ 
uisite “set” and faced with Stellite applied by gas welding. The full-length caisson was 
then lifted into a special rig which rotated it as a unit with a slightly eccentric motion and 
caused it to bore its way dowm through sand and boulders like a huge “crown saw.” Water 
fed into the capped top of the rotating caisson escaped through and around the cutting 
teeth and, flowing up the outside of the cylmder, lubricated its exterior surface and washed 



PNEUMATIC CAISSONS 


8-37 


most of the sand out of the interior, so that only a mud slurry remained to be removed 
after the saw teeth had cut their way into the bedrock far enough to provide a firm seat. 
Where unusual obstructions caused trouble the boring process was stopped, an air lock 
fitted, and sinking completed by the pneumatic method. The method proved successful on 
this j ob but has not been successful when attempted on sites underlain by deep fills containing 
heterogeneous obstructions. 


8. PNEUMATIC CAISSONS 

The pneumatic caisson, Fig. 30, utilizes the simple principle that hydrostatic pressures 
may be counterbalanced by pneumatic pressures. Fresh water weighs 62.4 lb per and 
for each foot of depth below the ground-water level exerts an increment of pressure of 62.4 

62.4 

lb per ft^ above the pressure of the atmosphere. This is equivalent to - = 0.433 lb 

144 

per in.^ multiplied by the depth in feet below ground-water level. Therefore at any depth 

d in feet the required pressure is: 0.433d = (0.333 4- 0 . 1 )d ^ ^ Thus 

at 51 ft below ground-water level the hj'drostatic pressure, and hence the required counter- 

51 51 

balancing air pressure in a pneumatic caisson, is 51 X 0.433 “ “3 ~ ~ 

22.1 lb per in.- 

Whereas the dredging wells of open caissons are open top and bottom, the tops of the 
working chambers in which excavation is carried on in pneumatic caissons are closed by 
air-tight covers. These covers are fitted with air locks through which men and materials 
maj' enter or leave the working chambers without permitting the escape of compressed 
air maintained at such pressure as will equal or closely approach the hydrostatic pressure 
outside the caissons. Workmen, called sand hogs, enter and leave the working chambers 
and excavated materials are removed from the caissons through the air locks. When a 
caisson reaches its ultimate supporting medium, usually bedrock, the surface can be thor¬ 
oughly cleaned and prepared and carefully inspected, thus assuring maximum bearing 
capacity. 

This procedure permits the excavation of water-bearing soils in the dry, since the pneu¬ 
matic pressure ^vithin the caisson may at all times equal and balance the hydrostatic pres¬ 
sure in the soil. As the caisson sinks as the result of excavation over its floor, the hydro¬ 
static head increases and the pressure of the air within the caisson correspondingly 
increases. 

The pneumatic caisson has been used extensively in bridge foundations but its largest 
contribution has been in the field of foundations for buildings, particularly for heav>- 
structures in locations where water-bearing fine-grained non-cohesive soils overlie bedrock 
or hardpan at depths up to about 110 ft below ground-water level (see refs. 12 and IS). 
The development of downtown Manhattan Island with its sk\'scrapers would have been 
impossible without the development of the pneumatic caisson. Here water-bearing New 
York quicksand or “bulls’ liver” is encountered from depths only slightly below street 
grades down to bedrock, or to glacially deposited hardpan overlying bedrock. The water- 
table is relatively close to the ground surface, and no adequate supporting medium is 
encountered until bedrock or hardpan is reached. Open methods of installing foundation 
piers to rest on bedrock or hardpan involve the major hazard of permitting the flow of the 
water-bearing “bulls’ liver” to undermine the support of street utilities, subways, and 
surrounding buildings. The pneumatic caisson eliminated such risks and as a consequence 
most of downtown New York’s high buildings are supported on pneumatic caissons or 
frequently on pneumatic cofferdams. 

When rectangular pneumatic caissons which extend to bedrock are placed consecutively 
around the perimeter of a building lot, and such caissons are connected by watertight 
joints between each adjoining pair of cai^ons, the resultmg retaining wall is called a pneu¬ 
matic cofferdam. 

A pneumatic caisson may be most easily visualized by considering a solid concrete or 
masonry box whose sidewalls are extended downward as “cutting edges” to form one or 
more rooms, called working chambers, extending over the full bottom area. These rooms 
are floorless and of sufficient height to permit workmen to excavate the soil materials from 
the floor of the caisson. From the roof of each such room one or more vertical shaftways 
(usually steel cylinders of elliptical cross sections) extend up through the concrete-filled 
box to connect to an air lock. Air is supplied to the caisson working chamber at desired 
pressure, and conduits for light, telephone, etc., in the working chamber are built into the 
concrete body of the caisson. 



8-38 


FOUNDATIONS 


A pneumatic caisson may be built up in its entirety before air is applied and sinking 

starts, but usually it is built 



m sections as smking pro¬ 
gresses. The cutting edges 
of the caisson are landed on 
its supporting medium (usu¬ 
ally bedrock) when excava¬ 
tion and sinking are com¬ 
plete. The bottom is then 
inspected and accepted, the 
working chamber and shaft- 
ways are filled with con¬ 
crete, and a solid concrete 
pier founded on firm mate¬ 
rial IS thus produced. 

Frequently the weight of 
a pnuematic caisson is in¬ 
sufficient to overcome the 
skm-friction resistance of 
the soil and cast-iron blocks 
are placed on the top of suc¬ 
cessive caisson build-up.s to 
increase the smkmg weight. 

The most essential ele¬ 
ment of a pneumatic cais.'^on 
is the air lock, Fig 3l>. 
placed in each of the verti¬ 
cal shaftways which extend 
from the roof of the woiking 
chamber up through the 
body of the caisson. The 
air lock consists of a steel 
cylinder fitted with a top 
and bottom door. When 
workmen or material 
buckets are being removed 
from tho caisson, the top 
door is closed and the bot¬ 
tom door is left open until 
the men or bucket are in¬ 
side the lock. Then the 
bottom door is closed and 
the compressed air in the 
lock IS vented off through a 
valve until reduced to at¬ 
mospheric pressure, when 
the top door is opened, the 
closed bottom door prevent¬ 
ing the loss of air pressure 
in the w’orking chamber and 
shaftwav. Such venting off 
must be at a controlled slow 
rate when men are leaving 
the caisson. When men or 
material buckets are enter¬ 
ing the caisson, the reverse 
procedure is followed. After 


(a) 


entering the lock, the top 
door is closed and the lock 


Fig 30 Pneumatic cais<?ons and air lock fa) Diasjrainmatic 
dra^ng of small pneumatic caisson (6) A larger caisson 
u ) Sketch showing operation of the Moran air lock Courtesy of 
the Foundation Co , New York C ity Id) Large pneumatic caisson 
f.jr bndge pier, by permission, from Foundations of Bridges and 
Buildings, by H S Jacoby and R P Davis, copyright, 1941, 
McGraw-Hill Book Company 


chamber compressed to the 
pressure obtaining in the 
caisson, when the bottom 
door drops to permit lower¬ 
ing of material and material 
buckets and entrance of 
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workmen down a ladderway built into 
the Mde of the shaftway 

In pneumatic caissons for building 
foundations, there is usually a single 
shaftway over the center of the working 
chamber and therefore but one air lo^'k, 
w'hich 15 usually placed at the top of the 
shaftway above the top of the cai-ssoii. 
This smsle shaftway then serves both 
men and material handling. 

In addition to the principal u^es de¬ 
scribed for pneumatic caivson.-i, they are 
al.-?o employed to provide foundations 
under dams, as for the Hales Bar Dam 
across the Tennessee River near Chat¬ 
tanooga Advanced pneumatic tunnel 
techniuue al.^o includes the installation 
of a pneumatic caisson across the line 
of shield-driven, under-river tunnels. 
Sunk near each shore line, such caissons 
provide facilities for the shield asNernbly 
and the passage of the shield and liner 
plates out of the caisson under com- 
jiressed air in beginning tunnel-driving 
operating This procedure was highly 
developed for the Holland Tunnel, built 
1921-26 under the Hudson River be¬ 
tween New York City and Jersey City. 

Safety Requirements. State laws in¬ 
variably stipulate safety provisions that 
must be complied with to guard the 
welfare of men who w’ork in pneumatic 
caiosons. Duplicate air compressors 
and piping systems to air locks are 
required and pressure gages showing ac¬ 
curately the air pressure in the air lock 
and in the working chamber below the 
lock must be provided. While men are 
working under compressed air, gage 
tenders are constantly watching the 
gages. The laws require a recompres¬ 
sion chamber or medical lock and change 
room on every air job, also one or more 
licensed physicians who shall examine 
every man before he enters compressed 
air and who shall be on hand to take 
care of men who are affected by the air. 

It is dangerous for men who are not 
in fit physical condition to enter com¬ 
pressed air, particularly under the higher 
pressures, and particularly dangerous 
for men to emerge fiom compressed air 
without properly passing through the 
decompression period. Men entering 
air become charged with compressed air 
which enters the body tissues, the blood 
stream, and the entire system so that 
the condition of the body is much like a 
bottle of soda water. Men feel exhila¬ 
rated due to the concentration of oxy¬ 
gen in the air and can easily overexert, 
although modern labor is not usually so 
inclined. The principal danger to the 
•workers is when they are coming out of 
the air. If they emerge too suddenly. 



(b) 

Fig 30^61. 
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bubbles will form in the body tissues and blood stream, causing cramps, paralysis, or death. 
This effect may not immediately follow leaving the air; it may come on any time within 
several hours after leaving compressed air. Again the example of the bottle of soda water 
applies. If the bottle is opened suddenly, the soda water effervesces violently, whereas 
if the cap is slowly pried off, very little bubbling occurs and in the case of a slow leak, no 
bubbling. These same bubbles form in the human body when the worker emerges from 
air too suddenly. 

Each worker in compressed air wears a badge stating that he is employed by a certain 
contractor at a certain address and that if he is taken sick after he leaves the work he must 
be immediately returned to the job. He can be relieved only by placing him in the medical 
lock and putting him under the same air pressure as that in which he had been working. 



Section No. 1 Seetton No. 2 Section No. 3 

(c) 

Fro 30(c). 


He is then very slowly decompressed, and usually his troubles can in this way be eliminated. 
There are, at times, forms of paralysis which occur after men have been working in air 
which cannot be treated because the paralysis occurs slowly and a long time after the 
worker has left the air. 

Combination open and pneumatic caissons as the term implies are sunk partially by 
open methods and partially under compressed air. Recent developments in foundation 
engineering have produced a number of such installations some of which were used in con¬ 
structing building foundations, though the methods are more usually applied to bridge 
piers. Economy may be achieved by this combination of open and pneumatic caisson 
methods: (a) where the ground-water level is considerably below sinking level, but where 
excavation must be carried well below ground water through water-bearing granular soils, 
such as quicksand; {b) where the upper stages of sinking are through cohesive soils, such as 
stiff clays, but where such soils are underlain by water-bearing quicksands or other water¬ 
bearing non-cohesive soils; (c) where the water level within a non-cohesive soil may be 
lowered by artificial means, such as by the use of well points, when the caissons may be 
sunk by open methods to the lowered ground-water table; or (d) where open dredging 
through deep water-bearing soils is permissible, but where manual preparation and inspec¬ 
tion of the finished bottom is desired. See ref. 14. 
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9. LAND COFFERDAMS 

Land cofferdams are usually necessary for the construction of large spread footings 
and mat foundations. They are irequently neces-?ary for the construction of the base¬ 
ments of large buiidinga carried on pile, pier, or caisson foundations in congested areas. 



Fig 31 Internally braced lanti coderda.-.i in non-colxesive soil In co'ierdani? of tins type m water¬ 
bearing nun-i‘oh"«.i\e suil."* int" rnal bermv arc fic',uently neces'-arj to iTevetit a c<«ncentiation of How 
lines and conse<{Uent upward How cansinir boihnii of the bottotn neat tlte '«he<'t lahr.ir Tms is even 
more probable in the Cfjrners than alona the .-idc's of the cofferdaru The cirounferentiai dram keeps 
the Working surface dry The stone hniag of the drain and face of the berm inhibits sloughing, boiling, 

and erosion 


Land cofferdams are today generally constructed with .«teel .sheet piling internally braced 
with either timber or steel wales, struts, and framing. Occasionally horizontal wood sheet¬ 
ing fitted between H-bcain piles supports the sides of the excavation. The internal brac¬ 
ing should be designed to withstand earth pressures estimated by methods outlined in 
Art. 10. Sect. 7, with the help of Fig. 90. See Art. 13 for methods of estimating stresses 

in piling, wales, and braces. Typical 
arrangement of the sheeting and brac¬ 
ing of land cofferdams U shown in 
Fig. 31. This figure also indicates the 
highly desirable and frequently nec¬ 
essary berm around the perimeter of 
the cofferdam which, if room can be 
provided for it, will tend to lessen 
the danger of boils forming in water¬ 
bearing sands. In man\,- case* where 
a deep excavation .must be made in a 
w'ater-bearing granular soil, predrain¬ 
age by well points, deep wells, or a 
combination of the two may be neces¬ 
sary to prevent seriou.s boiling of the 
bottom, involving soil losses from be¬ 
low and outside of the excavation. 
The necessity of such measures can 
frequently be predetermined by draw¬ 
ing a flow net representing probable 
conditions of flow into the cofferdam 
and estimating the rate of upward flow’ 
and the hydraulic gradient inside the 
cofferdam, Fig. 32 If the indicated 
gradient exceeds unity, see Seepage 
Forces in Art. 8, Sect. 7. boiling is 
probable. Unfortunately two-dimen¬ 
sional flow nets do not adequatelj' re¬ 
present the conditions existing in the 
corners of rectangular cofferdams or at the ends of long, narrow cofferdams. It is 
th'^refore advi'?abie. if pos.-ible. to limit the hydraulic gradient of upward flow in such 
cofferdams as predicted by two-dimensional flow nets to 0.5 rather than to design for the 
theoretical critical gradient of unity. See Art. 13, Cofferdams. 
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10. FOUNDATIONS ON PERMAFROST 

Soils freeze to great depths in arctic climates and remain frozen throughout the year 
except for an active surface layer a few feet in tliicknoaa which alternately thaws in -umm'rr 
and freezes m winter. As in temperate zones, the thickness of the active iavt-r vara- with 
climatic conditions Because habitable areas in the arctic are generally vaih'\'s underlain 
h\ permafrost, foundations must be built on it. The fundamental principle governing 
the design and construction of stable foundations on permafrost is the same as that lollowed 
m temperate zones. Foundations should not rest on material that alternately freezes 
and thaws. But as permafrost foundations rest on soil that should neier tha'i. insulation 
is necessary to prevent conduction of heat to the material upon which the foundations rest. 
It is also necessary- to avoid adhesion of the active layer to the foundatnjns to ...revent 
their being heaved in winter. 

Tlie depth of thaw under buildings and pavements supported on permafrost may be 
estimated in locations where meteorological records are available. A curve of cumula'ive 



Curve for cumulative degree days above freezing, thawing index 

Fig 33 Determination of thawing index for permafrost rngions Fnitu C<j'd Er-i’.n’> u.j;, 

courtesy of Bureau of Yards and Docks, Xa\y Department, l'j4S-i04y 

degree days above freezing, Fig. 33, is drawn, and the thawing index or ntaximum ordinate 
to the curve noted. From the curves of Fig. 34 the depth of thaw corresponding to the 
thawing index is then obtained. 

Footing foundations on permafrost have been constructed for small building" m Liberia 
as indicated in Fig 35. The depth of the foundation ^ilOuld bo about inm'v the d. pth of 
thaw. The timber grillage on which the concrete foundation rc^ts acts a thormii insula¬ 
tor and will not rot when frozen. The sloping suifaces, ^mooth finidi, and a-phadic -oat- 
ing of the footings within the active range prevent adhesion of the active lavtr when it 
freezes and consequent heaving of the foundation. 

Pile foundations on permafrost have been used successfully in Alaska, As it i" im¬ 
possible to pro\nde cutoff below the water table, timber piles should be ereo^otcil ni the 
manner recommended m Art. 5 for foundation piles The be>t time of year f. .r pile driving 
occurs m the fall as soon as the active layer freezes sufficiently to support liie pile driver 
and equipment. The ground must be thawed at the location of each pile to tlie depth to 
which it is to be driven. This is done with a steam jet Steam at 30 ib per in.- delivered 
through a or 1-in. pipe has been found sati-sfactory for thawing to a depth of 20 ft. 
For greater depths pressures of 60 and even 90 lb per in.- have been u.^ed, the jet pipe being 
from 1 to 2 in. in diameter. The penetration of the pile into the permafrost should be at 
least twice the depth of the active layer or depth of thaw. The surface of that pair of the 
pile which will be imbedded in the permafrost should be roughened to promote adlie^ion. 
The part of the pile which will be in the active layer shouUi have a smooth mu face Fur¬ 
thermore it should be coated with asphalt, wrapped with felt over h a s«-cond coaruig 
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(thawing index) 


Piling 

Piling to penetrate 
permafrost 2 x the depth 
of thaw 


Gravel mats 
Thickness of gravel mat 
will be equal to the 
depth of thaw 


Fig 34 Depth of thaw on permafrost. Curves show the depths of thaw under pavements and build¬ 
ing foundations plotted against thawing indices obtained from curves of cumulative degree days above 
freezing. Courtesy of the Bureau of Yards and Docks, Na%'y Department. 



Fig 35 Iru-ulated wall footing for small building in permafrost region of Siberia American experi¬ 
ence m Alaska in<licate‘« that the air space under the floor of the building should liave a clear height of 
at least 2 ft Original dra%\-ing after B D Vassxlieff By permission, from-Sod A/ec/ianic.?, Foundations 
and Earth Structuret,, by G. P. Tschebotanoff, copyright, 1951, McGraw-Hill Book Company. 
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Subfloor. 
/■Fiber board \ 


Air space 
/Joist 


Insulation between joists 
Floor beam 


24' minimum for circulating air Slope surface 

for drainage 



Method of supporting building on piles with space beneath insulated floor for air 
circulation to prevent building heat penetrabng to permafrost 

(a) Wood Piling in Permafrost 



Fig 36 (a) Creosoted timber pile in permafrost (6) Cast-in-pUce concrete pile m permafrost. 

From Cold Weather Engineering- courtesy of Bureau of Yards and Docks, Navy Department, 1948-1949 
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of asphalt is applied, and finally surrounded by at least 3 in. of asphalt-treated sand, Fig. 
36a, to prevent adhc'^ion of frozen soil and eonsequent heaving. Piles should nut be spaced 
closer than 6 ft center to center and should be allowed to fieeze into the permafrost lor at 
least a month before being loaded. 

Concrete piles of the cast-in-place pedestal type may be used in permafrost. Longi¬ 
tudinal remforcement, Fig. 36b, is necessary as when freezing of the active layer occurs 
the piles may be in tension. A 3-in. incasement of asphalt-treated sand should surround 
the ]>ile in the active layer to prevent adhesion and heaving. 

Mat foundations on permafrost, Fig. 37, requiie the complete removal of the active 
la\-er throughout the area of the building and the substitution for it of a bed of gravel 
resting on an insulating blanket of gravel and coarse sand. The concrete slab or mat rests 
on this bed of gravel. 



ih :p;\c nh.'f' a 
ui fv .t and 



Permafrost 


Fig 37 \ niat foundation on permafrost From Cold UVafAer Engnieenn^, courtesy of Bureau of 

Yards and Dock.®, Navy Department, 1948-1949 

Insulation. The design of all buildings on permafrost should provide for adequate insu¬ 
lation of the floor and for an air space at least 24 in. deep and freely vented to the outdoor 
atmosphere to prevent heat from the building thawing the permafrost. 

Fills and embankments on permafrost, especially sidehill embankments supporting 
roads and air strips, require special treatment and attention. The embankment, acting 
a.s an insulator, raises the elevation of the permafrost. Fig. 3Sa, and thus prevents the nor¬ 
mal downhill percolation of water through the bottom of the active layer in the fall and 
earlv winter. This causes the development of springs along the uphill side of the embank¬ 
ment the water from wdiich forms ice masses that will, at the worst, spread over the pave¬ 
ment, and at best will threaten the stabilitv of the embankment w'hen the spring thaw" 
occurs. Engineers in Siberia construct what are called “freeze belts’’ some distance uphill 
from roads, Fig. 3<Sb. These collect the ice which might otherwise threaten the road and 
its embankment. Insulated ditches. Fig. 38c, provide means of escape for the water from 
freeze belts when the ice thaws. Insulating berms alongside highway fills. Fig 31), supple¬ 
mented by adequate drainage ditches have been used in Alaska to preserve the permafrost 
under road embankments and dispose of water that might otherwise damage them. 
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Freeze belt 15'to 30' 



(c) 

Fig 38 (a) Effect of embankment on permafrost The fonnatmn of larjie Quantitu-s of surface ice 

next to an unprotected embankment it detrimental (6) A freeze belt as built in. the permafrost 
regions of Siberia These freeze belts protect the roads below them by causing the accumulation oi 
surface ice where it does no harm (c) Insulated ditche-^ carry water away from freeze belts during 
spring tha%'S By permission, from Soil Mechanic'i, Foundations and Earth Structures, by G. P 
Tschebotarioff, copyright, PJol, McGraw-Hili Book Company 
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Surface swamps here become 
drained and underlying perma¬ 
frost thaws; thereafter road fill 
rests on fluid mud and may slump 


Ground here becomes increasingly 
swampy and water may be ponded 
due to bulge of impervious perma¬ 
frost table beneath the road fill 



Berms cause permafrost table to nse on each 
side of road fill keeping the ground solidly 
frozen and stable beneath the road fill; 
surface water is drained through ditches Drainage 

I I * ditch 



(c) 


Fig. 39. Insulatiog berms on permafrost. From Cold Weather Engineering, courtesy of Bureau of 
Yards and Docks, Navy Department, 1948-1949 


FOUNDATIONS UNDER WATER 

11. GENERAL 

The foundations of many structures must be built on submerged sites. Articles U-15 
deal with the design and construction of the foundations of bridges and miscellaneous 
structures which for one reason or another are built on sites covered by water. 

The previousls- outlined principles of site examination, subsurface exploration, soil- 
mechanics laboratory and field tests, and procedures for estimating settlements and sta¬ 
bility are fully as applicable to the design and construction of foundations under water as 
to those on land. .Accordingly these principles should be applied to both classes of founda¬ 
tions. There are, however, differences in approach to the problems of designing bridge 
and building foundations. The cost of the foundation of a large bridge is usually a much 
larger part of the cost of the complete structure than is the cost of the foundation of the 
average building. In fact where minimum overall cost of a bridge may be sought without 
regard to many other considerations which usually affect the design of bridges, the cost of 
a pier, mcluding its foundations, should equal the cost of one span of the superstructure 
exclusive of the floor system. Furthermore, consideration must be given in bridge design 
to interference with stream flow and navigation. As this leads at once to a study of the 










BRIDGE PIERS AND ABUTMENTS 


8-49 


locations and dimensions of piers and abutments, the question of span length again presents 
itself. This makes it apparent that close cooperation between the designer of the super¬ 
structure of a bridge and the designer of its foundations is if possible even more important 
than between the designers of the superstructure and foundations of a building. The 
designer of a building foundation is usually faced with the primary problem of providing 
a satisfactory support for a specified structure on a given site. He ma.y, and frequently 
should, make suggestions as to possible modification of the superstructure design which 
will promote economy in the construction of the foundation, but only rarely will he suggest 
the radical step of abandoning a site in favor of one affording more favorable foundation 
conditions. On the other hand, the designer of the foundation should pla\' a major and 
frequently controlling role in the selection of the site of a large bridge. 


12. BRIDGE PIERS AND ABUTMENTS 

Loads on Bridge Piers and Abutments. Dead, liv^e, wind, and, where applicable, 
earthquake loads imposed on bridge piers and abutments should be estimated by the de¬ 
signer of the superstructure. Impact loads may usually be disregarded in designing the 
foundation. The loads to be carried by the foundation will be the loads imposed by the 
superstructure plus the dead loads of the piers and abutments and the forces exerted on 
them by flowing water, wind, ice and earth pressures, and seismic forces. Increases in 
assumed loading due to earthquake forces should be of the same order of magnitude as 
those used in the design of the superstructure. 

Dead loads of piers and abutments are the total weights of concrete or masonry above 
water and the buoyed weights (total weights less 62.4 lb per ft^) of submerged portions. 



Pressure in kips per horizontal foot of width of pier 
at waterline perpendicular to current 
Empirical values for pressure of ice against end of a pier 




(c) Pile Bent 


Fig. 40. Ice pressures on bridge piers. Pier widths (a, b, and c) to be used in connection with curves 
in table. By permission from Foundations of Stiurturei>, by C. W. Dunham, copyright, 1950. McGraw- 

Hill Book Company. 
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Thrust on bridge piers exerted by flowing water may be considerable in fast-flowing 
streams subject to freshets. It may be estimated by formulas suggested by J. E. Greiner. 
These are; 

P = l.oE^ for flat surfaces 
P = 0.75U for rounded surfaces 


in which P = the force exerted on each square foot of the vertical projection of the up¬ 
stream surface of the pier. 

= the velocity of flow in feet per second 


The same authornj, suggests minimum values of 150 lb per It- for flat surfaces in streams 
subject to fresiicts and oU lb per ft- for flat surfaces exposed to strong tidal currents 
Wind loads on low piers may usually be disregarded. On high piers and doubtful cases 
they should be estimated as 30 lb per ft- of exposed vertical surface. 



(a) Straight (h) Curved (c) Section al-d, 

Profile Profile Tnangular 

or Rounded 



(d) Ice Sliding Up 
on Starling 


Steel 

angle 




__^Welded 

“ancfiors 


Cast 

iron’ 


Strap 
anchors 
bolted to 
cast lugs 


(e) Angle Nosing 


Cast Nosing 


Old rails 


Granite 


Tie rods— 

(g) Use of Rails 


Bolted 

strap 

“"anchor, 

staggered 



(h) Stone Nosing 


Fia. 41. Bndpe pier -starlings. By permission from Foundations of Structurts^ by C W Dunham, 
oopjTight, 1050, McGraw-Hill Book Coiui^any 


Ice pressures exerted against bridge piers may be considerable. Pressures in kips per 
horizontal foot of width of pier at the waterline due to crushing of river ice against tiie 
ends of piers ina\ be estimated by Fig. 40. If the pier has a sloping starling which afts 
as an icebreaker at its upstream end. the pressures indicated by Fig. 40 may be reduced 
by multiplying them by the sine of the angle or, Fig. 41. Ice pressures due to drifting lake 
or sea ice may be estimated as 1000 !b per horizontal foot of projected width of pier or pile 



Fis. 42. Types of bridge piers, (a) Simple circular pier on open caisson foundation, (fc) Twin piers 
on pile foundation, ic) Twin piers with starling-^aisson foundation, id) H-beam pile cluster with 

diagonal welded bracing 
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bent at the waterline, Fig. 40. Ice jams in rapidly flowing streams may exert a force on 
a pier which should be estimated as equivalent to a static hydraulic head of 5 ft applied 
to a length equal to the average lengths of the spans supported by the pier. 

Earth pressures on abutments should be estimated by methods discussed in Art. 10. 
Sect. 7 Earth pressures on bridge piers should be considered if there are marked differ¬ 
ences in depth of water at opposite sides of piers located at the edge of the channel or where 
such differences may be produced by scour. 

Bridge Pier Types. Bridge piers and abutments today are built almost exclusively of 
reinforced concrete. Stone masonry, of which piers and abutments were once usually 
built, has become prohibitively expensive for the major portions of required sections but is 
still frequently used aa a facing below and a few feet above the waterline to protect concrete 
from possible damage by water, frost, drift, and ice. Bridge piers are designed as concrete 
columns, a variety of sections bemg used. Fig. 42u, b, and c. As indicated m these figures, 
a pier may consist of a single rectangular or circular column or may take the form of a bent 
of two or more columns resting on a common base and surmounted by a cap. Piers m 
swiit-runnmg streams are frequently streamlined by the addition of material outside the 
sections needed to meet structural requirements. Additional material thus added to 
achieve streamlining or pleasing appearance is called the starling. Occasionally bridge 
piers are built in the form of bents or elu.sters of ateel, precast concrete, or timber piles 
surmounted by a suitable cap and possibly strengthened by stiffening diaphragms, 
Fig. 42(i. 

Interference with stream flow which will be caused by the construction of bridge piers 
in a quick-flowing stream, particularly if it is subject to freshets, should be estimated. 
Nagler’s formula expre.ssmg the relationship between the quantity of water flowing and 
the increase in depth above the piers caused by the obstruction is. 


or 


Q = KW2\' 2g 1 

(Z>3- 

W) 


(61 





(6a) 

2g KW^. 1 


2« ) 

2i 


in which Q 
Wi 

D, 

Vi 

Vz 

Hz 

g 


K * 


quantity of water flowing m cfs. 

mean width of stream at the pier in ft (Fig. 43). 

mean depth of water in ft''sec below contracted section, Fig. 43. 

mean velocity of water m ft/sec above contracted section. 

mean velocity of water in ft/sec below contracted section. 

increase in depth of water above contracted section, Fig 43. 

acceleration of gravity in ft - seer == 32 2. 

a coefficient depending on the percentage of the channel obstructed by the 
piers, obtained from Fig. 44. 

a coefficient depending on the shape of the pier and percentage of channel 
contraction: obtained from Fig. 45. 




Plan 


Fig 43 Stream obstruction by bridge piers By permission, from Foundations of Bridges and Build¬ 
ings. by H. S Jacoby and R. P. Davis, copyright, 1941, McGraw-Hill Book Company 
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J’lG 44. Value of coefficient 0 in Nagler’s formula See 6 and 6 a. By permission, from Founda^ 
ttons of Bridges and Buildings, by H. S. Jacoby and R. P. Davis, copyright, 1941, McGraw-Hiil Book 

Conipany. 


The values of K given in Fig. 45 are good only if the turbulence caused by the piers is 

1 


slight. This will be the case where ol (see Fig. 45) is less than • 


0.97 + 


2173 - 

2gZ)3 


0.13 ■which 


is the case usually met. For the treatment of unusual cases where the turbulence will be 
inoderaTe to hiih. s?e refs. 13 and 23. 
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Fig 45 Valuers of K in Xagler’s formula See erjs. 6 and 6a The values of K appear below tiie dia¬ 
grams of the vanoU' types of piers tested in Nagler’s model experiments. 100 a represents the pe-f-centage 
contraction caused in- the pier, L the pier length, and IV the pier width Symbols for the type- of pier 
ends are. .S’, square; R, round, C, convex. L, lens-shaped; T. cylindrical; arid P, pointed Most of the 
piers had no batter, but those marked P9 o»bP 90"B had a nose batter of 1:12 Those marked -VC. 
.VCi, and NC-z had pier nose and tail batters of 1:24 Those marked .VC 3 had a 1:24 hatter all around 
By permission, from Pou/idations o/Sndges and SuiWtng 3 , by H S Jacoby and R P Da\'is convrurht 
1941, McGraw-Hil! Book Company. 


A skew of 10® or less between the major axes of bridge piers and the direction of flow of 
the stream causes little increase in the obstructive effect of the piers. Larger angles of 
skew begin to be objectionable and angles of 20® or more caus>e serious increases in tlio 
obstructive effect. 

Foundations of bridge piers and abutments may be footings on rock, spread footing* 
d‘^ep enough to be safe from undermining by scour and supported on soil of suitable char¬ 
acteristics, or they may be pile supported. Methods used for determining required bearing 
areas, permissible pile loads, pro.-^pective magnitudes and rates of settlement, and stability 
against shear failure are those outlined in Art. 9. Sect. 7. and preceding aiticle* referred to 
therein. Avoidance of the eccentric application of dead loads to footing.* and pile group* 
i-^ important, especially if the foundation is supported or underlain by coinprcssibl^Tcohe¬ 
sive soils. The intermittent and brief eccentric application of the resultants of dead, live, 
and wind loads cannot be avoided but such eccentricity for periods of short duration should 
not cause troublesome tilting prox-ided it does not produce uplift on one side of a footing or 
the piles supporting it. Abutment foundations require careful attention m order that 
unequal bearing pressures and failure to provide adequate means to resist the horizontal 
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component of the resultant of earth pressures do not cause tilting and movement toward 
the stream. Where piers are supported by piles, or are composed of bents or clusters of 
piles, and where piles support an abutment, batter piles should be provided to take the 
horizontal thrusts caused by earth pressure, heavy ice. or freshets. Differential settle¬ 
ments of pier foundations are of great importance where the superstructure is to consist 
of spans continuous over a number of supports. Foundations carrying a series of con¬ 
tinuous spans should in general be supported on rock or at least hardpan, as differential 
settlements may cause serious overstress of their superstructures. 

Scour. The depth of imbedment necessary to prevent foundations of bridge piers and 
abutments being undermined by scour is extremely important and, unfortunately, difficult 
to estimate. The ability of flowing water to pick up and carry solids m suspension varies 
with about the sixth power of its velocity. Therefore an increase in stream velocity 
incident to the obstruction of flow caused by bridge piers may cause scour to surprising 
depths, especially if the stream bed is fine sand or alluvial silt. For example, an increase 
in depth of 40 ft was reported alongside the sand island cofferdams in which caisson founda¬ 
tions of the Mississippi bridge at Baton Rouge were built. Formulas are no substitute for 
judgment in estimating probable depths of scour. The best guides are local experience 
supported by a careful study of any tendency of the stream to shift its channel. Empirical 
rules should be used with great caution but the policy of the Atchison Topeka and Santa 
Fe Railway of keeping footings at least 25 ft below the stream bed is worth recording as 
the safety record of the company’s bridges is good; see ref. 20. Pile foundations and fairly 
deep footings in gravel stream beds have by no means proved immune to failure by scour, 
both types having failed in major floods. Where bridge piers are built in tidal waters, 
consideration should be given to the possibility of relaiivel>' slight scour exposing untreated 
foundation piles to attack by marine borers. 

Bridge piers are frequently built in small internally braced cofferdams by methods 
closely analogous to those used in the construction of pier foundations for buildings m 
open shafts excavated wnthin sheet piled walls. See the paragraph on Open Shafts in 
Art. 6 and the paragraphs dealing with the design and construction of internally braced 
cofferdams in Art. 13, 


13. COFFERDAMS 

Cofferdams are required to exclude water from the working areas in which bridge piers 
and abutments are constructed unless they are sunk as caissons or built of piling. Coffer¬ 
dams may be built as earth dikes or constructed of wood or steel sheet piling, the choice 
of type being dictated by conditions at the site and the availabilitj* of materials. For 
more complete treatments of the important subject of cofferdams see refs 21 and 22. 

Earth dike cofferdams are rarely used for the construction of bridge piers. They are 
occasionally used for the construction of abutments where the water depth does not exceed 



_High water ^ 


n ■ Workrng surface 

--- 

\0riginal river 



bottom 


Fig. 46 Earth dike cfjfferdam Cofferdams of this typ)e are satisfactory only in water of very mod¬ 
erate depth, say not more than about 5 ft, and m locations where there is little current and no high 
waves to erode the outer slope. Such cofferdams are most frequently used for the construction of 

abutments 

about 5 ft, the bottom is rock or a stable and impervious soil, and neither stream velocity 
nor waves will cause destructive erosion. Erosion can be reduced if not controlled by fac¬ 
ing a dike with earth-filled sandbags or broken stone. Infiltration can be minimized by 
a core of impervious earth. The tops of earth dikes should be not less than 7 ft wide nor 
less than 3 ft above extreme high water. Exterior slopes should be no steeper than 2 1/2 
to 1 and interior slopes 2 to 1. It is essential that enough space be provided in.side a coffer¬ 
dam to allow proper sideslopes for excavation and a circumferential drain to intercept 
seepage before it reaches the working area. Fig. 46. For estimating the probable inflow 
and required capacity of pumping plant see subsequent paragraph on pumping cofferdams. 
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Wood sheet pile cofferdams are usually of the earth-filled double-wall type, Fig. 47a 
and h, built with Wakefield sheet piling. Wakefield piling. Fig. 4S, is generally made of 
planks 12 in. wide unless the plank thickness necessary to withstand anticipated bending 
stresses is less than 1 i ;2 m. in which case narrower planks are usual. The planks in the 
center ol the piles should be dressed to insure uniformity of thickness. The outer planks 
may be rough. The length of longue should be at least 1 lo m. if the planks a^e 1 i-o in- 
or less in thickness. With planks 2 in. or more thick the length of the tongue should equal 
the plank thickno::^. Fairs of boit-s spaced about 0 ft hold the planks together with heavy 
spikes spaced IS m. between the bolts. With 1-in. planks 3 bolts may be used, with 

Wakefield Wakefield 



Fio 47 Timber cofferdams Th*:* «alvasrp \'alue of timber sheeting is so low and that of steel sheeting 
so high that wood sheet p'ling can t>e ju-stified today m only a few exceptional cases (a) Small unbraced 
cofterdaiii un clay buttuin <6) Unbraced cofferdam on rook i'ottdni The rock Icjriu would nut be 
neoessarj- in all case> w) Braced cofferdam The internal bracing makes pos-jibie the use of much 

narrower clay puddle cells 

planks 1 ^/ 2'-2 ^2 in. thick the bolt diameter should be t 'o in.; and s/g-in. bolts are usual with 
planks 3 in. and 4 in. thick. The bottoms of the piles should be cut as sho-wn to a.«sist 
in keeping the grooves tight against the tongues which should always be the leading 
edge of the piles as driven. However, where the piles are to he driven to rock the center 
plank of each pile may be left square to minimize gaps between the pile tips and the rock 
surface. Internally braced cofferdams are occasionally built of Wakefield piling. Fig. 47c, 
where lumber la clicap and steel sheet piling unobtainable. For methods of estimating 
atrea&es in the sheeting and bracing of cofferdams see subsequent paragraphs on the stability 
of cofferdams. 

Steel sheet pile cofferdams are generally more satisfactory than cofferdams built of 
wood sheeting Xot only can they be made more nearly watertight but steel sheeting 
drives more easily than wood sheeting, stands driving better, and therefore can be reused 
many times. Steel sheet pile cofferdams in which bridge piers are built are usuallv of the 
internally braced type, Fig. 49 and 51. Cofferdams supported by rock-filled cribs. Fig. 50, 
are used for the construction of larger structures. Cellular cofferdams. Fig. 52. because of 
their large size, are rarely if ever suitable for the construction of bridge piers but mav be 
used for inclosing the space in which an unusually large abutment is built. The^■' are 
frequently employed in the construction of canal locks, dams, and similar large structures. 
A single large circular cell is occasionally used to inclose a sand island. Fig. 53, in which a 
bridge pier is sunk as a caisson. 

Essential characteristics of steel sheet pile sections commonlv used in the United States 
are given in Table 3. The t\'pes fitted for internally braced cofferdams are those having 








COFFEKDAMS 


8-55 


large-section moduli and great flexural strength such as IT. S. Steel Section Numbers MZ 
oS to M 115 inclusive. Bethlehem Steel Section Numbers ZP-3S to AP-3, and similar sec¬ 
tions of other manufacturers. The types fitted for use in cellular cofferdams are those 
having high interlock strength as the completed structures will be subjected primarily to 
tension Low-section moduli are .Acceptable as the piles in cellular cofferdams will 
not be rf-qiiired to resist large bending stresses. In theory sections that are perfectly 
stiaigi-t between the interlocks are preferable to sections with a slight “bow’' as they are 



Fig 48 Waki-ftt-Ul pihru: By permissnjn, from Fo-jjndntion.^ nf and Buxldings, bj- H S 

Ja-’uby and R F Da\is, copyright, 1941, McGraw-Hdl Book Company 

Stronger in tension. In practice, however, many field men prefer tiie slightly bowed sec¬ 
tions which, although not so strong in hoop tension, are much easier to handle because of 
the slight flexibility afforded by the curvature between the interlocks which makes it much 
easier to drive a circular cofferdam without damaging the interlocks or tearing the piling. 

The stability of sheet pile cofferdams depends upon their ability to resist several types 
of failure 

Earth-filled double-wall cofferdams without internal bracing, sheet pile cofferdams 
supported by rock-filled cribs, and cellular cofferdams must be stable against overturning 
and sliding. This can usually be achieved by making the width of double-walled earth- 
filled cofferdams at least of their height. The overall width or cell diameter of cellu¬ 

lar cofferdams should be from 1.0 to 1.15 times their height. In both cases “height” is 
the vertical distance from firm bottom on which the cofferdam rests to extreme high water. 
Cells should be filled with a stable granular soil All cofferdam'^ shouki be analyzed to 
make -ure that the resultants of forces due to water pressure and veight lie within the 
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Table 3. Steel Sheet Pile Sections 



Section 

Area, 

Width, Per Linear 

Per Sq Ft 

Inertia, 

Single 

Per Linear 

No. 

m.2 

in. 

Ft of Bar 

of Wall 

in.^ 

Section 

Ft of WaU 

ZP-32 

16.47 

21 

56.0 

32.0 

385.7 

67.0 

38.3 

ZP-38 

16.77 

18 

57.0 

38.0 

421.2 

70.2 

46.8 

DP-l 

12.56 

16 

42.7 

32.0 

87.0 

20.4 

15.3 

DP-2 

10.59 

16 

36.0 

27.0 

53.0 

14.3 

10.7 

AP-3 

10.59 

19 5/8 

36.0 

22.0 

26.0 

8.8 

5.4 

SP-4 

8.99 

16 

30.7 

23.0 

5.5 

3.2 

2.4 

SP-5 

10.98 

16 

37.3 

28.0 

6.0 

3.3 

2.5 

SP-6a 

10.29 

15 

35.0 

28 0 

4.6 

3.0 

2.4 

SP-7a 

11.76 

15 

40.0 

32.0 

4.6 

3.0 

2.4 

AP-8 

11.41 

15 

38.8 

31.0 

24.2 

8.9 

7.1 

SP-9 

4.38 

8 1/2 

14.9 

21.0 

1.0 

1.0 

1.4 


Courtesy Bethlehem Steel Company. 

Sections ZP-32 and ZP-38 will interlock with each other, but not with other Bethlehem sections. 
Sections DP-1, DP-2, AP-3, SP-4, and SP-5 will interlock with each other, but not with other Bethle¬ 
hem sections. 

Sections SP-6a, SP-7a, and AP-8 will interlock with each other, but not with other Bethlehem sections. 
Section SP-9 will not interlock with any other section. 
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Fig. 49. Small steel sheet pile cofferdam with timber bracing Small cofferdams such as these 
were once extensively used for the construction of the plena of unimportant bridges Today timber is 
so expensive and its salvage value so small that steel internal bracing is replacing timber in even small 

cofferdams. 


Ordinary high water el. + 45 


CT'-O- 


Level of water surface' 
at a flow of 300,000 cfsj 

Steel sheet piling 
3'X12'T.& a sheeting 

Ordinary low water el. + 15 


i El. + 31 



Impervious fill of 
clayey sand 




Decking 
El. +27 

Rock fill 

Bank run gravel 
and sand 

10'X 12' 

Open sheeting 
(2' X 12') 

Vertical corner pieces 
for bottom 15 ft 
built on ways 

12'X 12' 


Fig. 50. Steel sheet pile cofferdam supported by rock-filled crib Cofferdams of this type are used in 
the construction of many important projects where rock bottom makes it impos.siole to drive sheet 
piling into the nver bed in the conventional way From Cofferdams, L. \\ bite and E A. Prentis, 
Columbia University Press, 1941. 
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Fig 51 Stool ■=«heet pile cofferdam with 


middle thirds of their bases. Stability against sliiiing is checked by assuming that the 
coethoient of friction between the filling material and the bottom is not m general more 
than 0.5. 

The sheet piles and wales of internally braced cofferdams must have sufficient flexural 
strength. It i*^ advisable to compute benihng moments as if the piles were Muiph- "Up- 
ported beams spanning from wale to wale and the wales simply supported beams between 
the struts. The reduction in bending moments due to continuity introduces an additional 
highly desirable safety factor into the de-^ign of a structure that from force of circumstances 
will be built roughly. 

Struts are designed by applicable column formulas. If both longitudinal and transverse 
timber struts are required, Fig. 31, both should be continuous from end to end. The 
longituflinal struts and the wales they support should therefore be immediately above or 
below the transverse struts and their corresponding wales If the two sets of struts and 
wales are m the same plane the desirable continuity of both sets of struts is impossible. 
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If steel struts and are U'led. the detaiK of their conncotion'. must obviate exce^^ne 

stress concentrations and consequent buckling of webbs and flanges 

The interlock strength of steel sheet piling in cellular cofferdam'' mu-^T be sufficient to 
withstand the hoop tension engendered by the active pressure of the earth with which the 
cells are filled. The tension may be estimated by the formula. 

-.HKaRc 

the force producing hoop ten-^ion in one lineal in. of interlock, 
the total unit weight in IbTt^ of the >oii in the cell. 

the height in ft of the cofferdam fill above the point at which the hoop 
tension is estimated 

coefficient of active earth pressure of filling material, 
radius of cofferdam cell m ft. 


in whicli 7\ = 
T- = 
H = 


Ka - 
Rc = 
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Section B-B CcHular Cofferdam 

for intake System 
Detroit, Mich. 

The George R Cooke Co. Detroit M<cb , Contractor 

Fio d2 Cellular .sheet pile pofferdam. Courtesy of Bethleheui Steel Co. 
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Stability against shear failure of the bottoms of cofferdams built on cohesive soil should 
be estimated by circular-slide analyses made m accordance with principles outlined in 
Art. S, Sect 7. Consideration should be given to such surfaces of failure as the one indi¬ 
cated in Fig. and cognizance taken of the fact that s>hear failure of the • 501 I supporting 
it may involve inovernent of an entire cofferdam. The cohe-^ivc strength c of clays and 

Open caisson being sunk 



Fig. 53. The sand-island process A sand island is built m the river by driving a large circular steel 
sheet pile cofterdam and nllmg it 'with sand On this sand island an open caia.«on is sunk by the con¬ 
ventional method of dredging through its wells. After completion of the caisson sinking, the coflerdani 
IS removed and the sand dredged away. 

silts underlying the sites of proposed cofferdams should be determined in order that ade¬ 
quate precautions against shear failure may be taken. Stability of sheet pile cells is further 
discussed in Sect. 21, Volume II. 

Stability against quickening and boiling of the bottom of cofferdams built on non- 
cohesive soils such as sand is of great importance. Extensive boiling of the bottom of a 
cofferdam will not only flood it but ma>' cause its practically complete destruction by re¬ 
moving lateral support given to the sheet piling by the soil. The danger of such trouble 
occurring can best be estimated by drawing a flow net. Fig. 32 of this section, or Fig. 596, 
Sect. 7. From it the probable hydraulic gradient of upward flow to the bottom of the pro¬ 
posed finished excavation inside the cofferdam is determined. If this gradient exceeds 1.0 




Fig 54 Stability of cellular cofferdam—possibility of shear failure From Cofferdams, L White and 
E. A. Preutifc, Columbia Umver-sity Press, 1950 

there is evident danger of the bottom boiling until its entire area becomes quick. As in 
the case of land cofferdams it is advi-^able, however, to limit the hydraulic gradient of up¬ 
ward flow as estimated by a two-dimensional flow net to 0 5. It should be noted that ex¬ 
cavation inside the cofferdam greatly augments the hydraulic gradient of upward flo-w. 
The fact that boiling does not occur when the cofferdam is first unwatered is therefore no 
assurance that it will not start before excavation is completed. Localized tendency of the 
bottom to boU when the excavation is practically complete may sometimes be controlled 
by a blanket of well-graded broken stone or gravel or by building a ring of sandbags around 
the incipient boil. 

If preliminary studies indicate the probability of the bottom of a small cofferdam heaving, 
boiling, or quickening it is advisable to do necessary excavating through water, with clam- 
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shell or orange-peel buckets, before the cofferdam is unwaterod. Final trimming of the 
excavation and cleaning out of the corners should be done by a diver who should also level 
a blanket of broken stone or gravel at least a foot thick laid on the bottom of the finished 
excavation. An adequately thick «eal of treniie concrete. Fig. 51. should then be poured 
on tne stone or gravel blanket and allowed to harden thoroughly before the ^-offerdani is 
unwatered. 

The rate of inflow into a proposed cofferdam may be estimated by means of the flow net 
drawn to determine the stability of the bottom against boiling. Ha\'ing determined the 
coefficient of permeability k of the soil, eq 37 of Art. S, Sect. 7. is used in conjunction with 
the flow net to estimate the rate of infl-ow. 

The construction of a cofferdam la fully as important as it.s design inasmuch a< careless 
workmanship can nullify the efforts of the mo<t paimtaking designer and lead to cu^tiv 
failures. It is essential tliat all llie sheet piling be sec aiound a template or frame ami that 
all of it be interlocked before any driving is attempted. The sheet piles shouhl then be 
driven successively a few feet at a time described under open shaits in Ait 0 The 
internal bracing is assembled m tier^ at the top of the cofferdam and lowered into place, 
the upper tier being suspended from hanger? attached to the tops of the sheet piles. As 
many tiers as possible should be placed before any pumping is done, though the lower tiers 
must of necessity be metalled as the excavation progresses ii any consideiable part of it is 
done in the dry. A? pumping start? cindeis should be sifted into the water outside the 
sheet piling to seal leaks m the interlocks. 

Pumping is usually done with motoi-driven centrifugal pumps. Even if current for 
the pump motors cannot be purchased at the site it is generally preferable to u.-^e motor- 
driven pumps and in=?taU diesel-driven generators to supply necessary current. At least 
three pumps should be used in a cofferdam of anv size. Two of these should have ample 
capacity to handle the prospective inflow, the third being a spare in case a pump breaks 
down. The pumps should be of the same size and make in order that a single set of ^pare 
parts will serve for all three. The pumps should if possible be iiiounted on a platform m-s- 
pended by chain fails in order that they may be ^al'^ed quicklv in case the coffeiUam floods 
and also so that they mav be lowered to follow the water down and thus obviate troubles 
due to excessive suction lift. The pump suction^ should be equippctl with hcll-ini'iunrod 
intake.^ and should be located in a sump surrounded with short length^ of light sheet piling. 
The bottom of the sump should be trernic concrete to prevent scour. An effective screen 
should be provided to keep tra.sh out of the sump. The pump discharge Imc? should ter¬ 
minate below water outside the cofferdam and should be provided with effective check 
valves to prevent siphoning water back through the pumps in case of power failure. A 
typical installation for a laige cofferdam ia shown in Fig. oo. 


14. BRIDGE PIER CAISSONS 

Several type? of caisson's: are used in the construction of bridge pier foundations and 
bridge piers. As applied to bridge pier construction the '■erm cai-son include-^ box caissons, 
frequently called "cribs'’; single-wall open caissons, multiwalleJ cai.-iSon-. pneumatic 
caissons: and caissons sunk by a combination of the open and pneumatic p^oL•e•^^es. 

A box caisson, Fig. 56. as the name implies, consists es'^entially of a box, usually of 
timber or remforcecl concrete. Box caisson-' are employed either where no exi'iuatioii is 
required to i)lai'e thmi or where all necessary excavation 'mii he done before the caissons 
are transported to the “^ite and placed. Box caissons are placed by sinking them so that 
they come to rest on an existing acceptable hard b<»rtoin, on a previously excavatcti or 
prepared bottom, or on a preinstalled foundation >uch a group of pile^ capped with a 
timber platform or covered with tremie concrete oi a blanket of broken ■'tune A box 
cau-son, after reaching its prepared bottom or prems?caUed foundation, is tilled witii concrete, 
boulders, iiprap. or ma^on^v. Short ‘«pau l-ndges, trestle bents, .-ca walls, bulklieads. 
mole?, and piers are commonly supported b\ box-cair-on founda^ioIl^ 

Single-wall open caissons ol the typo occa'innaliy u-'od m tlie con-'truction of building 
foundations (see 'ingle-wall open caissons m Ait 7i are used cxten-ivcly a" bridge piers 
and their foundations. Fig 57. 

Multiwalled caissons v.'ith open dredging wells, Fig-^ 5.3 and .5S. may no ^unk a? bridge 
foundations to very much greater depths than are attainable by pneumatic cai'sons. Such 
caisson^ have in nuiiu mus cases been sunk to -‘epths .ji 15U P and in the case oi the founda¬ 
tions of the San Fraiicixco-Oakland Bay Budge to depths ot ovci 240 ft Multiwalled 
caisson? are u-ually non.sxru<‘ted c»f reinforced concrete and are i^uilt with timber or steel 
forms. A caisson of this type constitutes an open box. p'tititmnc<i by vertical, lateral, and 
transverse w alls mto « el!'', called "dredging wells ” The l«Avcr ends of interior and exterior 
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Kiq, 55. Cofferdam pumping plant. Automatic pump setup with siphon, Lock and Dam Number. 
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26, Alton, Ill. From Co^erdams, L. White and E. A. Prentis, Columbia University Press, 1950. 
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To be leveled after caisson is placed 



Side-wall reinforcement: 
H*' fods placed horizontally 
IV* from surface and 
spaced as indicated 
V' rods placed vertically 
spaced 18' c c. 


'•-V rods spaced 
12'c c both ways , £ 

Vertical section A-A - | 



Note 

All 8* X 12* caissons to be built in 
sections the he'ght of which should 
not exceed 10 ft Tne reinforcement 
of bottom walls and diaphragms 
will be same as indicated on the 
detail of 12' x 12' caisson The 
he.ght will vary 25 shown. 




¥1^' 




4'x24- 
I- diaphragm 
in each section 




Horizontal section B-B 
12-ft X 12-ft caisson 


Plan 

8-ft X 12-ft caisson 


Fig 56 Bux iH-'-Gi fur nier Box raixton of reinforced concrete near Gien Cove, Lung Inland By 
permlbeion, from Foundanoiia oj B idge^ and Buildings, by H Jacoby and R P Dans coDx^riaht 
1941. 5IcGraw-Hiil Book Company 

walls are called the “cutting edges” and are usuallv formed of structural steel sections but 
may be of reinforced concrete or hardxxood depending upon the type of sod to be penetrated. 
The interior walls and the interior lace of the outer walls may be increased in thickness 
above their lower sections, to increase the rais-tm xxeigiit so as to assist in overconiing skin- 
frictional resistance to caisson sinking. Where the interior cutting edges are at a liigher 
level tlian the exterior edges and where the vails are of mi'reased eios, section above the 
cutting edges, the spaces so outlined are called "dredging chambers ’’ The caisson is 
excavated by clamshell or orange-peel dredging buckets, ami tlie cais.son sinking is nor- 
mallv expedited by caisson weights. When tlie dredging chambers are cleaned out, tliey, 
togetiier witii the dredging wells, are filled xvith concrete. 

For bridge foundations, such caissons must be lowered to the river bottom and then sunk 
to an adequate supporting medium, frequently at considerable depths The principal 
problems to be met arc. first, in the control and lowering of the caisson while it is a floating 
body—i.e , until it has received its support in firm soil in the river iied; and second, in over¬ 
coming the skin friction of the soil aginst the outer xvalls as the caisson is forced downward 
into the excavation made within its dredging wells. 
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The problem of controlled flotation may be met by building up the lower sections on 
ways, the cutting edges and 


lower sections of the walls 
of the dredging wells being 
concrete-fiiled and the upper 
sections formed but not filled 
to constitute the super¬ 
imposed cofferdams. Then 
when launched from the 
ways, the caisson floats and 
is towed to us pier location. 
By alternately filling the hol¬ 
low wails with concrete and 
extending upward the wall 
forms, the caisson is gradu¬ 
ally sunk until the cutting 
edges are imbedded in firm 
soil, when dredging is started 
and the walls extended up 
and filled as sinking takes 
place. 

Since concrete with its 
normal reinforcement weighs 
about 2 !/•: times the weight 
of water and since the timber 
forms and bracing with their 
usual hardware of bolts, nails, 
and fittings about equal the 
weight of water, approxi¬ 
mately 3/5 of the height of 
such a caisson must be un¬ 
filled to provide the necessary 
cofferdam buoyancy during 
flotation. Hence, as the 
depth of water increases the 
required cofferdam draft in¬ 
creases so that at consider¬ 
able water depths this 
method of seating a caisson 
becomes more expensive and 
more hazardous and with 
suffi<'icnt depth, impossible. 

Therefore, for great depths 
of water, other methods are 
employed. For many years 
the accepted alternate 
method was to install false 
bottoms, generally of timber, 
under each dredging well of 
the caisson, to temporarily 
convert the caisson into a 
boat When the caisson 
comes to rest on the bottom, 
the false bottoms are re¬ 
moved and sinking is started 
by excavating through the 
dredging wells. 

Examples of bridge foun- 


Base of rail El + 54.3 



dation installations of open 
caissons floated by the false 
bottom method are in the 
foundations for the Mid- 
Hudson Bridge at Pough- 


• • Gray packed sand 

Fig. 57. Sineile-wall open cai"-Gu fur bridge pier River pier, 
Atchafalaya River Endee. Melville. La Open caissons for large 
bridge piers may have a number of dredging wells (see Fig. 57). 


keepsie, New York, and the Cantilever Bridge section east of Yerba Buena Island for the 


San Francisco-Oakland Bay Bridge. 







P'lG 58 (a) Cutaway drawing of Moran '?ai<son. San Francisco-Oakland Bay Bridge ib) General 

pictuie of caisson uj ' ' P'rancisco-Oakiand Bay Bridge, sho\\mg caisson, 

Widkini: docks, and eni P'roni Constiuctmg Foundations of Trans-Bay 

Bridge. Carlton S P 1935 Floating, landing, and excavating within 

domed colferdani fo • Bridge P'rom Foundation Design for Trans-Bay 

Bridge, Cu’if Engg, December 1934. 


The Moran Caisson. Another development in open cais-^on design is that employed 
for the West Bay piers for the San Francisco-Oakland Bay Biidge—see ref. 17 Here it 
va? uecessarv to meet two unprecedented conditions: cai“5Sori sinking depths attained the 
lecord of 2-4S ft below high water as against ISO ft maximum (the previous record depths 
at the fluey P. Long Bridge, and caisson flotation depths icached the record of 118 ft as 
again>t the previous record of 70 ft at the Ha\%kesbur\ Bridge at New South Wales, Aus¬ 
tralia. Xo precedented method of installation would meet these conditions. 

The Moran domed caisson, Fig. 58. was developed and patented to permit the flotation 
and sinking of open caissons by a method x^hich eliminated the normal factors of increased 
hazard and rapidly mounting co.sts with increased depths of open water. In these caissons 
t!ie dredging wells are circular and consist of steel cylinders which are carried well above 
the caisson buildup and capped with hemispherical steel domes. Air pressure, applied to 
the dredging wells, depresses the water in the cylinders to any desired level, providing ef¬ 
fective stability and flotation control during the flotation and sinking stages. During the 
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flotation stage, as the caisson sinks and is prepared for each buildup, the domes are pro- 
giossively removed to permit the upward extensions of the steel cylinders, the domes re¬ 
placed and water within such dredging wells depressed to permit progressive similar opera¬ 
tions on all dredging well c^'linders. This procedure provides m principle a pneumatic 
false bottom near the lower end of each dredging well and permits the caisson to be treated 

a boat so that the superimposed cofferdam may be maintained as small as is consistent 
with safe flotation principles, which require that the center of gravity and center of buoyancy 
be alwa\ s below tlie metacenter to provide constant positiv’-e righting moment. 

After the cutting edges of open-dredged caissons are fully supported in soil there remains 
the problem of skm friction, common to all types regardless of method of flotation coriiiol 
employed. As the soil beneath the caisson is excavated through the dredging wells, the 
caisson sink.s, but with increased depth of dredged sinking there is a constantly increased 
frictional re^^istance of the soil against the outer walls of the caUson Such skin-frictional 
reiiscance vanes with the type of soil penetrated and has exceeded 1000 lb per ft-. Skin 
frictional recistance i? reduced by the lubricating and cutting action of ‘’bathing and cut¬ 
ting” jets built into the caisson walls, the bathing jets, in the outer walls only, acting up¬ 
ward to cause an upward flow of water on the outside walls and the cutting jets built into 
all cutting edges acting downward to expedite dredging and sinking 

Tlie sand-island method, Fig. 53, is another development of the use of caissons as 
bridge foundations and piers. In this method a braced steel .sheet pile cofferdam or, more 
usually, a circular self-sustaining steel sheet pile cofferdam is built in the water on the bed 
soil at the io'‘-ation of each pier. The cofferdams are filled with sand and thus provide 
“sand Islands” upon which caissons of either the open or pneumatic type may be assembled 
and 'link as land operationa. Fig. 53. Examples of the use of the sand-island principle 
for installing bridge pier caissons are the Ambassador Bridge at Detroit, the Southern 
Pacific ilailway Bridge at Suisun Bay. and the Huey P. Long Bridge across the Mississippi 
at Xew Orleans 

Pneumatic caissons have been used extensively and with success in the construction 
of bridge foundations. For example, the anchorages of the Ambassador Bridge at Detroit 
and the foundations of the Kennebec River Bridge at Bath. Maine, and the Cooper River 
Bridge at Charleston, South Carolina, were built as pneumatic caissons Pneumatic 
caissons for bridge foundations are ba*ed on the same principles as pneumatic caissons 
used for sinking building foundations on land and what has been said of pneumatic caissons 
m Art. 8 applies to bridge foundation caissons. They are, however, usually larger than 
caissons used on land, Fig. SOd, and there are generally more separate shaft ways for men 
and materials. There may, in fact, be several shaftways of each type in a large bridge 
caisson depending upon its size and the pneumatic pressure requirements. The air locks 
in such caissons may be at the top, at the roof of the working chamber, or part way up the 
shaftways. 

Combination open and pneumatic caissons (see Art. 8) may frequently be used to great 
advantage m the construction of bridge foundations. 


15. DIVING 

Divers are necessary for the prosecution of some phases of underwater foundation and 
water-front construction work. Their services are occasionally needed in the construction 
of foundations on land if work must be accomplished in a flooded excavation which it is 
impossible, hazardous, or inadvisable to unwater. What follows gives general information 
on the pos.sibilities and limitations of the work which divers can do effectively. It also 
outlines the precautions, measures, and equipment necessary to provide reasonably safe 
working conditions for men who engage in a trade that can be decidedly hazardous. As 
one of the hazards which divers face is the development of “the bends” or caisson disease 
due to exposure to an artificially higli atmospheric pressure and subsequent decompression, 
the discussion of the physiological effects of compressed air in Art. 8, Pneumatic Caissons, 
should be read. For a thorough treatment of the complex problems of diving, see ref. 3 
An excellent brief treatment is ref. 6. 

Depths at Which Divers Can Work. An experienced diver should be able to work 
effectively at a depth of 90 ft, this being the depth at which second-class divers in the U. S. 
Navy are qualified to work. Skilled salvage divers are qualified to work at depths as 
great as 150 ft and exceptionally well-qualified fir&t-class divers and master divers are quali¬ 
fied to work at depths as great as 300 ft wh^n using compressed air and at even greater 
depths when using an artificial atmosphere of helium and oxygen. The lengths of time 
divers should be allowed to star on the bottom vary with the depths at whioh the\' are 
working. Their safe rates of asceiit and consequent decompression vary not only with the 
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depth but with the length of time spent on the bottom. According to the Navj’ Standard 
Decompression Table, in ref. 3, a diver who has been working at a depth of 150 ft for 15 
minutes requires a total decompression time oi 14 mmutea which should be provided b\- 
halting his normal ascent for 7 minutes when he reaches a depth of 10 ft. If, however, he 
haa worked tor 80 minutes at a depth of 15U it. hia total decompression time should be not 
leas than 150 minutes provided by halts in as«’ent of 23. 32, and 60 minutes respectively 
at depths of 40, 30, 20. and 10 ft The practicability of having extensive work done by 
divers therefore decreases rapidly with increases in the depths at which the work is to be 
done The Xa\w Standard Decompression Table of rei. 3 should be consalted to deter¬ 
mine the practicability of having work done by divers at an\' stipulated depth, but in 
general it ma\’ be said that about 100 ft I's the maximum depth at which any extensive 
activity b\’ divers is practicable. The 3 * can do emergeiicj' work, .■?ucli as attaching lifting 
gear m a salvaging operation, at much greater deprli^ What has been said above refers 
to divers workmg in standard helmets and flexible diving suits. With a shallow water 
helmet or a face mask skin divers can accomplish minor tasks at moderate depths but skin 
diving 13 not nearly’ as safe as diving in a regulation suit and should not be emplo.ved ex¬ 
tensively in underwater work. 

Adequate air supply is 'vdtal to the safety of divers. On small jobs hand-operated com¬ 
pressors are usual but in extensive diving operations the uae of power-driven compressors is 
almost a necessity'. In an\* event, the air alter leaving the compressor should be cooled and 
passed through a suitable oil filter. The air-supplv- system should include compressed-air 
■stoiage tanks oi such capacity as to provide adequate quantities of air for the sale ascent 
of divers m caae of compre&sor failuie. It should be iiotetl that a man breathing compressed 
air requires a far greater number of cubic feet of iiee air per minute than a man breathing 
at ordinary atmospheric pressure In fact, a man working in a limited volume of air. such 
as is available in a diving suit, need.-^ about I 5 cu ft of air per minute at the pressure at 
which he is working, irrespective of what that pressure ma>- be. A diver working at a depth 
of 100 ft, therefore, requires about four times as niaiii- cubic feet of free air per minute as 
a man working at or Just below the surface. 

A recompression chamber or hospital lock should be provided where extensive diving 
operations are undertaken, even though the depth at which the work is done is moderate 
The exigencies of diving occasionalK* necessitate bringing a man up ciuickly and recompre^" 
sion maj' be necessary* to prevent the development of the bends even though the depth 
may have been slight. A qualified doctor should therefore he kept in attendance and the 
same precautions observed as for caisson workers. See Art. 8. 
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EARTHWORK 

1. GENERAL 

The technique and economics of earthwork have been revolutionized during the past 
three decades through mechanization Almost anywhere in the United States it is eco¬ 
nomical and efficient to use power excavators to dig even such small excavations as the 
cellars oi houses or cesspoois for single dwellings. There are, however, remote regions m 
undeveloped parts of the world in which hand excavation is still used on a large scale for 
such projects as tiie construction of roads and foundations. Even m such locations hand 
excavation is generally used in conjunction with motor trucks for hauling. For a complete 
and adequate treatment of excavation by hand and earth-moving by horse-drawn equip¬ 
ment, refer to earlier editions of this and other handbooks and to books and articles on 
construction methods written before 1930. 

2. HAND EXCAVATION AND HORSE-DRAWN EQUIPMENT 

The information given below as to quantities of work that may reasonably be expected 
of men doing excavation by hand applies to strong, able, and well-fed laborers. Under¬ 
nourished men who undertake hand excavation in some remote overseas areas cannot do 
the indicated amounts of work per hour. Their productivity can. however, be materially 
improved by supplementing their normally inadequate diet by issuing them nourishing 
food *‘in kind” in addition to wages in cash. An increase m wage is less effective as the 
money will be spent largely on things otlier than food. 

Where horse-drawn wagons and scrapers must be used, mules will, in general, be found 
preferable to horses, as they require les* skillful care and attention. 

Loosening by picking or plowing is invariably necessary as a preparatory step to hand 
excavation. A good laborer should be able to loosen with a pick from 3.0 to o.O yd® of 
ordinary loam or from 0 5 to 10 vd® of hardpan or cemented gravel per hour. A plow 
drawn by tw*o horses or mules will loosen 30 to 40 yd® of ordinary loam per hour and will 
require a driver and plowman for its operation. In stiff cla^* or gravel four horses wull be 
needed, and in hardpan, six. In both of the latter cases one or two men in addition to the 
driver and plowman will be needed to ride the plow beam and keep the plow in the ground. 

Shoveling. A man can pick and load about 0 5 yd® of loam, 0.3 yd® of clay, or about 0.1 
yd® of hardpan per hour. He can shovel about 0.6-0.75 yd® of well-loosened earth into a 
wagon or small truck in an liour. If the w'agon or truck is high, the output is reduced. 
Men cannot shovel effectively into the large trucks normally used with mechanical exca¬ 
vating equipment. The above rates should be attainable by the average vigorous, able- 
bodied man They have been doubled consistently by many laborers in the days when 
excavation by hand was standard practice. 

Wagons for hauling earth were either bottom or end dump and were drawn by from 
two to four horses depending upon capacities. Today, where wagons are used for earth 
moving in remote foreign location>, the best possible use should be made of locally avail¬ 
able types. Earth-moving equipment transported from the United States should be 
motor-driven. 

Horse-drawn scrapers of various types and sizes were used extensively for excavating 
soft and thoroughly loosened materials and hauling them short distances. Drag and fresno 
scrapers had no wheels but slid over the ground on their bodies or on runners. 

Wheeled scrapers consisted of a box-shaped steel scoop mounted on wheels and fur¬ 
nished with levers for lowering, rai&mg. and dumping. They were too hea\'>' for effective 
use as horse-drawn devices, and the practice of pulling them with tractors undoubtedly 
suggested the development of the modern large tractor-hauled scraper. 

Compacting earth with horse-drawn equipment was surprisingly satisfactory due. no 
doubt, to the relatively thin layers in which wagons deposited earth and to the beneficial 
effect of "kneading” by the feet of the animals that hauled the wagons and rollers. 
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3. POWER EXCAVATORS 

Excavating machines commonly used comprise self-propelled cranes fitted with special 
booms accommodating shovel or hoe attachments: or with ordinary- booms from which 
draslme, clamshell, or orange-peel buckets are operated: Figs b, c, and d More 
highlv specialized types of excavators are trenching machines consisting esbcntially of a 
number of small buckets mounted on a wheel or endless chain, and loadeis winch are 
tractor-drawn scrapers that make a shallow cut and deliver the earth from the scraper 
blade b\ means of a pots er-driven belt conveyor to a truck which runs alongside the loader 
as It works. 

Sizes of Excavating Equipment. The standard sizes of shovel and hoe dippers and drag¬ 
line, clamshell, or orange-peel buckets operated bv commercial cranes used excavating 
machines are 3 / 4 , 1. 1 l'o, 2, and 2 1/2 yd^. these being the volumes of the dippers' or 
buckets’ struckoff level. The cranes wViich handle the«e dippers and buckets vary in 
maximum capacity from 4 to 60 tons. The size of bucket which can be used with a crane 
of a given capacity depends upon the weight of the bucket itself, the unit weight of the 
material to be handled, and the length of boom required. In general, however s- titid 
3 ' 4 -yd buckets can be handled bv cranes of 4- or 5-ton capacity. 1- and 1 ’ 2 -yd bucket'* by 
10- to 15-ton cranes, and 2- and 2 1 / 2 -yd buckets by cranes of 20-ton capacity and larger. 
The rated capacity of a crawlei-mounted crane is considered as of the tipover load at 
a radiu«: of 12 ft from the center of rotation when the machine is .standing on firm and level 
ground. The rated capacity of a crane mounted on rubber-tired wheels is considered to be 
S5^o of the tipping load at a radius of 10 ft from the (enter of rotation with the uiiit on 
firm, level ground. Shovels and draglines of far larger capacity than 2 1/2 yd^ have been 
built and are in use. They are not, however, standard commerciai units but machines 
specially designed and built for the use intended A shovel lor -trip mining with a -lo-yd^ 
bucket has for example been built, and huge dragline- of sin.ilar orders of magnitude have 
been produced for levee con-truction and canal excavaruin 

Mountings. Commercial models of power craric- suitable for use as oxf^avating machines 
are available on three ha-ic tvpes of mountings crawh-r, truck, and wheel. 

Crawler mountings oarrv the majority of crane-5 u-td excavators. Thev are available 
m various shoe widths and crawler lengtlis for most niodvb of couiMieicial cranes, in order 
that machines mav be well suited to the work tliey aic dn. On aome crane- the overall 
width of the crawlers can be changed to give greater -tability for diaglino operation. The 
bearing pressure under crawler treads usually vane- b*-u\ocn 72U aii>l 1440 lb per ft- The 
shorter and narrower t\ pes of crawlers and shoos are c'l'-imonly u-ed on -shovt*!.- which work 
on firm ground. Long crawlers have the disadvantage of interfering with use of the -iiovei 
dipper close to the crane in cleanup work. They also make the machine more difficult to 
steer The great merit of the crawler mounting is its v usatility on the job sue. its ability 
to carry the heaviest tvpes of crane on soft or rough giound, and its ^tabilitv more 

serious limitations are its slow speed when moving (it makes between h 2 and 2 mph' and 
the fact that it damages pavements. It is generally necessary to load a crawler-mounted 
crane onto a low bed trailer if it must be moved on a public road. This is time-coTi'^uming 
and expensive. 

A truck mounting consists of a heavy’ four- or six-wheel motor truck upr.n which the 
rotating unit of the crane is carried. The truck has it;« own motor whicli mdependont 
of the one xxhich drives the crane mechanism. Truck mounting provides maximum im'bi!- 
ity. Truck-mounted cranes can travel at speeds as great as 35 mph on the open road. 
The stability afforded by truck mounting is inferior to that afforded by a crawler but may 
be improved by the use of outriggers supported by jacks or blocking. Truck-iimunted 
cranes used as excavators rarely exceed 3/4 yd^ capacity as width and a\l(--h'a 1 limiiatims 
imposed by many states would prohibit larger machine.- traveling (Ui hig'iwa>'5 and the 
possible advantage of the great mobility of a large truck-mounted crane i' therefore lu-t. 

Wheel mountings are somewhat similar to truck mountings but utilize the crane motor 
to drive the vehicle. A wheel-mounted crane doe- not Heer as ^ell as a truck-mounted 
crane when on the road, and its speed is usually limited to about 10 mph tliouah >onie of 
the smaller models will make 20 mph. Otherwise its advantages and Iimu-itions are very 
similar to those of the truck-mounted crane. 

“Walking Pads. S onie very large excavators biult for use on soft ground and employed 
in building levees and excavating drainage canals are fitted, in lieu of cra\%lei>. with huge 
pads or feet upon uhich the machines walk These are highly specialized pieces of equip¬ 
ment the manufacturers of which should be consulted to their characteristics. 

Railway mountings on standard or narrow-gage railroad trucks were once u'^ed largely 
for excavators, particularly shovels. Thev are rarely used today as the more versatile 
and effective crawler mounting ha^ supplanted them. 
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(a) 



Fig. 1. Power excavators, (a) Shovel digging ranges. (6) Hoe (frequently called the back hoe) 

ment for handling an orange-peel bucket is very similar. 
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digging ranges, (c) Dragline digging zones, (d) Crawler crane with clamshell bucket The arrange 
Courtesy of Power Crane and Shovel Association 
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Drives. Gasoline engines are used to drive many of the smaller types of crane and a 
few large ones. Their great advantage is the familiarity of the average mociianic with 
their operation and maintenance. Diesel engines are, however, rapidly supplanting the 
gasoline engine on large machines. Their advantages are low fuel cost and, with increasing 
familiarity of personnel with their care and maintenance, low upkeep and long life. Diesel- 
eiectnc drive is used on a few ver\’ large cranes. These machines are m reality electric 
cranes which carrv their own power plants in their counterweights. Their rather high first 
cost is justifie<.l w'here the nicety of control afforded by an electric crane is desirable at a 
location where electric current cannot be purchased. Electric drive with purchased power 
delivered to the crane through a trailing cable is cheap, economical, and reliable. It has 
been found highh' advantageous where shovels and e.Kcavators work for extended periods 
m the same location such as in quarry operation Steam-engine drive is found on a few 
old cranes and shovels still in operation. It is less satisfactoiy than gasoline, diesel, or 
electric drive, and today is rarely if ever used on new cranes. 

Characteristics and rapacities of crane-operated excav'ating equipment are outlined be¬ 
low. 

The shovel is preferable to other types of excavators where the material is firm or hard 
and conditions permit the development of a good face or bank against which the shovel can 
work. A shovel cannot dig to any considerable depth below the surface upon which it 
stands. Therefore it can be used in deep excavations only when they are large enough to 
accommodate the shovel in the bottom of the hole and at the same time provide room for 
a ramp over which trucks can reach the shovel and up which the shovel can travel when 
Its work is finished. Another type of excavator is required for the removal of the ramp. 

Shovel Outp'it. The estimated quantities of various types of materials that different 
sizes of shovels should dig in an hour are given in Table 1. The figures are based on assump- 


Table 1. Power-Shovel Capacity in Cubic Yards per Hour 
Shovel Dipper Capacity in Cu Yds 


Class of Material 

3/8 

V2 

3/4 

\ 

) 1/4 

1 1/2 

13/4 

2 

2 1/2 

Moist loam or bght sandy clay 

3.8' 

4 6' 

5.3' 

6.0' 

6 5' 

7.0' 

7.4' 

7.8' 

8 4' 


85 

115 

165 

205 

250 

285 

320 

355 

405 

Sand and gravel 

3.8' 

4 6' 

5.3' 

6 0' 

6.5' 

7.0' 

7.4' 

7.8' 

8.4' 


80 

110 

155 

200 

230 

270 

300 

330 

390 

Good common earth 

4.5' 

5.7' 

6.8' 

7.8' 

8 5' 

9.2' 

9.7' 

10.2' 

11.2' 


70 

95 

ISo 

175 

210 

240 

270 

300 

350 

Clay, hard, tough 

6.0' 

7.0' 

8.0' 

9.0' 

9.8' 

10 7' 

n.5' 

12.2' 

13.3' 


50 

75 

110 

145 

180 

210 

235 

265 

310 

Rock, w'ell bla‘'ted 

W 

60 

95 

125 

155 

180 

205 

230 

275 

Common, with rocks and roots 

30 

50 

80 

105 

130 

155 

180 

200 

245 

Clay, wet and sticky 

6.0' 

7.0' 

8.0' 

9.0' 

9.8' 

10.7' 

11.5' 

12.2' 

13.3' 


25 

UO 

70 

95 

120 

145 

165 

185 

230 

Rock, poorly blasted 

15 

25 

50 

75 

95 

115 

140 

160 

195 


Condition'5 (1) Cubic yards bank measurement, per hour. (2) Suitable depth of cut for maximum 
effect. (3) No delays. ^.4) 90° swing. (5> All materials loaded into hauling units. (6; Roman figures 
denote optirnuri depth of cut: italic figures denote yd® per hour. 

Courtesy of Power Crane and Shovel Association. 

tions that the depth of cut is optimum for each shovel size and type of material and that 
the shovel ^wmg>? to deposit each dipperful. The optimum depth of cut for each size 
of shovel and Type of material is given in feet directly above the hourly output in cubic 
yards. Factor^ showing the effect of varying the depth of cut and the angle of swing are 
given in Table 2 An hourly yardage taken from Table 1 when multiplied by a factor ob¬ 
tained from Table 2 should then give the pos.sible hourly output of any standard commer¬ 
cial-size crane equipped as a shovel if the machine works steadily and there are no dela\^s 
of any kind. Dela\ s of one kind and another are, however, inevitable on an earth-moving 
job. Table 3 give.- lob and management factors that should be applied to figures obtained 
by the use of Tables 1 and 2 in order to estimate the probable actual output of a shovel 
working for an extended period. The figures are alLbank measure and should be increased 
if truck measure is desired. The increase due to swell will run between 30% for earth to 
50% for rock. 
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Table 2. Effect o Shovel Ontput of Varying Cut and Swing 

(Converaion factors which, when appli co th tp-'t at 90° swing and optimum depth of cut, 
will give the outpu. •» >ther angles oi swing or depth of cut) 


Depth of Angle of swing, degrees 

Cut, % of -- 


optimum 

45° 

60° 

75° 

90° 

120 ° 

150° 

180° 

40 

0.93 

0 89 

0.85 

0.80 

0.72 

0.65 

0 59 

60 

1.10 

1.03 

0 96 

0.91 

0 81 

0.73 

0 66 

80 

1.22 

1.12 

1.04 

0.98 

0 86 

0 77 

0.69 

100 

1.26 

1 . 16 

1.07 

1.00 

0.88 

0.79 

0 71 

120 

1.20 

i.il 

1.03 

0.97 

0.86 

0 77 

0.70 

140 

1.12 

1 04 

0.97 

0.91 

0.81 

0 73 

0.66 

160 

1.03 

0.96 

0.90 

0.85 

0.75 

0.67 

0.62 


Courtesy of Power Crane and Shovel Association. 

Table 3. Job and Management Factors 


Management Factors 


Job Factore 

I. Excellent 

2 . Good 

3. Fair 

4. Poor 

I. Excellent 

0.84 

0.81 

0.76 

0.70 

2. Good 

0.78 

0.75 

0.71 

0.63 

3. Fair 

0.72 

0 69 

0.65 

0.60 

4. Poor 

0.63 

0.61 

0.57 

0 52 


Courtesy of Power Crane and Shovel Association. 

The size of shovel best suited to a given job should be estimated b^' consideration of at 
least the following factors: 

(a) The output desired and therefore the size of dipper. 

(b) Radii required to reach digging area and point at which the shovel drops the material. 
This may be a truck bod\’, a hopper, or a spoil bank. 

(c) Height range: Can the shovel reach the height of the disposal point and at the same 
time remove loose material which might otherwise gather on the surface on which the 
machine stands? 

(d) Bank height. 

(e) Clearance required for operation of the machine. This is often the controlling- 
factor in selecting a shovel for work in a small excavation or tunnel. 

The dragline is preferable to other types of excavator where material is to be cast a 
maximum distance onto a spoil bank, embankment, or levee. The draglme can dig below 
the ground on which it stands if the excavation is large enough to permit necessary dragging 
of the bucket. The bucket works well under water, and the dragline is therefore useful for 
digging large ditches and drainage canals. It works best with materials that are soft to 


Table 4. Dragline Output at Optimum Cut and 90® Swing 
Short-Boom Dragline Performance, Cu Yds 


Class of material 

3/8 

V2 

3/4 

1 

1 V4 

1 1/2 

1 3/4 

2 

2 1/2 

Light moist clay or loam 

5.0' 

5.5' 

6 .0' 

6 .6' 

7.0' 

7.4' 

7.7' 

8 .0' 

8.5' 


70 

95 

ISO 

160 

195 

220 

245 

265 

305 

Sand or gravel 

5.0' 

5.5' 

6 .0' 

6 .6' 

7.0' 

7.4' 

i.r 

8 .0' 

8.5' 


65 

90 

125 

155 

185 

210 

235 

255 

295 

Good common 

6 .0' 

6.7' 

7.4' 

8 .0' 

8.5' 

9.0' 

9.5' 

9.9' 

10.5' 


55 

75 

105 

135 

165 

IQ'J 

210 

230 

265 

Clay, hard, tough 

7.3' 

8 .0' 

8.7' 

9.3' 

10 .0' 

10.7' 

11.3' 

11 8' 

12.3' 


So 

55 

90 

no 

135 

160 

ISO 

195 

230 

Clay, wet, sticky 

7.3' 

8 .0' 

8.7' 

9.3' 

10 .0' 

10.7' 

11.3' 

11 .8' 

12.3' 


SO 

SO 

55 

75 

95 

no 

130 

145 

175 


Conditions: (1) Rate of production in cubic yards per hour (bank measure). (2) When loading into 
hauling units. No delays. (3) Optimum depth of cut. 90° swing (4) Bucket selected for type of 
matenai. (5) Working radius within manufacturer’s recommendation for machine stability. (6) Roman 
figures denote optimum depth of cut; itahc figures denote yards per hour. 

Courtesy of Power Crane and Shovel Association. 
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medium hard. It can handle well-blasted rock but not as efficiently as a shovel if condi¬ 
tions permit the use of a shovel. The dragline cannot dig deep excavations in which the 
bucket must be dropped between cofferdam braces or down dredging wells. 

Dragline Output. The estimated quantiti^ of various tj-pes of materials that different 
^es of draglines should dig in an hour if equipped with short booms are given in Table 4. 
The figures are based on assumptions that the depth of cut is optimum and that the drag¬ 
line swings 90° to deposit each bucketful. The depth of cut considered optimum for each 
aiae of dragline and tjpe of material Ls given in feet directly above the hourly output in 
c»ibic yards. Factors showing the effect of varying the depth of cut and angle of swing 
are given in Table 5. An hourly yardage taken from Table 4 when multiplied by a factor 
obtamed from Table 5 should therefore give the possible hourly output of a standard com¬ 
mercial size crane working as a dragline if the machine works steadily and there are no 


Table 5. Effect on Dragline Output of Varying Cut and Swing 

(Conversion factors which, when applied to the output at 90° swng and optimum depth of cut, will 
give the output at other angles of swing or depth of cut) 


Depth of Angle of Swing, degrees 

Cut, % of - 


optimum 

30° 

45° 

60° 

75® 

90° 

120 ° 

150° 

180° 

20 

1.06 

0.99 

0.94 

0.90 

0.87 

0.81 

0.75 

0.70 

40 

1.17 

1.08 

1.02 

0.97 

0.93 

0.85 

0.78 

0.72 

60 

1.24 

1.13 

1.06 

1.01 

0.97 

0.88 

0.80 

0.74 

80 

1.29 

1.17 

1.09 

1.04 

0.99 

0.90 

0.82 

0.76 

100 

1.32 

1.19 

1.11 

1.05 

1.00 

0.91 

0.83 

0.77 

120 

1.29 

1.17 

1.09 

1.03 

0.985 

0.90 

0.82 

0.76 

140 

1.25 

1.14 

1.06 

1.00 

0.96 

0.88 

0.81 

0.75 

160 

1.20 

1.10 

1.02 

0.97 

0.93 

0.85 

0.79 

0.73 

180 

1.15 

1.05 

0.98 

0.94 

0.90 

0.82 

0.76 

0.71 

200 

1.10 

1.00 

0.94 

0.90 

0.87 

0.79 

0.73 

0.69 


Courtesy of Power Crane and Shovel Association. 


d^ays. To the figure thus obtained a job and management factor from Table 3 should be 
applied to secure a reasonable estimate of the hourly output of a dragline w’orking for an 
eartended period as delays of one kind or another are inevitable on earth-moving projects. 

The size of dragline best suited to a given job should be estimated by consideration of at 
least the following factors: 

(o) The output desired. This will give a first approximation of the necessary bucket 
size. 

(fe) Radii required to reach digging area and disposal point. Boom length necessary to 
achieve required radii will effect output as long booms slow operation of dragline. 

(c) Bearing pressure under crawlers. As draglines often work on soft ground this may 
be a controlling factor. If machine is to work near edge of large excavation, possibility of 
shear failure should be considered. 

The clamshell is a versatile excavating machine which can do many things weU but is 
less efficient than the shovel and dragline under conditions that permit their effective use. 
The great mert of the clamshell as an excavator is its ability to dig deep holes extending 
far below the surface upon which the machine rests. The sides of such excavations may be 
vertical if properly sheathed. Internal bracing of the sheathing does not seriously inter¬ 
fere with the use of a clamshell if there is space between the braces to drop the bucket. 
The clamshell is accordingly used for digging sheeted excavations and particularly for ex¬ 
cavating in small cofferdams and in the dredging wells of open caissons. It can lift material 
to a high disposal point and deposit it with accuracy. It works best in soft to medium- 
hard materials. It is an ideal machine for stock-piling such materials as broken stone and 
loading them into bins and hoppers. 

Clamshell Output. The conditions under which clamshells operate are so varied that 
tabulated output figures are impracticable. Estimates should based on bucket capac¬ 
ities and anticipated durations of loading cycles. These will in turn depend upon the depth 
of the excavation, angle of swing, height of disposal point, and character of material. 
Cognizance should be taken of the fact that a clamshell bucket will not fill completely 
when digging firm material. 

The size of clamshell excavator and character of bucket best suited to a job should be 
estimated by consideration of at least the following factors: 

(a) The size of bucket that will pass readily between the cofferdam braces or down the 
dredging wells of a caisson. 
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(6) The weight of bucket required. Heavy buckets are needed for firm materials. 

(c) The radius of action and consequently the boom length required to reach the digging 
and disposal points. 

(d) The output desired must of nece^ity be a more or less secondary consideration. H 
controls the number of clamshell excavatom required rather than their sizes. 

Orange-Peel Buckets. The orange-peel bucket is a variant of the clamshell. It opens 
into three or four sections and closes to form a hemisphere rather than a sernicylinder. It 
is an excellent de\’iGe for digging circular excavations and shafts. Its general character¬ 
istics are similar to those of the clamshell bucket. It is a little less effective than the clam¬ 
shell as a device for digging clean earth but handles occasional stumps and even fairly large 
loose rocks more readily. 

The hoe, frequently known as the back hoe, is primarily a device for excavating below 
ground level. It will dig harder material than a clamshell, but the depth to which it can 
dig is limited by the length of the boom and dipper stick. It is an excellent device for 
digging trenches, small cellars, and other excavations requiring straight sides, plumb faces, 
square corners, and clean floors. 

Hoe outputs, like those of clamshell excavators, are so dependent on many variables 
that tabulations attempting to show quantities that various sizes of hoe excavators can dig 
in an hour are impracticable. 

The size of hoe excavator best suited to a given job should be estimated by considera¬ 
tion of at least the following factors: 

(a) Depth of excavation and consequent length of boom and dipper stick. 

(b) Width of excavation if it is a trench. 

(c) Clearances necessary for the operation of the machine. 

References 8, 14, 15, 16, and 17 give valuable information on the characteristics and 
capacities of power crane and shovel excavators. 

Trenching machines of either the wheel or endless chain type are highly specialized 
devices. They are more efficient than other types of excavators for digging trenches of 
moderate depth in material free of large boulders and firm enough to stand without sheet¬ 
ing. They are widely used for digging trenches for the installation of pipes and conduits. 
They may be used effectively for excavating for wall footings. 

Loaders are large tractor-drawn scrapers fitted with belt conveyors that pick up the earth 
from the scraper blade and deliver it to a large truck which runs alongside the loader until 
full. The conveyor is driven by an engine—usually a diesel of from 190 to 275 hp—carried 
on the loader. Loaders will make shallow cuts as wide as 9 ft 6 in. and will make cuts up 
to 48 in. deep in favorable material if pulled by two tractors or with one tractor palling arul 
a second pushing. They work best in sand, clay, and other materials that are relativel> 
easy to excavate but will make shallow'er cuts in firm clay and even soft shale. They are 
effective only when used in conjunction with large capacity trucks specially built for earth 
moving and having large flaring bodies affording big targets for the earth delivered by the 
conveyor belt. Under favorable conditions a loader will fill a 25 cu yd truck or trailer 
in less than a minute. It is, however, a highly specialized type of equipment the detailed 
characteristics of which should be obtained from manufacturers. 

4. EARTH-HAULING EQUIPMENT 

The effectiveness of mechanized earth moving depends not only upon the efficiency of 
modern power excavators but also upon the ability of recently developed large trucks axKi 
trailers to transport earth cheaply from the area of excavation to the area of disposal. 

Standard types of commercial truck chassis fitted with dump bodies are used for hauling 
earth over public roads and may be used for off-the-road hauling on small projects. Such 
trucks are, however, built primarily for operation on reasonably smooth surfaces and are 
much less effective for off-the-road hauling than the special t>T>es of truck and trailer built 
for earth moving and able to carry heavy loads over rough unpaved areas in w'hich eartb- 
W’ork is frequently done. Limits imposed by states as to maximum permissible w'heel and 
axle loads and limits as to the overall width of vehicles operated on public roads usually 
restrict large earth-moving trucks and trailers to off-the-road hauling. Approval of the 
employment of unusually large or heavy trucks or trailers on a job involving their using 
or crossing a public road or roads should invariably be secured from the proper govern¬ 
mental authorities before estimates based upon the use of such equipment become part of 
a plan for the accomplishment of earth work. 

Large trucks and trailers for off-the-road hauling of excavated materials are built in 
sizes from about 10 to 39 tons and truck body capacities from 6.5 to 25 yd^. Both end and 
bottom dump bodies are available in a wide variety' of capacities, the smaller bodies usually 
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being of the end dump t\*pe. and the larger bottom dump. The end dump truck is the 
more versatile and generally useful of the two tj-pes as it will handle large rock that would 
jam in the doors of a bottom dump body. The bottom dump is, however, the more effi¬ 
cient machine for handling large quantities of free-flowmg material, such as sand, and is 
specially adapted for use with loaders. Large earth-haulmg trucks will make from 25 to 
35 mph when carrying heavy loads over fairly rough ground. They provide the cheapest 
known method of hauling earth for considerable distances, subject always to the limita¬ 
tion that they cannot, in general, be used on public roads. 

Railroad cars, once extensively used for hauling earth, have been largely supplanted by 
the earth-moting truck and trailer. Although earth can be moved cheaply on rails, the 
cost of laying and frequently moving temporary tracks is so great that rail-borne equip¬ 
ment cannot today compete with trucks and trailers as detdces for transporting earth. 

Belt conveyors have in the past been used on a few very large jobs for transporting earth 
and excavated materials. Their high cost of installation has limited their use to projects 
where the volume of earth to be handled was great, ref. 5. It is doubtful that they could 
compete today with large trucks, trailers, loaders, and scrapers. 


5. EQUIPMENT THAT EXCAVATES AND HAULS 

Self-propelled and tractor-drawn scrapers afford economical means of excavating soft 
to medium-hard earth and haulmg it for considerable distances. The exact distances at 
which separate excavating and hauling units become more economical than scrapers depend 
upon so many variables that general statements are of little value. The self-propelled and 
tractor-drawn scraper has. however, an operating range far exceeding its horse-drawn pred¬ 
ecessors. The modern scraper equipped with pneumatic tires is frequently used on jobs 
where the maximum haul exceeds 2 miles. Its speed when traveling off the road on reason¬ 
ably smooth ground may be as high as 25 to 30 mph. Its wheel loads, axle loads, and 
overall dimensions prohibit its use on public roads. 

Capacities of Power Scrapers. Power scrapers are built in various sizes with bowl capac¬ 
ities from 10 to 20 yd^ struck measure. The rated struck-measure capacities may be con¬ 
siderably exceeded with material that will stand heaped on the scraper bowl when the 
machine is moving. Although many power scrapers will load themselves with a favor¬ 
able material, it is quicker and more economical to use crawler tractors as pushers to ex¬ 
pedite loading. This use of pusher tractors for expediting the loading of scrapers is almost 
universal. 

Bulldozers can push earth for short distances economically. Their principal use is for 
leveling earth dumped at a fill, pushing it into excavations, and for similar jobs involvmg 
the movement of large quantities of material verj' short distances. The tractors on which 
bulldozer blades are mounted are frequently used as pushers to expedite the loading of 
scrapers. 

The cableway excavator con.sisting of a bucket, usually of the clamshell type, operated 
from a cable >upported by towers at its two ends, was at one time occasionally used on 
projects involving digging large quantities of material which could be deposited within 
from 200 to 600 ft from the excavation. Today the shovel, dragline, clamshell, loader, 
large off-the-road earth-mo'vdng truck, and scraper (or a combination of these various types 
of earth-moving equipment) will usually excavate and transport earth more cheaply than 
the cableway which has accordingly fallen into disuse. It may occasionally prove eco¬ 
nomical, however, where a relatively long, narrow and deep excavation must be made 
under water and the materials deposited close by under conditions permitting the construc¬ 
tion of track-mounted towers and cableways spanning both the areas of excavation and 
deposit. Such an arrangement is illustrated in Fig. 2. 


6. SLUICING 

Hydraulic sluicing has in the past been used for excavating large quantities of material 
under conditions favoring the method. Sluicing can rarely today compete with earth mov¬ 
ing by modern mechanical excavating and transporting equipment. The sluicing method 
consists of tearing or breaking down the face of the bank with powerful w’ater jets from 
2 1 / 2 -in. to 5-in. diameter nozzles called hydraulic giants. The working pressure at the 
nozzles may be as high as 150 lb per in.^ and the resulting velocities of the jets as much as 
150 ft per sec. The water is usually supplied by centrifugal pumps, the pipe line from the 
pvunphouse to the general location of the giants being from 12 in. to 15 in. in diameter to 
minimize friction losses. Smaller pipes are used near the giants where frequent handling 
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is necessary to keep the nozzles near the bank face as the work progresses. The jets are 
directed against the base of the bank and wash out the material. Tins causes caving of 
the bank which furnished loose material which is readily washed awa\' b\' the jets. 

The water and excavated soil which it carries are washed away to the site of the fill along 
a sluiceway which ma 3 ’ be a natural channel or an artificial flume. The supply' of water 



from the jets is usually insufficient to prevent clogging of the sluiceway and is therefore 
supplemented by an additional supply furnished by low’er-pressure pumps than those which 
furnish high-pressure water to the giants The sluicew'a\' will usuall\- have to be at a grade 
of about 4%, but should be kept as flat as possible in order that the giants may be kept at 
the lowest practicable elevation and the bank height kept high in the interests of getting 
the maximum amount of material from a single setup of the giants. 

Gravel and sand are the easiest materials to excavate and transport by sluicing if there 
are not too many cobbles and small boulders in the bank. Clay dues not sluice as well. 
Sometimes it requires blasting and often it will not break down under the action of the 
giants but passes along the sluicewa.v in largo halls whi^h do nor a dr-n-e and satis- 

factor\' fill. 
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Sluicing has been used extensively for the construction of earth-fill dams. The method 
has also been used for large-scale street-grading projects, see refs. 9 and 11. 

7. THE EARTH-MOVING PROJECT 

Planning an earth-moving project involves organizing a team, the members of which 
are of such sizes, characteristics, and capacities that each can work at a rate consistent with 
efficiency, and all working together can accomplish the assigned task at minimum cost 
within the allotted time. See ref. 16 for a detailed discussion. 

Excavating equipment should be selected tentatively that can, first of all, do the work 
required within the given time. Comparative estimates should then be made to determine 
the probable relative efficiency of using: 

1. Equipment already owned and available, supplemented, if necessary, by additional 
items that may be (a) rented, (6) purchased. 

2. Rented equipment. 

3. Any combination of the arrangments outlined above that promise increased efficiency. 
Whether shovels, draglines, or clamshells (or a combination of several types of equipment'! 
should be finally chosen for doing the excavating will depend upon the characteristics of the 
materials to be handled and the nature of the site. It is, however, essential that the equip¬ 
ment be capable of getting the work done on time and that estimates of the abilities of in¬ 
dividual items to cope with difficult conditions and cramped working spaces not be overly 
optimistic. 

Choosing the hauling units needed for transporting the earth from excavation to disposal 
point and deciding upon the number required demands consideration of a number of fac¬ 
tors. The most carefully chosen excavating equipment works efficiently only if served by 
a sufficient number of haul units of adequate size. It is, however, usually possible to vary 
the number and size of the hauling units employed on comparatively short notice, and the 
selection of the hauling equipment is therefore secondary to the primary decision as to 
the excavating equipment to be used. 

Table 6. Cycle Time of Power Shovels 


She of Easy Digging Medium Digging Hard Digging 

Shovel (moist loam or light sandy clay) (good common earth) (bard tough clay) 

Dipper,--- 


yd 

45® 

90® 

135® 

0 

o 

CO 

45® 

90® 

135® 

180® 

45® 

90® 

135® 

180' 

3/8 

12 

16 

19 

22 

15 

19 

23 

26 

19 

24 

29 

33 

1/2 

12 

16 

19 

22 

15 

19 

23 

26 

19 

24 

29 

33 

3/4 

13 

17 

20 

23 

16 

20 

24 

27 

20 

25 

30 

34 

I 

14 

18 

21 

25 

17 

21 

25 

29 

21 

26 

31 

36 

1 1/4 

14 

18 

21 

25 

17 

21 

25 

29 

21 

26 

31 

36 

1 1/2 

15 

19 

23 

27 

18 

23 

27 

3! 

22 

28 

33 

38 

13/4 

16 

20 

24 

28 

19 

24 

28 

32 

23 

29 

34 

39 

t 

17 

21 

25 

30 

20 

25 

29 

34 

24 

30 

35 

41 

21/2 

18 

22 

27 

32 

21 

26 

31 

36 

25 

31 

37 

43 


Conditions: (1) Time in seconds. (2) No delays. (3) Digging in optimum depths of cut. (4) Loading 
trucks on same grade as shovels. 

Courteey of Power Crane and Shovel Association. 


Table 7. Cycle Time of Dragline Excavators 

Sise of Easy Digging 

Dragline (light moist clay or loam) Sand or Gravel Good Common Earth Hard Tough Clay 


Bucket, 

yd 

45° 

90° 

135“ 

180° 

45“ 

90° 

135° 

180° 

45° 

90° 

135° 

180° 

45° 

90° 

135“ 

180° 

8/8 

16 

19 

22 

25 

17 

20 

24 

27 

20 

24 

28 

31 





1/2 

16 

19 

22 

25 

17 

20 

24 

27 

20 

24 

28 

31 





3/4 

1 

17 

20 

24 

27 

18 

22 

26 

29 

2i 

26 

30 

33 

23 

30 

35 

39 

19 

22 

26 

29 

20 

24 

28 

31 

23 

28 

32 

35 

27 

32 

37 

41 

11/4 

19 

23 

27 

30 

20 

25 

29 

32 

23 

28 

33 

36 

27 

32 

38 

42 

11/2 

21 

25 

29 

32 

22 

27 

31 

34 

25 

30 

35 

38 

29 

34 

40 

44 

13/4 

22 

26 

30 

33 

23 

28 

32 

35 

26 

31 

36 

39 

30 

35 

41 

45 

2 

23 

27 

31 

35 

24 

29 

33 

37 

27 

32 

37 

41 

31 

37 

42 

47 

21/2 

25 

29 

34 

38 

26 

31 

36 

40 

29 

34 

40 

44 

33 

39 

45 

50 


Conditions* (1) Time in seconds. (2) No delays. (3) Dig^ng in optimum depth of cut. (4) Loading trucks on same 
grade as dragline. 

Courtesy of Power Crane and Shovel Association. 
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Haul units should in general have capacities 4 or 5 times those of the buckets or dippers 
of the excavators they serve. Units of smaller capacities make impossible demands on 
the skill and resourcefulness of thc«e responsible for having a truck under the dipper at 
all times and waste time because they offer too small a target for the excavator operator 
when dumping the bucket or dipper. The length of time it will take to fill a truck should 
then be 4 or 5 times the duration of a complete cycle of operation of the excavator. Trucks 
having capacities that require a fraction of a dipper or bucket to complete their loading 
are undesirable as they either waste the time of the excavator or travel without a full load. 

Determining the number of haul units required to keep the excavator working steadily 
involves estimating: 

(a) The time required to fill a unit or the loading time. 

(b) The time required by a unit to make a round trip from the excavator to the disposal 
area and return. This plus the loading time is a haul unit’s cycle time. 

The theoretical number of haul units required is the c\-cle time divided by the loading 
time. In practice, however, at least one extra haul unit is usually provided as the haul 
units are much more likely to be delayed by mishaps than are excavators, and it is wasteful 
to have an expensive excavator idle for lack of a less costly haul unit. Analysis by the 
method outlined above will show the great difficulty of operating a large excavator and big 
haul units economically when the haul is short and the consequent advantage of scrapers, 
if the material can be effectively excavated by them, on short-haul projects. 

Estimates of the loading time for haul units of various capacities serving shovels and 
draglines can be made with the help of Tables 6 and 7. Estimates of the travel time of 
haul units are much more difficult to make. They should take cognizance of the practicable 
speed of the units over surfaces of the type to be traversed, the effect of grades on speeds, 
unloading and spotting times, and possible delays if the route to be follow'ed traverses a 
public road or crosses a road or a railroad grade crossing 

The effectiveness and efficiency of an earth-moving organization depends largely upon 
the skill with which the work of the various excavating and hauling units is coordinated. 
There is no substitute for experience in planning, organizing, and directing an earth-moving 
project. Mechanical equipment used m modern earth moving is so expensive that it must 
be used advantageously' if economy is to be realized. Experienced and capable supervision 
is therefore a necessity. 


8, FILLS AND EMBANKMENTS 

Modern methods produce fills and embankments the settlements of which are at best so 
slight and at worst so predictable that at a determinable time after the completion of 
earthwork paving or other construction may be commenced without serious risk of trouble 
from unanticipated settlement. Naturally the techniques yielding these re'^ults differ from 
once widely used ones which produced fills that might settle for years if built of stable ma¬ 
terials. settle for even longer periods if built of less favorable soils, and occa.'sionally fail 
suddenly by cylindrical slides of cohesive material or liquefaction of a poorly comparted 
saturated non-cohesive soil. Modern techniques give consideration to the stability of the 
underlving soil or foundation that supports earthwork, to the stability of the embankment 
or fill Itself, and to the stability of the underlying material and superimpo-^^'d earthwork 
if both are cohesive and vulnerable to cylindrical slides. All of th.ese stabilities may be 
enhanced by care and jeopardized by carelessness on the part of those directing earthwork. 
For example, it is essential in all filling and embankment building operations that no frozen 
material be used and that no material be placed on frozen surfaces. 

The problem of placing fill on soft cohesive soil is discussed in Art. 8. Sect. 7. under 
Stability of Embankments, and in Art, 5. Sect S. under Sand Piles and Sand Drains The 
measures advocated promote the early virtual completion of appreciable progressive con¬ 
solidation and consequent settlement. They also prevent shear failure and resulting deep- 
seated cylindrical slides whieh may manifest themselves by the formation of mud waves. 
None of the measures advocated will, however, deal successfully with unreliable com¬ 
pressible materials such as extremely soft organic silt^ and peat. It is virtually impossible 
to stabilize such soils, paiticularly peats of various consistencies, and they must acford- 
ingly be removed and more stable materials substituted for thein. This has been done 
successfully by method a described beloAv and has been attempted, usually unsuccessfully, 
by methods h and c: 

(a) Excavating or dredging out the soft material and m its place depositing a properly 
compacted stable soil (usually a sand, or sand and gravel). 

(b) So placing new fill on the area that the soft underlying material is squeezed out as 
the filling progresses. 
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(c) Placing at least some of the new fill over the undesirable soft material, and then 
blowing the soft stuff out laterally by the simultaneous firing of a strmg of blast charges 
placed in the soft soil through holes driven through the partially completed fill. 

Only the first of these three methods is trustworthy. Figs. 3a and b. It is usually ac¬ 
complished with an excavating machine, generally a dragline, working from the top of the 
advancing fill if the soft stratum does not exceed 10 oi 15 ft in thickness. Deeper deposits 



Pipe line from dredge 
f urnishing stable fill 


Pipe line to muck 
■ disposal area 


Hydraulic dredge 
removing muck 


Water surface 



Hydraulic fill 


Firm soil or rock 



(d) 


Temporary surcharge which settles 
to approximate grade with each slide 


KAiiH 


- Water surface 



Fig 3 Knibankment' in muck or peat The only reliable method of building a stable embankment 
for a road or railroad in muck or peat is to remove all the soft soil down to a stable stratum upon which 
thp embankment is founded la; Soft soil being removed by a dragline working from the end of the 
embankment built of stable material deposited by rnicks ib) Both excavation and fill being niade 
by hydrauhc dredges, a method which has proved econoiiucal on large projects ic) and \d) \V here 
excavating eQ.uipiuent cai'able of removing the full depth of soft soil is not available this method^ is 
sometimes attempted. Results are practically never satisfactory as pockets of soft material are in¬ 
variably trapped under the fill The soft soil in these pockets consolidates under the weight of the mi 
and causes progressive differential settlements w'hich may be troublesome for years. 



















Firm soil or rock 



Fig 4 Di'-nlaf'-ment of '^uft «-oil 1-y toe shootinK This method can be successful with experienced 
direction la) F.xplo-snes and earth surcharjre before shooting (6) Result of shot fc'l Plan showing 
arrangement of charges Pockets of mud are frequently trapped under the fill as siiown but by clc«e 
attention to detail this can be largely ob\iated by experienced aupervi'-ion 

Where the site is inaccessible to excavating equipment capable of removing the full 
depth of objectionable material, the method of displacement illustrated by Figs. 3c and d 
is sometimes attempted. Tlie excavation ahead of the advaiicmg fill is carried to the maxi¬ 
mum feasible depth by means of a dragline. The fill, which should be a non-cohesive ma¬ 
terial. preferably a mixture of sand and gravel, is dumped without compaction to a height 
above the finished grade of the embankment and is then consolidated by jetting into it in 
such manner as to promote outward sliding and dispia<*cment of the soft peat or organic 
silt. This displacement is accompanied by the formation of mud waves in the soft material 
which are removed as the excavation is advanced ahead of the fill. The front of the ad¬ 
vancing fill should be kept w’edge shaped in order that lateral as well as forward displace¬ 
ment of the soft soil may promote its displacement by the firm granular material of the 
fill For further information on the method see ref. 10. Tliough the method has succeeded 
in isolated cases it usually leads to differential settlements and costly failures. 

The displacement of soft soils ahead of a new embankment as the fill is advanced into a 
mar.sh and the displacement of soft soil from beneath a partially completed embankment 
also has been attempted by blasting. Two methods are used. 
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The first, known as toe shooting, is illustrated by Fig. 4. In toe shooting, charges placed 
in the soft material ahead of the wedge-shaped front of an advancing fill blow out soft 
material by the force of the blast and also promote its liquefaction by shock. This in turn 
facilitates the subsequent displacement of the soft soil by the heavier material of the em¬ 
bankment. The method should not be attempted where the thickness of the soft soil 
exceeds 20 ft. The -weight and spacing of the charges should be determined by trial. Ref¬ 
erence 3 advocates a 10-ft spacing of charges of 40% gelatine weighmg 2 lb per foot of 
thickness of the soft soil at the first trial. Thus if the peat or marsh mud is 15 ft deep the 
indi\'idual charges initially tried should weigh 30 lb. 

The second method, known as under-fill shootmg, illustrated by Figs. 5a, b, and c, has 
been used where the soft stratum is considerably thicker. It works best under relatively 



Fig. 5. Displacement of unstable soil by under-fill shooting (a) Placing of central row of charges 
(6) Result of firing central row of charges and positions of outer rows (c) Type of rotational slide 
w’hich may develop dunng placing of fill before first row of charges is fired Estimating the limiting 
height of fill safe against the type of rotational slide shown in c demands determination of the ohear 
strength of the muck Under-fill shooting therefore usually involves repeated lifts of fill and repeti¬ 
tions of the shooting process. Opinions differ as to whether it is better to fire the inner or the outer 
rows of charges first Like other methods of attempting the displacement of unstable soils under-fill 

shooting is unreliable 


narrow embankments such as highway fills, the top width of -which does not exceed 60 ft. 
Not over about 15 ft of soft stuff can be blown out from beneath the partially completed 
fill with a single blast, but advocates of the method claim success -wdth deep beds of muck 
by as many as six repetitions of the blasting operation, each following the addition of fill 
to the embankment. With wide embankments three rows of charges, Fig. 55, have proved 
more effective than a single row. Opinions differ as to whether the central or side rows 
should be fired first. The weights of the charges used at each shooting should be as heavy 
as possible without blowdng holes vertically in the fill. For further information see refs. 
2, 3, and 18. 

Displacement and blasting methods are at best unreliable methods of dealing with soft 
material underlying fills. Both are questionable expedients which should be resorted to 
only w’hen other methods are impossible. Pavements placed on newly built embankments 
constructed on marsh land by either method should be flexible types that tolerate consid¬ 
erable differential settlement without failing completely. Under no circumstances should 
concrete pavements be built on such fills until observation over a period of several years 
permits determination of the character and extent of further impending settlements. 

The stability of a fill or embankment itself, apart from the stability of the underlying 
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material or foundation supporting it, depends upon both the character of the material and 
the care with which it is deposited and compacted. 

The methods used to compact fills should be varied to suit the materials dealt with. 
In the United States soils that are purely non-cohesive are generally compacted either by 
rolling with pneumatic-tired rollers drawn by crawler tractors, by watering, or by shock 
loading if the soil is saturated or can be artificially saturated. Compacting by vibration 
is coming out of the experimental stage and may well become recognized as one of the most 
effective methods of compacting non-cohesive and slightly cohesive soils. The importance 
of control of the moisture content of non-cohesive soils that are not submerged during com¬ 
paction depends upon the grain size and grading of the material. Control of the moisture 
content is unimportant and unnecessary when fills and embankments are constructed of 
coarse sands and well-graded mixtures of gravel and sand containing little or no fine ma¬ 
terial. Control of the moisture content is of great importance when embankments and 
fills are built of fine sands and silts. Partially and purely cohesive soils are best compacted 
by rolling with sheep’s-foot rollers followed by pneumatic-tired rollers. Control of the 
moisture content during the compaction of such soils is of first importance. 

Site Preparation. The site on which an embankment is to be built or a fill placed should 
be cleared and grubbed to remove vegetable matter. In areas which have been support¬ 
ing vegetation the upper 12 in., more or less, will be topsoil containing organic matter. 
The topsoil should be removed and is usually stored for subsequent use in landscaping 
operations. On a side hill site steeper than a 4-to-l slope, the area should be shaped with 
a blade grader into a series of horizontal benches to improve the bond between the exist¬ 
ing soil and the material to be placed on it. The existing soil of the area should then be 
compacted for a depth of 12 in. before any material is placed on it. If the embankment is 
to be less than 10 ft high this compaction of the existing soil should be carried to 95% of 
maximum density—see Compaction Tests in Art. o, Sect. 7, and California Bearing Ratio 
Field Test in Art. 6 of the same section. On the sites of higher embankments compaction 
to 90% of maximum density may be sufficient. 

Coarse sand and well-graded mixtures of coarse sand and gravel containing little or no 
fine material compact readily. They should be dumped and spread by bulldozers into 
layers not over 8 in. thick, the layers being approximately parallel to the top of the embank¬ 
ment or fill. Each layer should be compacted by rolling with a pneumatic-tired roller con¬ 
sisting of a series of truck or automobile tires mounted on an axle and loaded to not less 
than 220 lb per lineal inch of tire width. Pneumatic-tired rollers should be hauled by 
crawler tractors, the \'ibration of which, no doubt, plays an important part in the compac¬ 
tion of non-cohesive soils. About eight to ten passes of the roller will usually be necessary 
to compact each layer of fill. The compaction of each layer should be continued until the 
specified percentage of maximum density is secured. This will, in the case of highwaj’ fills 
and embankments, usually be from 90 to 95% of the maximum, except that within 2 ft of 
the subgrade elevation it is good practice to require not less than 95% of maximum density. 
The important thing in building stable embankments and fills is to be sure that the re¬ 
quired percentage of maximum density is attained irrespective of the weight of the roller 
used or the number of passes of the roller found necessary. Control of the moisture content 
is of little or no importance in compacting materials of this type. 

Fine sands and silty soils should be spread in layers and compacted with pneumatic- 
tired rollers in the same general way as coarser non-cohesive materials, but in addition it 
is necessary with such soils to maintam a close control of the moisture content. The 
moisture content of fine-grained sand and silty soils should, in fact, be maintained within 
2% of the optimum indicated by compaction tests. This usually demands sprinkling in 
arid regions or during dry weather in other parts of the country. It may also necessitate 
the suspension of work when heavy rains raise the moisture content of the soil above the 
acceptable upper limit. If the moisture content of fine-grained sands and silty soils is not 
effectively controlled, it is difficult, if not impossible, to compact them effectively enough 
to prevent the development of flows by sudden liquefaction if the soil becomes saturated. 
The compaction of each layer should be continued until the specified percentage of maxi¬ 
mum density is secured. This will usually be from 90 to 95% of the maximum, except 
that within 2 ft of the subgrade elevation it is good practice to require not less than 95% 
of maximum density. 

The compaction of fine-grained sands and silty soils by watering has been attempted as 
possibly preferable to compaction by rolling when hea'V’y rainfall makes control of the mois¬ 
ture content impracticable. Two methods of applying water have been tried. In one, 
the sand is deposited by the haul units m ridges along both sides of the embankment and 
washed toward the center with jets approximating the characteristics of jets from fire 
hoses. In the second, water is ponded on the surface where material is being deposited 
and seeps down through the sand and escapes at the toe of the fill. Neither method has 
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proved reliable and trusiworthy. and neither method is recommended as an acceptable 
alternative under any conditions to compacting by rolling or vibration. 

The Compaction of Hydraulic Fills by Shock. Inundated hydrauUc fills of cohesionless 
soils and some inundated natural deposits of similar materials may be compacted effectively 
by shock, produced by the firing of explosive charges placed in the fill, see ref. 7. The 
method is of growing importance but cannot be used unless the fill is inundated or at least 
completely saturated. 

Vibration under certain conditions compacts soils more effectively than rolling. The 
conditions favoring compaction by vibration are a low percentage of fine and coiiesive con¬ 
stituents and vibration at an effective frequency. Experiments in Germam' with a com¬ 
pacting device consisting of a base plate or platform SO ft- in area carry ing a variable fre¬ 
quency- vibrator, the whole affair weighing about 24 tons, indicated that with it layers of 
non-cohesive soils 7 ft thick could be effectively compacted at a rate of 50U0 ft- per hr. 
More recently a variety of vibrating rollers and plate vibrators have been built in the 
United States. See refs. 1 and IS. 

A majority of the vibrators consist of a more or less standard type of self-propelled power 
roller m which a variable frequency vibrator is fitted to one of the rollers or to a supple¬ 
mentary roller. A non-self-propelled type carries a power-driven vibrator m a roller which 
is towed by a crawler tractor. 

The plate-type vibrators consist of plates, generally shovel- or scoop-shaped, carrying 
power-driven vibrators. One type carries a number of such units mounted ’'gang fashion” 
behind a self-propelled crawler the engine of which also operates the vibrators. Many of 
the smaller plate units are arranged to propel themselves slowly by a horizontal component 
of vibratory energy provided for the purpose of mo\mg them. 

Practically all types of vibrating equipment have been used with some success in com¬ 
pacting non-cohesive materials. Best results have been given by combmations of heavy- 
vibrators and conventional rolling equipment. The smaller plate vibrators have proved 
very effective in compacting limited areas, such as backfilling cuts for pipe lines and plac¬ 
ing backfill too close to structures to permit the effective use of large compacting equip¬ 
ment. Small units have proved capable of dealing effectively with partially cohesive soils. 

Immersion-type vibrators of the kind used in placing concrete are coming into use for 
the effective compaction of inundated non-cohesive soils. 

Coiiesive and partially cohesive soils are most effectively compacted by rolling with a 
sheep’s-foot roller at a moisture content within 2 or 2 b' 2 % of the optimum. The fill 
should be deposited and then spread by bulldozers or scrapers into layers from 6 to S in. 
thick. Each layer should be compacted by rolling with a sheep’s-foot roller to a density- 
of at least 90^ and preferably 92% of the optimum except in the upper 2 ft of an embank¬ 
ment in which 05% of the maximum den.sity should be achieved. Rollers should be cap¬ 
able of exerting a footprint pressure of from 60 to 300 lb per in.- under “feet” 7 in.- in the 
case of light rollers and from 200 to 600 Ib per in - under feet of the same size if classified 
as hea\'>' rollers. It will usually take from six to ten passes of the roller to produce the 
required degree of compaction, but as in the case of non-cohesive soils the important thing 
IS not the number of passes of the roller but the degree of compaction obtained. 

There is no sub.stitute for mtelligent inspection by personnel experienced in soils work 
when the proper construction of earth .structures must be insured. Frequent compaction 
tests must be made. A Proctor needle may be useful in making rapid approximate density 
determinations and an experienced man can tell much by the way in which the sheep's- 
foot roller “runs on its feet” when compaction Is nearing completion. Proper control of 
the moisture content is of the utmost importance. In ordinary- fills and embankments 
built of fine-eramed non-cohesive materials or of cohesive materials it is usually satisfac- 
torv to maintain the moisture content within 2 or 2 1 / 2 % above or below the optimum 
In the case of embankments, dams, and other earth structures above about 75 ft in height, 
the soil should bo kept on the low >kie of the optimum an<l pore-pressure measuring devices 
should be installed and used (.see Pore Pressure Determination m Art. 3, Sect. 7, anil Sta¬ 
bility of Embankments in Art. S. Sect. 7). to insure agaimt flows or cylindrical slides. 


9. BLASTING 

Blasting is neceslary- when rock is to be excavated. It is also economical as a pre¬ 
liminary to the excavation of very firm soils such as shales, marls, and some very- firm clays. 

In quarrying operations where large quantities of rock are to be brought down from a 
quarry face 25-40 ft high, it is usual to place the charges in holes 0 in.-7 in. m diameter 
drilled with churn drills such as are used by' well drillers. Holes are spaced about 20 ft 
apart and the same distance back from the quarry face. The holes should extend from 



CLASSIFICATION OF EXCAVATION AND EARTHWORK 9-19 


4 to 6 ft below the floor of the quarry, and each should be loaded with from 10 to 15 lb of 
60% or 75% explosive per foot of hole for not more than about two-thirds of their total 
depths. The amount of explosive used will depend upon the type best suited to the work. 
Reference 3 should be consulted as to the types best suited to various kinds of work. For 
ordinary' rock quarrj'ing 60 or 75% dynamite or blasting gelatine is generally satisfactory. 
It 13 common practice to fire from 12 to 15 such holes together, but as many as 25 to 30 
may occasionally be fired at the same time advantageously. The effectiveness of multiple 
blasts can often be increased and the objectionable shock they cause can at the same time 
be diminished by split-second time intervals between the firing of the charges. Millisecond 
delayed detonators are proving highly effective devices for accomplishing this. 

For removing smaller quantities of rock in highwaj" cuttings wagon drills are generalh' 
used for drilling the holes for the charges. Wagon drills will readily drill holes as much 
as 3 in. in diameter and 30 ft deep. Such a hole will take about 4 lb of explosive per foot of 
length and should not be loaded for more than about two-thirds of its total depth. Jack¬ 
hammers drill holes up to 1 S/g in. m diameter and 6 to 8 ft deep. These are too small to 
hold the large charges favored in modern blasting practice but are valuable in secondary 
cleanup work and breaking large blocks of stone that are too hea\'y' to handle. 

Explosives of many types are used in modern blasting practice. Characteristics which 
should govern the selection of an explosive for a particular purpose are: strength, velocity, 
or speed at which the detonation wave travels through a column of the explosive, water 
resistance, freezing resistance, inflammability, and, in some cases, the toxicity of the gases 
released by the explosion. Explosives should be tamped mto holes with a wooden tamp¬ 
ing pole and never with a metal rod. The effectiveness of even high velocity dynamites 
is greatly increased by tamping moist soil or other non-combustible material known as 
“stemming” into the hole on top of the charge. The length of the stemming should be 
not less than one-third the depth of the hole and half the length of the charge. 

Electric blasting detonators are used almost universally for firing charges in construc¬ 
tion-work blasting. A variety of detonators are available, some providing a predictable 
delay betwen the application of the current and the detonation of the charge. 

For a complete treatment of the highly specialized and potentially dangerous procedures 
involved in blasting, see ref. 3. 


10. CLASSIFICATION OF EXCAVATION AND EARTHWORK 

The classification of excavation and earthwork into rock, loose rock, and earth causes 
manj'- honest differences of opinion in the interpretation of specifications and contracts. 
The engineer should write specifications for such work as defimtely as possible and use 
great care and consistency in interpreting them to prospective bidders and contractors. 
The follow’ing suggested definitions and devices are offered as minimizing misunderstand¬ 
ings and misinterpretations: 

1. Solid rock includes all rock found in ledges or in detached masses exceeding 1 1/2 yd^ 
and which may be best removed by blasting. 

2. Loose rock includes all other rock and cemented gravel which may be removed with¬ 
out blasting, although blasting may occasionally be resorted to advantageously. It also 
includes detached stones less than 1 1/2 yd- and more than 1 ft^ in volume. 

3. Earth includes aU materials of whatever name or character not unquestionably rock 
az defined above. 

4. Excavation in water applies to the removal of all materials in water, or all materials 
thoroughly saturated or impregnated with water except surface water which can be 
drained away. It includes drainage, bailmg, pumping, and all labor, equipment, and 
expenses connected with such excavation. In changing, deepenmg, or making water 
courses all materials above the water level and materials that can be removed without 
becoming saturated with water shall be classified as dn.’. 

5. Payment for excavation. Excavations in ail the several classes thereof shall be esti¬ 
mated and paid for by the yd^ of material removed, measured m its original undisturbed 
state. Estimates should be based on cross sections, made by the engineer of the undis¬ 
turbed surface before the work is started, of the uncovered surfaces as the work progresses 
(when different classes of material are uncovered^ and of the completed surfaces. 

6. Paymerd for embankment. Embankments shall not be estimated or paid for when 
made from excavations; but in special cases when made from material furnbhed by the 
owner to the contractor embankments shall be estimated and paid for by the yd^ of ma¬ 
terial placed in the embankment measured m its finished state. Estimates shall be based 
on cross sections, made by the engineer, of the surface before the filling is started, and of 
the finished surfaces. 
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7. Haul. The prices paid for the several classes of excavation should be understood to 
cover the entire cost of removal and disposal at the location or locations specified, it being 
understood that no allowance will be made for over-haul. 


DREDGING 

11. GENERAL 

Dredging is the removal of material from under water. It may be undertaken in order to 
increase the water depth, to procure material for fill, or to permit the extraction of a valu¬ 
able constituent from the material excavated. The discussion that follows is limited to 
dredging undertaken for the purpose of deepening water or for procuring material for a 
fill Dredging undertaken to permit the extraction of a valuable constituent—such as 
gold or a valuable ore—from the material excavated is in reality a form of mining and is 
not dealt with herein. 

Dredges may be broadly classified as hydraulic and bucket dredges. Each of these 
basic types is further subclassified into more or less highly specialized types described in 
some detail in succeeding paragraphs together with brief outlines of the capabilities and 
limitations of each specialized type. The type of dredge selected for a particular project 
will depend upon data secured from a preliminary investigation of the project and upon 
the availability of the type or types of dredge considered most suitable. 


12. SURVEYS AND INVESTIGATIONS 

Hydrographic surveys and investigations involved in planning and executing a dredging 
project usually comprise: 

(a) A preliminary survey yielding approximate figures as to the quantity of material to 
be dredged and a sufficient subsurface investigation to indicate its probable characteri.s- 
tics. The preliminary investigation should also consider the location of disposal areas 
where the primary objective of the project is deepening water and the location of areas 
from which material may be most advantageously dredged where the primary objective 
is to obtain material for a fill. In both cases possible danger to existing water-front struc¬ 
tures should be considered Such structures may be threatened bv reduction of passive 
pressure in front of a bulkhead or quay wall, reduction of the restraining moment where 
a circular slide may be produced, or the exposure of untreated piles to damage and destruc¬ 
tion by marine borers. 

(b) A hjdrographic survey more detailed, precise, and complete than the preliminary 
one is usual before the commencement of dredging in order that quantities may be com¬ 
puted with requisite precision as a basis for payment to a dredging contractor. Additional 
borings are also generally necessary in order that accurate estimates may be made of the 
quantities of variou.s kinds of materials dredged. 

(c) A final hydrographic survey is necessary after the completion of dredging to insure 
satisfactory.' compliance with specifications and, in conjunction with data yielded by the 
previous survey, to permit reasonably accurate computations and estimates of quantities 
dredged 

(d) Methods used in hydrographic surveys are described in Sect. 2, Surveying. On 
small projects sounding is usually done with a hand lead, the location of each sounding 
being determined by a range and transit angle, two transit angles, or angles between three 
fixed objects. In the latter ca^^e the angles are measured simultaneously by two sextants 
operated on the sounding boat. The subsequent plotting is usually done by means of a 
three-armed protractor. On large projects sounding should preferably be done with a 
sonic depth finder such as a fathometer. Soundings may be located by the methods men¬ 
tioned above. On large and important projects, however, it will usually be worth while to 
facilitate the rapid plotting of the soundings by preparing sextant charts as described in 
ref. 4 for the expeditious solution of the three-point problem. 

(e) Quantities dredged may be computed by averaging end sections, by average depths 
of cuts at corners of square, triangular, or trapezoidal areas, or by taking contour areas with 
a planimeter if the job is primarily a dredging project undertaken to deepen a channel or 
harbor. If the primary objective of the project is to make a hydraulic fill, the quantities 
of material placed usually form the basis of payment. These quantities are determined by 
the usual methods for measuring earthwork. 
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(/) The surveying work involved in a dredging operation also involves setting up neces¬ 
sary ranges for the guidance of dredge operators 


13. BASIC DREDGE TYPES 

Dredges may be broadly classified as hydraulic and bucket dredges. Hydraulic dredges 
consist essentially of a centrifugal pump arranged to draw through a suction line a suspen¬ 
sion of solid material in water and to deliver it to a disposal point through a pressure line. 
This pressure line in some tj*pes of dredge may be long enough to reach a fill ashore or an 
approved submerged disposal area. In other tj'pes of dredge it may be so short as merely 
to reach a bin in the hull of the dredge or a dump scow alongside. At the disposal point 
the dredged solids are allow’ed to settle out of the water in which they are suspended. 

Bucket dredges are fundamentally excavating machines mounted on suitable floats or 
hulls. They may be of the dipper, dragline, or clamshell tj^^e. A fourth type, which is 
not extensively used in this country but has proved very satisfactory and popular abroad, 
is the self-propelled ladder dredge consisting of a number of buckets mounted on an end¬ 
less chain carried by sprockets on the ends of a hinged frame called a ladder. All the 
bucket-type dredges have the common characteristics of being unable to deliver material 
any considerable distance to a disposal area without themselves moving to it. The material 
they dig is usually moved to the disposal point in dump scow’s. Some ladder dredges are 
fitted with bins in which they can transport material to a dumping area. Bucket dredges, 
except where a long-boom dragline or clamshell is deepening a canal or building a levee 
under conditions which place the disposal area within boom reach, must be served by dump 
scows which transport the excavated material to the disposal area. 


14. HYDRAULIC DREDGES 

The cutter-head hydraulic dredge is, in general, the type of dredge most widely used in 
the United States. Under favorable conditions it w'ill excavate and transport material 
more cheaply than any other tj'pe of dredge or excavating machine. 

The cutterhead dredge consists of a hull carrying a centrifugal pump which may be driven 
bj' a steam or diesel engine. In the case of large modern dredges turboelectnc or diesel- 
electric drive may be used. Occasionally it may prove advantageous to operate a cutter- 
head hydraulic dredge with purchased power delivered through a high-tension submerged 
cable. The suction line from the pump runs down a ladder or frame hinged at the forward 
end of the hull. The ladder can be swung up and down in a vertical plane and at its lower 
end carries the intake of the pump suction line and a mechanically driven cutter or agitator. 
This stirs up the material to be dredged in such a way as to deliver to the pump a suspen¬ 
sion of solids in water which can pass through the pump impeller or runner and through the 
shore line to the disposal points. Cutterhead suction dredges are not usually self-propelled 
and are moved by towing. They are generally fitted wdth two spuds at the stern. These 
are heavy vertical steel or timber columns which may be raised or lowered mechanically 
through wells provided in the hull and are further supported lateralb' by massive frame 
works. The spuds may be lowered into the harbor or river bottom and thus hold the 
dredge firmly in place if both spuds are down. If only one spud is down the dredge may be 
swung on it as a pivot. 

Dredge pumps are special types of centrifugal pumps having passages through the im¬ 
pellers or runners large enough to pass solids of considerable size. A pump should be cap¬ 
able of maintaining a velocity of not less than 16 fps through the delivery line. Velocities 
in the deliver^’- lines of as high as 22-26 fps are usual in many large dredges and velocities 
as high as 32 fps have been used. In general the higher the velocity, the higher the per¬ 
centage of solids which may be delivered. High velocities, however, cause large friction 
losses in the line to the disposal point and consequently increase power costs For a dis- 
cus.sion of the effect of pipe-line velocities on dredging costs see ref. 4. 

The entire operation of a cutterhead hydraulic dredge is usually controlled from an 
elevated lever room from which the lever man has a practically unobstructed \dew of the 
ranges delineating the limits of the area to be dredged and of the activities of the dredge 
itself and its auxiliaries. 

The floating portion of the line through which material is delivered to the disposal area 
consists of short sections of steel pipe carried on pontoons and coupled by flexible rubber 
connections. The part of the line on the shore is usually welded steel connected by simple 
slip joints. Booster pumps are occasionally used on long shore lines in which satisfactory 
velocities cannot be maintained by the dredge pump alone. 
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Cutterhead hydraulic dredges are usually rated by the diameter of the shore or delivery 
line. Thev vary in size from 6-ir.. dredges, the pumps of which ina\' be driven b^’ an en¬ 
gine or motor of 150 hp, to 30-in dredges which require a? much as 6500 hp to drive the 
mam pump 

Disposal areas ashore are usually surrounded by dikes to permit a certain amount of 
ponding and settling out of solids. The amount of diking necessary depends upon the char¬ 
acter oi the material dredged. Coarse sands, gravels, and stiri clas’s. wluch would come 
out of the pipe in good-sized balls, do not require extensive dike. Fine saiias and silts, 
however, demand long periods of reteniion behind well-con.'-tructed dikes if a eonaiderable 
percentage of the material dredged is not to leave the di.-'posal area with the runoff. 

Plain suction dredges are verj’ similar to cutterhead dredges but their ladders are not 
fitted with a cutter. In certain types of sands and silts they work verv effernveiy and are 
used to considerable extent for maintenance dredging on the Mississippi. They do not, 
however, possess the general utility of the cutterhead dredge. 

The dustpan dredge is a special form of hydraulic dredge employed on channel and 
harbor maintenance work to remove relatively loose deposits of mud. clay, silt, and sand. 
The dustpan dredge gets its name from the shape of the suction intake which resc-mbles 
a huge dustpan or the intake nozzle of a vacuum cleaner. There is no cutter, but high 
pressure jets are provided to agitate the material to be dredged. Dustpan dredges are 
usualhc self-propelled and deliver spoil through relatively short floating pipe lines to sub¬ 
merged disposal areas clear of the channel. Occasionally deliveries may be made to the 
bins of dump scows towed alongside the dredge, but this practice is much more common 
abroad than in the United States. Dustpan dredges are used extensively by the Corps 
of Engineers on Mississippi maintenance dredging. 

Seagoing hopper dredges are used for maintenance dredging of the channels to harbor 
entrances They are solf-propelled seagoing vessels fitted with powerful dredge pumps 
which deliver spoil to bins in the hull of the dredge. The material is dredged by suspended 
su‘'iion pipes called drags equipped with scarifiers which loosen the bottom material and 
permit the pump suction to pick it up Hopper dredges transport spoil in their bins to a 
disposal area—usually at sea—where it is dumped through mechanically operated doors. 
Hopper dredges require no tender plant or auxiliary equipment such as dredge pipe and 
pontoons They are very economicai and satisfactory but highly specialized pieces of 
equipment admirabb’ suited tor the purposes for which they are built Practically all, if 
not all, of the seagoing hopper dredges in the United Stales are owned by the government 
and operated by the Corps of Engineers in channel maintenance work. 


15, DIPPER, BUCKET, AND LADDER DREDGES 

The dipper dredge is the most versatile of the several types of bucket dredge used in 
the United States. It consists essentially of a large, specially built shovel excavating ma¬ 
chine mounted on a suitable hull. The hulls of modern dipper dredges are usually steel 
and are provided with three spuds instead of the two with which suction dredges are com¬ 
monly equipped. Tw’o of the spuds of a dipper dredge are as close to the bow as possible 
w'ithout interfering with the swing of the boom and dipper stick. There is a single spud at 
the after end of the hull. The spuds are arranged to be not merely dropped, as in the case 
of a suction dredge, but to be hauled or pushed down mechanically so that a considerable 
portion of the weight of the dredge is carried by the spuds. When the spuds are thus 
forced down the dredge is said to be pinned up on them. This gives the dipper the neces- 
sarj- firm support to permit its effective operation and prevents objectionable rolling of 
the dredge when the boom is swinging over the dump scow to deposit each dipperful of 
material. 

Dipper dredges vary in size from 1 t /4 to 8 cu yd bucket capacity. On the Atlantic 
Coast 6 cu yd appears to be a typical size, whereas on the Gulf, Pacific Coast, and Great 
Lakes moat machines are of about 4 cu yd capacity On the Ohio and Mississippi bucket 
dredges of about 2 1/2 cu yd size appear to be most popular 

The dipper dredge wdll handle almost any kind of material except fine, soft, alluvial silts 
w'hich will run out of the bucket to such an extent that they cannot be effectively or eco¬ 
nomically dredged by machines of this type. The depth to which it can dredge is limited 
by the downward reach of the dipper and by practicable spudding depths. 

Bucket-type dredges consist of long-boomed excavating machines mounted on suitable 
floats and equipped with either dragline, clamshell, or orange-peel buckets. The hulls of 
well-equipped bucket dredges are usually fitted with three spuds -which may be hauled or 
pushed down mechanically to pin up the dredge in much the same way as the dipper dredge 
when tins becomes desirable. 
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Dragline buckets have proved useful and effective in canal dredging and levee building. 
Clamshell and orange-peel buckets are more useful and effective m restricted areas—that 
IS in working close to piers or wharves—and in excavating through the dredging wells of 
open cai-"on^ The depth to which these dredges can dig is not restricted hy their boom 
length. 

The ladder dredge, consi'-'ing of a nuniber cf buckets mounted on an eiidles- chain which 
operates on -pruckets carrK-'l by a hinged frame or ladder lowered through a w*'ll in the 
hull or the dredge, is not extensively used in the United 'States except as a minimi device 
for gold dredging In this country it is not considered capable nf working efficient^ under 
wideh varying cuuiiitions and therefure cannot be slutted readily from one nob to another. 
If a hulder riiedge i's built for a job fur win -h it ir. specially qualified, the volume of vork 
should be such that the entire co^t oi the dredge can be cliaigcrd to the project for which 
it IS built 


16. SUBMARINE BLASTING 


The dredging of rock and other firm materials often mvolv^'s blasting. Small isolated 
amounts ot soft rock, sucii as coral heads, can sometime'* be dealt with eronomii..lilv by 
using heavy charges placed on the surface of the ro-'k. .see ref 13, but. it the amount of 
explosive required is excessive and :i anv coii-siJeiable quantity of ro<'k !•* to be hla-^ted, 
tlie cliarges should be placed in dnil hole*, let. 3. On jobs of any inagiutude these are 
drilled by specially equipped dull barges These vtie hrte«l with spmis with winch tl.cy can 
be pinned up and thus hold immovable to prevent bu-uWage oi the drills. Power-driven 
drills are mounted along tiie -^hle of me baige to laciluato the rapid .-imuhaneou'* drilling 
of large numbers of hrh-? of vanou* requeue •iiameie.-s Drill hole'' .ire u*uallv fron; 2 -,'2 
to 4 ^ m. in diameter and, where well drill* are used. 5 to 6 m in diam^^ter. H.»le* are 
spaced clo.wr than in blasting ou land. 10 ft center to center b-ing a u*uai snar'injj Holes 
should extend about 10 ft btlow Mmdie<l gra le of the submarine excavation A Ingh-per- 
centage dy namite is desuable lor submarine uuik. being comi.ionly used for oidinary 
rock, 70'^c or SU*^ for veiy hard rock, and 40U, or oUU foi -tratified hinestomc. '‘iiale, or 
softer rocks. Water-resistant elc--tnc bla-nrig caps should be used. In deep water it is 
good practice to use two caps per hoh*. 
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TUNNELS 


1. FUNCTIONAL CHARACTERISTICS 
General 

Definition. Tunnels are underground passageways, generally constructed for 

transportation purposes, including such u^e•^ a.-. railioaJ. rapid rran^it, highway, pedestrian, 
seiverage, water supply, water power, public utility, and canal 

Relative Economy. As compared with alternate type-? uf construction, tunnels may: 
(1 1 provide greater convenience and elimination oi cc-rfair. hazards such as snow and icing 
conditions; (2; reduce total couiiruction costs by roductioii of overall length; (3' reduce 
operating costs and save time by reduction of gradients and distance; and (4) avoid inter¬ 
ference with or adverse effect upon other iiecessar\ and desirable u-?e& of the surface and air 
rights above the suiface. Anv one or oonibination of the^e considerations may enter into 
the determination of the economv of and necesMiv for ‘■onstru .‘ting a tunnel, as compared to 
existing structures or possible alternate structure^; moreover, in some cases, project re¬ 
quirements or topographical conditions may eliminate any practical alternative to tunnel 
construction. 

Railroad Tunnels 

Clearances. Standards used in the desiirn of existing railroad tunnels have varied ac¬ 
cording to the requirements of individual raihoads. 

The American RaiHsay Engmeonng A-=?->ciati'.>n recouiinends the following clearances; 

1 . The clearance-5 on tangent track shah be not than tlio-5e ^hown. 

2 On curved track the clearances shrdl be inciea-M-il to allow for the overhang and the 
tilting of a car .^.5 ft long, On ft between cenieis of tni. k'. and 14 ft higii. 

3 The superelevation of the outer rad shall be ir arcordance with the recommended 
practice of the AiiKA, 

4. The distance from top of rail to top of tie? shall he taken as 8 in. 

o. Legal requirements to govern wnen m confin-t with dimensions shown, 

Recommended clearances lor t'lird-rail and for pantograph, catenary construction, and 
adjacent permanent-way structures are available in diairrams published by the Association 
of American Railroads. Electrical 8eciion. Lngmeering Division. 

Clearances in shield-driven railroad tinuicl-: or other railroad tunnels constructed by 
methods requiring a circular cross section would be modified, in the interest of practica¬ 
bility and economy, wdth respect to the clearance diagrams recommended by the AREA. 
One of the latest designs for a shield-driven railroad tumieP adopted a section considered 
adequate for all types and sizes of freight cars m the Xew York metropolitan area, which 
provided IS ft 6 in. from ba.-?p of rail to crown of arch at center line, based on a 16 ft 6 in, 
maximum height of load above top oi rail, 10 in. for overhead conductor, and 8 m. clearance 
betw'een load and conductor. A clear minimum height of 16 ft was provided for at 6 ft 
either side of center line. See Fig 2 

Alignment, Grades, and Ventilation. The AREA recommends the following considera¬ 
tion-^ and standards fur alignment, grades, and ventilation of railway tunnels. 

Alignment and Grades. In the location and de-'ign of new laiiroad tunnels r onsideration 
should always be given to securing the advantageous and economical tunnel grade, 

taking into account as an imporiarit. but not riccessarily controlling, factor, the increased 
capital costs of securing a reduced grade, as compared with the capitalized savings, through 
improved operation and maintenance, which may result therefrom. 

Although no hard and fast rule as to the desirable reduction of grade through proposed 
tunnels and adjacent thereto is possible bef.iuse of varying cunditioii.s of terrain, ventila¬ 
tion, drainage, and operation a-'-^ociatod with every tunre-l or sequence of tunnels, taking 
into consideration proper drainage, the rate grade througii proposed tunneK should be 


1 Narrows Tunnel, New York, designed 1921-I‘J24, but not constructed. 
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kept as low as is economically practicable. As a working basis for comparative study of 
proposed grades through tunnels exceedmg 1000 ft in length, such grade should not exceed 
75% of the ruling grade of the district, and this reduced grade should be extended for the 
full length of a tonnage train, but not less than 3000 ft below the tunnel and one-half that 
distance above the tunnel. 

Comparative studies should be made for greater and less reductions of the proposed 
grade, in order to ascertain the most suitable grade, within and adjacent to the proposed 
tunnel. It can be reasonably assumed that the proper percentage of grade reduction for 
a long tunnel may be greater than for a short tunnel. 



Fig. 2. Clearances designed for shield-driven railroad tunnel. 


Summits within railway tunnels should be avoided, if possible, for efficient ventilation. 

The alignment through proposed railroad tunnels should be restricted as to curvature 
as much as is economically practicable, and if curvature is required the regular compensa¬ 
tion for such curvature should also be introduced. 

Ventilation. Artificial ventilation for railroad tunnels 2500 ft or less in length is con¬ 
sidered unnecessary. 

For tunnels over 2500 ft in length, a study to determine the proper method of ventilation 
should be made, giving due consideration to operating and other local conditions. 

Shaft ventilation is of limited benefit. 

Where electricity is available, it is the most economical type of power for operating a 
mechanical ventilating plant. 

The most practicable, effective, and economical artificial ventilation for tunnels carry¬ 
ing steam-power traffic is to be obtained by blowing a current of air into one end of the 
tunnel for the purpose of removing, or diluting and removing, the smoke and combustion 
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Fig. 3 Diagram showing normal clearance, Independent System, New York Subways. 
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gases at the opposite end. As practiced m America, two methods are used to procure 
ventilation in this way: 

(a; To blow a cuirent of air m the direction the train is moving and with sufficient 
velocity to remove the smoke and combustion ga^es ahead of the engine. 

(h'< To blow a current of air airamst jiie direction of the tram with velocity an.l voIun:e 
sufficient to dilute the smoke and coinbastiori gases to such an extent as not to bt- uncom¬ 
fortable to the operating crews and to clear the tunnel entireh' within the ininimuni tune 
limit for following trams. 

Rapid-Transit Tunnels and Subways 

Clearances. There are no recommended national standards for clearances :n rapid- 
transit tunnels and subways Clearances are provided to lUret the maxuiium. requirenients 
of the roiling stock of the system under consideration, including all of me variations from 



Fig. 4. Method of rotating tunnel section on curve to account for superelevation. Center line of 
track and center line of tunnel coincide on tangent. 

normal midposition of the car which will ordinarily be found, with proper allowances for 
end and center excesses and excess due to superelevation when the alignment is curved. 
Allowances for construction deviations of the structure from theoretical lines and grades 
are also taken into consideration. In addition, it is customarx’ to provide a neutral zone 
2 in. wide bet-ween the limiting line of car clearance and the limiting line of structure clear¬ 
ance. Figure 3 shows a typical clearance diagram for the Independent System of the New 
York City Transit Authority. Economy in the design of shield-driven tunnels of circular 
cross section may be obtained by proWding for superelevation as shown in Fig. 4. in 
which case the center line of the tunnel is adjusted by horizontal and vertical offsets 
from line and grade of track so that the required diameter of the tunnel is not affected 
by excess due to superelevation. 

Alignment and Grades. Minimum radii of curv’ature and limiting grades are matters 
of the operating practice of the rapid-transit system under consideration. The minimum 
grade siiould not be less than 0.5%, unless special provision is made for proper drainage. 
The New York City Transit Authority has adopted a minimum radius of curvature of 
350 ft with the requirement that transition curves must be used for ail tracks having a 
radiua of curvature of less than 2300 ft, excepting turnouts and crossovers. A maximum 
grade between stations of 3% has been adopted by this svstem. and a maximum grade of 
i.5% at turnouts and crossovers. Vertical curves of 2-3% are recommended. 
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Ventilation. It is generally desirable that some form of ventilation be provided in sub¬ 
way systems. In land sections constructed in open cut. the Transit Authority re¬ 
news the air at and between stations by means of the piston action of the moving trains, the 
subway being connected by means of flues to gratings, generally placed in the sidewalk 
at the street level. Air is exhausted through these openings as it is pushed ahead of trains 
and air is drawn into the subway behind passing trains. The flues and gratings are propor¬ 
tioned for an assumed velocity of the air of 100 1pm and assumed complete renewal of air 
once in ever\- 1.3 rnin, the effective grating area being assumed to be 0.6 of the gross. In 
order to increase the efFicienc\ of the system a continuous wall is constructed between the 
tracks of opposing traffic between stations. Ventilation gratings are also placed at the 
approaches of stations to reduce the draft on the station platforms and stairway- caused 
by incoming trains. In addition to these provisions for ventilation, exhaust fans for emer¬ 
gency use are installed in fan rhambers located at the center point of volume between 
stations. The under-river tunnels are ventilated by means of shafts on each shore. Fans 
for emergency use are installed at these shafts, m case smoke or fumes due to fire or other 
cause collect in the tunnel, so arranged with automatic dampers as to be operated either 
to blow fresh air into the tunnel or draw air out of the tunnel, the fans at the one shaft 
blowing air while the fans at the other are exhausting air. 

Vehicular Tunnels 

Historical. Tunnels for vehicular traffic are of comparatively recent date. The first 
such tunnels of any considerable length were built during the last decade of the nineteenth 
centurv’, and all such tunnels built prior to about 1920 were designed for horsedrawn traffic 
without much consideration, if any. given to mechanical ventilation. 

With the rapid increase m the number of automobiles there has been created an iricrea>ed 
demand for vehicular tunnels for crossing of important waterways and mountain barner.s. 
Since 1920, several major tunnels designed for automotive traffic have been built in the 
United States and Europe. 

Size. Where the volume of traffic is high enough to warrant more than two lanes, it 
is considered good practice to build a pair of tunnels, each with a roadway of two lanes 
in one direction, rather than one large tunnel containing more than tw'o lanes, e.xcept in 
cases where ground conditions are unusually favorable. This arrangement usually result} 
in the greatest economy in cost of construction It is the safest type of road for operating 
high-speed vehicles as there can be no head-on collisions: it also facilitates ventilation. 
It readily permits the separation of the entrance and exit of the two tubes by a city block 
or two, which is a traffic advantage in cases other than those where express highwav> Icari 
directly to the tunnel plazas. 

Alignment and Grades. Most vehicular tunnels are located under navigable wate: 
and an important consideration is to keep the length of the tunnel as short as pos'^ihlc 
and at the same time use grades which are suitable for the type and volume of traffic. 
Experience has shown that with a heavy volume of mixed traffic, consisting of paS'«ongor 
cars and trucks, upgrades of 3 ^ ait* suitable considering the requirement- ol the free 
flow of traffic and the construction costa-. Downgrades of 4^ are considered -atiafactory. 
In cases where the volume of tiaffic is relatively low and is expected to ooiitiruio low for 
a long period of years, .-steeper grade*' are sometime- u-ed to keep the coat of con-tru« lion 
to a minimum. Since the need for vehicular tunnels is iiio=;tly confined to largo cities 
where property values are high and where the tunnel mu-t be Tied into the -treet and high¬ 
way systems on the two sides of the waterway, it is ordinarily not pos-ible to follow the 
generally accepted modern requirements for curvature that prevail on express highways 
in open countiy. Tunnels are better policed than open higliwa\and the maximum 
allowable speed in the tunnel is usually restru ted to 35 to 40 mph. Under these conditions 
a radius of curvature from 1200 ft to 1500 ft ii> considered satisfactory and in order to avoid 
taking of excessively costly real estate, shorter radii aic &omoTimes used. 

On curves of short radii the roadway snould be widened to provide for overhang of vehi¬ 
cles and superelevation provided corresponding to a -pee-l of about 35 mph. 

On shield-driven tunnels it is not practicable to wiiieii the roadway on curves, and the 
radii must tiierefore be laige enough not to require such widening. 

Interior Clearances and Finish. In regions wheie the local limitations on the width 
and height of veluclcs are 8 ft and 12 tt 6 in. respectiveh-. a roadwaj- width between curbs, 
for two lanes in tlie same direction, of 21 ft has proven ^-ati-^factory and ceiling heights of 
13 ft 6 m to 14 ft are sufficient. In tunnels having a roa iway with one lane of traffic in 
each direction the width between curbs should be not less than 22 ft There should be 
a berm of not less than 12 in. on each side between the curb and the tunnel wall, and there 
should be provided on one side of the road'way adjacent to the fast-traffic lane a service 
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walk for the use of the operating and maintenance personnel of a minimum width of 2 ft 
6 in. and preferably 2 ft to 3 ft above the roadway level. 

It is standard practice to line the interior of the tunnel walls, as well as the ceiling, with 
ceramic tile. This not only adds to the appearance and sanitary condition of the tunnel 
but also increases the degree of illumination per unit of power output. 

Lighting. The most recent development in lighting of vehicular tunnels is the use of 
continuous fluorescent lights. This is economical in power consumption and entirely 
eliminates the flicker reflection on the polished bodies of automobiles. 



Fig. 5. Typical cast-iron-lined shield-driven vehicular tunnel section in earth, Queens Midtown Tunnel. 


At the entrance portal of the tunnel, it is necessary to provide lighting of a greater inten¬ 
sity than the normal tunnel lighting to facilitate, during the daytime, the transition from 
bright sunlight to the lower-intensity tunnel lighting. This transition lighting has its 
greatest intensity at the portal with a gradual reduction over a distance of several hundred 
feet. On long tunnels this transition may extend as much as 1500 ft into the tunnel. 

Pavement. To facilitate the repair or renewal of the tunnel pavement, it has been found 
that the use of a unit type of pavement is desirable. It can be easily repaired or replaced 
in units one lane at a time during the iow-traffic hours at night without interference with 
the flow of traffic during the daytime. The pavement should have built-in distinctive 
center-line markers, and traffic should not be permitted to cross the center Ime. 

Emergency Equipment. In a tunnel there is no place to get a stalled vehicle out of the 
way of moving traffic except by removing the vehicle from the tunnel. For this purpose 
emergency equipment is pro\’ided at each exit of the tunnel to remove a stalled or broken- 
down vehicle on short notice. 

Toll Collection. If one or both ends of the tunnel have adjacent entrance and exit 
plazas, it is advantageous from the point of view of control, policing, and economy in 
personnel, to have the toll collection for both directions of traffic at one point. Experience 
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has shown that it requires three toll collector lanes to handle the traffic for each lane in the 
tunnel, at peak hour when the roadway is used to capacity. 

The toll booths should be located on the driver’s side of the vehicle so that the driver 
may pay his toll with a minimum of inconvenience and delay. The toll-booth islands 
should have, on the ends facing the oncoming traffic, substantial bumpers to protect the 
toll-booth structure and the toll collectors from accident by vehicles out of control. 

Capacity. The capacity of a two-lane tunnel roadway may be considered as 2400 ve¬ 
hicles per hour, although there will be many peak hours where the volume of traffic will 
not reach this figure and there will be occasional hours when the traffic on a two-lane road 
may reach 3000 or more vehicles per hour under favorable conditions. 

Ventilation. The first major tunnel designed for automotive traffic was the Holland 
Tunnel under the Hudson River at New York, which was constructed 1919-1927 jointly 
by the New York State Bridge and Tunnel Commission and the New Jersej' Interstate 
Bridge and Tunnel Commission. The tunnel project consists of twin tubes with an aver¬ 
age length of 8463 ft between portals and was to be used exclusively by vehicles propelled 
by internal-combustion engines. This presented a problem in ventilation both in character 
and magnitude which had no precedent on which the method of ventilation could be based, 
and required the development of original fundamental data through a research program 
which was under the general direction of the author who was in charge of the design of 
the tunnel and its ventilation system. Tests were made to determine (Ij the amount and 
composition of exhaust gases from motor vehicles, (2) the physiological effects of exhaust 
gases from motor vehicles and the dilution necessary to render them harmless, and (3j the 
method of ventilation and power required for ventilating the tunnel. 

Through agreements with the Tunnel Commissions the tests were carried out by the 
United States Bureau of Mines—in the case of item 2 with the cooperation of Yale Univer¬ 
sity, and for item 3 with the cooperation of the University of Illinois. These te-;:s estab¬ 
lished the fundamental bases for the following standards and formalas which are used in 
the design of ventilation for vehicular tunnels and which in addition reflect tno operating 
experiences of the Holland Tunnel and the manj’ subsequently constructed vehicular 
tunnels which use the same or a similar system of ventilation. 

Degree of Ventilation. Based upon the results of tests to est‘■^bll>^h the amount and 
composition of exhaust gases from motor vehicles and to dc-tennine me ph> siuloirical effects 
of exposures of varying periods of time to various concentrations of carbon monoxide m 
the tunnel atmosphere and with due regard to the experience gained in the opciaiion of 
vehicular tunnels over a period of years, certain standar^is have been deterriiUied upon as 
appropriate for the ventilation of vehicular tunnels. 

The results of more than 2000 tests on 101 vehicles of various types, makes, speeds, 
and conditions of loading are summarized in Table 1. 

Table 1, Cubic Feet CO per Minute per Motor Vehicle 


Speed, 

mph 

Plca.sure 

Care 

Average Load 
and Light 

Trucks Under 2-Ton 
.\verage Load and Light 

Trucks 

2 to 5 Tons 
.iverage Load 
and Ligh^ 

Trucks 5 Tons 
and over 

Load 

1 

Vp 

Down 

Level 

Up 

Down 

Level 

I’p 

Down 

Level 

Up • Down 1 Level 

10 

1.40 

0 648 

1.02 

1.44 

0.688 

1.12 

2.82 

1.34 

2.20 

3 03 i 1 50 : 2 53 

15 

1.99 

0.962 

1.44 

1.84 

0.926 

1 41 

2,93 

1 58 

1 99 

; 0 621 ' 1.90 

Accelerating from 










1 

rest 

1.83 


1.65 

0.924 


0.742 

3.43 


1 70 

1 

Engine idling 


0.734 



0.685 



0.870 


0 842 , 

Engine racing 


1.393 



1.132 



2 155 


i 1.753 ; 


The physiological research established that the effects of carbon monoxide are wholly 
due to the union of this gas with the hemoglobin. To whatever extent the hemoglobin 
is so combined, by that amount it is rendered incapable to transport oxygen to the organs 
and tissues of the body. The combination of carbon monoxide and hemoglobin is a re¬ 
versible reaction, so that when a person returns to fresh air the carbon monoxide is gradu¬ 
ally eliminated. Of all physical signs and tests of carbon monoxide poisoning, headache 
proved the most definite and reliable. 

Concentrations of gas too weak or periods of exposure too short to induce this sign are 
to be considered harmless. No one had this symptom to an appreciable degree after a 
period of 1-hr exposure to 4 parts of carbon monoxide in 10,000 parts of air. 
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la setting the standards considered appropriate for vehicular tunnel ventilation, due 
regartl has been given to the safety and comfort of the operating and maintenance personnel 
as weii as to the traveling public; to the pro\’idiiig in the tunnel of an atmosphere free from 
smoke and haze which would be considered objectionable by the traveling public or might 
interfere with visibility or with safe driving. 

Based upon all pertinent observations and data, a normal maximum of 2 b 2 parts carbon 
monoxide in 10,000 parts of air is deemed appropriate and has proven to be satisfactor>' 
in operation of important vehicular tunnels. 

Based upon this standard of purity of the tunnel atmosphere and with capacity operation 
of mixed traffic consisting of about 759c passenger cars and about 25*^ trucks and buses, 
the quantities of fresh air required per minute per linear foot of tunnel roadway with two 
lanes of traffic in the same direction may be considered to be as follows: 


On level grade 225 cu ft 

On 3 3/2^ upgrade 300 cu ft 

On 3 1'2% downgrade 150 cu ft 


These quantities are sufficient to allow for unusual traffic conditions somewhat above nor¬ 
mal capacity traffic and for stalled traffic with vehicles crowding close together with engines 
running. 

Transverse Distributive System of Ventilation. In the development of the system of 
ventilation for the Holland Tunnel, it was established that 3.760.000 cu ft of fresh air per 
minute would be required at capacity operation. It was concluded that such large quan¬ 
tities of air, with the attendant high velocities, could safely be supplied only hy delivery 
through a special duct separated from the tunnel roadway, with frequent connections to 
the roadw’ay space throughout the entire length of the tunnel. Similarly, it was concluded 
that the vitiated air should be withdrawn through a separate exhaust duct with frequent 
inlets from the tunnel roadway. The size of these openings is determined so as to supply 
and exhaust the requisite quantities of air appropriate to the grades of the tunnel roadway. 

The fresh-air duct is located below the roadway and the exhaust duct overhead. This 
arrangement is dictated by the fact that the hot exhaust gases, slightly lighter than air, 
have a tendency to rise. A major consideration also m this determination was the fact 
that such an arrangement facilitates the quick removal of smoke and heat from the tunnel 
roadway in case of vehicle fires in the tunnel, thus enabling men with fire-fighting equip¬ 
ment to approach vithin effective distance of a fire. 

The location of the air duets ma\' vary depending on the shape of the tunnel cross section 
and the method of construction; but the outlets from the fresh air duct should be near the 
roadway and the inlets to the exhaust duct near the top of the tunnel. 

The system has functioned satisfactorily for more than 25 years’ operation of the Holland 
Tunnel during which time more than 300,000,000 vehicles have used the tunnel. When, in 
19-49. a truck load of contraband cargo consisting of 4400 gals of carbon disulfide was ig¬ 
nited and burned in the tunnel no lives were lost and the ventilation system continued to 
function throughout the explosion and fire and the intensive heat which was generated. 

The sx'stem is in use on nearly all major vehicular tunnel projects built subsequent to 
the Holland Tunnel. 

Power Required for Ventilation. Based upon half-size and some smaller scale-model 
tests, the following formulas were developed to determine the power required to supply 
air to and exhaust air from the tunnel through a system of ducts such as described above. 

For the supply duct 


T.P. 


12y I u'l" ' aLz^ 

[‘27 



+ Po 


( 1 ) 


T.P. = total pressure inches of water. 

y — density of air, D = density of water, in pounds per cubic foot. 
U'l = velocity entering duct in feet per second. 
g = 32.2 feet per second, per second. 
a = 0.0035, b = 0.01433. 

L — total length of duct in feet. 

X = distance from entrance to any chosen section. 

L ~ X 


m = hydraulic mean radius in feet. 
k = 0.615. a factor allowing for turbulence. 
Po = bulkhead pressure in inches of water. 
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Based on the exhaust-duct tests, a general equation for total suction head was developed 
as follows: 


5.P. 


|u'r 

D 12 ^ [a 


aL 


(3 -T c)m 


2 + c 


J 


All terms have the same significance as in eq. 1 except the new constant c. which takes 
into account the turbulence at the exnaust ports S.P. b the suction head or negative 
static pressure. For a small model duct with 45'^ ports, the value c = 0.25 gives good 
agreement between experimental and calculated values This value is also applicable to 
the actual tunnel exhaust duct for rates of flow above 200 cu ft per minute per foot of 
roadway For lower rates c = 0 20 is sugge>ted. 

Tests were run for the coefficient of friction bv blowing air all the way through with side 
ports closed. From the results of these tests a general expression for the coethcieni of 
friction was obtained as follows: 


where a = 0.0035, b = 0.01433. m — hydraulic mean radius, and w — velocity of air oi 
feet per second. 

These formulas are applicable to ducts with constant area and uniform rate ;i air supp:> 
or exhaust. If on a tunnel duct there occur changes in either the area or the r.iic- of air 
supply or exhaust the computation has to be made for an appropriate number oi subdivi¬ 
sions of the duct and the pressure losses ui these subdivisions mu-t be added tc-gelher. 

In the blower-duct system the incidental power lueses in addition to those in the inai'i 
duct usually are the following. 

1. Losses through louvers when air enters fan room. 

2. Losses in downcast ducts. 

3. Losses m bend« and elbows. 

4. Losses in flues leading from main supply duct to tunnel roadwaj. 

Item 1 TNUth properly designed louvers would ordinarily a^'iCunt to 0.20 :r*. of water. 

Pressure losses in straight runs of ducts may be determined by the tormula: 


H * 



' 4 .' 


where H — loss in pressure in inches of water and the other term's bcr.e liu'- same signifi¬ 
cance as those used in eqs. 1 and 3. 

The losses encountered in flow of air m elbows and in ducts wito varying cin-s-- se ‘loits 
and shapes such as nozzles converging or diverging, as ell as the cffec of abi upt ext um-iuii 
and contraction, have been determined e.xperimentaUy by varr<u> autlioriiie.-? and urgam- 
zations and are given m textbooks and fan manufacturers’ handbuok.s. 

The minimum static pres-^urc required to discharge the air fri>i;i the main duct to and 
across the tunnel roadway depends on the size, shape, and length of the flue, but does not 
ordinarily exceed 0.25 in. of water. 

An examination of eq. 4 for pressure loss in the blowing case showed* that the point of 
minimum static pressure did not occur at the bulkhead end of the duct. The bcation of 
this point vanes with the dimensions of the duct. 

Tests were run on various types of exhaust ports, and the design vvhicii gave the h'a^t 
disturbance to air flow in the exhauot duct by the ent<-riiig air was found to be ui.e making 
an angle of 45® with the line of flow m the e.vhaust duct. The pressure lOquireJ to exhaust 
air through this type of port for various quantities of air was also obtained ii-*ra tests 

In the exhaust-duct system the total pressure losses m addition to those m :he main <iuct 
consist of the following: 

1. Losses at exhaust airports leading to the mam duct. 

2. Losses m ducts leading from mam tunnel duct to fan chamber. 

3. Losses m bends and elbows. 

4. Losses m ian chamber. 

5. Losses or recoveries m discliarge stacks. 

The loss m the exhaust air poit. having an angle of 45® with the direction of air flow’ in 
the main duct, is included in the equation for the losses in the main duct and i.- equal to 
Po is generally not less than 0.03 in. ol w'ater. 

The losses m the exhaust-fan chamber may amount to as much as the entire velocity pres¬ 
sure. 

The evase or expanding stacks have the effect of reducing tlie power loss due to high- 
velocity pressure a* the air is expelled to the outside atmosphere. 
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After having calculated the losses in pressure in a duct from the fan to the farthest end 
of the duct, the air horsepower is calculated using the formula 


P XQ X 62.4 
33,000 X 12 


(5) 


where hp = horsepower, P =* pressure in inches of water, Q = total cubic feet of air 
flowing per minute. 

As the power required for a given duct section varies approximately as the cube of the 
length of the tunnel section, it is important that the length of a duct section is not too great 
in relation to its cross-sectional area. An economic evaluation must be made giving con- 



Section 


sideration to the cost of 
providing a larger cross- 
section of the duct or in¬ 
termediate ventilation 
stations and the annual 
power cost. 

Type and Number of 
Fans. Horizontal centri¬ 
fugal fans have been used 
to provide ventilation for 
all the major vehicular 
tunnels in the United 
States. These fans are of 
the backward curved 
blade type suitable for 
parallel operation and 
have a non-overloading 
characteristic. 

In the last 15 years 
axial-flow fans were de¬ 
veloped with characteris¬ 
tics similar to those of the 
backward curved blade 
horizontal centrifugal 
fans. This type of fan 
was first developed and 
applied to tunnels in 
Europe and is now being 
commercially produced in 
the United States. 

Efficiencies of the two 
types of fans are compara¬ 
ble. Space requirements 
and limitations in some 


cases favor the use of 
axial-flow fans. 

■ Since the traffic vanes 

greatly over the 24-hr 
period of a day and with 
the seasons, it is necessarj^ 
to provide a sufficient 
number of units with suit¬ 
able speed variations to 
provide the proper air re¬ 
ducts quirement for the varying 

traffic at a minimum ex¬ 
penditure of power. Con- 
Fig 6 Method of ventilation Building and shaft, Holland Tunnel. servative planning calls 

for the provision of spare 

units to allow for shutdowns for repairs of equipment or of the power supply. To guard 
against interruption in the ventilation and lighting it is necessary to provide for more than 
one source of power supply. 

Ventilation Buildings. \'entilation buildings are usually located near the portals of the 
tunnel or at intermediate shafts or both as determined by the overall economy of the 
arrangement in each case. 
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The general arrangement of the ventilation buildings is to locate the blower fans on 
floors with large openings to the outside atmosphere with louvers in the openings to pro¬ 
tect against ram and snow. The exhaust fans are located in airtight chambers with ex¬ 
panding exhaust stacks to the outside atmosphere. 

The floor heights of the buildings must provide for the replacement of the largest equip¬ 
ment units. Space must be provided for the air ducts without the necessity of abrupt 
bends or elbows and must make adequate pro\Tsion for electrical and auxiliary equip¬ 
ment. 

The ventilation equipment and the lighting of the tunnel are controlled from a central 
control station which is located either in one of the ventilation buildings or in a separate 
service building (constructed for that purpose). 

Longitudinal System of Ventilation. On shorter tunnels a longitudinal system of venti¬ 
lation is sometimes used. This method is adaptable to a horseshoe-shaped cross section 
with flat invert on which the roadway is placed. 

The roadway space extends from the roadway to the crown of the arch, providing not 
only a larger roadway area but also the appearance of roominess and with proper finish 
and illumination giving the tunnel an attractive appearance. 

The air may be supplied by blower fans near the entrance portal, the air being supplied 
to the roadway at high velocity through one or more nozzles. It then travels longitudi¬ 
nally with the traffic to the exit portal. 

One twin-tube vehicular tunnel more than 1 mile long, the Liberty Tunnel at Pittsburgh, 
Pa., has one ventilation building located on top of the hill through which the tunnel is 
built at about the midpoint. Here exhaust fans withdraw air entering at the entrance 
portal. A short distance beyond the shaft, fresh air through nozzles is supplied; this air 
travels along the roadway with the traffic. Tests have shown that here a very large 
percentage of the air entering at the entrance portal bypasses the central shaft and con- 
tmues to the exit portal. 

Combinations of Transverse and Longitudinal Systems of Ventilation. Some vehicular 
tunnels have been built where a combination of the two systems have been applied. The 
longest of these is the Queensway Tunnel under the Mersey River at Liverpool, England. 
Here the fresh air is supplied through separate ducts as in the transverse distributive 
system: the air then travels longitudinally through the roadway section and is exhausted 
by suction fans located in buildings over four shafts on the mam tunnel and one shaft on 
each of two branches. 

Some tunnels have a separate duct through which air is supplied and admitted to the 
roadway at one point near the middle of the tunnel and finds its way out at each portal. 

VentUation by Natural Draft. In short tunnels it may not be necessary to provide 
mechanical ventilation, the natural draft being depended upon to renew the air in the tun¬ 
nel. This is usually satisfactory for tunnels up to several hundred feet long if located on 
uniform grades and on a straight alignment. In tunnels dipping under an obstruction 
with changing grades and curved alignment much less natural draft may be expected. 
It is not possible to establish hard and fast rules for how long a tunnel may be before it 
requires mechanical ventilation but it is certain that a tunnel with traffic in one direction 
only may depend on natural draft for a greater length than a tunnel with traffic in both 
directions on the same roadway. 


2. PRELIMINARY INVESTIGATIONS 

Surface and Subsurface Surveys. Surface and subsurface surveys should be made, ac¬ 
curately relating to the tunnel plan all topographical features and surface and subsurface 
structures that would be affected by tunneling operations and that would affect the design 
of the tunnel. Suitable sounding methods should be employed to establish the relation 
of the proposed tunnel to the surface and bottom of any body of w’ater under which it is 
to be built. Supersonic methods of sounding are well adapted to preliminary investiga¬ 
tions, especially when an extensive subaqueous area is to be studied. 

Geologic Investigation. A geologic section should be prepared along the tunnel line 
which w’ill show the tunnel profile, depths of cover, ground-w^ater table, and all the kinds 
and conditions of materials to be penetrated by and surrounding the tunnel bore. Data 
obtained from the records of geologic surveys, existing tunnels, shafts, mines, excavations, 
wells, and borings which have been made in the \'icinity of the general route of a proposed 
tunnel, if properly interpreted, may be sufficiently complete and conclusive to form a 
basis for selection of alignment and preliminary design, but it is usually necessary, in addi¬ 
tion, to include exploratory borings as part of the program of geologic investigation, es¬ 
pecially after the final determination of the tunnel alignment has been made, for use in 
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designing the permanent tunnel lining, planning construction methods, and as information 
for prospective contractors 

Exploratory borings should be spaced and located so as to pro\'ide data for the prepara¬ 
tion of a reasonably accurate and detailed development of the portions of the rock floor 
and the materials of the overburden that affect the design of the tunnel. Hock gorges, 
faults, and crush zones, and old stream beds, valleys, and canv'ons. should be thoroughh- 
explored. It is well to stagger the borings in plan, so as to permit a three-dimensional 
development of the boundary surfaces of the materials encounteied. Where couipressed 
air is to be employed in tunneling operations to keep the excavation dry-, it is ad\u5able to 
locate all borings clear of structure net Imes so as to avoid lea\'ing openings through whicn 
compressed air might escape from the tunnel. Where rock elevations are a pertinent factor 
in planning and designing a tunnel, borings should be carried by diamond drilling for at 
least lU ft mto the rock to establish that the material is bedrock and not a boulder. Dia¬ 
mond drilling should be carried into and below the zone of the face of the proposed tunnel 
at appropriate intervals. 

Samples of the overburden and rock penetrated by the borings should be taken and care¬ 
fully preserved for inspection, test, and studv. Ordinary dry samples of the overburden 
should be taken so as to show the nature of all of the different strata of overlying and 
surrounding material especially at shaft sites and other places where excavation is to be 
made from the surface. Where the tunnel is to be constructed in plastic soils, some samples 
of the material should be taken by undisturbed-sample methods and the usual laboratory 
tests made to establish the properties of the soil pertment to the design of the tunnel. 

The elevation of ground water and information as to seasonal fluctuations m ground- 
water elevations should be obtained from the borings and other available sources. Arte¬ 
sian conditions should be thoroughly investigated. 

Methods should be employed in the subsurface exploration to detect any evidence of 
explosive, toxic, or other gases which create a hazard m tunneling. 

The possibhty of geoph>'sical methods of exploration, under some conditions, in connec¬ 
tion with tunnel planning might well be considered, although it is not suggested that geo- 
phj-sical methods of exploration could be substituted for test borings. The exploration of 
underground conditions by geophysical methods has long had a recognized field in mining 
work, and as long ago as 1929 a geophysical method based on electrical resistance for 
determining the depth of rock was adapted to subsoil studies m foundation work. Since 
1936, the geophysical activities of the V. S. Government have been carried on by the U. S. 
Geological Survey with a broadened scope to include other than mining problems. 

The importance of a thorough geologic investigation m connection with planning and 
designing a tunnel project cannot be overemphasized. Savings made in the cost of this 
work by curtailing its scope may result m improper design, delays, and unforeseen diffi¬ 
culties m construction which would have been avoided by a comparatively small additional 
investment in the exploration and study of ground conditions. 

The geologic data obtained in connection with a tunnel project should be analyzed by a 
geologist qualified bj- training and experience to interpret geological conditions in terms 
which will be valuable from the standpoint of application to the engineering problems of 
planning, design, and construction. 

If conditions are such that it is impractical or impossible to obtain adequate geological 
information by the methods discussed in the foregoing articles, where there is a probability 
that the materials and formations which will be encountered are difficult and variable, 
and where the tunnel bore is large, it may be advisable to drive an exploratory pilot tunnel 
in advance of the full tunnel cross section. 


3. TUNNELING METHODS IN ROCK 

Excavation. Tunnel.^ are driven in rock by repeating in sequence the operations of 
drilling holes in the rock face, loading the holes with explosive, and blasting, removing, 
and disposing of the broken rock. The full cross section of the tunnel may be excavated 
in each sequence, or a smaller drift or drifts may be excavated in advance of the full-size 
tunnel section, according to the working program adopted 

The working program and the type of equipment used in driving a tunnel m rock usually 
depend on the size and length of the bore and the character of the rock. However, other 
factors, such a.s the kind of equipment available, the cost of labor, and the time required 
for completion may at times have some influence on the selection of the method to be used. 

The usual practice is to drill all the holes for the full cross section of the tunnel or of the 
drift, as the case may be. The number, location, direction, and depth of holes are chosen 
with due regard to the character of the rock and the size and shape of the bore so as to 
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maintain suitable progress, break down the rock with the least amount of explosive, break 
the rock into pieces of a size that can be efficiently handled by the equipment available, 
keep overbreakage to a minimum, and at the same time avoid, to the greatest extent prac¬ 
ticable, the necessity- for subsequent costU' trimming to net lines. Figure 7 shows patterns 
of drill holes on several tunnels. 

In American practice m accordance with the pattern adopted, holes for a conical or 
wedge-shaped cut are generally drilled in the central portion of the face Around the cut 
holes are drilled the side holes, called relieveis, and line or rim holes. Ail holes are loaded 
and fired at one time with suitable delay exploders resulting in a rapid succession of blasts. 
The cut holes which are the first in the senes of blasts, break a relieving cut so that fewer 
side holes and le^s explosive are required than would otherwise be necessary. Before 
delay exploders were used, considerable loss of time was occasioned b\' the necessity of 
two separate blasting operations, one for the cut holes and the second for the side holes. 
The plan of cut holes originated on the Hooaac Tunnel work, prior to which time drill 
holes were placed normal to the face 

The great improvement in rock tunneling in the last two or three decades comes from 
the improvement in drills and drill steel, the use of the portable drill carriage or “jumbo” 
for the drilling operation, the use of delay exploders in blasting, and the development of 
economical and reliable mechanical muckers. These improvements have made possible 
new methods and greater flexibility in adjusting methods to the characteristics of a partic¬ 
ular job, reflected generally in faster progress and saving m manpower. 

Up to about 1925 tunneling methods employing a heading were customarily used. In 
these methods, a heading, generally with a cross-sectional area of 40-50 sq ft. which is the 
inmimum size for economical driving, la excavated first This heading is subsequently 
enlarged to the required size by methods which are relatively less expensive than those 
necessary for the heading excavation The heading may be long or as short as 10 ft. and 
Its placement, whether at the top, center, or bottom of the full-size cross section, depends 
on conditions of the particular job. The heading, when used, is usually located at the top 
of the full section, and the drills for this work, when a drill carnage is not employed, are 
mounted on columns or bars w'hich have to be removed before the blast. The remainder 
of the section, the bench, can then be excavated by drilling vertical holes. The top iiead- 
ing and bench method is illustrated m Fig. S. This method has the advantage of conven¬ 
ience in scaling and placing timbering or other support for the roof, when necessary, and 
the disadvantage of the interference of the bench work in handling materials going to and 
from the heading. It may still be economical to employ this method in very short tunnels. 

For greater speed, the bottom heading has sometimes been used and the enlargement 
started at frequent mtervals along the bottom heading, permitting the full-size W’ork to be 
completed nearly as soon as the heading. The disadvantage of this method is that the 
bottom heading has to be completely timbered to protect traffic through the intermediate 
working faces. 

The separate pioneer heading method has been used to advantage for long tunnels w'hich 
can be attacked from the ends only. This method consists in driving a heading about S ft 
by 8 T parallel to but 50 ft or more from the main tunnel. At intervals of from 1500 to 
2000 ft, cross drifts are driven to the main tunnel, which is there attacked by whatever 
method is best suited to existing conditions. Where the rock is sound and requires no 
timbering a favored method is to drive a center headmg which can proceed as fast as the 
pioneer heading, for which progress exceeding 1000 ft per month has been made on some 
tunnel work. From this center heading radial holes at right angles to the axis of the tunnel 
are then drilled to the limits of the full-size tunnel and blasted. The center heading be¬ 
tween cross drifts is open at both ends and tiierefore the drilling operations can be carried 
on from one end w’^hile the mucking goes on at the other wuthout interference. The pio¬ 
neer tunnel was used for the Rogers Pa.ss, Moffat, and New Cascade tunnels, 5, 6, and 7 3/4 
miles long respectiveb*. The use of ring drilling as just described is not confined to tunnel¬ 
ing emplojung a separate pioneer heading but has been used with success on such large rock 
tunnels as the 32 ft 10 in. diameter Manhattan land tunnels for the Queens Midtown Tunnel 
project. 1936-1940. 

Speed is usually desired in heading work, and much thought and ingenuity have been 
employed to lessen the loss of time caused by interference of the muck pile after a blast 
with drilling. A number of drill carnages have been developed for this purpose differing 
in detail but each equipped with a long arm or boom to carry drills, drill columns, and air 
and water hose at its outer end. As soon after the blast as practicable, the carriage is 
moved forward and passes the drilling equipment over the muck pile and drilling is started 
on the portion of face exposed. The gam la the difference between the time the carnage 
takes and the longer time required for men to handle the heavy columns and drills over 
the muck pile. 
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Fig. 7. (a) Drill pattern, Mono Craters Tunnel- Tj-pical dnliiiig round consisted of 38 holes spaced 
and fired as indicated, although the number of holes varied between 24 and 40 depending on the char¬ 
acter of the ground. Average advance mss 5 ft per round but 6-7 ft were pulled in sound rock. 
ib) Drill pattern. Big Oak Flat Tunnel. Numbers indicate se<iuence of firing (c) Drill pattern. City 
Tunnel 2, Board of Water Supply, New York City, ’d) Drill pattern. East Delaware Tunnel Numbers 
in^cate sequence of firing. A — minimum thickness concrete; .S = pay line concrete and excavation; 
C - average excavation, (e) Drill pattern, Manhattan Land Tunnel. Queens Midtown Tunnel. 
(/) Drill pattern, Squirrel Hill Tunnel. Pittsburgh. Average drill pattern contains 114 holes, 10 of 
which are V cut. The firing sequence employ's one immediate and 13 one-second delays. 
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The jumbo is a movable steel frame tj^pe of drill carriage on which are mounted all the 
drills necessar\’ for dnlhng the heading and which is equipped with platforms for tne dril¬ 
ler- and dud steel It run< on tiacks on the tunnel invert, or it may be mounted on truck 
or tractor, permitting it, witiiout dismantlmg, to be moved satel>' away from the ta^'e 
during the blasting period. To facilitate mobility, the side platforms may be of a folding 
type. With this equipment it i= ccononiical and generally cuatoiiiary, except in very large 

tunnels, to drill the mil section of the tunnel 
at one lime instead of in two operation-, 
heading and bench, and with the Jela\’ ex¬ 
ploders the whole face may be loaded and 
fired in one operation. 

Fast mucking machines are available in 
all sizes from the small type of mine-car 
loader, which will operate m headings as 
Fig S Top heading and bench method small as 4 ft by 7 ft. to power sho\'ei5 of al¬ 

most any desired capacity for large tunnels. 
The two principal obstacles to continuous fast tunnel driving in rock are the occurrence 
of faulted, disintegrated, or shattered rock and the inflow of substantial quantities of 
water. 

Roof Supports. The first condition will generally require some form of roof support 
both to protect the workmen and to prevent undue enlargement of the excavation Tlie 
suppoits are usuallv in the form of an arch—if of timber composed of short segments, if 
of steel composed of I beam? bent to the required curvature. Bents are generally spaced 
4 to 6 ft apart, but conditions may require a much closer spacing. li necessary, lagging 
is used between bents. 

When limber is used as the material for the temporary support of a tunnel excavation 
in rock, the roof support bents are generally made up of timber segments blocked and 
wedged off the rock at the mitered joints between segments in a senes of chords. Lagging 
is used between sets ii required. This segmental arch may be supported on timber posts 
resting on blocks or silla. or the ends at springing line may be supported on blocking set 
in hitches cut in the rock. Another method sometimes used for timber is to support the 
ends of the arch segments at springing line on steel pins or rods inserted in holes drilled 
in the rock walls The advantages of eliminating the posts, when not required because 
of side pressures, include savings in materials and excavation and elimination of the inter¬ 
ference caused by che posting 

Steel nbs for supporting tunnel excavations in rock are widely used in smaller tunnels 
in the form of the coiitinuous rib type of support in which the complete bent consisting of 
legs and arch is formed in two pieces with a single splice or butt joint at the crown. For 
larger tunnels, the sogmental-arch type is used with the arch generally formed by two or 
more >egments, The.'^o are supported at springing line on steel posts or wall plates. The 
wall plate- iiia>' be sui>ported on posts, or. if tVie rock ia of suitable character, on continuous 
hitches in the rock or on pins set to line and grade in hole.s drilled in the rock. In the latter 
case it is generallv neces-ary to post down the wall plate'- before the roof takes its load, 
and the methrjd not adapted to ground requiring imniediate support. This is 

not necessary in the case of the seirmental timber arch, in which the ends of the springing 
line segments crush into the uneven rock wall when the arch is loaded and transfer most 
of the load to the rock, very little load being cariieil by the pins provided that blocking 
is not used between the emit, of the springing line ocgments and the rock. 

When there is appreciable lateral pressure, some form of bottom anchorage or strut be¬ 
tween posts will be necessary in botli timber and steel supports and. if heavy side pressures 
develop in the rock due to swelling or other causes, or where the material in the bottom 
due to Its character and condition ha‘« insufficient strength to sustain the loads earned by 
the foot blocks or sills, the full circular form of rib support mav be required. 

For stability, successive bents should be braced longitudinally, with steel tie rods and 
timber or steel spreaders. 

A space will be necessary at the crown, between the nb and the form used for the concrete 
lining, if it is de.-ired to concrete by means of a deliver^' pipe at the crown. In smaller 
tunnels where the thickness of the lining would not provide sufficient space for the pipe, 
the ribs mav be b^nt to a curve of longer radius at the crowm than at springing line, not 
concentric with the curve of the finished lining, to provide this space, or the nb may end 
in a short tangent at the crown to obtain the same result. 

Lagging may be wooden planks or steel to suit conditions. There are several types of 
steel lagging, including channels, plates, I beams and liner plates. When lagging is to 
hold packing between the roof supports and tlie rock excavation, the pieces of lagging must 
be placed close enough together to retam the packing; otherwise only as close as necessary 
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to prevent spalling and hazard to workmen from falling rock. The required strength of 
the lagging depends on the character of the material supported and the span between bents. 

When It is necessary- to place temporar}' supports m a rock tunnel, each bent should be 
wedged and blocked to bear firmly on the rock or backpacked to keep ground movement 
to a miiiiinuni. If the rock is allowed to move appreciabls', very heavy loading may result 
due to the aci ompanving increase m height of the rock arch. Packing used to fill the voids 
outside the timiicr or steel supports should be thoroughly grouted. This is generally done 
after the peirnanent lining has been placed, but. in some cases, packing has been grouted 
hy low-pressure methods prior to placing the permanent lining. In no case should any 
voids be h it between the permanent lining and the rock excavation. If lagging is to be 
left permanently in place, it should preferably be of steel. Wooden packing left in place 
outside the permanent lining may compress or decay and so permit the rock to mo%'e and 
increase the load on the permanent lining. The use of steel for the temporary suppoit 
has several advantages over timber, if -teel is available and economical in price. The 
wood may rot: wooden supports should be Kept outside the net line of the permanent lining 
and, because of this and the larger sizes required, more excavation is necessary than if 
steel 1 ? used, which, in many cases, may be placed partial^' or entirel>' withm net lines and 
utilized as ]»art of the permanent lining. 

For use in ex‘‘avaTion5 driven through horizontally bedded rock which tends to drop 
from the roof m large slabs, a support consisting of plates, channels, or other flat steel 
attached to the roof by long holts inserted in deep drill holes has been developed and widely 
used m mines and more recently (cir. 1 ‘JoOj adapted to tunneling. This use of roof bolts 
is chiefly effective in pinning the overlj-ing strata together to the depth of the bolts and 
forming a rock beam of the depth of the bolts for the span of the roof. The bolts are gen¬ 
erally 1 in. in diameter with one end threaded for about 5 m. and the other slotted for (3 m 
When the hole for the bolt has been drilled to the proper depth in the roof, a wedge is started 
in the slotted end of the bolt and the bolt driven m the hole with slotted end up, driving 
the wedge home and so anchoring the bolt The bolt is then tightened by turning up a 
nut on the threaded end. using a square roof plate between the nut and the rock roof, or 
standard roof tie sections or roof channel sections, the latter two types of member generally 
being engaged by four roof bolts at equal spacing. The bolts are in standard lengths up 
to 8 ft, and, when longer lengths are considered necessary, two or more bolts may be at¬ 
tached by means of extension coupUiigs. Where conditions have warranted the use of 
roof bolts in tunneling, this method has effe'^ied great savings in materials as compared 
with the in.stallation of the more conventional types of roof supports 

Where the exposed rock is apparently sound after the excavation has been made but 
tends to deteriorate after exposure to the air, the application of cement grout in the form 
of Gunite to the arch and sidewall has proved to be effective in preventing the development 
of conditions which might later require more elaborate support. Bituminous coatings have 
also been used in some instances for this purpose. 

Inflows of water are not only troublesome and sometimes expensive to take care of but 
are also a detriment and a matter of considerable expense when the concrete lining of the 
tunnel is being placed. To avoid the difficulties which come from water inflows, the occur¬ 
rence of water in any drill hole should be the signal for stopping work, drilling additional 
holes to intercept the water-bearing seam, and sealing the water-bearing seam with cement 
grout. In case the face of the heading is not strong enough to resist the grouting pressure, 
it may be necessars' to construct a concrete bulkhead against the face. Under some cir¬ 
cumstances in order to determine adverse water conditions or other unfavorable conditions, 
it may be advisable to drill exploratory pilot or feeler holes some distance ahead of the nor¬ 
mal depth of drilling. The^e measures, although the construction is delayed thereby, are 
essential to the economical cons-truction of the tunnel. 


4. TUNNELING IN SOFT MATERIALS 

General. Tunnels constructed in soft materials generally require methods which pro¬ 
vide for temporary or permanent support of the ground as soon as the excavation is made 
or shortly after it is made. 

Temporary support may be pro\'ided in the form of suitably spaced bents of wood or 
steel with lagging, liner plates, or forepoling placed to retain the material between adjacent 
bents In these methods, all or part of the temporary supporting structure may be built 
outside the net lines of the permanent lining and left in place when the permanent lining 
is constructed. To economize in material, temporary supports may be designed for higher 
working stresses than those used in permanent design and some account may be taken of 
arching and other characteristics of the particular soil in question which would result in 
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smaller loads on the temporary’ supports than the loads for which the permanent lining 
must be designed. In order to reduce the possibility of the development of greater loads 
on the temporary supports than those assumed, it may be necessary to keep the completed 
permanent lining reasonably close to the face of excavation and to alternate the advance 
of comparatively short lengths of temporarily supported excavation with the construction 
of similar lengths of permanent lining. 

In the shield method of tunneling, the tunnel shield functions as the temporary ground 
support, whereas the permanent lining is generally designed of material, such as cast iron, 
that can meet the maximum loading requirements immediately after it is erected. The 
shield method reduces to a minimum the quantity of materials used up for the temporary 
support of the ground. It is also particularly well adapted to subaqueous tunneling, where 
air pressures above normal are necessary to keep out water, and to tunnelmg in materials 
requiring immediate support, where conditions require that settlement of the overlying 
ground surface be as little as possible. 

Tunnels driven through soft materials are generally at comparatively shallow depths 
below the surface, and, where damage to existing surface and subsurface structures may 
result due to settlement of the ground, the method of tunneling and types of ground sup¬ 
port employed must be such as to reduce ground movement to a mmimum. Care must 
be taken to fill all spaces between the limits of excavation and the back of the lining before 
the ground has an opportunity to close in. The use of gravel and cement grout ejected 
into the spaces from inside the tunnel is practiced not only to prevent settlement but also 
to prevent the development of unbalanced loadings on the lining. 

The various methods of tunneling in soft materials, beginning with the elementary op¬ 
eration of mining, are more fully described in the following pages. 

Tunneling in Earth by Mining. The elementary operation of mining is illustrated in 
Fig. 9. Starting with the face of earth which is to be mined, sharpened boards P, called 
polings, supported by the cross timber C, are driven into the earth. Under the protection 

of the polings the earth is excavated. 



The excavation is advanced beyond 
the end of the first polings by erect¬ 
ing another cross roof timber, C 2 , and 
starting new polings. The mining of 
soft ground is largely a multiplica¬ 
tion of this elementary operation. 
The sides of the excavation may be 
treated in the same way; small head¬ 
ings may be enlarged to full-sized 
tunnels by opening the sides by the 


Fig. 9. Mining in earth. 


same process. In principle this ele¬ 


mentary operation covers all con¬ 
ceivable requirements of protecting the sides and roof where pressures are within the 
strength of the timbering. But there is always exposed a face F which must remain un¬ 


protected at least for a short time. 


The angle at which an exposed earth face will stand depends: (1) Upon the nature of 
the earth, clay, in general, standing steeper than sand, coarse sand steeper than fine 
sand, and a mixture of clay with coarse sand or gravel being better than either alone. 


(2) Upon the amount of water present. Dampness will increase cohesion, but as complete 
saturation is approached the angle becomes flatter. If sand, besides ^ing completely 
saturated, has an unbalanced head of water, that is, if the head or pressure of water in 
fine sand exposed to the air is greater than the air pressure, then it is quicksand and will 
take nearly a horizontal slope. Whatever the material, its thorough draining is of the 
greatest importance for successful mining. (3) The length of time exposed. Time is an 
important element in tunneling. Some of the most unstable materials will stand even 


vertical for a little while, so that a small vertical face may be exposed and a breastboard 
quickly placed. Clayey earth sometimes may move so slowly that the excavation may be 
made without the protection of the poling, which may later simply be put up against the 
roof and supported by timbering which will be thoroughly loaded later. (4) The areas 
of the face exposed. A small area exposed will often stand vertical for a long time when a 
larger one would cave quickly. (5) The distance below the earth surface. By the ordinary 
accepted theor>' of earth pressures the horizontal thrust of earth is a function of the vertical 


pressure or distance below the surface. But, where small areas are exposed, dry or only 
damp earth will arch across the area, so that depth does not usually appreciably affect 
the angle at which the exposed earth face will stand until some time has elapsed. The 
arching cannot be depended upon in wet, running material. (6i The amount of agitation 
the earth has received. Earth which may be stable in its natural state may be very'treach- 
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erous after it has been moved. The fear of starting a general movement of the earth makes 
miners thoroughly pack all voids back of supporting timbering and use the greatest care 
to prevent the starting of a run. 

Timbered Heading. In all methods of soft-ground mining the face is opened with a head¬ 
ing varying in cross section according to the material penetrated, from a one-man burrow 
to full width and 7 or 8 ft high, and any length (Fig. 10). The heading timbering consists 
of posts P, caps C, poling boards p, and breastboards b. If the ground is stiff, the face of 
the heading is cut down straight at 
nearly the forward end of the polings 
and new posts and a cap are set. If 
the ground is soft, a small excavation, 
say 2 ft high, under one or two polings 
is made and a short board is quickly 
set vertical under the end of the polings 
and acts as a combined breastboard and 
prop for the poling. This is repeated 
under all polings. As soon as all short 
vertical breastboards are placed a new 
cap is set supported by short posts. The 
remainder of the face is then worked 
down, usually with horizontal breast¬ 
boards, to the bottom of the heading. 

Steel Supports and Liner Plates. Steel supports may be used to advantage, when steel 
is available and economical in price, instead of the timber posts and caps illustrated in the 
foregoing. If steel is used, arch ribs bent to required curvature are generally installed to 
support the roof. The poling, often called forepoling or spiling, which is driven or jacked 
ahead of the bent or set, may be timber or steel. 

Where the ground is of such a nature that a limited area of the roof or arch excavation 
can be exposed for a short time without raveling or breaking down, steel liner plates may 
be used to support the ground. Metal liner plates were first used in 1879 in starting the 
construction of the first tube to be built under the Hudson River between New York and 
New Jersey. Liner plates as now manufactured are of pressed steel in sizes and weights 
adapted to convenient hand placmg. The plates are often corrugated for added stiffness 
and may be bolted together by means of side and end flanges to form a continuous steel 
skin of the desired shape, generally supported from within by steel ribs, against which they 
are blocked. Liner plates also may 1^ fabricated for installation between the webs of the 
supporting ribs, or, without flanges, to serve as lagging. In smaller tunnels where ground 
conditions are favorable, it may be unnecessary to employ rib supports, or, where support 
is necessary, trench jacks may be used for the purpose instead of ribs. Trench jacks are 
often used with some form of needle beam which extends back from the face, where it 
rests on the bench, to a blocked support at the rear. The trench jacks radiate from the 
needle beam to brace the plates until the permanent lining is placed. This method has 
the disadvantage, compared with rib supports, of interfering to some extent, with the head¬ 
ing and permanent lining operations. 

Liner plates are generall\' in&ialled in courses, each complete course advancing the head¬ 
ing for the width of plate. Starting at the top of the tunnel, the e.xcavation is carefully 
advanced sufficiently to install one plate the rear flange of which is bolted to the leading 
flange of the course of plates previously installed. The plate so placed is temporarily 
supported by means of blocking. The other plates of the new course are similarly placed, 
working out and down from the top center plate. The blocking used to support the plates 
IS replaced w’lth trench jacks as the work proceeds. Where ribs are used, the trench jacks 
are replaced with a nb wlien the course is completed. 

When the ground is stiff and stable enough, excavation may be completed for the full 
course before placing the plates. Where settlement of the ground is to be kept to a mini¬ 
mum, or where unbalanced loadings may develop on the lining if ground movement is not 
controlled, all spaces outside the liner plates should be thoroughly filled with gravel, or 
cement grout, or both. Holes are provided in liner plates for standard connections for 
this purpo^. 

Methods Classified. Small bores are driven by simple headings. Large bores are worked 
in a variety of ways, generally employing one or more smaller headings from which en¬ 
largement to the full section is made. In the past, various methods have been classified 
in general, according to the country in which the method was developed, as American, 
English, Belgian, German, Austrian, and Italian. There are many variations of these 
methods, and the use of any of the methods has not been confined to the country for which 
it is named. The methods, when they were originated. emplo\’ed wooden supports as 
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Fig. 10. Timbered headings. 
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herein described and illustrated, but in the modern variants steel supports and liner plates 
may be used when it is economical and practical to do so. 

American Method (Fig. 11). In the Ainciican method the segmental arch timbering and 
side posts only are used and no interior struts. It is especially adapted to fairly firm 
material. The face is opened by a top heading, which is poled and timbered in the usual 
way. In the space between two bents of the heading timber the crovrn segments of the 
limber arches are set in position and held in place temporarily bv secondary posts or by 

strips or scantlings spiked to the main 
posts as sho^^n in Fig, 11. X short 
length of from 2 to b It. depending on 
the nature of the ground, section A-A, 
is then widened out without polings or 
other roof support, and the segments 
adjacent to the crown segments are put 
m position and held by iron dowels and 
a short plop. If the segmental timbers 
are not set close together, lagging is in¬ 
serted above the timbering and cavities 
between the lagging and the earth are packed. The widening out for the next timber is 
done in the same way down to the sill. After the two sills are placed, the roof timber is 
completed and the bench is then removed. 

During each operation the sill timbers are underpinned by any one of the several different 
methods. If the material is very firm a longitudinal cut is made in the bench, leaving a 
berm on which the sill rests, and the counterforts are excavated at intervals under the sill 
and posts placed. If the material is too soft for this, pits are sunk at intervals, and, first, 
short posts and, later, if excavation has proceeded, long posts are placed to support the 
sills. If the material is firm enough, as for example rock, the sills or wall plates are set in 
niches at about the springing line and no posts are used. The number of segments in the 
arch varies from 3 to 7 or even more. The method can be used successfully in firm material 
which will stand for a short time without support. Tliis type of timbering has been used 
in American tunnel practice as a semipermanent lining, but is usually replaced within 10 
to 15 years by concrete masonry*. The chief advantages of this method are the large open 
area within which the masonrs* lining can be built continuously from invert to crown and 
the saving of timber. The method has also been much used in all rock. In rock a top 
heading is driven and timbered with posts and caps. A short length is widened out down 
to the springing line of the arch, the sills are placed, and the segmental timber arches erected 
between the posts and caps, which may then be removed. 

English Method. The entire section is removed in short lengths, usually from 12 to 20 
ft, in advance of the permanent lining already built, as shown in Fig. 12. The masons and 
miners alternate in the possession of the face, and the work of excavation and building the 
masonry* is uninterrupted until each is complete for the length, A small drift in wet ma¬ 
terial is commonly driven at the bottom of the tunnel prism from end to end of the tunnel, 
both for the purpose of furnishing 
good drainage facilities and for 
the establishment of the alignment 
below ground; also it allows the 
tunnel to be attacked at several 
points. The mam attack on the 
face, however, always begins at 
the top of the section with a head¬ 
ing which in stiff material is often 
taken out without timbering but 
in softer Uiateriai is timbered. 

Two roof bars, called crown bars, 
are then placed m this heading 
with their forv’ard ends resting on 
posts and their rear ends sup¬ 
ported on the completed masonry lining. Transverse poliugs are then driven over these 
bars. The heading is then widened out under the transverse polings for the length of the 
roof bars, vertical breastboards placed under tlie transverse polings and new side bars are 
placed; when the ground is stiff enough the polings are not driven over the side bars but 
placed against the earth roof after excavation. This operation is continued down the sides 
as far as required by the nature and presaure of the ground, sometimes to the bottom, while 
at the same time the face is securely breasted and backstruited to the completed lining. 
The miners now give way to the masons, who construct the length of lining within the 




Fig 11 Americdn niotho’l 
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comyjleted timbering, and the operation is repeated- If the roof bars are not too firmly 
gripped by the overlying material, the lagging is blocked up on the masonry and the roof 
bars are barred or pulled forward bj' jaf*ks and used over again. 

Belgian Method. The upper half of the tunnel is excavated much the same as the 
English method except that the excavation is frequent^' earned a considerable distance 
ahead of the masonry, and, as the method is most often used m firm ground, the transverse 
polmgs are frequently not driven over the 
roof bars, but instead arc placed as in Fig. 13, 
against the earth roof after the excavation 
has been made for a side roof bar. 

A cut IS then excavated through the center 
half of the tunnel to the invert, leaving a 
berm on either side to support the arch of 
the tunnel lining From this center trench 
narrow cuts are made at intervals to the side, 
and the masonry arch is underpinned; the 
cuts are widened and the underpinning ex¬ 
tended until a complete sidewall is built, and 
finally the invert arch is turned 

German Method (Fig. 14). The invert is put in last, but the rest of the lining is built 
from the bottom up, without removing the center core of earth. In its most characteristic 
form the method consists m driving two bottom headings one at the foot of each sidewall. 
In these the sidewalls are built as high as the roof of the heading will allow On top of 
these headings two otUeis are driven, the sidewalls brought up to iheir roofs, and so on 
until the two sidewalls are joined in a center heading at the top. Practically, the number 
of headings one on top of the other limited to three, with a top center heading which is 




Fig. 13 Belgian method 


widened out to the upper side headings. Usually only two headings on each side have 
been used, which brings the sides up to the springing of the arch; above this the entire 
section IS taken out by widening out a center top heading dowm to the side heading by the 
same plan as m the Belgian method. 

Austrian System (Fig. 15). The essential feature is a center cut from top to bottom of 
the tunnel with timbering as m G-G. The cut is widened out from the top as indicated 
in section B-B and timbered with segmeiitai arch timbering up to the time the sills are 
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placed above the liorizontal diaiiieier and t>ie tiinbeimg i'* supposed bv the central frame. 
The polmg boards over the* --egmentai arch timbeis are all driven parallel to the axis of 
the tunnel, and the widening out is done in '^hort lengths, working practically the full face. 
The variations m tiie method, depending largely on the character of the material, are prac¬ 
tically all in the method of making the central cut. A top heading may be driven, which 
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then may be cut down in short lengths to the invert of the tunnel, or a bottom heading 
may be driven, then the top heading, then the core between the two removed in short 
lengths, the short posts of the top heading being replaced by long ones resting on the cap 
timbers of the bottom heading. 

The Italian method (Fig. 16) was especially developed for very soft and treacherous 
ground and is strictly an emergency method. The success of the system depends on the 
fact that only small areas are opened and that the material can thus be well controlled. 
A bottom center drift about one-eighth the height of the tunnel is started and driven a 
verj" short distance, 6-10 ft, after which it is enlarged to full width of the tunnel, very heav>' 
and tight timbering being used. The invert and as much as possible of the sidewalls are 
constructed in the drift, and the open area is backfilled with earth. A center top heading 

is then driven and enlarged to 
full width and about one-half 
the height of the tunnel, leav¬ 
ing a bench the full width of 
the tunnel and something less 
than one-third the height. This 
upper section of the tunnel is 
very heavily timbered and 
braced; connection between the 
upper section and the masonry 
walls already built is made by 
trenching through the bench, 
after which the sidewalls are 
completed and the arch turned as one operation. The central bench and the backfilled 
earth are excavated inside the completed tunnel. 

The chief advantage of this method is that the workings are so small as to be readily 
braced and maintained in very treacherous ground. The disadvantage is the excessive 
cost. Modern shield methods would now be used for all tunnels for which this method was 
designed, except possibly where only a short length of very treacherous ground is en¬ 
countered. 



6, SHIELD TUNNELING; ROOF SHIELDS 

The tunnel shield is a metal casing which is driven in advance of the permanent tunnel 
lining, serving, in lieu of timbering, to support the ground surrounding the tunnel bore and 
afford protection for construction of the permanent lining. The principal element of the 
shield structure is the skin, which is constructed of steel plates, bent to the shape of the 
tunnel section and slightly larger in dimension. The front end of the skin, where the 
excavation is made, is reinforced, generally in present practice, with steel castings, to form 
the cutting edge. In earlier shields, and in smaller shields today, the cutting edge has 
been formed by reinforcing the leading edge of the skin with stiffening brackets. The 
intermediate section of the skin is reinforced to add stiffness to the shield; in some of the 
earlier, smaller shields, stiffening was by means of a metal diaphragm containing an opening 
or openings for access to the face; in some cases, iron castings have been used for stiffening 
the intermediate section; more generally in present practice one or more transverse stiffen¬ 
ing girders are attached to the inside of the skin around the perimeter of the shield, and, 
for tunnels of larger section, horizontal and vertical members are used in addition to the 
girders. Such horizontal and vertical members also serve to divide the cross section of 
the shield into working pockets which give convenient access at several levels to the face 
of excavation. The tail of the shield consists of the plain skin and extends back far enough 
to overlap the completed permanent lining to some extent, while a new course of lining is 
being built within its protection. It is the practice, especially in subaqueous work, to 
make the tail long enough to overlap the two leading rings or courses of lining and a few 
inches of the third when the jacks are retracted for the next advance or shove of the shield. 
A plate or segment of lining broken in the shoving operation, may then be replaced, still 
in the protection of the tail. The tail of the shield should be long enough to overlap the 
completed lining and also provide enough space in the tail to remove and replace shield 
jacks, when necessary. 

The linings of shield-driven tunnels are generally circular in form as this shape is best 
adapted to the ground conditions requiring shield construction; also, the symmetry of the 
circular section about a vertical axis is not affected if the shield rotates somewhat as it is 
advanced, as is often the tendency. 

Modern shields are equipped with powerful hydraulic jacks to force them ahead. The 
jacks are located just inside the skin, generally spaced uniformly around the perimeter of 
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the shield and housed between the transverse stiffening girders of the intermediate section, 
bearing, in jack pots, on the web of the forward stiffening girder and the back of the cutting- 
edge structure. Openings for the jacks, called jack ports, are provided in the web of the 
rear stiffening girder. The jack plungers, which are equipped with suitable jack shoes to 
distribute pressure properly on the lining, react against the completed permanent lining 
to force the shield ahead. Shield jacks are all connected with a battery of valves under 
the hand of the operator so that he may advance or withdraw any one or any combination 
of jacks at his will. They are generally operated at a hydraulic pressure of from 5000 to 
6000 lb per sq in. A number of spare jacks should be provided, and they should be de¬ 
signed so that they may be easily and quickly removed as they are sure to need repairs 
and delays are very expensive. 

The working pockets of the larger shields are generally equipped with sliding platforms 
which are operated by means of hydraulic jacks and which can be extended to the face of 
excavation and used not only for the workmen to stand upon but also to brace the face 
supports. Where the face is large, hydraulic face jacks, attached to the shield structure, 
may also be used to brace the face supports. When the shield is advanced, the platform 
and face jacks are slacked off permitting the jacks to recede as the shield moves forward, 
at the same time maintaining a constant pressure on the face supports. 

The tunneling cycle consists of excavating and supporting the face, advancing the shield, 
and adding another course or ring to the permanent lining. 

The first design for a tunnel shield was patented by Marc Isambard Brunei in 1S18. 
This patent embraced most of the basic features of the tunnel shield as used today. Details 
of shield design are varied according to the character and condition of the material to be 
excavated, the size of the tunnel and the methods planned for excavation and disposal. 

Where the tunnel is in sand or gravel requiring the face to be supported by breastboards, 
the upper half of the shield cutting edge is often constructed to extend beyond the lower 
part to form a projection called the hood, under the protection of which the miners work as 
the face is excavated. The hood is also an advantage when tunneling with earth in the 
upper portion of the tunnel bore and rock in the lower, called mixed face, permitting the 
soft-ground face to be supported by breastboards and bracing in advance, by the length of 
the hood, of the face of the rock bench, which can then be blasted and excavated without 
disturbing the supported face. 

Where mucking machines may be used to advantage in shield tunneling, the arrangement 
of shield bracing and pockets is made such as to provide a large bottom pocket on center 
line, through which the mucking machme has access to the face. 

The clearance between the inside of the tail of the shield and the outside of the permanent 
tunnel lining must be sufficient to allow the direction of the shield to be at some variance 
vdth that of the lining without any binding of lining and inside of the tail, especially when 
negotiating horizontal and vertical curves in the alignment and when correcting construc¬ 
tion deviations from theoretical. This space must also be as small as practicable so as to 
keep excavation to a minimum; also, in subaqueous work in porous ground, the space be- 
tw'een tail and limng is a source of compressed air leakage; or, when working under air 
pressures less than hydrostatic m plastic material, there may be a flow of material into the 
tunnel through this space. 

The permanent lining for shield-driven tunnels has usually been cast iron, as a cast- 
iron lining can be quickly built and has its full strength to resist shield jacking pressures 
and external loads immediately upon erection. It offers greater assurances of watertight¬ 
ness than other types of lining, and, being thin for its strength, is economical with respect 
to excavation. Cast-iron lining for tunnels of circular section is made up of successive 
segmented rings bolted to one another by means of circumferential flanges to form a tube. 
The circumferential flanges form the stiffening elements of the tube. The rings are made 
up of segments of convenient length, generally 6 or 7 ft, bolted together by means of end 
or longitudinal flanges to form the ring. The length of the ring is limited by several con¬ 
siderations including (1) the distance that a miner can reach in advancing the heading 
from old face to new, (2) foundrj' practice, (3) weight which can be conveniently and eco¬ 
nomically handled and erected, and (4) the fact that the length of the tail of the shield is 
a function of the ring length; the shorter the shield, the more easily it is handled and steered. 
On the other hand, mcreasing the ring length increases the tunnel advance per shove and 
reduces number of bolts and aggregate length of joint between rings in a given length of 
tunnel. In practice, the ring length has varied from 18 in. in smaller, earlier tunnels, to 
32 in. in those more recently constructed. 

The contact faces of the flanges of the cast-iron lining are machined to close tolerances 
for fit and watertightness. Bolts used in erection are, in present practice, generally high- 
tensile steel and stressed to 30,000 lb per sq in. or more upon erection. Rebates at the in¬ 
side edges of the segment flanges form calHng grooves at joints when the segments are in 
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contact. ITpon election, the longitudinal or end flanges of the segments making up a ring 
are staggered t\'ith respect to tnose of adjacent rings for the resulting added ring stiffness. 
Staggering the lomts in this manner is present practice m all segmental linings. 

Structural-steel lining made up of flanged segments bolted togetl'trr similar to cast-iron 
tunnel lining lias also been used in shield-driven tunnels. Special thrust bars of railroad 
rails or structural shape.s must be placed longitudinally between circuinfereniial flanges to 
take the jack thrusts. In subaqueous work, steel lining is difficult to make watertight. 
The possibiht}.' of deterioration due to corrosion must be weighed in eonsidering steel for 
the permanent lining of a tunnel. 

Taper nni^s in which the circumferential flanges are not parallel are used in metal-lined 
tunnels in order to follow designed vertical and horizontal curvature and for correcting 
tendencies of the lining to depart from theoretical line and grade. 



Lining of precast concrete blocks has been used, with some degree of success, in shield 
tunnels driven through ground above the water table. Concrete block lining is generally 
considered un.^uitable for subaqueous tunneU 

Segmental linings are u-^uaily erected by nieaii'^ of a h\ drauiicaily operated erector arm 
which is cainod on the axi*. of the .diield or on a woiking platform behind the shn-id. The 
arm can be rotated to anv required position and extended or retracted as reciuiied. 

The bolts of metal lining may be tightened bv mean' of hand wrenches or, where practi¬ 
cable. bv means of hydraulic or pneumatic bolt-tightening machines. 

Poured concrete lining is seldom considered lor shielcl-clnven tunnels because of the many 
obvious disarlvantages involved in its use for this purpose. It has been used, however, 
employing special cast-iron thrust bars imbedded in the lining opposite the shield jacks 
and linerl up from ring to ring, iiho employing steel forms designed to take tlie jack thrusts. 
Cut-stone masonry and buck have also been U'^ed in earlier shield-driven tunnels as have 
wooden timbei' cut to .segments, in the ca^e of .some •^mall sewer tumiels. 

Excavation Methods. There are many variations in tlie method of excavating the face 
m shield tunneling, according to the Mze of the tunnel, the character and condition of the 
ground, and the relative importance of di.'turbance to the giouncl and structures m or upon 
the ground. 

In clay, or other firm material which will stand alone for a short time, the full face is 
simply excavated, to the huigth of about one shove, m front oi the cutting edge without 
poling or breasting, and tlie shield Quickl\' shoved forward. It the earth is not hard enough 
to injure the cutting edge, only the center ol the face is excavated for a depth equal to length 
of .shove and the cutting edge is allowed to break the rest. In softer clay the cutting edge 
and working floors may be always buried. In still sotter materials the face of the shield is 
sometimes bulkheaded with timbers or steel channels placed across the working pockets, 
except for one or more relatively small openings which can be readily controlled as to size, 
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someiinies by means of hydraulically operated sliding doors, from fully closed to fully open; 
the shield is shoT'ed against the earth face, some part of the material generalh' being per¬ 
mitted to flow into the tunnel through the openings and the rest being pushed aside as the 
shield moves forward. If no material is admitted to the tunnel, the shield is said to be 
shoved “blind” and if some material U admitted it is said to be shoved “partially blind.” 
In driving subaqueous tunnels of large diameter by this method, enough material is ad¬ 
mitted to the tunnel to serve as balla-?r to check the tendency of the lining to rise behind 
the advancing shield. For example, m driving the south tube of the Lincoln Tunnel, 
New York, through Hudson River ';ik. about 2091 of the total shield displacement was 
taken m through two small openings aggregating about 0 5% of the total face area. In 
ot^er eases, more material than that necessary for ballast may be taken in to minimize 
an\' lateral pre.ssures whieh might be set up against adjacent structures as was true m driv¬ 
ing the north tube of the Lincoln Tunnel adjacent to the south tube, which was completed 
and in operation when the north tube was driven. In constructing portions of the Chicago 
subways m clav of high water content by the shield method, shoving partialh' blind under 
city streets adjacent to heavy, important buildings, the possibilities of hea\'ing or settle¬ 
ment were extremeh’ important and were mininiized by adjusting the size of openings in 
the face of the shield, according to the conditions encountered, so as to admit almost lD 09 o 
of the displaced material into the tunnel In this case the openmgs aggregated from 5 to 
20% of the total face area 

In sand or gravel the face is usually breasted with timber, which may be braced back 
Through the shield against the completed lining, or against the shield by telescoping struts, 
or by means of the shield platforms and face jacks, as already described. When driving 
the shield for the Waterloo and City Tunnel, London, through sand and gravel, potholes 
were raked in front of the cutting edge and filled with soft-tempered clay. This formed a 
continuous ring of soft clay into which the cutting edge was shoved. The full face was 
then excavated undei cover of the shield. 

In sand, gravel, or other non-plastic material, it may be necessary to cairy the breasting 
down to the bottom of the face, which is excavated in the plane of the front edge of the 
hood: when compressed air is used in subaqueous work, it is generally the practice, where 
settlement of the surface is not important, to breast down the face to about the point where 
hydrostatic head i? balanced by the air pressure in the tunnel, usually in the lower half of 
the tunnel, and allow the material below to flow in on a natural slope. When the shield is 
shoved ahead the top breastboards are gradually removed and the material broken down 
to permit the advance of the hood. 

In mixed ground, that is where there is rock in the lower part of the face of excavation 
and soft ground overlying it, the face is excavated and supported at the plane of the front 
edge of the hood down to the rock surface and the rock face is excavated by drilling and 
blasting sufficiently to permit the cutting edge at the bottom of the shield to advance the 
length of a shove; if the rock extends above the bottom of the hood, it is drilled and shot 
out around the hood just before making the shove. Where the height of the rock in the 
face permits, a bottom heading is often driven m advance of the shield, in which is poured 
a concrete cradle, usually' with steel rails imbedded in it, upon which the hea^T shield slides 
true to line and grade as it is advanced. Where the rock is not high enough for a bottom 
drift, bags filled with concrete may be placed in the rock invert ahead of the cutting edge 
for the shield to ride upon. 

The shield method of tunneling is not ideally' adapted to excavating a full rock face, but 
it is not unusual for some portion of a shield-driven tunnel to be in full rock face, as in 
passing through a reef in subaqueous work, or in starting a shield from a rock shaft. Lender 
such circumatances, where conditions are such that it is not practicable or '<afe to excavate 
the full bore of the tunnel m advance of the shield, as large a bottom drift as practicable 
and a concrete cradle aie employed and the rock is drilled and blasted around the upper 
part of the shiehl cutting edge and hood as the shield is moved ahead. 

The greatest progress and economy in shield work can be attained in plastic materials 
which can be displaced by the bulkheaded shield. For exaniple, to compare two large 
tunnels of equal size i.31 ft in outside diameter), the normal average jirogress in 24 hr per 
shield of the Queens Midtown Tunnel, built in poroua granular materials, rock and mixed 
face, in the bed of the East River, New York, was; for earth 7.4 ft; lor rock 3.2 ft; for 
mixed face 3.7 ft; whereas normal average shield progress for the Lincoln Tunnel in Hudson 
River silt was 30 ft per 24 hr, with maximum progress m one 24-nr period of 47.5 ft. When 
just enough material for ballast is taken into the tunnel in the displacement method, it is 
not removed until air pressure is reduced to normal: as compared with shield tunneling 
in materials requiring 100% excavation at the face, there is great economy in the faster 
progress and much smaller amount of material to be disposed of as well as in the more 
favorable hours and rates of labor which obtain when disposal can be made under normal 
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Fia. 18. Shield-tunneling operations 


air pressure instead of the reduced hours of labor and higher rates required for work in 
compressed air. 

Space outside the Lining. In shield tunneling, there is a space left between the outside 
of the permanent lining and the surrounding ground when the overlapping tad of the shield 
clears the lining as the shield moves forward. This space is equal to the thickness of tail 
plus clearance and must be filled immediately to prevent the ground from closing in on 
the lining, causing settlement and possible damage to surfaces and structures In the 
stiffer cohesive materials, if the space is not packed promptly, vertical loads may develop 
on the lining before either active or passive lateral pressures develop, tending to flatten 
and overstress the lining. In ground of this character temporary tie rods or struts are 
used to hold the Immg in shape untU the space is properly filled and consolidated Cement 
grout, either neat or mixed m some proportion with sand, as one part of sand to one part 
of cement, has been used extensively for this purpose. The grout is mixed in a grouting 
pan and ejected, by means of a hose and air pressure, into the space through the grout 
holes provided in the Immg for the purpose. As grout takes some time to set up and also 
tends to flow around and out the tail of the shield when ejected too close to the shield, pea 
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under compressed air. 

gravel or other small gravel, such as V 2 in., has been employed extensively in more modern 
practice to fill the space outside the lining. The gravel packing is blown through the 
grout holes in the lining immediately at the shield by means of hose and compressed air, 
as the shield is shoved ahead and the holes are cleared by the tail, so as to keep the space 
at all times as completely packed with gravel as possible, right up to the shield. The voids 
in the gravel are then generally filled with grout, the grouting operation being carried on 
far enough back in the tunnel to prevent the grout from finding its way into the shield. 
In some types of ground, and where prevention of settlement is not important, gravel only, 
to prevent distortion and overloading of the lining, may be employed. When the bulk¬ 
headed shield IS used to displace soft silts and clays, the ground is of such a nature as to 
close in uniformly around the lining almost immediatel\', making the use of grout and gravel 
of no benefit as well as practically impossible. When only part of the displaced material 
is taken into the tunnel, a mound is raised above. When it is important to disturb the 
surface as little as possible by either heaving or settling, a nice balance between the volume 
of material admitted, volume of annular space, and any change m volume of the disturbed 
soil must be obtained. 
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Roof shields are a special form of shield designed and employed to provide temporary 
support for the roof or arch only of the tunnel excavation. They have been used in sub¬ 
aqueous work, but are better adapted to dry soils or those which can be unwatered or 
drained while the tunneling work is in progress. They have proved useful under city streets 
in cases where the cover is small and conditions prohibited excavation from the surface. 
They are usually semielliptical or semicircular in form and consist of a skin of steel plates 
riveted to girders which at their lower extremities are tied together with a transverse girder 
and mounted on sole plates or rollers. Hydraulic jacks supported by the ribs and bearing 
against the completed permanent lining or the arch centering mov'e the shield forward, 
as in the case of full shields. The two general methods of u-^mg roof shields are; (1) to 
firat drive headings in which the sidewalls are constructed on which the shield is later sup¬ 
ported and advanced, (2) to excavate the area of cross section of the shield, build the lining 
under cover of the tail of the shield, and subsequently underpin with sidewall construction. 

Roof shields for masonry-lined tunnels have been used with success principally in France 
and to some small extent in America, and, in two instances at least, roof shields have been 
used to construct tunnels of large cross section with cast-iron segments as the arch lining 
material In the one instance, a very large roof shield was used in constructing S77 ft of 
46 ft 4 in. outside diameter semicircular cast-iron-lined tunnel m clay under Dale Street 
in Liverpool in connection with the Mersey Tunnel project in England, completed 1934. 
This section of tunnel is the largest on record constructed with a roof shield. In the other 
instance, a roof shield 36 ft in outside diameter was used in constructing the cast-iron-lined 
New Union Tunnel in Baltimore. Maryland. 

6. USE OF COMPRESSED AIR TO KEEP OUT WATER IN 
SUBAQUEOUS TUNNELING 

Historical. Devices such as the diving hell, which function on the principle of balancing 
hydrostatic pressure with air pressure, have been known and used since ancient times. 
It w not until 1S39, however, in sinking a cylinder through water-bearing sand in connec¬ 
tion with coal mining in France, that compressed air was confined in an excavation to keep 
out water and the air lock used to permit the passage of men and materials to and from the 
working chamber. The idea of such use of compressed air and air lock had been patented 
in 1830 by Sir Thomas Cochrane but never actually applied by him. In 1879, after a 
relatively extemsive development of the idea in sinking shafts and caissons for mines and 
bridge piers, the use of compressed air to keep out water had its first tunneling application 
in driving an 18 ft by 16 ft heading in the bed of the Hudson River from a shaft in New 
Jersey, in the- first attempt to build a tunnel between New Jersey and New York City. 
No tunnel shield was used in this attempt, and after considerable trouble, including a 
flooding of the tunnel in which 20 men w'ere drowned, the work was suspended in 1882. 
The work was resumed in 1889, using shields and compressed air, and, after an interruption 
due to financing difficulties from 1891 to 1892, was successfully completed in 1905. In the 
same year. 1879, that the Hudson River tunnel was started, compressed air was success¬ 
fully employed in driving a small tunnel in Antwerp, Belgium, in connection with dock 
work. 

Air Decks, Bulkheads, and Locks, In sinking shafts and caissons, the compressed air 
is confined by means of an air deck which forms the roof of the working chamber. In 
tunneling, the compressed air is confined by means of an airtight bulkhead built across 
the bore of the tunnel When a tunnel is started from a shaft or caisson under compressed 
air. the work must be carried on through the shaft air d'*rk until a sufficient length of tunnel 
is driven to permit the installation of the tunnel h ilkhead with tue proper amount of 
operating space provided between the face of excavation and the bulkhead and between the 
bulkhead and the shaft. 

The air lock is an airtight enclosure, generally in the form of a cylindrical steel shell with 
gasketed doors in each end. Air pressure in the lock can be varied by means of air lines 
and valves. In shafts, caissons, and foundation cylinders, the locks connect to the working 
chamber by means of shafting leading to openings in the air deck or top of the cylinders. 
In tunnels, the locks are placed in the tunnel bulkheads which separate areas of higher 
pressure from those of lower or normal atmospheric pressure. When the pressure in a lock 
IS that of the lower or normal pressure, the door on the high pressure end. which swings out¬ 
ward from the lock when opened, is held tightly closed against the door frame b\- the differ¬ 
ence in air pressures. The door on the low pre^ure end of the lock swings into the lock. 
The operation of passing from the lower to the higher air pressure consists of closing the 
door at the low pressure end of the lock, and, by manipulating a valve, allowing compressed 
air to enter the lock from either the higher pressure chamber or from a compressed-air 
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delivery pipe. During the time that the intensity of pressure in the lock is intermediate 
between the higher and lower pressures, both doors are held closed by the pressure differ¬ 
entials. ^^’hen the intensity of pressure in the lock reaches that of the higher piessiue 
chamber of the tunnel, the door on that end can be opened. The operation is reversed in 
order to pass from the higher to the lower pressure, the pressure in the lock being reduced 
by means of an exhaust valve. 

There are many forms and sizes of air locks used in shaft, foundation, and tunnel woik. 
including horizontal, tee, and vertical, accordmg to conditions and requirements. All are 
operated on the principle described. In small tunnels, a short section of lined tunnel 
between two bulkheads may serve as a lock, each of the bulkheads, which ma\’ be steel 
diaphragms anchored m the lining, bemg fitted with a lock door. In larger tunnels, one 
or more locks are placed in the tunnel bulkhead. The bulkhead may be constructed ot 
brick masonry, structural steel, or concrete, generally the latter in present practice. When 
space permits, a lock geneially 5 to 7 ft in diameter is provided for the e.xclusive use of the 
workmen and others who have oeca.sion to go in and out of the workings. This lock is 
called a man lock, as differentiated Iroin the material or muck lock. Material or muck 
locks are generally large enough to provide clearance for cars, motors, and other equipment, 
and are placed in the lower part of the tunnel bulkhead at haulage track level. 

Where space permits, in tunnels which may be rapidly flooded by accident, a third lock 
is placed as high in the bulkhead as is practicable, for the escape of those in the tunnel if 
such an emergency arises. Other safety measures in tunnels which may be rapidly flooded 
include the lianging ^^alk^vay, placed as high in the tunnel as clearances permit and ex¬ 
tending from the heading to the cruergoncy lock, and the safety screen or curtain, placed 
in the upper part of the tunnel near the heading to form an air and watertight trap so that 
if the tunnel is flooded, air is trapped between the safety curtain and the emergency lock 
when the water rises to the level of the bottom of the curtain. In the larger tunnels, 
more than one man lock or more than one muck lock may be installed for added conven¬ 
ience and speed in operations. 

Figure IS, Art. 5, illustrates an arrangement of locks used in the Holland Tunnel, New 
York, and also illustrates the idea of the hanging w’aikway and safety screen. 

Required Air Pressure. The theoretical air pressure required to counteract hydrostatic 
head at any given depth of water is usually computed on the basis of 0 43 lb per sq in. per 
ft of depth for fresh water and 0 44 lb per sq in. per ft of depth for sea water. In tunnel 
practice, the character of the material at the face, the cover, the sue of the tunnel, and the 
method of excavation are also important factors which affect pre.ssure requirements. 

In holding back the water which would otherwise flow into the tunnel, the compressed 
air also reduces the water content of tlie soil in the face and makes the soil stiffer and easier 
and safer to handle. 

Pressures much less than theoretical may be adequate in some of the less pervious soils, 
w’hereas to dry an open, pervious soil completely to a given level would require the full 
air pressure corresponding to the hydrostatic head at that level. Compressed-air pressure 
is generally not required for tunneling in stiff, impervious soil. 

In tunneling in Hud.son River silt with a bulkheaded shield, a gage pressure much less 
than hydrostatic head is generally adequate, 16 lb per sq in. gage ha\dng been used in depths 
below water of from 90 to 100 ft. I'nder such low air pressure, the soft plastic silt will 
squeeze into the tunnel in small quantities through the clearance space between the tail 
of the shield and the lining and readily flow into the tunnel through the shield bulkhead 
doors when they are opened as the shield is shoved ahead. Tunneling in this material 
at these depths with an open face at the shield, or with no shield, would require a much 
higher pressure, approaching the full hydrostatic pressure. 

In tunneling in full face of the more porous materials, such as sand and gravel, as en¬ 
countered in the bed of certain parts of the East River, New York, hydrostatic head m the 
larger tunnels is generally balanced at some point in the low’er half of the tunnel, averaging 
a quarter or a third or more the length of the diameter above the bottom. As the hydro¬ 
static head above this point is exceeded by the air pressure in the tunnel, the compressed 
air will tend to escape from the tunnel through the upper part of the face and the breast- 
boards supporting the face in this area are generally plastered with clay to reduce this loss 
of air. 

Clay Blanket. If the cover over the tunnel is not hea\’y enough to provide an ample 
counterweight to the excess of air pressure over hydrostatic pressure at the top of the face, 
where the difference is greatest, there is danger of a hole being blown through the cover, 
which might result m a disastrous flooding of the tunnel. This is safeguarded against 
by depositing a blanket of hea\*y clay over the tunnel heading to make up the deficiency 
in weight of the natural cover. The amount of unbalanced air pressure to be accounted 
for is a function of the full diameter or height of the tunnel m nuestion, as there is generally 
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the possibility of hat’ing to balance hydrostatic pressure at the bottom of the face. Thus 
for a shield 32 ft in diameter, considering sea water, the unbalanced pressure to be accounted 
for is about 14 lb per sq in., or about 2000 lb per sq ft. If the natural cover were 10 ft 
thick and weighed 50 lb per cu ft in water, the blanket would then have to account for 1500 
lb per sq ft. If saturated blanket material weighed 60 lb per cu ft in water, a minimum 
thickness of blanket of 25 ft above existing river bed would be required. The temporary 
clay blanket deposited on the bed of the west channel of the East River, New York, in 
connection with the construction of the Queens Midtown Tunnel was 20-40 ft thick, 140 ft 
wide at the top with 1 on 4 shoulder slopes, and aggregated approximately 290.000 cu yd 
of clay. When conditions require, an adequate clay blanket is an extremely important 
safeguard which gives security to the men in the tunnel and a freer hand in heading opera¬ 
tions, which will be reflected in better progress. 

The physiological aspects of compressed air work have resulted in rules and regulations 
which govern the working hours and the decompression times and generally limit the 
maximum gage pressure in which tunnel and shaft work may be performed to 50 lb per sq 
in., except in times of emergency. The working hours and decompression rules for New 
York State are given below, and represent the standard as generally practiced in com¬ 
pressed-air work throughout the United States at the present time. The limitation of 
50 lb per sq in. gage pressure as the maximum m which men are permitted to work would 
limit the head of water which can be controlled by air pressure to about 115 ft. The 
much higher heads of water often encountered in deeply overlain tunnels are handled b\' 
other means, generally by grouting. 

New York State Regulations Governing Pressures, Hours of Work, and Decompression Time for Work 

under Compressed Air 

Two shifts only to be worked during 24 hr with an interval between them in open air. 

Maximum working pressures (except m emergency)—50 lb per sq in. 

Hours of Work 


Gage Pressures, 

First Shift, 

Minimum Interval, 

Second Shift, 

lb per sq m. 

hr 

hr 

hr 

0-18 

4 

V2 

4* 

18-26 

3 

1 

3 

26-33 

2 

2 

2 

33-38 

I 1/2 

3 

1 1/2 

38-43 

1 

4 

1 

43-48 

3/4 

5 

S/4 

48-50 

V2 

6 

1/2 


♦ Union regulations generally require the same hours at these pressures as for 18 to 26 lb per sq in. 

Decompression to be by the stage method, dropping to I /2 maximum gage pressure at the rate of 5 
lb per min and completing decompression at a uniform rate so that the total time consumed shall be 
not less than that computed using the maximum pressure and the rate given: 


Decompression Rates 


Gage Pressures, 
lb per sq in. 
0-15 
15-20 
20-30 
30 or over 


Rate 

3 lb per minute 

2 lb per minute 

3 lb in 2 minutes 
I lb per minute 


Required Quantity of Air. The amount of air required to be delivered to a tunnel head¬ 
ing under air pressure is very variable in different tunnels and at different times in the same 
tunnel. It is affected by the porosity of the soil, the size of the heading, the amount of 
unbalanced air pressure, and other factors. The compressed air is supplied to the tunnel 
from a compressor plant on the surface. The air used to counteract water pressure is 
referred to as low-pressure compressed air as differentiated from the high-pressure supply 
which is used to operate equipment. Predetermination of the required capacity of a com¬ 
pressor plant to meet exactly the low-pressure compressed-air requirements is practically 
impossible, especially for large diameter tunnels in porous materials. The tunnel engi¬ 
neer’s judgment, in determining the proper capacity to be installed, must of necessity be 
based on experience and be guided by considerations of a margin of safety to meet emer¬ 
gencies. 

Use of Compressed Air with and without the Tunnel Shield. In subaqueous tunneling 
in water-bearing ground, especially when tunneling under open bodies of water, the tunnel 
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shield and compressed air generally go together, and their joint use accounts for the success 
attained in this kind of work on the many such projects which have been completed all 
over the world ^ince 18SS. There are several examples of the successful use of compressed 
air in driving small or medium-sized tunnels in water-bearing ground without the shield. 
For example, a portion of the Pennsylvania Railroad tunnels in Long Island City was 
mined, timbered, and lined in compressed air without use of shields; many thousands of 
feet of intercepting sewers 7-12 ft in diameter for Xew York City were built on the margin 
of the East River using liner plates and compre-^sed air; several miles of Chicago’s subway 
system were built in soft clay employing liner plates, steel ribs and compressed air. 

7. SUBAQUEOUS TUNNELS BUILT FROM THE SURFACE 

Subaqueous tunnels are sometimes built from the surface, by prefabricating sections of 
tunnel in‘dry dock or on launching ways, floating them to the site, and sinking them into 
a dredged trench with a suitably prepared sand bed, then joining the sections together 
into a continuous tunnel, and backfilling tlie trench This method of construction is 
often economical where conditions are favorable, -'iich as a river bed where the material 
can be dredged at low cost, where there are no important water-front structures and opera¬ 
tions with which the trench would interfere and where there are no important waterfront 
traffic arteries that would be interfered with by the constriiclion operations. 

Generally, in the construction of thl^ type of tunnel, cylindrical steel shells for the tunnel 
sections are fabricated on shipways Throe hundred feet is considered an optimum maxi¬ 
mum length for these sections. The ends of the shells are bulkheaded, and the sections 
are then launched. After launching and as the .shells float in a shape-up basin, an interior 
reinforced-concrete tunnel ring and the interior details of the tunnel are placed. This 
work is done through openings in the top of the tubes which are later sealed. 

One design employs an outer shell, attached to the inner shell by means of transverse 
steel stiffening diaphragms, octagonal in shape and spaced about 12 ft apart. The outer 
shell is made up of steel plates attached to tiie outer edges of those diaphragms The 
sections are sunk by placing concrete in the spaces between the inner and outer shells. 

Another design employs the single cylindrical shell only, stiffened by angles or channels 
welded circumferentially to the inside of the shell. This design requires that temporary 
ballast in some form, water, sand, or concrete blocks, for example, be used in sinking the 
sections. 

The sections are sunk onto screeded sand beds at the bottom of the trench, target masts 
being temporarily fitted to each end of each tube for alignment and grade observations. 
The sinking operations are controlled by floating derricks or other means. 

The cylindrical shells project as collars for a few feet beyond the dam or bulkhead plates 
at each end of the sections. Adjacent sections may be locked together by divers by moans 
of pins through flanges and pairs of steamboat ratchets attached to the collars. The 
joints between adjacent sections are farther sealed with tremie concrete and backfill is 
placed over completed sections. The bulkheads are progressively removed as the laying 
of additional sections advances. Joints between sections ina^' be finally sealed by special 
grouting from inside the tunnel. 

Refer also to Selected Data Regarding Tunnels, Nos. 3, 6, 21, 30, 31, and 35 under 
Highway Tunnels and Nos. 1-5 inclusive under Subaqueous Tunnels Built from Surface. 



Fig. 19. (a) Detroit River Railroad Tunnel, Detroit to Windsor. {Continued on p. 10-S4-) 
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8. CITY SUBWAYS 

City subways are built by tunneling or cut-and-cover methods. 

The cut-and-cover method is usually cheaper than tunneling at depths less than 35 ft 
and usually is the more practicable method when the cover is shallow, as is often the case 
with oit\' subwa> s for rapid transit. When traffic will not permit an open cut. the pave¬ 
ment is taken up, if necessary at night, and replaced by a timber deck under cover of which 
the subway is built. Where wide cutting is objectionable, sidewalls and interior supports 
are sometimes built in trench and roofed, after which the core is removed and the bottom 
placed. Where there is ground water, its level frequently may be lowered by well points 
or draining to sumps and pumping carefully Where quicksand is met at subgrade, it is 
especially important to lower the ground-water level, tight sheeting is driven to extra 
depth and it may be necessary also to excavate for .xnd place the floor quickly in short sec¬ 
tions. On the other hand, where the ground is dry and hard enough to stand with but 
little bracing and where decking is not required, pow'er shovels have been successfully 
used. Where decking is required, a method was used, for the more recently constructed 
subways, which permit.? power shovels to operate under the decking. Tiiis method con¬ 
sists in driving vertical steel beams along the sides of the proposed trench, then placing 
horizontal wood planks or breastboards between the beams as the excav'ation progresses 
to support the sides of the cut. Steel decking beams are placed across the width of the 
trench to support the decking placed thereon and to take the horizontal thru.st from the 
top of the vertical beams. The wide open spaces resulting from this construction make 
the use of power shovels practicable. 

Intercepted sewers may be depressed or undersiphoned, or the sewer system may be 
modified. 

Existing foundations adjacent to the structure are underpinned where required to pre¬ 
vent settlement Finally, subsurface structures are restored or rebuilt and the street is 
backfilled and repaved. 

Earlier sections usually were of the single-arch type if headroom permitted; where close 
to the surface the roof was of beams with jack arches between them Later, beams came 
to be used also in sidewalls, forming bents, saving m width and facilitating construction, 
llemforced concrete requires somewhat less and cheaper steel and permits the use of large 
forms, but bents may bo favored because better adapted to requirements of bracing, 
piecemeal construction, and support of subsurface structures. The single arch of concrete, 
plain or reinforced, ma\' be used where conditions of headroom and lateral support are 
favorable. In soft or wet ground the floor may be formed as an invert or may be reinforced 
with beams or rods. Waterproofing is commonly several plies of fabric saturated and laid 
with pitch or asphalt; or it may consist of one ply of asphalt-treated fabric and one or more 
laj-ers of brick in asphalt mastic. In dry situations, waterproofing may be omitted from 
floor and sides. Stations are painted, plastered, or tiled in white or light colors. 


9. TUNNEL SHAFTS AND CAISSONS 

Timbered Shafts. Timbered shafts are sunk vertically by mining much the same as a 
heading is driven horizontally. A frame of four waling timbers joined at their ends, form¬ 
ing a rectangle, is laid out on the ground. Outside are driven vertical polings or sheeting; 
inside, as the sheeting is being driv’^en, the earth is excavated to a little above or a little 
below its lower end, depending upon whether the ground is soft or hard. As soon as the 
excavation is from 2 to 5 ft below one frame a nevv; frame is placed, and so on to the depth 
of the length of the sheeting: a new frame is then set with clearance for a new set of sheet¬ 
ing. If the shaft is to be shallow it may be started large enough at the top so that the 
sheeting ma 3 ’ be vertical, and tlie shaft reduced m size by the thickness of the timbering 
at the bottom of each set of sheeting which may be from 10 to 20 ft long, as in Fig. 20a. 
If the shaft is to be deep, the sheeting will ordinarily be 5 or 6 ft polings. as in Fig. 206. 

The main thing to be avoided in shaft sinking is the starting of a general movement of 
the earth. The great danger is that cavities will be left or formed back of the timbering 
or that the timbering though not slack will have to deflect to develop resistance and a small 
progressive movement of the earth will be started which may extend to the surface. The 
precautions are, if possible, to allow no cavitv to form, securely pack any accidental one, 
and to wedge all timbering tight against the sheeting .•^o that it will dev'elop resistance be¬ 
fore th.e sheeting begins to move. Perhaps the greatest danger is in water-bearing earth, 
where leakage is liable to bring into the shaft earth in such small amounts that they are 
not noticeable but may form cavities back of the sheeting in tune. 
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In rock shafts the principal use of timbering is to prevent the falling of loose pieces from 
the sides of the shaft, endangering the workmen below. If the rock is fairly good, the 
timbering is usually kept from 10 to 30 or 40 ft behind the excavation. It is not an un- 



Fig 20 Timbered shafts, 
plates without support. Rectangular shafts 


common practice to place the permanent 
lining, usually of concrete, in short lengths 
40 or 50 ft above the bottom of the shaft 
as the "work of excavation progresses. 

The method of open excavation and 
timbering or otherwise lining the shaft as 
sinking progresses is no doubt cheaper, 
where practicable, than any other method 
tliat has been devised, but when quick¬ 
sand or other soft material is encountered 
or where rock yielding too much water is 
encountered, the method maj* be either 
impossible or impracticable. For such 
cases various de\'ices have been used, 
notably caissons sunk by the aid of com¬ 
pressed air, drop shaft, freezing process, 
and grouting. 

Steel Lining for Shafts. Steel lining for 
circular shafts in the form of liner plates 
alone for smaller shafts and liner plates 
braced by circular horizontal ribs at in¬ 
tervals have proved practicable where the 
ground may be excavated in increments 
of depth equal to the width of the liner 
ly also be sunk by means of steel H beams 


driven vertically with horizontal lagging, either steel or timber, placed between the H 
beams. Vertical steel sheet piling may be used for either circular or rectangular shafts, 
and is adapted to water-bearing ground. 



Fig. 21a. Section through completed shaft 
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Shafts by Caissons. Shafts by caissons are frequently used in tunnel construction b^*- 
cause of the requirement for clear space in shaft. The depth of compressed air work i> 
limited by the pressure at which work becomes either too expensive or too dangerou''. 
After a depth of 70 ft below water is reached the cost of labor in compressed air increas."^ 
verj" rapidly on account of both greater wages and shorter hours. Very little caisson work 
has been done under heads of over 100 ft, and the limit is a head of 115 ft. 



Fig. 216 Longitudinal section of caisson steel construction. (Continued on p 10-3S ) 


Drop Shafts. Drop shafts are sunk by building a heavy lining, usually circular, upon the 
surface, and then excavating the earth inside, allowing the structure to settle slowly into 
the ground. Drop shafts have been used in a great variety of places, from small w'ells 
a few feet deep to mine shafts 20 ft in diameter and over 500 ft deep. The shell or lining 
may be of timber, masonry, brick, reinforced concrete, cast iron, or steel. 

Freezing Process for Shafts. Shafts, mostly in northern Europe (France. Germany, 
and Belgium), have been sunk by the aid of the freezing process. This method was used 
for building a large shaft for the Scheldt River Vehicular Tunnel at Antwerp, Belgium. 











































































Fig 21c. Horizontal section of c.ii&son steel construction. Nev. York Subway System. 
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The general features of all cases are indicated by Fig. 22. Vertical pipes are sunk, usually 
forming a circle in plan, completely surrounding the side of the proposed shaft; inside each 
pipe IS placed a smaller pipe, called a circulating tube, opening into the outer pipe at the 
lower end. These circulating tubes are all joined together at the top by a pipe known as 
the circulating ring. The freezing pipea are joined together at the top by a similar ring 
called the collector ring Cold brme at a temperature of from —10° to — 30°F is then 
pumped into the circulating ring, down the circulating tubes, and back up the freezing 
tubes to the freezing machine. 


10. MATERLALS FOR TUNNEL LININGS 

General. The principal requiiements. to be considered in selecting the material for a 
permanent tunnel lining are strength and pernianjncc In tunnels driven In self-support¬ 
ing material the lining may serve only as a veneer to provide a smooth friction-reducing 
surface or a clean, non-dirt-coUectmg surface and as a protection against spalling or dete¬ 
rioration of the rock due to chemical or physical changes tb.at occur upon exposure. In 
subaqueous tunnels where the prevention of leakage is an important factor, the lining must 
be of an impervious type. The availability and co.>t of the materials under consideration 
must also be taken into account as well as the availability and cost of the proper quality 
of labor necessary to construct the lining. The form of the finished tunnel section must 
also be considered; for example, some materiaU have tne advantage of easier construction 
of variations in shape than others. There is alwa\ s tlie consideration that a cheaper lining 
requiring greater thickness for strength than a more expen&ive one may increase the cost 
of excavation beyond the apparent saving in the cost of the lining itself In shield tunneL 
ing, the lining should have the full strength necessarv to withstand the shield jack reactions 
immediately upon being erected, or special forms or thrust bars must be employed to serve 
this purpose, and the lining must have iia full strength to support the surrounding ground 
as soon as it is cleared by the tail of the shield. 

Brick Lining. Brick lining require* a large amount of centering, and the ground may 
have to stand for a comparatively long time without permanent support. It is not adapted 
to shield tunneling. Many of the older tunnel*, especially those in England, have been 
brick lined. 

Stone masonry is generally more costly than brick work but its greater strength may 
permit a thinner lining than brick, other things being equal. Stone masonry requires a 
large amount of centering. It is not adapted to shield tunneling. 

Timber lining has been used to a considerable extent in the United States, where timber 
was easily available and cheap. In tunnels requiring support, timber lining may be effec¬ 
tively employed under some conditions, not only for a temporary support, but as a semi¬ 
permanent lining to be replaced or supplemented with concrete lining when required. 
Timber is not adapted to shield tunneling or waterproof construction. 

Concrete lining, cast in place, has a wide use in tunnels for all purposes, including water 
supply, water powder, sewerage, railroad, rapid transit, and highway The use of rein¬ 
forcing permits the use of comparatively thin sections. Modern methods of shooting or 
pumping the concrete mix into place in steel forms of collapsible type which can be moved 
ahead through the forms set in place without disturbing them has resulted in almost con¬ 
tinuous pouring and rapid progress where conditions are favorable for this type of operation. 
Under other conditions the concrete may be poured in a sequence of operations, as invert, 
sidewall, and arch, with economy. Concrete has some degree of watertightness which in 
some kinds of ground may be improved with grouting. Concrete cast in place is not 
adapted to modern shield tunneling operations. It is often used as a secondary' lining to 
provide protection and internal structural requirements. 

There are several forms of precast concrete blocks which have been adapted to shield 
tunneling in drv or impervious ground. Concrete blo'-k lining cannot be made effectively 
watertight, and percolating ground water may seep through the joints of this type of lining 
even when above the general ground-water level. Concrete block linings require centering 
for the upper portion of the ring until the key i.-- set A patented concrete lining, developed 
about 1936. of remforced-concrete segments bolted together, was successfully used in the 
construction of 2 3/4 miles of running tunnels of the Ilford lube, 13 feet ^,'4 in. in e.xterior 
diameter, in typical hard, blue, London clay. 

Cast-iron tunnel lining is particularly adapted to shield tunneling, but has also been 
used in major projects such as the Brooklyn-Battery Tunnel, New’ York, and the Mersey 
Tunnel, England, where its waterproofing qualities in rock under subaqueous conditions 
w’ere of special importance. Ca*t iron ha* the disadvantage of requiring considerable 
weight in order to meet strength re<iuiiements. It i.'' widely used for the linings of shield- 
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driven subaqueous tunnels, because it has full strength immediately upon erection; is well 
adapted to resist jacking thrusts: it may be accurately machined for structural fit and tight 
joints, and is effectively waterproofed by means of grooves formed at the joints between 
segments calked from inside the tunnel, and the use of grommets at bolts. Lead wire has 
been extensively used for calking as liave hemp grommets worked up with a paste of red 
lead anel boiled linseed oil foi groiumeiing. An interior lining of concrete is generally 
Used with a primary lining of ca''t non for piotection, appearance, and easier maintenance. 
Cono'-ion of ca^t iron need not he con-idcrod under most conditions met with in tunneling. 

Cast-steel lining, similar to ea-^t-n ai hning. has been used where additional strength 
has been required to meet special condition'' in tunnels generally lined with cast iron. 

Structural steel, besides being used in the form of steel ribs and liner plates, has been 
used in the form of welded segments of plate-? and shapes, bolted together through flanges 
for primar\ lining. It has the advantage of being lighter than cast-iron lining for the same 
strength requirements, permitting the use of larger segments rather than smaller segments, 
with reduction of the footage of joints and number of bolts required per linear foot of tunnel. 

hen used m shield-driven tunnels the length of ring is limited by the permissible distance 
that the shield can be advanced jier shove and steel stiffeners or railroad rails must be 
added between circumferential flanges to take the shield jack thrusts. Such stiffeners add 
little or nothing to the strength of the linmg for the permanent loading conditions. Struc¬ 
tural-steel lining may be field welded for waiertightuess where seepage conditions in the 
tunnel peiinit: attempts at wehling under adverse water conditions have not proved suc¬ 
cessful to date. Structural-steel lining may be designed with machined flanges and calking 
grooves, similar to cast-iron lining, for watei proofing purposes, but the success of such 
designs has not been demonstrated m actual piactice, and the machining adds considerably 
to co.^t. Structural-steel lining may bo subject to corrosion and, under such conditions, 
the possible extent of corrosive action must be accounted for in design. 

11. DESIGN OF TUNNEL LINING; MISCELLANEOUS DESIGN 

NOTES 

Loadings, The loadings considered in the de.sign and investigation of the permanent 
lining of a tunnel fall into the following categories- 

a. Weight of lining. 

b. Weight of internal structure, if any. 

c. Weight and pressures of surrounding ground and water and any superimposed 
loadings. 

d. Loading related to the use of the tunnel, such as weight and impact of traffic, or inter¬ 
nal presRuies. 

e. Loads due to temporary construction conditions, such as compressed-air pressure and 
reaction of shield jacks; or launching and sinking conditions in the case of prefabricated 
trench tunnel sections. 

A tunnel structure should be designed to withstand the most severe combination of 
loads that it may reasonably be subjected to. 

The loadings of greatest importance in the design of most tunnels are those due to the 
weight and pressures of the surrounding ground and water. As there is mucli unknow'n 
concerning the earth and rock pressures encountered in tunneling, assumptions as to these 
loadings must be based largely on engineering judgment, and, due to the uncertainties 
involved, th.e assumptions should be made w'ell on the side of safet 3 '. 

As a guide in estimating earth and rock loadings a careful forecast should be made, not 
only of the kinds and depths of the materials surrounding and overl^-ing the tunnel bore 
(see Geologic Investigation under Art. 2), but also of their ph\'sical properties and condi¬ 
tion and of their probable behavior when the tunnel bore is excavated. Such a forecast 
IS especially important when the final design of the permanent tunnel lining is made 
before the construction of the tunnel is contracted for, as is generally' the present practice 
in the L'nitcd States. In mau\- cases, the earth and rock loadings encountered will be 
caused hy gravity alone, but there are other cases whore pressures due to ph^-sical or chem¬ 
ical changes in the materials exposed in the tunnel excavation are also a factor, as in the 
case of swelling materials. 

ObviouRh. it would not be cither practicable or economical to vary the design of the 
permanent tunnel lining wdth every change in loading condition. It is the practice to 
var>' tlie design for marked changes onh-. The criterion for each different design adopted 
should be the maximum loading condition for the particular length or lengths of tunnel 
involved. 
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Depending on methods of construction and the kinds and conditions of materials around 
and over the tunnel, the criterion for maximum loading contlicion may occur either during 
construction, as is often the case for linings conotiucted for shield-driven tunnels, or some 
time later. The final maximum loads caused by earth or rock pressures in some materials 
may take years to develop. 

In designing a tunnel lining in earth, when the cover over the roof of the tunnel is of 
shallow or moderate depth, the vertical load on the top of the tunnel is generalh’ assumed 
to be equal to the full weight of the superincumbent inaterials. If such a tunnel is below 
the water table and the surrounding material is earth, the vertical load on tlie top of the 
tunnel is generally assumed to be equal to the full weight of the earth and water above; 
e.g., if the water table is below' the earth surface, the v'citical load would be assumed to be 
equal to the w’eight of the saturated earth up to the water table level, plus the weight of 
the dry or damp earth, as the ca.se may be. above the water table; if the water table is 
above the ground surface, the vertical load would be assumed to be equal to the weight of 
the free body of water above the ground surface, plus the weight of the saturated earth 
below'. 

When the tunnel is wholly or partly below the water level, it is assumed to be subjected 
to a lateral pressure the intensity of which at any depth below* the water table is ec^ual to 
the full hydrostatic head for that depth. 

The tunnel is also subjected to the active lateial pressure of the Mirruundmg 
earth, which, if the earth under consideration is below water and the full hydrostatic head 
has been accounted for. would be based on the w'cight of i\u^ earth in water 

In tunnel design it is generally assumed that the horizontal pressun- of the earth varies 
directly with the depth below* the earth surface, and that the horizontal pressure is equal 
to the vertical pressure multiplied by a constant k which is less than unity. \'alues of k 
have been determined by observation, experiment, and theory lor inau\' kinds ol soils 
under various conditions. These values of k range from smaller fractions as in the cases 
of loams, sand, gravel, and stiff cohesive or cemented soils to fiactions a]q»roac}uiig unity 
for clays and silts in a plastic slate. As the various available data and ihc'orie& which 
evaluate k are not all in close agreement, it is customary to take into coru^ideiation the 
several possible values applicable to the soil m question The Hankme for-mula, derived 
for cohesionless soils, expresses values of k in terms of the angle of repose of the ^-oih and 
there are many other theories dealing w'lth lateral earth ressures. 

The tendency of a tunnel lining to deflect outward under vertical loading may be re¬ 
sisted. not only by active horizontal pressures, but by pa>sive pressures or reactiou.s devel¬ 
oped in the soil at the sides of the lining when the tendeufy of the Immi: to dcilui t outward 
exceeds the active lateral pressures. If the nature and condition of the soil and dcllc<'tioii 
of the tunnel lining under the other loads to which it subjected are such that {>a">ive 
pies&ures would be so developed, these pressure^ should be taken int<^ {‘oiiuderarioii m t'no 
de-'ign of the lining to the extent that they can be relie*! upon t ) a< t perr ianeiiTlv 

In .^oils which have properties favorable to arching, some con^ideraiiou m^t^' he civen 
to the extent to wliich this action may be relied upon to prevent the lull weight of < -A-er 
from acting as a load on the top of a tunnel Arch action is nearly always either direc tlv 
or indirectly a consideration in the design of temporary supports for a tunnel ex( avauon 
but. because of the uncertainties and possible cliangmg conditions involved, i-' seldom used 
as a factor in the final design of a permanent tumiel lining m earth. 

When the tunnel is in rock, direct or mdiiect nin.siderulinn of arching n generally used 
to estimate the height ol tlie ro<'k load whiuli may be earned on the roof of the tunnel. In 
perfectly sound rock, the intrados of the rock arch would <-oincide with the excavation line 
and the height of the rock load on the tunnel lining would be zero. From tuis lower limit¬ 
ing condition, which obtains in sound, self-supi)ortirig rock, the height of the rock load on 
the tunnel roof would be estimated to increase as the strength of over lying rock formations 
decreases The terms stratified, schistose, jointe^l, blocky. seamy, fiactured. crushed, 
etc., approaching the condition of earth, indicate vai\ing degrees of weakne-"' in a forma¬ 
tion which w'ould affect the height of the rock loiul to be accounted fur. The height of 
the rock load is also affected by water condition^, whicli may, lor example, lubricate the 
joints in the rock and cause a greater load than when the maTcnal is ilr\- In tuh regard, 
the final condition of the completed tunnel as to drainage should re.-cive f on-,di-ration. 
The height of the rock load is also considered to be a fumaion of the widtii '-f \ icl hng ma¬ 
terial at the level of the top of the tunnel excavation The ruimmum yud Img width may 
be considered to be the width of the e.xeavaliori If the material at each side of the tunnel 
bore is considered to \ ield to some extent, the total x ielding w ulth, or ^jiari oi th.‘ mm k arch, 
becomes a function of the height as well as the width of the tunnel e\cavaiif)’i In ma¬ 
terials W’here the loailed wedge of rock at the sides of the tunnel would tend to slide into the 
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excavation along a plane of rupture, lateral pressures would be developed which should be 
accounted for in design. 

Some of the earher theories of arching in rock which have merit assume that the rock 
arch is semieiliptic in form anti tliac the planes of rupture are determined by considera¬ 
tion of the angle of repose of the material. Later developments of the theory assume 
planes of rupture on two-on-one slopes, making the arch-span factor equal to width plus 
height of tunnel excavation. 

In deeply overlain tunnels in haid, brittle rock, active pressures causing strain in the 
rock may cause thin slabs of the rock exposed in the excavation to become violently dis¬ 
lodged from the sides and roof of the tunnel. This is described as shelling, flaking, or pop¬ 
ping rock, whereas evidence of the active pressures encountered in deep tunnels in softer 
rock may take the form of the crushing and bending in of roof and sidewalls and raioing 
of the invert. 

Evaluation of rock loads and pressures is largely a matter of engineering judgment, 
guided principally by experience and comparative studies, and to some extent by theory 
based on expeiimental data and observations of pressures on tunnel supports. 

Active Pressures and Reactions Must Be in Static Equilibrium. For all conditions of 
tunnel loading, active pressures and reactions must be in static equilibrium. Hydrostatic 
uplift, if a factor, must be safely counteracted by the overburden and weight of tunnel 
lining. 

Tunnel footing loads should not exceed the safe bearing capacity of the supporting 
material. 

Stress Analysis. Observed stresses and deflections in tunnel linings seldom agree with 
those derived by computation based on assumed loadings and accepted methods of analysis. 
Among the reasons for this lack of agreement are: (1* The assumed loadings and distribu¬ 
tion of reactions may not be in conformity ydth actual loading conditions, (2) The ma¬ 
terials and construction of the lining may not conform with basic assumptions as to elas¬ 
ticity, stiffness, and other properties. (3) The application of the theories used to solve 
for stresses involves approximations and assumptions that may not be strictly correct. 
(4) There may be initial stresses, resulting from erection or construction methods, which 
are difficult to evaluate. 

The design and investigation of a tunnel lining must, therefore, be made well on the side 
of safety, and be made to cover all rea.sonable loading conditions. The investigation may 
have its greatest value if it is possible to make an investigation by the same methods and 
on the basis of similar assumptions, of the lining or linings of existing tunnels which are 
under analogous conditions and which are safely withstanding their loadings. The stresses 
computed for the proposed lining can then be compared with those computed for the exist¬ 
ing lining or linings as an mdication of the relative strengths of the structures, rather than 
judging the strength of the proposed lining solely on the basis of the magnitude of the com¬ 
puted stresses. 

Tunnel linings are generally in the class of statically indeterminate structures. The 
shape and size of the tunnel and the loading conditions having been determined, the design 
of the lining may be tentatively adopted by approximations and analogy with existing 
tunnel structures. Alternate designs may be made for the different types and materials 
of lining that appear to be suitable. 

Analytical methods, for computing thrusts, bending moments, and shear in statically 
indeterminate structures, are available which permit stresses to be determined quite ac¬ 
curately with respect to the assumptions made as to loading, elastic properties, etc. The 
most commonl>' used methods apply the principles of the elastic theory to determine 
thrusts, bending moments, and shear at the crown of the tunnel arch, from which the 
thrusts, bending moments, and shear at any other section may be determined by the prin¬ 
ciples of static equilibrium. Approximate methods of analysis based on algebraic and 
graphical determinations applicable to linings of variable contour and moment of inertia 
may be found in Analysis of Arches, Rigid Frames and Sewer Sections, Portland Cement 
Association, March 1943, and other works. 

The fundamental formulas for curved beams are: 




( 1 ) 


( 2 ) 


(3) 
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where Ax 
Ay 
Ap 
M 
h 


ds 

E 

I 


horizontal deflection, 
vertical deflection, 
angular deflection. 

bending moment at any point due to given loading. 

bending moment at same point due to horizontal load of unity applied at same 
point. 

bending inomenl at same point due to vertical load of unity applied at the 
point the vertical deflection of which desired 
length of element of the ring, 
modulus of elasticity of ring material. 

average moment of inertia with respect to neutral axis for a section of the 
ring one unit in length. 


(The above formulas are ba.sed on the approximation that all the fibers of the ring are the 
same length and equal to a corresponding length of the axi> Theoretical dc-flecnons com¬ 
puted from the above formulas agree closely with the results of experience and experiment 
on the deflections of curved beams ) 



Fig 23 Diagram 


Neutral axis of ttinnel nug syintijf^incaliy loaded about vertical axis 
crouii. 


Ring I’ut at 


Referring to Fig. 23, let circle OAB of radius r reproicnt the neutral axis of a tunnel 
ring loaded symmetrically about the vertical axis. 

^ ss any point on neutral axis. 
a — angle subtended by OA. 
r — radius of neutral axis. 

H — horizontal component of e.xterior forces acting on OA, 
p = vertical component of exterior forces acting on 0.4.. 

=s bending moment at A. 

3 /' = bending moment at A due to P and H. 

3 /q = bending moment at crown. 

Yq = shear at crown (= 0 as loading is symmetrical) 

To = thru&t at crown. 

V = radial shear at A. 

T = thrust at .4. 

Consider: 

vertically up + 
vertically down — 
horizontally right + 
horizontally left — 

clockwise moments + (cause tension in intrados) 
counterclockwise moments — (cause tcmion in extrados) 
outward radial shear 4- 
mward radial shear — 
thrust-producing compression H- 
thrust-produemg tension — 

Considering H, T o, and P as positive in direction. 

M = M' -f J/o 4- Tu (r — r cos a) 

T — {H 4- To' cos CL — P sill a. 

V = {H 4- To’ sin a. -r P co'- a 


( 4 . 

ibi 

(hi 
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As tlie ring is symmetrically loaded about its vertical axis, the angular deflection of the 
crown with respect to the invert is 0 and the horizontal deflection of the crown with respect 
to the invert is 0. 

It may then be shown that: 


2 

To = — 1 3/' cos a da 

(7) 

xr Jo 


.Vo = - Tor - t ( ' M' dcL 

(Si 

X Jo 



Having deterniined the value of Tn and -Vd due to a given loading condition from eqs. < 
and S, the moment, thrust, and si‘ear at any section can be determined from eqs. 4, 5. 
and 6. 



Fig. 24 Diagram. Neutral axis of tunnel ring symmetrically loaded about vertical axis; to determine 
defieciiuxi.9 of C with respect to B. 


Referring to Fig 24 in which C is any point subtending angle c for which the horizontal 
deflection with respect to the invert is desired, it may be shown from eq. 1 that; 


Aj = 


1 


El [t 


- [(c — tt) cos c 


— sin c]^ M' 


da 


H— (sill c cos c — c 4* 


Similar expres.'^ions for Ay and A<t> are 
r2 [1 


x) J* M' cos a da 
“T cos cj" M' da — J M' cos a c 


Ay = 


El 


I — [(c — x) sin c + cok c -{- 1] r M' da -sin^ c \ AI’ cos a da 

(X Jo TT Jo 

+ sm c ^ M' da — M' sin a da | 

rAr da -h - sm c f AV 
\x /Jo Jo 


A4> = 


cos a da 4 


i'- 


da ^ (9l 


( 10 ) 

( 11 ) 


Ring loading used m tvpical appIi<'ations for eqs. 4 to 11 inclusive are shown in Fig. 25. 

A method of approximating the eflect of passive pressures or reactions due to the hori¬ 
zontal deflection of the tunnel ring under a given combination of loadings may be developed 
by considering that the soil in question compresses under loading in proportion to the load. 
This requires the assumption of a modulus of compressibility for the soil in terin> of inten¬ 
sity of pressure required to compresa the soil one unit, as for example 1000 lb per sq ft to 
compreaa the soil 1 in., or 15,000 lb per sq ft to compress the soil 1 in., etc , according to 
the properties of the soil in question. The analysis is generally made on the basis of 
several different reasonable assumptions as to soil compressibility. The vertical projections 
of voussoirs of equal length above and below the horizontal diameter of the ring are assumed 
to develop average uniform passive pressures over each such voussoir projection dependent 
on the tendency of the center point of the voussoir to deflect under the active loading com¬ 
bination assumed and on the modulus of compressibility assumed for the soil m question. 
The lengths of voussoirs may be chosen as large or as small as the desired accuracy of the 
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approximation indicates is practicable. The complexity of the problem increases very 
rapidh’ with the number of voussoirs chosen. The extent of the passive pressure considered 
to be developed above or below the horizontal axis should be limited by consideration of 
the zone over which the lining, as it distorts, tends to press outward against the soil to an 
effective amount. According to one hypothesis substantiated by tests (The Structural 
Design of Flexible Pipe Culverts by M. G. Spangler, Iowa Engg. Exp. Sta. Bui. 151, 194D 
passive pressures developed by backfill loading on flexible pipe culverts may be considered 



Fig. 25. Typical loading diagram: a, downward pressure of soil and water above crown; h, downward 
pressure of soil and water below crown, c, w'eight of tunnel lining, d, upward reactions assumed uniformly 
distributed; e, active horizontal loads due to soil and water above crown, f, active horizontal loads due 
to soil and water below crown, g, effect of tie rods or struts; k. internal pressures, t, adjustment to 
correct for distribution of hydrostatic uplift; tc, downward internal loads 


to have a parabolic distribution effective from 50° above to 50° below the horizontal axis. 
Analyses of passive pressures have been made on the basis of median passive pressures 
being developed on two 30° voussoirs above and two 30° voussoirs below the horizontal 
axis, or on a total arc of 120°, and also on the basis of a uniform median passive pressure 
acting on the 45° voussoir above and, similarly, as uniform median passive pre‘=i3ure acting 
on the 45° voussoir below the horizontal axis, or a total arc of 90°. In view of the many 
uncertainties involved, the latter and simpler basis of investigation would seem sufficiently 
accurate to approximate the effect of passive 


pressure in most cases. 

Referring to Fig. 26: 

Let pi = uniform median intensity of pas¬ 
sive pressure lb per sq ft on 45° 
voussoir above horizontal axis 
P 2 = uniform median intensity of pas¬ 
sive pressure lb per sq ft on 45° 
voussoir below' horizontal axis. 

^1 and h -2 = potential horizontal deflections in 
inches respectively at 221 / 2 ° 
above and 22 1 / 2 ° belotv the hori¬ 
zontal axis due to all active loads 
considered. 

d — modulus of compressibility, of 
the soil, lb per sq ft per inch of 
compression. 


O 



Fig. 26. Diagram ijia-ssi^e pie-sure). Neu¬ 
tral axis of tunnel iin^ iiiiu>‘tiiealiy loaded 
about vertical a\i-, aj'prGMmation of passive 
earth prf'>^ure■9. 
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and 


where 


dhi + d-{c2hi — Cihi) 
(1 - cid)2 - fed) 2 

dhi + d\c2hi — Cihi) 
cid)^ — (cjd)^ 

_ 

El 

_ 45.9r* 

El 


(1 - 

Cl = 

C2 = 


(12) 

(13) 

(14) 

(15) 


The moments and thrusts due to pi and p> are then included in the analysis. 

The extreme fiber stresses in the tunnel ring for each section of the lining to be considered, 
as at crown, springing line, and invert, are computed by first taking the algebraic sum of 
moments and thrusts for each such section, and applying the formula 


,S 


P Me 
I 


(16) 


where E 
P 
M 
A 
I 
c 


extreme fiber stress, pound per square inch. 

net thrust, pounds per foot of tunnel. 

net moment, inch-pounds per foot of tunnel. 

net area of section, square inclies per foot of tunnel 

moment of inertia of section inches'*. 

distance of extreme fiber from neutral axis. 


This formula is approximately correct for all cases where the radius of the lining is large 
in comparison to the depth of the lining. 

Where the tunnel ring structure is articulated, as in the case of a tunnel lining made up 
of cast-iron segments bolted together, the joint condition should be investigated and the 
^tresses determined for this special condition. 

The data presented in the foregoing are necessarily brief but will serve as basic ground¬ 
work for the development of as elaborate treatment as may be desirable. 

.\n mve.stigation of stress in a tunnel lining on the basis of the individual treatment of 
component loadings, active and passive, as indicated in Figs 25 and 26 makes possible a 
study of the effects of each of the component loadings on stresses and deflections. A 
convenient method of studying such effects individually or in any desired combination is 
especialK- valuable in the investigation of stresses in the linings of subaqueous shield-driven 
tunnels, where conditions vary considerably after the lining is erected in the tail of the 
shield. The lining may have to be temporarily braced with tie rods or struts as it leaves 
the shield and is exposed to temporary unbalanced loadings before development of final 
loading conditions and passive pressures: gravel packing is placed in the space left outside 
the lining bv the overlap of the shield as it moves ahead, and may bo followed by grouting 
to fill the voids m the gravel. 5\'hen no longer necessary, tie rods or struts are removed; 
air pressure is eventually reduced to normal; temporary claj- blanket on the river bed over 
the tunnel is removed; and finally, interior lining and structure may be placed. The 
characteristics of the soil may be subject to changes due to the disturbances caused by 
shield driving, such changes being especially apparent in Hudson River silt or similar ma¬ 
terial when the soil is largelv displaced by the bulkheaded shield, rather than excavated. 
Under these conditions it has been observed that the vertical diameter of the tunnel lining 
usuailv elongates a.s tlie lining leaves the tail of the shield, and that there is a tendency for 
the lining to rise which may be counteracted by admitting some of the silt into the tunnel 
to act as a counterweight. This distortion of the lining, indicating an approach to fluid 
pressure conditions, is usuall.v followed by a shortening of the vertical diameter over a 
period of time, with ultimate return to about its original dimension, indicating a consoli¬ 
dation and stiffening of the surrounding silt, accompanied by decrease in active lateral 
pre.ssures. 


12. SAFETY IN TUNNELING 

Tunneling has a comparatively high incidence of injuries and fatalities. The cramped 
working space, the use of heavy equipment and large amounts of explosive, the sudden 
development of unexpected hazards, such as water under high pressure or quicksand con¬ 
ditions; the relatively short construction period of each project, accompanied sometimes 
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with a high turnover rate in employment, together with the necessity for fast progress, 
are listed in the U. S Bureau of Mines Bulletin 439, 1941, as among the contributing fac¬ 
tors to the accident rate in tunneling. This bulletin also discusses the principal causes 
of injuries and fatalities in tunneling, listed in order of importance as follows based on sta¬ 
tistics compiled from projects in the United States: (Ij falU of rock; (2) haulage accidents; 
(,3i shaft accidents; (4) gas and dust, (o' explosives. (6> falls from stages and jumbos, 
{7) falling equipment; '.S» electrocution. Accidents in which two or more persons have 
been killed have been caused by explosives, cave-ms, haulage or hoisting failures, methane- 
gas explosions, sudden flooding, and fires 

Accidents in tunneling can be reduced m number by competent, safety-conscious super¬ 
vision; education; discipline; job satety organization; safety devices and equipment; 
adequate methods for detection of toxic and explosive gases; control of dust and gas by 
means of ventilation: adequate lighting; thorough scaling in rook tunnels and pioinpt 
timbering where required, strict adherence to explo^-iv'e and blasting precautions; and 
fireproof construction. 

Wet drilling and other approved methods of dust control are employed in rock tunneling 
where the character of the rock and (onditions of work require precautions against silicosis 

Careful selection of men for work in compressed air. enforcement of regulations, proper 
medical supervision, and the observance of the special rules of hygiene recommended to 
compressed-air workers have done much to reduce the incidence of compressed-air illne;''- 
Statistics for compressed-air illness on major tunneling projects of the United States shovv 
that, since 1920. severe cases have been very few and that there have been no fatalities due 
to cornpressed-air illness, whereas the statistics of earlier projects show a comparativol> 
high rate of severe cases, some of which were fatal or resulted in permanent injury. Bt- 
cause of the high oxygen content of the atmosphere, special precautions must be observed 
against fire in compressed-air work. 


SELECTED DATA REGARDING TUNNELS 

13. RAILROAD TUNNELS 

(See also data under Art. 17. Shield-Driven Tunnels; Art. 18, Roof Shields; and 
Art. 19, Subaqueous Tunnels Built from Surface) 

(21) Florence-Bologna, Italian State Railways. Across Apennine Mountains. Longest 
double-track tunnel in the world. Soft schist, shale, and clay formation heavily timbered; 
there were places where squeezing pressures, explosive ga^es, and large volumes of water 
under great heads were encountered. Middle length of 4000 ft widened to 56 ft for four- 
track passing and switching yard. Driven from portals and two central shafts at enlarged 
section, 410 ft apart Shafts sunk inclined at 50*>c. ft deep. Two railway lines, 
spectivel 3 ’ 17 miles and 13 ^,'2 miles long, were constructed to serve portal operations; 
central shafts served b>’ aerial tramway 5.6 miles long. Excavation by center bottom drift, 
crown heading; drift and heading connected bj' 3 ft by 3 ft shafts; enlargement from drift 
and heading. Methane gas burned off by electric ignition; maximum water 300 gps at 
about 200 lb per sq in. Cost $24,735,000. Average progress; 9 ft per da^- south half; 
7.5 ft per day north half. 

(22) Moffat Tunnel. 8 ft by 8 ft pioneer tunnel, 75 ft south of main tunnel with 20 
crosscuts to it. Heading encountered 1500 gpra flow of water. Much of roof of main 
tunnel required timbering. Top heading and bench in timbered section; center heading 
in good rock. 

(23) New Cascade Tunnel, Washington. 8 ft by 9 ft pioneer tunnel. Main tunnel 
enlargement from center heading. 

(25a) Hagans. Limestone, shale, and sandstone. 4660 ft timbered. Average prog¬ 
ress. excavation, 2 shifts per 24 hr, 17.6-ft heading, ll.6-ft bench; lining 32S.6 ft per month. 

(27) Storm King. New York. Granite and gneiss. Part parallel and adjacent to exist¬ 
ing tunnel which was enlarged to 33 ft wide. Proximity' of old tunnel and Catskill Aque¬ 
duct shaft for siphon crossing Hudson River required great care in blasting An annular 
cut around the peripherj' of tunnel contour 6 ft deep. Entire face drilled with 6-ft holee 
and blasted, using delays. 

(30) Western Pacific, 9 tunnels. 5 tunnels m shale and conglomerate. 4 tunnels m 
volcanic cinders. Three 8-hr shifts. Average 4 ft to 8 ft per day. No shafts or adits. 
2 tunnels 6 ft b\' 6 ft pioneer drift at ceiling grade; 7 tunnels, heading to springing line, 
bench to subgrade. Timber sets 18 in. to 4S in. centers. 
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(a) IlaganR 81927-30 1.18 24,0" 16.0 llock II ConiTete 212.70 

(b) Rock Housp, Creek Branch 81948 . . 24.2 22.0 Hock Concrule 462.05 
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when used. Timbered sections 16 ft, 18 ft, 20 ft, and 22 ft wide. All full heading except 
800 ft center drift. Two headings from portals. 2 lb 40% dynamite per cu yd shale; 
3 lb per cu yd sandstone. Average progress three S-hr shifts for both headings; excavation 
full face, 12 ft; excavation heading, 5 ft; lining, 20 ft. 

(31t) Trace Fork. Sandstone 1274 ft, hard blue shale 1600 ft. Supported full length 
by steel ribs and posts 18 in. to 6 ft c.c., 4-in. lagging. Two headings from portals. 40% 
tunnel gelatin, 3.S lb per cu yd. Average progress two lO-hr shifts both headings: ex¬ 
cavation 21 5 ft; lining 21.5 ft. 

(33) Shasta Dam Relocation. Generally shale and sandstone. Average advance 10 ft 
per round, 1 lb dynamite per cu yd. Steel supports used where required. Average prog¬ 
ress for 24-hr period, 3 shifts: full face excavation, S ft; for drifting in headings, 13 ft. 
Avg concrete-lining progress- 50 ft per day. 

(35) Saltsburg Tunnel. Thin to massive bedded sandstone. Pilot tunnel 14 ft by 16 ft, 
no support. Main bore: 1 lb 45% dynamite per cu yd. Steel ribs spaced 4 ft c.c. through¬ 
out Length. Progress, three 8-hr shifts; excavation and ribs, average 10 ft; pilot tunnel, 
average 13 ft; Iming progress, average 17 ft, three 8-hr shifts. No shafts or adits. Con¬ 
structed by U. S. Corps of Engineers for Pennsylvania Railroad. 

(36) Boysen Tunnel, Wyoming. Full heading through major portion of tunnel. Highly 
folded and faulted sedimentary formation. Wall plate drift method through some hea\'ily 
faulted areas. Excavation supported with 8-in. WF structural steel supports, variable 
spacing, 4 ft c.c. through diorite to 8 in. c.c. through faulted and saturated shales. Full 
face, used 65-So holes, 10 ft deep, 350 lb 40% gelatin powder per round. Mucking by 
electric overshot muckers on tractor frames. Invert concrete placed first; 75-ft steel forms 
for walls and crown; concrete placed by Pumpcrete machine. There were three cut and 
cover sections, permitting work to proceed at eight headings. 

(38) New Elkhorn Tunnel, West Va. Sandstone with thin seams of slate and coal. 
Excavated full face heading from each portal; jumbo carried 15 water-line drills; detach¬ 
able bits used. 210-220 holes per shot; depth varied from 3 ft to 18 ft; average pull, 
13.5 ft, maximum, 18 ft. 40% and 60% gelatin explosive, avg 3 lb per cu yd; mucking 
with two 3/4 cu yd shovels; haulage 15 cu yd back dump diesel trucks. 4000 cfm capacity 
air for drills. Excavation supported throughout with steel ribs and posts normally spaced 
30 in. centers; IS in. spacing for small part of length. Full semicircular arch, reinforced 
concrete 1 ft 6 in. thick inside $ in. H beams; walls plain concrete 1 ft 6 in. inside steel at 
spring line to 2 ft 0 in. at 2 ft below base of rail. 4-in. weep holes 5 ft c.c. each side. Tracks 
14 ft 0 in. c.c. Average progress: excavation, each heading, 3 shifts 13.5 ft; lining, two 
S-hr shifts, 48 ft; concrete placed in forms by pumping. Ventilation auring construction 
21,000 cfm through 30-in. pipe each heading. Permanent ventilation, 2 fans at west end, 
each operated by 400 hp electric motor, supply 1,000,000 cfm forced through tunnel west 
to east, 12-14 mph. 


14. HIGHWAY TimNELS 

(1) The Holland Tunnel for vehicular traffic extends under the Hudson River from the 
vicinity of Canal Street, in Manhattan, to 14th Street in Jersey City. It was the first 
tunnel constructed to carry motor vehicles under a body of water in the New York area, 
and the first for which the transverse ventilation system was designed and installed. In 
this respect, as well as in many other important features of design, construction, and opera¬ 
tion which required research and original treatment, it has served as a pattern for most of 
the vehicular tunnels built subsequent to it, both in the United States and abroad. 

The tunnel consists of twin cast-iron-lined tubes, 29 ft 6 in. and 30 ft 4 in. in exterior 
diameter, built by the shield method, with steel bent and concrete sections built by cut 
and cover, and of plazas and approach sections constructed in open cut. The tunnel 
interior is lined with concrete and the walls are finished with tile. The roadways provide 
for two lanes of traffic in each tube, the northerly tube carr\dng westbound traffic and the 
southerly tube carrying eastbound. 84 motor-driven fans are housed in four ventilation 
buildings, two on each side of the river, providing for a normal maximum ventilation of 
3,760,000 cu ft of fresh air per minute. Each building connects to both tubes by means of 
shafts which were sunk as steel and concrete caissons. The maximum upgrade in the 
tunnel is 3.5 and the maximum downgrade is 4.06%. Maximum depths: mean high water 
to top of tunnel 72 ft; to roadway 93 ft. 

There were 13,795 linear feet of shield-driven subaqueous tubes. Of this, 2,412 ft was 
through mixed river mud, 1,900 ft mica schist rock, 7,650 ft Hudson River silt, and 1,833 ft 
through sand-clay and cinder fill. In addition, 2,012 ft of cut and cover and 649 ft of open 
approach were built in New York, and 1.082 ft cut and cover and 970 ft of open approach 
in New Jersey. The New York powerhouse from which two shields were operated fur- 
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nished 28,000 cu ft free air per minute at a pressure of 50 lb per sq in. and 3,550 at 125 lb 
per sq in. The shields were operated by three 25 gpm pumps at 5,000 lb per sq in. pressure. 
The New Jersey powerhouse from which four shields were operated furnished 40,000 cu 
ft free air per minute at a pressure of 50 lb and 2,600 at 125 lb. The shields were operated 
by four 25 gpm pumps at 5,000 lb pressure. All erectors operated ai same pressure as 
jacks. The average progress was 295 ft per month in silt, 142 ft per month in mixed ground, 
and 57.6 ft per month in rock. This progress mcluded all delay's due to starting shield.s, 
placing bulkheads and locks, and passing through shafts. In the Hudson Iliver silt the 
shield could be pushed without taking any material into the tunnel but that procedure 
distorted grade and alignment of tunnel lining for a considerable distance back of the shield. 
To control the tendency of the lining to rise, var\'ing quantities of material were taken 
through the shield ranging from about 25% to 75% of the theoretical displacement per 
shove. This material was left in the tunnel for ballast until after driving was completed 
and then mucked out in free air with a monorail handling a clamshell bucket. 

The air pressure was seldom above 30 lb per sq in. All lining is oast iron calked with lead, 
except that for a short distance east and west of the New Jersey shaft the lining is of steel 
castmgs. Bolts in the lining are i 3/4 in. diameter high tensile steel of 110.000 lb per sq in. 
ultimate strength and 85,000 lb per sq in. yield point. This was a successful innovation 
as it reduced handling costs and waste due to stripped threads. All shafts were sunk as 
pneumatic caissons. Each river shaft on the New Jersey side rests on 42 24-in. diameter 
steel pipe piles filled with reinforced concrete. 

The coat of 13,795 ft of shield-driven tunnel was $17,050,000. The four shafts cost 
$3,100,000. The ventilating machinery cost $572,000. The cost of approaches, street 
changes, paving, and housing for ventilatmg machinery and purchase of real estate, which 
included a number of city blocks, brought the cost of the whole project up to $48,400,000 
not including interest during construction. 

(3) Posey Tube, under estuary between Oakland and Alameda, Calif. 11 prefabricated 
reinforced-concrete sections each 203 ft long and 12th section 161 ft long sunk in trench 
Outside diameter 37 ft, inside 32 ft. 3 sections curved. Outside waterproofed with timber 
protection. Used water ballast in duct under roadway and 950 tons of sand, 3.5 ft thick, 
on roadway slab in sinking, sprayed water on sand to obtain desired sinking weight. Tj-p- 
ical full transverse method of ventilation, two vent buildings at portals, 4 blower and 4 
exhaust fans each building; 40 air changes per hour. 

(4j Mersey' Tunnel. Under Mersey River between Liverpool and Birkenhead. Gen¬ 
erally constructed in fissured and water-bearing sandstone formation. Main tunnel pro¬ 
vides 4 lanes, 2 for each direction of travel. Under-river portion 5274 ft long, circular 
cast-iron lined 46 ft 3 in outside diameter with 44 ft clear diameter inside. Reinforced- 
concrete roadway deck IS in. below spring line. Mam land approach tunnels practically 
semicircular, cast-iron lined, 4 lanes. On each side of the river there is a dockside approach, 
horseshoe section, 26.5 ft inside diameter carrying two lanes of traffic, one in each direction. 
On both main and dockside approaches the entire space under the roadway is for fresh-air 
supply; in under-river section, two partition walls form large central compartment for 
pipe lines or future form of transportation, with outer compartments for fresh air. Lowest 
point of roadway 150 ft below high water with 60 ft cover over crown. Minimum rock 
cover at deep point, 3 ft 6 m. Maximum grade, 3.33%. Tunnel driven from two shafts 
one mile apart; pilot headings 15 ft by 12 ft driven under river and completed before en¬ 
largement to full section. For semicircular sections, single heading; for circular section, 
top and bottom headings. Enlargement to full section and erection of lining begun at 
several points. In circular section, upper half enlarged and lined first, followed by under¬ 
pinning top half with lower half. Circular section cast-iron ring 24 in. long made up of 
24 segments. Roof shield used for 1,100 ft of main approach m Liverpool where top of 
tunnel was in clav. (See Art. 18, Roof Shields.) Compressed air to keep out water not 
used in any tunneling operations. Fresh air from ducts under roadway delivered through 
slotted opening along face of curbs. Foul air flows along loof space of tunnel and is 
drawn out by exhaust fans at each vent building. There are 6 fan j.lant^. .3 each side of 
the river. Centrifugal fans; largest have 28 ft diameter impellers and capacity of 641.000 
efrn: smaller 92,000 cfm. Two-speed electric motors with reducing gear with hydraulic 
coupling between motor and gear for further speed adjustment. All plant m duplicate at 
each building. Capacity' 2,500,000 cfm fresh air for blowers; exhaust approximately same. 
Project cost $35,389,000. 

(6) Detroit-Windsor. Crosses under Detroit River, U. S. to Canada. 2.200 ft pre¬ 
fabricated sunk in trench, 6 sections; shield-driven under compressed air. structural steel 
lining, 1,243 ft in Windsor and 467 ft in Detroit; steel bent and concrete. 600 ft m Windsor 
and 1)27 in Detroit. Full transverse method of ventilation, two ventilation buildings, one 
each side of river, 6 blower and 6 exhaust fans each building; capacity for tunnel, 1,000,000 
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cfin of fresh air. Trench sections 31 ft diameter 3'^ in. thick steel tube with exterior 
octagonal stiffening diaphragms 12 ft c.c.: other stiffeners 4 ft c c. on inside of shell. Trenm^ 
concrete poured between shell and forms on extciior niffeners. IS in. thick interior rem- 
forced-concrete ring Sections erected on launching wavs, after launching, interior con¬ 
crete placed at fitting-up slip. Special floating screed to level sand bed in trench. Shield 
section driven in stiff gray clay, niaxiinuni air piossuie 20 lb per sq in. gage. Maxiniam 
progress in 24 hr. 20 ft »in tiuck pressed 'leel liuiug, 11 semnents and ke\ rings 2 ft G in. 
long. iO-m flange^. I-beam stiffeners for jack thrusts Steel Iming, designed for 45 ft of 
Ihliiid clav weighing 135 lb per cu ft, weighed 2.35 tons per hn. ft 

(7' Antwerp Tunnel, Belgium. Smgle tube, uiwlei Scheldt Iliver between Antwerp 
and St. Anne. U13-tt concrete tunnel on St Anne -ide and S'Ji-it coiimete tunnel Antwerp 
side 405G-ft cast-iron-liiu-d ‘'hield-diiven tunnel 2 ventilation building-* 2M.'^ ft apart, 
one 134S ft from St. Anne poital and one 104^ ft rtoiii .\nt\serp portal. .Maximum depth 
of loadwav below high water. i(i7.3 ft: bottom of tunnel. 116 ft Maximum grades 
(luling). 3 o% Full transverse system of ventilation 24 eeniriiugal fans total. 2 single- 
speotl motors per fan. Granite block paviiig. Sodium-vapor lighting. Interior concrete 
iiiiing in cast-nou section; walls tiled Ca-t iron •'imilar to Holland Tunnel Two sVuelds 
driven from opposite .'ides of river. Air pie>suro generally 1^-20 lb per sci in gage, even 
when theoretical pressure was 49 lb, due ].artlv to lowering of ground water by pumping 
and partly to material being .solid clay where deeper part ot tunnel was located; overlying 
material fine to coarse sand ^'entllaung shaft sunk by ireezing ijroce.ss to clay bed 85 ft 
below high water. A cast-iron-lined peilc'triau tunnel 175(* it long between construction 
shafts in which pa^^.senger elevators arid escalators were housed was also constructed. 
Outside diameter, 15 ft G in.; walkwav, 12 ft 6 in. wide: 10 ft 2 in. roadway to crown. 
Entirely in massive clay with 10 ft of cover. Xo compressed air used. Terminal shafts 
and escalator galleries excavated b\ ireezing method. 

(0) East Boston Double-lane single-tube tunnel un ler Boston Harbor from Boston 
to East Boston. Shield driveii under compressed a;r Structural steel lining 31 ft outsiilc 
diameter consisting of 2 bent plate fornting sku' and circumferential flanges; l’'2-in. 
end plates. Flanges S m. deep 11 •'Cgmenti aiiu kev per ring 30 111. long 8S 45-lb rail 
stiffeners for shicM jack thru't.s. In^iae reiidon-ed-cuncrete lining IS m. thick. Granite 
blo( k paving. Maximum gia-te 4 2^ Bottom r)f tunnel ma.xuuum dej^th of S-' ft below 
mean low water 4S5<> ft driven with one 'hield frf>ni Ea-st Bost-''»n end Contract cost of 
>hiclil-driven section 85.0y7,00U. Stiff blue clay with occasional sand pockets and boul- 
vlers Average shield piogrcss 1.5.4 it per day. (’on\ eying :5ystem for muck disposal 
carried muck through automaticallv coiiirolled twin an locks to truck loading hoppers 
and bins on suiface Cut and cover section' agaiegate 7h5 ft, and open cut approaches 
515 It Two ventilation buildings, one in Bo'ton and one 111 Ku't Boston; full transverse 
system of ventilation 

(12' Lincoln Tunnel. Frovides two lanes oi traffic in each direction from approaches 
in Manhattan located betv\een Ninth and Eleveiith Avenue' in the vicmity of 3Sth and 
39th Streets to Weehawken, New Jersey, whcTC connections arc made to arterial highway 
routes. The full transverse svstem of ven’^ilation, similar to the Holland Tunnel, is eni- 
ployed Ventilation plant is located in building' at three poin’^s. two in Manhattan and 
one in New Jersey. There are 2G blower t.iii' and 39 exhau:*t lari' of the centniugal type, 
the noimal maximum ventilation bt mg fim 01 i'c'h air. Tlie greatest part of 

the length of the project coiisi't.' of two f n't-uon-hned shield-driven tubes, there are also 
short length-^ of cut and cover construction in both Manhattan and New Jersey, and 
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structural-steel-iined tunnel in rock m Xew Jersey. Construction contract costs aggre¬ 
gated 546,750.000. 

Shithl-driicn tur.ncls. Built 1934-38 Twin tubes, generally 75 ft c.c., cast-iron lined, 
outside diameter 31 ft; everyw'here under low water level Xorth tube built after com¬ 
pletion of south tube. South tube 0000 ft shaft to shaft. 150 ft in shale in X’. J.. then 
ea-?t\\ard 4900 ft through Hudson River silt to ventilation shaft at Manhattan bulkliead. 
Manhattan side 700 ft Manhattan schist, 250 ft sand and riprap to bulkhead. Xorth 
tube same as south tube X’. J and river crossing, Manhattan 500 ft sand, silt, and riprap 
from shaft to bulkhead with small amount of rock m invert. Cover- 25-40 ft m land 
section: 40 ft silt cover shoreward ends oi river section and 2'j ft silt cover niidiiver. Water 
depth in river channel 45 it. Heading and bench metlmd m ruck. Shields shoved with 
faces bulkhea'lod under the river and displaced wnii abi;ut 20'^ taken into tunnel 
through two doors in bulkhead in face to '^tTW as balla-'t to check tendency of iron iiniiig 
to rise behind advancing shield. South tube built nr-st. taking in 15 c-u yd silt per shove. 
Xorth tube constructed later parallel to south tube about 45 ft clear. Silt taken into north 
tube controlled to provide ballast and a.so to minunize lateral pressures on south tube: 
17-lS cu yd taken in per shove except clo'.e to river shaft, where up to 10U% excavated 
Hydraulic bolt-tightening machines used tor tightening bolts in lining under river sections 
Plant each side of river: 4 5600 cfm low air co'iipre’jsor.s. 025 hp each; 3 1300 cfm high air 
compressors, 225 hp each; 2 6000 lb. 25 gpm hydraulic pumps. 100 hp; 1 S in. by 42 in. 
hydropneumatic accumulator to operate bolt-tightenmg luachines. U-^ual air consumption 
in Slit under nver. 3000 cfm in the one hea<Ung. Usual air pressure m silt, lo lb per sq m. 
gage raised to 2S lb per .=5q in. entering caisson shafts at Manhattan bulkhead. Average 
progress shield driving. 30 ft per 24 hr (maximum progress south tube in 24 hr, 47.5 ft'. 
Contract cost per linear foot single tube, int luding cast-iron lining, bolts, interior concrete 
lining, and shafts, but not paving, tiling, etc., 5lo44. X'. J. shaft 50 ft by 200 it by 65 it. 

deep in rock tor two tubes: 2 X. J. construction shafts 20 ft by 20 ft clear by 25 ft deep to 
top of tunnel lining, in soft giound. cellular cofTcrdanis of steel sheet piling. 2 X. Y. river 
shafts for ventilation buildings, steel and concrete caissons 42 ft 10 in. by 52 ft S in. by 9S ft 
deep, sunk under compressed an up to 40 ib per sq in, gage. 2 X'. Y. construction shafts 
32 ft by 36 ft by G5 ft deep, partly in soft ground, most of way in rock. 

(IG' Queens Midiown Tunnel. Subaqueous vehicular tunnel, crossing East River. 
Xew York, between midtown Manhattan and Long Idand City, Queens Entrance and 
exit plazas in Manhattan connect witli city stiects and are separated to avoid concentra¬ 
tion of traffic and conflict of travel to and from the tunnel, combined exit and entrance 
plaza in Queens, connecting to < ity streets and express highway. Two lanes westbound 
in nuith tube and two lanes eastboiiiid in south tube widen to six lanes in each direction 
on plazas. 12 booths for all toll collection in Queens. Maxmuim grades, between portal^. 
3.5% up. 4% down. Maximum depth of roadway below highwater, 94.3 ft. Structures 
between portals- two ca-t-iion-lined shield-driven tubes 31 ft in outside diameter, 3760 ft 
long; two structural-steel-lmed tubes in rock tunnel m Manhattan, 32 ft 10 in. in outside 
diameter, 1051 ft long; steel bent and concrete ■=^truoture 357 ft long in Manhattan and 
1051 ft long in Queens. Two ventilation shafts and buildings near shore, one each side 
of river. Tubes have interior lining of concrete, walls and ceiling, tile finish; biick pave¬ 
ment; lighted by means of individual luminaires along walls of tunnels just below tunnel 
ceiling, each luminaire containing 2 incandescent lamps on independent circuits. Method 
of ventilation similar to Holland Tunnel 46 ventilation fans installed, generally three 
speed.s ea'‘h; maximum normal fresh air supple 2.SS9.U00 ofiu, 42 air changes per hr. 
Construction contract costs app**oximately S3u,000,000. under 31 general contracts, of 
which the contract for river tunnels and shaxts 409S ft between limits was $21,133,000. 
Aggiogate contract conolructiuu co'>ts. finished tubes, portal to portal, including rock tun¬ 
nels and steel bent and concrete ^‘ructure, 532.520.000. plazas. 53,242,000: buildings, 
51.594,000: mechanical electrical equipment lucluditig lighting, $1,441,000: pviving. $193,000. 
Construction was started October 193i> and the tunnel put in operation in November 1940. 

The river tunnels were driven with lour sliields, two easterl.c' from Manhattan and two 
westeriv from Queens. The materials eiicoiintered were rock consisting of Manhattan 
schist. Tordharn gneiss, limestone, liolomite. and Br >okiyn injection gneiss, and overburden 
consisting of decomposed rock. sand, gtivel. siii. ilav, boulder-', riprap, and nil matcinil. 
The face of excavation alternated manv times t/irough lull lo.-k face, mixed face, and full 
face of overburden, the rock floor being very irregular. Clay blanket was required m 
both the ea-t and west channels of the river, a riprap protected permanent blanket being 
constructed m the west channel where the top ut tiie tunnel was several feet above the 
level of the natural river bed. The most difficult driving was encountered near the Man¬ 
hattan shore where the top of the tunnel was in extremely porous riprap and fill material 
resulting in very rapid loss of air from the headings, which at one time required the full air 
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capacity of the Manhattan plant for one heading. The Manhattan plant consisted of 7 
low-pressure-air compressors with total capacity of 40,930 cfin free air and 3 high-pressure- 
air compressors with a total capacity of 6000 cfm, which could be used to supplement the 
low-pressure supply. The full capacity of the Queens plant, the same as Manhattan, was 
at no time necessary. Maximum working pressure in the headings was 37 lb per sq in. 
gage. Tunnel drhdng -was on a 24-hr, 6-day week basis. Excluding shutdowns and ab- 
normallj' fast or slow progress, normal average progress for the shield headings per 24 hr 
was: earth, 7.4 ft: rock, 3.2 ft: mixed face. 3.7 ft. The overall average progress for tunnel 
driving in the river headings, including time for erecting shields and time for changing 
operations and for suspensions, including those due to labor disputes, was 18 ft per week 
per heading. 

In excavating the 32 ft 10 in. diameter rock tunnels in Manhattan, 14 ft by 13 ft pilot 
drifts were driven on the axis of each tunnel, using 6 drifters on Jumbo in each heading; 
50 7-ft cut and breakdown holes, S delays, 125 lb of dynamite. Enlargement by ring drill¬ 
ing; 36 holes per ring, rings 3 ft c c., radial holes spaced 3 ft circumferentially at net line. 
Drilled upper holes 1 ft 8 in. and lower 1 ft beyond net line. Full ring and half ring fired 
in one blast, instantaneous and 10 delays, 36S sticks of 60% dynamite. Average excava¬ 
tion progress one heading per 24 hr, including pilot tunnel, enlargement and trimming. 
6 ft; pilot tunnel only, 13.1 ft; enlargement only, 10.7 ft. The average overbreakage, net 
line of steel lining to excavation, was 1.37 ft. 

(21) Maas Tunnel, Rotterdam. Begun 1938; work suspended 1940 by bombing; com¬ 
pleted 1941 during German occupation. Under-river section 1926 ft long, 9 prefabricated 
units 81 ft by 28 ft by 201 ft sunk and connected under water. Maximum depth, 73 ft. 
Section contains two roadway bores and one double deck bore; one deck for cyclists and 
one for pedestrians. The under-river units were supported on spuds 30 in. clear of bottom, 
enabling placement of foundation underfill. Sections, fabricated first stage in dry dock and 
towed to construction dock for completion, weighed 1300-1400 tons more than displaced 
water and were floated by auxiliary cylinders, and suspended and lowered from floating 
derricks. Sand was injected under sections by process producing a dense fill. 3-ft joint¬ 
ing spaces separated adjacent sections; units connected by depositing concrete in com¬ 
pressed air by diving bell spanning the full 81 ft width of unit. Temporary control towers 
were installed on each unit for line and grade. Two ventilation buildings, one at each end 
of under-river section. Cut and cover ramp tunnels, one 906 ft long and the other 696 ft 
long. Full transverse ventilation. Maximum grade between portals 3.56%. Estimated 
cost of entire project, $8,169,600. 

(22) Pennsylvania Turnpike Tunnels. The excavation was 32 ft 6 iii. -wide between 
pay lines, and 24 ft high. 7 tunnels from 3511 ft to 6070 ft between portals, aggregate 
6.7 miles. Followed line of old railroad tunnels started about 1890 and abandoned, saving 
about one-third excavation Generally driven full face; use of heading and bench to 
relatively small extent. Steel supports where required spaced 2 ft to 8 ft c.c. Rays 
tunnel 3398 ft between rock portals, used steel supports throughout, 11 3 1/2-m. drifter 
drills on jumbo, full face. 81 holes 10 ft deep, 2 2 lb 40% dynamite per cu yd. General 
for all tunnels, 60-160 holes full face, 6 ft to 13 ft advances, 3-4 lb 40% dynamite per cu 
yd. Average progress excluding all contracts, previously driven sections, 3 8-hr shifts, 
23.2 ft; undriven sections 18,6 ft; average concrete progress, sidewall, arch, and ceiling, 
about 35 ft per day. Average cost per foot does not include mechanical and electrical 
equipment for ventilation and lighting, or ventilation buildings. Ventilation: fresh air 
delivered through ports in tunnel ceiling from duct above ceiling; flows longitudinally in 
tunnel roadway area out portals. 

(23) Croix-Rouse, Lyon, France. Built through hill, maximum depth approximately 
280 ft to roadway. Generally excavated by German method, using hand drilling in rock 
on account of restrictions on power and equipment. Steel rib supports about 5 ft c.c. 
Five ventilation shafts and buildings, transverse system. Curved ceiling provides duct 
bpace above ceiling to structural arch; two fresh-air ducts at sides supply air through flues 
m walls to outlets at just above curb level each side of 4-lane roadway, 2 traffic lanes, each 
direction; exhaust duct at center with single line of ports in ceiling on axis of tunnel. 
Ventilation shafts supply air to, and exhaust air from, adjacent tunnel sections. Axial 
flow fans, one exhaust, one blower, per building Maximum fresh air capacity 1,750,000 
cfm. Fluorescent lighting, 

(24) The Brookiyn-Battery Tunnel extends 9117 ft between portals from the Battery 
at the southerly end of Manhattan Island to Hamilton Avenue m Brooklyn, New York. 
The plazas are combined exit and entrance, widening to 6 lanes in each direction from 2 
lanes in each direction underground. There are 12 booths at the Brooklyn plaza for all 
toll collections. The maximum upgrade between portals is 3.7% and the maximum 
downgrade 4%. Maximum depth of roadway is 115 ft below high water. Both plazas 
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connect to local streets and to express highway systems. The tunnel structure between 
portals consists of two cast-iron-lined tubes, 31 ft in outside diameter, about 7700 ft long 
(85% of length between portals), with steel bent and concrete structure about 400 ft long 
connecting to the portal in Brooklyn and 740 ft of reinforced-concrete structure built in 
open cut and backfilled and 190 ft of steel bent and concrete structure in Manhattan. The 
cast-iron-lined tubes have an interior lining of concrete. Between portals the tubes have 
tile finish on walls and ceiling, brick pa\dng, and are lighted by continuous fluorescent 
tubes just below the ceilmg at the walls on each side of each roadway. The method of 
ventilation is similar to the Holland Tunnel system with 52 fans installed providing a 
normal maximum of 4,161,000 cu ft of fresh air per minute, or 42 air changes per hour. 
Ventilating equipment is located in the Brooklyn ventilation building near the Brooklyn 
portal, the Governors Island ventilation buildmg, intermediate between portals, and equip¬ 
ment in Manhattan for exhaust is housed underground in Battery Park and for fresh a^r 
supply is housed in a building at the Manhattan portal. Construction costs total approx¬ 
imately $67,500,000 under 35 general contracts. Contract construction costs of principal 
items aggregated: tunnels and shafts, $55,150,000; buildings, $4,500,000; electrical and 
mechanical equipment including lighting, $4,170,000; plazas. $3,250,000, paving, $335,000. 
The construction of the project was entirely suspended for 3 years during World War II. 

River Tunnels. The river tunnels were cast-iron Imed throughout, using “light” lining 
in rock and “hea\’y” lining in mixed face and soft ground. 

Brooklyn River Tunnels. These tunnels were driven from two construction shafts, 
one for each tube, in Hamilton Avenue. Brooklyn, passing under city streets and private 
property in soft ground to the bulkhead line of Buttermilk Channel and continuing in soft 
ground to the rock reef near Governors Island, and thence in mixed face and rock to the 
end of the contract near the site of the Governors Island shaft. The total length of single 
tube in soft ground was 4730 ft; in mLxed face, 680 ft, and in rock, 2140 ft, driven with two 
shields using compressed air in soft ground and mixed face, with the exception of approx¬ 
imately 400 ft in each tube driven in free air from the Brooklyn construction shafts after 
unwatering the ground by pumping from a well and horizontal radial strainer pipe system. 
The maximum air pressure required was 37 lb per sq in. gage. The soft materials encoun¬ 
tered were clay, sand, gravel, fill, and river mud, and the rock was Manhattan schist. 
Average progress in shield driWng, including Sundays, holidays, ordinary delays, and sus¬ 
pensions, exclusive of 3-year shutdown during World War II, was; in soft ground, 162 ft 
per month in east tunnel and 192 ft per month in west; in mixed face, 70 ft per month in 
east tunnel and 75 ft per month in west. 

Governors Island Shaft. This shaft was constructed by sinking a steel and concrete 
caisson from a filled island in the river just off the northeast tip of Governors Island to 
rock, employing open dredging for most of the depth and using compressed air for the final 
12 ft, sealing the caisson in the rock and blasting the shaft through rock below to the tunneU 
which had already been excavated. The steel caisson was 111 ft 1 3/^ in. by 51 ft 1 3/4 in. 
and was sunk to rock at approximately 77 ft below high water; the subgrade of the rock 
shaft was 139 ft below high water. 

Manhattan River Tunnels. This part of the Brooklyn-Battery Tunnel project consisted 
of 31 ft outside diameter cast-iron-lined twin tubes driven mostly in rock consisting of 
Manhattan schist for 3925 ft. Each tube driven south from shaft on Manhattan shore 
under mouth of East River to near center of crossing (7850 ft single tube). Shields and 
compressed air required in about 200 ft length of soft ground and mixed face near river bulk¬ 
head, each tube. In rock section bottom drift 24 ft by 24 ft enlarged to full section and 
shields used to erect cast-iron tunnel lining. Maximum cover 15 ft rock plus 50 ft soft 
ground; minimum cover 20 ft of rock with 50-ft depth of waterway. Rock generalh' 
sound, only a small part of length required support. 9 4-in. drifter drills used in both drift 
and enlargement. 80 holes 8 ft deep for drift, 5.6 lb 40% dynamite per cu yd and 4.0 lb 
60%. 65 holes 8 ft deep for enlargement, 2.7 lb 40% dynamite per cu yd. Mucking 

machine and scrapers for mucking. Plant 3 5600-cfm low air compressors, 625 hp each; 
2 2700-cfm high air compre^ors, 500 hp each. 2 6000-lb 25 gpm hydraulic pumps, 
100 hp each. Progress: bottom drift 14 ft per 24 hr per heading, 3 shifts; enlargement, 
20 ft per 24 hr per heading, 3 shifts. Erection of cast-iron lining behind shields (pneu¬ 
matic bolt-tightenmg machines) averaged 19 ft per 24 hr per heading, 3 shifts, higher 
rates of progress up to 980 ft in a month were made under favorable conditions. Wheie 
the shields were driven through the soft ground and mixed face sections: progress about 4 ft 
per 24 hr; pressure, average 17 ib per sq in. gage; maximum 25 lb per sq in.; air consumption 
4000 cfm average and 10,000 cfm maximum two headings. 90 ft water level to invert 
where air was used. Cost per linear foot single tube, including lining, $2300. 

(28) Squirrel Hill. Two tubes on tangent 60 ft c.c. Grade 2.5%. North bore tunnel 
in rock 3785 ft south 3895 ft. Reinforced-concrete lining, w’alls 27 in. minimum thickness. 
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arch 24 in. Brick paving, tiled walls, painted ceiling, fluorescent ligating. Air ducts ove: 
ceilings; fresh air delivered to exit half of each tube through ports m ceiling, air exhausted 
through ports in ceiling for entrance half of each tube Reversible dampers permit ex¬ 
hausting an in'jtead of blowing in case of fire. Air traps at exits pre\'erit head wind from 
stopping outflow of air Two ventilanon buildings, one at each portal. S centrifugal fans 
per building, motor operated for ^3,-3. and full speed; 1,162,000 cfm for upgrade tunnel 
•and 740.000 cfm for downgrade. Tunnels excavated from east portals using 3-deck steel 
frame jumbo each tunnel on 20 ft gage track Hinged interior platforms permitted pa^^age 
of mucking shovels and trucks South tunnel used 10 drifter drills: north tunnel lb, the 
extra 0 drills saving time to ■'wing drills to catch nb holes. Drilling, loaiimg. .shooting, 
mucking, and erecting tunnel steel su]>iJorts synchronized for continuous and alternate 
operations in both tunneh 24 hr per day. Drill pattern- 85 to 115 holes depending on 
character of rock 10-hole V cut Straight in holes drilled 8 ft deep, V holes 10 it deep. 
850 ft average of drilled holes per round. All bits side-hoie detachable: drills mounted 
on 'icrew feed for 4-ft steel change The material, shale and limestone, was soft; bits 
lasted up to C rounds 40% gelatin dynamite TypicaT 1 instantaneous and 13 one- 
‘^econd delays. 2 short-boom electric shovels and 7 9-cu-yd diesel dump trucks. Wet 
drilling Wet down muck while mucking. Steel tunnel lagging of 6-in. channel supported 
on S ill. 40 lb H-beaui ribs generally 4 ft c c : sonic spacing as little as 2 ft or 1 ft Arch 
lagged tightlx as rock spalled when exposed to air Complete cycle of drilling, loading, 
blasting, mucking, and raising "teel was S ^ 2 hr at start of work reduced to 7 hr 50 mm. 
Average progress 493 ft per month 

Drilimg and ^hootuig Data 


North South 

Length 3785 ft 3895 ft 

Linear feet- of drilled hole per cu yd 3.02 3.14 

Pounds of dynamite per cu yd 2 08 2.13 


Concreting operations: concrete batching plant for 7 4 b'2-cu-yd truck mixers. Tele¬ 
scopic combination sidewall and arch forms. 3 50 ft 4 in. sections with one traveler 
Concrete placed with 2 1-cu-yd capacity concrete guns. Reinforcing steel erected from 
gantry 500 ft ahead of concreting operation. One panel. 50 ft 4 in., placed per S-hi shift. 
Worked one shift per day. Average 0 hr 45 min to pour 450 cu yd. 

Cuntumt cost''" tunnels, Sl2.372,0OO tunnel hiu^h and paving. $743,000. 2 ventilation 
buildings. $610,000; electrical installation, $8.55.000; fans and motors. $223,000. 

(30 Washburn Tunnel. Provides two-way vehicular traffic in single 2-lane tube under 
Honstun ship channel on route between Houston and Galveston, Texa-a. The prefabricated 
soi-tion of the tunnel was made up of 4 375-ft lengths oi tube, assembled on standard ''hip- 
ways, launched and towed to outfitting basm, where special launching reinforcing was 
removed and concrete ballast poured. Sections then towed 400 miles to site of tunnel, 
sunk in dredged trench by addition of tremie concrete between inner and outer steel 
sheels. 

(31) Elizabeth River. Berkley to Portsmouth on route from Norfolk to Portsmouth, 
Va. 7 prefabricated sections each 300 ft long sunk in trench and backfilled. Inner cir¬ 
cular steel .shell 31 ft 4 in. in diameter, outer octagonal steel shell 35 ft 4 m diameter. 
Used temporary bow in launching; section.s fabricated at Sparrows Point, Md., and towed 
180 miles to shape-up pier at tunnel site where inner shell was lined with 18-in. ring of 
reinforced concrete, roadway slab, and interior details, placed working through porthole.-i 
in top of section later sealed with welded plates. 

(32) Broadway. San Francisco. Built through hill to eliminate steep surface grades. 

Rock classified as Franciscan sandstone; part of tunnel length m sand Inside radius of 
roof arch 14 ft 3 in.; springing line 8 ft 6 in. above roadwa\' level. 4-ft pedestrian walk. 
28 ft 6 in. clear width between walls, Remforced-concrote lining 3 ft thick with heavy- 
invert arch in sand; lining in rock 2 ft thick. Walls and arch tiles. Fluorescent lighting. 
Longitudinal ventilation; fresh-air fans at each entrance portal blow m direction of traffic. 
Grade generally 3%. 2 fans can supply 300.000 cfm upgrade; 2 fans 106.000 cfm down¬ 

grade; mechanical ventilation augmented by estimated 150,000 cfm each direction earned 
in by traffic flow. 

Contract costs: tunnels, including tile finish $3,334,000. buildings, $672,000; electrical, 
$153,000; lighting, $118,000; mechanical. $134,000. Bid price per linear foot for tunnel 
in sand, $1,625; in rock, $870. 

(34) West Virginia Turnpike Tunnel. Part of 88-mile West Virginia Turnpike from 
Princeton to Charleston. Material generally sound sandstone and shale, nearly horizon¬ 
tally bedded, with some coal seams up to I foot or more in thickness. The tunnel is on a 
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3.25% grade descending from northerly portal to southerly, where 2.5% grade is met at 
southerly portal. One lane of traffic in each direction. Reinforced concrete lining. 1 ft 
6 in. minimum thickness, arch and walls Drained structure. Transverse ventilation 
with both fresh-air and exhaust-air ducts above ceiling; fre.=;h-air flues m wall deliver air 
above curb on one side of roadway onh*. 3 exhaust fans in building at north portal and 
3 blower fans m building at south portal; tans are axial flow operated hy two motors each 
for two speeds (lUO and 7.5 hp respectively*; normal maximum ventilation 570,000 cu ft 
of fre-ih air per minute. Fluorescent lighting 

(35> Baltimore Harbor. The Baltimore Harbor Tunnel for vehicular traffic and its 
approach highways provide an expreas route for through north-south traffic which avoid.s 
the city streets of Baltimore and the congested highway connections around the head of 
the harbor and also serves as a <lirect link between the two Baltimore water-front mduatna- 
areas Canton and Fairfield. 

The harbor crossing proper, 9215 ft long, including tlio depressed ramps between portals 
and grade points and all appurtenant buildings and equipment, is estimated to co-^t about 
$50,000,000. 

Construction of the harbor crossing, between ventilation shafts in Canton and Fairfield, 
approximately 0300 ft, consists of the fabrication in shipyards of 21 double-barrelled, 
welded structural steel sections, eacli approximately 300 ft long; launching the sections, 
placing interior concrete and details and exterior protective Gunite, 2 I /2 in. thick, while the 
sections are afloat at a shape-up basin: towing the sections to the tunnel site; sinking with 
the aid of derricks onto a carefully prepared foundation course of sand screeded to exact 
grade at the bottom of a trench dredged along tunnel line, with the further provision that 
sand or pea gravel shall be forced under pressure to fill any substantial voids between the 
bottom of the structure and the prepared sand bed; aligning the tunnel sections by means 
of temporary masts which project above the water surface. Adjacent sections are joined 
by means of steel pins, wedges, and steamboat ratchets placed and adjusted by divers. 
After so joining, the section is partially backfilled, to ensure against flotation, and, after 
placing the ne.xt successive tunnel section, an exterior collar of tremie concrete is poured 
around the junction and backfilling completed. 

The cylindrical steel shells are 2/5 in. thick, with exterior transverse ^/ig in. steel plate 
stiffening diaphragms spaced 12 ft apart and intermediate exterior struts and diaphragms 
at 4 ft apart. Circumferential 7-in. WF T’» are placed circumferentially on the inside of 
the tubes, 4 ft center to center. The design includes a reinforced-concrete structural ring 
inside the steel shells, 20 in thick for 4800 ft of tunnel, but on account of greater exterior 
loading requirements, 24 in. thick for 1500 ft (5 sections) from the Canton shaft to harbor 
bulkhead line. The twin tubes are 35 ft 2 3/4 m. on centers, the diameter of shell being 32 ft 
6 in. for the 20-in concrete lining and 33 ft 2 in. for the 24-m. lining. 

Before launching, the tunnel sections are closed at each end with heaw steel plate and 
girder watertight bulkheads designed to withstand full hydrostatic head in sinking opera¬ 
tions; the depth below water level of bottom o! tube at lowest point of profile is approxi¬ 
mately 100 ft; reinforced “keel” concrete approximately 3 ft thick is also placed m the 
bottom of the sections for the length between bulkheads; and the Gunite protection is 
carried high enough to be above water when the section is afloat One-half inch thick steel 
collar plates, similar to the mam steel cylindrical shells, extend 4 ft 3 in. beyond the face 
of each bulkhead, making the closure between bulkheads of adjacent sections S ft 0 in. long. 
When the exterior seal is made, steel sheet piling or curved steel plate is placed between 
the vertical edges of the bulkheads as forms to retain the tremie concrete 

At the shape-up basin interior concrete is placed, except for tunnel bench and ceiling, 
while the sections are moored adjacent to a pier, suitably equipped with cranes, runways, 
etc., for the operations involved. Operations in the tubes are conducted through 5 access 
manholes provided in the top of each 30()-ft tulje, and, except where there is Mich a manhole, 
through concreting hatches provided in each 12-ft bay between diaphragms. The man¬ 
holes and hatches are sealed and grouted when work at the shape-up basin is completed, 
at which time the section is slightly buoyant. The section is towed to the tunnel site where 
enough exterior concrete is added to give it a negative buoyancy m the order of lOU-150 tons. 
The section is controlled by 2 to 4 floating derricks which lower it to the bottom of the 
trench, where exterior concreting is completed by tremie, providing a margin of weight over 
displacement sufficient to insure that the section will remain in place on the bottom. 

When several sections are in place and backfilled m the trench and access by ramp has 
been provided on shore, the work of unwatering the spaces between bulkheads and removal 
of bulkheads is commenced. After unwatenng and removal of the two adjoining bulk¬ 
heads the joint between collar plates of adjacent sections is spanned b\’ a steel plate bent in 
the form of a channel with 3-in. legs and 1 ft 3 in. web, welded to create an annular space 
over the joint. This space is grouted to complete the seal. Concrete lining and interior 
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‘iotaiis are then completed across the junction, followed by concreting bench and tunnel 
<eiimg, omitted ar the shape-up ha&m. 

Tlie wails am* ' eilmg of the Baltimore Harbor Tunnel are fini^^hed with ceramic tile; the 
])avmg IS brick: lighting is by 2 lines of fluorescent lamps in each tube located just below the 
Tunnel ceiling at each side of the roadway. Ventilation is bv the transverse distributive 
sv'.-^tem There are 8 fresh-air fans and 8 exhaust-air fans m each of 2 ventilation buildings, 
"lie m Canton and one in Fairheid. 

The maximum grade in the tunnel is 3.5^. 

15. AQUEDUCT, FLOOD-CONTROL, AND POWER TUNNELS 
Descriptive Data 

t Catskill System, First Stage, X. Y 13.9 niile.s of g^ade tunnels, 35 miles of pressure 
Tunnels, and 0.3 miles in siphons. Tlio pressure tunnels and siphon.s were circular. 

Piondout, 4.47 mile^^, 14 o ft diameter Rock tunnel driven from 8 shafts bv top heading 
and bench method. Cost to citv per linear foot based on contract prices; $180. 

Wallkill, 4.43 miles, 14.5 ft diameter. Rock tunnel driven from 6 shafts in Hudson 
River shale, by top heading and bench method. 

Moodna, 14.2 ft diameter. Tunnel is .shale and granite. 7 shafts. 

Hudson, 5 68 miles including Moodna; 14 0 diameter. Tunnel is sound granite, 1100 ft 
below surface of river. Hydraulic gradient 400 ft above river Shaft at either end. 
^Vater-bea^ing fissure sealed by building concrete bulkhead 8 ft thick heavily reinforced 
\Mth drams and grout under pressures up to 1000 lb per sq in. forced through pipes set in 
bulkhead and leading to fissures. 

Yonkers, 2 46 miles, 16.6 ft diameter Tunnel in gneiss, driven from 4 shafts 

City Tunnel 1. 18.11 miles, 11 ft diameter. Tunnel under New York City in gneiss, 
schist, and limestone from 200 to 750 ft below surface. Driven from 25 shafts by heading 
and bench method. Electrically operated machinery generally used. 

(l c) CatskiU, Shandaken Tunnel. Short section in earth at outlet end. Except for 
northerly 3.5 miles it is a grade tunnel, horseshoe section. 11.5 ft high, 10.25 ft wide. 
Northerly 3.5 miles tunnel depressed below hydraulic grade because of rock condition. 
Di iveri from 8 shafts from 1.3 to 2 7 miles apart, aggregate depth 3413 ft. 

(l d) City Tunnel 2. Hillview reservoir, Yonkers, Westchester County through Bronx, 
(hiocn.'-, and Brooklyn. Pressure tunnel, driven through gneiss and linie''tone, general^ 
5'H) ft below surface. Grouting at 300 to 500 lb per sq in. Heading and bench method. 
19 .''!iafts, 9 being sunk under compressed air to bedrock as circular concrete caissons, 19 ft 
Ulterior diameter; bedrock 68 ft to 140 ft deep. 

Progress per heading per week: 

r..\ravation: average. 00 ft; ma.ximutn, 145 ft. 

Lining: average, 68 ft; maximum, 248 ft. 

Cost per Linear Foot 

Vn-supported Supported 

Cost Length, ft Cost Length, ft 

2Iftdia $402.86 J.771 $515 50 to $692.88 1.868 

17ftdia 278.97 65,856 297.97 to 407.85 2,716 

iSftdia 232.98 6,2H 321.77 to 326.89 119 

(b>) Delaware System. Delaware Aqueduct pla'’e<l in limited service 1944, comprising 
■8.5 111110“^ of circular-lined pressure tunnel driven in rock from Rondout reservoir to Hili- 
view re.-ervoir, connecting to City Tunnel 2, making aagregate of 105 miles of continuous 
tunnel, longest m the w'orld for any purpose 31 shafts at 26 locations; shafts, I S to 5.2 
iniic- apart, 313 ft to 1551 ft deep (total aggregate depth .3 ruiles), 14 ft to 19 1/2 ft m 
diameter, lined wdth concrete as sunk. Tunnel, 300 ft to 1000 ft below general level of 
ground surface, 2500 ft below crest of Shawangunk range: 600 ft below sea level under 
Hudson River; 660 ft below sea level under Kensico reservoir. At several locations, partic¬ 
ularly at the Hudson River and Kensico reservoir undercro&smgs. deep eartli-filled pre- 
glafial gorges encountered m the exploratorv boring, or geological faults wliere tlie rock is 
crushed and decayed, required that the tunnel be located deep enough so that the cover ot 
sound rock and ovorburden would resist bursting pressure; under the Hudson River ihi> 
pressure was in excess of 500 Ib per sq in. In general, construction progress on the 13 b'2 R 
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and 15 ft diameter tunnels, averaged, in the different kinds of rock encountered and under 
the different contracts, from 135 ft to 270 ft per week; concrete lining from 290 ft to 1000 ft 
per week. Work was on a 24-hr basis. The rock surrounding the tunnels was grouted a-, 
required, with neat cement, or cement and sand grout usually under pressures of from 109 
to several hundred lb per sq m., using pressures as high as 1000 lb per sq in. in zone-' of 
water-bearing, disintegrated rock. 

(1/) Connecting TunneK Two pressure tunnels from Prepacton reservoir to the Xever- 
sink and Rondout reserv'oirs 

The East Delaware Tunnel is 25 miles long, constructed from the two ends arid two inter¬ 
mediate shafts. Driven through shales and sandstones, iionzontaily stratified Full-face 
excavation- jumbo on regular tunnel track carrying 6 drills Average excavation progress 
about 35 ft in 24 hr Owing to the stratification, the rock tends to break square in the 
quarters instead of circular. The roof is generally supported by mean^s of steel roof bolt*’ 
and channel sections, av’eraging 5 rows of bolts on 4-ft centers or approximately 50 Ib ot 
steel per linear foot of tunnel. Plain concrete lining 6 in. minimum thickness. 11 in 
average, 19 in. pay. The arch forms are telescopic type and concrete placed continuously 
with a pneumatic placer 

(7^) Hoover Dam Du'ersion Tunnels. Colorado River, m Xevada and Arizona Four 
tunnels, two each >ide of dam. Inlets about IbOO ft upstream and outlets about 2400 it 
downstream. 8 ft by 10 ft adits driven on Nevada and Arizona sides about midway of 
length of tunnels. 12 ft by 12 ft pioneer lieadings at top of 5t3 ft diameter sections turned 
both wa:.’& from adits. Enlargement froui portals. Mam bench 30 ft deep and wings eadi 
side of heading taken out in next operation full width; invert section about 1 i ft deep final 
No timbering nec'e.ssary. Rock- schist, quartz diorite and granite free from fault'* and 
seams and generally diy Truck-mounted drill carnage used to drill mam ben'-h, mo'Uded 
for invert. Bench drilled with 120 holes incluclmg wing holes. 15 lelays .\vcrage 
advance 10 ft Rivert round 28 holes, 1 ^ 2 hours Average luhance, 20 ft Cm. rail 
powder consumption. 2.38 lb per cu yd Mucking Yjv electric "hov.. -1 with 3 ’ 2 ‘ 9 1 

buckets; truck lomoval Average cycle-drilling and shooting. 3 hr; ( daring up. 1 hr mock¬ 
ing, 7 to 9 hr. S headings used 4 carnages and 8 shove's. 

f9a; Montebello-Druid. 85% m rock, 1464 ft in mud and water-bearing sand requiring 
compressed air. Top heading and bench method m rock Mucking by iiiachnits and air 
-shovels. 6 shafts. 14 ft by 1-S ft and 14 ft by 28 ft, 70 ft ’■o 100 ft deep. Average prugu-a-^ 
in rock 12 4 ft per day, 2 12-hr shifts. 

(9^; Gunpowder Falls-Montebello. Coarse granite to black gneis.s. Three aha^t*- 
f’ull heading. Mostly unsupported. Jumbo drill carnage. 5 pneumatic <irilis Mucking 
by electric-powered loaders Excavation progress; average 20 ft per day, 3 8-hr 
6 days per week. 

(9c) Fatapsco-Montebello. Granite, pegmatite, gned**. and quartzite. Full .sectn.Ti 
excavated 2.4% required support, steel ribs and wood lagging. Progress 3 '<-hr 'hut-', 
6 days per week, average 30 ft per day. Concrete, steel lorius, inveiT, and arch. r<>rm> 
telescoped to pass through each other. On 10 ft diametof tunnel, U'cd conrmium.-v advau- - 
ing slope method. C^osts: Tunnel I, 10 ft diameter. $20tJ per ft. 7 ft diameter with 4 ^ •: m 
thick pipe, S200 per ft, with 8 in thick pipe, $297 per ft. Tunnel 2, uniined 11 ft diameter. 
$155 per ft, finished 10 ft diameter tunnel, $240 per ft. 

(llj Mono Craters. Variable: rhyolitic tuff, sandstone, quartzite, <lxoiiie granite, 
basalt. Wide variety of conditions: hard, self-supporting rock; squeezing mater-ial Bu:!’ 
with owner’s forces. Heavy glacial material with large flows of water eiicountennl Flow 
of carbon dioxide gas from water averaged lOOO cfm requiring extensive vennlatimi e-iuip- 
nient. 3 shafts, 0 headings. Parts of tunnel were driven through old rieck> of Mono 
Craters. Progres.s: excavation average 15 ft per Jay, 3 shifts; maximum 09 ft 2 sliifi*- 
To stop water and gas. grout at 1000 to 1100 lb per in. forced thi(.>ugh hoh-* dnlleo to 
40 ft in advance of face; heading advanced 20 ft. then holes 49 ft trom new fai-e. ut(' 
Tunnel supported for 67.4% of length, spiles used for 23 2%; IS.5% of face advanced be¬ 
hind breastboards. Maximum flow of water from all headings, jn.qim irpm 

(12) Colorado River Aqueduct Project. Grade tunnels generally lined with plain < on- 
crete, pressure tunnels reinforced as required. The 14 ft anrl 9 ft 9 in. tunnel-' have con¬ 
tinuous steel cylinders backed with concrete and lined with reinforced Gunite 2 in. thi'k 
AH tunnels were excavated through igneous rocks, gencrailv classified a> granitic, with 
exception 3 tunnels portions of which were in sedimentary sandstone and conglomerates: 
also 2949 ft dry partially consolidated sand and gravel, 2100 ft moist .-'and and clay: some 
cemented gravel. Excavation practically all full section u.-ing drill carnage or jumbo. 
Support during excavation, average 59%. Average 2 7 lb of explo.sive i)er cu yd Ex¬ 
cavation progress mam aqueduct tunnels. 4 ft to 5 ft per S-hr shift 17 aflits ami shafts 
for work aggregated 16,931 ft. 
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(13) City of Chicago Water Supply Tunnels. Niagara limestone, generally self- 
supporting. Costs: 1939-1941, 10,083 ft of 16-ft section, $125.00 per linear foot. 1943- 
1945, 3,000 ft of 16-ft section, $180,00 per linear foot; 1,150 ft of 13-ft section, $170.00 
per linear foot. 1937-1940, 8,390 ft of 13-ft section, $167.00 per linear foot. 193S-X942, 
22,610 ft of 10-ft section, $124.00 per linear foot. 

(20) El ^Mirador. Limestone conglomerate 1 miles and balance shale. Driven 
from two portals and adit at midpomt. Full face method. Continuous support m shale; 
sots of 12 in. by 12 in. timbers, generally 4 ft c.c. Plastic flow in shale caused movement 
to center and heaving of floor as much as 4 ft. Maximum cover, 525 ft. 3 S-hr shifts 
per day: average excavation progress, conglomerate, 28.4 ft; shale, 17.6 ft. Concrete 
lining, 3 shifts per 24 hr: invert, 225 ft; arch, 142 ft. 

(22) Nottingham Intake. Hard shale. Built in connection with new 150 ingd filtra¬ 
tion and pumping plant. Lining 1 ft thick in self-supporting ground; reinforced where 
supports were necessary. Excavation full section. Holes 6 ft deep, 2 lb 40^ gelatin per 
cu yd. Excavation and form setting, 3 8-hr shifts, 24 hr per day; S hr per day placing 
concrete. Progress 13 ft to 15 ft per 24 hr. Permanent shaft existing at terminus 86 ft 
diameter, 102 ft deep. Temi>orary shaft midway 22 ft diameter liner plates 44 ft to surface 
of shale; solid shale to grade at 102 ft from surface. 22 ft diameter permanent shore shaft 
at Lake Erie, liner plates and IS in. concrete inside plates; total depth 87 ft. "N'entilated 
during construction by means of electrically driven exhaust fans and 24 in. diameter corru¬ 
gated steel pipe. 

(23) Tennyson Supplj'Conduit. Limestone, shale, and sandstone. Shale swelled when 
exposed to dampness. Alternating layers shale and sandstone. Excavation drilled cir¬ 
cular, became rectangular. 10 ft wide, 10.5 ft high. 

(24) Garrison Dam Outlet Work. Highly compressible clayey material, horizontal bed 
and interbedded with lignite seams. Excavation full face. 8-ft draw. Hand-held air 
drills driving coal augers. 20% dynamite, 9 delays, 0.45 lb per cu yd. Excavation sup¬ 
ported with 4 segment steel ribs and lagging. 

(26) Bombay, India. Tunnels for water supply, Tansa Lake reservoir to Vaitarna 
reservoir. 20,500 ft required 3 yr. Hand loading and hoisting. Machine drilling. 

(27; Owens Gorge Tunnel. Department of Water and Power, City of Los Angeles. 300 
miles northeast of Los Angeles. 5 bores driven from 6 headings. Jumbos carrying 5 drills 
each. Rock: pink rhi’olite, some consolidated volcanic ash, andesite, decayed rock, glacial 
moraine. Soft ground. Horseshoe excavation 11.5 ft diameter in good ground, 12.25 ft 
diameter with steel supports During a 31-day period m volcanic ash formation record 
driving progress was made, average daily 78.77 ft; 3.055 lb dynamite per cu yd (17% and 
45%). Difficulties later required abandonment of section of tunnel which was bypassed 
with new bore. 

(28) Eklutna Tunnel. Rock is argillite and gra\^acke, fairly hard and massive to 
badly broken. Some volcanic tuffs and flows. Roof bolts used where suitable; steel ribs 
used for supports in poorer ground. Minimum thickness of limng, 9 1/2 m. 
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(2) East River Gas, New York. Gneiss, mica schist, veins of decomposed schist, and 
black mud. Average progress, 69 ft per week in good rock in each heading: full face 
excavated. Compressed air 15 to 48 lb per sq in. used while in soft material. Good rock 
not lined; soft material shield-driven, lined with cast iron. 

(3) Chicago Telephone and Express Subway. Full-size excavation with spades and 
draw knives. Compressed air used, 9 lb per sq in. Floor oO ft below street. 

(4) Gunnison, Colorado. Irrigation Canal. Mostly black shale and metamorphic 
granite; other materials penetrated, clay, water-bearing gravel and sand, sandstone, lime¬ 
stone, coal, and marble. 1 working shaft. Top heading and bench method. Average 
length of tunnel completed per month, 566 ft. 

(5) Laramie-Poudre, Colorado. Irrigation tunnel. Granite syenite and quartzite. 
Pneumatic hammer drills. Excavated full face. Holes fired and fuses cut to proper length 
to discharge them in prearranged order. Average monthly advance. 473.7 ft for 19 months. 

(S) City of St. Paul sewer tunnels. Glacial drift; timber sets for poling, breastboards 
at face. One 9-hr shift per 24 hr; progress, 4.25 ft (one tunnel set). (The St. Paul City 
Sewer System comprises 55 miles of tunnel in sandstone, 1.35 miles m glacial drift, and 
1.02 miles in limestone, sizes 2 ft 6 in. by 6 ft 0 in. to 12 ft diameter or equivalent.) 

(9) Minneapolis-St. Paul Sanitary District, intercepting sewers. St. Peter sandstone. 
One operating shaft 75 to 210 ft deep per section, 1 to 1 1/2 miles long. Considerable water 
encountered, up to 4000 gpm from one section, aggregate 15,000,000 gpd. The St. Peter 
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sandstone pulverizes readily when wet and was generally pumped out with, the infiltrating 
svater. On one contract the outside excavation line was cut in the sandstone by high- 
pressure water jet, in several others by flattened pipe with longitudinal slots using jet action 
of conipressed air and sand to cut the sandstone. 2 headings from each shaft, 3 shifts per 
24 hr. average excavation progress, 25 ft per heading per 24 hr. Concrete average 40 ft 
per 24 hr. 

(10) Manhattan Intercepting Sewers, N. Y C liock Manhattan schist. Soft ground' 
clay and sand, fill and riprap. Hock excavation full face, timbering where required. 
Soft ground, subaqueous, full face, liner plates, poling plates, brea'^tlioards, liand mucking, 
1 cu yd cars; maximum high water to invert 30 ft. cover S ft to 30 ft; maximum air pressure 
15 lb per sq in gage, average 8 lb per sq in. Plant each shaft Low air supply. 3 com¬ 
pressors at 750 cfin each, 1 at 1200 cfm. High air .supply 1 compressor at 550 cfm. 
Bulkheads and locks: 3 ft bj’ 4 ft openings with lock doors in steel diaphragms in tunnel 
lining In soft ground, concreting carried close to heading. 4 G-hr shifts oer day; average 
progress per heading per 24 hr. solid rock, 10 6 ft; clay, 16 5 ft; fine sand. 10 4 ft; coarse 
"and, 6.5 ft; mixed face, 5.0 ft w’hen rock was below springing line, S 0 ft when rock was 
above springing line. 

(11) Main Interceptmg Approach Tunnels. Manhattan and Bronx, N. Y. C. Lime¬ 
stone, gneiss, and .schist. The Manhattan tunnel contains an inverted siphon to bypass 
large chloritic decomposed zone: siphon dropped 220 ft below planned grade to 550 ft below’ 
high water of East River. The tunnels deliver sew’age from interceptors to Wards Island 
treatment plant. 

(12> Detroit Intercepting Sewer Tunnel. Shield-driven tunnel in soft clay, compressed 
air. Precast interlocking concrete block lining with interlining of concrete. Blocks 18 in. 
thick, ring 30 in. long, 10 segments, one segment split for keying and locked with shear j;in. 
Shield 22 ft diameter, no hood. 14 ft 11 in long: steel bulkhead with 0 2 ft bv 2 ft openings 
controlled by hydraulic gates. Traveling jumbo with 6 in. extensible I beams to support 
blocks in upper half of ring. 100% of displaced ground admitted through openings in 
bulkhead. Progress shield driving, 50 ft per 20-hr day (4 5-hr shift-i). Maximum prog¬ 
ress, 67.5 ft. 

(13) Tunnel constructed to drain deep workings of mines in Leadville, Colorado, district. 
Iron Hill lateral, 2400 ft long; Downtown lateral, 3400 ft. Excavated full section, 700 ft 
in unconsolidated glacial drift, 400 ft mixed face, most of tunnel in shale, sandstone, and 
Leadville limestone. A run of water, mud and sand, decomposed porphyry, and rock 
fragments necessitated driving a bypass heading The zone was bulkheaded and grouted, 
using hot water and calcium chloride to accelerate setting, and oats, the latter successfully. 


17. SHIELD-DRIVEN TUNNELS 
Notes Regarding Shield-Driven Tunnels 

Numbers refer to numbers in Tables 6 and 7, Tunnel Shields and Cast-Iron Lining in 
Tunnels. 

(1; Thames, England. 1825-1842. London clay. Maximum progre.-.^ 2 ft, average 
0.5 ft per day. 

(2) Tower, England. 1S69. London clay Maximum progres:^ 9 ft per day. 

(4) City and South London, England. 1886. Mostly clay, aKo several lengths of 
w'ater-bearmg sand and gravel. The average progress of each shield was 333 ft per month 
during one-third of work 

(5) Mersey, England. 1S88. Clay, coarse ballast, and running sand. Maximum 
progress was 57 ft per week. 

(G) St. Clair River, Michigan. 1889. Almost entirely m soft damp clay. Maximum 
progress per month was 382 ft, average 231 ft per month. 

(7) Hudson River, New York. 1879-1905. Mostly m silt; at New York side some 
sand and short length in rock. From May, 1890, to August, 1891, the average progress 
per month was 126 ft in the first tunnel; in the second tunnel the average progress per day 
was 15.3 ft. 

(8) Glasgow Harbor, Scotland. 1890. One-third in clay with boulders, the rest in 
sand and gravel The average progress in sand was 2 ft per day. 

(9) Glasgow District Subway. 1891-1895. Clay, .''and, gravel, and quarry waste. 
The average progress was 100 ft per month. 

(llj Blackwall, London. 1892. London clay, sand, and one-third m open gravel. 
The maximum progress was 12 b '2 ft per day. The av'erage progress under the river was 
98 ft per month. 
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Heavy m eartli and mixed face. * Liftht in rock, 

y = circumferential; E = lomutudinal. 
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(12i Siphon de Clichy, France. 1S92. Open water-bearing sand. The maximum 
progress wa< 10 ft per day and the average 6.5 ft per day. 

(13^ East Eiver Gas. New York. See item 2 of Art. 16. Sewer and Miscellaneous 
Tunnels. 

(15' Waterloo and Gity, England. 1S93. Clay and ballast. 10 ft per day was the 
average progress while the woik was in full swing. 

(20) Baker St. and Wateiloo, England. lS‘jS About 350 ft was in gravel under the 
Tlmtnes River; the rest was in London clav. The average progress per month was 117 ft 
in gravel and 137 ft in clav. 

'2R Greenwich England. 1S9S. Mostly in clay with the crown in close gray san-1; 
about one-tliird length is m clo^e gray sand and a ‘iiiiall part in ballast. The maximum 
progress was 260 ft per month and the average 14S ft. 

(23) Battery, Ea.^r River. New York. 1001. 500 ft almost entirely in rock, 1500 ft 

in fine sand with some clay: the rest was coarse sand. Rates of progress follow In normal 
air above water line in sand and gravel, average 140 ft per month: under river in rock, 
fne sand and^ clay, and sand and gravel. 91 ft per month. 

(24) East Rivoi. PennxGvania HU. 1903-1909. Land portion in roek. sofi i'>p in 

places. Under river ISdo sand stretched with clay, stiff clay, sand and bouldeis, 

35 ^ sand and boulders, sand and clav, and fine '«and: 22^- all in rock: and 25^* iti rock 
with sand, gravel, and boulders in the crown Rates of progres.s were: Best d-iy’s work 
17.5 ft. Average for month in earth 170 ft, in rock and earth 50 ft. and in rock 01 ft. 

(25) North River. Punn-ylvama RR. 1903-1909. Mostly in silt. aUo short length^ lu 
sand and in rock. The maximum month’s progie.ss wa.s 545.2 ft. The average progress 
in rock was per shield: 2 1 ft per 24-hr day where no drift had been excavated m advance 
of the shield: progress in mixed face, 2 G ft per day; sand and gravel, 5.1 ft per da.v; silt 
(based on 8777 ft of tunnel in silt). 17.5 ft per day. 

(30' Cbarmg Cross and Hampstead 1904 London clay Maximum progress ISO fc 
per week 

(32; New York .Subway 1916-1919. B. R T svstem from North 7th St., Brooklyn, 
to 14th St., Manhattan. Shaft at each side of river 2 land shields. 2 river shields from 
each shalt (S shields in alb. Tunnel part in rock and part in sand and part in clay. 
.Vverage progress per month river section, in earth 147 ft. in earth and rock 44 ft, land 
secTion. in earth 16S ft, 

(33) New York Subway. 1914-1919. B. R. T. sy.stem from Montague St , Brooklyn, 
to Whitehall St.. Manhattan. Shaft on each side of river. From Brooklyn shaft two 
shields driven eadi way. Rivei ^>^0^3 met rock tunnel driven without shields under river 
Irom Manhattan .shaft. Material on Brooklyn «side =ian<i with some clay. Average prog¬ 
ress per month iiver section, in earth 192 ft. m rork and earth SO ft, land section m eartli 
209 ft Maximum progress per month, river section 345 ft; land section 454 ft. 

(34i New York Subway. 1914-1919. B. R. T. 2 shields driven under streets of Brook¬ 
lyn at a depth of from 43 ft to 75 ft. All above tide water. Extension of the Whitehall- 
Nlontagiio street tunnel Material sand, Compro^soil air not used. 

(35> New York Subway. 1914-1910. I. R. T. Shafts on each si-ie of river Two 
shields in each direction from Brooklyn shaft; 2 shields toward river from Manhattan 
shaft. Material sand on Brooklyn side Tunnels part m rock, part in sand on Manhattan 
side. Average progress for month, river section, in earth 1S4 ft, m earth and rock 74 ft. 
Land section in earth 107 ft 

(36'- New York Subwav. 1916-1919. B R. T. from North Jane St., Queen'', to East 
60th St., Manhattan. One shaft on each side of river and shaft in rock on Bhvkwells 
Island. From Queens Borough shaft, 2 shields were driven under east channc-l of Ea.st 
River, pushed through rock tunnel.s. [irevioudy excavated under Blackwe'l:r I-Iand and 
continued through earth under west channel to rock on Maniiactan side. Average piogivs-' 
for month, river section m earth ISS ft. in rock 119 ft 

(3^u' Cleveland Water Intake Completed about 1917. Shi'^^ld-dnven intake tunnel 
under Lake Erie, 3 mile.-? long Stiff clay with sand seams: gas bearing. After di^a^’Tuu^ 
explosion, regular coal-.nine precaution-' observetl. Cornpre-'ToJ air heading from laiul was 
14.000 ft long Shield was a ^ii.iple iiveted-^teel doulile-ring '.tructure without interior 
partitions or diaphragm No hood. Casr-steel cutting edge Lining concr-ere bloi-k-^. 
11 bd in. thick, rings lb in. long. 6 blocks to the ring, all alike, wood 'Segments used for 
tapers. In^iide diameter 10 ft. Half of excavation with machine; other by hand clay 
knives. Upper half excavated to 4 1/2 or 6 ft, then lower half. Maximum progress SS6 ft 
in one month. Depth 100-110 ft below lake level. Cover in lake 50 to 70 ft thi-'k, 20 lb 
per sq in. air pressure, gage. 

(39) 53rd St., Ea^t River, Nott Ave., March 1927-July 1930. Length 5,5S5 ft (single 
track 11.170 ft): masonry-lined rock tunnel, 5,021 ft; cast-iron-hned shield-driven, 5,654 ft; 
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‘^teel bent and concrete, 151 ft Contract cost, $10,255,150; $91S,01 per ft of single track 
including shafts. Three shafts: Manhattan, Welfare Island, and Queens. Shields driven 
westerly from open cut in Queens. Permanent blanket in west channel Progress, feet 
per day, including Sundays, holidays, delavs* Shield and compressed air soft ground 8 . 6 ; 
mixed face 4 9, rock 4 1 Rock tunnel, normal air. 5.0. 

(40’ Fulton-Cranberry St. East River Rapid Transit Tubes, built 192S-1934. Cast- 
izon-lmed twin tubes 18 ft 3 in. outside diameter. 9,100 ft (total single tube 18,200 ftj. 
Maximum grades 4.1^ mmiinuni curvature, radius 335 ft. Material. Manliattan. fine 
■'and. .'•o^ue silt or clay: Rrooklvn, medium sand, boulders Cover’ land sections 30 ft to 
87 ft; under river generally 20 ft. Full face excavation breastboards to near bottom. 
Kver\ w}iere below water except short distance in Brooklyn above water. Hand mucking; 
storage battery locomotives. Disposal to scows. Plant each side of river. 5 5,G0U cfin low 
air conipressors, f525 hp each; 3 1,300 efm high air compressors. 225 hp each; 3 6,000 lb 
25 gpm hydraulic pumps. lUO hp ea(‘h; 1 hvdropiieumatic accumulator. Full capacity of 
air supply often required* average 00^. Worked 24 hr per day, 6 days per week. Maxi¬ 
mum air pressure 47 lb per sq in gage when sinking sumps; maximum tunneling 37 lb per 
sq in.: minimum 5 Ib and some free air. Average progress per 24 hr per heading: 

Nlanhattan Brooklyn 

Land headings 14 4 ft 15.0 ft 

River heading 13.5 ft 12.5 ft 

Two steel and concrete caisson* to accommodate both tubes; one sunk each side of river 
to depth of SO ft. Average contract cost per linear ft of single tube $905, including cost 
of interior Immg, ducts, etc., and of shaft* but not of special station construction. Total 
single track including 3 stations 19,048 ft, contract cost $20,934,730, $1,099,00 per ft of 
single track. 

( 4 l' Harlem River, 161.st St., Bronx June 1928 to May 1932 7795 track feet con¬ 

crete-lined tunnels; 5060 track feet open cut including two shafts; 2935 track feet shield- 
driven cast-iron-lined, 3 tube* Length of contract. 5410 ft; dis^’ance between shafts, 
1535 It. (."ost $8,063,352 total: $510.60 per linear foot single track. Pi ogiess shield-driven 
Tunnoi, feet per day. mcludiiig Sundays, holidays, and delays* north tunnel 8 9; center 
tunnel 7 2; south tunnel 8.2. 

(42) Rutgers-Jay St.. East River Rapid Tiansit Tubes. Built 1930-1934. Cast-iron- 
iined twin tubes IS ft 3 m. outside diameter, 5.474 ft (total single tube 10,948 ft . Maxi¬ 
mum grade minimum curvatuie radius 2300 ft. Material: Manhattan, fine sand 

witli some clay or *ilt, Brooklyn, medium sand, some boulders, tunnels pa.saed through 
ridge of mica schist near Manhattan pierhead line. Maximum air pressure 42 lb per sq in. 
when sinking sumps, maximum tunneling 38 lb per sq in.: ground water lowered by pump¬ 
ing in Brooklyn so these land headings were in dry. Plant same as Fulton-Cranberry. 
Average progress per 24 hi per heading: 

Manhattan Brooklyn 

Land headings 19.5 ft 18.0 ft 

River headings 16.0 ft 12.0 ft 

One single shaft to accommodate both tubes put down on each side of nver, 7U ft deep. 
Average contiact cost per linear foot of single tube $898, including cost of interior concrete 
lining and of shaft*, but not station construction. Total contract cost including one sta¬ 
tion $11,108,749; $1,014 88 per foot single track including station Manhattan shaft was 
60 ft by 32 ft by 70 ft deep steel and concrete caisson sunk and sealed under compressed 
air; Brooklyn shaft, steel and concrete structure 59 ft 2 in. by 30 ft 6 in. by 70 ft deep built 
in free air in .-^lieeted excavation. 

(44' Picopect Park, N. Y. C . Rapid Transit. Express, 1551 ft. ami local, 1900 ft. 
both northbound and southbound constructed in sandy soil above water table under 
Pro-^pect Park. Brooklvn, in 19.30. U'^imi two shields, each of which wa* ’-eused by jacking 
out of .*haft at end of fiist run and transporting and lowering in shaft at beginning uf second 
lun. Reinforced concrete block lining made up of 10 standard block* 9 It 1 m long, IS m. 
thick, making up ring 30 in long 16 It 9 in. in*ide diameter: 19 ft 9 in. outside diameter. 
Blocks w’oighed 3200 lb eacli. 

(45) Dearborn Ford Plant Water Supphx Built about 1931. 12,000 ft long: 60 ft 

deeii: 10 curves. Excavated in clay with 4 shields. Concrete block lining erected in 
shields. 18 in. thick. 10 blocks per nng, 2 of which were half-length key block*. Inner 
lining 18 in. thick, inside diameter 15 ft. Shield bulkheaded; 4 12-m. b\ 12-in opening* 
admitted dEplacement of slneld each 30 in. shove, 32 cu yd. Street raised ^ 4 to 1 in . 
no gravel was ejected outside the lining. There was no distortion of lining. 
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(4S) 6 th Avenue Subway, 1936-1938. A single shield was used to drive the two tunnels, 
east tunnel, 861 linear feet; w’est tunnel, 1046 lin ft Tunnels started through bulkhead 
\salls of existing subway, ending in open-cut excavation. Material: full rock face, mixed 
face, and full earth; very fine sand, silt, and clay above rock. Compressed air, maximum 
gage 18 lb per sq in., average 8 lb per sq in , minimum 4 lb per sq in.; low air compres-sor 
plant, 3 compressors, total 7400 cfm. Pea gravel used to fill void outside lining; grouting 
through lining about 30 ft behind shield. Cost of tunnel driving: excavation, cast-iron 
lining, and gravel and grout $620 per linear foot exclusive of overhead and profit. Shield 
progress per 24-hr working day. east tunnel 8 35 ft; west tunnel 6.54 ft; average 7.25. 

(50) The Chicago Subway (see also Art. 20, City Subway Systems). South of the 
Chicago River several miles of tubes were built by the shield method. The shield method 
was adopted here, in preferance to the liner-plate method, because the cla\' was soft and 
the adjacent high buildings required that the safer, though more expensive, of the two 
methods of tunneling be used. Compressed air was used at gage pressures of 8-15 lb per 
sq in. Each shield was provided with a hood which projected beyond the lower half of 
the shield cutting edge. Horizontal and vertical struts stiffened the center section of the 
shields and divided the face into 6 working pockets, the shields generally being advanced 
with 5 to 20% of the face area open, the clav squeezing into the shield in ribbons. Primary 
lining, erected in the tail of the shield, consisted of structural steel rings' 2 ft 9 in. long, 
weighing about 5 1/2 tons per ring or 2 tons per linear foot of tunnel. The lining was 24 ft 
9 in. in exterior diameter and was made up of six segments, about 12 ft long, and a key seg¬ 
ment; circumferential flanges were 10 1/2 m. deep, and end flanges were 12 in- bi 
diameter bolts were used to connect segments and adjacent rings. 4-in. T stiffeners placed 
longitudinally at approximately 12 -in. centers around the circumference of each ring pro¬ 
vided for the reaction of the shield jacks. A reinforced-concrete lining 2 ft 2 in. thick was 
placed inside the steel lining, the concreting operation usually following 500 ft behind the 
shield. The interior diameter of the arch above benches of the finished shield-driven tubes 
was 20 ft 5 in. 

Xote: For description of Nos. 37, 385, 43, 46, 47, 49, and 51a and 5, see Art. 14, Highway 
Tunnels. 


18. ROOF SHIELDS 

( 6 ) Started 1901. Material penetrated, blue clay and boulder clay, with some sand>' 
and silty permeable clay. Air pressure, 18 to 20 lb average, 25 lb maximum. Average 
progress 4.8 ft per day. 

(7) The roof shield moved on steel rollers on subway walls already placed. It was ad¬ 
vanced 32 in. at a time. Concrete lining; the jacks reacted against 5 in. diameter iron 
pipes filled with concrete which were imbedded in the finished arch. 

( 8 ) New Union Tunnel, Baltimore, Md., July 1933 to September 1934. Double-track 
railroad tunnel. 2085 ft driven with roof shield, joining cut and cover sections. Clear 
inside dimensions 33 ft wide, 24 ^>2 ft high, 40 ft out to out of wall drifts. 30-in. concrete 
invert. Built adjacent to old brick-lined 2-track tunnel built 1873 in which service was 
maintained. (51 ft c.c., 14 ft clear between walls.) Roof-shield section, cast-iron-lined 
semicircular arch 17 ft 8 in. radius outside, spring line 6 ft 7 in. above base of rail, cast iron 
to 2 ft 9 in. below spring line. No interior concrete lining above spring line; concrete bench 
and invert below spring line. Two bottom sidewall drifts 11 ft diameter shield-driven, 
lined with steel plates: 11 segments per ring, 16 in wide. 2-in. flanges, in. thick. The 
sidewall shields were made up of cast-iron segments bound inside 1 -in. steel plate, 11 ft 
4 in. outside diameter, 8 ft 3 V 2 in. overall length including 18 in. hood; tail 2 ft 9 in., 
prop.elled by 8 6 in. diameter jacks. Sidew'alls to 2 ft 9 in. below spring line concreted in 
drifts; roof shield advanced on sidewalls on inverted rails set in concrete. Roof shield 
was structural steel with cast-steel cutting edge. Skin made up of three ^/s in. plato.-^ 
Tail-lapped completed lining 43 in. when in position to be advanced another 30-m width 
of arch ring. Shield rode on 3 3 '4 in. steel sole plates 7 ft 3 in. long. Two platform working 
levels. 9 6 in. diameter platform rams. Weight of shield, structural 151 tons; hydraulic 
equipment 72 tons. Cast-iron lining weighed 8880 lb per linear foot. 1 3/4 in. diameter 
bolts; staggered joints Flange depth 1 ft 2 in., 1 */2 in. web, 3-in. grout holes. 10 plates 
and key per course; 5 tvpes of segments; lead calking. Material excavated: glacial drift 
(sand, gravel, clay, and mud) overlying soft gneiss on hard rock, irregular water level from 
above crown to below, drained by sidewall drifts. 

Sidewall drifts usually 500 ft ahead of roof shield. Concrete placed through boreholes 
from surface at 175-ft to 200 -ft spacing. Sidewall shields started October 23, 1933; holed 
through July 23. 1934; 500 ft in gneiss, remainder glacial drift. Roof shields all’soft ground, 
average progress when job was well under way 15 ft per day. 
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(9) MiMsoy'rtimu'], opoiuHl 193^ I 46 3 \2 i 

plun clearance 

* Hcijilit = from sjiriiiK line to crown unless noted i I^rmih = distance over all. 
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19 . SUBAQUEOUS TUNNELS BUILT FROM SURFACE 

(I'l Detrcit Paver Tunnel, Michigan Central Railroad. Built 1906-1910, 2-traek 
tunnel, 1 iniies portal to portal. The entire tunnel was built in blue clay. The undor- 
river seeti?.n. -vOo ft long, was built by sinking steel tubes of ^ 'g in. thick plates, 23 ft 4 in. 
in dianiuter in pairs 20 it 4 in c c. in a dredged trench each tube being for a sinirle track. 
The sect;:n^ were 202 ft 0 in. long with two exceptions, one section containing sumps was 
23S ft 0 in long, and a closiue ^CM-tion wa^ G4 ft G in. long. The tubes were reinforced b'.- 
means of 4 by 3 by ^'g in. circumferential stiffener angles riv'oted inside the plate at i2-ft 
centers, and were fitted, at 12 ft intervals, with ^,4 in. thick steel diaphragm-^. Woo-l 
.sheathing was fastened to the upright edges of the diaphragms to retain the trernie-^jlaccd 
concrete when the sections were plav-ed lu the trench. Tnkkneas of concrete outside steel 
was 3 ft at sides and 4 ft 0 in. top and buttoni. Depth of trencli GO-SU ft below moan water 
surfa-^e; average depth in river bed 30 ft; IS ft minimum. 4S ft maxiinuiu. For several 
hundred feet, top of tunnel was 3-7 ft above river bottom. Tubes were bulkheaded, 
floated into position and filled with watei to sink. Sinking controlled by auxiliary air cyl¬ 
inder.-;, two anchors of 22 tons each, and derrick scow Adjacent .sections were joined by 
means of pilot pin> in socket? and bolts placed by divers. Tremie concrete was placed 
around outAdt- of .''cction, trench backfilled, and tube unwatcred. Interior remfoiced 
concrete lining minimum 20 in thick placed working from Detroit end. Radius of ai'h 
was 10 fti IS ft top of rail to intrados of arch. 11 ft G in. clear between benches on both 
side.? of track: benches 5 ft 3 m. above top of rail 

The easterly and westerly approach tunnel", respectively 3549 ft and 2159 ft long, were 
of twin construction. Portion'^ were built with use of center wall and side shields, and 
compressed air was used on part of the work. Xorrnallv IS ft top of rail to intrados of 
conciete arch of S ft 3 in radius: other clearance? same as river section. 

(2) Chicago River TuriRL*!. .single lengcii ol tv*u parallel 'jteei cylinders with a longi¬ 
tudinal dividing "wall, lined with reinfoif'cd concrete an,I >unk on prepared foundations in 
a trench dredged in the river bottom. Tubes of s ,, m. plate, snfiened by plate and 
angle gussets above and below the central wall cver\’ 7 ^2 ft. Concrete lining 20 in to 
40 in thick. Central wall 3 ft thick Length of tubes 27S ft, width 41 ft, depth 24 ft 
Weight when sunk 3000 tons Sand backfill and cover. Connection to shore tunnels 
made by cofferdam. Built 1010-1912. 

fS) Paris Subway under Seine. Pont Miiabeau frosshig The river portion is G44 ft 
long and made up of 5 sections 116 S ft to 144 4 ft long. Rach soccion was a pneumati:* 
caisson con."isting of a .^-cructural-a-teti frame covered inside and out with steel plates and 
filled with concrete, with a double-track tube of s-unilar construction above the working 
chamber. Overall width 29.9 ft. overall iieight 30.1 ft Tht-sc sections were sunk m 
position 15^3 in. apart, this .= 5 pace filled with tr» mie-{>!a.v«i concrete through \slji('h an 
opening of required tunnel section was later e.xcavaccvl A tunnel having a total caia-son 
length of 1313 ft was built under the Seme by a verv •^.imilar method in 19UG-i007. 

(4- Harlem River cro."-ing, New York Subway, Le.xington Avenue Line. 4-track tunnel 
built very much the same as the Detroit River luiiiicl noted above. The sections a-* 
assembled had an overall width of 76 ft and height of 24 h '3 ft. Four of the sections were 
220 ft long and the remaning one was 200 ft long Contract price $1500 per linear foot toi 
4-track structure. Built 1911-1912. 

(5t Harlem River Tunnels, Xtwv York Subwav, Lenox Avenue Branch. Twin lube 
sections 610 ft long of cast-iron lining, in-;ide tliauieter 15 ft. Across-ihe-nver trench was 
excavated, bottom of which wa.s a little behov tin* middle of the firu''he<l tunnel. Two line' 
of heavy sheet piling were driven outside the line of the fini'^hed tunnel and cut off at tlie 
springing line of the arcliod roof. A floating timber box was then built in which the andu'd 
roof of <’a.st-iron segrnents wu" erected and covered with concrete with proper mteinal 
bracing and bulkhead end.?. Tlic floating box was -uiik fi-.oru undein.'uth and the root left 
floating like a divina bell. This with steadying tackle wa.-> "unk atui left renting on the ''heet 
piling and bearing piles previously driven in the trench. After thver'' connected thi.-; to the 
section already in place, the lower half of the tunnel wa.s built in compressed air. Built 
1903-1904. 

Xote: For descriptions of other subaqueous tunnels constructed from surface see Art. 14. 
Highway Tunnels, Xos. 3, 0, 21, 30, 31 and 35. 
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United States 

1. The jVeii.' York Subway System, the largest, has 132 miles of underground 2- or 4-traek 
structuie under municipal operation. Portions first built (1900-1903) are nearly all of 
bent type, Fig. 29, (1), and some built later (1902-1912) are of remforced-concrete t\'pe (2) 
or similar. Type (3) provides a partition between the middle tracks to promote ventilation 
by train movement. It applies to the most recently constructed subways. The roof and 
where necessary the sides and floor are waterproofed. The inside tracks are for express 
and the outside for local trains. At express stations the platforms are between local and 
express tracks, serving both, and at local stations at the sides. In some parts the four 
tracks are built in two tiers. Excavation was partly in rock. Ground water and very fine 
quicksand were frequently met. Methods varied widely. The system includes several 
miles of arch tunnels in rock, cast-iron-lined tubes, and steel viaduct e-xtensions. See 
Art. 17, Shield-Driven Tunnels, and Art. 19, Subaqueous Tunnels Built from Surface, for 
description of subaqueous tunnels m the system. 

2 The Boston Subway System, the first in America, with 32 miles underground trackage, 
radiates to Cambridge, Dorchester, East Boston, and Brookline. It is mostly 2-track 
subway and principally of bent type (4) and arch type (5) in earlier (1895-1908) portions 
and of reinforced-concrete type (6) in a later portion. Where traffic was dense a short 
portion somewhat like (5) was tunneled with roof shield. The Cambridge portion (1909- 
1912) is of arched reinforced type (11), but where cover is shiUow the roof is made flat. 
Excavation was nearly all in sand, clay, and gravel. The system is for both surface cars 
and trains. It includes two shield-driven subaqueous tunnels and steel viaduct extensions 
or connections. 

3. The Philadelphia Subway System. Private capital built a subway section, east and 
west in Market Street, 1903-1907, 2 1/4 miles long, which is in equal parts a 4-track (7) 
and a 2 -track, ( 8 ) structure. 

During 1924-1928 the city constructed the 4-track Broad Street and Grange Avenue 
subway 7 miles long and in 1932 completed a 2-track spur 2.3 miles long. The city also 
completed a southern 2-traek extension to the Broad Street Subway for a distance of 1.4 
miles. 

The city is now (1955) constructing an extension of the old Market Street subway 
comprising a 4-track subway (with tunnel under Schuylkill River) to accommodate both 
subway trains and streetcars, 0 7 miles long; a 2-track subway for subway trains, .4 mile 
long: and a 2-traek subway for streetcars, 1.2 miles long. 

All of the city-built subway sections are of steel bent construction supporting concrete 
jack arch walls and roof. Roof sections have been weatherproofed with either asphalt 
mastic or 3-ply fabric and asphalt. The sidewalls are not waterproofed. Subway is 
drained by longitudinal drains under subway floor with lateral drains extended outside 
of sidewalls to control the height of ground water. 

4. Long Island Railroad Tunnel on Atlantic Avenue, Brooklyn, (9), built 1901-1907, 2 
miles long, is for electric trains of the Long Island RR. The sides are retaining walls and 
with the roof are waterproofed with tarred felt. Excavation was mostly in sand and gravel. 

5. Hudson and Manhattan Railroad Tunnel on Sixth Avenue, New York (10), built 
1906-1911, 1 mile long, is for Hudson and Manhattan RR trams entering the city by tunnel 
under the Hudson. Roof, sides, and, where in earth, floor are reinforced. Waterproofing 
was mostly of asphalted burlap but in a short portion a waterproofing compound was mixed 
with the concrete. Excavation w'as partly in rock. Some quicksand was met. 

6 . The Chicago'Subway, constructed 1938-1941 and 1947-1949, aggregates approximately 
8 miles of 2-track line comprised of pairs of single-track tubes and station section. Most 
of the subway was built by tunneling methods in plastic blue clay under city streets. The 
maximum cover w'as 35 ft and the minimum 15 ft, ground-water level was a minimum of 40 
ft above the invert. The water content of the clay varied from 10% to 20%. Compressed 
air was emploj ed in tunneling, pressures ranged from 8 to 15 lb per sq in. 

here the cla> had relatively high bearing values, the liner-plate method of tunneling 
was used. These sections were horseshoe in shape, constructed by mining in a series of 
side drifts and benches or levels. Reinforced-concrete lining. 

For description of shield-driven tunnels see item 49, Art. 17, Shield-Driven Tunnels. 
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Foreign Subways 

7. The London Metropolitan and District Sithivai/, (12). an irregular oval line termed the 
Inner Circle, was the first city subway for rapid transit. It was built 1S60-1SS4 and later 
extended from its original length of 13 miles, part of which is open cut. The arch and 
walls are of brickwork. The extrados is waterproofed with asphalt. Where cover is shal¬ 
low, cast- or wrought-iron roof girders were used. With soft or wet foundation, an invert 
was added. Excavation was mostly in gravel, sand, and clay. Later extensive under¬ 
ground lines are in deep-level tubes, shield-driven in London clay. Parts of s\ stem consist 
of two tubes 11 ft 8 1/4 m. diameter 5 ft apart m clear about 40 ft below surface. At 
stations diameter is 21 ft 2 i/o in. and on sharp curv'es 12 ft. 

8. The Paris Underground Railway, (13), a network of belt and intersecting lines, begun 
1898 and opened 1900, had in 1928 a length of about 60 miles, mostly subway. A link 
south of the Seine, begun 1912 and halted by the First World War, was resumed 1923. the 
plan being to provide about 80 miles of double-track line within the city proper, in addition 
to a large mileage of extensions on viaduct or surface. Short portions first built were tun¬ 
neled with roof shield or by the Belgian method. Watertightness was secured by grouting. 
Excavation was mostly in sandy soil and in some parts in soft rock. 

9. The Berlin Underground Railway, (14). an original east-west trunk, begun 1896 and 
opened 1902, with later extensions or connections to suburbs, has about 25 miles of 2-track 
line, of which about half is subway. A new north-south trunk, 7.7 miles long, built by 
the municipality, was opened for operation by tlie existing company early in 1923. The 
section shown is that of the Schoneberg branch, opened 1910, of the bent type. The 
longitudinal girders are discontinuous, each supporting 5 roof beams, and rest on two col¬ 
umns over which they cantilever. A feature was the use of small I beams, driven as piles 
at each side every few feet, to the inner flanges of which were clipped breastboards, retain¬ 
ing the earth and serving as back forms for the concrete of the sidewalls, in such manner 
as to permit the final withdrawal of the beams. The beam piles were braced apart only 
at the top, lea\dng a free working cut. An earlier type has thicker walls without beams. 
A late type has no columns. Waterproofing is asphalted paper. Excavation was mostly 
sandy and much of it water-bearing. 

10- The Glasgow District Subway, (15), an irregular oval line, built 1891-1897, is 6 E2 
miles long, comprising subway, tunnel, and open cut. For the subway, a heavily sheeted 
trench was excavated deep enough to build the roof, which was next waterproofed with 
layers of asphalt and covered with the restored pavement. The roof, supported by the 
sheeting, was then undermined with drifts in which were built the walls and floor, complet¬ 
ing the structure. A short section m soft ground was built under air pressure. Excavation 
was in sand, clay, mud, and rock. 

11. The Budapest Subway, (16), for surface cars, a line 2 miles long, built 1S94-1S96, 
was the first underground electric railway. The I beams of the roof, which is close under 
the pavement, are supported at the middle on a continuous girder of two I beams resting 
on columns spaced about 13 ft apart. Waterproofing consists of sheets laid in pitch. The 
system is being expanded, 1953, with an east-west line with 8 stations Two tracks are 
carried in separate tunnels 5 meters in diameter. 

12. The Hamburg Subway, (17), begun 1907, forms 5 miles of a ring with external 
branches opened in part in 1912 and since extended. Excavation was 111 varied soil, in 
parts water-bearing. In dry ground, openings are left in the floor under the tracks and 
only the roof and sides were waterproofed. Beam piles were used at the sides, in Berlin. 
Where depth permitted, a single arch section with invert was used. 

13. The Buenos Aires Subway, (18), for surface cars, was begun 1911 and opened 1913 
for a length of 2 miles, with extensions in progress or planned. It is of the earlier German 
type without steel in sidewalls. Waterproofing is tar paper and asphalt. Excavation 
was in hard clay. Electric shovels were used. 

14. The Madrid Subway, opened in part in 1919 and e.xtended in 1926 to a length of 9.3 
miles, is roughly cross-formed in plan. The double-track arch and the rectangular 'iection 
are both used. For the latter, the sidewalls were first built in separate trenches, the pave¬ 
ment was then removed, the roof built, and the pavement replaced, after which the core 
was excavated, and the floor and middle support placed. 

15. The Sydney. Australia, Subway, a 2-track loop 3 6 miles long, from the Central Ter¬ 
minal station through the business district, with extensions, was opened in part late m 
1926. Some viaduct and some open cut are included. Steel framing used where head 
room is restricted. 

16 The Tokyo Subway System was opened for a length of 1 ^2 miles late in 1927, and 
is being expanded. The structure is 2-track and of the bent type. 
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17. Moscoh', Russia. In 1939 26.7 miles of subway were complete with 2S stations, 
about two-thirjs of mileage being in tunnel. Subway construction was started in 1933 
and 7 luile.s put m operation 1935. Maximum grade is 3.33^. Stations are finished with 
polished marble and granite, tile mosaics. Air pressures up to 35 lb per sq in gage were 
eiiiplo\ ed in some of the tunnel work. Shield-driven sections of tunnel lined with concrete 
hioi ks, 20 it 4 in outside diameter. Shields weighed 132 tons 

1^. The Osaka SiT-any, Japan. Construction started 1930: 1.6 milea in operation 1933, 
and 2 6 miles with 5 stations in operation 1935. The subway is 2'track and is being ex¬ 
panded. 

19. Yongt; Street Subway. Toronto, Canada. 2-track subway to replace trolley Imes. 
Reiriforced-concrete box section. Sjstem 4^2 miles long complete 1953. Partly in open 
cut bridged by intersecting .streets Between stations >ubway box is 32 ft C in wide by 
17 It S in. deep; at stations 52 ft 4 in. wide by 18 ft 3 t s iti deep. Top of rail to roof is 
13 ft Station platforms 500 ft lung for S 54-ft cars. 12 stations. Material excavated 
was clay overlying shale, one-third m the shale. 
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1. LOGARITHMS 


Logarithms (abbreviation log ).—The log of a number is the exponent of the power to 
which it IS necessary to raise a fixed number to produce the given number. The fixed 
number is called the base. Thus if the base is 10, the log of 1000 is 3, for 10^ = 1000. 
There are two systems of logs in general use, the common, in which the base is 10, and the 
Napierian, or hyperbolic, in which the base is 2.718281828. . . . The Napierian base is 
commonly denoted by e, as in the equation = x, in which y is the Napierian log of x. 
The abbreviation logs is commonly used to denote the Napierian log. 

In any system of logs, the log of 1 is 0; the log of the base, taken in that system, is 1. 
In any system the base of which is greater than 1, the logs of all numbers greater than 1 
are positive and the logs of all numbers less than 1 are negative. 

The modulus of any system is equal to the reciprocal of the Napierian log of the base 
of that system. The modulus of the Napierian system is 1, that of the common system is 
0.4342945. The log of a number in any system equals the modulus of that system X 
Napierian log of the number. The hyperbolic or Napierian log of any number equals 
the common log X 2.3025851. 

Every log consists of two parts, an integral part called the characteristic, or index, and 
the decimal part, or mantissa. The mantissa only is given in the usual tables of common 
logs, with the decimal point omitted The characteristic is one less than the number of 
figures to the left of the decimal point in the number whose log is to be found. The 
characteristic of numbers from 1 to 9.99+ is 0. from 10 to 99.99+ is 1, from 100 to 999 + 
is 2, from 0.1 to 0.99+ is —1, from 0.01 to 0.099+ is —2, etc. Thus, 


log of 2000 is 3.30103; log of 0.2 is -1.30103, or 

“ “ 200 “ 2.30103; " “ 0.02 " -2.30103, “ 

“ “ 20 " 1,30103; “ “ 0.002 “—3.30103, “ 

“ “ 2 “ 0.30103; “ “ 0.0002 “ -4.30103, “ 


9.30103 - 10 

8.30103 - 10 

7.30103 - 10 

6.30103 - 10 


The minus sign is frequently written above the characteristic thus: log 0.002 = 3.30103. 
The characteristic only is negative, the decimal part, or mantissa, being always positive. 

When a log consists of a negative index and a positive mantissa, it is usual to write 
the negative sign over the index, or to add 10 to the index, and indicate the subtraction 
of 10 from the resulting logarithm. Thus log 0.2 = 1.30103, may be written 9.30103 —10. 
The difference between a logarithm and 10 is its arithmetical complement or cologarithm. 

In tables of logarithmic sines, etc., the —10 is generally omitted, as being understood. 

RULES FOR USE OF THE TABLE OF COMMON LOGARITHMS.—To Find the Log of a 
Decimal Fraction or of a Whole Number and a Decimal.—First find the log of the quantity as if 
there were no decimal point, then prefi.x the index according to rule; the index is one less than the 
number of figures to the left of the decimal point. 

Example log of 3 14159 log of 3.141 = 0 497068. Diff. = 138. 

From proportional parts 5 = 690 

“ “ _09 = 1242 

log 3.14159 0.4971494 


If the number is a decimal less than unity, the index is negative and is one more than the number 
of seroB to the right of the decimal point. Log of 0 0682 = 2 833784 = 8 833784 - 10. 

To Find the Number Corresponding to a Given Log. — Find m the table the log nearest to the 
decimal part of the given log and take the first four digits of the required number from the column N 
and the top of the column containing the log which is the next leas than the given log. To 
find the 5th and 6th digits subtract the log in the table from the given log, and multiply the differ¬ 
ence by 100, and divide by the figure in the Diff. column opposite the log; annex the quotient to 
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the four digits already found, and place the decimal point according to the rule; the number of 
figures to the left of the decimal point is one greater than the index. The number corresponding 
to a log is called the anti-logarithm. 

Find the anti-log of. . 0 497150 

Next lowest log in table corresponds to 3141. 0 497068 Diff. = 82. 

Tabular diff. = 138; 82 138 = 0.59 + 

The index being 0, the number is therefore 3 14159 + 

Multiplication by Means of Logarithms.—Add together the logs of the two numbers to be 
multiplied. The sum is the log of the product, 
a. Where both factors are greater than umty. 

Example. 31 X 1274 = 39,494. 

SoluHon. log 31 + log 1274 = 1 491362 + 3 105169 = 4 596531 = log 39,494. 
h. Where one or more factors are less than unity, tne logs with a negative characteristic can be 
handled most conveniently by adding and subtracting 10. 

Example. .000028061 X .084507 = 0000024474. 

Solution, log 000028961 + log .084507 = 6.461814 + 2.926893. 

= (5 461S14 - 10) + (8.926S93 - 10) = 14 3SS707 - 20 = 6 3SS707 
= log .0000024474. 

Division by Means of Logarithms.—Subtrc • ‘ :»g cf :he divisor from the log of the dividend. 

The remainder is the log of the quotient. 

а. When the divisor is smaller than the dividend. 

Example. 2987 -v- 63 = 47 41284. 

Solution. log 2987 - log 63 =» 3 475235 - 1 799341 = 1.675894 = log 47.41284. 

б. When the divisor is larger than the dividend, add and subtract as many tens as may be 
neeessarv to the log of the dividend and proceed as before. 

Example. .000672 263 = .00000255513. 

Solution, log .000672 - log 263 =»• 4 827369 - 2 419956 

= 6.827369 - 2 419956 - 10 = S.407413 * log .000002555X3. 
c The log of a fraction is obtained by subtracting the log of the denominator from the log of 
the numerator. Thus, 

log 7 “ log a — log 6. 

0 

To Raise a Number to Any Given Power.—Multiply the log of the number by the exponent of 
the number, and find the number whose log is the product. 

а. Where the exponent consists of one figure 
Example. 16.23 = 4251.528. 

Solution. 3 X log 16 2 = 3 X 1 209515 * 3 628545 = log 4251 528. 

б. Where the exponent consists of two or more figures, it is best to multiply the characteristic 
and mantissa separatelv. 

Example. 005624-37 « .147067 

Solution. .37 X log .005624 = .37 X 3 750045 = 37 X f- 3) + .37 X 750045 
= - 1 11 + .277517 « i 167517 - log .147067. 

c. "Where the number is a fraction, first find the log of the fraction and then multiply it by the 
exponent. 

( 276\ *72 

- I = 681.9396. 

.032/ 

Solution. .72 (log 276 - log .032) = .72 { 2 440909 - fS 505150 - 10) } 

= .72 X 3.935759 = 2.833746 = log 681.9396. 

To Extract Any Root of a Number.—Divide the log of the number by the index of the root, 
and find the number whose log is the quotient. 

To extract the root of a decimal: a When the root index is positive and evenly divisible into 
the negative characteristic of the log of the number, the division may be performed with the negative 
characteristic written in its usual place. 

Example. 0006954 = .16239 

Solution, log .0006954 4 = 4 842235 4 = 1.210559 = log .16239. 

6. When the root index is positive and not even divisible into the negative characteristic, add 
to the log of the number, and indicate the subtraction from it, the smallest integral multiple of the 
root which will eliminate the negative characteristic. Divide the result by the root index and 
ascertain the number whose log corresponds to the quotient. 

Example. ^-^.00002785 = .03393 

Solution. log .00002785 = 6 444825; 6 444825 3.1 = i(2 X 3 1) + 6.444825 - 2 X 3 1} 4-3.1 

= U.644S25 - 6.21 3.1 = a 530589 = log .03393. 

e. When the root index is negative, determine the excess of the negative characteristic over the 
positive mantissa. Divide the result by the root index and ascertain the number whose log corre* 
spends to the quotient 

Example. 000003976 = 22.394. 

Solution, log .000003976 = 6.699446 = .599446 — 6 = - 5 400554; 

- 5 400554 ^ (- 4) = 1 350138 = log 22.394. 
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Solution of Exponential Equations.—In an exponential equation, the unknown quantity is the 
exponent; thus a® = 6 This may be transformed to log = log b, or x lug a = log b, v-hence 
z = log b -r log a 

o When the base is greater than unity, put the equation in the form x = log h -f- log a. Then 
log X = log Uog b) — log dog a). 

Example. 32.6^ = 14 632. 

£oluh07i. log I = log (log 14 632) — log^og 32 6) = log 1 165303 — log 1.513218 
= 066439 - .179901 = 1 886538; x = .77008. 

b When both the known quantities are decimal, put the equation in the form x = log b log o. 
Subtract the positive mantissa from the negative characteristic in both divisor and dividend, obtain¬ 
ing negative remainders. Change the signs of divisor and dividend and proceed as in Case a. 

Example. .0729'^ = .2693. 

Solution. X = log .2693 log 0729 = 1 430236 ^ 2 862728 

= (“ 569764) ^ 1 137272) = 569764 *4- 1 137272; _ 

log X = log 569764 - log 1.137272 = 1755695 - .055864 = 1.699831 
X = .50099. 

c. When only one of the known quantities is a decimal, put the equation in the form x = 

log a 

Subtract the positive mantissa from the negative characteristic of the numerator or denominator 
as the case may be, and rewrite the fraction with the remainder so obtained as the new numerator 
or denominator. Make both numerator and denominator positive, but wnte a minus sign in front 
of the fraction, to signify that the result will be a negative quantity. Solve the fraction by log¬ 
arithms and write a minus sign in front of the result. 

Example. .726^ = S02.7. 

Solution, r - _ 2 004553 ... 2 904S58 

log .726 1.S60937 - .139063 .139063 

log I = - Oog 2.904533 - log .139063} = - (463079 - 1 143211) = - (1.319S6S). 


d. When the exponent is negative and one of the known quantities is less than unity, put the 
equation in the form (- a) = . Subtract the positive mantissa from the negative character¬ 

istic, as m Case c, and multiply both sides of the resulting equation by (-1). Find the value of z 
as in Case c. 

Example. 10 78-^ = .09431. 

Soluhon. x = ^ _ 1_026^ 

log 10 78 1.032619 ' 1.032619' 

log X = .010911 — .013940 = i 996971. i = .99305. 


Table 1. Logarithms of Numbers from 1 to 100 


N 

Log 

X 

Log 

X 

Log 

X 

Log 


Log 

1 

0 000000 

21 

1 3222)9 

41 

1 612764 

61 

1 785330 

81 

1 90848'; 

2 

0.301030 

22 

1.342423 

42 

I 623249 

62 

1 792392 

82 

I 913814 

3 

0 477121 

23 

1 361728 

43 

1 633468 

63 

1 799341 

83 

1 919078 

4 

0 602060 

24 

1 380211 

44 

1 643453 

64 

1 806180 

84 

I 97477Q 

5 

0.698970 

25 

1.397940 

45 

1.653213 

65 

1.812913 

85 

1.929419 

6 

0.778151 

26 

1.414973 

46 

1 662758 

66 

1 819544 

86 

I 934498 

7 

0 845098 

27 

1.431364 

47 

1 672098 

67 

1.826075 

87 


8 

0 903090 

28 

1.447158 

48 

1 681241 

68 

1 832309 

88 

1 044488 

9 

0.954243 

29 

1.462398 

49 

1 690196 

69 

1 838849 

89 

1 949390 

10 

1.000000 

30 

1.477121 

50 

1.698970 

70 

1.845098 

90 

1.954243 

I 

1.041393 

31 

1.491362 

51 

1 707570 

71 

1 851258 

91 


12 

1 079181 

32 

1 505150 

52 

1 716003 

72 

1 857332 

92 


13 

1.1 13943 

43 

1 518514 

53 

1 724276 

73 

1 863323 

93 

I 9f>8483 

14 

1.146128 

34 

1.531479 

54 

I 732394 

74 

1.869232 

94 

1 Q73178 

15 

1.176091 

35 

1.544068 

55 

1.740363 

75 

1.375061 

95 

1.977724 

16 

1.204120 

36 

1.556303 

56 

1 748188 

76 

1.880814 

96 


17 

1 230449 

37 

1 568202 

57 

1.755875 

77 

1 886491 

97 


18 

1.255273 

38 

1 579784 

58 

1.763428 

78 

1 892095 

98 


19 

1 278754 

39 

1.591065 

59 

1 770852 

79 

1.897627 

99 


20 

1 301030 

40 

1 602060 

60 

1 778151 

80 

1 903090 

100 

2 000000 
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Table 2. Common Logarithms of Numbers 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Diff. 

100 

000000 

000434 

000868 

001301 

001734 

002166 

002598 

003029 

003461 

003891 

432 

1 

004321 

004751 

005181 

005609 

006038 

006466 

006894 

007321 

007748 

008174 

428 

2 

008t)00 

009026 

009451 

009876 

010300 

010724 

01 1147 

01 1570 

011993 

012415 

424 

3 

012837 

1 013259 

013680 

014100 

0I452I 

014940 

015360 

015779 

016197 

016616 

420 

4 : 

017033 

' 017451 

017868 

018284 

1 018700 

019116 

019532 

019947 

020361 

020775 

416 

5 

021189 

021603 

022016 

022428 

022841 

i 023252 

023604 

024075 

024486 

024896 

412 

6 ; 

023306 i 

025715 

026125 

026533 

026942 

027350 

027757 

023164 

028571 

028978 

408 

7 

029384 

029789 

030195 

030600 

031004 

031408 

031812 

032216 

032619 

033021 

404 

8 

033424 i 

033826 

034227 

034928 

035029 

035430 

035830 

036230 

036629 

037028 

400 

9 

037426 

037825 

038223 

038620 

039017 

039414 

03981 1 

040207 

040b02 

040998 

397 

110 

041393 

041787 : 

042182 

042576 

042969 

043362 

043755 

044148 

044540 

044932 

393 

1 

045323 

045714 

046105 

046495 

046885 

047275 

. 047664 

048053 

048442 

048830 

390 

2 

049218 

049606 

049993 

050380 

0507d6 

031155 

051538 

051924 

052309 

052694 

386 

3 

053078 

053463 

053846 

054230 

054613 

054996 

033378 

055760 

056142 

056524 

' 383 

4 

056905 

057286 

057666 

053046 

058420 

058805 

05Q185 

059563 

059942 

060320 

379 

5 

060698 

061075 

061452 

061829 

062206 

062582 1 

062958 

063333 

063709 

. 064083 

376 

6 

064458 

064832 

065206 

065580 

065953 

066326: 

0o(jo99 

0O707I 

0b7443 

0b7815 

373 

7 

068186 

068557 

068928 

069298 

069668 

070038 

070407 

070776 

071145 

071514 

370 

8 

071882 

072250 

072617 

072985 

073352 

073718 

074085 

074451 

074816 

075182 

366 

9 

075547 

075912 

076276 

076b40 

077004 

077368 

077731 

078094 

078457 ; 

078819 

363 

120 

079181 

079643 

079904 

080266 

03062G 

080987 

081347 

081707 

082067 

082426 

360 

1 

082785 

083144 

083503 

083861 

084219 

084576 

084934 

085291 

083647 

086004 

357 

2 

086360 

086716 

087071 

087426 

087781 

088136 

088490 

088845 

089198 

089552 

355 

3 

089905 

090258 

090b i 1 

090963 

091315 

0916t)7 

092018 

092370 

092721 

093071 

352 

4 

093422 

093772 

094122 

094471 

094820 

095169 

095518 

09586b 

09b215 

0965o2 

349 

5 

096910 

097257 

097604 

097951 

098298 

098644 

09S990 

0<59335 

099681 

100026 

346 

6 

10037! 

100715 

101059 

101403 

101747 

102091 

102434 

102777 

1031 19 

103^62 

343 

7 

103804 

I04I46 

104487 

104828 

105169 

105510 

105851 

106191 

106531 

106871 

341 

8 1 

1072101 

107549. 

107888 

108227 

108365 

103903 

109241 

109579 

109916 

110253 

338 

9 1 

1 10590 1 

1 10926 1 

111263 

111599 

111934 

112270 

112605 

112940 

113275 

113609 

335 
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Diff. 1 

1 



* i 

* 

5 i 

1 6 

! ’ 

i » 

1 ® 

434 

43. 

4 

8b. 

8 

130 

2 

173. 

6 

217 

0 

260 

4 

303, 

8 i 

347 

2 

390 

6 

432 

43. 

2 

86. 

4 

129 

6 

172. 

.8 

216 

0 

259. 

.2 

302. 

4 

345. 

6 

388 

8 

430 

43. 

0 

8b. 

0 

129. 

0 

172. 

.0 

215. 

0 

258. 

0 

301. 

0 

344. 

0 

387 

.0 

428 

42 . 

8 

85. 

6 

128. 

4 

171 

2 

214, 

,0 

256, 

8 

299. 

6 

342 

4 

385 

.2 

426 

42. 

6 

85. 

2 

127. 

8 

170. 

4 

213 

0 

255 

6 

298. 

2 

340. 

.8 

383 

.4 

424 

42. 

4 

84. 

8 

127. 

2 

169 

6 

212 

0 

254 

4 : 

296. 

8 

339. 

2 

381 

.6 

422 

42. 

2 

84. 

4 

126 

6 

168 

8 

211 

0 

253 

2 

295. 

4 

337 

6 

379 

,8 

420 

42. 

0 

84. 

0 

126. 

0 

168 

0 

210. 

,0 

252. 

0 

294. 

0 

336. 

0 

378 

0 

418 

41. 

8 

83. 

6 

125. 

4 

167. 

2 

209. 

.0 

250 

8 

292. 

6 

334. 

,4 

376 

2 

416 

41. 

6 

83 

2 

124 

S 

166 

4 

208 

0 

249 

6 

291 

2 

332. 

8 

374, 

.4 

414 

41. 

4 

82. 

3 

124 

2 

165 

6 

207 

0 

243 

4 

289 

8 

331. 

2 

372, 

.6 

412 

41. 

2 

82. 

4 

123 

6 

164 

8 

206 

0 

247. 

2 

288. 

4 

329. 

6 

370 

6 

410 

41. 

0 

82. 

0 

123. 

0 

164. 

.0 

205. 

0 

246. 

,0 

287. 

0 

' 328. 

0 

369. 

0 

408 

40. 

8 i 

81. 

6 

122. 

4 

163. 

2 

204. 

0 

244 

8 

285 

6 

326. 

4 

367. 

2 

406 

40, 

6 

81. 

2 

121. 

8 

162. 

,4 

203 

0 

243. 

6 

284 

2 

324 

8 

365. 

4 

404 

40. 

4 

80, 

,8 

121 

2 

161 

6 

202 

0 

242 

4 

282. 

8 

: 323 

2 

363, 

.6 

402 

40, 

.2 

80. 

4 

120. 

6 

160. 

.8 

201 

0 

241. 

2 

281. 

4 

: 321. 

6 

361 

8 

400 

40, 

,0 

80. 

0 

120. 

0 

160. 

.0 

200. 

0 

240. 

0 

280. 

0 

1 320. 

0 

360. 

0 

398 

39, 

,8 

79. 

.6 

119 

4 

159, 

.2 

199 

0 

238 

8 ' 

278. 

6 

1 318. 

4 

358 

2 

396 

39. 

.6 

79. 

2 

118 

8 

1 158, 

.4 

198 

0 

237, 

.6 

277 

2 

i 316 

8 

356. 

4 

394 

39, 

,4 

78, 

.8 

118 

2 

157 

6 

197 

0 

236 

4 : 

275 

8 

315. 

7 

354. 

6 

392 

39, 

,2 

78, 

.4 

117 

6 

156. 

.3 

196 

0 

235 

2 i 

274. 

4 

313 

6 

352 

8 

390 

39, 

,0 

78. 

0 : 

117. 

,0 

156 

U 

195. 

0 

234, 

0 

273. 

0 

i 312. 

0 

351. 

0 

388 

38, 

,8 

77, 

,6 

116. 

4 

155 

2 

194. 

.0 

232 

8 : 

271. 

6 

310 

4 

349. 

7 

386 

38 

,6 

77, 

2 

115 

8 

154 

4 

193 

0 

23! 

6 1 

270. 

2 

308 

8 

: 347. 

4 

384 

38 

4 

76, 

,8 

115 

2 

153 

6 

192 

0 

230 

4 ! 

268 

8 

307 

2 

345 

6 

382 

38 

2 

76, 

,4 

1 (4 

6 

152 

6 

191 

0 

229 

2 ■ 

267. 

4 

305 

6 

343. 

8 

380 

38, 

,0 

76. 

,0 

114 

0 

152 

0 

190 

0 

228 

0 

266. 

0 

304. 

0 

: 342. 

0 

378 

37, 

,8 

75, 

.6 

113 

4 

151 

2 

189 

0 

226. 

.8 : 

264. 

6 

' 302 

4 

340 

2 

376 

37 

,6 

75, 

.2 

112 

8 

150 

4 

188 

0 

225 

6 , 

263 

2 

300 

8 

338 

4 

374 

37, 

.4 

74 

8 

112 

2 

149, 

6 

187 

0 

224 

4 1 

2bl 

8 

299 

2 

33b 

6 

372 

37, 

,2 

74, 

4 

111. 

6 

148 

8 

186. 

.0 

223, 

2 

2o0. 

4 

297. 

6 

334. 

8 

370 

37, 

.0 

74, 

.0 

Ml. 

0 

148. 

.0 

185, 

,0 

222 

0 

259. 

0 

296. 

0 

I 333. 

0 

368 

36 

8 

73, 

6 

no. 

4 

147. 

2 

184 

0 

220 

6 

257. 

6 

294 

4 

1 331. 

2 

366 

36 

6 

73 

2 

109. 

8 

146 

4 

183 

0 

219 

6 

236 

2 

292. 

8 

' 329 

4 

364 

36 

,4 

72 

8 

109 

2 

145 

6 

182, 

.0 

218 

4 

254 

8 

291. 

2 

327. 

6 

362 

36 

2 

72 

4 

108 

6 

144 

8 

181 

0 

217. 

2 

253 

4 

289 

6 

325. 

8 

3b0 

36 

0 

72 

0 

108 

0 

144 

0 

180 

0 

216 

0 

252 

0 

2S8. 

0 

324. 

0 
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MATHEMATICAL TABLES 


Table 2. Common Logarithms of Numbers— Ct/ntinued 


N 

0 

1 

2 

3 

4 

5 

3 

7 

8 

9 

Dili . 

130 

113943 

114277 

114611 

114944 

116278 

115611 

116943 

116276 

116608 

116940 

333 

1 

11727 ) 

117603 

117934 

118265 

118595 

118926 

119256 

119586 

119915 

120245 

330 

2 

120574 

120903 

121231 

121560 

121888 

122216 

122544 

122871 

123198 

123525 

328 

3 

123852 

124178 

124504 

124830 

125156 

12548 ! 

125806 

126131 

126456 

126781 

325 

4 

127105 

127429 

127753 

128076 

128399 

128722 

129045 

129368 

129690 

130012 

323 

5 

130334 

130655 

130977 

13,298 

131619 

131939 

132260 

132580 

132900 

133219 

321 

6 

133539 

133858 

134177 

134496 

134814 

135133 

13545 ! 

135769 

136086 

136403 

318 

7 

' 136721 

137037 

137354 

137671 

137987 

1 138303 

138618 

138934 

139249 

139564 

316 

8 

139879 

140194 

140508 

140822 

141136 

141450 

141763 

142076 

142389 

142702 

314 

9 

, 143015 

143327 

143639 

143951 

144263 

i 144374 

144885 

145196 

145507 

145818 

311 

140 

146128 

146438 

146748 

147058 

147367 

147676 

147985 

148294 

148603 

148911 

309 

1 

' 149219 

149527 

149835 

I 50 I 42 

150449 

150756 

I 5 I 063 

I 5 I 370 

151676 

151982 

307 

2 

152288 

152594 

152900 

153205 

i 153510 

153815 

154120 

154424 

154728 

155032 

305 

3 

155336 

155640 

155943 

156246 

! 156549 

156852 

157154 

157457 

157759 

158061 

303 

4 

158362 

158664 

158965 

159266 

159567 

159868 

160168 

160469 

160769 

161068 

301 

5 

161368 

161667 

161967 

162266 

162564 

162863 

163)61 

163460 

163758 

I 6405 A 

299 

6 

164353 

164650 

164947 

165244 

165541 

165838 

166134 

166430 

166726 

167022 

297 

7 

I 673 l 7 i 

167613 

167908 

168203 

168497 

168792 

169086 

169380 

169674 

169968 

295 

8 

170262 

170555 

170848 

171141 

171434 

171726 

172019 

172311 

172603 

172895 

293 

9 

173186 

173478 

173769 

174060 

174351 

174641 

174932 

175222 

175512 

175802 

291 

ISO 

176091 

176381 

176670 

1769 S 9 

177248 

177536 

177825 

178113 

178401 

178689 

289 

I 

178977 

179264 

179552 

179839 

180126 

180413 

180699 ' 

180986 

181272 

181558 

287 

2 

181844 

182 U 9 

182415 

182700 

182985 

183270 

183555 

183839 

184123 

184407 

285 

3 

184691 

184975 

185259 

185542 

185823 

186108 

186391 

186674 

186956 

187239 

283 

4 

187521 

187803 

188084 

188366 

188647 

188928 

189209 

189490 

189771 

190051 

281 

5 

190332 

190612 

190892 

191171 

191451 

191730 

192010 

192289 

192567 

192846 

279 

6 

193125 

193403 

193681 

193959 

194237 

194514 

194792 

195069 

195346 

195623 

278 

7 

195900 

196176 

196453 

196729 

197005 

197281 

197556 

197832 

198107 

198382 

276 

8 

198657 

198932 

199206 

199481 

199755 

200029 

200303 

200577 

200850 

201124 

274 

9 

201397 

201670 

201943 

202216 

202488 

202761 

203033 

203305 

205577 

203848 

272 


Propobtioval Parts 


Diff . 

1 

2 

3 

4 

S 

6 

7 

8 

8 

358 

35.8 

71.6 

107.4 

143.2 

179 0 

214.8 


M. ! WM 

322.2 

356 

35.6 

71.2 

106.8 

142.4 

178 0 

213.6 



320.4 

354 

35.4 

70.8 

■ >wm 

141.6 

177.0 

212.4 



318.6 

352 

35.2 

70.4 

■ liKfl 

140,8 

176.0 

211.2 



316.8 


35.0 


■ ihH 

140.0 

175.0 

210.0 


280.0 

315.0 

348 

34.8 

69.6 

104.4 

139.2 

174.0 

208.8 

243.6 

278.4 

313.2 

346 

34.6 

69.2 

103.8 

138.4 

173.0 

207.6 

242.2 

276.8 

311,4 

344 

34,4 

68.8 

103.2 

137 6 

172 0 

206.4 

240 8 

275.2 

309.6 

342 

34.2 

68.4 

102 6 

136 8 

171 0 

205.2 

239.4 

in.b 

307.8 

340 

34.0 

68,0 

102.0 

136.0 

170.0 

204.0 


272,0 

306.0 

338 

33.8 

67.6 

101.4 

135.2 

169.0 

202.8 

236.6 

270.4 

304.2 

336 

33.6 

67.2 


j 34 4 

168.0 

201.6 

235.2 

268.8 

302.4 

334 

33.4 

66.8 


133.6 

167.0 

200.4 

233.8 

267.2 

300.6 

332 

33.2 

66.4 

99.6 

132.8 

166 0 

199.2 

232.4 

265.6 

298.8 

mRm \ 

33.0 

66.0 


132.0 

165.0 

198.0 


264.0 

297.0 

328 

32.8 

65.6 

98 4 

131.2 

164.0 

196 8 

229.6 

262.4 

295,2 

326 

32.6 

65.2 

97.8 

130.4 

163.0 

195.6 

228.2 

260.8 

293.4 

324 

32.4 

64.8 

97.2 

129.6 

162 0 

194.4 

226.8 

259.2 

291.6 

322 

32.2 

64.4 

96.6 

128.8 

161.0 

193.2 

223.4 

257.6 

289.8 


32.0 

64.0 

96 0 

128.0 

160 0 

192 0 

224,0 

256.0 

288.0 

318 

31.8 

63.6 

95.4 

127 2 

159.0 

190 8 

222.6 

254.4 

286.2 

316 

31.6 

63.2 

94.8 

126.4 

158.0 

189 6 

221.2 

252.8 

284.4 

314 

31.4 

62.8 

94.2 

125 6 

157.0 

188 4 

219.8 

251.2 

282.6 

312 

31.2 

62.4 

93.6 

124.8 

156 0 

187.2 

218.4 

249.6 

280.8 

310 

31.0 

62.0 


124 0 

155 0 

186.0 

217.0 

248.0 

279.0 

308 

30.8 

61.6 

92.4 

123.2 

154.0 

184.8 

215,6 

246.4 

277.2 

306 

30.6 

61.2 

91.8 

122.4 

133.0 

183.6 

214.2 

244 8 

275 4 

304 

30.4 

60.8 

91.2 

121.6 

152.0 

182.4 

212.8 

243.2 

273 6 


30.2 

60.4 

90.6 

120.8 

151.0 

181.2 

211.4 

241.6 

271.8 


30.0 

60.0 

90.0 

120.0 

150.0 

180.0 

210.0 

240.0 

270.0 

298 

29.8 

59.6 

89.4 

119.2 

149.0 

178.8 

208.6 

238.4 

268.2 

296 

29.6 

59.2 

88.8 

118.4 

148.0 

177.6 

207.2 

236.8 

266.4 

294 

29.4 

58.8 

88.2 

117.6 

147.0 

176.4 

205.8 

235.2 

264.6 

292 

29.2 

58.4 

0 /. t > 

116.8 

146.0 

175.2 

204.4 

233.6 

262.8 


29.0 

58.0 

87.0 

116.0 

145.0 

174.0 

203.0 

232.0 

261.0 

288 

28.8 

57.6 

86.4 

115.2 

144 0 

172,8 

201.6 

230.4 

259.2 

286 

28.6 

57.2 

85.8 

114.4 

143.0 

171.6 

200.2 

228.8 

257.4 

284 

28.4 

56.8 

85.2 

113.6 

142.0 

170.4 

198.8 

227.2 

235.6 

282 

28.2 

56.4 

84.6 

112.8 

141.0 

169.2 

197.4 

225 6 

233 8 


28.0 


84.0 

112.0 

140 0 

168.0 

196.0 

224 0 

252 0 
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Table 2. Common Logarithms of Numbers —Continued 


N 

0 

1 

2 

3 

4 

' 6 

6 

7 

8 

' 9 

' Diff . 

160 

204120 

204391 

204663 

204934 

205204 

1 206475 

205746 

1 206016 

206286 

i 206666 

271 

1 

206826 

207096 

207365 

207634 

207904 

208173 

208441 

208710 

208979 

209247 

269 

2 

209515 

209783 

21005 ! 

210319 

210586 

210853 

211121 

211388 

211654 

211921 

267 

3 

212188 

212454 

212720 

212986 

213252 

213518 

213783 

214049 

214314 

214579 

366 

•4 

214844 

215109 

215373 

215638 

215902 

2 I 6 I 66 

216430 

216694 

216957 

217221 

264 

5 

217484 

217747 

218010 

218273 

218536 

218798 

219060 

219323 

219585 

219846 

262 

6 

22O1O8 

220370 

220631 

220892 

221)53 

221414 

221675 

221936 

222196 

222456 

261 

7 

222716 

222976 

223236 

223496 

223755 

224015 

224274 

224533 

224792 

225051 

259 

S 

225309 

225568 

225826 

226084 

226342 

226600 

226858 

227115 

227372 

227630 

258 

9 

227887 

228144 

228400 

228657 

228913 

229170 

229426 

229682 

229938 

230193 

256 

170 

230449 

230704 

230960 

231216 

231470 

231724 

231979 

23223« 

232488 

232742 

255 

1 

232996 

233250 

233504 

233757 

234011 

234264 

234517 

234770 

235023 

235276 

253 

2 

235528 

235781 

236033 

236285 

236537 

236789 

237041 

237292 

237544 

237795 

252 

3 

238046 

238297 

238548 

238799 

239049 

i 239299 

239550 

239800 

240050 

240300 

250 

4 

240549 

240799 

241048 

241297 

241546 

241795 

242044 

242293 

242541 

242790 

249 

5 

243038 

243286 

243534 

243782 

244030 

244277 

244525 

244772 

245019 

245266 

248 

6 

245513 

245759 

' 246006 

246252 

246499 

240745 

246991 

247237 

247482 

247728 

246 

7 

247973 

248219 

248464 

248709 

248954 

249198 

249443 

249687 

249932 

250176 

245 

8 

250420 

250664 

250908 

251151 

251395 

251638 

251881 

252125 

252368 

252610 

243 

9 

252853 

253096 

253338 

253580 

[ 253822 

254064 

254306 

1 254548 

254790 

255031 

242 

ISO 

255273 

2566U 

266755 

366996 

266237 

256477 

256718 

266968 

257198 

257439 

241 

1 

257679 , 

257918 

258158 , 

258398 

258637 

258877 

259116 

259355 

259594 

259833 

239 

2 

260071 

260310 

260548 ! 

260787 

261025 

261263 

261501 

261739 

261976 

262214 

238 

3 

262451 

262688 

262925 

263162 

263399 

263636 

263873 

264109 

264346 

264582 

237 

4 

264818 

265054 

265290 

265525 

265761 

265996 

266232 

266467 

266702 

266937 

235 

5 

267172 

267406 

267641 

267875 

268110 

268344 

268578 

268812 

1 269046 

269279 

1 234 

6 

269513 

269746 

269980 

270213 ! 

270446 

270679 

270912 

271144 

271377 

271609 

233 

7 

271842 

272074 

272306 

272538 

272770 

273001 

273233 

273464 

273696 

273927 

232 

8 

274158 

274389 

274620 

274850 

275081 

275311 

275542 

275772 

276002 

276232 

230 

9 

276462 

276692 

276921 

277151 

277380 

277609 

277838 

278067 

278296 

278525 

229 

190 

978754 

278952 

279211 

279439 

279667 

279896 

280123 

280361 

280678 

280806 

228 

I 

281033 

281261 

281488 

281715 

281942 

282169 

282396 

282622 

282849 

283075 

227 

2 

283301 

283527 

283753 

283979 

284205 

284431 

284656 

284882 

285107 

285332 

225 

3 

285557 

285732 

286007 

286232 

286456 

2 S 668 I 

286905 

287130 

287354 

287578 

225 

4 

287802 

288026 

288249 

288473 

288696 

288920 

289143 

289366 

289589 

289812 

223 

5 

290035 

290257 

290480 

290702 

290925 

291147 

291369 

291591 

291813 

292034 

222 

6 

292256 

292478 

292699 

292920 

293141 

293363 

293584 

293804 

294025 

294246 

221 

7 

294466 

294687 

294907 

295127 

295347 

295567 

295787 

296007 

296226 

295446 

220 

8 

296665 

296884 

297104 

297323 

297542 

297761 

297979 

298198 

298416 

298635 

219 

9 

298853 

299071 

1 299289 

299507 

299725 

299943 

300 I 6 I 

300378 

300595 

300813 

218 


Proportional Parts 


Diff . 

1 

2 

3 

4 

6 

G 

7 

8 

9 

278 

27.8 

55.5 

83.4 

111.2 

139.0 

166.8 

194.6 

222.4 


276 

27.6 

55.2 

82.8 


138.0 

165.6 

193.2 

220.8 

248.4 

274 

27.4 

54.8 

82.2 

109.6 

137.0 

164.4 

191.8 

219.2 

246.6 

272 

27.2 

54.4 

81.6 

108.8 

136.0 

163.2 

190.4 

217.6 

244.8 

270 

27.0 


81.0 


135.0 

162.0 

189.0 

216.0 


268 

26.8 

53.6 

80.4 

107.2 

134,0 

160.8 

187.6 

214,4 

241.2 

266 

26.6 

53.2 

79.8 

106.4 

133.0 

159.6 

186.2 

212.8 

239.4 

264 

26.4 

52.8 

79.2 

103.6 

132.0 

158.4 

184.8 

211.2 

237.6 

262 

26.2 

52.4 

78.6 

104.8 

131.0 

157.2 

183.4 

209.6 

235.8 

260 

26.0 


78.0 



156,0 

182.0 

208.0 

KtBia 

258 

25.8 

51.6 

77.4 

103.2 


154.8 


206.4 

232.2 

256 

25.6 

51.2 

76.8 

102.4 


153.6 

179.2 

204.8 

230.4 

254 

25.4 

50.8 

76.2 

101.6 


152.4 

177.8 

203.2 

228.6 

252 

25.2 


75 6 



151.2 

176 4 

201.6 

226.8 

250 

25.0 


75.0 


125.0 

150 0 


200.0 


248 

24.8 

49.6 

74.4 

99 2 


148.8 

173.6 

198.4 

223.2 

246 

24.6 

49.2 

73.8 

98.4 


147.6 

172.2 

196.8 

221.4 

244 

24.4 

48.8 

73.2 

97.6 


146.4 

170.8 

195.2 

219.6 

242 

24.2 

48.4 

72.6 

96 8 


145.2 

169.4 

193.6 

217.8 

mzum 

24.0 

48.0 

72.0 





192.0 


238 

23.8 

47.6 

71.4 

95.2 


142.8 

166.6 

190.4 

214.2 

236 

23.6 

47.2 

70.8 

94 4 

118.0 

141.6 

165.2 

188,8 

212.4 

234 

23.4 

46.8 

70.2 

93.6 



163.8 

187.2 

210.6 

232 

23.2 

46.4 

69.6 

92 8 


139 2 

162.4 

185.6 

208.8 


23.0 

46,0 

69.0 


113 0 



184 0 

207.0 
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Table 2. Common Logarithms of Numbers-— Continued 


N 1 

0 1 

1 

1 

3 

4 


6 i 

7 

« i 

9 } 

Diff . 

200 

301030 ^ 

301247 I 

301464 1 

301681 

301898 

302114{ 

302331 1 

302547 

302764 

302980 1 

217 

\ 

303196 

303412 1 

3036281 

303844 

304059 

304275 

304491 

304706 

304921 

305136 

216 

2 

30533 ! 

3055 f 3 O ! 

305781 

305996 ’ 

306211 

306425 

306039 

306854 

307068 

307282 

215 

3 

307496 

3077101 

307924 

308137 ! 

308351 

308564 

308778 

308991 

309204 

309417 

213 


309630 

309 S 43 ! 

310056 

310268 ! 

310481 

310693 

310906 

311118 

311330 

311542 

212 

5 

511754 

3 ! 19 bt ) ' 

312177 

312389 : 

312600 

312812 

313023 

313234 

313445 

313656 

211 

6 

3}3867 i 

314078 

314289 

314499 1 

314710 

314920 

315130 

315340 

315551 

315760 

210 

7 

3 ! 5970 i 

316180 

316390 

3)6599 i 

316809 

317018 

317227 

317436 

317646 

317854 

209 

8 

3180 o 3 

318272 

318481 

3186891 

318898 

319106 

319314 

319522 

319730 

319938 

208 

9 

320146 1 

320354 

320562 

320769 i 

320977 

321184 

321391 

321598 

321805 

322012 

207 

SIO 

332319 1 

322426 

322633 

32283S ! 

323046 

323252 

323468 j 

323666 

323871 

324077 

206 

1 

324282 i 

324488 

324694 

324899 1 

325105 

325310 

325516 

325721 

325926 

326131 

205 

2 

326336 

326541 1 

326745 

3269501 

3271551 

327359 

327563 

327767 

327972 

328176 

204 

3 

328380 

328583 

328787 

328991 [ 

329194 

329398 

32960 ! 

329805 

330008 

330211 

203 

4 

330414 

330617 

330819 

331022 ' 

331225 

331427 i 

331630 

331832 

332034 

i 332236 

202 

5 

i 332438 

332640 

332842 

333044 ■ 

333246 

333447 

333649 

333850 

334051 

334253 


6 

j 334454 

334655 

334856 

335057 ! 

335257 

335458 1 

333 o 58 

335859 

336059 

336260 

201 

7 

^ 336460 

336660 

336860 

337060 ! 

337260 

337459 

337659 ' 

337858 

338058 ■ 

338257 

200 

8 

! 338456 

358656 

338853 

339054 i 

339253 

33945 ! 

339650 

339849 

340047 

340246 

199 

9 j 

j 340444 i 

340642 

340841 

341039 

341237 

341435 

341632 

341830 

342028 

342225 

198 

320 

342423 

342620 

342817 

343014 

343212 

343409 I 

^ 343606 

343802 

343999 

344196 

197 

1 

! 344392 

344589 

344785 

344981 

345178 

345374 ; 

345370 

345766 

345962 

346157 

196 

2 

; 346353 

346549 

346744 

346939 

347135 

347330 

347525 

347720 

347913 

348110 

195 

3 

! 348305 

1 346500 

348694 

348889 

349083 

349278 

349472 

349666 

349860 

350054 

194 

4 

1 350248 

1 350442 

350636 

350 S 29 

351023 

351216 

351410 

331603 

351796 

351989 

193 

5 

1 352185 

352375 

352568 

352761 

352954 

353147 

353339 

353532 

353724 

353916 


6 

j 354108 

354301 

354493 

354685 

354876 

355068 

355260 

355452 

355643 

355834 

192 

7 

! 356026 

356217 

356408 

356599 

356790 

356981 

357172 

357363 

357554 

357744 

191 

8 

i 357935 

558125 

358316 

358506 

358696 

358886 

359076 

359266 

359456 

359646 

190 

9 

359835 

360025 

360215 

360404 

360593 

360783 

360972 

361161 

361350 

361539 

189 

uo 

361728 

361917 

362105 

362294 

362482 

362671 

362859 

363048 

363236 

363424 

188 

\ 

363612 

363800 

363988 

364176 

364363 

364551 

364739 

364926 

3651)3 

365301 


2 

365488 

365675 

365862 

366049 

366236 

366423 

366610 

366796 

366983 

367169 

187 

} 

367356 

367542 

367729 

367915 

368101 

368287 

368473 

368659 

368845 

369030 

186 

4 

369216 

369401 

369587 

369772 

369958 

370143 

370328 

370513 

370698 

370883 

185 

5 

371068 

371253 

37)437 

371622 

371806 

37199 ! 

372175 

372360 

372544 

372728 

184 

6 

372912 

373096 

373280 

373464 

373647 

373831 

374015 

374198 

374382 

374565 


r 

374748 

374932 

375115 

375298 

375481 

375664 

375646 

376029 

376212 

376394 

183 

6 

376577 

376759 

376942 

377124 

377306 

377488 

377670 

377852 

378034 

378216 

182 

9 

378398 

378580 

378761 

378943 

379124 

379306 

379487 

379668 

379849 

380030 

181 


Proportional Parts 


Diff. 

t 

2 

8 

4 

5 

4 


8 

9 

228 

22 8 

45 6 

68 4 

91.2 

114 0 

136 8 

159 6 

182 4 

205 2 

226 

22.6 

45.2 

67 8 

90 4 

113 0 

135 . 6 

158 . 2 

180 8 

703 4 

224 

22 4 

44 8 

67 2 

89 6 

112 0 

134.4 

156 8 

179 2 

701 6 

222 

22 2 

44 4 

66.6 

88 8 

III 0 

133 2 

i 55,4 

177 6 

199 8 

220 

22.0 

44 0 

66 0 

88 0 

110.0 

132.0 

154.0 

176.0 

198.6 

218 

21.8 

43 6 

65 4 

87 2 

109.0 

130.8 

152.6 

174 4 

106 7 

216 

21.6 

43 2 

64 8 

86.4 

108 0 

129.6 

151.2 

172 8 


214 

21.4 

42.8 

64 2 

85 6 

107.0 

128.4 

149 8 

171.2 

107 6 

212 

21.2 

42 4 

63 6 

84 8 

106 0 

127 2 

148.4 

169.6 

190 8 

210 

21.0 

42.0 

63.0 

84.0 

105.0 

126.0 

147.0 

168.0 

189.6 

208 

20 8 

41.6 

62 4 

83.2 

104 0 

124.8 

145.6 

166 4 

187 7 

206 

20 6 

41.2 

61 8 

82 4 

103 0 

123 6 

144 2 

164 8 

185 4 

204 

20 4 

40.8 

61 2 

81.6 

102 0 

122 4 

142.6 

163 2 


202 

20 2 

40 4 

60 6 

80 8 

101 0 

121.2 

141 4 

161 6 


mjjjm 

20.0 

40 0 


80.0 

100 0 

120.0 

140.0 

160.0 

180.0 

198 

19 8 

39.6 

59.4 

79 2 

99 0 

118.8 

138.6 

158 4 


196 

19 6 

39.2 

58.8 

78.4 

98 0 

117.6 

137 2 

136,8 


194 

19 4 

38 8 

58 2 

77 6 

97.0 

116 4 

135 8 

155 2 


192 

19.2 

38.4 

57 6 

76.8 

96 0 

115 2 

134 4 

153 6 


190 

19.0 

38.0 

57.0 

76.0 

95 0 

114.0 

133.0 

152.0 

171 0 

188 

18.8 

37 6 

56 4 

75.2 

94.0 

112 8 

131.6 

150 4 

160 7 

186 

18.6 

37 2 

53 8 

74.4 

93.0 

IM 6 

130.2 

! 4 R ft 


184 

18 4 

36.8 

55 2 

73 6 

92.0 

no 4 

128.6 

147 2 

165 6 

182 

18 2 

36.4 

54.6 

72 6 

91.0 

109 2 

127.4 

145 6 


180 1 IS 0 

36 0 

*14 0 

72 0 

90 0 

108 0 

126 0 

144 0 

16?.6 
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Table 2, Common Logarithms of Numbers —Continued 


N 

0 

1 

% 1 

3 

4 

8 

6 

7 

8 

1 9 1 

! D;ff. 

240 

380211 

380392 

3805731 

380764 

380934 

1381115 

381296 

281476 

381656 

381837 

181 

1 

382017 

382197 

382377 1 

382557 

382737 

382917 

383097 

383277 

383456 

383636 

180 

2 

383815 

383995 

384174! 

384353 

384333 

384712 

384891 

385070 

385249 

385428 

179 

3 

385606 

385785 

385964 

386142 

386321 

386499 

386677 

386856 

387034 

387212 

178 

4 

387390 

387568 

387746 

387924 

388101 

; 388279 

388436 

388634 

3888M 

388989 


5 

389166 

389343 

389520 

389698 

389875 

i 390051 

390228 

390405 

390582 

390759 

177 

6 

390935 

391112 

391288 

391464 

391641 

391817 

391993 

392169 

392345 

392521 

176 

7 

392697 

392873 

393048 

393224 

393400 

393575 

393751 

393926 

394101 

394277 


8 

394452 

394627 

394802 

394977 

395152 

395326 

395501 

395676 

395850 

396025 

175 

9 

396199 

396374 

396548 

396722 

396896 

397071 

397245 

397419 

397592 

397766 

174 

250 

397940 

398114 

398387 

393461 

398634 

398808 

398981 

399154 

399338 

399601 

173 

1 

399674 

399847 

400020 

400192 

400365 

400538 

400711 

400883 

401056 

401228 


2 

401401 

401573 

401745 

401917 

402089 

402261 

402433 

402605 

402777 

402949 

172 

3 

403121 

403292 

403464 

403635 

403807 

403978 

404149 

404320 

404492 

404663 

171 

4 

404834 

405005 

405176 

405346 

405317 

405688 

403858 

406029 

406199 

406370 


5 

1 406540 

406710 

406881 

407031 

407221 

407391 

407561 

407731 

407901 

40807C 

170 

6 

1 408240 

408410 

408579 

408749 

408918 

409087 

409257 

409426 

409595 

409764 

169 

7 

409933 

410102 

410271 

410440 

410609 

410777 

410946 

411114 

411283 

411451 


8 

411620 

411788 

411956 

412124 

412293 

412461 

412629 

412796 

412964 

413132 

168 

9 

413300 

413467 

413635 

413803 

413970 

414137 

414303 

414472 

414639 

414806 

167 

260 

414973 

; 416140 

^ 415307 

415474 

415641 

415808 

415974 

416141 

416308 

416474 


1 

416641 

416807 

1 416973 

1 417139 

1 417306 

417472 

417638 

417804 

417970 

418135 

166 

2 

418301 

418467 

418633 

418798 

418964 

419129 

419295 

419460 

419625 

419791 

165 

3 

419956 

420121 

420286 

420451 

420616 

420781 

420945 

421I10 

421275 

421439 


4 

421604 

421768 

421933 

422097 

422261 

422426 

422590 

422754 

422918 

423082 

164 

5 

423246 

423410 

423574 

423737 

423901 

424063 

424228 

424392 

424555 

424718 


6 

424882 

425045 

425208 

425371 

425534 

425697 

425860 

426023 

426186 

426349 

163 

7 

426511 

426674 

426836 

426999 

427161 

427324 

427486 

427646 

427811 

427973 

162 

8 

428135 

428297 

428459 

428621 

428783 

428944; 

429106 

429268 

429429 

429591 


9 

429752 

429914 

430075 

430236 

430398 

430559 

430720 

430681 

431042 

431203 

161 

aro 

431384 

43152S 

431585 

4S1846 

432007 

432167 

433328 

433488 

433649 

432809 


1 

432969 

433130 

433290 

433450 

433610 

433770 

433930 

434090 

434249 

434409 

160 

2 

434569 

434729 

434888 

435048 

435207 

435367 

435526 

435685 

435844 

436004 

159 

3 

436163 

436322 

436481 

436640 

436799 

436957 

4371 16 

437275 

437433 

437592 


4 

437751 

437909 

438067 

438226 

438384 

438542 

438701 

438859 

439017 

439175 

158 

5 

439333 

439491 

439648 

439806 

439964 

440122 

440279 

440437 

440594 

440752 


6 

440909 

441066 

441224 

441381 

441530 

441695 

441852 

442009 

442166 

442323 

157 

7 

442480 

442637 

442793 

442930 

443106 

443263 

443419 

443576 

443732 

443889 


8 

444045 

444201 

444357 

444513 

444669; 

444823 

444981 

445137 

445293 

445449 

156 

9 

445604 

445760 

445915 

446071 

446226 

446382 

446537 

446692 

446848 

447003 

155 

280 

447158 

447313 

447468 

U7623 

447776 

447933 

448088 

448843 

448397 

448652 


1 

448706 

448861 

449015 

449170 

449324 

449478 

449633 

449787 

449941 

450095 

154 

2 

450249 

450403 

450557 

450711 

450865 

451018 

451172 

451326 

451479 

451633 


3 

451786 

451940 

452093 

452247 

452400 

452353 

452706 

452859 

453012 

453165 

153 

4 

453318 

453471 

453624 

453777 

453930 

454082 

454235 

454387 

454540 

454692 


5 

454845 

454997 

455150 

453302 

435454 

435606 

455758 

455910 

456062 

456214 

152 

6 

456366 

436518 

456670 

456821 

456973 

457125 

457276 

457428 

457579 

457731 


7 

457882 

458033 

458184 

458336 

458487 

458638 

458789 

458940 

459091 

459242 

151 

8 

459392 

459543 

459694 

459845 

459995 

460146 

460296 

460447 

460597 

460748 


9 

460898 

461048 

461198 

461348 

461499 

461649 

461799 

461948 

462098 

462248 

150 


Proportional Parts 


Diff. 

1 

2 

3 

* i 

6 1 

6 1 

7 

8 1 

9 

182 

18. 

2 

36 

4 

54 

6 

72 

8 

91 

0 

109 

2 

127 

4 i 

145 

6 

163 

8 

180 

18, 

0 

36. 

0 

54. 

U 

72 

U 

90. 

0 

108 

0 

; 126. 

0 ! 

144 

0 

162. 

0 

178 

17. 

8 

35 

6 

53 

4 

71 

2 

89 

0 

106 

8 

1 124 

6 ! 

142 

4 

160 

2 

176 

17. 

6 

35. 

2 

52 

8 

70 

4 ' 

88. 

0 

1 105. 

6 

1 123, 

.2 

140 

8 

158 

4 

174 

17. 

4 

34. 

8 

52 

2 

69 

* ! 

87 

0 

: 104 

4 

121 

8 

139 

2 

156. 

6 

172 

17. 

2 

34. 

4 

51 

6 

68 

8 

86 

0 

103 

2 

120. 

4 

137 

6 

154. 

8 

170 

17. 

0 

34. 

0 

51 

0 

68 

0 

85 

u 

102 

0 

119 

0 

136. 

0 

153. 

0 

168 

16, 

8 

33 

6 

50 

4 

67 

2 i 

84 

0 

100 

8 

117 

6 

134. 

4 

151. 

2 

166 

16 

6 

33 

7 

49 

8 

66 

4 

83 

0 

99 

6 

1 !6 

2 . 

132. 

8 

149 

4 

164 

16 

4 

32 

8 

49. 

2 

65 

6 

82 

,0 

98 

4 

114 

8 

131 

2 

147 

6 

162 

16. 

2 

32. 

4 

48 

6 

64 

S 1 

81 

0 

97. 

2 

i 113 


129 

6 

145. 

8 

160 

16 

0 

32 

0 

48. 

0 

64 

0 ' 

80. 

u 

9o 

U 

1 

0 

128. 

0 

144. 

0 

158 

15. 

8 

31 

6 

47. 

4 

63 

2 

79 

0 

94 

8 

1 no 

6 

126 

4 

142. 

2 

156 

15 

6 

3! 

2 

46 

8 

62 

4 

78 

0 

93 

6 

1 109 

2 

_ 124 

8 

140 

_4 
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MATHEMATICAL TABLES 


Table 2. Common Logarithms of Numbers —Continued 


N 

0 

1 

2 

3 

4 

5 

« 1 

7 

8 

9 

Diff. 

290 

462398 

462648 

462697 

462847 

462997 

463146 

463296 1 

463445 

463594 

463744 


1 

463893 

464042 

464191 

464340 

464490 

464639 

464788 

464936 

465085 

465234 

149 

2, 

465383 

465532 

465680 

465829 

465977 

466126 

466274 

466423 

466571 

466719 


3 

466868 

467016 

467164 

467312 

467460 

467608 

467756 i 

467904 

468052 

468200 

148 

4 

468347 

468495 

468643 

468790 

468938 

469085 

469233 

469380 

469527 

469675 


5 

469822 

469969 

470116 

470263 

470410 

470557 

470704 

470851 

470998 

471145 

147 

6 

471292 

471438 

471585 

471732 

471878 

472025 

472171 

472318 

472464 

472610 

146 

7 

472756 

472903 

473049 

473195 

473341 

473487 

473633 

473779 

473925 

474071 


8 

474216 

474362 

474508 

474653 

474799 

474944 

475090 

475235 

475381 

475526 


9 

475671 

475816 

475962 

476107 

476252 

476397 

476542 

476687 

476832 

476976 

145 

soo 

477121 

477266 

477411 

477655 

477700 

477844 

477989 

478133 

478278 

478422 


] 

478566 

478711 

478855 

478999 

479143 

479287 

479431 ! 

479575 

479719 

479863 

144 

2 

480007 

480151 

480294 

480438 

480582 

480725 

480869 

481012 

481156 

481299 


3 

481443 

481586 

481729 

481872 

482016 

482159 

482302* 

482445 

482588 

482731 

143 

4 

482874 

483016 

483159 

483302 

483445 

483587 

483730 

483872 

484015 

484157 


5 

484300 

484442 

484585 

484727 

484809 

485011 

485153 

485295 

485437 

485579 

142 

6 

485721 

485863 

486005 

486147 

486289 

486430 

486572 

486714 

486855 

486997 


7 

487138 

487280 

487421 

487563 

487704 

487845 

487986 

488127 

488269 

488410 

14! 

8 

488551 

488692 

488833 

488974 

489114 

489255 

489396: 

489537 

489677 

489818 


9 

489958 

490099 

490239 

490380 

i 490520 

490661 

490801 

490941 

49)081 

491222 

! 140 

310 

491362 

4915021 

491642 

491782 

491922 

492062 

492201 

492341 

492481 

492621 


1 ! 

492760 

492900 

493040 

493)79 

493319 

493458 

493597 

493737 

493876 

494015! 

139 

2 1 

494155 

494294 

494433 

494572 

494711 

494850 

494989 

495128 

495267 

495406 


3 

495544 

495683 

495822 

495960 

496099 

496238 

496376 

496515 

496653 

496791 


4 

496930 

497068 

497206 

497344 

497483 

497621 1 

497759 

497897 

498035 

498173 

138 

5 

498311 

498448 

496586 

498724 

498862 

498999 

499137 

499275 

499412 

499550 


6 

499687 

499824 

499962 

500099 

500236 

500374 

500511 

500648 

500785 

500922 

137 

7 

501059 

501196 

501333 

501470 

501607 

501744 

501880 

502017 

502154 

502291 


8 

502427 

502564 

502700 

502837 

502973 

503109 

503246 

503382 

503518 

503655 

136 

9 

503791 

503927 

504063 

504199 

504335 

504471 

504607 

504743 

504878 

505014 


S30 

Q06160 

606286 

505421 

606657 

606693 

606828 

606964 

606099 

606234 

506370 


1 

506505 

506640 

506776 

506911 

507046 

507181 

507316 

507451 

507586 

507721 

135 

2 

507856 

507991 

508126 

508260 

508395 

508530 

508664 

508799 

508934 

509068 


3 

509203 

509337 

509471 

509606 

509740 

509874 

510009 

510143 

510277 

5)041 i 

134 

4 

510545 

510679 

510813 

510947 

511081 

511215 

511349 

511482 

511616 

511750 


5 

511883 

512017 

512151 

512284 

512418 

512551 

512684 

512818 

512951 

513084 

133 

6 

513218 

513351 

513484 

513617 

513750 

513883 

514016 

514149 

514282 

514415 


7 

514548 

514681 

514813 

514946 

515079 

515211 

515344 

515476 

515609 

515741 


8 

515874 

516006 

516139 

516271 

51o403 

516535 

516668 

516800 

516932 

517064 

132 

9 

517196 

517328 

517460 

517592 

517724 

517855 

517987 

518119 

518251 

518382 


S30 

618514 

518646 

618777 

518909 

519040 

619171 

619303 

519434 

619666 

619697 

131 

1 

519828 

519959 

520090 

520221 

520353 

520484 

520615 

520745 

520876 

521007 


2 

521138 

521269 

521400 

521530 

521661 

521792 

521922 

522053 

522183 

522314 


3 

522444 

522575 

522705 

522835 

522966 

523096 

523226 

523356 

523486 

523616 

130 

4 

523746 

523876 

524006 

524136 

524266 

524396 

524526 

524656 

524785 

524915 


5 

525045 

525174 

525304 

525434 

525563 

525693 

525822 

525951 

526081 

526210 

129 

6 

526339 

526469 

526598 

526727 

526856 

526985 

527114 

527243 

527372 

527501 


7 

527630 

527759 

527888 

528016 

528145 

528274 

528402 

528531 

528660 

528788 


8 

528917 

529045 

529174 

529302 

529430 

529559 

529687 

529815 

529943 

530072 

118 

9 

530200 

530328 

530456 

530584 

530712 

530840 

530968 

531096 

531223 

531351 



Pbopobtional Pabts 


Diff. 

1 

2 

3 

4 

6 

6 

7 

8 

9 

154 

15.4 

30.8 

46 2 

61 6 

77 0 

92 4 

107 8 

123 2 

nR A 

152 

15 2 

30.4 

45 6 

60 8 

76.0 

91 2 

106 4 

121 6 


150 

15.0 

30 0 

45 0 

60 0 

75.0 

90 0 

105 0 

120 0 

135 0 

148 

14 8 

29.6 

44.4 

59.2 

74 0 

86 8 

103 6 

118 4 

133 7 

146 

14.6 

29.2 

43 8 

58 4 

73.0 

87.6 


116 8 

131 A 

144 

14.4 

28.8 

43.2 

57 6 

72.0 

86 4 


115 2 


142 

14.2 

28 4 

42 6 

56 8 

71 0 

85 2 

99.4 

113 6 


140 


28.0 



70.0 

84.0 

98 0 

112 0 

MEm 

138 

13.8 

27.6 

41.4 

55.2 

69 0 

82.8 

96 6 

1 in i 

174 7 

136 

13.6 

27.2 


54.4 

68 0 

81.6 

95 2 


177 4 

134 

13.4 

26.8 


53.6 

67.0 

80 4 

93.8 

in? 7 


132 

13.2 

26.4 

39.6 

52 8 

66 0 

79 2 

92 4 



130 


26 0 

39.0 


63 0 

78 0 




128 

12.8 

25 6 

38 4 

51 2 

64 0 

76 8 

89 6 

102 4 

115 2 
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Table 2. Common Logarithms of Numbers —Continued 


N ' 

0 

1 

2 

3 

4 

5 

6 

7 

8 

I » 

1 Duf. 

340 ' 

531479 

531607 

531734 

631862 

531990 

632117 

532245 : 

532372 

1 S32500 

! 632627 


1 

532754 

532882 

533009 

533136 

533264 

533391 

533318 

533645 

i 533772 

533899 

1 127 

2 

534026 

534153 

534280 

534407 

534334 

534661 1 

534787 1 

534914 

535041 

535167 


3 

535294 

535421 

535547 

535674 

535800 

533927 ! 

536053 

536180 

536306 

; 336432 

126 

4 

536558 

536685 

53681 1 

536937 

537063 

537189 ; 

537315 

337441 

537367 

1 537693 

i 

5 

537819 

537945 

538071 

538197 

538322 

5384481 

538374 

538699 

538825 

53895] 


6 

539076 

539202 

539327 

539452 

539578 

539703 ' 

539829 

539954 

540079 

, 540204 

1 125 

7 

540329 

540455 

540580 

5407051 

540830 

5409551 

541080 

541205 

541330 

' 541454 


8 

541579 

541704 

541829 

541953 

542078 

542203 ! 

542327 

542432 

1 542376 

542701 


9 

542825 

542950 

543074 

543199 

543323 

543447 

543571 

543696 

543820 

543944 

124 

350 

544068 

544192 

644316 

S44440 1 

644564 

544688 

544812 

544936 

545060 

545183 


1 

545307 

545431 

545555 

545678 

545802 

545925 

546049 

546172 

546296 

546419 


2 

540543 

546666 

546789 

: 546913 i 

547036 

547159 

547282i 

547405 

547529 

547652 

123 

3 

547775 

547898 

548021 

j 548144 

548267 

548389 

548512 

548635 

548758 

548881 


4 

549003 

549126 

549249 

1 5493711 

549494 

549616 

549739 

549861 

549984 

j 550106 


5 

550228 

550351 

550473 

, 550595 

550717 

550840 ! 

550962 

351084 

55120O 

551328 

122 

6 

1 551450 

551572 

551694 

551816 

551938 

552060 i 

552181 

532303 

552425 

552547 


7 

552668 

552790 

552911 

553033 

553155 

553276 ‘ 

533398 

553519 

553640 

553762 1 

121 

8 

553883 

554004 

554126 

554247 

554368 

554489 1 

354610 

554731 

554852 

554973 1 


9 

555094 

: 555215 

555336 

555457 

355578 

555699 ' 

555820 

535940 1 

556C61 

556182 1 

1 

360 

656303 

' 6S6423 

556644 

666864 

556785 

656905 

657026 

657146 

657267 ! 

657387 

120 

\ 

557507 

557627 

557748 

557868 

557988 

558108, 

558228 

558349 

558469 ! 

i 558569 


2 

558709 

558829 

558948 

559068 

559188 

559308 

559428 

359548 

559607 

559787 


3 

559907 

560026 

560146 

560265 

560385 

560504 

560624 

360743' 

560863 

560982 

119 

4 

561101 

561221 

561340 

561459 

561578 

561698 

561817 

561936 

562055 

562174 


5 

562293 

562412 

562531 

562650 

562769 

562887 

563006 

563125 

563244 

! 563362 


6 

563481 

563600 

563718 

563837 

563955 

564074 

564192 

36431) 

56442*5 

i 5b4546 1 


7 

564666 

564784 

564903 

565021 

565139 

565257 

565376 

565404 

565612 

, 565730 

ns 

8 

565848 

565966 

566084 

566202 

5o6320 

566437 

566555 

566673 

506791 

566909 


9 

567026 

567144 

567262 

567379 

567497 

567614 

567732 

567849 : 

567967 

568084 1 


370 

568202 

568319 

668436 

568554 

668671 

668788 

566905 

669023 

669140 

689267 

117 

\ 

569374 

569491 

569608 

569725 

569842 

569959 

570076 

570)93i 

570309 

570426 


2 

570543 

570660 

570776 

570893 

571010 

571126; 

571243 

571359' 

571476 

571592 


3 

571709 

i 571825 

571942 

572058 

572174 

572291 ; 

57240/ 

572523 

572639 

572755 

116 

4 

572872 

572988 

573104 

573220 

573336 

573452 ' 

573568 

573684 

573800 

573915 

i 

5 

574031 

1 574147 

574263 

574379! 

574494 

574610: 

374726 

574841 

574^57 

573072 


6 

575188 

575303 

575419 

575534 

575650 

575765 

575860 

575996 

576111 

. 76226; 

US 

7 

576341 

576457 

576572 

576687 

576802 

576917 

577032 

577147 

577262 

577377 



577492 

577607 

577722 

i 577836 

577951 

578066 

578181 

578295 

5784>0 

578525, 


9 

578639 

578754 

578868 

578983 

579097 

579212! 

579326: 

5794411 

579555 

579669 

114 

880 

579784 

679898 

630012 

680126 

680241 

580355 

680469 

680683 1 

580697 

58^811 


1 

580925 

581039 

581153 

581267 

581381 

581495 1 

581608 

581722 

581836 

581950 


2 

582063 

582177 

582291 

582404 

582518 

582631 1 

582745 

582858 

582972 

533085 


3 

583199 

583312 

583426 

583539 

583652 

583763 ! 

583879 

583992 

584105 

584218 


4 1 

584331 

584444 

584557 

584670 ' 

584783 

384896 

585009 

565122 

585235 ' 

' 535348 

1 1 13 

5 

585461 

585574 

585686 

583799 

585912 

586024 

586137 

586250 

586362 ; 

i 536475 


6 

586387 

586700 

586812 

586925 

587037 

587149 

587262 

587374 

1 587486 ! 

1 S37399 


7 

58771 1 

587823 

587935 

388047 

588160 

388272 

388384 

588496 

568608 1 

588720 

112 

8 

588832 

588944 

589056 

589167 

589279 

589391 

1 589503 

589613 

589726 

, 559838 


9 

589950 

590061 

590173 

590284 

590396 

590507 

i 590619 

590730 

5<30842 1 

; 590953 



Pkoportiona.1. Parts 


Diff. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

12R 

12.8 

23 6 

38 4 

51 2 

64 0 

76 8 

89.6 


115 2 

126 

12.6 

25.2 

37.8 


63 0 

75 6 

88 2 


113.4 

124 

12.4 

24.8 

37.2 

49.6 

62 0 

74 4 

86.8 

99.2 

111.6 

122 

12.2 

24 4 

36 6 

48 8 

61 0 

73 2 

85 4 

97 6 

109.8 

120 

12.0 


36.0 


60 0 

72.0 

84.0 


108.0 

118 

n.8 

23,6 

35.4 

47 2 

59.0 

70 8 

82.6 

94 4 

106.2 

116 

11 6 

23.2 

34.8 

46 4 

58.0 

69 6 

81 2 

92 8 

104.4 

IM 

11.4 

22.8 

34 2 

4>.6 

57.0 

68.4 

79 8 

91 2 

102.6 
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MATHEMATICAL TABLES 


Table 2. Common Logarithms of Numbers —Continued 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Di£f. 

39G 

591065 

631176 

591287 

591399 

591510 

691621 

S91732 

591843 

591955 

692066 


1 

592177 

592288 

592399 

592510 

592621 

592732 

592843 

392954 

593064 

593175 

ni 

2 

5932St> 

593397 

593508 

593ol8 

593729 

593840 

593950 

594061 

594171 

594J82 


3 

594393 

594503 

594614 

594724 

594834 

594945 

595055 

595165 

393276 

595386 


4 

595496 

595606 

595717 

595827 

595937 

596047 

596157 

596267 

596377 

596487 


5 

5.6597 

596707 

596817 

59b927 

597037 

397146 

597256 

597366 

597476 

597586 

110 

6 1 

597695 

597805 

597914 

598024 

598134 

598243 

598353 

598462 

598572 

598681 


7 

598791 

598900 

599009 

599119 

599228 

599337 

599446 

599556 

599665 

599774 


8 

599883 

599992 

600101 

600210 

600319 

600428 

600537 

600646 

600755 

600864 

!09 

? 

600973 

601082 

60119] 

601299 

601408 

601517 

601625 

601734 

601843 

601951 


400 

602060 

602169 

602277 

602386 

602494 

602603 

602711 

602S19 

602928 

603036 


1 

603144 

603253 

603361 

603469 

603577 

603686 

603794 

603902 

604010 

604118 

108 

2 

604226 

604334 

604442 

604550 

604658 

604766 

604874 

604982 

603089 

605197 


3 

605305 

605413 

605521 

605628 

605736 

605844 

605951 

606059 

606166 

606274 


4 

606381 

606489 

606596 

606704 

60681t 

606919 

607026 

607133 

607241 

607348 


5 

607455 

607562 

607669 

607777 

607884 

607991 

608098 

608205 

608312 

608419 

107 

6 

608526 

608633 

608740 

608847 

608954 

609061 

609167 

609274 

609381 

609488 


7 

609594 

o0970l 

609808 

609914 

610021 

610128 

610234 

610341 

610447 

610554 


8 

610660 

610767 

610873 

610979 

611086 

611192 

6‘1298 

611405 

611511 

611617 


9 

611723 

611829 

611936 

612042 

612148 

612254 

612360 

612466 

612572 

612678 

106 

410 

6127S4 

612890 

612996 

613102 

613207 

613313 

613419 

613525 

613630 

613736 


1 

6!3842j 

613947 

6)4053 

614159 

6 J 4264 

614370 

614475 

6I458I 

614686 

614792 


2 

614897 

615003 

615108 

615213 

613319 

615424 

615529 

615634 

615740 

615845 


3 

615950 

615055 

616160 

616265 

616370 

616476 

61658! 

616686 

616790 

616895 

105 

4 

617000 

617105 

617210 

617315 

617420 

617525 

617629 

617734 

617839 

617943 


5 

618048 

618153 

618257 

618362 

618466 

618571 

618676 

6)8780 

618834 

618989 


6 

619093 

619198 

619302 

619406 

619511 

619615 

619719 

619824 

619925 

620032 


7 

620136 

620240 

620344 

620448 

620552 

620656 

620760 

620864 

620968 

621072 

104 

8 

621176 

621280 

621384 

621488 

621592 

621695 

621799 

621903 

622007 

622110 


9 

622214 

622318 

622421 

622525 

622628 

622752 

622835 

622939 

623042 

623146 


430 

633349 

623363 

623456 

623659 

623663 

623766 

623869 

623973 

624076 

624179 


t 

624282 

624385 

624488 

624591 

624695 

624798 

624901 

625004 

625107 

625210 

103 

2 

625312 

625415 

625518 

625621 

625724 

625827 

625929 

626032 

626135 

626236 


3 

626340 

626443 

626546 

626648 

626751 

626853 

626956 

627058 

627161 

627263 


4 

627366 

627468 

627571 

627673 

627775 

627878 

627980 

628082 

628185 

628287 


5 

628389 

628491 

628593 

628695 

628797 

628900 

629002 

629104 

629206 

629308 

102 

6 

629410 

629512 

629613 

629715 

629817 

629919 

630021 

630123 

630224 

630326 


7 

630428 

630530 

630631 

630733 

630835 

630936 

631038 

631139 

631241 

631342 


8 

631444 

631545 

631647 

631748 

631849 

631951 

632052 

632153 

632255 

632356 

101 

9 

632457 

632559 

632660 

632761 

632862 

632963 

633064 

633165 

633266 

633367 


430 

633468 

633569 

633670 

633771 

633872 

633973 

634074 

634176 

634276 

634376 


1 

634477 

634578 

634679 

634779 

634880 

634981 

635061 

635182 

635283 

635383 


2 

635484 

633584 

635685 

635785 

635886 

635986 

636087 

636187 

636287 

636388 


3 

636488 

636588 

636688 

636789 

636889 

636989 

637089 

637189 

637290 

657390 


4 

537490 

637590 

637690 

637790 

637890 

637990 

638090 

638190 

638290 

638389 

100 

5 

638489 

638589 

638689 

638789 

638888 

638988 

639088 

639188 

639287 

639387 


6 

639486 

639586 

639686 

639785 

639885 

639984 

640084 

640183 

640283 

640382 


7 

640481 

640581 

640680 

640779 

640879 

640978 

641077 

641177 

641276 

641375 


8 

641474 

641573 

641672 

641771 

641871 

641970 

642069 

642168 

642267 

642366 


9 

642465 

642563 

642662 

642761 

642860 

642959 

643058 

643156 

643255 

643354 

99 


Pboportional Partr 


DifT. 


2 

3 

4 

5 

6 

7 

8 

9 

112 

■ni 

2 

22.4 

33.6 

44 8 

56.0 

67.2 

78 4 

89 6 

100 8 

no 

^■11 

0 

22.0 

33.0 

44.0 

55.0 

66.0 

77.0 

88.0 

99.0 

108 


8 

21.6 

32.4 

43.2 

54.0 

64.8 

75.6 

86 4 

97 2 

106 


6 

21.2 

31.8 

42.4 

53.0 

63.6 

74.2 

84 8 

95 4 

104 


4 

20.8 

31.2 

41.6 

52 0 

62 4 

72.8 

83 2 

Q3'a 

102 

^BQ 

2 

20 4 

30 6 


51.0 

61.2 

71 4 

81 6 


100 

to 

0 

20.0 

30.0 


50 0 

60.0 

70.0 

80,0 

90.Q 

98 

9 

8 

19.6 

29 4 

39 2 

49 0 

58 8 

68 6 

78 4 

88.2 




LOGARITHMS 


11-13 


Table 2. Common Logarithms of "Numhets—Continued 


N 

0 1 

1 1 

2 

=* 1 

4 

® 1 

6 

7 

8 1 

i ® 1 

DiS. 

440 

643453 1 

643551 1 

643650 

643749 

643847 

643946 

644044 

644143 

644242 

eusio 1 


1 

644439 1 

644337 1 

644636 

644734 

644832 

644931 

645029 

645127 

645226 

645324 1 


2 

045422 

64552 1 1 

0456^ 

645717, 

045o 15 

045913 

64O0II 

0461 10 

646208 

64o3Qo ' 


3 

046404 

o46502 

646o00 

646698 

64679o 

64o894 

640992 

647089 

647137 

647285 j 

93 

A 

647383 

647481 ! 647579 1 

047676 

647774 

647872 

6479o9 

648067 

648165 

64S262 


5 

648360 

648438 

648355 > 648653 

o4o/5U 

043848 

048943 

649043 

649140 

049237 


6 

649335 

649432 

049530 j 

04^627 

049/24 

049821 

049919 

650016 

650113 j 

650210 


7 

650308 

650405 

650502 

650599 

650o9o 

650793 

650890 

650987 

651084 1 

■ 65118’ 


8 

051278 

651375 

o5U;2 [ 

o5l5o9 

051000 

6317o2 

o51839 

631956 

652053 i 

O52150 , 

97 

9 

652240 

652343 

652440 ! 

052536 

652633 

652730 

63282t> 

632923 

o530!9 

o53 ! t 0 1 


460 

653213 

653309 

653405 [ 

663S02 

663598 

653696 

653791 

653S8S 

663934' 

654080 


] 

654177 

054273 

654369 

654465 

634562 

654658 

654754 

654850 

654946 

6550^2 


2 

655138 

655235 

055331 

635427 

655523 

655619 

6557 ! 5 

655810 

6559Go 

63o002 

96 

3 

O56098 

656194 

656290 

656380 

036482 

056377 

656673 

656769 

bSoSO-* , 

65o96l) 


4 

657056 

657152 

657247 

657343 

657438 

657534 

657629 

657725 

657820 

657916 


5 i 

o580!1 

658107 

658202 

058298 

658393 

63S488 

658584 

638o79 

658774 

658870 


6 

658965 

o59060 

639155 

659250 

659346 

059441 

639536 

659631 

659726 

j 659821 


7 

659916 

660011 

660106 

660201 

660296 

660391 

660486 

660581 

660676 

! 669771 ’ 

95 

8 

660865 

660960 

661053 

66U30 

061245 

001339 

661434 

661529 

66 ! o23 

; 6oi7 i8 , 


9 

661813 

661907 

662002 

66209O 

662191 

662286 

662380 

662475 

662569 

j 6o2bci j 


460 

662758 

662852 

662947 

663041 

663135 

663230 

663321 

663418 

663512 

i 663607 I 


I 

663701 

663795 

665689 

663983 

664078 

664172 

' 664266 

664360 ; 664454 

i 664548 ' 


2 

6o4o42 

604736 

664830 

, 664924 

605018 

665112 

6o5206 

663299 

, 065393 1 6654f*/ 

' 94 

3 

6o558I 

665o75 

065769 

’ 065862 

605956 

' o6oU50 ; 

666143 

6o6237 

co6331 

j 660424 

i 

4 

: 666518 

666612 

666705 

666799 

666892 

606986 j 

667079 

667175 ^ 

■ 667260 

6673o0 

! 

5 1 

667453 

6o754o [ 

oo7640 I 

1 66/733 

6o782o 

1 067920 608013 , 

boo ' 'Jo 

606 1 99 


1 

6 

66838o 

666479 

068572 ! 

668665 

1 668739 

1 668832 1 

1 6o8945 1 

eovC'o 

, 069i3! 

, oo9224 


7 1 

669317 

669410 1 

669503 

669596 

669689 

669782 669873 ' 669967 

1 67006U ; 6*0153 

1 93 

8 

670240 

670339 

; 670431 

670524 

1 670o17 

670710 , 670802 

1 670895 

’ 670986 

1 671Ojo 

1 

9 

671173 

671265 1 

671358 

671451 

671543 

071636 I 671728 

071821 

1 071913 

' 67200 > 


470 

672098 

672190 * 

i 672483 

$72375 

672467 

672560 

872662 1 672744 

' 672336 

672929 ; 

1 

673021 

673!13 1 

673205 

i 673297 

673390 

673482 

1 673: 74 

673666 

i 073758 

' (.73850 


2 

673942 ' 

1 674034 

674126 

1 674218 

674310 

674402 

. 6744' 4 

674580 

1 674o77 

674769 

, 52 

3 

674861 

674953 

675045 

675137 

675228 

675320 

; 675412 

I 675503 

o75595 

673637 


4 

675778 

675870 

675962 

! 676053 

676145; 

676236 

1 676328 

676419 

■ o7^5) 1 

' t76602 

1 

5 

67oo94 

676785 

676876 

676968 

677039 

67715! 

1 677.42 

677333 677424 

z775 lb 


6 

677607 

677698 

677789 

677881 

677972 

678063 

1 678154 

j 678245 

j 678330 

! C78427 

1 

7 

678518 ' 

678o09 

678700 

678791 

678882 

678973 

i 679064 

i 679155 

' n79246 

! 079337 

I 91 

8 

679428 

679519 

679610 

679700 

67979) 

679882 

! 670973 

1 6S00g3 

i oHi;i54 

; 08 02 43 


9 

680336 

680426 

680517 

680607 

680698 

680789 

1 680*79 

j 680^70 

o8lOoO 

j 681151 

i 

480 

681241 

6S1332 

681423 

681513 

681603 

681693 

€81784 

681874 

681964 

6S205S 

! 

i 

I 

682145 

682235 

682326 

682416 

682506 

682396 

6826S6 

I 682777 

682867 

S b8:937 

1 

2 

683047 

683137 

683227 

683317 

683407 

6S3497 

683587 

; 683677 

683/6.' 

i 083S57 


3 

683947 

684037 

684127 

684217 

684307 

684396 

684486 

684576 

1 684660 

1 08473d 

j 

4 

684845 

684935 

685023 

6851 14 

685204 

685294 

685383 

685473 

1 6855o3 

1 685652 

1 

5 

683742 

685831 

685921 

686010 

686100 

686189 

686279 

666^66 

1 686458 

o66?47 

j 

6 

686636 

686726 

686815 

686904 

68o994 

687083 

687172 

687261 

667351 

j Oc744’J 

1 

7 

687329 

687618 

687707 

687796 

687886 

687975 

6S8064 

688133 

1 683242 

1 688331 

1 

8 

688420 

688509 

688398 

688687 

688776 

6888o5 

686953 

689042 

! 089131 

; 689220 

! 89 

9 

689309 

689398 

689486 

689375 

689664 

689753 

689841 

689930 

090019 

! 690107 


490 

690196 

690285 

690373 

690462 

690560 

690639 

690728 

690816 

690905 

I 690993 


1 

691081 

69)170 

691258 

691347 

691435 

691524 

691612 

691700 

691789 

^ 691877 


2 

691965 

692053 

692142 

692230 

692318 

692406 

692494 

692583 

692671 

i 0927:9 


3 

692847 

692935 

693023 

693111 

693199 

093287 

693373 

693463 

69355) 

1 o93o-'9 

; 88 

4 

693727 

693815 

693903 

693991 

694078 

694166 

694254 

694342 

! 694430 

! 694517 


5 

694605 

694693 

69478! 

694868 

694956 

695044 

693131 

693219 

! bQjSO/ 

' 695394 


6 

695482 

695569 

695657 

693744 

695832 

095919 

696007 

696094 

1 bbtilS: 

. i o9o269 ; 

7 

696356 

696444 

696531 

696618 

696706 

696793 

69O880 

690968 

i 697055 

. 097142 


8 

697229 

697317 

697404 

697491 

697578 

697665 

697732 

697839 

1 697926 

. 098014 

87 

9 

698100 

698188 

1 698275 

698362 

1 698449 1 698535 

1 698622 

; 698709 

1 69,3790 

1 


Pbopobtioxal Parts 


DifF. 

1 

2 

3 

4 

5 

6 

1 

8 

9 

98 

9 8 

19 6 

29 4 

39 2 

49 0 

53 8 

65 6 

78 4 

88 2 

96 

9.6 

19 2 

28 8 

33 4 

48 0 

57 6 

67 2 

76 8 

86 4 

94 

9.4 

18 8 

28.2 

37 6 

47 0 

5d 4 

63.8 

75 2 

84 6 

92 

9 2 

18 4 

27 6 

36 a 

4o 0 

55 2 

64 4 

73 6 

82 8 

90 

9 0 

18 0 

27 0 

36 0 

45 0 

54 0 

o3 0 

72 0 

81 0 

88 

8 8 

17 6 

26 4 

35 2 

44 0 

52 8 

6!.6 

70 4 

79 2 
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MATHEMATICAL TABLES 


Table 2. Common Logarithms of Numbers —Continued 


N 

0 

1 1 

2 

3 

4 

5 

6 

7 

8 

9 

Diff. 

600 

898970 

699067 

699144 

699231 

699317 

699404 

699491 

699578 

699664 

699751 



699838 

699924 

700011 

700098 

700)84 

700271 

700358 

700444 

700531 

700617 


2 

700704 

700790 

700877 

700963 

701050 

701136 

701222 

701309 

701395 

701482 


3 

701568 

701654 

701741 

701827 

70)913 

701999 

702086 

702172 

702258 

702344 


4 

702431 

702517 

702603 

702689 

702775 

702861 

702947 

703033 

703119 

703205 


5 

703291 

703377 

703463 

703549 

703635 

703721 

703807 

703893 

703979 

704065 

86 

6 

704151 

704236 

704322 

704408 

704494 

704579 

704665 

704751 

704837 

704922 


7 

705008 

705094 

705179 

705265 

705350 

705436 

705522 

705607 

705693 

705778 


8 

705864 

705949 

706035 

706120 

706206 

706291 

706376 

706462 

706547 

706632 


9 

706718 

706803 

706888 

706974 

707059 

707144 

707229 

707315 

707400 

707485 


610 

707670 

707656 

707740 

707826 

707911 

707996 

708081 

708166 

708261 

708336 


1 

708421 

708506 

708591 

708676 

70876) 

708846 

708931 

709015 

709100 

709185 

85 

2 

709270 

709355 

709440 

709524 

709609 

709694 

709779 

709863 

709948 

710033 


3 

710117 

710202 

710287 

710371 

710456 

710540 

710625 

710710 

710794 

710879 


4 

710963 

711048 

711132 

711217 

7!1301 

711385 

711470 

711554 

711639 

711723 


5 

711807 

711892 

711976 

712060 

712144 

712229 

712313 

712397 

712481 

712566 


6 

712650 

712734 

712818 

712902 

712986 

713070 

713154 

713238 

713323 

713407 


7 

713491 

713575 

713659 

713742 

713826 

713910 

713994 

714078 

714162 

714246 

84 

s 

714330 

714414 

714497 

714581 

714665 

714749 

714833 

714916 

715000 

715084 


9 

715167 

715251 

715335 

715418 

715502 

715586 

715669 

715753 

715836 

715920 


620 

716303 

7160S7 

716170 

716254 

716337 

716421 

716504 

716588 

716671 

716764 


1 

716838 

716921 

717004 

717088 

717171 

717254 

717338 

717421 

717504 

717587 


2 

717671 

717754 

717837 

717920 

718003 

718086 

718169 

718253 

718336 

718419 

S3 

3 

, 718502 

718585 

718668 

718751 

718834 

718917 

719000 

719083 

719165 

719248 


4 

719331 

719414 

719497 

719580 

719663 

719245 

719828 

719911 

719994 

720077 


5 

1 720159 

720242 

720325 

720407 

720490 

720573 

720655 

720738 

720821 

720903 


6 

720986 

721068 

721151 

721233 

721316 

721398 

721481 

721563 

721646 

721728 


j 

721611 

721893 

721975 

722058 

722140 

722222 

722305 

722387 

722469 

722552 


8 

722634 

722716 

722798 

722881 

722963 

723045 

723127 

723209 

723291 

723374 


9 

723456 

723538 

723620 

723702 

723784 

723866 

723948 

724030 

724112 

724194 

82 

630 

724376 

7243S8 

724440 

724622 

724604 

724686 

724767 

, 724849 

724931 

725013 


I 

725095 

725176 

725258 

725340 

725422 

725503 

725585 

725667 

725748 

725850 


2 

725912 

725993 

726075 

726156 

726238 

726320 

726401 

726483 

726564 

726646 


3 

726727 

726809 

726890 

726972 

727053 

727134 

727216 

727297 

727379 

727460 


4 

727541 

727623 

727704 

727785 

727866 

727948 

728029 

728110 

728191 

728273 


5 

728354 

728435 

728516 

728597 

7286781 

728759 

728841 

728922 

729003 

729084 


6 

729165 1 

729246 

729527 

729408 

729489 

729570 

729651 

729732 

729613 

729893 

81 

7 

729974 

730055 

|730136 

730217 

730298 

730378 

730459 

730540 

730621 

730702 


8 

730782 

730863 

730944 

731024 

731105 

731186 

731266 

731347 

731428 

731508 


9 

731589 

731669 

731750 

731830 

731911 

731991 

732072 

732152 

732233 

732313 


640 

732394 

732474 

732666 

732636 

732716 

732796 

732876 

732956 

733037 

733117 


1 

733197 

733278 

733358 

733438 

733518 

733598 

733679 

733759 

733839 

733919 


2 

733999 

734079 

734160 

734240 

734320 

734400 

734480 

734560 

734640 

734720 

80 

3 

734800 

734880 

734960 

735040 

735120 

735200 

735279 

735359 

735439 

735519 


4 

735599 

735679 

735759 

735838 

735918 

735998 

736078 

736157 

736237 

736317 


5 

736397 

736476 

736556 

736635 

736715 

736795 

736874 

736954 

737034 

737113 


6 

737193 

737272 

737352 

737431 

7375)1 

737590 

737670 

737749 

737829 

737908 


7 

737987 

738067 

738146 

738225 

738305 

738384 

738463 

738543 

738622 

738701 


8 

738781 

738860 

738939 

739018 

739097 

739177 

739256 

739335 

739414 

739493 


9 

739572 

739651 

739731 

739810 

739889 

739968 

740047 

740126 

740205 

740284 

79 

660 

740363 

740442 

740621 

740600 

740678 

740767 

740836 

740916 

740994 

741073 


] 

741152 

741230 

741309 

741388 

741467 

741546 

741624 

741703 

741762 

741860 


2 

741939 

742018 

742096 

742175 

742254 

742332 

742411 

742489 

742568 

742647 


3 

742725 

742804 

742882 

742961 

743039 

743118 

743196 

743275 

743353 

743431 


4 

743510 

743588 

743667 

743745 

743823 

743902 

743980 

744058 

744136 

744215 


5 

744293 

744371 

744449 

744528 

744606 

744684 

744762 

744840 

744919 

744997 


6 

745075 

745153 

745231 

745309 

745387 

745465 

745343 

745621 

745699 

745777 

78 

7 

745855 

745933 

746011 

746089 

746167 

746245 

746323 

746401 

746479 

746556 


8 

746634 

746712 

746790 

746868 

746945 

747023 

747101 

747179 

747256 

747334 


9 

747412 

747489 

747567 

747645 

747722 

747800 

1 747878 1 747955 

748033 

1 748110 



pROPOBTIONAL PaRTS 


Diff. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

86 

8.6 

17.2 

25.8 

34.4 

43 0 

51.6 


68.8 

77 4 

84 

8.4 

16.8 

25.2 

33.6 

42.0 

50.4 

58.8 

67.2 

75 6 

82 

8.2 

16.4 

24.6 

32.8 

41.0 

49.2 

57.4 

65.6 

73 8 

60 

8.0 

16.0 

24.0 


40.0 

48.0 


64.0 

72 ; 0 

78 

7.8 

15,6 

23 4 

31.2 

39.0 

46.8 

54.6 

62.4 

70.2 
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Table 2. Common Logarithms of Numbers —Continued 



0 

1 

2 

* 1 

4 

6 

6 

7 

8 

9 

DifE. 

660 

748188 

748266 

748343 

748421 

74S43S 

748S76 

748653 

748731 

748803 

74S885 


1 

748963 

749040 

749118 

749195 

749272 

749350 

749427 

749504 

749582 

749659 


2 

749736 

749814 

749891 

749968 

750045 

750123 

750200 

750277 

750354 

750431 


3 

750508 

750586 

750663 

750740 

750817 

750894 

750971 

751048 

751125 

751202 


4 

751279 

751356 

751433 

751510 

751587 

751664 

751741 

751818 

751895 

751972 

77 

5 

752048 

752125 

752202 

752279 

752356 

752433 

752509 

752586 

752663 

752740 


6 

752816 

752893 

752970 

753047 

753123 

753200 

753277 

753353 

753*430 

753506 


7 

753583 

753660 

753736 

753813 

753889 

753966 

754042 

754119 

754195 

754272 


8 

754348 

754425 

754501 

754578 

754654 

754730 

754807 

754883 

754960 

755036 


9 

755112 

755189 

755265 

755341 

755417 

755494 

755570 

75564b 

755722 

755799 


570 

755875 

755951 

766027 

766103 

766180 

756256 

766332 

766408 

758484 

756560 


1 

756636 

756712 

756788 

756864 

736940 

757016 

757092 

757168 

757244 

757320 

76 

2 

757396 

757472 

757548 

757624 

737700 

757775 

757851 

757927 

758003 

758079 


3 

758155 

758230 

758306 

758382 

758458 

758533 

758O09 

758685 

758761 

758836 


4 

758912 

758988 

759063 

759139 

759214 

759290 

759366 

759441 

759517 

759592 


5 

759668 

759743 

759819 

759894 

759970 

760045 

760121 

760196 

760272 

760347 


6 

760422 

760498 

760573 

760649 

760724 

760799 

760875 

760950 

761025 

761101 


7 

761176 

761251 

761326 

761402 

761477 

761552 

761627 

761702 

761778 

761853 


8 

761928 

762003 

762078 

762153 

762228 

762303 

762378 

762453 

762529 

762604 

75 

9 

762679 

762754 

762829 

762904 

762978 

763053 

763128 

763203 

763278 

763353 


680 

763428 

763503 

763678 

763663 

763727 

763802 

763877 

763962 

764027 

764101 


1 

764176 

7o425l 

764326 

764400 

764475 

764550 

764624 

764699 

764774 

764848 


2 

764923 

764998 

765072 

765147 

765221 

765296 

765370 

765445 

765520 

765594 


3 

765669 

765743 

765818 

765892 

765966 

766041 

766115 

766190 

766264 

766338 


4 

766413 

766487 

766562 

766636 

766710 

766785 

766859 

766933 

767007 

767082 


5 

767156 

767230 

767304 

767379 

767453 

767527 

757601 

767675 

767749 

767823 


6 

767898 

767972 

768046 

768120 

768194 

768268 

768342 

768416 

768490 

768564 

74 

7 

768638 

768712 

1 768786 

768860 

768934 

769008 

! 769082 

769156 

769230 

769303' 


8 

769377 

769451 

769525 

769599 

769673 

769746 

769820 

769894 

769968 

770042 


9 

770115 

770189 

770263 

770336 

770410 

770484 

770557 

770631 

770705 

770778 


690 

770852 

770926 

770999 

771073 

771146 

, 771220 

771293 

771367 

7714*0 

771611 


1 

771587 

771661 

771734 

771808 

771881 

771955 

772028 

772102 

772175 

772248 


1 

772322 

772395 

772468 

772542 

772615 

772688 

772762 

772835 

772908 

772981 


3 

773055 

773128 

773201 

773274 

773348 

773421 

773494 

773567 

773640 

773713 


4 i 

773786 

773860 

773933 

774006 

774079 

774152 

774225 

774298 

774371 

774444 

73 

5 

774517 

774590 

774663 

774736 

774809 

774882 

774955 

775028 

775100 

775173 


6 

775246 

775319 

775392 

775465 

775538 

775610 

775583 

775756 

775829 

775902 


7 

775974 

776047 

776120 

776193 

776265 

776338 

776411 

776483, 

776556 

776629 


8 

776701 

776774 

776846 

776919 

776992 

777064 

777137 

777209 

777282 

777354 


9 

777427 

777499 

777572 

777644 

777717 

777789 

777862 

777934 

778006 

778079 


600 

778151 

778224 

778296 

778368 

; 778441 

778513 

778586 

778668 

778730 

778802 


1 

778874 

778947 

779019 

779091 

779163 

779236 

779308 

779380 

779452 

779524 


2 

779596 

779669 

779741 

779813 

779883 

779957 

780029 

780101 

780173 

780245 


3 

780317 

780389 

780461 

780533 

780603 

780677 

780749 

780821 

780893 

780965 

72 

4 

781037 

781109 

781181 

781253 

781324 

781396 

781468 

781540 

781612 

781684 


5 

781755 

781827 

781899 

781971 

782042 

782114 

782186 

782258 

782329 

782401 


6 

782473 

782544 

782616 

782688 

782759 

782831 

782902 

782974 

783046 

7831 17 


7 

783189 

783260 

783332 

783403 

783475 

783546 

783618 

783689 

783761 

783832 


8 

783904 

783975 

784046 

784118, 

784189 

784261 

784332 

784403 

784475 

784546 


9 

784617 

784689 

784760 

784831 

784902 

784974 

785045 

785116 

785187 

785259 


610 

786330 

785401 

785472 

785643 

785G1S 

785686 

786767 

785828 

785899 

786970 


1 

786041 

786112 

786183 

786254 

786325 

786396 

786467 

786538 

786609 

786680 

71 

2 

786751 

786822 

786893 

786964 

787035 

787106 

787177 

787248 

787319 

787390 


3 

787460 

787531 

787602 

787673 

787744 

787815 

787885 

787956 

788027 

788098 


4 

788168 

788239 

788310 

788381 

788451 

788522 

788593 

788663 

788734 

788804 


5 

788875 

788946 

789016 

789087 

789157 

789228 

789299 

789369 

789440 

789310 


6 

789581 

789651 

789722 

789792 

789863 

789933 

790004 

790074 

790144 

790215 


7 

790285 

790356 

790426 

790496 

790567 

790637 

790707 

790778 

790848 

790918 


8 

790988 

791059 

791129 

791199 

791269 

791340 

791410 

791480 

791530 

791620 


9 

79169! 

791761 

791831 

791901 

791971 

792041 

792111 

792181 

792252 

1 792322 1 


Propobtional Parts 


DifT. 



3 

4 

6 

6 

7 

8 

9 

78 

■ OH 

■PEVH 

23.4 

31.2 

39.0 

46.8 

54.6 

62.4 

70.2 

76 



22.8 

^KfiWn 

38.0 

45.6 

53.2 

60.8 

68.4 

74 

Bifl 


22.2 

29.6 

37.0 

44.4 

51.8 

59.2 

66.6 

72 

Bn 


21.6 

28 8 

36.0 

43 2 


57.6 

64.8 

70 

7.0 

HEEI 

21.0 

28.0 

35 0 

42 0 

bisb 

56.0 

63.0 
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MATHEMATICAL TABLES 


Table 2. Common Logarithms of Numbers —Continued 


X 

0 

1 

2 

3 

4 

5 

6 

7 1 

8 

9 

Diff. 

620 

792392 

792462 

792532 

792602 

792672 

792742 

792812 

792882 

792952 

793022 

70 

1 

793092 

793162 

793231 

793301 

793371 

793441 

793511 

793581 

793651 

793721 


2 

793790 

793660 

793930 

794000 

794070 

794139 

794209 

794279 

794349 

794418 


3 

794488 

794558 

794627 

794697 

794767 

794836 

794906 

794976 

795045 

795115 


4 

795185 

793254 

795324 

795393 

795463 

795532 

795602 

795672 

795741 

795811 


5 

795880 

795949 

796019 

796088 

796158 

796227 

796297 

796366 

796436 

796505 


6 

796574 

796644 

796713 

796782 

796852 

796921 

796990 

797060 

797129 

797198 


7 

797268 

797337 

797406 

797475 

797545 

797614 

797683 

797752 

797821 

7^7890 


8 

7979O0 

798029 

798098 

798167 

798236 

798305 

798374 

796443 

798513 

798582 


9 

798651 

798720 

798789 

798858 

798927 

798996 

799065 

799134 

799203 

799272 

69 

630 

799341 

799409 

799478 

799647 

799616 

799685 

799764 

793823 

799892 

799961 


1 

800029 

800098 

800167 

800236 

800305 

800373 

800442 

800511 

800580 

800648 


2 

800717 

800786 

800854 

800923 

800992 

801061 

801129 

801198 

801266 

801335 


3 

801404 

801472 

801541 

801609 

801678 

801747 

801815 

801884 

801952 

802021 


4 

802089 

802158 

802226 

802295 

802363 

802432 

802580 

802568 

802637 

802705 


5 

802774 

802842 

802910 

802979 

803047 

803116 

803184 

803252 

803321 

803389 


6 

803457 

803525 

803594 

803662 

803730 

803798 

803867 

803935 

804003 

804071 


7 

804139 

804208 

804276 

804344 

804412 

804480 

804548 ' 

804616 i 

804685 

804753 


8 

804821 

804889 

804957 

805025 

805093 

805161 

805229 

805297 ; 

805365 

805433 

68 

9 

805301 

805569 

805637 

805705 

805773 

805841 

805908 

805976 ' 

806044 

806112 


640 

806180 

806248 

806316 

806384 

806451 

806519 

806687 

806656 

806723 

806790 


1 

806858 

806926 

806994 

807061 

! 807129 

807197 

807264 

807332 

807400 

i 807467 


2 

807535 

807603 

807670 

807738 

i 807806 

807873 

807941 

808008 

808076 

1 808143 


3 

808211 

808279 

808346 

808414 

: 808481 

808549 

808616 

808684 

808751 

808818 


4 

808886 

808953 

809021 

809088 

809156 

809223 

809290 

809358 

809425 

809492 


5 

809560 

809o27 

809694 

809762 

809829 

809896 

809964 

810031 

810098 

810165 


6 

810233 

810300 

810367 

810434 

810501 

810569 

810636 

810703 

810770 

810837 


7 

810904 

810971 

811039 

811106 

i 8UI73 

811240 

811307 

811374 

811441 

811508 

67 

8 

811573 

811642 

811709 

811776 

811843 

811910 

811977 

812044 

8121 1 1 : 

812178 


9 

812243 

812312 

812379 

812445 

812512 

812579 

812646 

812713 

812780 : 

812847 


650 

812913 

812980 

813047 

813114 

813181 

813247 

813314 

813SS1 

81344S ^ 

813614 


1 

813381 

813648 

813714 

813781 

813848 

813914 

813981 

814048 

814114 

814181 


2 

814248 

814314 

814381 

814447 

814514 

814581 

814647 

814714 

814780 

814847 


3 

814913 

814980 

815046 

815113 

815179 

815246 

815312 

815378 

815445 

815511 


4 

815578 

815644 

81571 1 

815777 

815843 

815910 

815976 

816042 

816109 

816175 


5 

816241 

816308 

816374 

816440 

816506 

816573 

816639 

816705 

816771 

816838 


6 

816904 

816970 

817036 

817102 

817169 

817235 

817301 

817367 

817433 

817499 


7 

817565 

817631 

817698 

' 817764 

817830! 

817896 

817962 

818028 

818094 

818160 


8 

818226 

818292 

818358 

; 818424 

818490 

818556 

818622 

818688 

818754 

818820 

66 

9 

818883 

818951 

819017 

819083 

819149 

819215 

819281 

819346 

819412 

819478 


660 

819544 

819610 

819676 

819741 

819807 

819873 

819939 

820004 

820070 

820136 


1 

820201 

820267 

820333 

820399 

820464 

820530 

820595 

820661 

820727 

820792 


2 

820858 

820924 

820989 

821055 

821120 

821186 

821251 

621317 

821382 

821448 


3 

821514 

821579 

821645 

821710 

821775 

821841 

821906 

821972 

822037 

822103 1 


4 

822168 

822233 

822299 

822364 

822430 

822495 

822560 

822626 

822691 

822756 


5 

822822 

822887 

822952 

823018 

823083 

823148 

823213 

823279 

823344 

823409 


6 

823474 

823539 

823605 ; 

823670 

823735 

823800 

823865 

823930 

823996 

824061 


7 

824126 

824191 

824256 

824321 

824386 

824451 

824516 

824581 

824646 

824711 


8 

824776 

824841 

824906 

824971 

825036 

823101 

825166 

825231 

825296 

825361 

65 

9 

825426 

823491 

825556 

825621 

825686 

825751 

825815 

825880 

825945 

826010 


670 

826076 

826140 

826204 

826269 

826334 

626399 

826464 

826628 

826693 

826668 


I 

826723 

826787 

826852 

826917 

826981 

827046 

827111 

827175 

827240 

827305 


2 

827369 

827434 

827499 

827563 

827628 

827692 

827757 

827821 

827886 

827951 


3 

828013 

828080 

828144 

828209 

828273 

828338 

828402 

828467 

828531 

828595 


4 

828660 

828724 

828789 

828853 

828918 

828982 

829046 

8291 1 1 

829175 

829239 


5 

829304 

829368 

829432 

829497 

829561 

829625 

829690 

829754 

829818 

829882 


6 

829947 

83001 1 

830075 

830139 

830204 

830268 

830332 

830396 

830460 

830525 


7 

830589 

830653 

830717 

830781 

830845 

830909 

830973 

831037 

831102 

831166 


8 

831230 

831294 

831358 

831422 

831486 

831530 

831614 

831678 

831742 

831806 

64 

9 

831870 

831934 

831998 

832062 

832126 

832189 

832253 

832317 

832381 

832445 



Proportional Parts 


Di5. 

1 

3 

3 

4 

s 

6 

7 

8 

9 

70 

7.0 

14.0 

21.0 

28.0 

35.0 

42.0 

49.0 

56.0 

63.0 

68 

6.8 

13.6 

20.4 

27.2 

34.0 

40.8 

47.6 ! 

54 4 

61 2 

66 

6 . 6 

13.2 

19.8 

26.4 

33.0 

39.6 

46 2 

52 8 

59 4 

64 

6 .4 

12 8 

19.2 

25.6 

32.0 

38 4 

44 8 

51 2 

57 6 

62 

6 2 

12 4 

18 6 

24.8 

31 0 

37 2 

43 4 

49 6 

55.8 
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Table 2. Common Logarithms of Numbers —Continued 


N 

0 

1 

' ^ 

3 

4 

5 

6 

7 

8 

9 

Diff. 

680 

832609 

832673 

! 832637 

832700 

832764 

S3282S 

332892 

832956 

833020 

833083 


1 

833147 

8332! 1 

1 833275 

833338 

833402 

833466 

833530 

833593 

833657 

833721 


2 

833784 

833848 

! 833912 

833975 

834039 

834103 

834166 

834230 

834294 

834357 


3 

834421 

834484 

1 834548 

834611 

834675 

834739 

834802 

834S66 

834929 

834993 


4 

835056 

835120 

j 835183 

835247 

835310 

833373 

835437 

835500 

855564 

835627 


5 

83569) 

835754 

' 835317 

83588! 

835944 

836007 

836071 

836154 

836197 

836261 


6 

836324 

836387 

1 836451 

836514 

836577 

836641 : 

836704 

836767 

836830 

836894 


7 

836957 

837020 

1 837083 

837146 

837210 

837273 

837336 

837399 

837462 

837525 


8 

837588 

837652 

837715 

837778 

837841 

837904 

837967 

838030 

838093 

838156 

63 

9 

838219 

838282 

838345 

838408 

838471 

838534 

838597 1 

838660 

838723 

838786 


690 

838849 

838912 

833976 

83303S 

839101 

839164 

839227 

839289 

839352 

839415 


! 

839478 

839541 

839604 

839667 

839729 

639792 ‘ 

839855 

839918 

83998! 

840043 


2 

840106 

840169 

840232 

840294 

840357 

840420 : 

840482 

840545 

840608 

840671 


3 

840733 

840796 I 

840859 

840921i 

840984 

841046 

841109 

841172 

841234, 

841297 


4 

841359 

841422 

841485 

841547 

84I6I0 

841672 

841735 

841797 

841860 

841922 


5 

841985 

842047 

842110 

842172 

842235 

642297 

842360 

842422 

: 842484 

842547 


6 

842609 

842672 

842734 

842796 

842859 

842921 

842983 

843046 

843108 

843170 


7 

' 843233 

843295 

843357 

843420 

843482 

843544 

843606 

i 843669 

843731 

843793 


8 

843855 

843918 

' 843980 

844042 

844104 

844166 

844229 

' 844291 

844353 

844415 


9 

844477 

844539 

844601 

844664 

844726 

844788 

844850 

844912 

844974 

845036 


700 

845098 

845160 

845222 

845284 

845346 

845408 

845470 

845633 

845594 

845656 

62 

1 

843718 

845780 

845842 

845904 

645966 

846028 

: 846090 

846151 

846213 

846275 


2 

846337 

846399 

846461 

846523 

846535 

846646 

846708 

846770 

846832 

846894 


3 

846955 

847017 

847079 

847141 

; 847202 

847264 

847326 

847388 

847449 

84751! 


4 

847573 

847634 

847696 

847758 

847819 

84788! 

847943 

1 848004 

848066 

' 848128 


5 

848189 

843251 

848312 

848374 

848435 

848497 

848559 

; 848620 

848682 

848743 


6 

848805 

848866 

848928 

848989 

849051 

849112 

849174 

849235 

849297 

649358 


7 

849419 

849481 

849542 

849604 

849665 

849726 

849788 

849849 

84991' 

849972 


8 

850033 

850095 

850156 

850217 

850279 

850340 

850401 

850462 

850524 

850585 


9 

850646 

850/07 

850769 

850830 

850891 

850952 

851014 

851075 

831136 

851197 


710 

861258 

851320 

8513S1 

351442 

851503 

851564 

851625 

861686 

851747 

861809 


1 

851870 

851931 

851992 

852055 

852114 

852175 

: 852236 

852297 

852358 

852419 

61 

1 

352480 

852541 

852602 

852663 

852724 

852785 

852846 

852907 

852968 

853029 


3 

853090 

853150 

853211 

853272 

853933 

833394 

853455 

853516 

853577 

853637 


4 

853698 

853759 

853820 

853881 

853941 

854002 

854063 

854124 

854185 

854245 


5 

854306 

854307 

854428 

854468 

854549 

854610 

854670 

854731 

854792 

1 854852 


6 

854913 

854974 

855034 

355095 

855156 

855216 

855277 

855337 

855398 

! 855459 


7 

855519 

855580 

855640 

855701 

855761 

855822 

855882 

855943 

856003 

' 856064 


8 

856124 

856185 

856245 

856306 

856366 

856427 

856487 

856548 

856608 

836668 


9 

856729 

856789 

856350 

856910 

856970 

857031 

837091 

857152 

857212 

857272 


730 

857332 

857393 

867463 

867513 

857574 

! 857634 

857694 

857755 

857815 

867876 


1 

857935 

85799M 

858056 

858116 

858176 

858236 

858297 

858357 

858417 

858477 


2 

858537 

85859f 

858657 

858718 

858778 

838838 

858898 

858958 

859018 

859078 


3 

859138 

859198 

859258 

859318 

859379 

859439 

859499 

859559 

859619 

1 859679 

60 

4 

859739 

859799 

859859 

859918 

859978 

860038 

860098 

860158 

860218 

860278 


5 

860338 

860398 

860458 

860518 

860578 

860637 

860697 

860757 

860817 

860877 


6 

860937 

860996 

661056 

861U6 

861176 

861236 

861295 

1 861355 

861413 

1 861475 


7 

861534 

861594 

861654 

861714 

861773 

861833 

861893 

861952 

862012 

862072 


8 

862131 

862191 

862251 

862310 

862370 

862430 

862489 

862549 

862608 

862668 


9 

: 862728 

862787 

862847 

; 862906 

862966 

863025 

863085 

863144 

863204 

863263 


730 

863323 

863382 

863442 

S63501 

863661 

863620 

863680 

863739 

863799 

863868 


1 

863917 

i 863977 

864036 

8640^ 

864155 

864214 

864274 

864333 

864392 

864452 


2 

864511 

864570 

864630 

864689 

864748 

864808 

864867 

864926 

864985 

865045 


3 

865104 

865163; 

865222 

865282 

865341 

865400 

I 865459 

865519 

865578 

865637 


4 

865696 

865755 

865814 

865874 

865933 

865092 

^ 866051 

' 866110 

8o6l69 

866228 


5 

866287 

866346 : 

666405 

866465 

866524 

866583 

866642 

866701 

866760 

866819 


6 

866878 

866937 

866996 

867035 

867114 

867173 

867232 

867291 

I 867350 

867409 

! 

7 i 

867467 

867526 

867585 

867644 

867703 

867762 

867821 

' 867880 

867939 

867998 


8 1 

868056 

868115 

868174 1 

868233 

868292 

868350 

868409 

868468 

868527 

86858b 


9 

868644 

868703 

868762 1 

868821 

868879 

868938 

868997 

869056 

869114 

86917^ 



PaOPOBTIONAL. Pa3TS 


Dift. 

1 

3 

3 

4 

1 ^ 1 

6 

7 

8 

9 

64 

6.4 

12.8 

19.2 

25.6 


38.4 

44.8 

51.2 

57.6 

62 

6.2 

12.4 

18.6 

24.8 


37.2 

43.4 

49.6 

53.8 

60 

6.0 

12.0 

18.0 

1 24.0 


36.0 


1 48.0 

34.0 

58 

5.8 

n 6 

17 4 

1 23 2 

1 29 0 1 

34 8 



57 7 
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Table 2. Common Logarithms of Numbers —Continued 


N 

0 

1 

3 

3 

4 

5 

6 

7 

8 

9 

j DU. 

740 

869232 

869290 

869349 

869408 

869466 

1 869525 

S69SS4 

869642 

869701 

869760 


1 

869818 

869877 

869935 

869994 

870053 

: 870111 

870170 

870228 

870287 

870345 


2 

870404 

870462 

870521 

870579 

870638 

870696 

870755 

870813 

870872 

870930 


3 

870989 

871047 

871106 

871164 

871223 

871281 

871339 

871398 

871456 

871515 


4 

871573 

871631 

871690 

871748 

871806 

871865 

871923 

871981 

872040 

872098 


5 

872156 

872215 

872273 

872331 

872389 

872448 

872506 

872564 

872622 

872681 


6 

872739 

872797 

872855 

872913 

872972 

873030 

873088 

873146 

873204 

873262 


7 

873321 

873379 

873437 

873495 

873553 

873611 

873669 

873727 

873785 

873844 


8 

873902 

873960 

874018 

874076 

874134 

874192 

874250 

874308 

874366 

874424 

58 

9 

874482 

874540 

874598 

874656 

874714 

874772 

874830 

874888 

874945 

875003 


7S0 

875361 

875119 

876177 

875235 

876293 

875351 

875409 

875466 

875624 

875582 


1 

875640 

875698 

875756 

875813 

875871 

875929 

875987 

876045 

876102 

876160 


2, 

876218 

876276 

876333 

876391 

876449 

876507 

876564 

876622 

876680 

876737 


3 

876795 

876853 

876910 

876968 

877026 

877083 

877141 

877199 

877256 

877314 


4 

877371 

877429 

877487 

877544 

877602 

877659 

877717 

877774 

877832 

877889 


5 

877947 

878004 

878062 

878119 

878177 

878234 

878292 

878349 

878407 

878464 


i 

878522 

878579 

878637 

878694 

878752 

878809 

878866 

878924 

878981 

879039 


7 

879096 

879153 

879211 

879268 

879325 

879383 

879440 

879497 

879555 

879612 


8 

879669 

879726 

879784 

879841 

879898 

879956 

880013 

880070 

880127 

880185 


9 

880242 

880299 

880356 

880413 

880471 

880528 

880585 

880642 

880699 

880756 


760 

880814 

880S71 

880928 

880986 

881042 

881099 

881166 

881213 

881271 

881328 


1 

881385 

881442 

881499 

881556 

881613 

881670 

881727 

881784 

881841 

881898 


2 

881955 

882012 

882069 

882126 

882183 

882240 

882297 

882354 

882411 

882468 

57 

3 

882525 

882581 

882638 

882695 

882752 

882809 

882866 

882923 

882980 

883037 


4 

883093 

883150 

883207 

883264 

883321 

883377 

883434 

883491 

883548 

883605 


5 

883661 

883718 

883775 

883832 

883888 

883945 

884002 

884059 

: 884113 

884172 


6 

884229 

884285 

884342 

884399 

884455 

884512 

884569 

884625 

884682 

884739 


7 

884795 

884852 

884909 

884965 

885022 

885078 

885135 

885192 

885248 

885305 


8 

885361 

885418 

885474 

885531 

885587 

885644 

885700 

885757 

885813 

885870 


9 

885926 

885983 

886039 

886096 

886152 

886209 

886265 

886321 

886378 

886434 


770 

886491 

886547 

886604 

886660 

886716 

886773 

886829 

886886 

886942 

886998 


1 1 

1 887054 

887111 

887167 

887223 

8S7280 

887336 

887392 

887449 

887505 

887361 


2 

887617 

1 887674 

887730 

887786 

887842 

887898 

887955 

888011 

888067 

888123 


3 

888179 

888236 

888292 

888348 

888404 

888460 

886516 

888573 

888629 

888685 


4 

888741 

888797 

888853 

888909 

888965 

889021 

889077 

889134 

889190 

889246 


5 

889302 

889358 

: 889414 

889470 

889526 

889582 

889638 

889694 

889750 

889806 

56 

6 

889862 

889918 

889974 

890030 

890086 

890141 

890197 

890253 

890309 

890365 


7 

890421 

890477 

890533 

; 890589 

890645 

890700 

890756 

890812 

890868 

890924 


8 

890980 

891035 

891091 

891147 

891203 

891259 

891314 

891370 

891426 

891482 


9 

891537 

891593 

891649 

891705 

891760 

891816 

891872 

891928 

891983 

' 892039 


780 

892095 

892150 

892206 

892262 

892317 

892373 

892429 

892484 

892540 

892595 


1 

892651 

892707 

892762 

892818 

892873 

892929 

892985 

893040 

893096 

,893151 


2 

893207 

893262 

893318 

893373 

893429 

893484 

893540 

893595 

893651 

! 893706 


3 

893762 

893817: 

893873 : 

893928 

893984 

894039 

894094 

894150 

894205 

894261 


4 

894316 

894371 

894427 

894482 

894538 

894593 

894648 

894704 

894759 

894814 


5 

894870 

894925 

894980 

895036 

895091 

895146 

895201 

895257 

895312 

895367 


6 

895423 

895478 

895533 

895588 

895644 

895699 

895754 

895809 

895864 

895920 


7 

895975 

896030 

896085 

896140 

896195 

896251 

896306 

896361 

896416 

896471 


8 

896526 

896581 

896636 

896692 

896747 

896802 : 

896857 

896912 

896967 

897022 


9 

897077 

897132 

897187 

897242 

897297 

897352; 

897407 ! 

897462 

897517 

897572 


790 

897627 

897682 

897737 

897792 

897847 

897902 

897967 

898012 

898067 

898122 

55 

1 

898176 

898231 

898286 

898341 

898396 

898451 

898506 

898561 

898615 

898670 


2 

898725 

898780 

898835 

898890 

898944 

898999 

899054 

899109 

899164 

899218 


3 

899273 

899328 

899383 

899437 

899492 

899547 

899602 

899656 

899711 

899766 


4 

899821 

899875 

899930 

899985 

900039 

900094 

900149 

900203 

900258 

900317 


5 

900367 

900422 

900476 

900531 

900586 

900640 

900695 

900749 

900604 

900859 


6 

900913 

900968 

901022 

901077 

901131 

901186 

901240 

901295 

901349 

901404 


7 

901458 

901513 

901567 

901622 

901676 

901731 

901785 

901840 

901894 

901948 


8 

902003 

902057 

902112 

902166 

902221 

902275 

902329 

902384 

902438 

902492 


9 

902547 

902601 

902655 

902710 

902^164 

902618 

902873 

902927 

902981 

903036 



Pboportional Parts 


Diff. 

1 1 

2 1 

3 1 

4 

5 1 

6 

7 

8 

9 

60 

58 

56 

54 

6.0 1 
5.8 

5.6 

5.4 

12.0 1 

116 

11.2 

10 8 

18.0 

17.4 

16 8 

16 2 

24 0 
23.2 

22 4 

21 6 


36.0 

34 8 

33 6 

32 4 

42.0 

40 6 

39 2 

37 8 

48 0 

46.4 

44 8 
43.2 

54.0 

52.2 

50.4 

-.W.6 
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Table 2. Common Logarithms of Numbers —Continued 


N 

0 

1 

3 

3 

4 

5 

6 

7 

S 

9 

DiS. 

800 

903090 

903144 

903199 

903253 

903307 

903361 

903416 

903470 

903524 

903678 


1 

903633 

903687 

903741 

903795 

903849 

903904 

903958 

904012 

904066 

904120 


2 

904174 

904229 

904283 

904337 

904391 

904445 

904499 

904553 

904607 

90466! 


3 

904716 

904770 

904824 

904878 

904932 

904986 

905040 

905094 

905148 

905202 


4 

905256 

905310 

905364 

905418 

905472 

905526 

905580 

905634 

905688 

905742 

54 

5 

905796 

905850 

905904 

905958 

906012 

906066 

906119 

906173 

906227 

906281 


6 

906335 

906389 

906443 

906497 

906551 

906604 

906658 

906712 

906766 

906820 


7 

906874 

906927 

906981 

907035 

907089 

907143 

907196 

907250 

907304 

907358 


8 

907411 

907465 

907519 

907573 

907626 

907680 

907734 

907787 

907841 

907895 


9 

907949 

908002 

908056 

908110 

908163 

908217 

908270 

908324 

908378 

908431 


810 

908485 

908539 

908692 

908646 

908699 

908753 

908807 

908860 

90S914 

908967 


] 

90Q021 

909074 

909128 

909181 

909235 

909289 

909342 

909396 

909449 

909503 


2 

909556 

909610 

909663 

909716 

909770 

909823 

909877 

909930 

909984 

910037 


3 

910091 

910144 

910197 

910251 

910304 

910358 

910411 

910464 

910518 

910571 


4 

910624 

910678 

910731 

910784 

910838 

910891 

910944 

910998 

911051 

91II04 



911158 

91I2I1 

911264 

911317 

911371 

911424 

9H477 

911530 

911584 

91 1637 


6 

911690 

911743 

911797 

911850 

911903 

911956 

912009 

912063 

912116 

912169 


7 

912222 

912275 

912328 

912381 

912435 

912488 

912541 

912594 

912647 

912700 


8 

912753 

912806 

912859 

912913 

912966 

913019 

913072 

913125 

913178 

913231 


9 

913284 

913337 

913390 

913443 

913496 

913549 

913602 

913655 

913708 

9I376I 

53 

830 

913814 

913867 

913920 

913973 

914026 

914079 

914132 

914184 

914237 

914290 


1 

914343 

914396 

914449 

914502 

914555 

914608 

914660 

914713 

914766 

914819 


2 

914872 

914925 

914977 

91503C 

915083 

915136 

915189 

915241 

915294 

915347 


3 

915400 

915453 

915505 

915558 

915611 

915664 

915716 

915769 

915822 

915875 


4 

915927 

915980 

916033 

916085 

916138 

916191 

916243 

916296 

916349 

916401 


5 

916454 

916507 

916559 

916612 

916664 

916717 

916770 

916822 

916875 

916927 

i 

6 

916980 

917033 

917085 

917138 

917190 

917243 

917295 

917348 

917400 

917453 


7 

917506 

917558 

917611 

917663 

917716 

917768 

917820 

917873 

917925 

917978 


8 

918030 

918083 

918135 

918188 

918240 

918293 

918345 

918397 

918450 

918502 


9 

918555 

918607 

918659 

918712 

918764 

918816 

918869 

918921 

918973 

919026 


830 

919078 

919130 

9191S3 

919235 

919487 

919340 

919392 

919444 

919496 

919549 

i 

1 

919601 

919653 

919706 

919758 

919810 

919862 

919914 

919967 

920019 

920071 


2 

920123 

920176 

920228 

920280 

920332 

920384 

920436 

920489 

920541 

920593 


3 

920645 

920697 

920749 

920801 

920853 

920906 

920958 

921010 

921062 

921114 

52 

4 

921166 

921218 

921270 

921322 

921374 

921426 

921478 

921530 

921582 

921634 


5 

921686 i 

921738 

921790 

921842 

921894 

921946 

921998 

922050 

: 922102 

922154 


6 

922206 I 

922258 

922310 

922362 

922414 

922466 

922518 

922570 

1 922622 

922674 


7 

9227251 

922777 

922829 

922881 

922933 

922985 

923037 

923089 

923140 

923192 


8 

923244 1 

923296 

923348 

923399 

923451 

923503 

923555 

923607 

: 923658 

923710 


9 

923762 

923814 

923865 

923917 

923969 

924021 

924072 

924124 

924176 

924228 


840 

S24379 

924331 

9243S3 

924434 

924486 

924538 

924589 

924641 

924693 

924744 


1 

924796 

924848 

924899 

924951 

925003 

925034 

925106 

925157 

925209 

925261 


2 

925312 

925364 

925415 

925467 

925518 

925570 

925621 

925673 

925725 ! 

925776 ; 


3 

925828 

925879 

925931 

925982 

926034 

926085 

926137 

926188: 

926240 

926291 


4 

926342 

926394 

926445 

926497 

926548 

926600 

926651 

926702 

926754 

926805 


5 

926857 

926908 

926959 

927011 

927062 

927114 

927165 

927216 

927268 

927319 


6 

927370 

927422 

927473 

927524 

927576 

927627 

927678 

927730 

927781 

927832 


7 

927883 

927935 

927986 

928037 

928088 

928140 

928191 

928242 

928293 

928345 


8 

928396 

928447 

928498 

928549 

928601 

928652 

928703 

928754 

928805 

928857 


9 

928908 

928959 

929010 

929061 

929112 

929163 

929215 

929266 

929317 

929368 


880 

929419 

929470 

929621 

929572 

929623 

929674 

929725 

929776 

929827 

929879 


1 

929930 

929981 

930032 

930083 

930134 

930185 

930236 

930287 

930338 

930389 

51 

2 

930440 

930491 

930542 

930592 

930643 

930694 

930745 

930796 

930847 

930898 


3 

930949 

931000 

931051 

931102 

931153 

931204 

931254 

931305 

931356 

931407 


4 

931458 

931509 

931560 

931610 

931661 

931712 

931763 

931814 

931865 

931915 


5 

931966 

932017 

932068 

932118 

932169 

932220 

932271 

932322 

932372 

932423 


6 

932474 

932524 

932575 

932626 

932677 

932727 

932778 

932829 

932879 

932930 


7 

932981 

933031 

933082 

933133 

933183 

933234 

933285 

933335 

933386 

933437 


8 

933487 

933538 

933589 

933639 

933690 

933740 

933791 

933841 

933892 

933943 


9 

933993 

934044 

934094 

934145 

934195 

934246 

1934296 

934347 

934397 

934448 



PBOpoKnoKAU Parts 


Diff. 


2 

3 

4 

S 

6 

7 

8 

9 

56 


11 2 

16.8 

22.4 

28.0 

33.6 

39.2 

44.8 

50.4 

54 


10.8 

16.2 

21.6 

27.0 

i 32.4 

37.8 

43.2 

1 48.6 

52 


10.4 

15.6 


26.0 

1 31 2 

36 4 

41 6 

1 46.8 
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Table 2. Common Logarithms of Numbers —Continued 


N 

0 

1 

2 

3 

4 

8 

6 

7 

8 

9 

S60 

931198 

934549 

934599 

934650 

934700 

934761 

934801 

934852 

934902 

934953 

1 

935003 

935054 

935104 

935154 

935205 

935255 

935306 

935356 

935406 

935457 

2 

935507 

935358 

935608 

935658 

935709 

935759 

935809 

9358t)0 

935910 

935960 

3 

936011 

936061 

936111 

936162 

936212 

936262 

936313 

936363 

936413 

936463 

4 

936514 

936564 

936614 

936665 

936715 

936765 

936815 

936865 

936916 

936966 

5 

937016 

937066 

937116 

937167 

937217 

937267 

937317 

9373b7 

937418 

937468 

6 

937518 

937568 

937618 

937668 

937718 

937769 

937319 

937869 

937919 

937969 

7 

938019 

938069 

938119 

938169 

938219 

938269 

938320 

938370 

938420 

938470 

8 

938520 

938570 

938620 

938670 

938720 

938770 

938820 

938870 

938920 

938970 

9 

939020 

939070 

939120 

939170 

939220 

939270 

939320 

939369 

939419 

939469 

870 

939519 

939569 

939619 

939669 

939719 

939769 

939S19 

939869 

939918 

939968 

\ 

940018 

940068 

940U8 

940168 

940218 

940267 

940317 

940367 

940417 

940467 

2 

940516 

940566 

940616 

940666 

940716 

940765 

940815 

940865 

940915 

940964 

3 

941014 

941064 

941114 

94U63 

941213 

941263 

941313 

941362 

941412 

941462 

4 

941511 

941561 

941611 

941660 

941710 

941760 

941809 

941859 

941909 

941958 

5 

942008 

942058 

942107 

942157 

94220? 

942256 

942306 

942355 

942405 

942455 

6 

942504 

942554 

942603 

942653 

942702 

942752 

942801 

942851 

942901 

942950 

7 

943000 

943049 

943099 

943148 

943198 

943247 

943297 

943346 

943396 

943445 

8 

943495 

943544 

943593 

943643 

943692 

943742 

943791 

943841 

943890 

943939 

9 

943989 

944038 

944088 

944137 

944186 

944736 

944285 

944335 

944384 

944433 

880 

944483 

944632 

944681 

944631 

944680 

944729 

944779 

944823 

944877 

944927 

1 

944976 

945025 

945074 

945124 

945173 

945222 

945272 

945321 

945370 

945419 

2 

945469 

945518 

945567 

945616 

945665 

943715 

945764 

945813 

945862 

945912 

3 

945961 

946010 

946059 

946108 

946157 

946207 

946256 

946305 

946354 

946403 

4 

946152 

946501 

946551 

946600 

946649 

946698 

946747 

946796 

946845 

946894 

5 

946943 

946992 

947041 

947090 

947140 

947189 

947238 

947287 

947336 

947365 

6 

947434 

947483 

947532 

947581 

947630 

947679 

947728 

947777 

947826 

947875 

7 

947924 

947973 

948022 

948070 

9481 19 

948168 

948217 

948266 

948313 

948364 

8 

948413 

948462 

948511 

948560 

948608 

948657 

948706 

948755 

948804 

948853 

9 

948902 

948951 

948999 

949048 

949097 

949146 

949195 

949244 

949292 

949341 

890 

910390 

949439 

949488 

949536 

949686 

949634 

949683 

949731 

949780 

949829 

1 

949878 

949926 

949975 

950024 

950073 

950121 

950170 

,950219 

950267 

950316 

2 

950365 

950414 

950462 

950311 

950560 

950608 

950657 

950706 

950754 

950803 

3 

950851 

950900 

950949 

950997 

951046 

951095 

951143 

951192 

951240 

951289 

4 

951338 

951386 

951435 

951483 

951532 

951580 

951629 

951677 

951726 

951775 

5 

951823 

951872 

951920 

951969 

952017 

952066 

952114 

952163 

952211 

952260 

6 

952308 

952356 

952405 

932453 

952502 

952550 

952599 

952647 

952696 

952744 

7 

952792 

952841 

952889 

952938 

952986 

953034 

953083 

953131 

953180 

953228 

8 

953276 

953325 

953373 

953421 

953470 

953518 

953566 

953615 

953663 

95371 1 

9 

953760 

953808 

953856 

953905 

953953 

954001 

934049 

954098 

954146 

954194 

900 

954243 

9S1391 

954333 

964387 

964436 

964484 

964632 

954880 

954628 

954677 

1 

954725 

954773 

954821 

954869 

954918 

954966 

955014 

955062 

955110 

955158 

2 

955207 

955255 

955303 

953351 

955399 

955447 

955495 

955543 

955592 

955640 

3 

955688 

955736 

935784 

955832 

955880 

955928 

955976 

956024 

956072 

956120 

4 

956168 

956216 

956265 

956313 

956361 

956409 

956457 

956505 

956553 

956601 

5 

956649 

956697 

956745 

956793 

956840 

956888 

956936 

956984 

957032 

957080 

6 

957128 

957176 

957224 

957272 

957320 

957368 

957416 

957464 

957512 

957559 

7 

957607 

957655 

957703 

957751 

957799 

957847 

957894 

957942 

957990 

958038 

8 

958086 

938134 

958181 

958229 

958277 

958325 

958373 

958421 

958468 

958516 

9 

958564 

958612 

958659 

958707 

958755 

938803 

958850 

958898 

958946 

958994 

910 

969041 

969089 

959137 

959186 

959232 

959380 

989328 

959375 

969423 

959471 

\ 

959518 

959566 

959614 

959661 

959709 

959757 

959804 

959852 

959900 

950Q47 

2 

959995 

960042 

960090 

960138 

960185 

960233 

960280 

960328 

960376 

660473 

3 

960471 

960318 

960366 

960613 

960661 

960709 

960756 

960804 

960831 

960899 

4 

960946 

960994 

961041 

961089 

961136 

961184 

961231 

961279 

961326 

961374 

5 

961421 

961469 

961516 

961563 

961611 

961658 

961706 

961753 

961801 

961848 

6 

961895 

961943 

961990 

962038 

962085 

962132 

962180 

962227 

962275 

962322 

7 

962369 

962417 

962464 

962511 

962559 

962606 

962653 

962701 

962748 

967793 

8 

962843 

962890 

962937 

962985 

963032 

963079 

963126 

963174 



9 

963316 

963363 

963410 

963457 

963504 

963352 

963599 

963646 

963693 

963741 


PSOPOBTIONAT* PaBTS 


Difl. 

1 1 

2 ' 

3 

4 

1 ® 

6 

1 7 

8 

9 

52 

50 

48 

5.2 

5.0 

4.8 

10 4 ! 

10.0 j 
9.6 1 

15.6 i 
13.0 1 

14.4 1 

20 8 
20.0 
19.2 

! 26.0 
25.0 
24.0 

31.2 

30 0 
28,8 

1 W IwM 

41 6 

40 0 
38.4 

46.8 

45.0 

43.2 
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Table 2. Common Logarithms of Numbers —Continued 


K 

0 

1 

2 

3 

4 

6 

6 

7 

S 

9 

920 

963T88 

963835 

963882 

963929 

363977 

964024 

964071 

S64113 

964165 

964212 

1 

964260 

964307 

964354 

96440! 

964448 

964495 

964542 

964590 

964637 

964684 

2 

96473\ 

964778 

964825 

964872 

964919 

964966 

965013 

965061 

965108 

965155 

3 

965202 

965249 

965296 

965343 

965390 

965437 

965484 

965531 

965578 

965625 

4 

965672 

965719 

965766 

965813 

965860 

963907 

965934 

966001 

966048 

966095 

5 

966142 

966189 

966236 

966283 

966329 

9603/6 

966423 

966470 

966517 

966564 

6 

9b66l \ 

966658 

966705 

966752 

966799 

966843 

966892 

966939 

960986 

967033 

7 

967080 

967127 

967173 

96722C 

967267 

967314 

967361 

967408 

967454 

96750! 

8 

967548 

9o7595 

967642 

907688 

967735 

9o7782 

907829 

967873 

967922 

967969 

9 

968016 

968062 

968109 

968156 

968203 

968249 

968296 

968343 

968390 

968436 

930 

968483 

968530 

968576 

968623 

96S670 

968716 

968763 

968810 

968866 

968903 

1 

O68950 

968906 

969043 

969090 

969136 

6o9183 

969229 

969276 

969323 

969369 

2 

969410 

969463 

969509 

9o9356 

969602 

969649 

969695 

969742 

969789 

969835 

3 

969882 

969928 

969975 

970021 

970068 

970114 

970161 

970207 

970254 

970300 

4 

970347 

970393 

970440 

97048O 

970533 

970579 

970626 

970672 

970719 

970765 

5 

970812 

970858 

970904 

970951 

970997 

971044 

971090 

971137 

971183 

971229 

6 

971276 

971322 

971369 

971415 

971461 

971508 

971554 

971601 

971647 

971693 

7 

971740 

971786 

971832 

971879 

971925 

971971 

972018 

972064 

972110 

972157 

8 

972203 

972249 

972295 

972342 

972388 

972434 

972481 

972527 

972573 

972619 

9 

972666 

972712 

972758 

972804 

972851 

972897 

972943 

972989 

973035 

973082 

940 

973128 

973174 

973220 

973266 

973313 

973353 

973405 

973451 

973497 

973543 

1 

973590 

973636 

973682 

973728 

973774 

973820 

973866 

973913 

973959 

974003 

2 

974051 

974097 

974143 

974189 

974235 

974281 

974327 

974374 

974420 

974466 

3 

974512 

974558 

974604 

974650 

974696 

974742 

974788 

974834 

974880 

974926 

4 

974972 

975018 

975064 

975110 

975156 

975202 

975248 

975294 

975340 

975386 

5 

975432 

975478 

975524 

975570 

973616 

975662 

975707 

975733 

973799 

975845 

6 

975891 

975937 

975983 

976029 

976075 

976121 

970167 

976212 

976258 

976304 

7 

976350 

976396 

976442 

976488 

976533 

976579 

976625 

976671 

976717 

976763 

8 

976808 

976854 

976900 

976946 

976992 

977037 

977083 

977129 

977175 

977220 

9 

977266 

977312 

977358 

977403 

977449 

977495 

977541 

977586 

977632 

977678 

950 

977724 

977769 

977816 

977861 

977906 

977952 

977998 

978043 

978089 

978136 

1 

978181 

978226 

978272 

978317 

978363 

978409 

978454 

978500 

978546 

978591 

2 

978637 

978683 

978728 

978774 

978819 

978865 

976911 

978956 

979002 

979047 

3 

979093 

979138 

979184 

979230 

979275 

979321 

979366 

979412 

979457 

979503 

4 

979548 

979594 

979639 

979685 

979730 

979776 

979821 

979867 

979912 

979958 

5 

980003 

980049 

980094 

980140 

980185 

98023! 

980276 

980322 

980367 

980412 

6 

980458 

980503 

980549 

980594 

980640 

980685 

980730 

980776 

980821 

980867 

7 

980912 

980957 

981003 

981048 

981093 

981139 

981184 

981229 

981275 

981320 

8 

981366 

981411 

981456 

981501 

981347 

981592 

981637 

981683 

981728 

981773 

9 

981819 

981864 

981909 

981954 

982000 

982045 

982090 

982135 

982181 

982226 

960 

982271 

982316 

982362 

982407 

982452 

982497 

982543 

982688 

982633 

982678 

1 

982723 

982769 

982814 

982859 

982904 

982949 

982994 

983040 

983085 

983130 

2 

983175 

983220 

983265 

983310 

983356 

983401 

983446 

963491 

983536 

983561 

3 

983626 

983671 

983716 

983762 

983807 

983852 

983897 

983942 

983987 

984032 

4 

984077 

984122 

984167 

984212 

984237 

984302 

984347 

984392 

984437 

984482 

5 

984527 

984572 

984617 

984662 

984707 

984752 

984797 

984842 

984887 

984932 

6 

984977 

983022 

985067 

985U2 

985157 

985202 

963247 

985292 

985337 

985382 

7 

985426 

985471 

985516 

985561 

985606 

985651 

985696 

985741 

985786 

985830 

8 

985875 

985920 

985965 

986010 

986055 

986100 

986144 

986189 

986234 

986279 

9 

986324 

986369 

986413 

986458 

986503 

986548 

986593 

986637 

986682 

986727 

970 

986772 

986817 

986861 

986906 

986951 

986996 

987040 

987085 

987130 

987176 

1 

987219 

987264 

987309 

987353 

987398 

987443 

987488 

987532 

987577 

987622 

2 

987666 

987711 

987736 

987800 

987845 

987890 

987934 

987979 

988024 

988068 

3 

9881 13 

988157 

988202 

988247 

98829! 

988336 

988381 

988425 

988470 

988514 

4 

988559 

988604 

988648 

988693 

988737 

988782 

988826 

988871 

988916 

988960 

5 

989005 

989049 

989094 

989138 

989183 

989227 

989272 

989316 

98936! 

989405 

6 

989450 

989494 

989539 

989583 

989628 

989672 

989717 

989761 

989806 

989850 

7 

989895 

989939 

989983 

990028 

990072 

990117 

990161 

990206 

990250 

990294 

8 

990339 

990383 

990428 

990472 

990516 

990561 

990605 

990650 

990694 

990738 

9 

990783 

990827 

990871 

990916 

990960 

991004 

991049 

991093 

991137 

99] 182 


Proportional Parts 


Diff.j 

1 

% i 

3 

i 

5 

6 1 

7 I 

8 

9 

48 

4.0 

9 6 1 

14 4 1 

19 2 

24 0 

28 8 1 

33 6 

! 38 4 

43.2 

46 

4 6 

9.2 ^ 

13.8 

18.4 

23.0 

27.6 ' 

32 2 

1 36 8 

1 41.4 

44 

4.4 

8 8 

13 2 

17 6 

22 0 

26 4 1 

30 8 

35 2 

1 39.6 

42 

4.2 

8 4 1 

12 6 1 

16 8 

21 0 

25.2 ' 

29 4 

! 33 6 

1 37 8 
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MATHEMATICAL TABLES 


Table 2. Common Logarithms of Numbers —Continued 


N 1 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Diff. 

980 

991326 

991270 

991316 

991369 1 

991403 

991448 

991493 

991636 

991680 

991626 


1 

991669 

991713 

991758 

991802 

991846 

991890 

991935 

991979 

i 992023 

992067 


2 

99211 1 

992156 

992200 

992244 

992288 

992333 

992377 

992421 

; 992465 

992509 


3 

992554 

992598 

992642 

992686 

992730 

992774 

992819 

992863 

992907 

992951 


4 

992995 

993039 1 

993083 

993127 

993172 

993216 

993260 

993304 

993348 

993392 


5 

993436 

993480 i 

993524 

993568 

993613 

993657 

993701 

993743 

993789 

993833 


6 

993877 

993921 

993965 

994009 

994053 

994097 

994141 

994185 

994229 

994273 


7 

994317 

99436! 

994405 

994449 

994493 

994537 

994581 

994625 

994669 

994713 

44 

8 

994757 

994801 

994845 

994889 

994933 

994977 

993021 

995065 

995108 

995152 


9 

995196 . 

995240 

: 995284 

995328 

995372 

995416 

995460 

995504 

995547; 

995591 


990 

99S636 I 

99S679 

99ST23 

996767 

996811 

995864 

996898 

996942 

995986 i 

996030 


1 

996074 

996117 

996161 

996205 

996249 

996293 

996337 

996380 

996424 

99646b 


2 

996512 

996555 

996599 

996643 

996687 

996731 ! 

996774 

996818 

996862; 

99690O 


3 

996949 

996993 

997037 

997080 

997124 

997168 j 

997212 

997255 

997299; 

997343 


4 

997386 

997430 

997474 

997517 

997561 

9976051 

997648! 

997692 

997736 

997779 


5 

997823 

i 997867 

997910 

997954 

997998 

998041 

998085 1 

998129 

998172 i 

998216 


6 

998259 

; 998303 

998347 

998390 

998434 

998477 

998321 i 

998564 

998608 i 

998652 


7 

998695 

i 998739 

998782 

998826 

998869 

998913 

998956 i 

999000 

999043' 

999087 


8 

999131 

! 999174 

999218 

999261 

999305 

999348 

999392 

999435 

999479; 

999522 


9 

999565 

1 999609 

999652 

999696 

999739 

999783 

999826 

999870 

999913: 

999957 


loco 

000000 

000043 

000087 

000130 

000174 

000317 

000350 

000304 

000347 

000391 1 

43 


Table 3. Natural (Napierian or Hyperbolic) Logarithms of Numbers 

Table gives natural logarithms of numbers from 1.0 to 9.99 directly. To 6nd logarithms of 
numbers outside that range add or subtract natural logarithm of the powers of 10 as follows: 
logelO = 2 302585 log^ 10^ = 9.210340 loge 10^ = 16.118096 

log« 102 = 4.605170 loge lO^ = 11.512925 log^ 10« = 18.420681 

log« 103 « 6.907755 loge 10® = 13.815511 loge 10® = 20.703266 

Example. —loge 679. = loge 6.79 + loge lO^ = 1.9155 + 4.6052 = 5.5207 

loge -0679 = loge 6.79 -- loge 10* * 1.9155 - 4.6052 = - 2.6897 
The common logarithm is the natural logarithm multiplied by the modulus of logio' logic N = 
0.434294 loge A'- 


N 

0 

1 

3 

3 

4 

6 

6 

7 

8 

9 

1.0 

0.0000 

0.0100 

0.0198 

0.0396 

0.0392 

0.0488 

0.0683 

0.0677 

0.0770 

0 0862 

1 I 

0.0953 

0.1044 

0.1133 

0 1222 

0.1310 

0.1398 

0 1484 

0.1570 

0.1655 

0.1740 

1.2 

0 1823 

0.1906 

0.1989 

0 2070 

0 2151 

0 2231 

0 2311 

0.2390 

0 2469 

0 2546 

1.3 

0.2624 

0.2700 

0,2776 

0.2852 

0.2927 

0.3001 

0 3075 

0.3148 

0.3221 

0 3293 

1.4 

0 3365 

0.3436 

0 3507 

0 3577 

0.3646 

0 3716 

0.3784 

0.3853 

0.3920 

0.3988 

1.5 

0 4055 

0.4121 

0 4187 

0 4253 

0 4318 

0 4383 

0.4447 

0.4511 

0.4574 

0.4637 

1.6 

0.4700 

0.4762 

0.4824 

0.4886 

0.4947 

0.5008 

0.5068 

0.5128 

0.5188 

0.5247 

1.7 

0 .*1306 

0.5365 

0.5423 

0.5481 

0.5539 

0.5596 

0.5653 

0.5710 

0.5766 

0.5822 

1.8 

0 5878 

0 5933 

0.5988 

0.6043 

0.6098 

0 6152 

0 6206 

0.6259 

0.6313 

0 6366 

1.9 

0 6419 

0.6471 

0.6523 

0.6575 

0.6627 

0.6678 

0.6729 

0.6780 

0.6831 

0.6881 

SO 

0.6931 

0.6981 

0.7031 

0.7080 

0.7139 

0.7178 

0.7237 

0.7276 

0.7324 

0.7372 

2 1 

0 7419 

0.7467 

0.7514 

0 7561 

0.7608 

0.7655 

0 7701 

0.7747 

0.7793 

0 7839 

2.2 

0.7885 

0.7930 

0.7975 

0.8020 

0.8065 

0 8109 

0 8154 

0.8198 

0 8242 

0 8286 

2.3 

0.8329 

0.8372 

0.8416 

0.8459 

0.8502 

0.8544 

0.8587 

0.8629 

0.8671 

0.8713 

2.4 

0.8755 

0.8796 

0 8838 

0.8879 

0.8920 

C 8961 

0.9002 

0.9042 

0 9083 

0 9123 

2 5 

0 9163 

0.9203 

0.9243 

0.9282 

0.9322 

0.9361 

0.9400 

0 9439 

0 9478 

0 9517 

2.6 

0.9555 

0.9594 

0.9632 

0.9670 

0.9708 

0.9746 

0.9783 

0.9821 

0.9858 

0.9895 

2 7 

0.9933 

0.9969 

1.0006 

1.0043 

1.0080 

1 0116 

1.0152 

1.0188 

1.0225 

! 0260 

2 8 

1 0296 

1 0332 


1.0403 

1 0438 

1.0473 

1.0508 

1.0543 

1 0578 

1 0613 

2.9 

1.0647 

1.0682 


1.0750 

1.0784 

1.0818 

1.0832 

1.0886 

1.0919 

1.0953 

8.0 

1.0986 

1.1019 

1.1053 

1.1086 

1.1119 

1.1151 

1.1184 

1.1217 

1.1249 

1.1282 

3.1 

1.1314 

I.1346 

1.1378 

1.1410 

1.1442 

1.1474 

1 1506 

1.1537 

1.1569 

1 1600 

3 2 

1 1632 

1 1663 

1 1694 

1 1725 

1 1756 

1.1787 

1.1817 

1.1848 

1 1878 

1 1909 

3.3 

1.1939 

1.1969 

1.2000 

1.2030 

I.2060 

1.2090 

1.2119 

1.2149 

1.2179 

1.2208 

3 4 

1.2238 

1.2267 

1 2296 

1.2326 

1 2355 

1.2384 

1 2413 

1.2442 

1 2470 

1 2499 

3 5 

1 2528 

1.2556 

1.2585 

1.2613 

1.2641 

1.2669 

1 2698 

1 2726 

1 2754 

1 7787 

3.6 

1.2809 

1.2837 

1.2865 

1.2892 

I.2920 

1.2947 

1.2975 

1.3002 

1.3029 

1.3056 

3.7 

1.3083 

1.3110 

1.3137 

1.3164 

I.319I 

1.3218 

1.3244 

1.3271 

I 3297 

1 ^^74 

3.8 

1 3350 

1.3376 


1.3429 


1.3481 

1.3507 

1.3533 

1 3558 

1 ^484 

3.9 


J.3635 

1.3661 

f 3686 


n&a 


1 3788 

1.3813 

1.3838 
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Table 3. Natural (Napierian or Hyperbolic) Logarithms of Numbers —Continued 


N 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

4.0 

1.8863 

1.3888 

1.3913 

1.3938 

1.3962 

1.3987 

1.4012 

1.4036 

1.4061 

1.4080 

4.1 

1.4110 

1.4134 

1.4159 

1.4183 

1 4207 

1.4231 

1.4255 

1.4279 

1 4303 

1.4327 

4.2 

1.4351 

1.4375 

1.4398 

1.4422 

1 4446 

1.4469 

1.4493 

1.4516 

1 4540 

1.4563 

4.3 

1.4586 

1.4609 

1.4633 

1.4656 

1.4679 

1.4702 

1.4725 

1.4748 

1.4770 

1,4793 

4.4 

1.4816 

1.4839 

1.4861 

1.4884 

I.4907 

1.4929 

1.4951 

1.4974 

I.4996 

1.5019 

4.5 

1.5041 

1.5063 

1.5085 

1.5107 

1.5129 

1.5151 

1.5173 

1.5195 

1.5217 

1.5239 

4.6 

1.5261 

1.5282 

1.5304 

1.5326 

1.5347 

1.5369 

1.5390 

1.5412 

1.5433 

1.5454 

4.7 

1.5476 

1.5497 

1.5518 

1.5539 

1.5560 

1.5581 

1 5602 

1.5623 

1 5644 

1.5665 

4.8 

1.5686 

1.5707 

1 5728 

1.5748 

1.5769 

1.5790 

1 5810 

1.5831 

1 5851 

1.5872 

4.9 

1.5892 

1.5913 

1.5933 

1.5953 

i 1.5974 

1.5994 

1.6014 

1.6034 

1.6054 

1.6074 

5.0 

1.6094 

1.6114 

1.6134 

1.6154 

1.6174 

1.6194 

1.6214 

1,6233 

1.6253 

1.6273 

5.1 

1.6292 

1.6312 

1.6332 

1.6351 

I 6371 

1.6390 

1.6409 

^ 1.6429 

1.6448 

1 6467 

5.2 

1.6487 

1.6506 

1.6525 

1.6544 

1.6563 

1.6582 

1.6601 

: 1.6620 

1 6639 

1 6658 

5.3 

1.6677 

1.6696 

1.6715 

1.6734 

1.6752 

1.6771 

1.6790 

1.6808 

1.6827 

1.6845 

5.4 

1.6864 

1.6882 

, 1.6901 

1.6919 

1.6938 

1.6956 

1,6974 

1.6993 

1.7011 

1.7029 

5.5 

1.7047 

1.7066 

1.7084 

1.7102 

1.7120 

1.7138 

1 7156 

1.7174 

1 7192 

: 1.7210 

5.6 

; 1.7228 

1.7246 

1.7263 

1.7281 

1.7299 

1.7317 

1.7334 

1.7352 

1.7370 

1 1.7387 

5.7 

1.7405 

1.7422 

1.7440 

1 I 7457 

1.7475 

1.7492 

' I 7509 

1 7527 

1.7544 

1 1.7561 

5.8 

1.7579 

1.7596 

1 7613 

1 7630 

1.7647 

1.7664 

1 7681 

1.7699 

I 7716 

1.7733 

5.9 

1.7750 

1.7766 

1.7783 

1.7800 

1.7817 

1.7834 

1.7851 

1.7867 

1.7884 

1.7901 

6.0 

1.7918 

1.7934 

1.7961 

1.7967 

1.7984 

1.8001 

1.8017 

1.8034 

1.8000 

1.8066 

6.1 

1.8083 

1.8099 

1.8116 

1.8132 

1.8148 

1.8165 

1.8181 

1.8197 

1.8213 

1.8229 

6.2 

1.8245 

1.8262 

1.8278 

1.8294 

1.8310 

1,8326 

1 8342 

1.8358 

1 8374 

1 8390 

6.3 

1.8405 

1.8421 

1.8437 

1.8453 

1.8469 

1.8485 

1.8500 

1.8516 

1.8532 

1.8547 

6 4 

1.8563 

1.8579 

1.8594 

1.8610 

1 8625 

1.8641 

1.8656 

1.8672 

1.8687 

1 8703 

6.5 

1.8718 

1.8733 

1.8749 

1.8764 

1.8779 

1.8795 

1.8810 

1 8825 

1.8840 

1.8856 

6.6 

1.8871 

1.8886 

1.8901 

1.8916 

1.8931 

1.8946 

1.8961 

1.8976 

1.8991 

1.9006 

6 7 

1.9021 

1.9036 

I.9051 

I 9066 

1.908! 

1.9095 

1.9110 

1.9125 

1.9140 

1 9155 

6 8 

1.9169 

1.9184 

1.9199 

1.9213 

1.9228 

1.9242 

1.9257 

1.9272 

1.9286 

1 9301 

6.9 

1.9315 

1.9330 

1.9344 

1.9359 

1.9373 

1.9387 

1.9402 

1.9416 

1.9430 

1.9445 

TO 

1.9459 

1.9473 

1.9438 1 

1.9502 

1.9616 

1.9030 

1.9044 

1.9059 

1.9073 

1.9687 

7.1 

1.9601 

1.9615 

1.9629 

1.9643 

1.9657 

1.9671 

1.9685 

1.9699 

1.9713 

1 9727 

7.2 

1.9741 

1.9755 

1.9769 

1.9782 

1.9796 

1.9810 

1.9824 

1.9838 

1.9851 

1.9865 

7.3 

1.9879 

1,9892 

1.9906 ^ 

1.9920 

1.9933 

1.9947 

1.9961 

1.9974 

1.9988 

2.0001 

7.4 

2.0015 

2.0028 

2.0042 

2 0055 

2 0069 

2.0082 

2 0096 

2 0109 

2.0122 ' 

2.0136 

7.5 

2.0149 

2.0162 

2.0176 

2.0189 

2 0202 

2.0215 

2.0229 

2 0242 

2 0255 i 

2.0268 

7.6 

2.0281 

2.0295 

2.0308 

2,0321 

2.0334 

2.0347 

2.0360 , 

2.0373 

2.0386 

2.0399 

7 7 

2 0412 

2.0425 

2 0438 

2 0451 

2.0464 

2.0477 

2 0490 

2 0503 

2 0516 

2.0528 

7 8 

2.0541 

2.0554 

2.0567 

2.0580 

2.0592 

2 0605 

2.0618 

2 0631 

2.0643 

2 0656 

7.9 

2.0669 

2.0681 

2.0694 

2.0707 

2.0719 

2.0732 

2.0744 ^ 

2.0757 

2.0769 

2.0782 

8.0 

2.0794 

2.0807 

2.0819 

2.0832 

2.0844 

2.0807 

2.0869 

2.0882 

2.0894 

2.0906 

8.1 

2.0919 

2.0931 

2.0943 

2.0956 ' 

2.0968 

2 0980 

2 0992 

2.1005 

2 1017 

2. 1029 

8.2 

2 1041 

2.1054 

2 . 1066 

2.1078 

2.1090 

2.1102 

2 1114 

2 1 126 

2 1138 

2.1150 

8.3 

2.1163 

2.1175 

2.1187 

2.1199 

2.1211 

2.1223 

2.1235 

2.1247 

2.1258 

2.1270 

8.4 

2.1282 

2.1294 

2.1306 

2.1318 

2 1330 

2.1342 

2 1353 ' 

2.1365 

2.1377 

2 1389 

8.5 

2. 1401 

2.1412 

2.1424 

2.1436 

2.1448 

2.1459 

2.1471 

2,1483 

2 1494 

2.1506 

8.6 

2. 1518 

2.1529 

2. 1541 

2.1552 

2.1564 

2.1576 

2.1587 

2.1599 

2.1610 

2 . 1622 

8.7 

2.1633 

2.1645 

2 1636 

2 1668 

2 1679 

2.1691 

2. 1702 

2 1713 

2 1725 

2. 1736 

8.8 

2. 1748 

2.1759 

2.1770 

2 1782 

2.1793 

2.1804 

2 1815 

2.1827 

2.1838 

2.1849 

8.9 

2.1861 

2.1872 

2.1883 

2.1894 

2.1905 

2.1917 

2.1928 

2.1939 

2.1950 

2. 1961 

9.0 

2.1972 

2.1983 

2.1994 

2 2006 

2.2017 

2.2028 

2.2039 

2.2050 

2.2061 

2.3072 

9.1 

2.2083 

2.2094 

2.2105 

2.2116 

2 2127 

2 2138 

2 2148 

2 2159 

2 2170 

2.2181 

9.2 

2 2192 

2.2203 

2.2214 

2.2225 

2.2235 

2.2246 

2.2257 

2 2268 

2 2279 

2.2289 

9.3 

2.2300 

2.2311 

2.2322 

2 .2332 

2.2343 

2.2354 

2.2364 

2.2375 

2.2386 

2.2396 

9.4 

2.2407 

2.2418 

2.2428 

2 2439 

2.2450 

2.2460 

2 2471 

2.2481 

2 2492 

2 2502 

9.5 

2.2513 

2.2523 

2.2534 

2 2544 

2.2555 

2.2565 

2.2576 

2 2586 

2 2397 

2.2607 

9.6 

2.2618 

2.2628 

2.2638 

2.2649 

2.2659 

2.2670 

2.2680 

2.2690 

2.2701 

2.2711 

9.7 

2.272! 

2.2732 

2.2742 

2.2752 

2.2762 

2 2773 

2 2783 

2 2793 

2.2803 

2.2814 

9.8 

2.2824 

2.2834 

2.2844 

2 2854 

2 2865 

2 2875 

2.2885 

2.2895 

2 2905 

2.2915 

9.9 

2.2925 

2 2935 

2.2946 

2 2956 

2 2966 

2 2976 

2 2986 

2 2996 

2.3006 

2 3016 
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MATHEMATICAL TABLES 


Table 4. Values and Logarithms of Exponentials and Hyperbolic Functions 

The following tables give values of e®, sink x, cosh x and tanh x for values of ® 
from 0.00 to 6.00 in intervals of 0.01. 

To faciliiate computations invoUdng multiplication, the common logarithms of e*, 
sinh X, cosh x, and tanh x are also given. 

For values of x greater than 6:e^ may be computed from the relationship = log“^ 
(x iogio e) = log"^ 0.43429x; approaches zero; sinh x and cosh x are approximately 
equal and become 0.5 and tanh x and coth x have values approximately equal to unity. 

Where more accurate values of the exponentials and functions are required they may 
be computed from the following relationships. 

e = 2.71S2S 18285 - = 0.367S7 94412 

e 


M = iogio e = 0.43429 44S19 
— log~^ Mx^ 


i = log« 10 = 2.30253 50930 
M 

= log“^ “ JV/x 


Sinh X 



oosh X = 


-j- 

2 


tanh X = 



, 1 

sech X — 1 

1 

csch X — , - 

Binh X 

cosh X 

coth X — , 

tanh X 
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Table 4. Values and Logarithms o{ Exponentials and Hyperbolic Functions—Corefinued 


X 

1 Values 

Comnion Logarithms 




Siah X 

Cosh X 

i Tanh x 

e® 

Sinh X 

Cosh X 

Tanh x 

0.00 

1.0000 

1.0000 

0.0000 

1. OGGO 

j .00000 

0.00000 

— ce 

0.00000 

— to 

0.10 

1.1052 

.90484 

0 1002 

1.0050 

.09967 

0 04343 

T.00072 

0.00217 

2.99856 

0.20 

1.2214 

.81873 

0.2013 

1.0201 

. 19738 

0.08686 

1.30392 

0.00863 

T.29529 

0.30 

1.3499 

.74082 

0 3045 

1 0453 

.29131 

0.13029 

1.48362 

0.10926 

T 46436 

0.40 

1.4918 

.67032 

0.4108 

1.0811 

.37995 

0 17372 

I.6»358 

0.03385 

T.57973 

0.50 

1.6487 

.60653 

0 5211 

1.1276 

.46212 

0 21715 

1.71t)92 

0.05217 

i.66475 

0.60 

I.8221 

.54881 

0 6367 

1.1855 

.53705 

0.26058 

i.80390 

0.07389 

1.73001 

0.70 

2.0138 

.49659 

0.7586 

1.2552 

.60437 

0.30401 

1.88000 

0.09870 

I.78130 

0.80 

2.2255 

.44933 

0.8881 

1.3374 

.66404 

0.34744 

1.94846 

0.12627 

1.82219 

0.90 

2.4596 

.40657 

1.0265 

1.4331 

.71630 

0.39087 

0.01137 

0.15627 

T.85509 

1.00 

2.7183 

.36788 

1.1752 

I.5431 

.76159 

0.43439 

0.07011 

0.18839 

T.88172 

}. 10 

3.0042 

.33287 

1.3356 

1.6685 

.80050 

0.47772 

0.12569 

0.22233 

1.90336 

1.20 

3.3201 

.30119 

1.5095 

1.8107 

.83365 

0.52115 

0.17882 

0 25784 

1-92099 

1.30 

3.6693 

,27253 

1.6984 

1.9709 

.86172 

0.56458 

0.23004 

0.29467 

T.93537 

1.40 

4.0552 

.24660 

1.9043 

2.1509 

.88535 

0.60801 

0.27974 

0.33262 

T.94712 

1.50 

4.4817 

.22313 

2.1293 

2.3524 

.90515 

0 63144 

0.32823 

0.37151 

T-95672 

1.60 

4.9530 

.20190 

2.3756 

2.5775 

.92167 

0.69487 

0.37577 

0.41119 

I 96457 

1.70 

5.4739 

.18268 

2.6456 

2 8283 

.93541 

0.73830 

0.42253 

0.45153 

I.97100 

1.80 

6.0496 

.16530 

2.9422 

3.1075 

.94681 

0.78173 

0.46867 

0.49241 

T 97626 

1.90 

6.6859 

. 14957 

3,2682 

3.4177 

.95624 

0.82516 

0.51430 

0.53374 

1.98057 

2.00 

7.3891 

.13534 

3.6269 

3.7622 

.96403 

0.86859 

0.55953 

0.57544 

T.98409 

2 10 

8.1662 

.12246 

4.0219 

4.1443 

.97045 

0.91202 

0.60443 

0.61745 

T-98697 

2.20 

9.0250 

.11080 

4.4571 

4.5679 

.97574 

0.95545 

0.64905 

0 65972 

1.98934 

2 30 

9.9742 

. 10026 

4.9370 

5.0372 

.98010 

0.99888 

0.69346 

0 70219 

1,99127 

2.40 

n.023 

.09072 

5 4662 

5.5569 

.98367 

1.04231 

0.73769 

0,74484 

T.99285 

2.50 

12.182 

.08208 

6.0502 

6.1323 

.98661 

1.08574 

0,78177 

0.78762 

1.99415 

2.60 

13.464 

.07427 

6.6947 

6.7690 

.98903 

1.12917 

0.82573 

0.83052 

1.99521 

2.70 

14.880 

.06721 

7.4063 

7.4735 

.99101 

1.17260 

0.86960 

0.87352 

I.99608 

2,80 

16.445 

.06081 

8.1919 

8.2527 

.99263 

1.21602 

0.91339 

0.91660 

T.99679 

2.90 

18.174 

.05502 

9.0596 

9.1146 

.99396 

1.25945 

0.957II 

0.95974 

1.99737 

3.00 

20.086 

.04979 

10.018 

10 068 

.99505 

1.30288 

1.00078 

1.00293 

1.99785 

3.10 

22.198 

.04505 

11.077 

11.122 

.99595 

1.34631 

1.04440 

1.04616 

1.99824 

3.20 

24.533 

.04076 

12.246 

12 287 

.99668 

1.38974 

1.08799 

1.08943 

T.99856 

3.30 

27.113 

.03688 

13.538 

13.575 

.99728 

1.43317 

1.13155 

1.13273 

1.99882 

3.40 

29.964 

,03337 

14 9t)5 

14 999 

.99777 

1.47660 

1.17509 

1.17605 

T.99903 

3.50 

33.115 

.03020 

16 543 

16 573 

.99818 

1.52003 

1.21860 

1.21940 

T-99921 

3.60 

36.598 

.02732 

18.285 

18.313 

.99851 

1.56346 

1.26211 

1.26275 

1.99935 

3.70 

40.447 

,02472 

20.21 1 

20.236 

.99878 

1.60689 

1.30559 

1.30612 

T.99947 

3.80 

44.701 

.02237 

22.339 

22 362 

.99900 

1.65032 

1.34907 

1.3495! 

T 99957 

3.90 

49.402 

.02024 

24.691 

24.711 

.99918 

1.69375 

1.39254 

1.39290 

T.99964 

4.00 

54.598 

.01832 

27.290 

27.308 

.99933 

1.73718 

1.43600 

1.43629 

1.99971 

4.10 

60.340 

.01657 

30.162 

30.178 

.99945 

1.78061 

1.47946 

1.47Q70 

T 99976 

4.20 

66.686 

.01500 

33.336 

33.351 

.99955 

1.82404 

1.52291 

1.52310 

1.99980 

4.30 

73.700 

.01357 

36.843 

36 857 

,99963 

1.86747 

1.56636 

1.56652 

I.99984 

4.40 

81.451 

.01228 

40 719 

40.732 

.99970 

1.91090 

1.60980 

1.60993 

1.99987 

4.50 

90.017 

.0111! 

45.003 

45.014 

.99975 

1.95433 

1.65324 

1.65335 

1.99989 

4 60 

99.484 

.01005 

49 737 

49.747 

.99980 

1.99775 

1.69668 

1.69677 

I.99991 

4.70 

109.95 

.00910 

54.969 

54.978 

.99983 

2.04118 

1.74012 

1.74019 

T.99993 

4.80 

121.5! 

.00823 

60.751 

60.759 

.99986 

2.08461 

1 78355 

1.78361 

I.99994 

4.90 

134.29 

.00745 

67.141 

67.149 

.99989 

2.12804 

1.82699 

1.82704 

T.99995 

5 00 

148.41 

.00674 

74 203 

74.210 

,99991 

2.17147 

1.87042 

1.87046 

T.99996 

5.10 

164.02 

.00610 

82.008 

82 014 

,99993 

2.21490 

1.91386 

1.91389 

1.99997 

5. 20 

181.27 

.00552 

90.633 

90 639 

.99994 

2 25833 

1.95729 

1.95731 

T-99997 

5.30 

200.34 

.00499 

100 17 

100.17 

.99995 

2.30176 

2 00072 

2.00074 

T 99998 

5.40 

221.41 

.00452 

110.70 

110.71 

.99996 

2.34519 

2 04415 

2 04417 

T. 99998 

5.50 

244.69 

.00409 

122.34 

122.35 

.99997 

2.38862 

2 08758 

2.08760 

I.99999 

5.60 

270.43 

.00370 

135.21 

135.22 

.99997 

2.43205 

2.13101 

2.13103 

1.99999 

5.70 

298.87 

.00335 

149.43 

149.44 

.99998 

2.47548 

2 17444 

2.17445 

T.99999 

5.80 

330.30 

.00303 

165 15 

165. 15 

.99998 

2.51891 

2.21787 

2 21788 

T.99999 

5.90 

365.04 

.00274 

182.52 

182.52 

,99998 

2.56234 

2.26130 

2.26131 

1.99999 

6.00 

403.43 

.00248 

201.71 

201.72 

.99999 

2.60577 

2.30473 

2.30474 

1.99999 
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MATHEMATICAL TABLES 


2. PROPERTIES OF NUMBERS 

Table 5. Certain Constants Containing e and t 


e= 2.7182818285 U = logme = 0.4342944819 

1 = 3.1415926536 3/-! = loge 10 = 2.3025850930 


Powers of c 

Multiples of r 


Fractions o 

X 

e" 

Value 

Logarithm 




x/n 

Value 

Logarithm 

e 

2.718282 

0.434294 

ir 

3.I4I593 

0.497150 

x/2 

1.570780 

0.196120 

c-i 

0.367879 

1.565706 

2t 

6.283185 

0.798180 

x/3 

1.047198 

0.020029 

es 

7.389057 

0.868589 

Sx 

9.424778 

0.974271 

»/4 

0.785398 

1.895090 

e-2 

0. 135335 

1.131411 

4x 

12.566371 

1.099210 

x/180 

0.017453^ 

2.241877 


1.648721 

0.217147 

5x 

15.707963 

1.196120 




Reciprocals of r 


Powers of 

X 

Roots of T 

n/v 

Value 

Logarithm 


Value 

Logarithm 

r±l/n 

Value 

Logarithm 

\/r 

0.318310 

T.502850 

x2 

9.869604 

0.994300 

vT 

1.772454 

0.248575 

2/ir 

0.636620 

1.803880 

l/ir2 

0.101321 

1.005700 

1/V^ 

0 564190 

1 751425 

3/ IT 

0.954930 

1.979971 


31.006277 

1.491450 


1.464592 

0.165717 

180/x 

57.295780t 

1.758123 

l/x3 

0.032252 

2.508550 


0.681784 

1.83428J 


• Number of radians per degree, t Number of degrees per radian. 


Table 6. Factorials 


" J 

n! = 1-2-3. , ,n 

l/n! 

n 

n! = 1 *2-3 ... n 

1/n! 

■■ 

1 

. 1. 

11 

399,168 X 102 

0.250521 X 10-7 


2 

0.5 

12 

479,002 X lOi 

.208768 X 10-8 

mm 

6 

.166667 

■tl 

622,702 X 104 

. 160590 X 10-9 

■1 

24 

.416667 X lO-i 

n 

871,783 X 105 

. 1 14707 X 10-10 

5 

120 I 

.833333 X I0-* 

'5 

130,767 X 107 

.764716 X lO-u 

6 1 

720 

. 138889 X 10-* 

16 

209,228 X 108 

.477948 X 10-13 

7 

5,040 

. I984I3 X 10-3 

17 

355,687 X 10» 

.281146 X IO-“ 

8 ^ 

40,320 j 

.248016 X IO-< 

18 

640,237 X 1010 

.156192 X 10-“ 

9 

362,880 1 

.275573 X 10-6 

19 

121,645 X KPa 

.822064 X 107^' 

10 

3,628,800 

.275573 X 10-6 

20 

243,290 X 10“ 

.41 1032 X 10-39 
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Table 7. Properti^ of Numbers 

Decimal Equivalents, Squares, Cubes, Square Roots, Cube Roots, Three-Halves Powers, Fifth Roots, 
Reciprocals, Circumference and Area of Circles 


Number, N 

iV2 



3.— 

V A' 

A'3/2 


1 

A' 

Circle (A^= 

= Diam.) 

Fraction 

Decimal 

Circum. 

Area 

1/64 

.015625 

0.000244 

.381X10'5 

.1250 

.2500 

00195 

.4353 

64 0 

0.04909 

00019 

1/32 

.03125 

.000977 

.305X 10-4 

.1768 

.3150 

00552 

.5000 

32.0 

.09818 

.00077 

3/64 

.046875 

.002197 

103X 10-3 

.2165 

.3606 

01015 

.5422 

21.3333 

.14726 

00173 

1/16 

.0625 

.003906 

244X10-3 

2500 

.3969 

01563 

5744 

16.0 

.19635 

.00307 

5/64 

078125 

.006104 

477X 10-3 

2795 

.4275 

02184 

6006 

12.80 

.24344 

.004/9 

5/52 

.09375 

.008789 

824X10-3 

KTiTCT 

.4543 

02871 

.6229 

10.6667 

.29452 

.00690 


. 10 

.010 

00100 

.3162 

.4642 

.03162 

.6310 

10.0 

.31416 

.00785 

7/64 

.109375 

.01196 

001308 


4782 

.03617 

6424 

9.1429 

.34361 

.00939 

1/8 

.125 

.01563 

001963 

.3536 

.5000 

04419 

6598 

8.0 

.39270 

.01227 

9/64 

.140625 

.01978 

002782 

.3750 

.5200 

05273 

6755 

7 . 1 m 

.44179 

01554 

5/32 

.15625 

.02441 

.003814 

.3953 

.5386 

06176 

.6899 

6.40 

.49087 

01917 

1/64 

.171875 

.02954 

005077 

4146 

5560 

07126 

.7031 

5.8182 

.5399c 

.02320 

8/16 

.1875 

.03616 

.006592 

4330 

.5724 

.08119 

.7156 

5.3333 

.58905 

02761 


.20 

.040 

.0080 

.4472 

.5848 

.08944 

.7248 

5.0 

.62832 

.03142 

13/64 

.203125 

.04126 

.008381 


5878 

09155 

.7270 

4.9231 

.63814 

.03241 

7/32 

.21875 

.04785 

.01047 

.4677 

6025 

.10231 

7379 

4.5714 

.68722 

03758 

15/64 

.234375 

.05493 

.01287 

.4841 

6166 

.11347 

.7481 

4.2667 

.73631 

.04314 

1/4 

.250 

.0626 

01663 


6300 

12500 

7679 

4.0 

.78540 

.04909 

17/64 

.265625 

.07056 

01874 

5154 

.6428 

13690 

.7671 

3.7647 

.83448 

05542 

9/32 

.28125 

.07910 

.02223 

mwism 

.6552 

.14916 

7759 

3.5556 

.88357 

.06213 

19/64 

.296875 

.08813 

.02616 

.5449 

.6671 

.16176 

.7844 

3.3684 

.93266 

.06922 


.30 

.090 

.0270 

.5477 

.6694 

.16432 

.7860 

3.3333 

.94248 

.07069 

8/16 

.3125 

.09766 

.03052 

5590 

6786 

17469 

7926 

3.2000 

.98175 

07670 

21/64 

328125 

.10767 

.03533 

5728 

6897 

.18796 

.8002 

3.0476 

1.0306 

08456 

n/32 

34375 

. 11816 

.04062 

5863 

.7005 

.20154 

8077 

2.9091 

1.0799 

09281 

23/64 

359375 

.12915 

04641 

5995 

.7110 

21544 

.8149 

2.7826 

1.1290 

.10143 

3/8 

375 

.14063 

.06273 

6124 

7211 

22964 

.8219 

2.6667 

1.1781 

.11045 

25/64 

.390625 

.15259 

.05961 

.6250 

.7310 

.24414 

.8286 

2.5600 

1.2272 

.11984 


.40 

.16 

.0640 

.6325 

.7368 

25298 

8326 

2.50 

1.2566 

.12566 

13/32 

.40625 

.16504 

06705 

.6374 

.7406 

25894 

8351 

2.4615 

1.2763 

.12962 

27/64 

421875 

.17798 

07508 

,6495 

.7500 

27402 

.8415 

2.3704 

1.3254 

.13979 

7/16 

4375 

.19141 

.08374 

.6614 

.7592 

28938 

.8476 

2.2857 

1.3744 

.16033 

29/64 

453125 

.20532 

09304 

.6732 

.7681 

30502 

8536 

2.2069 

1.4235 

16126 

15/32 

46875 

.21973 

10300 

.6847 

7768 

32093 

.8594 

2. 1333 

1.4726 

. 17257 

31/64 

.484375 

.23462 

.11364 

.6960 

.7854 

.33711 

.8650 

2.0645 

1.5217 

.18427 

1/2 

50 

.2600 

.12500 

.7071 

.7937 

.35355 

.8706 

2.0 

1.6708 

.19636 

33/64 

.515625 

.26587 

.13709 

.7181 

8019 

.37025 

8759 

1.9394 

1.6199 

20681 

17/32 

53125 

.28223 

14993 

.7289 

8099 

.38721 

.8812 

1.8824 

1.6690 

.22166 

35/64 

546875 

.29907 

.16355 

.7395 

.8178 

.40442 

.8863 

1.8286 

1.7181 

.23489 

9/16 

.6626 

.31641 

.17798 

.7500 

8255 

42188 

6913 

1.7778 

1.7671 

. 24850 

37/64 

578125 

.33423 

.19323 

7604 

.8331 

43957 

8962 

1.7297 

1.8162 

26250 

19/32 

.59375 

,35254 

.20932 

.7706 

.8405 

.45751 

.9010 

1.6842 

1.8653 

.27688 


.60 

.3600 

.21600 

.7746 

.8434 

.46476 

.9029 

1.6667 

1.8850 

.28274 

39/64 

609375 

.37134 

22628 

.7806 

.8478 

47569 

.9057 

1.6410 

1.9144 

.29165 

6/8 

625 

.39063 

.24414 

7906 

.8550 

.49410 

.9103 

1.6000 

1.9636 

.30680 

41/64 

640625 

.41040 

26291 

8004 

8621 

.51275 

.9148 

1.5610 

2.0126 

.32233 

21/32 

.65625 

.43066 

.28262 

.8101 

8690 

.53162 

9192 

1.5238 

2.0617 

.33824 

43/64 

671875 

.45142 

30330 

8197 

8759 

.55072 

.9235 

1.4884 

2.1108 

.35454 

11/16 

.6875 

.47266 

.32496 

8297 

.8826 

.57006 

9278 

1.4645 

2.1598 

.37122 


.70 

.4900 

.34300 

8367 

.8879 

58566 

9312 

1.4286 

2.1991 

.38485 

45/64 

703125 

.49438 

34761 

8385 

.8892 

58959 

9320 

1.4222 

2.2089 

38829 

23/32 

71875 

.51660 

.37131 

.8478 

.8958 

.60935 

9361 

1.3913 

2 2580 

.40574 

47/64 

734375 

.53931 

.39605 

8570 

9022 

62933 

.9401 

1.3617 

2 3071 

.42357 

3/4 

750 

.56250 

42188 

.8660 

.9086 

.64952 

.9441 

1.3333 

2 3562 

.44179 

49/64 

765625 

.58618 

44879 

8750 

9148 

66992 

9480 

1.306! 

2 4053 

.46038 

25/32 

.78125 

.61035 

.47684 

.8839 

9210 

.69053 

9518 

1,2800 

2.4544 

.47937 

51/64 

.796875 

.63501 

.50602 

.8927 

9271 

.71135 

.9556 

1.2549 

2.5035 

.49874 


80 

.6400 

51200 

.8944 

.9283 

.71554 

9564 

1,2500 

2.5133 

.50265 

13/16 

8126 

.66016 

.63638 

.9014 

.9331 

.73238 

9593 

1.2308 

2.5525 

.61849 

53/64 

828125 

.68579 

56792 

9100 

.9391 

.75361 

9630 

1 2075 

2.6016 

.53862 

27/32 

84375 

.71191 

60067 

.9186 

.9449 

.77503 

9666 

1 1852 

2.6507 

.55914 

55/64 

859375 

.73853 

63467 

9270 

9507 

.79666 

9702 

1.1636 

2 6998 

.58004 

7/8 

875 

.76563 

66992 

9354 

9566 

81849 

9737 

1.1429 

2.7489 

.60132 

57/ 64 

.890625 

.79321 

.70645 

.9437 

.9621 

.84051 

.9771 

1.1228 

2.7980 

.62299 


90 

.81000 

.72900 

.9487 

.9655 

.85435 

9792 

1.1111 

2.8274 

.63617 

29/32 

90625 

.82129 

.74429 

.9520 

.9677 

.86272 

.9805 

1.1034 

2.8471 

.64504 

59/64 

921875 

.84985 

.78346 

9601 

.9733 

88513 

9839 

1.0847 

2 8962 

.66747 

16/16 

9376 

.87891 

.82398 

9683 

9787 

90773 

.9872 

1.0667 

2.9452 

.69029 

61/64 

953125 

.90845 

.86587 

.9763 

9841 

93053 

9905 

1.0492 

2.9943 

.71349 

31/32 

96875 

.93848 

.90915 

9843 

.9895 

95349 

9937 

1.0323 

3.0434 

.73708 

63/64 

.984375 

.96899 

.95385 

.9922 

9948 

97666 

.9969 

1.0159 

3.0925 

.76104 
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Table 7. Properties of Numbers —Continued 


N 


A-3 

\'.V 

3 


5 

V-V 

1 

-V 

Circle (.V 

= Diam.) 

Circum. 

Area 

1. 

1.0000 

1.0000 

1.0000 

1 0000 

1.0000 

1 0000 

1.0000000 

3.1416 

0.7864 

i. 125 

1.2656 

1.4238 

1.0606 

1.0400 

1.1932 

1.0238 

.8888888 

3.5343 

.9940 

1.25 

1.5625 

1.9531 

1.1180 

1.0772 

1.3975 

1.0456 

.80000000 

3.9270 

1.2272 

1.375 

1.8906 

2.5996 

1.1726 

1.1120 

1.6123 

1.0658 

.72727272 

4.3197 

1.4849 

1.5 

2 25 

3.3750 

1.2247 

1.1447 

I.8371 

1.0845 

.66666666 

4.7124 

1.7671 

1.625 

2 6406 

4.2910 

1.2748 

1.1757 

2.0715 

i 1.1020 

.61538462 

5.105! 

2.0739 

1.75 

3 0625 

5.3594 

1.3229 

1.2051 

2 3150 

1 1.1186 

, .57142857 

5.4978 

2.4053 

i.875 

1 3.5156 

6.5918 

1.3693 

1.2331 

2.5675 

1 1.1340 

1 .53333333 

5.8905 

2.7612 

a. 

4.0000 

8.0000 

1.4142 

1.2699 

1 2 8284 

1,1487 

.50000000 

6.2832 ! 

3.1416 

2.125 

4.5156 

9.5957 

1.4577 

1.2856 

3 0977 

1.1627 

,47058823 

6,6759 

3.5466 

2.25 

5 0625 

11.3906 

1 5000 

1.3104 

3.3750 

1.1761 

.44444444 

7.0686 

3.9761 

2.375 

5.6406 

13.3965 

1.5411 

1.3342 

3.6601 

1.1889 

.42105263 

7.4613 

4.4301 

2.5 

6.2500 

15.6250 

1.5811 

! 1.3572 

3.9529 

1.2011 

.40000000 

7.8540 

4.9087 

2.625 

6 8906 

18.0879 

1.6202 

1.3795 

4 25301 

1 1.2129 

.38095231 

8 2467 

5.4!19 

2.75 

7.5625 

20.7969 

1.6583 

: 1.4011 

4 5604! 

1.2242 

.36363636 

8.6394 

5.9396 

2.875 

8 2656 

23.7637 

1.6956 

1.4219 

4.8748: 

1.2352 

.34782609 

9.0321 

6.4918 

S. 

9.0000 

27.0000 

' 1.7321 

1.4422 

5 1962 

1 2467 j 

.33333383 

9.4248 

7 0686 

3.125 

9.7656 

30 5176 

1 7678 

1.4620 

5 5243 

1 2559 

.32000000 

9 8175 

7.6699 

3.25 

10 5625 

34.3281 

1.6028 

1.4813 

5 8590 

1 1 2658 

.307b9231 

10 2102 

8.2958 

3.375 

11.3906 

I 38.4434 

1.8371 

1.5000 

6.2003 

j 1.2754 

.29629629 

10.6029 

8.9462 

3.5 

12.2500 

42.8750 

1.8708 

1.5183 

6.5479 

1.2847 ' 

.28571429; 

10,9956 

9.6211 

3 625 

13.1406 

1 47.6348 

1.9039 

1.5362 

6.9018 

’ 1.2938 

.27586207 

11 .3883 

10.3206 

3 75 

14 0625 

52 7344 

1.9365 

1.5536 

7.26191 1.3026 

. 26666b66 

11 7810 

11 .0447 

3.875 

15.0156 

58.1856 

1.9085 

1.5707 

7.6279 

1.3112 

.25806452 

12,1737 

11.7932 

4. 

16.0000 

64.0000 

2.0000 

1.S8T4 

8 0000 

1.3196 

.2600CO00 

12.6664 

12 6664 

4,125 

17 0156 

70 1893 

2.0310 

1.6038 

8 3779 

1 3277 

.24242424 

12.9591 

13.3640 

4.25 

18.0625 

76.7656 

2.0616 

1.6198 

8 7616 

1 3356 

.25329412 

13.3518 

14.1863 

4.375 

19.1406 

83.7402 

2.0916 

1.6355 

9.1510 

1.3434 

.22857143 

13.7445 

15,0330 

4 5 

20.2500 

91 1250 

2 1213 

1.6510 

9.5460 

1.3510 

.22222222 

14.1372 

15 9043 

4 625 

21.3906 

98 9317 

2 1506 

1 6661 

9 9465 

1.3584 

21521622 

14.5299 

16 8001 

4 75 

22.5625 

107 1719 

2.1795 

1.6810 

10.3524: 1 3b56 

,21052632 

14.9226 

17 7205 

4.875 

23.7656 

115.8574 

2.2079 

1.6956 

10.7637 

1.3728 

.20512821 

15.3153 

18.6655 

6 

26.0000 

125 OOOC 

2 2361 

1.7100 

11 1803 

1 3799 

.20000000 

15.7080 

19 6350 

5 125 

26.265b 

134.6113 

2 2638 

1.7241 

11.6022 

1.3866 

. 19512195 

16.1006 

20.6289 

5 25 

27 5625il44 7031 

2 2913 

1 7380 

12 0293 

1.3933 

.19047619 

i 16.4933 

21 6475 

5.375 

28.8906 

155.2871 

2.3184 

1.7517 

12.4614 

1 1,3998 

.16604651 

16.8860 

22.6906 

5 5 

30.2500 

166.3750 

2.3452 

1.7652 

12.8987 

1 1.4063 

.I8I81818 

17.2787 

23 7583 

5 625 

31 6406 

177 9785 

2 3727 

1.7784 

13.3409 

' 1 4126 

.17777777 

17.6714 

24 8505 

5 75 

33.0625 

190.1094 

2.3979 

1 7915 

13 7880 

1.4188 

.17391304 

13.0641 

25 9672 

5.875 

34.5156 

202,7793 

2.4238 

1.8044 

14.2400 

1.4250 

,17021277 

18.4568 

27.1085 

€. 

36 0000 

216.0C0O 

2.4495 

1 8171 

14 6969 

1 4310 

.16666666 

18.8496 

28 2743 

6 125 

37 5156 

229.7832 

2 4749 

1.8297 

15 1586 

1 4369 

.16326531 

19.2422 

29 4647 

6.25 

39 0625 

244.1406 

2 5000 

1.8420 

15.6250 

1.4427 

.16000000 

19.6349 

30 6796 

6.375 

40.6406 

259.0840 

2.5249 

1.8542 

16.0961 

1.4484 

.15686275 

20.0276 

31.9190 

6 5 

42 2500 

274,6250 

2.5495 

1.8663 

16.5718 

1 4542 

.15384615 

20.4203 

33 1831 

6.625 

43 8906 

290.7754 

2 5739 

1 8781 

17 0522 

1.4596 

.15094339 

20.8130 

34 4716 

6.75 

45,5625 

307.5469 

2.5981 

1.8899 

17.5370 

1.4651 

.14814815 

21.2057 

35 7847 

6.875 

47.2656 

324.9512 

2.6220 

1.9015 

18.0264 

1.4705 

.14545454 

21,5984 

37.1223 

7. 

49 0000 

343.0000 

2 6468 

1.9129 

18.6203 

1.4768 

.14286714 

21.9911 

.38 4fl4R 

7.125 

50.7656 

361.7051 

2 6693 

1 .9243 

19.0186 

1.4810 

. 14035088 

22 3838 

39 8712 

7 25 

52 5625 

381 0781 

2 6926 

1 9354 

19 5212 

1.4862 

.13793103 

22.7765 

41 2825 

7.375 

54.3906 

401,1309 

2.7157 

1.9465 

20.0283 

1.4913 

. 13559322 

23,1692 

42,7183 

7 5 

56.2500 

421.8750 

2.7386 

1.9574 

20 5396 

1 4963 j 

.13333333 

23 5619 

44 1786 

7.625 

58.1406 

443.3223 

2 7613 

1 9683 

21.0552 

1.5012 

.13114754 

23 9546 

' 45 6635 

7.75 

60 0625 

465.4844 

2.7839 

1 9789 

21 5751 

1 5061 

.12903226 

24.3473 

1 47 17^0 

7 875 

62.0156 

488.3731 

2.8063 

1.9895 

22.0992 

1.5110 

.12698413 

24.7400 

43.7069 

8 . 

64.0000 

512 0000 

2 8284 

2.0000 

22.6874 

1.6167 

.12500000 

25.1327 


8 125 

66 0156 

536 3770 

2 8504 

2.0104 

23.1598 

1.5204 

. 12307692 

25 5234 


8.25 

68 0625 

56!.5156 

2.8723 

2.0206 

23.6963 

1.5251 

. 12)21212 

25 9181 


8.375 

70.1406 

387.4278 

2.8940 

2.0308 

24.2369 

1.5297 

.11940298 

26.3108 

55.0883 

8.5 

72.2500 

614.1250 

2 9155 

2 0408 

24.7816 

1.5342 

.11764706 

26 7035 

56 745n 

8 625 

74 3906 

641 6192 

2.9368 

2 0508 

25.3301 

1 5387 

.11594203 

27 0962 


8.75 

76 5625 

669.9219 

1 2 9580 

2.0606 

25.8828 

1.5431 

.11428571 

77 488Q 


8.875 

78.7656 

699.0450 

2.9791 

2.0704 

26.4394 

1.5475 

.11267605 

27.8816 

61.8623 

9. 

81.0000 

729 OOOC 

3 OOCO 

2.0801 

27.0000 

1.6518 

1 ,11111111 

28 2743 


9.125 

83.2656 

756.7989 

3 0207 

2 0897 

27.5545 

1.5561 

. 10958904 

28 6670 

65 3966 

9.25 

85.5625 

791 .4531 

3.0414 

2.0992 

28.1328 

i 1.5604 

.1081081 ) 

29 0597 


9.375 

87.890b 

823.9746 

3.0619 

2.1086 

28.7050 

1.5646 

.10666666 

29.4524 

69.0291 

9.5 

90 2500; 

857.3750 

3 0822 

2.1179 

29 2810 

' 1.5687 

.10526316 

29 8451 

70 8877 

9 625 

92 6406 

891 6660 

1 3.1024 

2.1272 i 

29 8608 

1.5728 

.10389610 

30.2378 

77 75Q7 

9.75 

95 0625 

926 85941 5 1223 

2 1363 ' 

30.4444 

i 1 5769 

.10256410 

30 h3n5 


9.875 

1 97 5156j962 9668 

; 3.1425 

2.1454 

31.0317 

1 5809 

.10126582 

31.0232 

76.5886 


PROPERTIES OF NUMBERS 


11-29 


Table 7. Properties of Numbers —Continued 


N 


A'3 

Vn 

3 

vT 

A-3'2 

5 

VA' 

1 

A' 

Circle (A”^ = 

= Diam ) 

Circum 

Area 

io 

100 

1000 

3.1623 

2 1S44 

31 623; 

1 5849 

10000000 

31.4169 

78.6398 

n 

121 

1331 

3.3166 

2 2240 

36 483^ 

1 6154 

.09090909 

34 5575 

95.0332 

!2 

144 

1728 

3 4641 

2 28Q4 

41 569 

1 6438 

08333333 

37 6991 

113 0973 

13 

169 

2197 

3 6U56 

2 3513 

46.873 

1 6703 

07692308 

40 8407 

132.7323 

14 

196 

2744 

3 7417 

2 4101 

52 384 

1 6953 

07142857 

43.9823 

153 9380 

15 

225 

3375 

3.8730 

2 46o2 

58 095 

! 7!88 

06666667 

47.1239 

17b 7146 

16 

256 

4096 

4 0000 

2.5198 

64 000 

I 741 1 

06250000 

50.2654 

201.0619 

17 

289 

4913 

4 1231 

2.5713 

70 093 

1.7623 

05882353 

53 4070 

226 9801 

18 

324 

5832 

4 2426 

2 6207 

76 367 

1.7826 

05355556 

56.5486 

254.4690 

19 

361 

6859 

4.3589 

2 6684 

82 819 

1.8020 

05263)58 

59.6902 

283.5287 

20 

400 

sooo 

4.4721 

2.7144 

89 442 

1 8206 

05000000 

62.8318 

314.1693 

21 

441 

9261 

4 5826 

2.7589 

96 235 

1.8384 

04761905 

65 9734 

346 3606 

22 

484 

10648 

4.6904 

2.8020 

103 19 

1.8556 

04545455 

69 1150 

380.1327 

23 

529 

12167 

4.7958 

2.8439 

no 30 

1.8722 

04347826 

/2 2566 

415.4756 

24 

576 

13824 

4 8990 

2 8845 

1 5 7 58 

1 8882 

04166667 

75 3982 

452 3893 

25 

625 

15625 

5 0000 

2 9240 

125 00 

1 9037 

04000000 

78 5398 

490 8739 

26 

676 

17576 

5.0990 

2.9623 

132 57 

1.9186 

03846154 

81.6813 

530.9292 

27 

729 

19683 

5.1962 

3.0000 

140 30 

1 9332 

03703704 

84 8229 

572 5553 

28 

784 

21952 

5.2915 

3.0366 

148 16 

I 9473 

03571429 

87 9645 

615 7522 

29 

841 

24389 

5.3852 

3.0723 

156.17 

1.9t)l0 

03448276 

91.1061 

660.5198 

30 

900 

27000 

5.4772 

3 1072 

164.32 

1.9744 

03333333 

94 2477 

706.8683 

31 

961 ! 

29791 

5.5678 

3.1414 

172.60 

1.9873 

1 03225806 

97 3893 

754 7676 

32 

1024 

32768 

5.6569 

3 1748 

! 181.02 

2.0000 

1 03125000 

100 5309 

804 2477 

33 

1089 

35937 

5.7446 

3 2075 

189.57 

2 0123 

j 03030303 

103,6725 

855 2986 

33 

1156 

39304 

5.8310 

3.2396 

198.25 

2 0244 

02941176 

106.8141 

907 9203 

35 

1225 

42875 

5 9161 

3.2711 

207 06 

2 0362 

02857143 

109 9557! 

962 1127 

36 

1296 

40656 

6.0000 

3.3019 

216.00 

2 0477 

.02777778 

) 13.0972 

1017.8760 

37 

1369 

50653 

6.0828 

! 3 3322 

225 06 

2 0589 

02702703 

116,2388 

1075 2101 

38 

1444 

54872 

6.1644 

3 3620 

234 25 

2 0699 

02631579 

119 3804 

1134 1149 

39 

1521 

59319 

6.2450 

3.3912 

243.56 

2 0807 

02564103 

122 5220 

1194.5906 

40 

1600 

64000 

0.3266 

1 3 4200 

262 98 

2.0913 

02500000 

125.6636 

1516$ 6371 

41 

1681 

68921 

6.4031 

3.4482 

262.53 

2 1016 

02439024 

128 8052 

1320 2543 

42 

1764 

74088 

6.4807 

3.4760 

272.19 

2 1 1 18 

02380952 

131 9468 

1385 4424 

43 1 

1849 

79507 

6,5574 

3.5034 

281.97 

2.1218 

02325581 

135.0884 

1452.2012 

44 

1936 

85184 

6.6332 

3 5303 

291 86 

2 1315 

02272727 

138,2300 

1520 5308 

45 

2025 

91125 

6 7082 1 

3.5569 

301 87 

2 1411 

02222222 

141 37)0 

1590 4313 

46 

2116 

97336 

6.7823 

3.5830 

311.99 

2.1506 

02173913 

144.5131 

1661.9025 

47 

2209 

103823 

6.8557 

3 6088 

322 22 

2 1598 

02127660 

147 6547 

1734 9445 

48 

2304 

110592 

6.9282 

3.6342 

332 55 

2 1689 

.02083333 

150.7963 

1809 5574 

49 

2401 

117649 

7.0000 

3.6593 

343 00 

2.1779 

02040616 

153.9379 

1885 7410 

50 

2500 

126000 

7.0711 

3.6840 

363.66 

2 1867 

02000000 

167.0795 

1963.500 

51 

2601 

I3265I 

7.1414 

3.7084 

364 21 

2.1954 

01960784 

160.2211 

2042.820 

52 

2704 

140608 

7.2111 

3.7325 

374 98 

2 2039 

01923077 

163 3627 

2123 716 

53 

2809 

148877 

7-2801 

3.7563 

385.85 

2.2124 

01886792 

166.5043 

2206.183 

54 

2916 

157464 

7 3485 

3 7798 

396 82 

2 2206 

01851852 

169 6459 

2290 221 

55 

3025 

166375 

7.4162 

3.8030 

407.89 

2 2288 

01816182 

172.7875 

2375 829 

56 

3136 

175616 

7.4833 

3.8259 

419.07 

2 2369 

01785714 

175.9290 

2463 008 

57 

3249 

185193 

7 5498 

3.8485 

430 35 

2.2448 

01754386 

179 0706 

2551.758 

58 

3364 

195112 

7 6158 

3.8709 

441 72 

2 2526 

01724138 

182.2122 

2642 079 

59 

3481 

205379 

7.681 1 

3.8930 

453. 19 

2.2603 

01694915 

185.3538 

2733.970 

60 

3600 

216000 

7.7460 

3.9143 

464.76 

2 2679 

.01666667 

188.4964 

2827.433 

61 

3721 

226981 

7 8102 

3 9365 

476 43 

2 2755 

01639344 

191 6370 

2922.466 

62 

3844 

238328 

7 8740 

3 9579 

488 19 

2 2829 

.01612^03 

194.7786 

3019.070 

63 

3969 

250047 

7 9373 

3.9791 

500.05 

2.2902 

01567302 

197 9202 

3117.245 

64 

4096 

262144 

8 0000 

4 0000 

512 00 

2 2974 

01562500 

201 0618 

3216.990 

65 

4225 

274625 

8 0623 

4.0207 

324 05 

2 3045 

015384621 204 2034 

3318.307 

66 

4356 

287496 

8.1240 

4.0412 

536 19 

2.3116 

i 01515152 

1 207 3449 

3421.194 

67 

4489 

300763 

8.1854 

4 0615 

548 42 

2 3186 

1 01492537 210 4865 

3525 652 

66 

4624 

314432 

8 2462 

4 0817 

560 74 

2 3254 

i 01470588 

1 213 6281 

3631 680 

69 

4761 

328509 

8.3066 

4.1016 

573.16 

2.3322 

i 01449275; 216 7697 

3739.280 

70 

4900 

343000 

8.3666 

4.1213 

686.66 

2 3389 

01428571 

219 9113 

3848.460 

71 

5041 

357911 

8 4261 

4 1408 

590 26 

2 3456 

0140845! 

223 0529 

3959.191 

72 

5184 

373248 

8 4853 

4.1602 

610 94 

2 3522 

.01388889 

226 1945 

4071.503 

73 

5329 

389017 

8.5440 

4.1793 

623.71 

2.3587 

.01369863 

229,3361 

4185.386 

74 

5476 

405224 

8 6023 

4. 1983 

636 57 

2 3651 

0135I35I 

232 4777 

4300.839 

75 

5625 

421875 

8 6603 

4.2172 

649 52 

2 3714 

01333333 

235 6193 

4417 864 

76 

5776 

438976 

8 7178 

4,2358 

662,53 

2.3777 

01315789 

238 7608 

4536.459 

77 

5929 

456533 

8 7750 

4 2543 

675 68 

2 3840 

01298701 

241.9024 

4656 625 

78 

6084 

474552 

8 8318 

4.2727 

688 88 

2 3901 

.01282051 

245 0440 

4778.361 

79 

6241 

493039 

8.8882 

4.2903 

702.17 

2.3962 

1.01265823 

1 248 I856|4901.669 
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Table 7. Properties of Numbers —Continued 


N 

A'2 

A-3 

Vn 

3 

Vn 


5 

1 

Circle (27 = 

= Diam.) 

N 

Circum 

Area 

SO 

6400 

512000 

S.9443 

4.3089 

715 64 

2.4022 . 

01260000 

251.327 

5026.547 

81 

6561 

531441 

9.0000 

4 3267 

729.00 

2.4082 . 

01234568 

254.469 

5152.998 

82 

6724 

531368 

9.0554 

4 3445 

742 54 

2 4141 . 

01219512 

257 610 

5281.016 

83 

6889 

571787 

9.1104 

4 3621 

756 17 

2.4200 . 

01204819 

260.752 

5410.607 

84 

7056 

592704 

9.1652 

4.3795 

769 88 

2.4258 . 

01190476 

263 894 

5541.770 

85 

7225 

614125 

9 2195 

4 3968 

783 66 

2 4315 

01 17o471 

267 035 

5674 501 

86 

7396 

O36056 

9.2736 

4.4140 

797.53 

2.4372 . 

01162791 

270.177 

5808.805 

87 

7569 

658503 

9.3274 

4.4310 

811 49 

2 4429 

01149425 

273.318 

5944.679 

88 

7744 

681472 

9.3808 

4.4480 

825.52 

2.4485 , 

.01136364 

276 460 

6082.124 

89 

7921 

704969 

9.4340 

4.4647 

839.63 

2.4540 

01 123596 

279.602 

6221.138 

90 

8100 

729000 

9.4868 

4.4814 

853 82 

2.4595 

.01111111 

282.743 

6361.723 

91 

8281 

753571 

9.5394 

4 4979 

868.09 

2.4650 

.01098901 

285.885 

6503.882 

92 

8464 

778688 

9.5917 

4 5144 

882.44 

2.4705 

.01086957 

289 026 

6647.610 

93 

8649 

804357 

9.6437 

4.5307 

896.86 

2.4758 

.01075269 

292.168 

6792.909 

94 

8836 

830584 

9.6954 

4.5468 

911 36 

2.4810 

.01063830 

295.309 

6939.778 

95 

9025 

857375 

9 7468 

4.5629 

925.95 

2.4863 

.01052632 

298.451 

7088.219 

96 

9216 

884736 

9,7980 

4.5789 

940.61 

2.4915 

.01041667 

301.593 

7238.230 

97 

9409 

912673 

9.8489 

4 5947 

955.34 

2 4966 

.01030928 

304.734 

7389.812 

98 

9604 

941192 

9.8995 

4.6104 

970. 15 

2.5018 

.01020408 

307.876 

7542.962 

99 

9801 

970299 

9.9499 

4.6261 

985.04 

2.5069 

.01010101 

311.017 

7697.688 

100 

10000 

1000000 

10.0000 

4.6416 

1000.0 

2.6119 

.01000000 

314.159 

7853.982 

101 

10201 

1030301 

10 0499 

4.6570 

1015 0 

2 5169 

00990099 

317.301 

8011.85 

102 

10404 

1061208 

10.0995 

4.6723 

1030 1 

2 5219 

00980392 

320.442 

8171.28 

103 

10609 

1092727 

10.1489 

4.6875 

1045.3 

2.5268 

.00970874 

323,584 

8332.29 

104 

10816 

1124864 

10.1<>80 

4.7027 

1060.6 

2.5317 

00961538 

326.725 

8494.87 

105 

11025 

1157625 

10.2470 

4 7177 

1075 9 

2.5365 

.00952381 

329.867 

8659.01 

IQ6 

11236 

II9I0I6 

10.2956 

4.7326 

1091.3 

2.5413 

00943396 

333.009 

8824,73 

107 

11449 * 

1225043 

10.3441 

4.7475 

1106 8 

2.5461 

.00934579 

336.150 

8992.02 

108 

11664 

1259712 

10.3923 

4.7622 

1122.4 

2.5509 

.00925926 

339.292 

9160.88 

109 

11881 

1295029 

10.4403 

4.7769 

1138.0 

2.5556 

.00917431 

342.433 

9331.32 

110 

12100 

1331000 

10.4881 

4.7914 

1153.7 

2.5602 

.00909091 

345 576 

9503.32 

lit ' 

12321 

1367631 

10.5357 

4 8059 

1169.5 

2.5649 

.00900901 

348.716 

9676.89 

112 

12544 

1404928 

10.5830 

4.8203 

1185.3 

2.5695 

.00892857 

351.858 

9852.03 

113 

12769 

1442897 

10.6301 

4.8346 

1201.2 

2.5740 

00884956 

355.000 

10028.75 

114 

12996 

1481544 

10 6771 

4.8488 

1217.2 

2.5786 

.00877193 

358.141 

10207.03 

115 

13225 

1520875 

10 7238 

4.8629 

1233 2 

2 5831 

.00869565 

361.283 

10386 89 

116 

13456 

1560896 

10.7703 

4.8770 

1249.4 

2.5876 

.00862069 

364.424 

10568.32 

117 

13689 

1601613 

10 8167 

4.8910 

1265 5 

2 5920 

00854701 

367.566 

10751.31 

118 

13924 

1643032 

10.8628 

4 9049 

1281.8 

2.5964 

.00847458 

370.708 

10935.88 

119 

14161 

1685159 

10.9087 

4.9187 

1298 1 

2.6008 

.00840336 

373 849 

11122.02 

ISO 

14400 

1728000 

10.9545 

4.9324 

1314.5 

2.6062 

.008333331 

378.991 

11309.73 

121 

14641 

1771561 

11.0000 

4.9461 

1331.0 

2.6095 

.00826446 

380.132 

11499.01 

122 

14884 

1815848 

11 .0454 

4.9597 

1347 5 

2.6138 

.00819672 

383.274 

11689.86 

123 

15129 

1860867 

11.0905 

4.9732 

1364.1 

2.6181 

.00813008 

386.416 

11882.29 

124 

15376 

1906624 

11. 1355 

4.9866 

1380.8 

2.6223 

.00806452 

389.557 

12076.28 

125 

15625 

1953125 

11.1803 

5 0000 

1397.5 

2.6265 

.00800000 

392 699 

12271.84 

126 

15876 

2000376 

1 1.2250 

5.0133 

1414.4 

2.6307 

.00793651 

395.840 

12468.98 

127 

16129 

2048383 

1 1.2694 

5 0265 

1431.2 

2.6349 

.00787402 

398.982 

12667.68 

128 

16384 

2097152 

11.3137 

5.0397 

1448 2 

2.6390 

.00781250 

402.124 

12867.96 

129 

16641 

2146689 

1 1.3578 

5 0528 

1465 2 

2.6431 

.00775194 

405.265 

13069.81 

130 

16900 

2197000 

11.4018 

5.06S8 

1482.2 

2.6472 

.00769231 

408.407 

13273.23 

131 

17161 

2248091 

11.4455 

5 0788 

1499.4 

2.6513 

.00763359 

411.548 

13478.22 

132 

17424 

2299968 

11.4891 

5.0916 

1516 6 

2.6553 

.00757576 

414.690 

13684.77 

133 

17689 

2352637 

11.5326 

5.1045 

1533.8 

2.6593 

.00751880 

417.831 

13892.91 

134 

17956 

2406104 

11.5758 

5.1172 

1551.2 

2.6633 

.00746269 

420 973 

14102.61 

135 

18225 

2460375 

11 6190 

5.1299 

1568 6 

2 6673 

.00740741 

424 1 15 

14313.88 

136 

18496 

2515456 

11.6619 

5.1426 

1586 0 

2 6712 

.00735294 

427 256 

14526.72 

137 

18769 

2571353 

11.7047 

5.1551 

1603 6 

2.6751 

.00729927 

430.398 

14741.14 

138 

19044 

2628072 

11.7473 

5.1676 

1621 1 

2 6790 

.00724638 

433 539 

14957.12 

139 

19321 

2685619 

11.7898 

5.1801 

1638.8 

2.6829 

.00719424 

436 681 

15174.67 

140 

19600 

2744000 

11.8322 

6.1925 

1666.5 

2.6867 

.00714286 

439.823 

16393.80 

141 

19881 

2803221 

11.8743 

5.2048 

1674.3 

2 6906 

.00709220 

t 442.964 

15614.50 

142 

20164 

2863288 

11.9164 

5.2171 

1692 i 

2.6944 

.00704225 

' 446.106 

15836.77 

143 

20449 

2924207 

11.9583 

5.2293 

1710.0 

2.6961 

.00699301 

449.247 

16060.60 

144 

20736 

2985984 

12.0000 

5.2415 

1728 0 

2.7019 

.00694444 

452.389 

16286.01 

!45 

21025 

3048625 

12.0416 

5.2536 

1746 0 

2.7057 

.00689655 

455.531 

16512.99 

146 

21316 

3112136 

12.0830 

5,2656 

1764.1 

2.7094 

.0068493^ 

458.672 

16741.54 

147 

21609 

3176523 

12.1244 

5.2776 

1782.2 

2.7131 

.0068027; 

461.814 

16971.67 

148 

21904 

3241792 

12.1655 

5.2896 

1800 5 

2 7168 

.0067567( 

464.955 

17203.36 

149 

22201 

3307949 

12.2066 

5.3015 

1818.8 

2.7204 

.00671141 

1 468.097 

17436.62 
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Table 7. Properties of Numbers —Continued 


N 

A’2 


Va 

V-V 

A^.' 


VA 

1 

iV 

Circle (iV = 

= Duim ) 

Circum 

Area 

160 

22500 

3375000 

12 2474 

s 

3133 

1837 

1 

2 

7241 

00666667 

471. 

239 

17671 46 

'5! ‘ 

22801 

3442951 

12 2882 

5 

3251 

1855 

5 

2 

7277 

.00662252 

474 

380 

17907.86 

;52 

23104 

3511808 

12.3288 

5 

3368 

1874 

0 

2 

?3i4 

.00657895 

477 

522 

18145 84 

:53 

23409 

3581577 

12.3693 

5. 

3485 

1892 

« 

2 

7349 

00653595 

480 

663 

15385.38 

154 

23716 

3652264 

12.4097 

5 

3601 

191 1. 

1 

2 

7585 

.00649351 

483 

805 

18626.50 

155 

24025 

3723375 

12 4499 

5 

3717 

1929 

7 

7 

7420 

00o4516I 

486 

9^6 

i88o9.19 

;56 

24336 

3796416 

12 4900 

5. 

3332 

1948 

4 

2. 

7455 

.00641026 

490 

088 

191)3.45 

157 

24649 

5869893 

12 5300 

5 

3047 

1967 

2 

2. 

7490 

00638943 

493 

230 

19359 28 

158 

24964 

3^44312 

12 5698 

6 

4061 

1986. 

0 

7 

7525 

006329!! 

496 

371 

19606 68 

i59 

25281 

4U1Q679 

12.6095 

5. 

4175 

2004 

9 

2 

7560 

00&2o93! 

499 

513 

19655.65 

160 

25600 

4C96000 

12.6491 

S 

4288 

2023 

9 

2 

7595 

00625000 

602 

654 

20106.19 

!6I 

25921 

4173281 

12 6886 

K 

4401 

2042 

9 

2 

7629 

00621118 

505 

796 

20358.30 

162 

26244 

4251528 

12 7279 

5 

4514 

2061 

9 

-7 

7 663 

008)7284 

308 

938 

20611 99 

163 

26509 

4330747 

12 7671 

5 

4626 

2081 

0 

2 

7o97 

00813497 

512 

079 

206c7.24 

164 

26896 

4410944 

12 8062 

5 

4737 

2100 

2 

2 

773! 

00609756 

515 

221 

21124 06 

165 

27225 

4492125 

12 8452 

5 

4848 

2119 

5 

2 

7765 

OO0O6O6I 

518 

362 

21382.46 

166 

27556 

4574296 

12.8841 

5 

4959 

2138 

8 

2 

7799 

.00602410 

521 

504 

21642.43 

167 

27889 

4657463 

12 9228 

5 

5069 

2158 

1 

2 

7832 

00598802 

524 

646 

21903 96 

168 

28224 

4741632 

12 9615 

5 

5178 

2177 

5 

2 

7865 

00595238 

527 

787 

22167.07 

i69 

28561 

4826809 

13.00CO 

5 

5288 

2197 

0 

1 

7898 

00591716 

530 

929 

22431.75 

ITO 

28900 

4913000 

13 03S4 

6 

6357 

2216 

5 

2 

’’931 

005S8235 

534 

070 

22698.00 

;7i 

29241 

5000211 

13.0767 

5 

5505 

2236 

1 

2 

7964 

00584795 

537 

212 

22965.82 

. j , 

29584 

5088448 

13 1U9 

5 

5613 

2255 

8 

2 

7997 

00581395 

540 

353 

23233.21 

■.3 

24929 

5'777!7 

13.1529 

3 

5721 

2275 

5 

2 

8029 

00578035 

543 

495 

23506.18 


30275 

5266024 

13 1909 

5 

5628 

2295 

•) 

2 

8361 

00574713 

546 

657 

23778.7! 

.. J 

30625 

5359375 

13 2288 

4 

5934 

2313 

0 

2 

8094 

.00571429 

549 

778 

24052.81 

1 ; 

5*9:6 

5451776 

13 2665 

c 

6041 

2334 

9 

2 

8126 

00568182 

552 

920 

24328.49 


3 329 

5545233 

13 3041 

5 

6147 

2354 

8 

2 

8158 

00564972 

556 

061 

246C5.73 


31664 

5639752 

13 3417 

5 

6252 

2374 

8 

2 

8189 

00561798 

550 

203 

24884 55 


32041 

5735339 

13.3791 

5 

6337 

2394 

9 

2 

8221 

00558659 

562 

345 

25164 94 

... j 

{i2400 

S832000 

13,4164 

5 

6462 

2415 

0 

2 

8262 

00656556 

565 

486 

25446.90 

1 1 ' 'i 

37 61 

592974! 

13 4536 

5 

6567 

2435 

1 

2 

8284 

00552486 

568 

628 

25730 42 

; ;2 

53124 

6028568 

13.4907 

5 

06/1 

2455 

3 

2 

6315 

00549431 

571 

769 

26015.52 

' 7 

33489 

6128487 

13.5277 

5 

6774 

2475 

6 

2 

K346 

00546448 

574 

91 1 

2d302.19 

r- 

33856 

6229504 

13.5647 

5 

6877 

2-»95 

9 

2 

8377 

00543478 

578 

C55 

26590 43 

5 

34225 

6331625 

13 6015 

5 

6^80 

2516 

3 

2 

8408 

00540541 

581 

!94 

20680 25 

1^6 

34596 

6434856 

13 6382 

5 

7083 

2536 

7 

2 

8438 

00537634 

584 

33o 

27171.63 

,.7 

3 *969 

6539203 

13 6748 

5 

7185 

2557 

2 

2 

8469 

00534759 

5«7 

477 

27464 58 

' ' ^ 

;i344 

6644672 

13 71 13 

5 

7287 

2577 

7 

2 

6499 

00531915 

59(1 

619 

27759 1! 


.-3721 

6751269 

13.7477 

5 

7388 

2598 

3 

2 

3529 

00529101 

593 

7ol 

28053,20 

- jO 

86100 

6869000 

13.7840 

3 

7489 

2619 

0 

2 

8660 

00526316 

696 

9C2 

23552 87 

■ ' 1 

36481 

6967871 

13 8203 

5 

7590 

2639 

7 

2 

8590 

00523560 

600 

044 

28652.10 

1^2 

36864 

7077888 

13 8364 

5 

7690 

2660 

4 


8619 

00520833 

603 

185 

28452 91 

1 .•>•3 

37249 

7189057 

13 8924 

5 

7790 

2681 

2 

2 

8o49 

00518135 

606 

327 

29235.29 

' -t 

57636 

7301384 

13 9284 


7890 

2702 

1 

2 

8^79 

00515464 

609 

468 

2«559.24 

1''5 

36025 

7414875 

13 9642 

5 

7989 

2723 

0 

2 

6708 

00512821 

612 

610 

29864.76 

196 

38416 

7529336 

14 0000 

5 

8088 

27-i4 

U 

2 

8738 

.00510204 

615 

752 

30171.85 

197 

38809 

7645373 

14,0357 

3 

8186 

2765 

0 

2 

8767 

00507614 

618 

893 

30480.5! 

198 

39204 

7762392 

14 0712 

5 

8285 

2786 

1 

2 

8796 

00505051 

622 

035 

50790 74 

M9 

39601 

7880d99 

14.1067 

5 

8383 

2807 

2 

2 

8825 

00502513 

625 

176 

3)102.55 

iQO 

40000 

8000000 

14.1421 

5 

8480 

2828 

4 

2 

8S54 

00500000 

628 

318 

31416 93 

201 

40401 

8120601 

14.1774 

s 

8578 

2849 

7 

2 

8883 

00497512 

631 

460 

31730.87 

:o 2 

40804 

8242408 

14 2127 

5 

8675 

2871 

0 

2 

391 1 

00495050 

634 

OO! 

32047 39 

.03 

dl209 

8365427 

14 2478 

5 

877J 

2892 

3 

2 

6940 

00492611 

637 

743 

32365 47 

204 

41616 

8489664 

M 2829 

5 

8868 

2913 

7 

2 

6968 

00490196 

640 

884 

32685 13 

205 

42025 

8615125 

14 3178 

5 

8964 

2935 

2 

2 

6997 

00487805 

644 

026 

33006 36 

206 

42436 

8741816 

14.3527 

5 

9059 

2956 

7 

1 

9025 

00485437 

647 

168 

33329 16 

,''7 

42849 

8869743 

14 3875 

5 

9155 

2978 

2 

2 

9053 

00^83092 

650 

309 

33o53.53 

"08 

45264 

8998912 

14.4222 

3 

9250 

2999 

S 

2 

9081 

00480769 

653 

451 

33^79 47 

209 

43681 

9129329 

14 4568 

5 

9345 

3021 

5 

2 

9109 

00478469 

656 

592 

34306.98 

2i0 

44100 

3261000 

14 4914 

5 

9439 

3043 

2 

2 

3137 

0047S1S0 

859 

734 

34636 06 

:n 

4452! 

9393931 

14 5258 

5 

9533 

3065 

0 

2 

9165 

00473934 

662 

875 

34956.71 

212 

44944 

9528128 

14 5602 

5 

9627 

3086 

8 

2 

9192 

00471698 

666 

017 

33298 94 

213 

45369 

9663597 

14 5945 

5 

9721 

3108 

7 

2 

9220 

00469484 

669 

159 

35632 73 

214 

45796 

9800344 

14 6287 

5 

9814 

3130 

6 

2 

9247 

00467290 

672 

300 

35968 09 

215 

46225 

9938375 

14 6629 

5 

9907 

3152 

5 

2 

9274 

00463116 

675 

442 

36305.03 

216 

46656 

10077696 

14.6969 

6 

0000 

3174 

5 

2 

9302 

00462963 

678 

583 

36643.54 

217 

47089 

10218313 

14 7309 

6 

0092 

3196 

6 

2 

9329 

00460829 

681 

725 

36983.61 

218 

47524 

1&360232 

14 7648 

6 

0185 

3218 

7 

2 

9356 

00458716 

684 

867 

37325 26 

219 

47961 

10503459 

14 7986 

6 

0277 

3240 

9 

2 

v3S3 

00456621 

688 

008 

37668.48 
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Table 7. Properties of Numbers— Continued 






3 


5 

1 

Circle (N = 

= Diam.) 

N 


A'® 

Vlv 

V-v 


V.v 



iV 

Circum. 

Area 





220 

iS400 

10648000 

14.8324 

6.0368 

3263.1 

2.9409 

00454645 

691.160 : 

38013.27 

221 

48841 

10793861 

14.8661 

6 0459 

3285 4 

2 9436 

.00432489 

694.291 ; 

38359.63 

222 

49284 

10941048 

14 89«7 

6 0550 

3307 7 

2 9463 

.00450450 

697.433 

38707.56 

223 

49729 

11089567 

14 9332 

6.0641 

3330 I 

2 9489 

00448430 

700.575 

39057.07 

224 

50176 

11230424 

14.9666 

6 0732 

3352 5 

2.9516 

00446429 

703 716 

3)408.14 

225 

50625 

1 1390625 

15 0000 

6 0822 

3375.0 

2 9542 

00444444 

706 858 

39760 78 

226 

51076 

t 154317b 

15.0333 

6.0912 

3397.5 

2.9568 

.00442478 

709.999 

40115.00 

227 

51529 

M697083 

15 0665 

6.1002 

3420 1 

2.9594 

00440529 

713.141 

40470.78 

228 

51984 

11852352 

15 0997 

6 109! 

3442 7 

2 9o20 

00438596 

710 2S3 

40823.14 

229 

52441 

12008989 

15.1327 

6.1180 

3465.4 

2 9646 

00436681 

719.424 

41187.07 

230 

02900 

12167000 

15.1658 

6.1269 

3488.1 

2.9672 

00434783 

722.566 

41547.56 

231 

53361 

12326391 

15.1987 

6.1358 

3510.9 

2 9698 

00432900 

725 707 

41909.63 

232 

53824 

12487166 

15 2315 

6 144b 

3533 7 

2 9723 

.00431034 

726 849 

42273.27 

233 

54289 

12649337 

15.2o43 

6.1534 

3556 6 

2.9749 

00429185 

731.990 

42638.48 

234 

54756 

12812904 

15.2971 

6.1622 

3579 5 

2.9774 

00427350 

735.132 

43005.26 

235 

55225 

12977875 

15 3297 

6. 1710 

3602 5 

2 9800 

00425532 

738 274 

43373 61 

236 

55696 

13144256 

15.3623 

6.1797 1 

3625.5 

2.9825 

.00423729 

741.415 

43743.54 

237 

56169 

13312053 

15.3948 

6 1865 

3648 6 

2.9850 

00421941 

744 557 

44115.03 

238 

56644 

13481272 

15 4272 

6 1972 

3671.7 

2 9875 

00420168 

747.698 

44488.09 

239 

57121 

I365I9I9 

15.4596 

6.2058 

3694.8 

2.9900 

.00418410 

750.840 

44862 73 

240 

07600 

13824000 

15.4919 

6.2145 

3718.0 

2.9925 

.00416667 

763.982 

45238 93 

241 

58081 

1309752! 

15.5242 

6.2231 

3741.3 

2 9950 

00414938 

757.123 

45616.71 

242 

58564 

14172488 

15 5563 

6 2317 

3764 6 

2 9975 

00413223 

760 265 

45996.06 

243 

59049 

14348907 

15.5883 

6.2403 

3783.0 

3 0000 

00411523 

763.406 

46376.98 

244 

59536 

14526784 

15 6205 

6 2488 

' 3811 4 

3 0025 

00409836 

766 548 

46759 47 

245 

60025 

14706125 

15 6525 

6 2573 

3834 9 

3.0049 

00408163 

769 690 

47143.52 

246 

60516 

14886936 

15.6844 

6.2653 

3858.4 

3.0074 

00406504 

772.831 

47529.16 

247 

61009 

15069223 

15 7162 

6 2743 

3881.9 

3 0098 

00404858 

775 973 

47916 36 

248 

, 61504 

15252992 

15 7480 

6 2828 

3905.5 

3 0122 

00403226 

779.114 

48305 13 

249 

62001 

15438249 

15.7797 

6.2912 

3929.2 i 

3.0147 

00401606 

782.256 

48695.47 

zso 

62000 

15625000 

16 8114 

6.2996 

3962.9 

3.0171 

.00400000 

785.33S 

49087.39 

251 

63001 

1581325! 

15.8430 

6.3080 

3976 6 

3.0195 

00398406 

788.539 

49480 87 

252 

63504 

16003008 

15 8745 

6.3164 

4000 4 

3 0219 

00396825 

791.681 

49875 92 

253 

64009 

16194277 

15.9060 

6.3247 

4024.2 

3.0243 

.00395257 

794.822 

50272.55 

254 

64316 

16387064 

15 9374 

6 3330 

4048 1 

3 0267 

00393701 

797.964 

50670 75 

255 

65025 

16581375 

15 9687 

6 3413 

4072 0 

3 0291 

00392157 

801.105 

51070 57 

256 

65536 

16777216 

16.0000 

6.3496 

4096.0 

3.0314 

00390625 

804.247 

51471.85 

257 

66049 

16974593 

16 0312 

6.3579 

4120 0 

3 0338 

00389105 

807.389 

51874 76 

258 

ct)364 

17173512 

16 0624 

6 3661 

4144 1 

3 0362 

00387597 

810 530 

52^79 24 

259 

t)708l 

17373979 

16.0935 

6.3743 

4168.2 

3 0385 

00386100 

813.672 

52685.29 

260 

67600 

17676000 

16 1249 

6.3826 

4192 4 

3.0418 

00384615 

816.813 

53092 92 

261 

68121 

17779581 

16 1555 

6 3907 

4216.6 

3 0432 

00383142 

819 955 

55507 11 

262 

68644 

17984728 

16.1864 

6.3988 

4240.8 

3.0455 

00381679 

823 097 

53912 87 

263 

69169 

18191447 

16 2173 

6.4070 

4265.1 

3.0478 

00380228 

826.238 

54325.21 

264 

69696 

18399744 

16.248! 

6 4151 

4289 5 

3 0501 

00378788 

R79 3Rn 


2o5 

70225 

I8O09625 

16 2788 

6 4232 

4313 9 

3 0524 

00377358 

837 571 


266 

70756 

18821096 

16.3095 

6.4312 

4338.3 

3.0347 

00375940 

835.663 

55571.63 

267 

71289 

19034163 

16 3401 

6 4393 

4362.8 

3.0570 

00374532 

838 805 

55990 75 

268 

71824 

19249832 

: 16 3707 

6 4473 

4387 3 

3 0593 

.00373134 

841 946 


2o9 

72361 

19465109 

' 16 4012 

6.4553 

4411.9 

3.0616 

00371747 

845.088 

56832.20 

270 

72900 

19683000 

1 16.4317 

6 1633 

4436.5 

3.0639 

00370370 

848.229 

57255 53 

271 

73441 

19902511 

16 4621 

6 4713 

4461 2 

3 0662 

00369004 

851 371 


272 

73984 

20123648 

! 16 4924 

6.4792 

4485 9 

3 0684 

00367647 


58106 90 
58534.94 

273 

74529 

20346417 

’ 16.5227 

6.4872 

4510.7 

3 0707 

00366300 

857!654 

274 

75076 

2057082<1 

1 16 5529 

6 4951 

4535.5 

3.0729 

00364964 

860 796 


275 

7 5 D 2 5 

2079o87: 

! !6 583! 

6 5030 

4560 4 

3 0752 

00363636 

863 937 


276 

76! 7o 

2I0:457£ 

) 1b.0132 

6.5108 

4585.3 

3.0774 

00362319 

867.079 

59828.49 

277 

76729 

21253953] 16 6433 

6 5187 

4610 2 

3 0796 

00361011 

R7n 770 


278 

279 

77284 

77841 

214849521 16 6733 
21717c3Qj 16 7033 

6 52o5 

6 5343 

4635 2 
4660 2 

3 0818 

3 0840 

00359712 

00358423 

873 362 
876 504 

60o98 71 
61 136.18 

230 

78400 

;2195200{ 

) 16.7332 

6 6421 

4685.3 

3 0863 

00357143 

879.645 

61575 22 

281 

282 

283 

78061 

79524 

80089 

!2218804! 
;2242576{ 
j22bt>5 1 8< 

1 16 7631 

1 16 7929 

f 16.8226 

6 5499 
6 5577 
6.5654 

4710 4 
4735 6 
4760.8 

3 0885 

3 0907 

3 0928 

00355872 

00354610 

00353357 

882 787 
885 928 
889.070 

62013 82 
62458 00 
62901 75 

284 

285 

286 

80656 

81225 

81796 

12290630' 

'2314912! 

i2339365( 

S 16 8523 

5 16 8819 

3 169115 

6 5731 

6 3808 
6 5885 

4786 0 
4811 3 
4836 7 

3 0950 

3 0972 
3 0994 

00352113 

00350877 

00349650 

892 212 
895 353 
898.495 

63347.07 
63793 97 
04242 43 

287 

288 
289 

82369 

82944 

83521 

23b3990: 

12388787; 

2413756' 

J 16 9411 

2 16 9706 
? 17 0000 

6 5962 
6 6039 

I 6 6115 

4862 1 
4887 5 
4913.0 

3 1015 
3 1037 
3. 1058 

00348432 
1 00347222 
00346021 

901 636 
904 778 
907 920 

64592 46 
65144 07 
65597.24 
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Table 7. Properties of Numbers —ContioMed 


N 

-V- 

A-3 

! 

1 

3 

VA' 

.VV2 I 

5 

Vn 

1 

lY 

Circle (-V ™ Diam ) 

Circum. 

Area 

290 

84100 : 

24389000 

17.0294 

6.6191 

493d.5 

3.1080 

. 00344828 

911.061 

66051.99 

291 

84681 

24642171 

17.0587 

6 6267 

4964 1 

3. 1101 

.00343643 

914.203 

66508.30 

292 

85264 

24897088 

17.0880 

6 6343 

4989 7 

3.n23 

00342466 

917 344 

66906 19 

293 

85849 

25153757 

17.1172 

6.6419 

5015.4 

3.1144 

.00341297 

920.486 

67425.65 

294 

86436 

254I2I84 

17.1464 

6.6494 

5041.1 

3.1165 

.00340136 

923.627 

67886.68 

295 

87025 

25072375 

17.1756 

6.6569 

5066.8 

3.1 186 

.00338983 

926.769 

68349 28 

296 

87616 

25934330 

17.2047 

6.6644 

5092.6 

3. 1207 

.00337838 

929.911 

68813.45 

297 

88209 

26198073 

17.2337 

6 6719 

5118.4 

3.1228 

00336700 

933 052 

69279.19 

298 

88804 

20463592 

17.2627 

6 6794 

5144 3 

3.1249 

.00335570 

936.194 

69746 50 

299 

89401 

26730899 

17.2916 

6.6869 

5170.2 

3.1270 

.00334448 

939.335 

70215.38 

300 

90000 

27000000 

17.3205 

6.6943 

5196.2 

3.1291 

.00333333 

942.477 

70685.83 

301 

90601 

27270901 

17.3494 

6 7018 

5222.2 

3 1312 

.00332226 

945.619 

71157.86 

302 

91204 

27543608 

17.378! 

6 7092 

5248.2 

3.1333 

.00331126 

948 760 

7163! 45 

303 

91809 

27818127 

17.40o9 

6.7166 

5274.3 

3.1354 

.00330033 

951.902 

72106.62 

309 

92416 

28094464 

17.4356 

6 7240 

5300.4 

3.1374 

00328947 

955.045 

72583 36 

305 

93025 

28372625 

17 4642 

6 7313 

5326.6 

3 1395 

.00327869 

958.183 

730ol 66 

306 

93636 

28652016 

17.4929 

6 7387 

5352.8 

3.1416 

00326797 

961.327 

73541.54 

307 

94249 

28934443 

17.5214 

6.7460 

5379.1 

3 M36 

.00325733 

964.468 

74022 99 

308 

94864 

29218!12 

17.5499 

6.7533 

5405 4 

3 1456 

00324675 

967 610 

74506.01 

309 

9548! 

29503629 

17.5784 

6.ybCo 

5431.7 

3.1477 

.00323625 

970.751 

74990.60 

310 

96100 

29791000 

17.6068 

6.7679 

6458.1 

3.1497 

.00322581 

973.893 

76476.76 

311 

96721 

30080231 

17.6352 

6 7752 

5484 5 

3.1518 

00321343 

977 034 

75964 50 

312 

97344 

30371328 

17.6635 

6.7824 

5511.0 

3 1538 1 

00320513 

980 176 

76453.80 

313 

97969 

30664297 

17.6918 

6 7897 

5537.5 

3.1558 

.00319489 

983 318 

76944 o7 

3M 

98596 

30959144 

17.7200 

6 7969 

5564.1 

3.1578 

.00318471 

986.459 

77437 12 

315 

99225 

31255875 

17.7482 

6 8041 

5590.7 

3.1598 

00317460 

989.601 

77931.13 

316 

99856 

31554496 

17.7764 

6.8113 

5617.3 

3.1618 

.00316456; 

992 742 

78426 72 

317 

100489 

31855013 

17.8045 

6.8185 

5644.0 

3.1638 

00315457 

995 884 

78923 88 

318 

101124 

32157432 

17.8326 

6.8256 

3670 7 

3.1653 

00314465 

999 026 

79422 60 

319 

101761 

32461759^ 

17.8606 

6.8328 

5697.5 

3.1678 

.00313480 

1002.167 

79922.90 

320 

102400 

32768000: 

17.8885 

6.8399 

5724.3 

3.1698 

00312600 

1005.309 1 

80424.77 

321 

103041 

33076161 

17.9165 

6 8470 

5751.2 

3.1718 

.00311526 

1008 450 

80928.21 

322 

103684 

33386248 

17.9444 

6 8541 

5778 I 

3.1737 

.00310559 

1011 592 

81433.22 

323 

104329 

33698267 

17.9722 

6.8612 

5805.0 

3.1757 

,00309598 

1014.734 

81939.80 

324 

104976 

34012224 

18.0000 

6.8683 

5832.0 

3.1777 

.00308642 

1017.875 

82447 96 

325 

105625 

34328125 

18.0278 

6.8753 

5859 0 

3 1796 

00307692 

1021 017 

82957.68 

326 

106276 

34645976 

18.0555 

6.8824 

5886.1 

3.1816 

.00306748 

1024.158 

83468.97 

327 

106929 

34965783 

18 0831 

6 8894 

5913.2 

3.1835 

.00305310 

1027 300 

83981 84 

328 

107584 

35287552 

)8.i108 

6 8964 

5940.3 

3 1355 

00304878 

1030 442 

84496 28 

329 

108241 

35611289 

18.1384 

6.9034 

5967.5 

3.1874 

.00303951 

1033.583 

83012 28 

330 

108900 

35937000 

18.16#9 

6.9104 

6994.7 

3.1894 

.00303030 

1036.728 

85529.86 

331 

109561 

36264691 

18.1934 

6 9174 

6022.0 

3. 1913 

00302115 

1039 866 

86049 01 

332 

110224 

36594368 

18 2209 

6 9244 

6049.3 

3.1932 

00301205 

1043 008 

86569 73 

333 

110889 

36926037 

18.2483 

6.9313 

6076.7 

3. 1951 

,00300300 

1046.149 

87092.02 

334 

111556 

37259704 

18.2757 

6 9382 

6104.I 

3. 1970 

.00299401 

1049.291 

87615 88 

335 

112223 

37595375 

18 3030 

6 945! 

6131.5 

3 1989 

00298507 

1052 433 

88141.31 

336 

1 12890 

37933056 

18.3303 

6.9521 

6159.0 

3.2009 

00297619 

1055 574 

88668.31 

337 

113569 

38272753 

18.3576 

6.9589 

6186.5 

3 2028 

00296736 

1058.716 

89196 88 

338 

1 14244 

38614472 

18.3848 

6 9638 

6214 1 

3 2047 

00295858 

i06) 337 

89727 03 

339 

114921 

38958219 

18.4120 

6.9727 

6241.7 

3 2066 

.00294935 

1064.999 

90258.74 

340 

115600 

39304000 

18.4391 

6.9795 

6269.3 

3.2085 

.00294118 

1068.141 

90792.03 

341 

116281 

39t.5l82! 

18 4662 

6 9864 

6297 0 

3 2103 

00293255 

1071 282 

91326 88 

342 

1 16964 

40001688 

1 18 4932 

6 9932 

6324 7 

3 2122 

00292398 

11074 424 

01S&3.31 

343 

1 17649 

40353607 

18.5203 

7.0000 

6352.4 

3.2141 

00291545 

1077.5b5 

92401.3! 

344 

1 18336 

40707584 

' 18.5472 

7 0068 

6380.2 

3 2160 

00290698 

lOSO 707 

92940 88 

345 

119025 

41063625 

' 18 5742 

7 0136 

6408.1 

3 2178 

00289855 

1085 849 

93482 02 

346 

119716 

41421736 

1 18.6011 

7.0203 

6436.0 

3.2197 

00289017 

1086.990 

94024.73 

347 

120409 

41781923 

i 18.6279 

' 7 0271 

6463 9 

3 2216 

00283184 

1090.132 

94569 01 

348 

121104 

4214419^ 

: 18 6548 

l 7 0338 

6491 9 

3.2234 

00287356 

1093 273 

951)4 86 

349 

121801 

4^50854< 

> 18.6815 

i 7.0406 

6319 9 

3 2253 

00286533 

1096.415 

95662.28 

sso 

122500 

4287500C 

1 18.7082 

1 7.0473 

6647.9 

3.2271 

.00285714 

1099.B57 

96211.38 

351 

1 23201 

143243551 

18.735C 

1 7.0540 

6576 0 

3 2289 

00284900 

1 102 698 

96761 84 

352 

123904 

4361420J 

1 18.7613 

’ 7.0607 

6604. 1 

3 2303 

00284091 

1105 840 

97313 97 

353 

124609 

43986977 18.7883 

1 7.0674 

6632.3 

3.2326 

.00283286 

' 1108.981 

97807.63 

354 

125316 

44361 864 18 814': 

> 7.0740 

6660 5 

3.2345 

0028248r] 

I 1112 123 

98422 96 

355 

126025 

4473887! 

> 18 84H 

1 7.0807 

6683 7 

3 2363 

00281690 

1 1115 2b4 

98979.80 

356 

126736 

45118016 

) 18.868C 

1 7.0873 

6717.0 

3.2381 

.00280899 

1I18.406 

99538.22 

357 

127449 

4549929! 

i 18.894^ 

» 7 0940 

6745 3 

3.2399 

.00280112 

:lll2l.548 

100098.21 

358 

128164 

4588271! 

2 18.920* 

) 7 1006 

6773 7 

3 2417 

0027933011124 689 

100659 77 

359 

12888! 

4626827! 

) 18 947! 

1 7.1072 

6802. 1 

3.2435 

.00278552|1127.831 

101222.90 
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Table 7. Properties of Numbers —Continued 


N 

A'2 I 

A’3 

1 

Vn 

3 

Va' 


5 

1 

N 

(Circle A’’ 

*= Diam.) 


Circum, 

Area 

360 

129600 ‘ 

i665600C 

18.9737 

7.1138 

6830.5 

3.2453 

.00277778 

1130.972 

101787.60 

361 

130321 • 

47045881 

19 OQOO 

7.1204 

6859.0 

3.2471 

00277008 

1134.114 

102353.87 

362 

131044 

47437926 

19.0263 

7.1269 

6887.5 

3.2489 

.002762431 

1137.256 

102921.72 

363 

131769 

47832147 

19.0526 

7.1335 

6916.1 

3.2507 

00275482j 

1140 397' 

103491.13 

364 

132496 

48228544 

19.0788 

7.1400 

6944.7 

3.2525 

00274725! 

IM3.539i 

104062 12 

365 

133225 

48027125 

19. 1050 

7.1406 

6973.3 

3 2545 

00273973! 

! 1 46 6&u! 

!04o34.67 

3o6 

133956 

49027896 

19. 1311 

7.1531 

7002 0 

3.2561 

.002732241 

1149.822! 

105208.80 

367 

134689 

49430863 

19.1572 

7.1596 

7030 7 

3.2579 

00272480 

1 !52.9e-J 

105784.49 

368 

1354i4 

49836032 

19.1833 

7.1661 

7059.5 

3.2597 

002717351 

l)5o.l05 

10636 > .76 

369 

130161 

50243409 

19.2094 

7.1726 

7088.3 

3.2ol4 

U0271U03I 

1159.247 

1U6940.60 

370 

136900 

50653000 

19.23S4 

7.1791 

7117 i 

3 2632 

002702701 

1162 388il07521.0i 

371 

137641 

51064811 

19.2614 

7.1855 

7146.0 

3 2650 

00269542 

1155 530,108102.99 

ill 

138384 

5M78848 

19 2873 

7.1920 

7174 9 

3 2668 

00268817 

1 1d8 6711 

108686.5^ 

373 

139129 

51895117 

19.3132 

7.1984 

7203.9 

3.2685 

002o8097 

1171 813! 

109271.66 

374 

139876 

52313624 

19 339) 

7 2048 

7232.8 

3.2702 

.O02673S0 

1174.9551109658.35 

375 

140625 

52734375 

19.3049 

7.2112 

7261 8 

3 2719 

0026&667j 

1178 096 

110446.62 

376 

141370 

53157370 

19.3907 

, 7.2177 

7290.9 

3.2737 

C02o5957l 

US’ .238! 

111036 45 

ill 

142129 

53552633 

19.4165 

i 7 2240 

7320 0 

3 2754 

00265252! 

1184 379! 

111627.86 

378 

142884 

54010152 

19.4422 

: 7 2304 

7349.2 

3 2772 

0u2o4550; 

1187 52i 

112220 83 

379 

143o41 

54439939 

19.4679 

7.2368 

7378.4 

3.2789 

002o3852 

119u.oo3'l 12815.38 

380 

144400 

54872000 

19.4936 

7.2432 

7407.6 

3.2S07 

00263158' 

1193.804 113411.49 

381 

145161 

55306341 

19 5192 

7.2495 

7436.8 

3 2824 

0026246?! 

1196 9461 

114009.13 

382 

145924 

55742968 

19 5448 

7 2538 

7466 1 

3 284J 

002O17SCI 

1200 087' 

114608.44 

383 

146689 

56)81887 

19.5704 

7.2622 

7495.4 

3.2858 

0u26i097| 

12J3.229, 

,115209.27 

384 

M7456 

56623104 

19 5959 

1 7.2685 

7524.8 

3 2875 

0026041?! 

1206 371 

,15811 67 

385 

148225 

57060625 

19.6214 

7.2748 

7554.2 

3 2892 

00259740i 

1209 512 

!i16415.64 

386 

148996 

57512456 

19.64691 7.281! 

7583.7 

3.2909 ; 

002590671 

1212.054 

.117021.18 

387 

149769 

57960603 

19 6723 

7.2874 

7613.2 

3 2926 

00258398 

1215 795 

ill7628 30 

388 

150544 

58411072 

19 6977 

7 2V36 

7642 7 

3 2943 

00257732 

1218 937 

[118236.96 

389 

151321 

58863869 

19.7231 

7.2999 

7672.3 

3.2960 

.00257069 

1222.079 

118847.2^ 

390 

1B2100 

59319000 

19.7484 

7.3061 

7701.9 

3.2977 

.00256410 

1225.220^119459.06 

391 

152881 

59776471 

19 7737 

7 3124 

7731.5 

3 2994 

00255754 

1228 362 

1120072.46 

392 

153664 

,60236288 

19.7990 

7 3186 

7761 2 

3.3on 

00255102 

123' 503 

,120687.42 

393 

154449 

O0698457 

19.8242 

7 3248 

7790.9 

3.3028 

00254453 

1234.645,121303.96 

394 

155236 

61162984 

19 8494 

7 3310 

7820 7 

. 3 3045 

00253807 

1237.786ll2i922.0r 

395 

156025 

61629875 

19 8746 

7 3372 

7830.5 

3 3061 

O0253)o5 

1240 928 

122541.75 

396 

156816 

62099136 

19.8997 

7.3434 ■ 

7880.3 

3.3073 

00252525 

1244.070 

123163.00 

397 

157609 

62570773 

19 9249” 7.3496 

7910 2 

3.3095 

00251889 

1247 211 

123785.82 

398 

158404 

63044792 

19 9499 

1 7 3358 

7940 1 

3.3111 

.0u25125b 

1250 353 

124410 21 

399 

159201 

03521199 

19.9750 

7.3619 

7970 0 

3.3128 

00250627 

1253.494 

125036.17 

400 

160000 

64000000 

20 0000 

7.3681 

8000.0 

3.3146 

00260000 

1266.636 

126663.71 

401 

160801 

64481201 

20 0250 

' 7.3742 

8030.0 

3 3161 

00249377 

1259 778 

126292.8! 

402 

161604 

64964808 

20 0499 

' 7.3803 

8061.1 

3.3178 

00248756 

1262.919 

126923 48 

403 

162409 

65450827 

20.0749 

' 7.3864 

8090 2 

3.3194 

.00248139 

1266 061 

127555.73 

404 

163216 

65939264 

20.0998 

1 7.3923 

8120 3 

3 3211 

.00247525 

1260.202 

128189.55 

405 

164025 

O6430I25 

20 1246 

1 7 3986 

8130 3 

1 3 3227 

00246914 

1272 344 

128824.93 

406 

164836 

166923416 

20.1494 

i 7.4047 

8180 7 

3 3243 

00246305 

1275.486 

129461.89 

407 

165649 

167419143 

20.174: 

! 7 4108 

8210 9 

3 3260 

00245700 

1278 627 

130100 42 

408 

1664o4 

679173121 20.1990, 7 4169 

8241 2 

3 3276 

00245096 

i 1281 7691130740 52 

409 

167281 

68417929 

' 20 2237| 7 4229 

! 8271.5 

3.3292 

i 00244499 

1284.910 

,131382.19 

4X0 

168100 

68921000 

' 20,2485' 7 4290 

I 8301.9 

3.3308 

1 00213902 

1 i288.052{l32026.43 

41! 

168921 

69426531 

20.273ll 7.4350 

8332 3 

3 3325 

j 00243309 

i 1291 1931132670.2v 

4!2 

io9744 

09934525 

! 20 2978, 7 4410 

8362 7 

3 3341 

1 00242718 

1294 335 

c!3331o 63 

413 

170569 

70444997 

’ 20 32241 7.4470 

5393.2 

3 3357 

i.00242131 

12^7 477,133964 >8 

414 

171396 

70957944= 

1 20 347o! 7.4530 

3423 7 

3.3373 

1 00241546 

i 1300 61J 

L]34614.10 

4'5 

172225 

i7I473375i 20.37i; 

5: 7 4590 

3454 2 

3 3390 

I 00240964 


416 

173056 

7i99!296| 20.39or 7.4O50 

8434 8 

3.3406 

I 00240585 

1306 901 

1135917,66 

417 

173889 

72511713! 20.42061 7 4710 

8515 4 

3 3422 

1 00239806 

1 1310 043i 136572. )•: 

4iS 

17-1724 

73034632! 20.4450, 7.4770 

8546 0 

3 3438 

! 00239234 

: 1313 ;85[i3:227 91 

419 

175561 

73560059; 20 4o95! 7 4829 

5576 7 

3 3454 

! 00238od3 

t 1319.32t 

):i37885.29 

420 

176400 

74 O 88 OO 0 ! 20.4939 7 4889 

8607.4 

3 3470 

I 00238095 

, 1319.468 138644.24 

421 

177241 

7461846l! 20.5183' 7.4948 

8638 2 

3.3435 

!. 00237550 

'1 1322 609' 139204.76 

422 

178084 

751514481 20.5426' 7 5007 

8669 0 

3 3501 

1 00236967 

1 1325 751 

1 ! i39Hh6 RS 

423 

173929 

7568696! 

V 20.56701 7.5067 

8699.8 

3.3517 

1 00236407 

1323 893' 140530.51 

424 

179776 

7622502' 

4 20 5913! 7.5126 

8730 7 

3 3533 

.00235849 

' 1332 034; 141 195 7-4 

425 

180O25 

7676562 

5 20.6155^ 7.5183 

8761 6 

3 3559 

00235294 

' 1335. 176;!4I862 54 

426 

181476 

|7730877i 

6 20.6398; 7.5244 

8792.5 

3 3564 

00234742 

; 1338 317,142530.92 

427 

182329 

17785448 

3 20 6640i 7.5302 

8823.5 

3 3580 

00234192 

: 1341.459' 143200 86 

428 

183184 

17840275 

2 20 68821 7.5361 

8854.5 

3 3596 

.00233645 

• 1344.6011143872 38 

429 

184041 

17895358' 

9 20.7123| 7.5420 

8885.6 

3.3612 

0023310C 

1 1347.742:144545.46 

i 
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Table 7. Froperiies of Numbers —Continued 


N 


A-S 

Va' 

3 

V-V 

.V3 2 

5 

\-' -V 

I 

iV 

Circle (.V 

=> Diam.) 

Circum. 1 

Area 

430 

184900 

79507000 

20.7364 

7.5478 

8915.7 

3.3627 

.00232553 

1350 884| 

145220.12 

431 

18576! 

80052991 

20 7605 

7.5537 

8947.8 

3.3643 

.00232019 

1354.025 

145896.35 

432 

186624 

80621568 

20 7846 

7 5595 

8979.0 

3 3659 

00231481 

1357.1671 

146574 15 

433 

187489 

31182737 

20.8087 

y.3654 

9010. 1 

3.3o74 

.00230947 

136J.306 

147253.52 

434 

188356 

81746504 

20 8327 

7 5712 

0041 4 

3 3690 

00230415 

1363 450 

147934.46 

435 

189225 

82312875 

20 S5'7 

7.5770 : 

9072 7 

3 3705 

.00229885 

1366 592 

148oi6 97 

436 

190096 

82881856 

20.8806 

7.5828 1 

9104.0 

3.3720 

00229358 

1369.733 

149301.05 

437 

190969 

83453453 

20 9045 

7 5886 I 

0135.3 

3 3736 

00228833 

1372 875 

149986 70 

438 

191844 

84027672 

20 ?2b4 

7.5944 1 

91g6.7 

3.3752 

0022831 1 

1376.Cit> 

150673.92 

439 

192721 

84604519 

20.‘)523l 

7.6001 1 

9]9S.I 

3.3767 

.00227790 

1379.158 

151362.72 

440 

193600 

SS184000 

20.9762! 

7.5059 I 

9229.5 

3.3783 

00227273 

1382.SCO 

152053 OS 

44! 

194481 

85766121 

2KOOOOI 

7 6ii? 1 

9261.0 

3.3798 

00226757 

1385.441 

152745.02 

442 

195364 

8635088S 

21.0238] 

7 6174 

9202.5 

3 3813 

00226244 

1388 583 

153438 53 

443 

196249 

86938307 

2! .'J47o! 

; 7.6232 1 

: 9324.1 

3.3528 

.00225734 

1391.724 

154133.60 

444 

197136 

87528384 

21 0713 

7.6289 

9355 7 

3 3844 

00225225 

13<J4 866 

154830 25 

445 

198025 

88121125 

21.0950 

7.6346 

9387.3 

3.3859 

.00224719 

I39S 008 

i55528.47 

446 

198916 

887)6536 

21.1157 

, 7.6405 

9419.0 

3.3874 

00224215 

1401.149 

156228.26 

447 

199809 

89314623 

; 21.1424 

7 6^60 

i 9450.7 

* 3.3889 

00223714 

14C4.291 

156929 62 

448 

200704 

89915392 

■ 21.1660 

7 6517 

1 9482 4 

3 3904 

.00223214 

1407.432 

157632 55 

449 

20160! 

90518849 

, 21.1896 

7.6574 

9514.2 

3.3919 

.00222717 

1410.574 

158337.05 

460 

202500 

91125000 

21.2132 

7.6831 

9516.0 

3.3935 

00222222 

1413.716 

159043.13 

45! 

203401 

91733551 

21.2368 

7.6683 

' 9577.8 

3 3950 

.00221729 

1416.857 

159750.77 

452 

204304 

92345-(0C' 

21.2603 

7 6744 

i 9609.6 

3 3965 

.00221239 

1419.999 

160459.99 

453 

205209 

92959677 

21.2838 

7.680' 

9o4l.5 

3.3980 

.00220751 

1423.140 

161170.77 

454 

206116 

93576664 

i 21 3073 

7,6857 1 

9673.5 

3 3995 

00220254 

1426.282 

161883 13 

455 

207025 

94196375 

1 21.3307 

7 6914 1 

9705.5 

3 4010 

.00219780: 

1429.4231 

162597.05 

456 

207936 

; 94816816 

2!.35421 

7.6970 

9737.5 

3.4025 

00219298 

1432.565 

163312.55 

457 

208849 

95443993 

21 3776 

7.7026 

9765.5 

3.4039 

00216818 

1435.707 

164029.62 

458 

209764 

96071912 

21 4009 

7 7082 

9801 6 

3.4054 

.00218341 

1438.848 

164748.26 

459 

210681 

96702579 

21.4243 

7.7138 

9633.8 

3.4069 

.00217865 

1441.990 

165468.47 

46C 

211600 i 

1 97336000 

21.4476 

7,7194 

9865.9 

3.1084 

.00217391 

1446.131 

168190.35 

461 

212521 

97972161 

21,4709 

7.7250 

0898 I 

3,4199 

00216920 

1448.273 

166913 60 

462 

213444 

986!1128 

21.4942 

7 7306 

0930.3 

3.4113 

00216450 

1451.415 

167638.52 

463 

214369 

99252547 

21.5:74 

7.7362 

9962.6 

3.4128 

00215983 

1454.556 

168365 02 

464 

215296 

99897344 

21.3407 

7.7418 

9994.8 

3.4143 

00215517 

1457.698 

169093.08 

465 

216225 

100544625 

21.5639 

7.7473 

10027. 

3.4158 

00215054 

1460 839 

ib9822.72 

466 

217156 

101194696 

21.5870 

7.7529 

10060. 

3,4173 

00214592 

1463.981 

170553 92 

467 

218089 

101847563 

21.6102 

7.7584 

|l0092. 

3.4187 

.00214133 

1467.123 

171286.70 

468 

219024 

102503232 

21.6333 

7 7639 

!i0124. 

3 4202 

.00213675 

1470 264 

172021.05 

469 

219961 

103161709 

21.6564 

7.7o95 

M0I57. 

3.4217 

.00213220 

1473.406 

172756.96 

470 

220900 

103823000 

21.6796 

7,7760 

10189. 

3.4231 

.00212766 

1476.547 

173494.46 

471 

221841 

104487111 

21.7025 

7.7805 

10222 . 

3.4246 

00212314 

1479.689 

174233.51 

472 

222784 

105154048 

21.7256 

7 7860 

10255. 

3.4260 

.00211864 

1482.830 

174974.14 

473 

223729 

105823817 

21.74^6 

7.7915 

10287. 

3.4275 

.00211416 

1485.972 

175716.34 

474 

224676 

106496424 

21.7715 

7.7970 

10320. 

3.4289 

.00210970 

1489,114 

176460.12 

475 

225625 

107171875 

21 7945 

7 8025 

10352. 

3.4304 

00210526 

1492.255 

177205 46 

476 

226576 

107850176 

2!.8174 

7 8079 

10385. 

3.4318 

.00210084 

1495.397 

177952.37 

477 

227529 

108531333 

21.8403 

7.6134 

10418. 

3,4332 

.00209644 

1498.538 

178700 86 

478 

228484 

109215352 

2! dc32 

7 8188 

i0450 j 

3.4347 : 

0020^205 

1501.680 

179450 91 

479 

229441 

109902239 

21.8361 

7 8243 : 

10483. j 

3.4361 

.00208768 

1504.822 

180202.54 

480 

230400 

11059200C 

21 9CSS 

?.8297 

10616. 1 

3.1376 

0020S333 

1507.963 

180955.74 

431 

23136! 

1 1128464! 

2!.9317 

i 7 8352 

10549. ' 

3,4390 

00207900 

1511.105 

181710.50 

482 

232324 

111980168 

21.9545 

1 7 8406 

10582. ' 

3.4404 

00207469 

1514.246 

182466.84 

483 

233289 

112678587 

21.9773 

1 7,8460 

10615. 

3.4418 

.00207039 

1517.388 

183224.75 

484 

234256 

113379904 

22.00001 7.8514 

10643. 

3.4433 

00206612 

1520.530 

183984 23 

485 

235223 

1 14084125 

22.0227 

7 8568 

! 10661. 

3.4447 

00206186 

:i523 671 

184745 28 

486 

236196 

114791256 

22.0454 

7.8622 

i!07!4. 

3.4461 

.0020576! 

152b.813 

185507.90 

487 

737169 

11550)303 

1 22.0631 

7 8b?5 

10‘»47. 

3.4475 

00205339 

1529.954: 

186272.10 

488 

233144 

116214272 

1 22 0907 

7 8730 i 

10760. 

3.4489 

; 00204918 

1533.096 

187037.86 

489 

239121 

1 Io930i69 

22 . n33i 7.6784 ! 

10513, 

3.4504 

.00204499 

1536.238j 

187805.19 

490 

240100 

117649000 

22.1359 

7,8337 

1084T. 

3.1518 

00204082 

1639.379 

188574.10 

49! 

241081 

118370771 

22 1585 

7 8811 

10880. 

3 4532 

00203666 

1542.521 

189344.57 

492 

242064 

119095488 

22.1811 

7 8^44 i 

10913, 

3 4540 

.00203252 

1545 662! 

1*301 16 62 

493 

243049 

119823157 

22.2036 

7 8993 

1094o. 

3.4560 

.00202840 

1548.804 

190890.24 

494 

244036 

120553784 

22 226ll 

7 9051 

1G980. 

3.4574 

00202429 

1551.945 

191665 43 

495 

245025 

121287375 

22.2486 

7 9105 

1 !013. 

3 4588 

.00202020 

1555.087 

192442.18 

496 

246016 

122023936 

22.271 1; 

7.9558 

11045. 

3.4602 

00201613 

1358.229 

193220.5! 

497 

247009 

122763473 

22.2935 

7 9211 

11980. 

3.4616 

1.00201207 

1561.370 

194000.41 

498 

248004 

123505992 

22 3159 

7.9264 I 

11113. 

3.4b30 

1.00200803 

1564.512 

194781.89 

499 

24900! 

124251499 

22.3383 

7.9317 

11147. 

1 

3.4643 

.0020040! 

1567 653 

1195564.93 
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Table 7. Properties of Numbers —Continued 


N 

.V2 

.V= 

V-V 

3 

\ 

.V“ 2 

5 

Va 

1 

A' 

1 

; Circle fA’ 

= Diam ) 

Circum 

1 Area 

500 

250D0O 

125000000 

22.3607! 

7.9370 

11130 

3. 

4657 

00200000 

1670.795 

196349.54 

501 

251001 

125751501 

22.3830 

7 9423 

11214 

3 

4671 

.00199601 

1573 937 ' 

|l97135 72 

502 

252004 

12d306008 

22.40>^ 

7,9476 

11247 

3 

4b85 

00199203 

1577 076 

197923 48 

503 

253009 

!272o3527 

22.4277 

7.9528 

11281 

3 

.4o99 

.00198807 

1580.220 

|!98712.80 

504 

254016 

128024064 

22.4499 

7.9581 

11315 

3 

4713 

00198413 

1563 361 

!]99503 70 

5U5 

255025 

I287&7b25 

22 4722 

7 9634 

11348 

3 

4726 

00198020 

1566.505 

1200296.17 

50o 

25o036 

129554210 

22.4944 

7.9b36 

11382 

3. 

4740 

00197628 

1589.643 

1201090.20 

507 

257049 

130323843 

22.5167 

7.9739 

I14I6 

3 

4754 

00197239 

1592 786 

'201885 81 

50 S 

238064 

131095512 

22.5389 

7 9791 

11450 

3 

4768 

00196850 

1595.928 

1202682.99 

5U9 

259081 

131872229 

22.5oi0 

7.9843 

11484 

3 

4781 

00196464 

1599.069 

1203481.74 

510 

260100 

132651000 

22.6832 

7 9836 

11517 

3 

4795 

00196078 

1602.211 

1204382.06 

511 

261121 

13343283! 

22 6053 

7.9948 

11551 

3 

4808 

00195695 

1605 352 

205083.95 

512 

262144 

134217728 

22 6274 

8.0000 

11585 

3 

4822 

00193313 

1608 494 

205887 42 

513 

263169 

135005697 

22.G495 

8.0052 

11619 

3 

4836 

.00194932 

1611.636 

206692.45 

514 

264196 

135796744 

22 6716 

8 0104 

11653 

3 

4849 

00194553 

1614 777 

207499.05 

515 

265225 

136590875 

22 6936 

8 0156 

P687 

3 

4863 

00194175 

1617 9i9 

208307.23 

516 

266256 

137388096 

22.7156 

8 0208 

II72I 

3 

4876 

00193798 

1621 060 

209116.97 

517 

267289 

138188413 

22 7376 

8 0260 

11755 

3 

4890 

00193424 

1624 202 

'209928.29 

5:8 

263324 

138991832 

22 7596 

8 031! 

11789 

3 

4904 

00193050 

1627 344 

210741.18 

519 

2693oI 

139798359 

22.7816 

8 0363 

11824 

3. 

4917 

.00192678 

1630.485 

211555.63 

620 

270400 

140608000 

22.8036 

8.0415 

11858 

3, 

4930 

00192308 

1633.627 

212371.66 

521 

271441 

141420761 

22.8254 

8 0466 

11892 

3 

4944 

00191939 

1636 768 

2I3I89 26 

522 

272484 

142236648 

22 8473 

8 0517 

11926 

3 

4957 

00I9I57I 

1639.910 

214008.43 

523 

273529 

143055667 

22.8692 

8 0569 

11960 

3 

4970 

00191205 

1543.052 

214829.17 

524 

274576 

143877824 

22 8910 

8 0620 

11995 

3 

4984 

00190840 

1646 193 

'215651.49 

525 

275625 

144703125 

22 9129 

8 0671 

, 12029 

3 

4997 

.00190476 

1649 335 

1216475.37 

526 

276676 

M553I576 

22 9347 

I 8 0723 

12064 

3 

5010 

i 00190114 

,1652 47b 

217300.82 

527 

277729 

146363183 

22 9565 

8 0774 

12098 

3 

5024 

.00169753 

1655.618 

218127.85 

528 

278784 

147197952 

22 9783 

8 0825 

12133 

3 

5037 

00189394 

1658 760 

;2I8956.44 

529 

27984! 

.148035889 

23.0000 

8.0876 

12167 

3. 

.5050 

1 00189036 

1661.901 

219786.61 

E30 

280900 

liS877000 

33.0217 

a.0927 

12202 

3 

5064 

00188679 

less 043 

220618.34 

531 

281961 

149721291 

23 0434 

8 0978 

12236 

3 

5077 

00188324 

'I 668 184 

221451.65 

532 

283024 

150568768 

23 0631 

8 1028 

12271 

3 

5090 

00187970 

:lb7l 326 

222286.53 

533 

284089 

[151419437 

23 0868 

a.1079 

12305 

3 

.5103 

00187617 

|l674 467 

223122.98 

534 

285156 

152273304 

23.1084' 

8.1130 

12340 

3 

5116 

00)87266 

1677.609! 

223961.00 

535 

286225 

153130375 

23 1301 

8.1180 

12375 

3 

5130 

00186916 

,1680 75i: 

224800 59 

536 

287296 

153990656 

23.1517 

8.1231 

12410 

3 

.5143 

00186567 

[1683.892 

225641.75 

537 

288369 

154854153 

23 1733 

8 1281 

12444 

3 

5156 

00186220 

1687. 034 I 

226484 48 

536 

289444 

155720872 

23.1948 

8.1332 

12479 

3 

5169 

00185874 

;i690 175' 

227328 79 

539 

290521 

156590819 

23 2164 

8.1382 

12514 

3, 

.5182 

.00185529 

1693 317 

228174 66 

640 

291600 

157464000 

23 2379 

8.1433 

12649 

3 

.5196 

00186186 

1696.459 

229022.10 

54! 

292681 

158340421: 

23 2594 

8 1483 ! 

12583 

3 

5208 1 

001848431 

1699.600' 

229871 12 

542 

293764 

159220088 

23 2809 

8 1533 

12618 

3 

5221 ! 

00184502! 

1702.742 

230721 71 

543 

294849 

160103007 

23.3024 

8.1583 

12653 

3 

.5234 ; 

.00l84lo2 

1705.883 

231573.86 

544 

295936 

160989184 

23 3238 

8 1633 

12688 

3 

.5247 

00183824 

1709 025 

232427 59 

545 

297025 

161878625 

23 3452 

8 1683 

12723 

3 

5260 

0018348b 

1712 167 

233282 89 

546 

298116 

162771336 

23.3666 

8.1733 

12738 

3 

.5273 

.00183150 

1715 308 

234139.76 

547 

299209 

163667323 

23.3880 

8 1763 

12793 

3 

5286 ; 

00182815 

1718 450 

234998 20 

548 

300304 

164566592 

23 4094 

8 . 1833 

12828 

3 

5299 

00182482 

1721.591 

235.8‘iR 71 

549 

301401 

165469149 

23 4307 

8.1882 

12863 

3 

.5311 

00182149 

1724 733 

236719.79 

660 

302500 

166375000 

23,4621 

8.1932 

12899 

3 

6324 

00181818 

1727.876 

237582.94 

551 

30360! 

167284151 

23 4734 

8 1932 

12934 

3 

5337 

.00181488 

1731 01b 

238447 67 

552 

304704 

168195608 

23 4947 

8 2031 

12969 

3 

5350 

.00181159 

1734.158 

2393)3 96 

553 

305809 

169112377 

23.5160 

8.2081 

13004 

3 

.5363 

.00180832 

1737.299 

240181.83 

554 

306916 

170031464 

23 5372 

8 2130 

13040 

3 

5376 

00180505 

1740 44! 

241051 26 

555 

308025 

170953875 

23.5584 

8 2150 

13075 

3 

5388 

00180180 

1743 582 

7.41977 77 

556 

309136 

171879616 

23.5797 

8 2229 

I3II0 

3 

5401 

.00179856 

1746.724 

242794.85 

557 

310249 

172808693 

23 6008 

8 2278 

13146 

3 

5414 

00179533 

1749 866 

243668 99 

558 

311364 

173741112 

23 6220 

8 2327 

13181 

3 

5426 

0017921i 

1753 007 

744S44 71 

559 

312481 

174676879 

23.6432 

8 2377 

13217 

3 

.5439 

00178891 

1756 149 

245422.00 

660 

313600 

176616000 

23.6643 

8.2428 

13252 

3 

6451 

.00178671 

1769.290 246300.86 

561 

314721 

176358481 

23 6854 

8 2475 

13288 

3 

54b4 

00178253 

1762 

17471R1 

562 

315844 

177504328 

23 7065 

8 2524 

13323 

3 

.5477 

00177936 

1765 S74:74Rn6-% ^0 

563 

316969 

178453547 

23.7276 

' 8 2573 

13359 

3 

.5^90 

00177b20 

l7o8 715 

248946.87 

564 

318096 

179406144 

23.7487 

1 8 2621 

13594 

3 

5502 

.00177305 

1771 857 


5b5 

319225 

I80362I25 

23.7697; 8 2b70 

13430 


5515 

00I7699I 

1774 998 


566 

320356 

161321496 

23.7908 

' 8 2719 

13466 

3 

5527 

.00176678 

1778.140 

251607,01 

567 

321489 

182284263 

23 8118 

8 2768 

13501 

3 

5540 

00176367 

1781 282 

7S74QA R7 

568 

322624 

183250432 

23 8328 

8.2816 

13537 

3 

.5533 

00176056 

1784 42^ 


569 

323761 

184220009 

1 23.8537j 8.28b5 

13573 

3 

.5565 

00175747 

|l787.565|25V28i.29 
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Table 7. Properties of Numbers —Continued 


N 


A-3 

vTv 

3__ 

v'a' 

A-’/2 

5 

1 

N 

Circle f-V 

= Diam ) 

Circum. 

Area 

570 

324900 

185193000 

23 

8747 

! 8 

2913 

13609 

3.6677 

00175439 

!i790 

.706 

255175.86 

571 

326041 

1861694! 1 

23 

8956 

I ® 

2962 

13644 ; 

3 5590 

00175131 

j 1793 

848 

256072 00 

572 

327184 

1187149248 

23 

9165 

1 8 

3010 

13680 ; 

3 5602 

00174825 

1796 

989 

256969 71 

573 

328329 

188132517 

23 

9374 

8 

3059 

13716 

3.5615 

00174520 

1800. 

, I3i 

;257868 99 

574 

329476 

189119224 

23 

9583 

8 

3107 

13752 1 

3 5627 

00174216 

1803 

273 

'258769 85 

575 

330625 

190109375 

23 

9792 

8 

3155 

(3788 : 

3.5640 

00173913 

1806 

414 

259672 27 

576 

331776 

191102976 

24 

0000 

8 

3203 

13824 

3.5652 

00173611 

1809 

556 

260576.26 

577 

332929 

192100033^ 

24. 

.0208' 

8 

3251 

13860 

3 5664 

00173310 

1812 

697 

261481.83 

578 

334084 

193100552 

24 

0416 

8 

3300 

13896 

3 5677 

00173010 

1815 

839 

262388 96 

579 

335241 

194104539 

24. 

,0o24 

8 

3348 

I39J2 

3.5689 

00172712 

1818, 

.981 

263297.67 

sso 

336400 

195112000 

24. 

0832 

S 

3396 

13968 

3.5702 

00172414 

1822 

122 

264207.94 

581 

337561 

196122941 

■ 24 

1039 

8 

3443 

14004 

3.5714 

00I72I17 

1825 

264 

265119 79 

582 

338724 

197137368 

24 

1247 

I 8 

3491 

14040 

3.5726 

0017I82I 

1828 

405 

266033.21 

583 

339889 

198155287 

24 

1454 

1 

3539 

14077 

3.5738 

0U171527 

1831 , 

547 

266948.20 

584 

341056 

199176704 

24 

1661 

8 . 

3587 

14! 13 

3.5751 

00171233 

1834. 

689 

257864.76 

585 

342225 

200201625 

24 

1868 

3 

3634 

14149 

3.5763 

00170940 

1837 

830 

208782.89 

586 

343396 

201230056 


2074 

8 . 

3632 

14186 

3.5775 

00170648 

1840 

972 

269702.59 

587 

344569 

202262003 

24 

2281 

8 

3730 

' 14222 

3.5787 

00170358 

1844 

113 

270623 86 

588 

345744 

203297472 

24 

2487 

8 

3777 

14258 

3.5799 

00170068 

1847 

255 

271546 70 

589 

346921 

204336469 

24 

2693 

8 . 

3825 

1 14295 

3.5812 

00169779 

1850 

397 

272471.12 

590 

348100 

206379000 

' 24 

2899 

3 

3872 

14331 

3.6824 

00169432 

1853 

638 

273397.10 

591 

349281 

20642507! 

' 24 

3105 

! 8 

3919 

14368 

3.5886 

00169205 

1856 

680 

274324 66 

592 

350464 

207474688 

' 24 

3311 

8 

39o7 

1 14404 : 

3 5848 

00168919 

1859 


275253 78 

593 

351649 

206527857 

24. 

3516 

8 

4014 

14440 i 

3.5860 

00168634 

1862. 

,963 

276184.48 

594 

352836 

209584584 

1 24, 

3721 

8 . 

4061 

14477 : 

3 5872 

00168350 

1866 

104 

277116 75 

595 

354025 

210644875 

' 24 

3926 

8 

4108 

14514 

3 5884 i 

00168067 

1869 

246 

278050 58 

596 

355216 

211708736 

24, 

4131 

8 . 

4155 

14550 

3.5896 

00167785 

1872, 

.388 

278985.99 

597 

356409 

212776173 

24 

4336 

8 

4202 

14587 : 

3,5908 

00167504 

l«7S 

5?9 

279922 97 

598 

; 357604 

213847192 

24 

4540 

8 . 

4249 

14624 

3.5920 

00167224 

1878 

671 

280861.52 

599 

358801 

214921799 

24, 

4745 

8 

4296 

14660 

3.5932 

00166945 

1881 

8 i2 

281801.65 

600 

360000 

216000000 

24 

4949 

8 . 

4343 

14697 

3.5944 

.00166667 

1884 

954 

282743 34 

601 

36120! 

217081801 

24 

5153 

8 

4390 

14734 

3.5956 

00166389 

1888 

096 

283686 60 

602 

362404 

218167208 

24 

5357 

8 

4437 

14770 

3.5958 

00166113 

169! 

237 

284631 44 

603 

363609 

219256227! 

24, 

5561: 

8 

.4484 

14807 

3.5980 

.00165837 

1894 

.379 

285577 84 

604 

364816 

220348864' 

24, 

,5764' 

8 

4530 

14844 

3 5992 

00165563 

1897 

520 

286525 82 

605 

36o025 

22I443I25I 

24 

5967; 

8 

4577 

14881 

3.6004 

00165289 

1900 

662 

287475 36 

606 

3o7236 

222545016 

24, 

6171 

8 

4623 

14918 

3.6016 

00165017 

1903 

804 

288426.48 

607 

368449 

223648543 

24 

6374 

8 

.4670 

14955 

3 6028 

00164745 

1906 

945 

289379.17 

608 

369664 

2247557121 

24, 

,6577' 

8 

4716 

14992 

3 6040 

00164474 

1910 

087 

290333.43 

609 

37088! 

225866529: 

24 

6779: 

8 

.4763 

15029 

3 6052 

00164204 

1913 

228 

291289.26 

610 

372100 

226981000 

24. 

6982 

8 

4809 

16066 

3.6063 

00163934 

1916 

370 

292246.66 

611 

373321 

228099131 

24 

7184' 

8 

.4856 

15103 

3 6075 

00163666 

1919 

511 

293205.63 

612 

374544 

229220928 

24 

7386 

8 

.4902 

15140 

3 6087 

00163399 

1922 

653 

294166.17 

613 

375769 

230346397, 

24. 

,7588 

8 

.4948 

15177 

3.6099 

00163132 

1925 

.795 

295128.28 

614 

376996 

231475544 

24 

7790 

8 

4994 

15214 

3 6111 

00162866 

1928 

936 

296091.97 

6!5 

378225 

232608375 

24 

7992 

8 

5040 ! 

15252 

3 6122 

00162602 

1932 

078 

297057 22 

616 

379456 

233744896 

24, 

,8193 

8 . 

.5086 

15289 , 

3 6134 i 

00162336 

1935 

.219 

298024 05 

617 

380689 

234885113 

24. 

,8395 

8 

5132 ' 

15326 i 

3 6146 ' 

00162075 

1938 

361 

298992.44 

618 

381924 

236029032 

24 

8596 

8 

5178 

15363 

3 6158 ' 

0016I8I2 

1941 

.503 

29Q962 41 

619 

383161 

237176639 

24, 

,8797 

8 

5224 

15400 

3.6169 

00161551 

1944 

644 

300933.95 

620 

384400 

23S32S000 

24 

8998 

8 

62T0 

16437 

3.6181 

00161290 

1947 

786 

301907 05 

62! 

385641 

239483061 

24 

9199 

8 

5316 

15475 

3 6192 

00161031 

1950 

927 

302881 73 

622 

386884 

240641848 

24 

9399 

8 

5362 

15513 i 

3 6204 

00160772 

1954 

069 

303857.98 

623 

388129 

241804367 

24 

9600 

8 

5-108 

15550 

3.6216 

00160514 

1957 

2 ! 1 

304835.80 

624 

389376 

242970624 

24 

9800 

8 

5453 

15588 

3 6227 

00160236 

1960 

352 

305815.20 

625 

390625 

244140625 

25 

0000 

8 

5499 

15625 

3 6239 

00160000; 

1963 

494 

306796.16 

626 

391876 

245314376 

23 

0200 

8 , 

5544 

15663 : 

3 6250 

00159744 

1 966 

635 

307778.69 

627 

303129 

246491883 

25 

0400 

8 

5590 

15700 

3 6262 

00159490 

1969 

777 

308762 79 

628 

394384 

247673152 

25 

0599 

8 

5655 

15738 i 

3 6274 

00159236 

1972 

919 

3097-18 47 

629 

395641 

248858189 

23 

0799 

8 , 

,5681 

15775 i 

3 6285 

001589H3 

1970 

060 

310735.71 

630 

398900 

260047000 

26 

0993 

8 

6726 

16813 

3 6297 

00168730 

1979 

202 

311724.63 

631 

398161 

251239591 

25 

1 »97 

8 

5772 

15350 i 

3 6309 

00158479; 

1982, 

343 

312714 92 

632 

399424 

252435968 

25 

1396 

8 

5317 

15888 ; 

3 6320 

LiOI58228i 

1985 

485 

313706 88 

633 

400689 

253636137 

25 

1593 

8 

5862 

15926 

3.6331 

00157978: 

1988 

626 

314700.40 

634 

401956 

254840104 

25 

.1794 

8 

5907 

15964 ; 

3.6343 

00157729' 

199! 

768 

315695.50 

635 

403225 

256047875 

25 

1992 

8 

5952 

16002 ; 

3 6354 

00157480^ 

1994 

910 

316692 17 

636 

404496 

257259456 

25 

.2190 

8 

5997 

16040 i 

3 6366 

00157233; 

1998 

051 

317690.42 

637 

405769 

258474853 

25 

2389 

8 

6043 

16077 

3 6377 

00156986 

2001 . 

193 

318690.23 

638 

407044 

259694072 

25 

2587 

8 

6088 

16115 

3 0389 

00156740 

2004 

334!319691.61 

639 

408321 

260917119 

25 

2784 

8 . 

.6132 ; 

16153 

3 6400 

00156495 

2007 

476j320694.56 
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Table 7. Properties of Numbers —Continued 


N 

A-2 


v.v 

3 

.v3'2 

5_ 

V*v 

1 

.Y 

Circle (-V 

= Diam.) 

Circum 

Area 

640 

409600 : 

262144000 

25.2982 

8.6177 

16191 

3 6411 

.00156250 

2ul0.618 

321699.09 

641 

410881 

263374721 

25.3180 

8 6222 

16229 

3 6423 

00156006 

2013 759 

322705.18 

642 

412164 

264609288 

25.3377 

8 6267 

16267 

3.6435 

.00155763 

201b 901 

323712.85 

643 

413449 

265847707 

25.3574 

8 6312 

16305 

3 o446 

00155521 

2020.C42 

324722.09 

644 

414736 

267089984 

25.3772 

8 6357 

16343 

3 6457 

.00155280 

2023.184 

325732.89 

645 

416025 

268336125 

25 3969 

8 6401 

16381 

3 6468 

00155039 

2026 326 

326745.27 

646 

417316 

269586136 

25.4165 

8 6446 

lo4l9 

3.6479 

00154799 

2029.467 

327759.22 

647 

4186C9 

270840023 

25 4362 

8 6490 

16457 

3.64*39 

00154560 

2032.609 

328774.74 

648 

419904 

272097792 

25 4558 

8 6535 

1 o495 

3 6502 

C0154321 

2035.750 

329791.83 

649 

421201 

273359449 

25.4755 

8.6579 

5 6534 

3.6513 

00154083 

2038.892 

330810.49 

660 

422500 

274625000 

25 4951 

8.6624 

16572 

3 6524 

.00153846 

2042.034 

331830.72 

651 

423801 

275894451 

25 5147 

8 6668 

1661Q 

5 6536 

00153610 

2045.175 

332852.53 

652 

425104 

277167808 

25 5343 

8 6713 

16048 

3.6547 

00153374 

2048.517 

333875 90 

653 

426409 

278445077 

25.5539 

3 6757 

ioob/ 

3.6558 

.00153139 

2051.458 

334900.85 

654 

427716 

279726264 

25 5734 

8 6801 

16725 

3.6569 

00152905 

2054.600 

335927.36 

655 

429025 

2810113/5 

25 5930 

8 6845 

16764 1 

3 6580 

00152672 

2057.741 

335955.45 

656 

430336 

282300416 

25.6125 

8.6890 

16602 

3.6592 

00152439 

20d0.883 

337985.10 

657 

431649 

283593393 

25 6320 

8 6934 

16840 

3 6603 

00152207 

2064.025 

339016.33 

658 

432964 

284890312 

25 6513 

8 6978 

16879 

3.6o14 

.00151976 

2067.166 

340049.13 

659 

434281 

286191179 

25.6710 

6.7022 

16917 

3.6625 

00151745 

2070.308 

341083.50 

660 

436600 

287496000 

25.6905 

8.7066 

16356 

3.6636 

00151515 

2073.449 

342119.44 

661 

436921 

288804781 

25,7099 

8.7110 

16994 

3.6647 

00151286 

2076.591 

343156.95 

662 

438244 

2901(7528 

25 7294 

8.7154 

17033 

3 6658 

C0151057 

2079 733 

344196.03 

663 

439569 

291434247 

25.7488 

8.7198 

17071 

, 3.6669 

.COI50830 

2082.874 

345236.69 

664 

■(40896 

292754944 

25 7682 

8 7241 

17110 

3 6680 

.00150602 

2086.016 

1346278.91 

665 

442225 

294079625 

25 7876 

1 8 7283 

17U9 

3 6691 

00150376 

2089.157 

347322.70 

666 

443556 

295408296 

25 8070: 

8,7329 

17187 

3 6702 

00150150 

2092.299 

348368.07 

667 

444889 

296740963 

25 8263' 

8.7373 

, 17226 

3 6713 

00149925 

2095.441 

349415.00 

668 

446224 1 

298077632 

25.8457 

8 7416 

172o5 

3 6724 

00149701 

2098.582 

350463.51 

669 1 

447561 ; 

299418309 

25 8650 

1 8.7460 

17304 

3.6735 

00149477 

2101.7241 

351513.59 

670 1 

448900 

300763000; 

25.8844 

8.7503 

17343 

3.6746 

.00149254 

2104.865 

3S25SS.21 

671 

450241 

302111711 

25 9037 

8 7547 

17381 

3 6757 

00149031 

2108 007 

353618.45 

672 

451584 

303464448 

25.9230 

8 7590 i 

17420 

3.6768 

.00148810 

2111.148 

354673.24 

673 

452929 

304821217 

25.9422 

8.7634 1 

17459 

3.6779 

00148588 

2114.290 

355729.60 

674 

454276 

306182024 

25 9615 

8 7677 

17498 

3 6790 

00148368 

2117 432 

356787.54 

675 

455625 

307546875 

25 9808 

8 7721 

17537 

3 6801 

.00148143 

2120 573 

357847.04 

676 

456976 

308915776 

26.0000 

8.7764 

17576 

3 6612 

.00147929 

2123 715 

358908.11 

677 

458329 

310288733 

26.0192 

6,7807 

17615 

3 6823 

.00147710 

2126.85b 

359970 7.5 

678 

459684 

311665752 

26 0384 

8.7850 

17654 

3 6834 

00147493 

2129.998 

3bl034.97 

679 

461041 

313046839 

j 26.05761 8.7893 

17693 

3.6845 

00147275 

2133,140 

362100.75 

680 

462400 

314432000 

26 0768 

i 8.7937 

17733 

3 6856 

.00147069 

2136 281 

363168.11 

681 

463761 

315821241 

26 0960i 8 7980 

17771 

3 6866 

00146843 

2139 423 

364237.04 

682 

465124 

317214568 

26.115) 

1 8.8023 

17810 

3 6877 

.00146628 

2142.564 


683 

466489 

3186!1987 

26.1343 

8.8066 

17350 

3.6888 

00146413 

2145.706 

366379.60 

684 

467856 

320013504 

26.1534 

8 8109 

17889 

3 6899 

00146199 

2148 848 

367453.24 

685 

469225 

321419125 

26 1725 

b 8152 

17928 

3 6909 

00145985 

2151.989 

3b8528.45 

686 

470596 

322828856 

26.1916 

8 8194 

17967 

3.6920 

.00145773 

2155.13! 

369605.23 

687 

471969 

324242703 

26 2107 

8 8237 

18007 

3 6931 

00145560 

2158 272 

370683.59 

688 

473344 

325660672 

26 2298 

8 8280 

18046 

3 6942 

00145349 

2161 414 

371763.51 

689 

474721 

327082769 

26 2488 

8 8323 

18085 

3.6953 

00145138 

2 i 64.550 

372845 00 

690 

476100 

328609000 

26.2679 

8.3366 

18125 

3 6963 

00144928 

2167 €97 

373928 07 

691 

477481 

329939371 

26 2869 

8 8403 

18164 

3 6974 

.00144718 

2170 839 

375012 70 

692 

478864 

331373888 

26 3059 

8 8451 

18204 

3 6985 

00144509 

2173 980 

376098.91 

693 

480249 

332812557 

26 3249 

8 8493 

18243 

3 o995 

00144300 

2177 122 

377136.68 

694 

481636 

334255384 

26 3439 

8 8336 

18283 

3 7006 

00144092 

2180,263 

578276.03 

695 

483025 

335702375 

26 3t)29 

8 8378 

18522 

3 7016 

00143685 

2183 403 

379366.93 

696 

484416 

337l5353t> 

26.3818 

8 6621 

18362 

3.7027 

00143678 

2186.547 

330459.44 

697 

485809 

338608873 

26 4008 

8 8663 

18401 

3.7038 

00143472 

2189 688 

381553.50 

698 

467204 

340068392 

26 4107 

8 8706 

18441 

3 7049 

00143266 

2192 830 

362o49.13 

699 

488601 

341532099 

26 4386[ 8 8748 

18480 

3.7059 

00143062 

2195.971 

383746.33 

700 

490000 

343000000 

1 26 4575 

8 87S0 

18520 

3 7070 

00142857 

2199 113 

384845.10 

70! 

491401 

344472101 

26 4764i 8 8633 

13560 

3.7080 

00142653 

2202 255 

385945.44 

702 

492804 

345948408 

26 4953 

•I 8 8&?3 

18600 

3 7091 

00142450 

2205 39o 

387047.36 

703 

494209 

347428927 

26.5141 

1 8.8917 

18640 

3.7101 

00142248 

2208.538 

388150.84 

704 

495616 

348913664 

26 5330i 8 8959 

18679 

3 7112 

00142045 

2211 679 

389255.90 

705 

497025 

350402625 

26 55181 8 OQOl 

18719 

3.7123 

00141844 

2214 82! 

390362.52 

706 

498436 

351895816 

26.5707 

8 9043 

18759 

3.7133 

00141643 

2217.903 

391470.72 

707 

499849 

353393243 

26.5895 

1 8.9085 

18799 

3.7144 

.00141443 

2221.104 

392580 49 

708 

501264 

354894912 

: 26.6083 

' 8 9127 

18839 

3.7154 

.00141243 

2224.24t 

393691.82 

709 

502681 

356400829 

26.627! 

8.9169 

18879 

3.7165 

.00141044 

2227.387 

394804.73 
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Table 7. Properties of Numbers —Continued 


N 

A'2 

A-3 

Va 

3 

Vn 

A-3/2 

5 

Vn 

1 

N 

Circle (N 

Diam.] 

Circum. 

Area 

710 

504100 

367911000 

26.6458 

8.9211 

18919 

3.7175 

.00140845 

2230.629 

395919.21 

711 

505521 

359425431 

26 6646 

8 9253 

18959 

3.7185 

.00140647 

2233.670 

397035.26 

712 

506944 

360944128 

26 6833 

8 9295 

18999 

3.7196 

00140449 

2236.812 

398152.89 

713 

508369 

362467097 

26.7021 

8.9337 

19039 

3.7206 

.00140252 

2239.954 

399272.08 

714 

509796 

363994344 

26.7208 

8 9378 

19079 

3.7217 

.00140056 

2243.095 

400392.84 

715 

511225 

365525875 

26 7393 

8 9420 

191 19 

3.7227 

00139860 

2246 237 

401515.18 

716 

512656 

367061696 

26.7582 

8.9462 

19159 

3.7238 

.00139665 

2249.378 

402639.08 

717 

514089 

368601813 

26.7769 

8 9503 

19199 

3.7248 

.00139470 

2252.520 

403764.56 

718 

515524 

370146232 

26 7955 

8.9343 

19239 

3.7258 

.00139276 

2255.662 

404891.60 

719 

516961 

371694959 

26.8142 

8 9587 

19280 

3.7269 

.00139082 

2258.803 

406020.22 

720 

518400 

373248000 

26.8328 

8 9628 

19320 

3 727S 

.00138889 

2261.945 

407150.41 

721 

519841 

374805361 

26.8514 

8 9670 

19360 

3.7290 

.00138696 

2265.086 

408282.17 

722 

521284 

376367048 

26 8701 

8 9?n 

19400 

3 7300 

.00138504 

2268.228 

409415.5C 

723 

522729 

377933067 

26.8887 

8.9732 

19440 

3.7310 

.00138313 

2271.370 

410550.40 

724 

524176 

379503424 

26.9072 

8.9794 

19481 

3.7321 

.00138122 

2274.511 

411686.87 

725 

525625 

381078125 

26 9258 

8 9835 

19521 

3 7331 

.00137931 

2277.653 

412824.9? 

726 

527076 

382657176 

26.9444 

8.9876 

19562 

3.7341 

.00137741 

2280.794 

413964.52 

727 

528529 

384240583 

26 9629 

8 9918 

19602 

3.7351 

00137552 

2283 936 

415105.7! 

728 

529984 

385828352 

26.9815 

8.9959 

19q43 

3 7362 

00137363 

2287.078 

416248.46 

729 

531441 

387420489 

27.0000 

9.0000 

19683 

3 7372 

.00137174 

2290.219 

417392.79 

730 

532900 

389017000 

27.0185 

9.0041 

19724 

3.7382 

.00136988 

2293.361 

418538.68 

731 

534361 

390617891 

27.0370 

9.0082 

19764 

3.7392 

00136799 

2296 502 

419686.15 

732 

535824 

392223168 

27.0553 

9.0123 

19805 

3 7403 

.00136612 

2299 644 

420835.19 

733 

537289 

393832837 

27.0740 

9.0164 

19845 

3.7413 

.00136426 

2302,785 

421985.79 

734 

538756 

395446904 

27.0924 

9.0205 

19886 

3.7423 

.00136240 

2305,927 

423137.97 

735 

540225 

397065375 

27.1109 

9.0246 

19927 

3.7433 

.0C136054 

2309 069 

424291.72 

736 

541696 

398688256 

27.1293 

9.0287 

19957 

3.7443 

.00135870 

2312,210 

425447.04 

737 

543169 

400315553 

27 1477 

9 0328 

20008 

3.7454 

.00135685 

2315,352 

426603.94 

738 

544644 

401947272 

27.1662 

9 0369 

20049 

3.7464 

00135501 

2318 493 

427702.40 

739 

546121 

403583419 

27.1846 

9.0410 

20090 

3.7474 

.00135318 

2321,635 

428922.43 

740 

547600 

406224000 

27.2029 

9.0460 

20430 

3.7484 

.00135136 

2324,777 

430084.03 

741 

549081 

406869021 

27.2213 

9.0491 

2CI7I 

3 7494 

00134953 

2327,918 

431247.21 

742 

550364 

408518488 

27.2397 

9 0332 

20212 

3 7504 

00134771 

2331 05C 

432411.9S 

743 

552049 

410172407 

27.2580 

9.0572 

20253 

3.7514 

.00134590 

2334,201 

433578.27 

744 

553536 

411830784 

27.2764 

9.0613 

20294 

3.7524 

.00134409 

2337,343 

434746.16 

745 

555025 

413493625 

27.2947 

9 0654 

20335 

3 7534 

00134228 

2340.485 

435915.62 

746 

556516 

415160936 

27.3130 

9 0694 

20376 

3.7545 

.00134048 

2343.626 

437086.64 

747 

558009 

416832723 

27.3313 

9.0735 

20417 

3.7555 

.00133869 

2346,768 

43 8 2 59 . 24! 

748 

559504 

418508992 

27 3496 

9 0775 

20438 

3.7565 

.00133690 

2349.909 

439433.4? 

749 

561001 

420189749 

27.3679 

9.0816 

20499 

3.7575 

.00133511 

2353.051 

440609.16 

750 

562500 

421876000 

27.3861 

9.0856 

20640 

3.7685 

.00133333 

2356.193 

441786.47 

751 

564001 

423564751 

27.4044 

9.0896 

20581 

3.7595 

.00133156 

2359.334 

442965.35 

752 

565504 

42525900J 

27.4226 

9 0937 

20622 

3 7605 

.00132979 

2362.476 

444145.80 

753 

567009 

426957777 

27.4408 

9.0977 

20663 

3.7615 

.00132802 

2365,617 

445327.83 

754 

568516 

428661064 

27.4591 

9 1017 

20704 

3.7625 

.00132626 

2368.759 

446511.42 

755 

570025 

430368875 

27.4773 

9.1057 

20745 

3.7635 

.00132450 

2371.90C 

447696.59 

756 

571536 

432081216 

27.4955 

9.1098 

20787 

3.7645 

.00132275 

2375.042 

448883.32 

757 

573049 

433798093 

27.5136 

9.1138 

20828 

3.7655 

.00132100 

2378.184 

430071.63 

758 

574564 

435519512 

27 53ie 

9.1178 

20869 

3 7665 

.00131926 

2381.325 

451261.5i 

759 

57608! 

437245479 

27.5500 

9.1218 

20910 

3.7675 

.00131752 

2384.467 

452432.96 

760 

677600 

438976000 

27.6681 

9 1253 

20962 

3.7685 

.00131879 

2387.608 

453645.98 

761 

579121 

440711081 

27.5862 

9. 1298 

20993 

3.7694 

.00131406 

2390 750 

454840.57 

762 

580644 

44245072^ 

27.6043 

9.1338 

21035 

3 7704 

.00131234 

2393 892 

456036.73 

763 

582169 

444194947 

27.6225 

9.1378 

21076 

3.7714 

.00131062 

2397 033 

457234.46 

764 

583696 

443943744 

27.6405 

9.1418 

21117 

3.7724 

.00130890 

2400.175 

458433.71 

765 

585225 

447697125 

27.6586 

9. 1458 

21159 

3.7734 

00130719 

2403.316 

459634.64 

766 

586756 

449455096 

27.6767 

9.1498 

21200 

3.7744 

.00130548 

2406.458 

460837.08 

767 

588289 

451217663 

27.6948 

9 1537 

21242 

3.7754 

.00130378 

2409.600 

462041.10 

768 

589824 

452984832 

27 7]2i 

9.1577 

21283 

3.7764 

.00130208 

2412.741 

463246.69 

769 

591361 

454756609 

27.7308 

9.1617 

21325 

3.7774 

00130039 

2415.883 

464453.84 

770 

692900 

456533000 

27.7489 

9.1667 

21367 

3.7784 

.00129870 

2419.024 

465662.57 

771 

594441 

458314011 

27.7669 

9 1696 

21408 

3 7793 

.00129702 

2422.166 

466872.87 

772 

595984 

460099648 

27 784S 

9.1736 

21450 

3 7803 

.00129534 

2425.307 

468084.74 

773 

597529 

461889917 

27.8029 

9.1775 

21492 

3.7813 

.00129366 

2428.449 

469298. 13 

774 

599076 

463684824 

27.8209 

9.1815 

21533 

3.7822 

00129199 

2431.591 

470513.19 

775 

600625 

465484375 

27.838? 

9.1855 

21575 

3.7832 

.00129032 

2434.732 

471729.77 

776 

602176 

467288576 

27.8568 

9.1894 

21617 

3.7842 

.00128866 

2437.874 

472947.92 

777 

603729 

469097433 

27 8747 

9 1933 

21658 

3 7852 

.00128700 

2441.015 

474167.65 

778 

605284 

470910952 

27.8925 

9. 1973 

21700 

3.786! 

00128535 

2444.157 

475388.94 

779 

606841 

472729139 

27.9106 

9.2012 

21742 

3.7871 

.00128370 

2447.299 

476611.81 
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Table 7. Properties of Numbers —Continued 


N 


A-3 

V.v 

3 

V.V 

A'3.2 

5 j 

V' -V 

i 

N 

Circle (N 

= Diam ) 

Circum 

Area 

780 

608400 

474562000 

27 9285 

9.2052 

217S4 

3 

7881 

.00128205:2450.440 

477836.24 

781 

609961 

476379541 

27.9464 

9 2091 

21826 

3 

7890 

.00128041 ^2453.582 

479062.25 

782 

611524 

478211768 

27.9643 

9.2130 

21868 

3 

7900 

.00127877 

2456.723 

480289 83 

783 

613089 

480048687 

27.9821 

9.2170 

2)910 

3. 

7910 

.00127714 

2459.865 

481518.97 

784 

614656 

481890304 

28.0000 

9.2209 

21952 

3 

7920 

00127551 

2463.007 

482749.69 

785 

616225 

483736625 

28.0179 

9 2248 

21994 

3 

7929 

.00127389 

2466.148 

483981.98 

786 

617796 

485587650 

28.0357 

9.2287 

22036 

3 

7939 

00127226 

2469.290 

485215.84 

787 

619369 

487443403 

28 0535 

9 2326 

22078 

3 

7949 

00127065 

2472.431 

486451 28 

788 

620944 

489303872 

28.0713 

9 2365 

22120 

3 

7959 

.00126904 

2475 573 

487688.28 

789 

622521 

491169069 

28.0891 

9.2404 

22162 

3 

79b9 

.00126743 

2478.715 

488926.85 

790 

€24100 

493039000 

28.1069 

9.2443 

22205 

3. 

7978 

.00126582 

2481.856 

490166.99 

791 

625681 

494913671 

28.1247 

9.2482 

22247 

3 

7987 

00126422 

2484.998 

491408.7! 

792 

627264 

496793088 

28.1425 

9.2521 

22289 

3 

7997 

001262b3 

2488.139 

492651.99 

793 

628849 

498677257 

28.1603 

9 2560 

22331 

3. 

8006 

00126103 

2491.281 

493896.85 

794 

630436 

500566184 

28.1780 

9 2599 

22373 

3 

8016 

00125945 

2494.422 

495143.28 

795 

632025 

502459875 

28.1957 

9 2638 

22+16 

3 

8025 

00125786 

2497.564 

496391.27 

796 

633616 

504358336 

28 2135 

9.2677 

22458 

3. 

8035 

00125628 

2500.706 

497640.84 

797 

635209 

506261573 

28 2312 

9 2716 

22500 

3 

8044 

00125471 

2503 847 

498891.98 

798 

636804 

308169592 

28 2489 

9 2754 

22543 

3 

8054 

00125313 

2506 989 

500144.69 

799 

638401 

510082399 

28.2666 

9.2793 

22583 

3. 

8064 

.00125156 

2510.130 

501398.97 

800 

640G00 

512000000 

28.2843 

9.2832 

22627 

3. 

8073 

00125000 

2513.272 

502654.82 

80t 

641601 

513922401 

28 3019 

9 2870 

22670 

3 

8083 

00124844 

2516 414 

503912.25 

802 

643204 

515849608 

28.3196 

9 2909 

22712 

3 

8092 

00124688 

2519 555 

505171.24 

803 

644809 

517781627 

28.3373 

9.2943 

22753 

3. 

8102 

00124533 

2522,697 

506431.80 

804 

646416 

519718464 

28 3549 

9 2986 

22797 

3 

8111 

00124378 

2525.838 

507693.94 

605 

648025 

521660125 

28 3725 

9 3025 

22840 

3 

8121 

00124224 

2528.980 

508957.64 

606 

649636 

523606616 

28,3901 

9.3063 

22883 

3 

8130 

.00)24069 

2532.122 

510222.92 

807 

651249 

525557923 

28 4077 

9.3102 

22925 

3 

8139 

00123916 

2535.263 

511489.77 

808 

652864 

527514112 

28 4253 

9 3140 

22968 

3 

8149 

00123762 

2538.405 

512758 19 

809 

654481 

529475129 

28.4429 

9.3179 

23010 

3 

8158 

.00123609 

2541,546 

514028,18 

810 

656100 

631441000 

28 4605 

9 3217 

23063 

3 

8168 

001234ST 

25it 688 

516299.74 

81) 

657721 

533411731 

28.4781 

9 3255 

23096 

3 

8177 

00123305 

2547.829 

516572 87 

812 

659344 

535387328 

28 4956 

9 3294 

23138 

3 

8186 

00123153 

2550 971 

517847 57 

813 

660969 

537367797 

28.5132 

9.3332 

23181 

3. 

8196 

.00123001 

2554.113 

519123.84 

8!4 

662596 

539353142 

28 5307 

9 3370 

23224 

3. 

8205 

00122850 

2557.254 

520401 68 

815 

664225 

541343375 

28.5482 

9.3408 

23267 

3 

8215 

00122699 

2560 396 

5216RI JO 

816 

665856 

543338496 

28.5657 

9.3447 

23310 

3. 

8224 

00122549 

2563.537 

522962.08 

817 

667489 

545338513 

28.5832 

9 3485 

23352 

3 

8234 

.00122399 

:2566 679 

574244 

8 i8 

669124 

547343432 

28,6007 

9.3523 

1 23395 

3 

8243 

.00122249 

2569.821 

52557ft 76 

819 

670701 

549353259 

28.6182 

9.3561 

23438 

3 

8252 

00122100 

2572.962 

526814.46 

820 

672400 

551368000, 

28.6356 

9.3699 

23481 

3 

8262 

00121951 

2676.104 

628101.73 

821 

674041 

553387661 

28 653! 

9 3637 

23324 

3 

8271 : 

.00121803' 

2579.245 

57.9390 56 

822 

673084 

355412248 

28 6705 

9 3675 

23567 

3 

8280 

.00121655 

2582.387 


823 

677329 

557441767 

28.6880 

9.3713 

23610 

3, 

.8290 

.00121507 

2585.529 

531972^95 

824 

678976 

559476224 

28 7054 

9 3751 

23653 

3 

,8299 

00121359 

2588.670 


825 

680625 

361515625 

28.7228 

9 3789 

23696 

3 

8308 

00121212 

2591 812 

'53456i’67 

826 

682276 

563559976 

28.7402 

9.3827 

23740 

3 

8317 

00121065 

2594.953 

:335858.32 

827 

683929 

365609283 

28 7576 

9 3865 

23783 

3 

8327 

00120919 

2598 095 

537156 5R 

828 

685384 

567663552 

28 7750 

9 3902 

23826 

3 

8336 

00120773 

2601 237 


629 

687241 

569722789 

28.7924 

9.3940 

23869 

3 

8345 

.00120627 

2604.378 

539757.82 

830 

688900 

671787000 

28.8097 

9.3978 

23912 

3 

.8356 

00120482 

2607.620 

541060.79 

831 

690561 

573856191 

28 8271 

9 4016 

23955 

3 

8364 

00120337 

2610.661 

547365 34 

832 

692224 

575930368 

28 8444 

9 4053 

23999 

3 

8373 

00120192 

2613 803 


833 

693889 

378009537 

28 8617 

9,4091 

24042 

3 

8382 

00120048 

2616.944 

544979.15 

834 

695556 

580093704 

28 8791 

9 4129 

24085 

3 

8391 

00119904 

2620.086 


835 

697225 

582182875 

28 8964 

9.4166 

24128 

3 

8401 

00119760 

2623.228 


836 

698896 

584277056 

28.9137 

9.4204 

24172 

3 

8410 

00119617 

2626.369 

548911.63 

637 

700569 

586376253 

28 9310 

9.4241 

24215 

3 

8419 

00119474 

2629 511 


638 

702244 

588480472 

28 9482 

9 4279 

24259 

3 

8428 

00119332 

2632 652 


839 

703921 

390589719 

' 28.9655 

9.4316 

24302 

3 

8437 

00119190 

2635.794 

552858 26 

C40 

706600 

592704000 

> 28.9828 

> 9.4364 

24346 

3 

8446 

.00119048 

2638.936 

564176.94 

641 

707281 

594823321 

29 OOOC 

1 9 4391 

24389 

3 

.8456 

00118906 

2642 077 


842 

708964 

596947688 

i 29.0172 

: 9.4429 

24432 

3 

.8465 

00118765 


643 

710649 

599077107 

’ 29.0345 

1 9.4466 

24476 

3 

-8474 

.00118624 

2648.360j5’58i42:42 

844 

712336 

601211584 

f 29 0517 

' 9.4503 

24520 

3 

.8483 

00118483 


645 

714025 

603351125 

. 29 068S 

1 9.4541 

24563 

3 

.8492 

00118343 


646 

715716 

603495736 29.0861 

9.4578 

2+607 

3 

8501 

.00118203 

2657.785j562'l22'63 

847 

717409 

607645423 29.1035 

1 9.4615 

24650 

3 

8510 

00118064 


848 

719104 

6098001921 29 120^ 

1 9.4652 

24694 

3 

8519 

00117925 


649 

720801 

611960049 29 137( 

) 9.4590 

24738 

3 

.8528 

00117786 

2667.2iol566115.78 
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Table 7. Properties of Numbers— C'^ntinued 


N 

A'2 

a-3 

VA 1 

3 

VrV 

A-3 2 

= _ 1 
VA' 

1 

! 

j Circle (.-V = Diam.) 

Circum 

Area 

850 

722500 

614125000 

29 1S48I 

9 

4727 

1 24782 

1 3. 

8538 

00117647 

2670.352 

567450.17 

851 

724201 

616295051 

29 171Q| 

9 

4764 

24825 

J 3 

8547 

00117509 

2673 493 

568786.14 

852 

725904 

61847020^ 

29 I890l 

9 

4801 

24869 

! 3 

8556 

.0011737! 

2676 633 

570123.67 

853 

727609 

620650477 

j 29 20b2j 

9 

4838 

24913 

3, 

8563 

.00117233 

2679.776 

571462.77 

854 

729316 

622835864 

! 29 2233* 

9 

4875 

24957 

3 

8574 

i .001 17096 

2682.918 

572803.45 

855 

731025 

625026375 

1 29 2404! 

9 

4QI2 

i 23000 

3 

8382 

i 00115959 

2686.059 

574145.69 

856 

732736 

62722201O 

1 29.25731 

9. 

4949 

! 25044 

3, 

.8592 

j 00116822 

2089.201 

575489.51 

857 

734449 

629422793 

29 2746 

9 

4986 

25088 

3 

8601 

00116686 

2692 343' 

576834.90 

858 

736164 

631628712 

29 2916 

9 

5023 

■ 25j32 

3 

8 oI0 

00116530 

;2o95 484 

378181.85 

859 

737881 

633839779 

29 3087 

9. 

5060 

25176 

3. 

.8619 

00116414 

2698.626, 

579530.38 

860 

739600 

636056000 

29 3258 

9 

6C97 

25220 

3 

8628 

00116279 

2701.767 

580830.48 

861 

741321 

638277381 

29 3428 

9 

5134 

25264 ' 

■? 

8637 

.00!16144 

2704.909 

582232 15 

8 b2 

743044 

640503928! 

29 3598 

9 

5171 

! 23308 

3 

8o46 

00116009 

2708 05'i 

583585 39 

8&3 

744769 

642735647! 

29.3769 

9. 

3207 

25332 

3. 

.8655 

00115875 

2711.192 

584940.20 

864 

746496 

644972544! 

29 3939 

9 

5244 

25396 

3 

8664 ’ 

00115741 

2714.334 

586296.59 

865 

748225 

647214625 

29 4109 

9 

5281 

23440 

3 

8673 

00115607 

2717.475 

587654.54 

856 

749956 

649461896 

29.4279 

; 9. 

5317 

25485 ; 

3 

.8682 

001 15473 

2720.617 

589014.07 

867 

751689 

651714363 

29.4449 

9 

5354 

25529 1 

3. 

.8691 

00115340 

2723.759' 

590375.16 

868 

753424 

653972032 

29.4618 

9 

3391 

25573 ! 

3. 

.8700 ' 

00115207 

2726.900 

591737.83 

869 

755161 

656234909 

29.4788 

9 

5427 

25617 

3 

.8708 

00115075 

2730.042 

593102.06 

870 

756900 

6585C3000 

29.4958 

9. 

5464 

25661 

3 

8717 

00114943 

2733.183 

594467.87 

871 

758641 

66077631 li 

29.5127 

9 

5501 

25706 

3 

8726 ' 

00114811 

2736.3251 

595835.25 

€72 

760384 

O63054848' 

29.3296 

9 

3337 

23750 ' 

3 

8735 

00114679 

2739 466! 

597204 20 

873 

762129 

665338617: 

29.5466 

9 

5574 

25794 

3 

.8744 

00114548 

2742,608| 

598574.72 

€74 

763876 

667627624' 

29.5635 

9 

5610 

25839 

3 

8753 

00114416 

2745.750 

599946 81 

875 

765625 

669921875 

29 3804 

9, 

3647 

25883 

3 

8762 

00114286 

2748 891 

601320 47 

876 

767376 

672221376 

29.5973 

9, 

.5683 

25927 

3 

.8771 

00114155 

2752.033 

602695.70 

877 

769129 

674526133' 

29 6142 

9, 

3719 1 

25972 

3 

8780 

00114025 

2755 174' 

604072.50 

878 

770884 

676836152 

29.6311 

9 

5756 

26016 

3 

8789 

00113895 

2758.316 

605450 88 

879 

772641 

679151439 

29.6479 

9 

5792 

26061 

3 

8797 

.00113766 

2761.458 

606830.82 

880 

774400 

6814T20C0 

29.6648 

9 

5828 ' 

26106 

3 

.8806 

0C113636 

2764.699 

608212 34 

881 

776161 

683797841 

29 6816 

9 

5865 

26150 

3 

8815 

00113507 

2767.741' 

609595 42 

682 

777924 

686128968 

29.6985 

9 

5901 

26194 

3 

8823 

00113379 

2770 882 

610980 03 

883 

i 779689 

688465387 

29.7153 

9, 

.5937 

26239 : 

3 

.8832 

00M3250 

2774.024 

612366.31 

884 

781456 

690807104 

29.7321 

9 

5973 

26283 

3 

8841 

00113122 

2777.166 

613754 11 

885 

783225 

693154125 

29.7489 

9 

6010 

26528 : 

3 

8850 

001129941 

2780 307 

615143 43 

886 

784996 

695506456 

29.7658 

9. 

6046 

26373 

3 

8859 

00112867 

2783 449 

616534.42 

887 

786769 

697864103 

29.7825 

9 

6002 

26417 

3 

8868 ' 

00112740' 

2786 590 

617926 93 

888 

788544 

700227072 

29 7993 

9 

6118 ^ 

26462 

3 

8877 

00112613 

2789 732 

619321 01 

889 

790321 

702595369 

29.8161 

9, 

.6154 

26507 

3 

.8885 

00112486 

2792.874 

620716.65 

890 

792100 

704969000 

29.8329 

9. 

6190 

26551 

3 

8894 

.00112360 

2796.016 

622113.39 

891 

793881 

707347971 

29.8496 

9. 

6226 

26596 * 


8902 ' 

00112233 

2799.157 

623512 68 

892 

793664 

709732288 

29 8664 

9. 

6262 

26641 

3 

891 1 

00112)08 

2802.298 

624913 04 

893 

797449 

712121957 

29.8831 

9. 

6298 

26686 

3 

8920 

OOM 1982 

2803.440 

626:1 4.96 

894 

799236 

714516984 

29 8998 

1 9 

6334 

26730 

3 

8929 

00111857 

2808.581 

627718 49 

895 

801025 

716917375 

29 9166 

9 

6370 

26775 

3 

8937 

001!1732 

12811.723 

629123 56 

896 

802816 

719323136 

29.9335 

9 

6406 

26820 

3 

8946 

00111607 

2814.865 

630530.21 

897 

804609 

721734273 

29.9500 

9. 

6442 

26865 ' 

3 

8955 

00!11483 

2818 006 

'631938 43 

898 

806404 

724150792 

29.9666 

1 ^ 

6477 ' 

26910 

3 

8963 

001 1359 

2821.148 

'633348 22 

899 

808201 

726572699 

29.9833 

1 9. 

6313 

26955 

3 

8972 

001 1235 

2824.289 

634759.58 

900 

810000 

739000000 

30.000C 

9. 

6649 

27000 j 

3. 

8981 

.00111111 

2827.431 

63C172.61 

901 

811801 

731432701 

30 0167 

9 

6585 

27045 ' 

3 

8989 1 

00110988 

2830.573 

637587 01 

902 

813604 

733870808 

30 0333 

9 

6620 

27090 

3 

8998 

001 10865 

2833 714 

639003.09 

903 

815409 

736314327 

30 0500 

9 

6656 

27135 

3 

9007 

00110742 

2836 856 

640420.73 

904 

817216 

738763264 

30 0666 

9 

6692 

27180 ; 

3 

,9015 

00110619 

2839.997 

641839.95 

905 

819025 

741217625 

30 0832 

9 

6727 

27225 

3 

9024 

00110497 

2843 139 

643260 73 

906 

820836 

743677416 

30.0998 

9 

6763 

27270 

3, 

.9032 

00110375 

2846 281 

644683.09 

907 

822649 

746142643 

30 1164 

9 

6799 

27316 

3 

9041 

00110254 

'2849.422 

646107 01 

908 

824464 

748613312 

: 30 1330! 

9 

6834 

27361 

3 

9050 

001 10132 

2852 564 

047532 51 

909 

826281 

7510894291 30. 1496 

9 

6870 

27406 

3 

9059 

.00110011 1 

2855.705 

648939 53 

910 

828100 

76357100C 

30.16621 

9 

6905 j 

27461 

3 

9067 j 

1 00109890|2858.847 

G6C283 22 

911 

829921 

756058031 

30 1828 

9 

6941 ' 

27497 

3 

9076 ! 

1 0010^769! 

2861.9881 

()5i818 43 

912 

831744 

758550528 

30 19'>3! 

9 

6976 

27542 

3 

9084 

! 0010964912865 130l 

653250 21 

913 

833569 

761048497 

30 2159i 

9 

7012 

27587 

3 

9093 

.001095291 

2868.272 

634683.56 

914 

833396 

763551944 

30 2324 

9 

.7047 

27632 

3 

9101 

00109409i 

'2871.413 

656118 48 

915 

837225 

766060875 

30 2490! 

9 

7082 

27678 

3 

9110 : 

001092901 

2874 555 

657554.98 

916 

839056 

768575296 

30 2655; 

9 

.7118 

27723 

3 

9118 

.00109170] 

2877 696 

658993 04 

917 

840889 

77I0952I3 

30 2820 

9 

7153 

27769 

3 

9127 

00109051! 

2880 838 

660432 68 

918 

842724 

773620632 

30.2965 

9 

7188 

27814 

3 

9135 

.001089321 

12883.980 

661873 88 

919 

84456! 

776151559 

30.3150 

9 

7224 

27859 

3 

9144 

00108814 

2867.121 

,663316.66 
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Table 7. Properties of Numbers —Continued 


N 

A'2 

A- 


3 

V -V 

A’®.'4 

VA' 

1 

iV 

Circle UV = Diam.) 

v*v 

Circum 

Area 

920 

846400 

778688000 

30.3315 

9.7259 

27906 

3.9153 

00108696 

2890.263 

564761.01 

921 

848241 

7812^9961 

30.3480 

9 7294 

27950 

3 916! 

00108578 

2893.404 

666206.92 

922 

850084 

783777448 

30.3645 

9 7329 

27996 

3.9169 

00108460 

2895 546 

607654.41 

923 

851929 

786330467 

30.3809 

9.73o4 

28042 

3,9176 

.00108342 

2699.688 

669103.47 

924 

853776 

788889024 

30.3974 

9 7400 

28087 

3.9186 

.00108225 

2902 829 

670554.10 

925 

855625 

791453125 

30.4138 

9.7435 

28133 

3 9194 

00108108 

2905.97! 

O72006.30 

926 

857476 

794022776 

30.4302 

9.7470 

28179 

3.9203 

.00107991 

2909.112 

673460.08 

927 

859329 

796597983 

30.4467 

9.7505 

28224 

3 9212 

00107873 

2912.254 

674915.42 

928 

861184 

799173752 

30.4631 

9 7540 

28270 

3 9220 

.00107759 

2915.390 

676372.33 

929 

863041 

801765089 

30.4795 

9.7575 

28315 

3 9229 

.00107643 

2918.537 

677830,82 

)30 

864900 

834357000 

30.49S9 

9.7610 

28361 

3.9237 

.00107627 

3921.679 

679290.87 

931 

866761 

806954491 

30.5123 

9 7645 

28407 

3 9246 

00107411 

2924.820 

680752.50 

932 

868624 

S09557568 

30.5287 

9 7680 

28433 

3 9254 

00107296 

2927.962 

682215.69 

933 

870439 

812168237 

30.5450 

9.7715 

2S499 

3 9262 

.00107181 

2931.105 683680.46 

934 

872356 

814780504 

30,5614 

9 7750 

28544 

3.9271 



80 

935 

874225 

817400375 

30 5778 

9.7785 

28590 

3 9279 



1 71 

936 

876096 

820025856 

30 5941 

9.7819 

28636 

3 9288 


• , _ ■ 

.f 19 

937 

877969 

822656953 

30 6105 

9 7854 

28682 

3 9296 

00106724 

2943 670 

689555.24 

938 

879844 

825293672 

30 6268 

9.7889 

28728 

3 0304 

.00106610 

2946.811 

691027.86 

939 

881721 

327936019 

30.6431 

9.7924 

28774 

3 9313 

.00106496 

2949.953 

692502.05 

940 

883600 

830584000 

30.6694 

9.7959 

28S20 

3 9321 

.00106383 

2963.095 

693977.82 

941 

885481 

833237621 

30.6757 

9.7993 

28866 

3 9329 

.00106270 

2956.236 

695455.15 

942 

887364 

835896888 

30 6920 

9 8028 

28912 

3 9338 

.00106137 

2959.378 

696934.06 

943 

889249 

838561807 

30 7083 

9.80d3 

28958 

3.9346 

.00106045 

2962.519 

698414.53 

944 

891136 

841232384 

30.7246 

9.8097 

29004 

3 9354 

00105932 

2965 661 

699896.58 

945 

893025 

843908625 

30.7409 

9 8132 

29030 

3 9363 

.00105820 

2968.803 

701380.19 

946 

894916 

846590536 

30.7571 

9.8167 

29096 

3.9371 

00105708 

2971.944 

702865,38 

947 

896809 

849278123 

30.7734 

9.8201 

29142 

3 9379 

f\f\ me c O'? 



948 

898704 

851971392 

30.7896 

9.8236 

29189 

3 9388 



■ t S *7 

949 

900601 

854670349 

30 8058 

9 8270 

29235 

3 9396 


• \ 

. . : .1 .i7 

950 

902500 

857376000 

30 8221 

9.830S 

29281 

3.9m 

.00105263 

2981.611 

708821.84 

951 

904401 

860085351 

30 8383 

9.8339 

29327 

3 9413 

00105152 

2987.652 

710314.88 

952 

906304 

862801408 

30 8545 

9.8374 

29374 

3 9421 

00105042 

2990 794 

711809.50 

953 

908209 

865523177 

30.8707 

9.8408 

29420 

3 9429 

.00104932 

2993.935 

713305.68 

954 

910116 

868250664 

30 8869 

9 8443 

29466 

3 9438 

00104822 

2997.077 

714803.43 

955 

912025 

870983875 

30.9031 

9.8477 

29513 

3 9446 

C0104712 

3000.218 

716302.76 

956 

913936 

873722816 

30.9192 

9.8511 

29559 

3.9454 

.00104603 

3003.360 

717803.66 

957 

915849 

876467493 

30.9354 

9 8546 

29605 

3.9462 



T , . ■ » 

958 

917764 

879217912 

30.9516 

9 8580 

29632 

3 9471 

• • - i 

> ■ . > 


959 

919681 

881974079 

30.9677 

9.8614 

29698 

3.9479 

. , . 

. a . 

. . . (.!,// 

960 

921600 

884736000 

30.9839 

9.8648 

29745 

3.9487 

.00104167 

3016.926 

723822.9S 

961 

923521 

887503681 

31 0000 

9 8683 

29791 

3.9495 

.00104058 

3019 068 

725331.70 

962 

925444 

890277128 

31.0161 

9 8717 

29838 

3 9503 

.00103950 

3022.210 

726842.02 

963 

927369 

893056347 

31.0322 

9.8751 

29884 

3.9512 

.00103842 

3025.351 

728353.91 

964 

929296 

895841344 

31.0483 

9.8785 

29931 

3 9520 

.00103734 

3028 493 

729867.37 

965 

031225 

898632125 

31.0644 

9 8819 

29977 

3 9528 

.00103627 

3031.634 

731382.40 

966 

933156 

901428696 

31.0805 

9.8854 

30024 

3.9536 

00103520 

3034.776 

732699.01 

967 

935089 

904231063 

31,0966 

9 8888 

30070 

3 9544 

00103413 

3037.918 

734417.18 

968 

937024 

907039232 

31.1127 

9,8922 

30117 

3 9553 

00103306 

3041.059 

735936.93 

969 

938961 

909853209 

31.1288 

9.8936 

30164 

3.9561 

00103199 

3044.201 

/37458.24 

970 

940900 

912673000 

31.1418 

9.8990 

30210 

3.9569 

00103093 

3047.342 

738981.13 

971 

942841 

915498611 

31.1609 

9.9024 

30257 

3 9577 

.00102987 

3050.484 

740505.59 

972 

944784 

918330048 

31. 1769 

9 9058 

30304 

3 9585 

00102881 

3053.625 

742031 62 

973 

946729 

921167317 

31.1929 

9.9092 

30351 

3.9593 

00102775 

3056.767 

743559.22 

974 

948676 

92401042^ 

31.209( 

9.9126 

30398 

3 9602 

Arxi A-l ^ ^ rx 
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975 

950625 

926859375 

31.225( 

9 9160 

30444 

3 9610 



. • • ‘13 

976 

952576 

929714176 

31.2410 

9.9194 

30491 

3.9618 



. - -i ...44 

977 

954529 

932574833 

31.2570 

9.9227 

30538 

3.9626 

00102354 

3069 333 

749685.32 

978 

956484 

935441352 

31.273( 

9 9261 

30585 

3.9634 

.00102249 

3072.475 

751220 78 

979 

958441 

938313739 

31.2890 

9 9295 

30632 

3.9642 

.00102145 

3075.617 

752757.80 

980 

960400 

941192000 

31.3050 

9 9329 

30679 

3.9650 

.00102041 

3078.768 

754298.40 

961 

962361 

944076141 

31.3209 

9.9363 

30726 

3 9658 

.00101937 

3081.900 

755836.59 

982 

964324 

946966168 

31.3369 

9.9396 

30773 

3 9666 

00101833 

3085.041 

757378 30 

983 

966289 

949862087 

31.3528 

9.9430 

30820 

3,9674 

.00101729 

3088.183 

758921.61 

984 

968256 

952763904 

31.3688 

9.9464 

30867 

3 9682 

.00101626 

3091.325 

76n4<76 48 

985 

970225 

955671625 

31.3847 

9 9497 

30914 

3 9691 

.00101523 

3094.466 

7(S?ni2 93 

986 

972196 

958585256 

31.4006 

9.9531 

30961 

3 9699 

.00101420 

3097.608 

763560.95 

987 

974169 

96150480: 

31.416e 

9.9565 

31008 

3 9707 


' ' ■ 1 

■ ■ » >4 

988 

976144 

964430277 

31.432f 

9 9598 

31055 

3 9715 


. 


989 

978121 

96736166' 

31.448-1 

9.9632 

31102 

3.9723 


( 

. ■4 44 

1 
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Table 7. Properties of Numbers —Continued 


N 

1 

nS 

j 

3_ 

V-V 

V3/3 

1 

5 

V-V 

! 1 Circle (.V = D) 

‘ ! Circura j Area 

390 

980100 1 

97©299000i 

31.46431 

3 9666 : 

31150 ; 

3.3731 

00101010 j'3110.174'763T6S.74 

991 

992 

993 

9820£} 
9840b4 
986049 ■ 

973242271' 

970191488 

979146657: 

31.4802' 

3K4960 

31.5119! 

9 9699 

9 9733 

9 9766 1 

31197 ' 
312-14 
31291 1 

3.9739 

3.9747 

3.9755 

00!0090S;3113.316!7?’324 6! 
UOl008Ub!3116 457 7725^2.0c 
00100705i3119 599,774441.07 

994 

995 

996 

988036 
990025 ! 
99201b ^ 

9821G7784' 
! ‘^650748751 
y8804793c 

31.5276 
31 .54361 
i 31.5593 

9.9800 

9 9833 
9.986b 

31339 ' 
31386 i 
31453 

3.9763 

3 977! i 
3 9779 ] 

00100604'3i:2 742,776001 66 

1 00100503,3125 S5.. 777563 82 

1 00!00402i5I29 024,779127.54 

997 

998 

999 

994009 

9960C4 

998001 

i 991026973 
i 994011992 
9970Q2999 

31.5753 

1 31 5911 
31.6070 

9.9900 

9.9933 

9 9967 

31480 

31528 

31575 

1 3.9787 1 
1 3,9795 ! 
3.9803 1 

00100301,3132.165'; 80692.84 
0U10020013)35.3071732259.71 
OOlOOiOC ‘3]38.443'733S2S.15 

loco 

icoocoo ; 

1000000000 

31.6228 

10.0000 ] 

31623 

3.9311 1 

00100000|314i 6S3 'tS639S 16 
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MATHEMATICAL TABLES 


3. MEASURES, WEIGHTS, AND UNITS 

Flow and capacity equivalents, Tables 8 and 9, are based on the iollowing values. 

1 ruble foot = 7.4S0.519 U. S. gallons 
1 U. 3. gallon = 231 cu in = 0.133ijS0o6 cu ft 
1 lb of water at 62“ F = 0.016034S9 cu ft 

The Biitish Imperial gallon = 277.41S cu in (U.S.) = 277.420 cu in (Britishl = 1.20094 
T .3. gallons. 

The flow equivalents of Table S are based on water at 62° F. These flow equivalents 
■ o! a given weight of water can be converted to flow equivalents for any other fluid by 
uiltiiihung b.v the ratio of the density of that fluid to the density of water. For e.xample 
the flow per minute of 20 lb of oil of .specific gravity 0.90 (water = l.Oj isj 
(1/0.90) X 20 X 0.1200 = 2.67 gal. per min. 


Table 8. Flow Equivalents 



Cu. ft 
per sec. 

Ca. ft 
per mm 

U. S. Gallons 
per mm. 

U. S. Gals 
per hr. 

U S. Gallons 
per 24 hr 

Lb H 2 O 
per min. 

Lb. H 2 O 
per hr 

1 1 li ft. per see = 

i 

60 

448 83 

26.929 9 

646,316 8 

3741 00 

224,4b0 

1 c'l. ft per nun. = 

1,60 

1 

7 4805 

448 83 

10 771 2 

62 35 

3741 00 

I 'i.il per min. = 

0 002228 

0 1337 

1 

60 

1440 

8 3350 

500 ! 

i i-er hr = 

3713 X lO-s 

0 002280 

I 60 

1 

24 

0 1389 

8 3330 

! .:.) per 24 hr. » 

1547 X 10-6 

9283 X 10 

6944 / 10^ 

1'24 

1 

0 005788 

0 3473 

1 111 HoO per min. = 

2673 X 10-3 

0 01604 

0 1200 

7 1936 

172 7658 

1 

60 

1 lb HoO per hr «■ 

4435 X 10-3 

2o73 10-3 

0 0020 

0 1200 

2 8794 

I 60 

1 


Table 9. Gallon and Cubic Feet Equivalents 


Giillon* 
or cu fi 

Gallons 
equiva¬ 
lent to 
cu ft 

Cu ft. 
equiva¬ 
lent to 
gallons 

Gallons 
or cu. ft. 

Gallons 
equiva¬ 
lent to 
cu ft. 

Cu. ft. 
eqmva- 
lent to 
gallons 

Gallons 
or cu. ft. 

Gallons 
equivalent to 
cu. ft. 

Cu. ft. 
equiva¬ 
lent to 
gallons 

0 1 



100 

HUBOO 

13 368 


748,051 9 

13,368 1 

.2 


.0267 

200 

1,496. 1 

26 736 

200,000 

1,49b,i03 8 

26.736 1 

.3 

2.24 

.0401 

300 

2,244 2 


300,000 

2,244,155 7 


.4 

2 99 

.0535 

400 

2.992 2 

53 472 

400.000 

WISIWEIm 

53,472 2 

.5 

3.74 

0668 

500 

3,740 3 

66 840 



66.840 3 

.6 

4.49 

.0802 

600 

4,488 3 

80.208 

600,000 

4,488,311.4 

80,208 3 

.7 

5.24 


700 

5,236 4 

93.576 


5,236,363 3 

93,576 4 

.8 

5.98 


800 

5,984 4 



5,984,415 2 

106,944 4 

.9 

6.73 

. 1203 

900 

6,732 5 

120.312 

900,000 

6,732,467 1 

120,312 5 

1 0 

7 48 

. 134 

1,000 


133 681 

1.000,000 


133,680 6 

2 

14 96 

.267 

2.000 


267 361 

2,000.000 


267,361 ! 

3 

22.44 


3,000 

22,441.6 


3.000,000 

22.441,557 

401,041.7 

4 

29 92 

.535 

4,000 

29,922 1 

534 722 

4,000.000 

mSBiBBIBM 

534,722.2 

5 

37.40 

.668 

5.000 

37,402 6 


5.000,000 

37,402,595 

668^402 8 

6 

44.88 


6.000 

44,883 1 


6,000,000 

44,883,114 

802,083.3 

7 

52 36 

.936 

7.000 

52,363 6 

935 764 

7.000,000 

52,363,633 

935,763 9 

8 

59 84 

1 .069 

8,000 

59,844 2 


8.000,000 

59.844,152 

1,069’444 

9 

67.32 

1.203 

9,000 

67,324.7 

1,203. 125 

9.000,000 

67,324,671 

li203J25 

10 


1.337 

10,000 

74,805 2 


10.000.000 

IBRdmRH 

1,336,806 

20 

149 6 

2 674 

20,000 

MKiiKinmM 


20,000,000 

149.610.380 

2‘673'61 ! 

30 

224.4 

4.010 

30,000 

224,415.6 

4,010.42 

30,000,000 


4,010,417 

40 

209 2 

5.347 

40,000 


5,347 22 

40,000,000 


5 347 222 

30 


6.684 

50,000 


50,000,000 



60 

448.8 

KIIHI 

60,000 

448,831. 1 

8,020 83 

60,000,000 


8,0201833 


523 6 

' 9 358 

70,000 

523,636 3 

9.357 64 

70,000,000 


9 357 63Q 

80 

598 4 


80,000 

5^8,441.5 


30,000,000 


in 6Q4 444 

40 

673.2 


90,000 

673.246 7 

12,031 25 

90,000,000 

673.246,710 

12,031,250 
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MEASURES, ■VVT:IGHTS, AND UNITS 


MEASURES AND WEIGHTS COMMONLY USED IN THE UNITED STATES AND 

GREAT BRITAIN 

Abbreviations 


bbl. 

= barrel 

dwt. 

= pennyweight 

hr. 

= hour 

quin. 

= quintal 

bu. 

= bushel 

fath. 

— fathuia 

Imp. 

= Imperial (bu., gal.) qr. 

= quarter 

chn. 

== chain 

h. 

= foot 

in. 

= inch 

qt. 

= qu..rt 

circm. 

= circumference 

fl. drm. 

= fluid drachm 

lea 

= league 

scr. 

= scruple 

cir. in 

— circular inch 

fl. 02. 

= fluid ounce 

m. pace 

= military pace 

sec. 

= set j.'d 

cir. mil. 

= circular mil 

furl. 

= furlong 

min 

= minute 

sq. 

= square (m . ft., etc.) 

cwt 

= hundred weight 

gal 

= gallon lU.S.) 

naut. mi 

= nautical mile 

stat. mi. 

= statute mile 

deg. 

= degree 

grn. 

= graiii 

pnch 

= puncheon 

tree. 

= tierce 

drm. 

= drachm (dram) 

hgbd. 

= hogshead 

quad. 

= quadrant 

yd. 

— Yard 


Table 10. Measures of Length 
Long Measure 
12 in. = 1 ft. 

3 ft =1 yd 

5 1/2 yd. = 16 1/2 ft. = 1 rod, pole or perch 
40 poles = 220 yd = 1 furl 

8 furl. = 1760 yd. = 52S0 ft. = 1 mile 

4 in. = 1 hand 

9 in =1 span 

2 1/2 ft. = 1 III pace. 

Land, Surveyors, or Gunter’s Measure 
7.92 in. = 1 link 

100 links = 66 ft = 4 rods — 1 chn. 

10 chn = 220 yd = 1 furl 
8 furl. = SO chn. = 1 mile. 

Nautical Measure 

6080 26 ft. *=1 lol56stat. roi.^l naut mi 
3 naut. mi. = 1 lea. 

60 naut. nu. = I deg (at equator) 

6 h. “I fath 

120 fath. *1 cable 

1 naut. mi. per hr. = 1 knot. 

Table 11. Measures of Area 
Square Measure 

144 sq in. = 183 35 cir. in. =* 1 sq ft. 

9 sq. ft =“1 sq yd 
30 1/4 sq. yd = 272 I'-isq ft * 1 sq rod 
160 sq rods = 10 chn 1 — -i 

4840 sq yd. * 43560 sq ft. } ^ 

640 acres = 27.878,400 sq. ft « 1 sq mile 
= (20S 71 ft )- 
_ I area of circle 1 in diam. 

( =0 78.54 SQ m 

j area of circle 0 UOl m. d:am. 
= 0 0',7S54 sq in 


i acre 
1 cir. in. = 
1 cir mil = 


1,000,000 cir mil = 1 cir. m. 

Board Measure 

144 cu in. = 12 X 12 X 1 in. = 1 board ft. 

The above dednitiun of a board foot applies 
to rough green lumber American practice uses 
a yar.l standard of 29^32 in. thick and an in¬ 
dustrial standard of 7,g m thick for rough ciry 
lumber; for dressed lumber the coirespoiiding 
thicknesses are 20/32 m and i3/i6 in. For ex¬ 
ample. a rough dry piece 12 X 12 X 29/30 m 
contains 1 board ft Board ft in round timber 
= (1/4 c X d X 1) 144 c =■ mean circm , d 
= diam , I = length, ail in ft 

Table 12. Measures of Weight 
(The gram is the same in all systems } 
Avoirdupois Weight 
16 dim. = 437 5 grn — 1 oz, 

16 oz =* 7000 grn = 1 lb. 

14 ib. = 1 stone 

2S lb “2 stone = 1 qr. 

100 lb =1 quin. 

4 qr = 112 !b = 1 cwt 

20 cwt. = 2240 lb. = 1 long ton 
2000 Ib. = 1 short ton. 

Troy Weight (for gold and silver) 

24 grn = 1 dwt 

20 dwt. = 4S0 grn = 1 oz 

12 oz ^ 57b0 grn. = 1 lb 

1 Assay ton = 29,167 milligrams 

^ I Troy oz per 2'>00 lb. 

1 ton avuirdupc-is 


Carat Weight Tor precious stones) 

1 carat = 3.086 grn = U 201. gram 

Apothecaries’ Weight 
20 grn. = 1 scr 3 

3 scr = 60 grn = 1 drin 3 

8 drm = 480 grn = 1 oz 5 

12 oz. = 5760 grn = 1 ib 

Table 13. Measures of Volume 
Cubic Measure 
1728 cu in =1 cu ft 

27 cu ft. = 1 cu yd 

1 cord of wood = j 1 f, 

1 perch masonry = | ^ 

Liquid Measure 

4 gills =s 1 pint 

2 pints =s 1 qT. 

4 qt e= 2 -il c 1 in. : 

= 1 r gal 

= 0 Ip'd. L’al. 

1 Imp gal. = 277 420 cu in, 
es ID lb HjU 
S gal. =» 1 In.p gai 
8 gal == 1 cu ir 

Old Liquid Measure 
3 ll/2g_l 1 bid 
42 gal =» 1 tr-^e 

2 ..'bl =: b3 gd =1 llghd. 

84 gal =* 2 tree = 1 ; 

2 !..-lid =» 12 d gal — i pipe 
2 piP’^-s =* 3 pchn = i tun 
Apothecaries’ Fluid Measure 


?:6Ib H:0 


1 20094 i; 
7 4S05 1. 


' or butt 


60 mininis 
8 drni. 
i tl. 02. 


1 

i, i- 


Inn 


r 


16 fl. oz. 

1 fl oz. (British) 


2 pints 
S qts 
4 pecks 

1 1^4 bu. fs^rurk) 
105 <4t8 !'?'ruckj 
Simp eai. 

8 Imp bu. 


2. I =1 8047 
cu :n = 456 3 grn 
at 3'j^ r 
1 pint 

1 732 ru :n 

= 437.5grn. HoOat 62®F. 
Dry Measure 

= 1 qr. 

=> 1 peck 
= 2I0O 12 ru in. 

— 1 bu '«;fruck' 

1 bu (heaped^ 

7056 lu in =• 1 bbl. 

= 2218 192 cu in. 

= 1 Imp bu. 

= 1 qr 
Shipping Measure 
100 cu ft — 1 Rei:i«r*T tuii 
40 cu ft. = 31 14.i U S b 1 

= 1 sl''r'pi. g tpri (U. S "jf 
42 cu. ft. = 32 719 Imp bu. 

= 1 shippn.g r.i’i fHritiali'if 
♦For measurement of tnr.re interna! capac¬ 
ity t For measurement ui ''.mgo 
Miner’s Inch 

.\ variable unit, der'i.?'I by stat.'.tc in de¬ 
ferent states as the quciuity of w.tt.r rhat will 
flowthrough an onfct uf 1 <q in a.i.a. under a 

head ranging f'oni a i 2 to 6 in V > Ibui vena¬ 
tion .'cerMce det.ne? the miner - incii I'u in. 
per isCe The law goc erning t’lc 1 tcality in 
whioli the nieabuicinonl is to be made sliouid 
be consulted 
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Table 14. Circular Measure 


60 sec. = 
dU nun = 
90 deg. = 
360 deg. = 
57.2957795 deg. = 

i radian = 


1 njin 
1 deg 
1 quad, 
circm. 

1 radian 
57° 17' 44 806'' 
angle of arc equal to 
radius. 


Table 15. Time 

60 sec. = 1 mm. 7 days = 1 week 
60 imn. 1 dr. 52 weeks = 1 year 

24 hr =1 day 

1 year fexact) = 365 days, 5 hr., 48 min., 45.6 sec. 

A year divisible by 4 is a leap year and con¬ 
tains 366 days, except centesimal years, of which 
only those divisible by 4C0 are leap years. 

365.242'^ mean solar days 
= 366^2422 sideieal days 
24 hr. sidereal time 

= 23 hr. 56 mm. 04.091 sec. of mean solar time 
1 mean .solar day 

= 24 hr.3 inin.50.555 sec. of sidereal fme 


THE METRIC SYSTEM 

The fundamental standard of length m the metric system is the Internationa! Standard INIeter, 
derived irom the Metre des Archives. Pans Its lengtii is defined as the distance between two 
lines at 0° C on a platinum-indium bar deposited at the International Bureau of Weights and 
Pleasures near Paris. 1 meter = 39 37 in 

The fundamental standard of mass is the International Standard Kilogram, which is a mass 
of plaiinuni-iridium, deposited at the International Bureau, whose weight in vacuo is the same 
as that of the Kilogram des Archives 

The fundamental unit of volume is the liter, which is defined as the v'olume of a kilogram of 
water at the temperature of maximum density, 4° C , under a pressure of 76 cm. of mercury The 
Lter originally was defined as a cubic decimeter, but is slightly greater. The generally accepted 
relation between the cubic decimeter and the liter is 1 liter = 1.000027 cu. decimeters 

Trie unit of force is the dyne, w hich is the force which acting for 1 second on a mass of one gram 
tsill produce a velocity of 1 centimeter per second 1 dyne = fl 980.6b5) gram. 1,000,000 dynes 
= 1.020 kilograms force = 2.24$ lb force 1 !b. force = 0 4536 kilogram force =* 448,800 dynes 

The unit of heat is the gram-calorie, which is the quantity of heat required to raise 1 gram of 
water 1 ° C. 

Table 16, Units of Metric Measures* 


Length ] 

' Area 

Unit 

Symbol 

Value in Meters 

Unit 

Symbol 

ValueinSq Meters 

Micron 


0 000 001 




Millimeter 

mm. 

0.001 

Sq. millimeter 

sq mm 

0.000001 

Centimeter 

cm. 

0.01 

Sq. centimeter 

sq. cm. 

0.000 1 

Decimeter 

dm. 

0.1 

Sq. decimeter 

sq. dm. 

0.01 

Meter (unit) 

m. 

1.0 

Sq meter (centiare) 

sq. m 

1.0 

Dekameter 

dkin. 

10.0 

Sq dekameter (are) 

sq.dkm. 

100.0 

Hectometer 

Km. 

100.0 

Hectare 

ha. 

10,000.0 

Kilometer 

km. 

1.000 0 

Sq kilometer 

sq. km. 

1,000,000.0 

Mynameter 

Mm, 

10.000 0 




Meg.Hmeter 


1,000,000 0 



1 

Cubic Measure ' 

1 Volume 

Unit 

Symbol 

Value in Cubic Meters 

Unit 

Symbol 

Value in T.ir--.: 

Cubic kilometer 

cu km 

1,000,000 

AlilliUter 

ml. 

O.GOl 

Cubic hectometer 

cu. hm 

1,000,000 

Centiliter 

cl. 


Cubic dekameter 

cu, dkm 

1,000 

Deciliter 

d!. 

0.1 

CubiC meter 

cu m. 

1 

Liter (unit) 

1. 

1.0 

Cubic decimeter 

cu. dm. 

0.001 

Dekaliter 

dkl. 

10 0 

Cubic centimeter 

cu. cm. 

0.000001 1 

Hectoliter 

M. 

100.c 

Cubic millimeter 

cu. mm. 

0.000 000 001 

Kiloliter 

kl. 

1,000.0 

Cubic micron 

„3 

0 O 17 I 





Weight 


Unit 

Symbol 

Value m Grams 

Unit 1 

Symbol 

' Value in Grams 

Microgram 

7 

0.000 001 

Gram (unit) j 

g 

1 U 

Milligram 

mg. 

0 001 

Dekagram 

dkg. 

10 0 

Cen'sgram 

eg 

0.01 

Hectogram 

hg 

IJO 0 

Decigiain 

dg. 

0.1 

Kilogram i 

kg ! 

1,'''^. 0 

Gram (unit) 

g- 

1.0 

Vlynagram 

Mg. 

10,ul0 0 




Quintal ; 

q. 

100,000 0 




Ton 

t. 

1.000,000 0 


* A subscript after a figure indicates the nu.:iber of times it is repeated. Thus O.O 38 = 0.0008 
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Table 17. Metric Equivalents of Length * 


English to Metric 

Log 

I Metric to English 

Log. 

1 inch 


25 4 

mm. 

i.404^34 ; 

1 mm. 

= 

0.03937 

in. 

2 595165 


= 

2.54 

cm. 

0 404S34 


r= 

0.003281 ft 

3 515984 


= 

0.0254 

m. 

2.404S34 


= 

0.001094 

yd. 

3.0BSS63 

1 foot 

= 

304 800 

mm. 

2.484015 

1 cm 

= 

0 3937 

in. 

1.595165 


= 

30 480 

cm. 

1 484015 


= 

0 03281 

ft. ! 

2.515984 


= 

0.3048 

m. 

i.484015 



0 01094 

vd. 

2.038863 

1 yard 


91 4402 

cm. 

1.962137 

1 meter 


39 37 

in. 

1.595162 


= 

0 9144 

m 

1 961137 


= 

3 2S0S 

ft 

0 515984 


= 

0 0'914 

km. 

4.9ail37 



1.0936 

yd. 

0 03SS63 

1 rod 

= 

502 9:11 

cm. 

2 701500 


= 

0.19SS 

rd. 

1 298500 


= 

5.0292 

m 

0.701500 


= 

0.04971 

chain 

2 696440 


= 

0.005020 km. 

1 3.701500 


= 

O.O 36214 

mi. 

4.793350 

1 chain 

= 

2011.63 

cm. ! 

3 303559 

1 kilometer 


3280 833 

ft. 

3.515954 


= 

20.1168 

m 

I 1 303559 


= 

1093.611 

vd. 

3.038863 


= 

0.02012 

km. 

2 303550 


=; 

198 S3S 

rods 

j 2.298500 

1 mile 

= 

1609.344 

m. 

1 3 206650 



49 7095 

ch.tins 

1.696440 


= 

1 6093 

km. 

1 0 206650 1 


= 

0 6214 

nil 

1 1 793350 


Table 18, Metric Equivalents of Area ^ 


English to Metric i 

Log. 

1 M’.-tnc to English 

Log. 

1 cir. mil = 0 O 35 O 67 sq. mm. 1 

4.704751 

1 sq. mm. = 1,973 55 

Cir, mils 

3.295249 

1 sq.in. = 645 lo3 

sq. mm. 1 

2.809669 

= 0 001550 

sq.iD. 

5.190331 

= 6.4516 

sq. cm. i 

0.809669 j 

i = 0 O 4 IO 764 sq ft. 

O.031968 

= 0.038452 

sq. m. ; 

4.809669 ' 

« 0 Osiiye 

sq. yd. 

S.077726 

Isq. ft. = 92,903.41 

sq mm. 

4.908032 I 

1 sq. cm, = 0 1550 

sq in. 

1.190331 

= 929 0341 

sq. cm. 

2.96S032 1 

* 0.001076 

sq. ft. 

3.031958 

= 0 0929 

sq. m. 

2 968032 1 

= 0 OsllOo 

sq. jd. 

4 077726 

= 0 0s929 

hectare 

§.968032 1 

1 sq. m. ss 1,549 9969 

sq.in. 

3.190331 

= 0 O 7929 

sq. km. 

8 968032 

= 10 7639 

sq ft. 

1.03196S 

1 «i. yd. = 836,130 74 

sq mm. 

5 922274 

= a.I960 

sq yd. 

0.07772O 

= 8,361 307 

sq. cm. 

3 922274 j 

= 0 002471 

sq. chain 

3 392882 

= 0 83613 

sq. m. 

1.922274 1 

* 0 O 32471 

acre 

4.392882 

* 0 04836 

hectare 

5 922274 ' 

= 0 063861 

sq. mi. 

7.586700 

= 0 06836 

sq. km. 

7 922274 

1 hectare = 107,638 7 

sq ft. 

5.031968 

i sq. chain » 404 686 

sq. m. 

2 607118 

= 11,959 85 

sq. yd. 

4.077726 

« 0 04047 

hectare 

2 607118 

= 24.710 

SQ. cham 

1.392882 

* 0 034047 

sq. km. 

4 6G7U8 

= 2 4710 

acres 

0.392882 

1 acre = 4,046 86 

sq. m. 

3.607118 

= 0 003861 

sq mi. 

5.586700 

= 0 4047 

hectare 

1.607118 

1 sq. km. = 10,763,867.38 

sq. ft. 

7.03196S 

= 0 004047 sq. km. 1 

S 607118 

== 1,195.985 26 

sq. 5 d. 

6.07:725 

1 sq. mile = 2,589,998 

SQ, m. 

6 413300 

= 2,471 050 

sq. chains 1 

3 392S82 

= 259 0 

hectare 

2.413300 

247 1045 

aiTcs 

2 392^*2 

= 2 590 

sq km. 

0 413300 

= 0 3861 

sq. mi. 

I 586700 

Table IS 

!. Metric Equivalents of W^eight or Mass 



Enchsh to Metric 

Loc 

1 Mi trie to English 

Log. 

1 grain = 64 797 

mg. 1 

1.811.568 

1 1 mirujrram = 0 01543 

grain 

2 1S8433 

= 0 0648 

gm. ! 

2.811568 

! = 0 043215 

oz. Trov 

5 507191 

1 oz. Troy or 



i = 0 O 43527 

oz. a\Oir. 

5.547454 

apothecarj- = 31,103 5 

mg. 

4.492S09 

' 1 gram = 15 4324 

grains 

1.188433 

= 31 103 

gm. 

1.492S09 

= 0 03215 

oz Irov 

2 51-7101 

= 0 03110 kg. 

2.492309 

= 0 03527 

oz a\oir. 

2 c17154 

1 oz. avoirdupois = 28,349 5 

mg. 

4.452546 

= 0 0O2679 

ib. Trov 

3.423310 

= 28 3495 

em. 

I r>2.546 

= U 0«i2''05 

lb. avoir. 

3.3433)4 

= 0 02835 kg. 

J -io’JolO 

i kilogram = 32 1508 

oz. Tr>iy 

1.507191 

1 pound Troy or 



= 35 2710 

oz. a\i T. 

1.5474oi 

apothecary = 373 2417 

cm. 

2 571090 1 

= 2 6702 

lb. Trny 

0.428310 

= 0 3732 

kg. 

1.571 J‘j0 i 

-= 2 2046 

lb. av.jir. 

0.34G334 

1 pound avoirdupois = 453 5925 

go. 

2 C56r,r,.', ; 

== 0 0«11U2 

short ton 

3.013304 

= u 4536 

kg. 

I €5‘:‘:.o j 

-= 0 039S42 

Ion? t 

4 y030S6 

= 0 O 3453 C metric ton 

4.056660 i 

1 metric ten = 2204 62 

lb. av-'ir. 

3.343334 

1 short ton = 907 2 

kg. 

: 9576'’.6 

= 1 1023 

short tens 

0.043304 

= 0 9072 


1 957f.C.6 

= 0 9842 

long tun 

l.yyiOSG 

1 long ton = 06 

kc. 

G j 




= 1 0151 

tiKtric t' n 

»t.i -0914 





♦ A subscript after a figure indicates number of times it is repeated. Thus O.O 38 = 0.0008 
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MATHEMATICAL TABLES 


Table 20. Metric Equivalents of Capacity or Volume * 


English to M trie j 

Log. 

Metric to English ] 

Log. 

1 cu. in. = 16,387 17 

cu. mm. 

4.214504 

1 cu. mm. = 

0 O 46 IO 2 

cu. in. 

5.785496 

= 16 3872 

CU. cm. 

1 214504 

= 

0 032705 

fluid dr. 

4 432185 

=. 0 016387 

1. 

2 214504 

= 

0 O 4338 I 

fluid oz. 

5 529094 

= 0 0316387 

hi. 

4.214504 

1 cu. cm, = 

0 06102 

cu.in. 

2 785496 

= 0 0416387 

cu. m. 

5.214504 

= 

0 OiSoSl 

cu. ft. 

5.547951 

Icu. ft. = 28,317 OS 

cu. cm. 

4 452049 


0 O 5 I 3 O 8 

cu. yd. 

b 116589 

= 28 3169 

1. 

1 452049 


0 042838 

bushel 

5 452972 

= 0 2832 

hi. 

1.452049 


0 2705 

fluid dr. 

1.4S21S5 

= 0 02832 

cu.m. 

2 452049 


0 03381 

fluid oz. 

2.529094 

1 cu. yd. = 764,559 5 

cu. cm. 

1 5.S83411 

— 

0 001057 

quart 

3 023944 

= 764 5595 

1. 

2.8S3411 

— 

0 032642 

gallon 

4.421SS4 

= 7 6456 

hi. 

0 8S3411 

1 liter = 

61 02398 

cu in. 

1.785496 

= 0 7646 

eu. m. 

1.883411 


0 035313 

cu. ft. 

2 547951 

1 bushel = 35,239 3 

cu. cm. 

4 547027 

= 

0 0013079 cu. yd. 

3 116589 

= 35 2393 

1. 

1 547027 


0 028377 

bushel 

2.452972 

= 0 3524 

hi. 

1.547027 


1 0567 

quart 

0.023944 

= 0 03524 

cu. m. 

2.547027 


0 2642 

gallon 

1.421S84 

1 fluid drachm = 3,696 7 

cu. mm. 

3.567S15 

1 hectohter = 

6.102 398 

cu. m. 

3.785496 

= 3 6967 

cu. cm. 

0.567815 


3 5313 

cu. ft. 

0 547951 

1 fluid oz. == 29,573 7 

cu. mm. 

4.470906 

= 

0 13079 

cu. >d. 

1 116589 

= 29 5737 

cu. cm. 

1.470906 

= 

2 8377 

bushels 

0.452972 

1 quart = 946 359 

cu. cm. 

J 976056 

1 cu. meter = 

61,023 38 

cu. in. 

4 785496 

= 0 9464 

1. 

1 976056 

= 

35 3133 

cu. ft. 

1.547951 

= 0 O 3946 

cu. m. 

4 076056 

= 

1 3079 

cu. yd. 

0.1165S9 

1 U. S. gallon = 3,785 43 

cu. cm. 

3.578116 

= 

28 3773 

bushels 

1.452972 

= 3 7854 

1 . 

0578116 


1.056 682 

quarts 

3 023944 

= 0 00378.5 

cu. m. 

3.578116 

= 

264 170 

gallons 

2.421884 


Table 21. Metric Equivalents of Density * 


English to M' tnc 

Log. 

Metric to English 

Log. 

1 lb. per cu. m. = 27.680 gm per cu. cm 

1 442162 

1 gm. per cu. cm. = 0.03613 lb. ptr eu. m. 

2 557838 

s= 27,679.7 kg. p* r cu. m 

4 442162 

= 62.430 lb. per cu. ft. 

1.795381 

1 lb. per cu. ft. = 0 01602 gm. per cu. cm 

2 204619 

=* 8 3454 lb. per U. S. gal 

0 921450 

=s 16 0183 kg. per cu. m. 

1.204619 

1 kg. per cu. m. * 0.043613 lb per cu. m. 

5.557838 

s= 0 01602 metric ton per 


= 0 062430 lb. per cu. ft 

2.795381 

cu. m. 

i 2 204619 

1.6856 lb. per cu yd. 

0.226746 

1 lb. per cu. yd. * 0 5033 kg. per cu. m. 

I 773954 

= O.O 28345 !b. per U. 3. 


ss 0 O 35933 m« trie tons 


gal. 

3.921450 

per cu. m. 

4 773254 

1 metric ton per cu. m = 62.4286 lb. per cu. ft. 

1 795381 

1 lb. per U. S. gal. =» 0 1198 cm. per cu. cm 

T.07.‘^550 

= 16S5 487 lb. per cu. \d.i 

3.226746 

— 119.826 kg. per cu. m. 

2.078550 

= 0.8428 short ton per ■ 


1 shortton pcrcu.jd. =• 1.IS65 metric tons per 


cu. yd. 

1.925715 

cu m. 

0 074285 

= 0.7525 long ton per cu. 


1 long ton per cu. yd. = 1.32S9 metric tons per 


yd. 

I 876498 

CU m 

0 12.^502 ' 




Table 22. Metric Equivalents of Velocity* 


English to Metric 

Log. 

Metric to English 

Log. 

1 in. ptr see., — 2.54001 cm. per sec. 

0.404S34 

1 cm. per sec. = 0.3937 m. per sec. 

T 595165 

= 0.0254 m, per sec. 

5.404834 

= 0.03281 ft. per sec. 

2.515984 

= 1.5240 m. per mm. 

0.182985 

= 1.9685 ft. per mm. 

0.294136 

1 ft. per sec. = 30 4801 cm. per sec. 

1.484015 

= 0.02237 mi. per hr. 

2 349653 

= 0 3048 m. per sec. 

1.484015 

= 0.01943 knot 

2.288367 

= 18.2880 m. per min. 

1 262166 

1 m. per see. = 39 37 in. per sec. 

1 595165 

= 1.0973 km. per hr. 

0.040318 

= 3.2808 ft per sec. 

i 0 515984 

1 ft. per min. = 0 5080 cm per sec. 

1 705864 

= 196 8500 ft per min. 

i 2 294136 

= 0 00508 m. per sec. 

3 705864 

= 2 2369 mi. per hr. 

0 3496-53 

= 0 2048 m. p< r mm. 

1 484015 

= 1 9426 knots 

0.2S8367 

= 0 01823S km. per hr. 

2 262166 

1 m. per min. = 0 6562 m. per sec. 

1 817014 

1 mile per Lr. = 44.704 cm. per sec. 

1 650348 

= 0.05468 ft. per sec. 

2 737833 

= 0 4470 m. per sec. 

1 65034S 

= 3.2808 ft. p<T min. 

0 515984 

= 26 8222 m. per min. 

1.428495 

= 0 03728 mi per hr. 

2 571503 

= 1 6093 km. per hr. 

0.206650 

= 0 03238 knot 

2 510218 

1 knot = 51 4791 cm. per sec. 

1 711631 

1 km. per hr. = 0.9113 ft per sec. 

1 9596'^! 

= 0.5148 m. per sec. 

1 711631 

= 54 6806 ft. per min. 

1.737833 

= 30 88,5 m. per min. 

1 4897*^2 

= 0 62138 rai per hr. 

T 793357 

= 1.S532 km. per hr. 

0.267033 

= 0 5396 knot 

1 732072 


♦ A Bubscnpt after a figure indicates the number of times it is repeated. Thus 0 O38 = 0.9008 
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Table 23. Metric Equivalents of Pressure * 


English to Metric 

! Log. ! 

Metric to Enriish 

1 Log. 

1 lb. per 8q. in. = 0.7031 gm. per sq. mm. 

1.846996 ! 

1 gm. persq. mm. = 1.4223 lb.persq ni. 

0.153004 

= 70.3066 gm. per sq. cm. 

2.846996 

= 2L'4 bl70 lb. persq. ft. 

2 311366 

— 0 07031 kg. per sq cm. 

2.848996 

1 gm, per sq, cm. = U.01422 ib. per sq. m. 

2.153004 

= 0 <0..! metric ton per sq. m 

1 846996 

= 2 0482 lb. p*‘r sa. ft 

0 311366 

= 0.0(031 metric atmospLeref 

1 846996 

1 kg. per sq. cm. = 14.2234 lb per sq. m. : 

1.153004 

1 lb. per sq. ft. = 0 004882 gm. per sq. mm. 

3 68859; 

= 2048.169610 persq ft ’ 

3 311366 

= 0 4832 gm. per sq cm. 

1.688598 

1 metric ton per sq.m. = 1.42231b persq. in. 

0.153004 

= 0.0'4SS2 kg. per aq. cm. 

■ 4 68S595 

= 2l'4.S170 lb. per sq. ft. 

2 311366 

— 0 004382metncton pcrsq.m.l 

.5 6SS59S 

= 0 1024ton persq ri § j 

1 010342 

= 0.0s4S82 metric atmosphere T 

4 688598 

1 metric atmosphere! = 14.2234 lb. tier sq. in. | 

1.153004 

1 ton persq. ft.t= 9.764S metric tons per sq m. 

0.989663 

= 204S,16961b. persq. ft.i 3.311366 

= 0 9765 metric atmosphere! 

1989663 

= 1 0241 tons per sq. ft. | 

0.010342 

1 atmosphere t = 1.03.15 metric .iimospherea ti 

0 014310 

= 0.%76 atmosphere ; | 

1.9S5696 


t 1 metric atmosphere = 1 kg per sq cm J 1 atmosphere = 14 7 ib per sq. in. § 1 ton*= 2000 ib. 


Table 24. Metric Equivalents of Force 


English to Metric 

Log. 

1 Metric to English 

Log. 

1 ib. 

444,800 dynes 

0.64S163 

1 dyne = 

0 052248 lb. 

6 351796 


453.6 grams 

2.630673 


0 O47233 poundal 

5 S59318 

= 

0.04448 joule per cm. 

2.648165 

=3 

0 O2IO20 gram 

3 008600 


0 4336 kg 

1.656673 


0 0sl020 kg 

6 008600 


32 17 poundala 

1.607451 

=a 

0 Oel joule per cm. 

7.000000 

1 poundal « 

13,826 dynes 

4.140696 

1 gram » 

0 0,220,3 lb. 

3.343409 


14.10 grama 

1 149219 


0 07093 poundal 

2.850830 


0 0213828 joule per cm. 

3.140696 

B 

980 7 dynes 

2.991536 


0 01410 kg. 

2 149219 

B 

0.001 kg. 

3 000000 

Cl 

0.03108 lb. 

2.492481 

B 

0 O49SO7 joule per cm. 

S.991536 




1 joule ) ^ 
per cm. j 

22.48 1b. ! 

1.351796 




B 

723 3 poundala 

2.859318 



j 

B 

10,000,000 dynes 

7.000000 




B 

10,200 grams 

4 008600 




B 

10 20 kg. 

1.008600 



1 

1 kg. 

2.205 lb. 

0.343409 




B 

70.93 poundala 

i 1.850830 




B 

980,700 dynes 

5.991536 




B 

1000 grams 

3.000000 





0.09807 j oule per cm, 

2.991536 


Table 25. Metric Equivalents of Power, Work, and Energy * 


English to Metric 

Log 

Metric to English 

Log 

i £t-lb = 0.138255 kg-m 

T.140680 

1 kg-m = 7.2330 ft-lb 

0.859318 

= 0.0*37550 kwhr 

7-575765 

= 0.05355304 hp-hr 

F-562655 

B 0.32379 IT cal 

1 510263 

= 0.0.92938 Btu 

3.968193 

! hp s= 76 042 kg-m per sec 

[I. 881053 

1 kwhr = 2.656000 ft-lb 

6.424228 

B 0.76042 poncelet 

1-881053 

= 1 3414 hp-hr 

0.127558 

= 1.01 389 cheval vapeur 

0.005994 

- 3412.75 Btu 

3.533103 

I hp-hr = 273,750 kg-m 

^-437355 

1 cheval vapeur = 0 9863 hp 

T.994009 

= 0.74548 kwhr 

1-872435 

1 poncelet = 1.3151 hp 

0 118959 

B 641,100 IT cal 

5.806926 

1 IT cal t = 3 0884 ft-lb 1 

0 489736 

1 Poncelet = 100 kg-m per sec 

2.000000 

= O.Oo 155980 hp-hr 

193070 

1 cheval-vapeur —75 kg-in per sec 

1.875061 

B 0.0>39683 Btu 

3.598605 

1 Btu = 251.996 IT cal 

2 401400 

B 1.00037 mean 

0.000160 

B 107.599 kg-m 

2.031808 

calories 


B 0.0329302 

4.466898 




* A subscript after a figure indicates the number of tunes it is repeated. Thus O.O 38 = 0.0008. 
t The IT cal is defined as V860 of the international watthour, and is nearly equal to the mean calorie; 
i IT cal = 1.00037 mean calories, or 1 Stu = 261.096 IT cal. (See Aleciuiiiical EngiMerxn£, Nov 
1935, p. 710.) 



GEOMETRY 


4. CIRCULAR ARCS, CHORDS, SEGMENTS, AND SECTORS 

Notation .—A ~ central angle, degrees; C = chord of arc; e =* chord of V2 arc; D = diameter; 

G = height of bcginent; L = length of arc, H = radius 

i2- 

5 = area oi sector. 

L (exact) = 2xflA/360 = 0.0174 o3Rj4 

L (approx.) = (8c - 0/3 = I (2c X 10iD/C60i5 - 27.4)] -f-2c 

= {(V'C2 ^ 4 i /2 X 10H2V^(15C2 + 33H2)} + 2c .. . 

C = 2Vc2 - H2 = VD2 - t.l> - 2B>- = (Sc - 3i) .= 2\'R "- - (R - H)'- = 2V(i) - H) K B 
C/2 = VK X CC - H ); c = 1/2 VC^ - im = Vd X H = (3Z, + C)/8 

D= <?-'H = (1/4 C2 + Hi) H _ _ 

H = ( D ~Vd-- C'i) when H < R; = I/2 (X) +Vz)i - Ci) = V - I/4 C* when H > B 

a = S - 1/2 cVr* - 1/4 Ci when G < semi-circle; = 5 4 - l/ecVRi - 1/4^2 when 5 > semi-circle 
= 5 - (C/2) (R - H) = 1/2 ((L - C) (H 2) -|- CH| 

5 = 1/2 HR = TAR2/360 = (eR2/360) X 2!sin-i| (C/2)/fili; R = (C* -(- 4S2)/8H 


Table 26. Circular Arcs, Chords, and Segments. Radius = 1 


Central 
Angle in 
Degrees 

Aro 

Chord, 

LiCngth 

C 

H 

C 

Segmeal 

.^ea 

Central 

Anglein 

Degrees 

Arc 

■ 

h' 

c 

Segment 

Area 

= G* 

Length 

L 

Rise 

H 

Hi 

= G* 

Length 

L 


1 

0.0175 

0.0000 

0.0175 

0.0022 

0.00000 

31 

0.54M 

0.0364 

0.5345 

0.0680 

0.01301 

2 

.0349 

.0002 

.0349 

0044 

.00000 

32 

.5585 

0387 

.5513 

.0703 

.01429 

3 

.0524 

.0003 

,0524 

.0066 

.00001 

33 

.5760 

.0412 

.5680 

.0725 

.01566 

4 

.0698 

.0006 

.0698 

.0087 

.00003 

34 

.5934 

,0437 

.5847 

.0747 

.01711 

5 

.0873 




1 ^ 

35 


msm 

Km 

HStti!] 

.01864 

6 

. 1047 


HEffl 

B|m] 

K1 ffi 

36 

.6283 

.0489 

.6180 

.0792 

.02027 

7 

.1222 


.1221 


BIR 

37 

.6458 

.0517 

.6346 

.0814 

.02198 

8 

. 1396 

0024 

.1395 



38 

.6632 

HOB 


moMi 

.02378 

9 

. 1571 

.0031 

. 1569 

B|Q 

K|Q 

39 

.6807 

.0574 

.6676 

.0859 

.02568 

10 

.1745 


.1743 

.0218 

.00044 

40 

.6981 

.0603 

.6840 

.0882 

,02767 

11 

.1920 


. 1917 



41 

.7156 

.0633 

.7004 

.0904 

.02976 


.2094 


■xkll 



42 


.0664 

.7167 


.03195 

^HEI 

.2269 


.2264 

.0284 

.00097 

43 

.7505 

.0696 

.7330 

B R 

.03425 

■M 

.2443 


.2437 

.0306 

.00121 

« 

.7679 

.0728 

.7492 

B R 

.03664 


. 2o 18 

.0086 

.261 1 



45 

.7854 

.0761 

.7654 

Wm K 

.03915 


.2793 


.2783 

.0350 


46 

.8029 

.0795 

.7815 

B IB 

.04176 

17 

.2967 


.2956 


.00217 

47 

.8203 

.0829 

.7975 

. 1040 

.04448 

18 

.3142 


.3129 

KS& 


48 

.8378 

.0865 

.8135 

. 1063 

.04731 

19 

.3316 

.0137 

.3301 

.0415 

.00302 

49 

.8552 

.0900 

.8294 

. 1086 

.05025 

SO 

.3491 

.0152 

.3473 

.0437 

.00362 

60 

8727 

.0937 

.8462 

.1108 

.0S331 

21 

.3665 

.0167 

.3645 

.0459 

\ ? 

51 

.8901 

.0974 


■in 

■■9 

22 

.3840 


.3816) 

,0481 

• 

52 

.9076 

. 1012 

.8767 

.1154 

.05978 

23 

.4014 


.3987 

.0503 

B^S 1 

53 

.9250 

.1051 

.8924 

.1177 

.06319 

24 

.4189 

.0219 

.4158 

.0526 

1 

54 

.9425 

. 1090 

.9080 

, 1200 

.06673 

25 

.4363 

.0237 

.4329 

.0548 

B^Q * 

55 

.9599 

. 1130 

.9235 

.1223 

.07039 

26 

.4538 

.0256 

.4499 

.057C 

B^Q 1 

56 

.9774 

.1171 

.9389 

, 1247 

.07417 

27 

.4712 

.0276 

.4669 

.059; 

! 

57 

.9848 

.1212 

.9543 

. 1270 

.07808 

28 

.4887 

.029; 

.4836 

.06H 

B^S' 

58 

WWilWl 

. 1254 

.9698 


.08212 

29 

.5061 

.03l« 

.5006 

.0636 

BQE1 

59 

•1.0297 

. 1298 

.9848 

.1318 

.08629 

30 

.5336 

.0341 

1 .617« 

.0658 

1 .01180 

60 

1 0472 

.134G 

l.OOOC 

1 .1340 

.09069 


♦Area of segment of any radius fatjtor G X square of radius 

11-50 
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Table 26. Circular Arcs, Chords, and Segments —Continued 


Central 
Angle in 
Degrees 

Arc 

jhord, 

Length 

C 

a 

c 

oegmeni 

Area 

Central 
Angle in 
Degrees 

Arc 

lUhord 

Length 

C 

n 

c 

Segment 

Area 

Length 

L 

Rise 

H 

= G* 

Length 

L 

Rise 

H 

61 

1.0647 

0. 1384 


015 

0.1363 

0.09502 

121 

2.1118 

0.5076 

l.74i 

0 2916'o 62734 

62 

I 082! 

. 1428 


030 

. 1387 

.09958 

122 

2.1293 

.5152 

1.749 

. 2945 

.64063 

63 

1.0996 

. 1474 


045 

. 1410 

.1042S 

123 

2.1468 

.5228 

1.758 

. 2975 

.65404 

64 

1.1170 

. 1520 


06G 

. 1434 

.1091 1 

124 

2.1642 

.5305 

1.766 

.3004 

.66759 

65 

1 1345 

. 1566 


075 

. 1457 

.11408 

125 

2 1817 

.5383 

1.774 

.3034 

.68125 

66 

1.1519 

. 1613 


089 

. 1481 

.11919 

126 

2.1991 

. 5460 

1.782 

.3064 

.69505 

67 

1.1694 

.166! 


104 

. 1505 

.12443 

127 

2.2166 

.5538 

1 790 

.3094 

.70897 

68 

1 1868 

1710 


118 

1529 

.12982 

128 

2 2340 

.561611 798 

.3124 

.72301 

69 

1.2043 

. 1759 


133 

. 1553 

. 13535 

129 

2.2515 

.5695 

1.805 

.3155 

.73716 

70 

1.2217 

.1808 

1 

147 

.1676 

.14102 

130 

2.2689 

.6774|1.813 

.3185 

.76144 

71 

I 2392 

. 1859 


161 

. 1601 

.14683 

131 

2.2864 

.585311.820 

.3216 

.76584 

72 

I 2566 

. 1910 


176 

. 1625 

.15279 

132 

2 3038 

.593311 827 

.3247 

.78034 

73 

1.2741 

. !961 


190 

. 1649 

.15889 

133 

2.3213 

.6013 

1.834 

.3278 

.79497 

74 

1.2915 

. 2014 


204 

. 1673 

16514 

134 

2 3387 

.6093 

I.84I 

. 3309 

.80970 

75 

1.3090 

. 2066 


218 

1697 

17154 

135 

2.3562 

.6173 

1 848 

.3341 

.82454 

76 

1.3265 

.2120 


231 

. 1722 

. 17808 

136 

2.3736 

.6254 

i. 854 

.3373 

.83949 

77 

1.3439 

.2174 


245 

. 1746 

.18477 

137 

2 391 1 

.6335 

1 861 

.3404 

.85455 

78 

1 3614 

2229 


259 

.1771 

. 19160 

138 

2.4086 

.6416 

1 867 

.3436 

.86971 

79 

1.3788 

2284 


272 

. 1795 

. 19859 

139 

2.4260 

.6498 

1.873 

.3469 

.88497 

80 

1.3963 

2340 

1 

2S6 

.1820 

.20573 

140 

2.4435 

.6580 

1.879 

.3501 

.90034 

81 

1.4137 

.2396 


299 

. 1845 

.21301 

141 

2.4609 

.6662 

1.885 

.3534 

.91580 

82 

1.4312 

.2453 


312 

. 1869 

.22045 

142 

2 4784 

.674411.891 

. 3566 

.93135 

83 

1.4486 

.2510 


325 

. 1894 

.22804 

143 

2.4958 

.6827 

1.897 

. 3599 

.94700 

84 

(.4661 

.2569 


338 

. 1919 

.23578 

144 

2 5133 

.6910 

1 902 

.3633 

.96274 

85 

1.4835 

.2627 


351 

. 1944 

.24367 

145 

2 5307 

.6993 

1.907 

.3666 

.97858 

86 

1.5010 

. 2686 


364 

. 1970 

.25171 

146 

2.5482 

.7076 

1.913 

.3700 

.99449 

87 

1.5184 

.2746 


377 

. 1995 

.25990 

147 

2.5656 

.7160 

1.918 

.3734il.0105 

88 

1.5359 

.2807 


389 

.2020 

26825 

148 

2 5831 

.7244 

1 923 

.3768 1.0266 

89 

1.5533 

.2867 


402 

.2046 

.27675 

149 

2.6005 

.7328 

1.927 

1 .3802 

j 1.0428 

90 

1.6708 

.2929 

1 

414 

.2071 

.28540 

160 

2.6180 

.7412 

1.932 

; .383711.0690 

91 

1.5882 

2991 


427 

.2097 

.29420 

151 

2.6354 

.7496 

1.936 

. 3871 

! 1.0753 

92 

1 6057 

.3053 


439 

.2122 

.30316 

152 

2 6529 

. 7581 

1.941 

! .3906 

1.0917 

93 

1.6232 

.3116 


451 

.2148 

.31226 

153 

2.6704 

.7666 

1.945 

: .3942 

;l. 1082 

94 

1.6406 

.3180 


.463 

.2174 

.32152 

154 

2.6878 

.7750 

1 949 

.397711.1247 

95 

1.6581 

.3244 


475 

.2200 

.33093 

155 

2.7053 

7836 

1.953 

.401311. 1413 

96 

1.6755 

.3309 


486 

.2226 

.34050 

156 

2 7227 

.7921 

1 956 

.404Qjl. 1580 

97 

1.6930 

.3374 


.498 

.2252 

.35021 

157 

2 7402 

.8006 

1 960 

S .4085 

1.1747 

98 

1.7104 

.3439 


.509 

.2279 

.36008 

158 

2.7576 

.8092 

1 963 

: .4)221 1. 1915 

99 

1.7279 

.3506 


.521 

. 2305 

.37009 

159 

2.7751 

.8178 

1.967 

; .4153 

,1.2084 

100 

1.7453 

.3572 

1 

.532 

.2332 

.38026 

160 

2.7926 

.8264 

1.970 

.4195 1.2253 

101 

1.7628 

.3639 


543 

. 2358 

.39058 

16! 

2 8100 

.8350 

1 973 

.4233 

1.2422 

102 

1 7802 

.3707 


554 

2385 

40104 

162 

2.8274 

8436 

1.975 

.427011.2592 

103 

1.7977 

.3775 


.565 

.2412 

.41166 

163 

2 8449 

. 8522 

1.978 

.4308,1.2763 

104 

1.8151 

.3843 


576 

.2439 

.42242 

164 

2.8623 

.8608 

I.98J 

.4346:1.2934 

105 

1 8326 

3912 


587 

.2456 

.43333 

165 

2.8798 

1 .8695il.983 

. 4385 

1.3105 

106 

1 8500 

.3982 


.597 

.2493 

.44439 

166 

2 8972 

I .8781 

1 965 

. 4424 

1.3277 

107 

1.8675 

.4052 


.608 

.2520 

.45560 

167 

2.9147 

' .8868 !i 987 

.4463 

1.3449 

108 

1.8850 

.4122 


618 

. 2548 

.46693 

168 

2 9322 

.8955 

1 989 

.450211.3621 

109 

1.9024 

.4193 


.628 

. 2575 

.47844 

169 

2.9496 

.9042ji.991 

.4542 

1.3794 

110 

1.9199 

.4264 

1 

638 

.2603 

.49008 

170 

2.9671 

.9128|1.992 

.4582'1.3967 

111 

1.9373 

.4336 


648 

.2631 

.50187 

I7I 

2 9845 

.9215 

1 994 

.4622 

1.4140 

112 

1.9548 

.4408 


658 

2659 

.5137^ 

172 

3.0020 

.9302 

1 995 

.46631! 4314 

113 

1.9722 

.4481 


.668 

.2687 

.52586 

173 

3 0194 

.9390 

1.996 

.4704 

1.4488 

114 

1.9897 

.4554 


.677 

.2715 

.53806 

174 

3 0369 

.9477 

1 997 

.4745,1.4662 

115 

2 0071 

.4627 


.687 

.2743 

.55041 

175 

3 0543 

.9564:1.998 

.478611.4836 

116 

2 0246 

,4701 


.696 

.2772 

.56289 

176 

3.0718 

.9651 

1 .9988 

.48281!.5010 

117 

2 0420 

.4775 


.705 

. 2800 

.57551 

177 

3 0892 

.9738 

1 999? 

.4871 

1.5184 

118 

2 0595 

4850 


714 

2829 

.58827 

178 

3 1067 

9825 

1 0QQ7 

.4913 

1.5359 

119 

2.0769 

. 4925 


.723 

.2858 

.60116 

179 

3.1241 

.9913 

1 .9999 

.4957 

1.5533 

120 

2 0944 

6000 

1 732 

2887 

61419 

180 

3 1416 

1 0000 

2 000 

5000 

1.S708 


* Area of segment of any radius — factor G X square of radius 




MATHEMATICAL TABLES 


Table 27. Areas of Segments of a Circle 

ea = F X where segment < semicircle; = 1/4*"“ (area of segment of rise h). H 
or height of segment; D = diam. of circle; F = factor corresponding to H/D. h = (D - 


H D 

0 000 iO 00000 JO 07 


468 .12 

512 .121 

556 .122 

601 .123 

646 .124 

691 .125 

.126 


0 02417 
.02468 
.02520 
.02571 
.02624 
.02676 
.02729 
.02782 
.02836 
.02889 
.02943 
02998 
03053 
03108 
.03163 
03219 
03275 
.03331 
03387 
.03444 
.03501 I 
03559 I 
03616 ; 
03674 
.03732 j 
.03791 ' 
03850 
.03909 
.03968 
,04028 
.04087 
.04148 
.04208 
.04269 
,04330 
.04391 
.04452 
.04514 
.04576 
.04638 
.04701 
.04763 
.04826 
.04889 
.04953 
.05016 
.05080 
.05145 
.05209 
.05274 
.05338 
.05404 
.05469 
.05535 
.05600 
.05666 
.05733 
.05799 
05866 
.05933 
06000 
.06067 
.06135 
06203 
,06271 
.06339 
06407 
.06476 
.06545 
06614 


0 06683 
.06753 
06822 
.06892 
.06963 
.07033 
.07103 
.07174 
.07245 
.07316 
.07387 
.07459 
07531 
07603 
.07675 
.07747 
.078*9 
.07892 
.07%5 
.080^8 
.08111 
.08185 
.08258 
.08332 
.08406 
.08480 
.08354 
.08629 
.08704 
.08779 
.08854 
08929 
.09004 
.09080 
.09155 
09231 
.09307 
09384 
.09460 
.09537 
.09613 
.09690 
09767 
.09845 
,09922 
. 10000 
.10077 
.10135 
.10233 
,10312 
.10390 
.10469 
.10347 
.10626 
.10705 
.10784 
.10864 
.10943 
. 11023 
.11102 
.11182 
.11262 
.11343 
11423 
.11504 
11584 
. 11663 
.11746 
I 11827 
11908 








































































circular arcs, chords, segments, and sectors 11-53 


Table 27. Area of Segments of a Circle —Continued 


HD 

F 

H/D 

F 

H/D 

F 

H,D 

F 

HD 

F 

FDD 

F 

0.42 

0 31304 

0 435 

0 32788 

0 45 

0.34278 

0 465 

0.35773 

0 48 

0 37270 

0.495 

0.38/70 

.421 

31403 

436 

32887 

.451 

.34378 

.466 

35873 

481 

.37370 

.496 

.38870 

.422 

.31502 

437 

32987 

.452 

.34477 

.467 

.35972 

.482 

.37470 

.497 

.38970 

.423 

31600 

438 

330S6 

.453 

34577 

.468 

.36072 

.483 

.37570 

.498 

.39070 

.424 

.31699 

.439 

.33185 

.454 

.34676 

.469 

.36172 

.484 

.37670 

.499 

.39170 

.425 

.31798 

.44 

.33284 

.455 

.34776 

.47 

A6272 

.485 

.37770 

.500 

.39270 

.426 

31897 

441 

.33384 

.456 

.34876 

.471 

.36372 

.486 

37870 



.427 

31996 

.442 

.33483 

.457 

34975 

All 

.36471 

487 

37970 



.428 

32095 

.443 

.33582 

.458 

35075 

.473 

.36571 

488 

38070 



.429 

.32194 

.444 

.33682 

.459 

.35175 

.474 

.36671 

.439 

.38170 



.43 

.32293 

.445 

.33781 

.46 

.35274 

.475 

.36771 

.49 

.38270 



.431 

32392 

446 

.33880 

.461 

.35374 

,476 

.30871 

.491 

38370 



.432 

.32491 

447 

.33980 

.462 

.35474 

All 

.36971 

492 

38470 



.433 

32590 

.448 

.34079 

.463 

.35573 

.478 

.37071 

.493 

.38570 



434 

32689 

449 

.34179 

.464 

.35673 

.479 

.37171 

.494 

38670 




Table 28. Values of Degrees and Minutes in Radians 


Ueg 

Raaians 

Deg! lladiins 

Deg 

Radians 

De- 

Radians 

Deg 

Radians 

Dtg 

Raduns 

Min 

Radians 

Mm 

Radians 

1 

Q 01745 

31 

0 54105 

61 

1 06465 

91 

1 58825 

121 

2 11185 

151 

2 

63545 

1 

0 00029 

31 

0 00902 

2 

03491 

32 

.55851 

62 

1 08210 

92 

1 60570 

122 

2 12930 

152 

2 

65290 

2 

00058 

32 

00931 

3 

05236 

33 

.575% 

63 

1 09956 

93 

1 6231b 

123 

2 14676 

153 

2 

67035 

3 

00087 

33 

00960 

4 

06981 

34 

59541 

64 

1 11701 

94 

1 64061 

174 

2 16421 

154 

2 

68781 

4 

00116 

34 

00989 

5 

08727 

35 

61087 

65 

1 13446 

95 

1 63806 

125 

2 I8I66 

155 

2 

70526 

5 

00145 

35 

010)8 

6 

10472 

36 

62832 

66 

1 15192 

96 

1 67552 

126 

2.19912 

156 

2 

72271 

6 

00175 

36 

01047 

7 

12217 

37 

64577 

67 

1 16937 

97 

1 69297 

127 

2 21657 

157 

2 

74017 

7 

00204 

37 

.01076 

8 

13963 

38 

66323 

68 

1 I86S2 

96 

1 71042 

128 

2 23402 

158 

2 

75762 

8 

00233 

38 

01105 

9 

15708 

39 

68065 

69 

1 20428 

9<> 

1 22788 

129 

2 23148 

159 

2 

7750/ 

9 

00262 

39 

01134 

10 

.17453 

40 

69813 

70 

1 22(73 

too 

1 74533 

130 

2 26893 

160 

1 

79253 

10 

00291 

40 

01164 

II 

19199 

41 

71559 

71 

1 23918 

101 

1 76278 

131 

2 26638 

161 

2 

80998 

1) 

00320 

41 

01193 

17 

20944 

47, 

73304 

72 

1 25664 

102 

1.78024 

132 

2 30384 

162 

2 

82743 

12 

00349 

42 

.01222 

n 

22689 

43 

75049 

73 

1 27409 

103 

1 79769 

133 

2 32129 

163 

2 

84489 

13 

00378 

43 

01251 

14 

24435 

44 

76795 

74 

1 29154 

104 

1.81514 

134 

2 33874 

164 

2 

86234 

14 

00407 

44 

01280 

15 

26180 

45 

78540 

75 

1 30900 

103 

1 83260 

135 

2 35620 

165 

2 

8';V79 

15 

00436 

45 

01309 

16 

.27925 

46 

80235 

76 

1 32645 

106 

1 83003 

136 

2 37365 

166 

2 

89725 

16 

00465 

46 

01338 

17 

29671 

47 

82031 

77 

1 34390 

107 

1 86750 

137 

2 39110 

167 

2 

91470 

17 

00495 

47 

01367 

Ifi 

31416 

48 

83776 

78 

1 36136 

108 

1 88496 

138 

2 40856 

168 

2 

93,! 15 

18 

00524 

48 

.01396 

19 

33161 

49 

85321 

79 

1 37881 

109 

1 90241 

139 

2 42601 

169 

2 

94961 

19 

00553 

49 

01425 

7,0 

34907 

50 

87267 

80 

1 39626 

no 

1 91986 

i4C 

2 44346 

I7C 

2 

96706 

20 

00582 

50 

01454 

?1 

36652 

51 

89012 

8) 

1 41372 

111 

1 93732 

141 

2 46092 

171 

2 

98451 

2) 

00611 

5! 

01484 

22 

38397 

57 

90757 

8? 

1 43117 

112 

1 95477 

142 

2 47837 

172 

3 

00197 

22 

00640 

52 

01513 

23 

40143 

53 

92502 

83 

1 44862 

113 

1 97222 

1431 2 49582 

173 

3 

01942 

23 

00669 

53 

01542 

74 

.41888 

54 

94248 

84 

1 46608 

114 

1.98968 

144 

2 51328 

174 

3 

03687 

24 

00698 

54 

01571 

25 

.43633 

55 

93^93 

«■> 

1 48353 

115 

2 00713 

145 

2 53073 

175 

3 

05433 

25 

00727 

55 

01600 

26 

.45379 

56 

97738 

86 

1 30098 

116 

2 02438 

146! 2 54818 

176 

3 

07178 

26 

00736 

56 

01629 

27 

.47124 

57 

99484 

87 

1 51844 

117 

2 04204 

147 

2 56564 

177 

3 

08923 

27 

00785 

57 

01658 

28 

48869 

58 

! 01299 

88 

1 53589 

\\h 

2 05949 

148 2 58309 

178 

3 

10669 

28 

00814 

58 

.01687 

29 

50615 

59 

1 02974 

89 

1 55334 

IIS 

2 07694 

149 

2 60054 

179 

3 

12414 

29 

00844 

59 

01716 

30 

52360 

60 

1 04720 

90 

1 57080 

120 

2 09440 

150' 2 61800 

180 

3 

14159 

30 

00873 

60 

01745 


Table 29. Values of Radians in Degrees 


Rad. 

00 

01 

02 

03 

04 

03 

06 

07 

08 

09 


Deg 

Deg 

Deg. 

Deg 

Deg 

Deg. 

Deg. 

Deg 

D*-*k 

Deg 

0 0 

0 0000 

0 5730 

1 1459 

I 7189 

2 2918 

2 8648 

3 4377 

4 0107 

4 5837 

5 1566 

.1 

5 7296 

6 3025 

6 8755 

7 4435 

8 0214 

8 3944 

9 1673 

9 7403 

10 3132 

10 8862 

2 

11 4591 

12 0321 

12 6051 

13 1780 

13 7510 

14 3239 

14 8969 

15 4699 

16 0428 

16 6158 

.3 

17 1887 

17 7617 

18 3346 

18 9076 

19 4806 

20 0535 

20 6265 

21 1994 

21 7724 

22 3454 

.4 

22 9183 

23 4913 

24 0642 

24 6372 

25 2101 

25 7831 

26 3561 

26 9290 

27 5020 

28 0749 

.5 

28 6479 

29 2208 

29 7938 

30 3668 

30 9397 

31 1527 

32 0856 

32 6586 

33 2316 

33 8043 

.6 

34 3775 

34 9504 

35 5234 

36 0963 

36 6693 

37 2423 

37 8152 

38 3882 

38 %11 

39 3341 

.7 

40 1070 

40 6800 

41 2530 

4! 8259 

42 3999 

42 9718 

43 5448 

44 1178 

44 6407 

45 2637 

8 

45 8366 

46 40^6 

46 9825 

47 5555 

48 1285 

48 7014 

49 2744 

49 8473 

50 4205 

50 9932 

.9 

51 5662 

52 1392 

52 7121 

53 2851 

53 8580 

34 4310 

53 0039 

55 5769 

56 I-99 

56 7228 


I lUdi.in = 57.29578 I 2 lU iuns = 114 59156 I 3 Ruiiiana = 171.88734 deg. 


Table 30. Decimals of a Degree in Minutes and Seconds 


Decimal 

00 

01 

0 

2 

03 

... 

04 

05 


06 

07 

08 

09 


Mm. Seo. 

xMm 

See 

Mm 

S«‘C 

Mm 

Sic 

Mm Si c 

Mm. b' c 

Mm 

Si c 

M; 

1 S e 

Mm 

S'-c 

Mm S’ c. 

0 0 

0 

0 

0 

36 


12 

I 

48 

2 

24 

3 

0 

3 

36 

4 

12 

4 

48 

5 

24 

.1 

6 

0 

6 

36 

7 

12 

7 

48 

8 

24 

9 

0 

9 

36 

10 

12 

10 

48 

II 

24 

.2 

12 

0 

12 

36 

13 

12 

13 

48 

14 

24 

15 

0 

15 

36 

16 

12 

16 

48 

17 

24 

.3 

18 

0 

18 

36 

19 

12 

19 

48 

2U 

24 

21 

0 

21 

36 

22 

12 

22 

48 

23 

24 

.4 

24 

0 

24 

36 

25 

12 

23 

48 

26 

24 

27 

0 

27 

36 

28 

12 

28 

48 

29 

24 

.5 

30 

0 

30 

36 

31 

12 

31 

48 

32 

24 

33 

0 

33 

36 

34 

12 

24 

48 

35 

24 

.6 

36 

0 

36 

36 

37 

12 

37 

48 

38 

24 

39 

0 

39 

36 

40 

12 

40 

48 

41 

24 

7 

42 

0 

42 

36 

43 

12 

43 

48 

44 

24 

45 

0 

45 

36 

46 

12 

46 

48 

47 

24 

8 

48 

0 

48 

36 

49 

12 

49 

48 

50 

24 

51 

0 

31 

36 

52 

12 

52 

48 

53 

24 

9 

54 

0 

54 

36 

55 

12 

55 

48 

56 

24 

57 

0 

57 

36 

58 

12 

58 

48 

59 

24 
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Table 31. Minutes in Decimals of a Degree 


Minutes 

0 

1 

i 2 

3 

4 

5 

6 

7 

8 

9 


Degrees 


Degrees 

Degrees 

Degrees 

Degrees 

Degrees 

Degrees 

Degrees 

Degrees 

0 

0.00000 

0.01667 

0.03333 

0.05000 

0 06667 

0 08333 

C.10000 

0 116o7 

0.13333 

0.15000 

10 

.16607 

.18333 

.20000 

.21667 

.23333 

.25000 

.26667 

.28333 

.30000 

.31667 

20 

.33333 

.35000 

.36667 

.38333 

.40000 

.41667 

.43333 

.45000 

.4^7 i 

.48333 

30 ' 

.50000 

.51667 

.53333 

.55000 

.56667 

.58333 

60000 

.6166/ 

.63333 i 

,65000 

40 


68333 

.70000 

71667 

.73333 

75000 

76o67 

.78333 

.80000 i 

.8160'' 

50 

83333 

.85000 

86S'j7 

.88333 

90000 

91657 

93333 

.95000 

.96667 1 

'.98333 


Table 32. Seconds in Decimals of a Degree 


Seconds 

0 

1 2 

3 

4 


Degrees 

Degrees 

Degrees 

Degrees 

Degrees 

0 

0 

0.0002778 

0.0005555 

0.0903333 

0 001111} 

10 

0 0027778 

.0030555 

.0033333 

0036111 

.0038888 

20 

.0055555 

.0058333 

.0061111 

.0063888 

.0066667 

30 

.0083333 

.008611! 

.0083888 

.0091667 

.0094444 

40 

.0111111 

.0113888 

.0116667 

.0119444 

.0122222 

50 

.0138888 

.0141667 

.0144444 

.0147222 

.0150000 

Seconds 

5 

6 

7 

8 

9 


Degrees 

Degrees 

Degrees 

Degrees 

Degrees 

0 

0 0013888 

0.0016667 

0.0019444 

0.0022222 

0.0024999 

10 

.0041667 

.0044444 

.0047222 

.0050000 

.0052778 

20 

.0069444 

.0072222 

.0075000 

.0077778 

.0080555 

30 

.0097222 

.0010000 

.0102778 

.0105555 

.0108333 

40 

.0125000 

.0127778 

.0130555 

,0133333 

.0136111 

50 

0132778 

.0155555 

.0158333 

.0161111 

.0163888 
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Table 33. Circumferences and Areas of Circles—Diameters in Feet and Inches 


Circumferences in feet; areas in square feet 


r-’ 

Dbmeter, niches 

ee S' 

0 ! 

1 

2 

3 , 

4 , 

5 

6 1 

7 1 

8 i 

9 , 

10 1 

n 

R- 

Circumference 

3 

0 oooo 

0 2618 

0 5236' 

0 7854 

1 0472 

1 3090 

1 5708 

1 8726 

2 0944 

2 3562 

2 6180 

2 8798 

i 

3 1416 

3 4034 

3 66531 

3 927G 

4 1877 

4 4507 

4 7124 

4 9741 

5 2361 

5 4978 

5 7595 

6 0215 

2 

6 2832 

6 5450 

6 8069^ 

7 0t>86 

7 3293 

? 3923 

7 8340 

8 1157 

3 377? 

8 6394 

S 90! i 

9 1631 

3 

9 4248 

9 6866 

9 9465 

10 210 

10 471 

10 734 

10 996 

11 257 

11 519 

11 781 

12 043 

12 305 

4 

12 556 

12 828 

13 090 i 

13 352 

13 613 

13 875 

14 137 

14 399 

M 06I 

14 923 

15 184 

15 446 

5 

■5 703 

15 970 

16 231 

16 493 

16 754 

17 017 

17 279 

17 540 

17 S02 

18 0rt4 

18 326 

18 588 

6 

18 850 

19 111 

19 373 

19 635 

19 896 

20 159 

20 420 

20 o82 

20 944 

21 206 

21 4o7 

21 729 

7 

21 961 

22 253 

22 515 

22 777 

23 037 

23 300 

23 562 

23 824 

2- 086 

24 347 

24 609 

24 871 

8 

25 '33 

25 395 

25 656 

25 918 

26 179 

26 442 

2o 704 

26 9o5 

27 111 

27 489 

27 751 

28 013 

9 

28 274 

28 536 

23 798 

29 060 

29 320 

29 583 

29 843 

30 107 

30 369 

30 63! 

30 892 

31 154 

^0 

31 416 

31 678 

3! 940 

52 201 

32 462 

32 725 

32 937 

33 248 

33 510 

33 772 

34 034 

34 296 

11 

34 557 

34 819 

35 081 

35 343 

35 604 

35 867 

36 123 

36 390 

36 652 

36 9-4 

37 175 

37 437 

12 

37 699 

37 961 

33 223 

38 484 

38 745 

39 008 

39 270 

39 532 

39 794 

40 055 

40 317 

40 579 

13 

40 841 

41 102 

41 364 

41 626 

41 887 

42 150 

42 411 

42 673 

42 935 

45 ’97 

43 459 

43 721 

14 

43 982 

44 244 

44 506 

44 7c8 

45 028 

45 291 

45 553 

45 815 

46 077 

46 338 

46 oOO 

46 862 

13 

47 124 

47 386 

47 648 

47 909 

48 170 

48 433 

48 695 

48 95o 

49 218 

49 480 

49 742 

50 004 

10 

50 265 

50 527 

50 789 

51 051 

51 3i2 

51 573 

51 836 

52 098 

52 3dC 

52 622 

52 883 

53 145 

17 

53 407 

53 669 

53 931 

54 N2 

54 453 

54 716 

54 978 

55 240 

55 502 

55 763 

56 025 

56 287 

IS 

56 549 

56 810 

57 072 

57 334 

57 595 

57 858 

58 119 

58 381 

58 0^3 

5 ? 903 

59 167 

59 429 

10 

59 690 

59 952 

60 2i4 

60 476 

60 73o 

6! 000 

61 261 

61 523 

cl 785 

62 046 

62 308 

62 570 

20 

62 832 

63 094 

63 356 

63 617 

63 878 

64 141 

64 403 

64 664 

t- 926 

65 188 

65 450 

65 712 

2! 

65 923 

66 235 

66 497 

6o 759 

67 020 

67 282 

67 544 

67 806 

68 068 

65 330 

68 591 

68 853 

. 

69 )i5 

69 377 

69 639 

69 900 

70 Ibl 

70 424 

70 686 

70 947 

71 209 

7i 47! 

71 733 

71 995 

23 

72 257 

72 518 

72 780 

73 042 

73 303 i 73 566 

73 827 

74 069 

74 35’ 

74 613 

74 874 

75 136 

2^ 

75 398 

73 660 

75 922 

76 184 

"6 444 

76 707 

76 969 

77 231 

77 -93 

77 754 

78 016 

78 278 

25 

78 540 

78 802 

79 065 

79 325 

79 586 
82 727 

79 849 

80 111 

80 372 

80 654 

80 896 

8! 158 

81 420 

25 

‘ 8! 681 

81 <143 

82 205 

82 467 

82 990 

83 252 

S3 514 

83 776 

S4 058 

54 299 

84 561 

22 

: 34 823 

85 085 

85 347 

85 608 

65 369 

86 132 

86 394 

86 655 86 9'7 

87 179 

b7 441 

87 703 

'.a 

87 065 

88 226 

88 4SS 

88 749 

89 on 

89 274 

89 535 

89 707 

90 059 

90 3:1 

90 582 

90 844 

29 

' 91.106 

91 367 

91 630 

91 892 

92 152 

92 415 

92 677 

92 939 

93 ;oi 

93 462 

93 724 

93 986 

30 

92 248 

94 509 

94 771 

95 033 

95 294 

95 537 

i 95 818 

96 080 

' 96 342 

* 96 604 

96 866 

97 128 


. 1 0 0000' 

0 0055 

0 021^ 

3C-!9:| 

0 0873; 0 13641 

1 0 1963i 

0 2673 

i 0 3491 

0 4416! 

0 5454 

0 6600 

1 1 0 7854 

0 9218 

I 1 069 

i 227 

; 1 396 

: 1 576 

1 1 767 j 

1 969: 

2 1S2 

2 405 1 

I 2 640 

2 885 

"1 5 142 

3 409 

1 3 657 

3 976 

, 4 276 

1 4 587 

4 909 ! 

5 241 , 

5 535 

5 940 ■ 

■ 6 305 

6 581 

3 ' 7 069 1 

7 467 

; 7 876 

8 296 

I S 727 

! 9 168 

9 621 

10 08 ' 

10 56 

i! 04 ; 

! n 54 

12 05 

4 12 57 1 

13 10 

13 64 

: 14 jO 

; ’4 75 

: 15 32 

15 90 

16 50 : 

'7 10 

17 72 1 

18 35 

18 99 

« ’ 19 63 I 

20 29 

' 20 97 

21 65 

I 22 34 

; 23 04 

23 76 

24 48 ■ 

25 22 

25 97 1 

26 73 

27 49 

6 i 28 27 : 

29 07 

1 29 87 

30 68 

; 31 50 

; 32 34 

33 18 

34 04 i 

34 01 

35 78 

36 67 

37 57 

; i 38 48 

39 4! 

40 34 

. 41 28 

42 24 

j 43 20 

44 18 

45 17 i 

46 16 

1 47 17 

48 19 

49 22 

8 i 50 2? 

1 51 32 

52 38 

j 53 46 

j 54 54 

j 55 64 

56 75 

57 86 i 

58 99 

60 13 

bl 28 

62 44 

9 : 63 c2 

! 64 80 

66 00 

1 C.7 20 

! t>8 42 

] o9 o4 

70 88 

72 13 i 

73 39 ' 

1 74 66 

1 75 94 

77 24 

iO 1 78 54 

79 85 1 

8! 18 

i 82 52 

1 83 85 

85 22 

1 86 59 

87 97 

89 36 

1 90 76 

92 18 

93 60 

;; i 95 03 

96.48 

97 93 : 

• 97 40 j 

ilCO 9 

102 4 

,103 9 

105 4 

ilG6 9 

|i08 4 

■I'O 0 

ill 5 

‘2 J13 ] 

114 7 

1 I6 3 

|!}79 ! 

ll!9 5 

[121 1 

!;22 7 

1124 4 , 

[126 0 

M27 7 

,129 4 

1131 0 

i3 Il32 7 

134 4 

136 2 . 

jI37 9 i 

il39 6 

|14l 4 

143 1 1 

144 9 ' 

'’■k 7 

1148 5 

'150 3 

:!52 1 

M 1133 9 

155 8 

157 6 

'159 5 

Id! 4 

163 2 

hw 1 

167 0 

[ibS 9 

|170 9 

172 8 

1174 8 

15 117o 7 

178 7 

:i80 7 

,182 7 ■ 

'184 7 

'186 7 

;IS8 7 

|90 7 

i|92 S 

194 8 

'.9d '/ 

||99 0 

16 '201 1 

203 2 

205 3 

707 4 

209 5 

211 7 

'213 8 

216 0 

'218 2 

*220 4 

’ 22 : 5 

*224 8 

’.7 i227 0 

229 2 

1231 4 ! 

1233 7 ; 

236 0 

.238 2 

i2-M3 5 

242 8 

245 1 

247 5 

;249 8 

1252 1 

'8 ;254 5 

1256 8 

i259 2 ' 

261 6 

2o4 0 

266 4 

i2o8 8 

271 2 

273 7 

27b 1 

|278 0 

,281 0 

19 |283 5 

1286 0 

288 5 1 

29! 0 1 

1293 6 

l2%. i 

1298 7 

301 2 

[303 8 

306 4 

i3L8 9 

|311 5 

20 1314 2 

:3!6 8 

1319 4 

'322 1 

^<24 7 

i'27 4 

330 1 

332 7 i 

1355 4 

2 

340 9 

*343 6 

2 : 346 4 

349 1 

!35! 9 

354 7 

357 4 

[ioO 2 

'3b3 1 

365 9 

■3o8 7 

37! 5 

,374 -4 

577 2 

22 i380 1 

1383 0 

1386 0 ' 

1388 8 

:3‘M 7 

|394 7 

1397 6 

400 5 

1403 5 

406 5 

l4U^ 5 

1412 5 

23 i4l5 5 

|4I8 5 

421 5 

1424 6 

437 6 

1430 7 

433 7 

!43o S 

439 9 

443 0 

i446 i 

,449 2 

24 j452 4 

U 55 5 

458 7 

4ol 9 

!4o5 0 

|468 2 

1471 4 

!474 6 

|477 9 

48i 1 

484 3 

!487 6 

25 ;490 9 

'494 I 

497 4 

,500 7 

'504 0 

507 4 

!510 7 

.514 0 

'517 4 

320 8 

.524 ! 

'527 5 

26 '530 9 

534 3 

537 7 

:54l 2 

'344 6 

1548 1 

'551 6 

i555 0 

|558 5 

562 0 

065 5 

1569 0 

27 |572 6 

576 1 

579 6 

;583 2 

,?86 8 

1590 3 

j594 0 

1597 5 

oOl 2 

604 8 

joOS 4 

[612 1 

28 '615.8 

619 4 

623 1 : 

j626 8 

630 5 

634 2 

637 9 

'641 7 

!o-i5 ^ 

c49 2 

1652 9 

656 7 

29 :660 5 

l664 3 

'668 1 

672 0 

j675 8 

1679 6 

j683 5 

:d87 3 

'691 2 

,c95 1 

*699 0 

702 9 

30 70o 9 

710 8 

1714 7 

71S 7 ' 

■722 6 

'726 6 

730 6 

734 6 

73S 6 

742 6 

:7-i6 7 

750 7 





6. MENSURATION 


Table 34. Plane Rectilinear Figures 

Notation; Lines, a, 5, c, . ,. ; angles, a, 3, 7 ,; altitude (perpendicular height), side, 8 ? 
diagonals, d, di, ... ; perimeter, p; radius of inscribed circle, r; radius of circumscribed circle, R‘y 
area, *4 


1. Right Triangle 



(One angle 90°) 

p = a + h -h c; c2 ==> a2 4- &2; 

— tan 0 S3 S- gin 2 d = — sin 2 a. 

2 2 4 4 

For additional formulas, see General Triayxg^e below, and also trigo¬ 
nometry. 


2. General Triangle (and 
Equilateral Triangle) 



3. Rectangle (and Square) 

a 


4. General Parallelogram 
(.Rhomboid) (and 
Rhombus) 


l>/d 


U2 


6 . General Trapezoid (and 
Isosceles Trapezoid; 


FoT Gentral Triangle'. 

p = a T & + c. Let 8 = *i(a-f'64'c). 


sis ■ 


a )is ~b)ii- 




ahe 


ah ab . 

I — =s — sin y ' 
2 2 


2 sm a ■ira 

6 - sin y sin a a^c 

, - sa rs =» — - . 

2 sm 0 4/2 


Length of median to side t 


‘2 V 2ia- + b~) — 


Length of bisector of angle y 


\ gb [ a b}- ~ C-] 
a b 

For Equilateral Triangle (a = b c => s and a ss ^ — 7 =s 60®)5 
(Equal sides and equal angles) 


p •“ Ssj r ' 


8 


, ; R . 

2V3 


2r; 


V3 

2h . sSv's 

2 ■ ■ VI’ i ' 

For additional formulas, see trigonometry. 




For Rectangle: 

p = 2(0 + 6): d = Vo^ -f o-J ^ ■= a&. 
Far Square (o «*» 6 •= «): 

p«4s;d = sV2;s = ; A = s2 = 

V2 


For General Parallelogram iRhomboid): 

(Opposite sides parallel) 
p 2 (o 4- 6 ); di = "V a2 + 62 _ 2 o 6 cos 7 ; 
d 2 = "V^ 4" 6 - 4 “ 2 a 6 cos y ; 4* d 2 “ » 2 (o* 4* 6^) j 

A = ah ~ ab sm 7 . 

For Rhombus (a = 6 = «); 

(Opposite sides parallel and all sides equal) 

p*=>4s: di = 2s sin ^ ; d 2 = 2 s cos ^ ; d\^ 4" =* 4 


di da 2 gin 7 ; A = afc *= s- sm 7 = 


di d: 


Let mid-line bisecting non-parallel sides = m. Then 7 
For General Trapezoid: 

(Only one pair of opposite sides parallel) 

p = a4"h4-c4'd:A=' ■■ ink. 

For Isosceles Trapezoid (d => c); 

(Non-parallel sides equal) 

=, ~h ^ _ (g 4 “ h) c sin 7 

“ (o — c cos 7 ) c Bin 7 — (5 4- c cos c sin y. 


a 4" 6 
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Table 34. Plane Rectilinear Figures —Continued 


6. General Quadrilateral 
(Trapezium) 


(.No sides parallel) 



p~a~^b-rc-f'd 

.4 = 1 -^ d, sin. a =3 sum of areas of the two triangles formed 
by either diagonal and the four sides 

a 

i 



7. Quadrilateral Inscribed 
in Circle 


180 



8. Regular Polygon (and 
General Polygon; 



(Sum of opposite angles = ISO®) 
ac -r bd — di d 2 

Let s = ; 2 (a+b“rCT£i)=^ and a = angle between sides a and 6. 


A = \ (6 — o;(.s — 6; (s — c)H) — ti) = V2 ^ab cd) ein < 


for R<gh.lar Polygon 

(Equal sides and equal angles) 

Let n = number of sides. 

Central angle = 2 a — — radians; 


(n — 2't 

Vertex angle — & — -— if radian*. 

n 

p a ns; 5 »=* 2 r tan a — 2 R sin a; 

r ~ cot a; R — - esc a, 

2 2 

4 nsr , ^ nR-. x c . 

A “ —^ *s nT- tan a = — ~ sin J a ■» cot a » sum of areas of 

the n equal triangles such as OAB. 

For General Polygon. 

--1 = sum of areas of constituent triangles into which it can be 
diMiled 


Notation. Lines, o, b, . 
in radians, 6, arc, s; chord 


Table 35. Plane Curvilinear Figures 

. . ; radius, r; diameter, d, perimeter, p; circumference, c; central angle 
of arc ($), 1; chord of half arc (,s 2;, L; nse, h; area, A. 


9. Circle (and Circular Arc^ 



For Circle: 

ird‘ (;2 

d =» 2 r; c ■=» 2kt = ird; A = -rr- ==» - = — . 

■i 4 t 

For Circular Arc. 

Lee arc PAQ = s; and chord PA = ^chord of =» I'. Then, 
dB 81' - I 

s r 


de _ 81' - I 

^ I ® ” o” ‘ • (The latter equation is Huyghen’s 


approximT^e formula For d small, error is very small, for B = 
error equals about 1 part in 40U; for 0 — ISO®, error is less liiaii 
1 23%.) 


. e 


l = 2rsin-; I = 2 j 2 Ar — ^2 (approximate formula) 
8 I 4 A2 -j_ ^2 

r = - = -; r = --— (approximate formula) 


2 sin - 
o 


8 A 


r =F - - (_if 9 < 180=; + if « > 180°) - r (l-coe?) 

' r versin - *= 2 r sin* - = - tan - «=» r 4- 1 / — \''r^ — 

2 4 2 4 I ^ ■ 


Side ordinate y = h — r r- — x-. 


{Table rm^tinu'd on p. 11-58) 
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Table 35, Plane Curvilinear Figures— 


10. Circular Sector (and j 

j For Circular Sector'. 

Semicircle) ■ 



^ 6r- sr 



For Semicircle: 

(X-'-r 

.4=^. 

2 

11. Circular Segment 

A = ^ (0 — sin d) 

\ 

= 1/2 [iir =J= Z (r — Aji (— if A^ r; -t- if A > rj 

or — »SZ' -h 61). (Approximate formulas For A small com- 
0 lo 

pared with r, error is very small; for A = - , first formula 

4 

errs about 3 o'T and second less than 1 0% ) 

12. Annulus 

(Surface betvseen two concentric circles) 

XXs 

A » v{ri- ~ Ti-) =3 jr(ri 4- — r2); 

V ^ 

^ A oi sector ABCD - l,ri2 - r 22 ) = | (n + r 2 )(ri ~ rj) 


: («! + S 2 ) 


13. Ellipse 



P 




•here R 


a — b 
o b' 


, . ., 64 - 3 , 

p = »■ (a -r 0) ---T^- (approximate formula) 

o4 — lo li- 

<4 = IT ab; A of quadranc AOB = • 

4 ' 

A of sector AOF = — cos-i ^ ; A of sector POB = — sln-l - • 
'2 a 2 a * 

A of section BPP'B' = xy + 00 sin-l * ; 

a 

A of segment PAP'P = — xy ab C 05 -I— . 

a 

For additional formulas, see analytic geometry 


14 . Parabola 



16. Hyperbola 



Arc BQC — 5 — 1/2 V “T 16 A- -j- — log*> 

bA 

Let f2 = j . Then, 


4 A -I- % 4 - in 

t ~ 


8 R- 32 


. Z (1 + 


I- \ A Z2 - Z,2 ’ 


. 

3 


• • ) (approximate formula). 

IT-’ 


A of segment BOC ■■ 

A of section ABCD = - a i_^ 

3 \i- - 42/ ■ 

f or additional formulas, see analvtic geometry' 


. rr - 


A of figure OPAP'O = ah loEe (? + ± \ = ab cosh"! ? • 

'■O 6-' £5 

A of segment PdP’ = ij, - <to log^ (- + |) = rj, - uJ cosh-l 5. 
For additional formula, see analytic geometry. 
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Table 35. Plane Curvilinear Figures— Continued 


16. Cycloid 


—^yc’old 


17. Epicycloid 
Epicyc!o:c' 



18. Hypocycloid 

^Hynocycloid 



0 '<p M 



Arc OP = s = 4 r ^1 — cos ; Arc OMX =■ 8 r; 

A under curve OJ/.V « Z it t~. 

For additional formulas, see analj'tic geometry 

41" / Ro \ 

Arc Af P “ s =* —- {R + r) — cos ^—J ; 

Area MOP = A = ~ (E J- r) (E 2 r) - sin . 

2 R ^ r r / 

For additional formulas, see analytic geometry. 

4 r / 

Arc MP = 3 = — (E - r) (1 - cos — j ; 

Area MOP - A - — (E - r)(E - 2 r) (5? _ sin . 

2 S ^ r r y 

Fur additional formulas, see analytic geometry. 


v.upproxiiiiately). 


If d IB small conipured uith i 

Arc MPX = 3 = i [l + I Q^y] 


For additional formulas, see analytic geometry. 


Let length of helix * s, radius of coil : = radius of cylinder in figure) 
=» r, distance advanced in one revylut.ou = pitcn = h\ and number 
of revolutions = n. Then, 

s » n V -r t.-. 


21. Spiral of Archimedes 


22. Irregular Figure 


Trapezoidal Rule . . 


Durand's FluIc 


Simpson’s Rule . . . 
in must be even) 


Weddle’s Rule 
(for 6 strips only) 


Arc OP = 3 = ^ l^i V1 + ^>2 4- log,; 4“ 1 4“ 'p^)]- 

For additional formulas, see analytic geometry 

Divide the figure into an tiVR number, n, of .scrips by means of (n 4- 1) 
ordinates, yi, flpa-’ed e jual distances, it Xlie area can then be de¬ 
termined approximately by any of the toliowing formulas, which 
are presented in the order of usual irn reusing approach to accuracy. 
In any of the first three cases, the greater the number of strips used, 
the more nearly accurate will be the 

fApproximate Forrr.ulas' 

A = “b y2 4" . ■ ■ 4" yn -i J ' 

A = i!;[0 4(yo d- yn) t 1 1 (yi 4“ &r.-i 4“ "r ^3 4" - • • yn-2j; 

{ A = - [iio 4“ z/n) 4" 4 ijji 4’ y« 4* • i/Ti-v 4- 

[ ^ 

1 2 (y 2 4" 1/4 4" - • • 4" yn - 2 )!. 

-j “ Y5[5(yi + z/o) 4 - fi 3/3 4- yo 4 - 1/2 4 - yi 4- ys]. 

Areas of irregular surfaces can often 'oe determined more quickly by 
such methods as pi dting on squared paper and counting the squares; 
graphical coordinate representation tsee analytic geometry); or use 
of a planimeter _ _ 
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Table 36. Solids Having Plane Surfaces 

dotation. Linee, a, 6, c, . . . ; altitude (perpendicular height), A; slant height, s; perimeter of 
base, Pjj or perimeter of a right section, area of base, -4{, or Ab‘, area of a right section, A^', 
total area of lateral surfaces, A-i, total area of all surfaces, .4#; volume, V. 


23. Wedge ^and Right ' f'or Wedgei 


Triangular Prism; 


ab 



CNarrow-side rectangular); F = — {2li + I 2 ). 

6 

For Right Triangular Priam (or wedge having parallel triangular bases 
perpendicular to sides) I 2 — h — 1: 

V ^ ^ 


24. Rectangular Prism ('or 
Rectangular Paral¬ 
lelepiped) (and Cube) 



26. General Prism 



26. General Truncated 
Prism land Truncated 
Triangular Prism) 



For Rectangular Pri.-m or Rectangular Para’lHepiped: 
.4; = 2 c (o + h): -4i = 2 (de -r uc -f- 6c); 

V Aj-c = abc. 

For Cube (letting 6 = c a): 

At = 6 a-; V = a^; Diagonal = a \ 3. 


Ai « hpb = 
r = hAb 


spr = 
■ sAr 


t (a + 6 T- • . . + n); 


27 . Prismatoid 



for General Truncated Prism: 

V — .4r-<length of line BC joining centers of gravity of bases). 
For Truncated Triangular Pr.sm: 
r = ^ (a + 6 + c). 


Let area of mid-section .4^;. 

^ - (As -f Ai -i- 4 Ajn). 

o 


28. Right Regular Pyramid t 

(and Frustum of Right I Regular Pyramid. 


Regular Pyramid) 



Ai ■■ 


^VB , y ^ bAs 
2 ’ 3 ■ 

For Frustum oj Right Regular Pyramid: 

h 




^ iPB + P6): y = - {ab + .-16 + \'Ab.H} 


29. General Pyramid (and 
Frustum of Pyramid; 
■T' 



SO. Regular Polyhedrons 



Dodecahedron Icosahedron 


For General Pyramid, 
y = 

3 

For Frustum of General Pyramid: 

^ (Ab + A5 -r % Ab Ab). 


Let edge = a, and radius of inscribed sphere r. Then, 


^ — 

' Ai 
A um6er 
0 / Faces 
4 
6 
8 
12 
20 


and. 

Form of Faces 
Equilateral triangle 
Square 

Equilateral triangle 
Regular pentagon 
Equilateral triangle 


Total 
Area A< 
1.7321 a2 
6 0000 a* 
3.4641 a2 
20.6457 a* 
8 6603 a2 


(Factors ahoi^n only to four decimal places ) 


Volume V 
0.1179 a3 
1.0000 a3 
0.4714 a® 
7.6631 a* 
2.1817 a» 



MENSURATION 
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Table 37. Solids Having Curved Surfaces 

Notation. Lines, a, &, c, . . . ; altitude (perpendicular height), h, ; slant height, s; 

radius, r; perimeter of base, pfe; perimeter of a right section, pr‘, angle in radians, 4>', arc, s; chord of 
segment, I', rise, /i; area of base, .4-0 or Ab'i area of a right section, Ar', total area of convex surface, 
.1/; tutal area of all surfaces, -1/; volume, V, 



37. ti^phsrica.l Sector (and , 
Hemisphere) \ 



For Sphtprioal SccCvr. 

.4, — (4fc + !); r - 

2 

For H'-misphcre (letting ^ 2 " 



r): 


Tjblt luniinutd on p 11-62) 
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Table 37. Solids Having Curved Surfaces —Continued 


S8. Spherical Zone (and j For Spherical Zone Bounded by Two Planes. 


Spherical Segment) 


~~vr 


Ai = 27rr/i; At ~ — {S rk b^). 

For Spkerscai Zone Bounded by One Plane (6 = 0): 
Al = 2irTh = ^ (4 A2 -j- £j2); 

^ l^S rh -f a^) = ^ (2 A2 + a^). 

For Spherical Segment with Two Bases: 


V ■■ 


24 


(3 o2 -h 3 62 -f. 4 h-i). 


For Spherical Segm^yU with One Base (fc = C): 

r = ^ (3 a2 -r 4 A2) = (r - . 

24 Vs/ 


39. Spherical Polygon (and 
Spherical Triangle) 



40. Torus 



For Spkcncal Polyz*>n. 

Let &uni of angles m radiaM = 6 and number of sides = n. 
A = [(? — (n — 

(The quantity \0 — (n — 2 )k] is called “spherical excess.") 
for Spherical Triangle (n = 3): 

A = — T)r2 

For uddi'i mai formulas, see tngonometrv 


A^ = 47r2 Rt: 
y = 27r2 Rrf 


41. Ellipsoid (and Spher¬ 
oids) 



For Bilipso^d. 

T = i irabc. 

o 

■ vr Frolate 'iphero.d: 


Let c » 6 and 


% a' — 62 


At - 2>-i>2 + 2,ab ; V . 

e 

For Oblate Spheroid: 




Let c — a and 


V a~ 




ira26. 


42. Paraboloid of Revolu¬ 
tion 



Al of segment DOC = — F {—■ 4- 62 V " — { j 

j/AL\i6 ■ / \i/ J 

For Paraboloidal Segment unth Two Bases: 

; r of ABCD = — iiz-y 2j2^ 

! S 



Trhl- 

^—^>; 

7 of DOC = — 
s 

43. Hyperboloid of Revo¬ 


lution 



V of segment AOfi = — (la 41-2), 



CIRCULAR FUNCTIONS OF PLANO ANGLES 
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Table 37, Solids Having Curved Surfaces— 


44. Surface and Solid of 
Revolution 

Let perpendicular distance fr^m cnis to center of gravity (G) of curve 
aurftiCfc) = r. Curve (.or suifacc-; must not cross axis. Then, 



Area of Surface generated by curve revolv'ing about axis; 



-T; = 2^rs. 

G ) < 


Voiiitne of Solid generated by surface revolving about asia; 

I 1 
\ 

, A 

Area = I-. 

V = 2jrrJ.. 

45. Irregular Solid 

One of the following methods cun often be employed to determine the 
Vt^Iume an irreguitir aoiid ’.vith a reasonauie approach to accuracy: 

1 

1 

I 

(a) Divide the solid into prisms, cylinders, etc , and sum their in¬ 
dividual volumes. 

v6) Divide one surface into triangles, after replacing curved lines by 
straight ones and curved surfaces by plane ones. I'tien inuitipi:.- the 
area of each triangle by the niean depth of the section beneath it 
(which generally approximates me average of the depths at its corners) 
Sum the volumes thus obtained. 

(c) If two surfaces are parallel, replace any curved lateral surfaces 
by plane surfaces beat suited to the contour and then employ the 
prismatcldal tormuia 


8. Al^ALYTIC GEOMETRY 

See Eshbach’s Hand^'ook of En^ineenng Fundamentals, 2ad Ed., pages 2-SO to 2-^5 
(Point and Line; Transformation of Coordinates; Come Sections; and 2-93 to 2-9G i,Point, 
Line, and Plane; Transformation of Coordinates, Quadric Surface.*;;. 


TRIGONOMETRY 

7. CIRCUL/iR FUNCTIONS OF PLANE ANGLES 
Definitions and Values 


Trigonometric Functions. The angle or in Fig. 1 h measured lu degrees or r .diaiis. 
The ratio of any two of the quantities .r, ij, or r determines the extent of the opening be¬ 
tween tiie line.s OP and OX. Since tliese ratio- ate fimotiun, of the angle iliei- may be 
used to measure or construct it. The definitions and terms used to designate tiie func¬ 
tions are as follows’ 
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Sine a 

Cosine a 
Tangent a. 
CotangL-ni a 
Secant a 

Cosecant a 
Versine a 



Coversinea =-- = covers a = 1 — sin a 

r 

■r^ . ^ ^ V 1 

Havcrsmea — ~o~ ~ ” - versa 

Positive and Negative Values. An angle a (Fig. 1), if measured in a counterclockwise 
direction, said to be positixe; if measured clockiri&c, negative. Following the convention 
that X IS positive if measured along O.Y to the right of the OY axis and negative if meas¬ 
ured to the loft, and similarly, y i» positive if measured along OY above the O-V axis and 
negative if measured below, the signs of the ingononietric functions are different for 
angles in the quadrants i, II, III. and IV. 


Table 38. Signs of Trigonometric Functions 


Quadrant 

sin 

COS 

tan ; 

cot j 

sec 

CSC 

I 

4- 

i I 

+ 

'T 

T 

- 

II 

-f 

- 1 

— 

1 — 

— 

+ 

III 

— 


- 1 - 

1 + 



IV 

- 

1 + 

- ! 

1 - 

+ 1 

i - 



Values of Trigonometric Functions are peiiodic, the period of the sm. cos, sec. esc 
being 27r radians, and that of the tan and cot, tt radians. For example, in Fig. 2 {n an 
integer) 

sin (a -f- 2:rn) = sin a 
fan (a + irn) = tan a 



CIRCULAR FUNCTIONS OF PLANE ANGLES 
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Table 39. Functions of Angles in Any Quadrant in Terms 
of Angies in the First Quadrant 



— O' 

90° dz a: 

180° dz a: 

■" 

270° i or 

360° ± a 

sm 

— sin « 

-f- COS a 

T- sm a 

— COS a 

zb Sin a 

cos 

-r cos a 

^ sm a 

~ cos a 

d: sm a 

-b cos a 

tail 

— tan or 

^ cot or 

d: tan a 

^ cot or 

d: tan a 

cot 

— cot a 

^ tan a 

ziz cot a 

^ tan or 

zb cot a 

sec 

-{- sec oe 

T CSC CL 

— sec a 

d: CSC a 

+ sec a 

CSC 

— rsc Of 

-r soc ct 

CSC or 

— sec a 

dr CSC a 


Table 40. Functions of Certain Angles 



0° 

30° 

45° 

60° 

90» 

CO 

o 

270° 

360° 

sm 

0 

1.'2 

1/2 V_^ 

1/2 

. 

0 

~ I 

0 

cos 

I 

1-0 

1/2 V 2 

1/2 

0 

-1 

0 


tan 

0 

1'3 V3 

1 

V'3 

CO 

0 

CO 

0 

cot 

CO 


1 

1/3 V 3 

0 

00 

0 

CO 

Sec 

1 

2/3 V'3 


2 

00 

-1 

so 


CSC 

Q9 

2 

v'2 

2 3 3 

I 

» 

~ 1 



Inverse, or Anti-functions. The symbol x means the angle whose sine is x, and is 
read inverse sine of x, anti-sine of x, or arc sine x. Similarly for cos"^ x, tan“^ x, cot x, 
sec”^ X, csc”^ X, vers”^ x, the last meaning an angle a such that (1 — cos a) » x. While 
the direct functions ^sine, etc ) are single valued, the indirect are many valued, thus 
sin 30® — 0.5, but sin"^ 0.5 = 30°, 150°, * • *. 

Functional Relations Identities 


Table 41. Functions of an Angle in Terms of Each of the Others 



Functions of the Sum and Difference of Two .Angles. 

sin (a dr 3) = &in a cos rb cos a '•in 3 

cos (a 3z 3) = cos O' cos 3 ^ ^itt a 3 

tan zh 3 j = (tun a rh tan d), (1 ^ tan a tan 3) 

cot {a ztz 3) = (t*ot 3 cot a ^ l),'(cot 3 ± cot a) 

If X is small, say 3° or 4°. then the following are close approximations, in which the 
quantity x is to be expressed in radians 1,1° = 0.017i5 radian). 

sin O' ~ co» a ~ 1, t an o: ~ a 
sin (a zb x) =« sin a zh x cos a, cos (a i: x) ~ cos a ^ x sin a 
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Functions of Half Angles. 


sin l ;'2 OL ~ V V 2 (1 ~ cos a) = V 2 V1 -r sm a — I /2 — sin a 

cos 1 2 a = V'^i/o (1 -r cos a) = t /2 V t -1- sin o: 4* V 1 — sm a 
tani; 2 «^ = V'^Cl ~ co 3 a)/(l -r cos a) ^ (1 — cos a)‘'sin a = mu q ;/(1 -{- cos a) 

cot 1/2 = '^'^(1 + cosq:)''( 1 — cos a) = (1 + COS a)/sin a = Miia 'Cl — cos a) 

Functions of Multiples of Angles. 

sin 2a = 2 sin o: cos a 

tan 2 q! = 2 tan a/(I — tan* a) 

cos 2a = cos- a — sin* a = 2 cos* a — 1 = 1 — 2 sm* a 
cot 2a: = (cot* a — l)/2cota' 
sin So: = 3 sin a — 4 sin^ a 
cos 3a: == 4 cos^ o: — 3 cos a 
sin 4a: == 8 cos® a sin oc ~ 4 cos a sin oc 
cos 4a: = 8 cos^ a — 8 cos* a + 1 
sin na ^ 2 sin {n — 1)g: cos a — sin (n — 2)a: 

= n sin a cos" a — nC'z sin® a cos" ”® a + nCs sin^ a cos" a — • • • 

cos no: — 2 cos (n — l)a coso: — cos (n — 2 )a 

« cos" a — nC'z sin* a cos" a + nCi sin^ a cos" a — • • • 


Products and Powers of Functions. 

sin a sin j3 * V 2 cos (a — 0) — V 2 cos (o: 4* /3) 

cos a cos /3 — 1/2 cos (a — /3) 4- 1/2 cos (a + (S) 

sin a cos ^ = 1/2 sin (a — /3) + V 2 sin (a 4- 3) 
tan a cot a = sin a esc a == cos a sec a = 1 

sin* a = 1/2 (1 “ cos 2o:): cos* a = t /2 (1 4- cos 2a) 

sm® a = 1/4 (3 sin a ~ sin 3a); cos® a = 1/4 (3 cos a + cos 3a) 

sin^ a = t/g (3 - 4 cos 2a 4* cos 4a) , cos^ a == l/g (3 4- 4 cos 2a 4- cos 4a) 

sin® a = V 16 (10 a — 5 sin 3a 4- sin oa) 

siii^ a = 1/32 (10 — 15 cos 2a 4- (> cos 4a — cos 6a) 

cos® a = V 16 (10 cos a + 5 cos 3a -t- cos oa) 

cos® a = 1/32 (10 + 15 cos 2a + 6 cos 4a + cos Oa) 

Sums and Differences of Functions. 


sin a + sin /3 = 2 sin 1/2 (a + /?) cos 1/2 (a — /3) 

sin a — sin ^ 2 cos 1/2 (« + >3) sin I /2 (a — ^) 

cos a + cos ^ =: 2 cos i/o (a + f5) cos 1/2 (a — 3) 

cos a - cos 3 = "2 sin ^ 2 (a + 4; sin 1,0 (a - 3 ) 

tan a + tan 3 = -- ; cot a + cot /3 = - 

CO& a cos p 5 

sin (a - 3) 

tan a — tan p -- ; cot a — cot /3 = - 

cos a cos 3 

sin* a — sin* 8 ~ sin (a + 3) sin (a — jS) 

cos* a - cos* #3 - sin (a i- 3) sin (r. - S) 

cos* a - sin* 3 = cos (a + 3j cos (a — p) 


lu (a 4- p) 
jin a bin u 
sin (a — 
^Sin a jsiii 


32 

P 



SOLUTION OF TRIANGLES 


11-67 


Anti-Trigonometric or Inverse Functional Relations. In the following formulas the 
periodic constant is omitted. 


sin ^ X = — sin ^ (— ri = 


^ X = cos - V1 — X- ~ tan ^ 


Vl - 


= cot - = CSC ^ — sec 


\ 1 - j-2 


cos ^ X = TT — cos ^ ( —x) = - — sin ‘ x = h'2 cos ^ (2 j.- — 1) = sin~^ Vi 

' ,1 ,1 


= tan 


= nr\t ^ - 


= sec ■" - = CSC 


VI - J- 


V 1 


tan ^ X = — tan ^ ( —x) = - — cot ^ x = sin ^ —=^=-. = cos - — =- 

- _ V1 + X- V1 -H , 

./r-;— v'i+j:= 

= sec ^ V 1 -j- = esc *- 


= cot ^ - 


cot ^ X = tan“ 


1 


sec ^ X = cos 


CSC ^ .r = sin ^ - 


sin ^ X i sin ^ y ~ sin 


in-J j-rVl - I,"- ± ,/\'l - 


COS ^ X ± cos ^ y — cos ^ {xy ^ “v (1 — x'Kl — 'J'^\ 


sin ^ X ± cos“^ ^ = sin ^ \xy ± '^■'(1 — — y')\ = cos~^ (^vT~-~r* x V i — 

X i u 

taii“i X ± tan~i y = tan~* — 

1 -I- xy 


tan 1 X ± cot ^ y = tan 




2/ ^ X 


xy ± 1 


8. SOLUTION OF TRIANGLES 


Relations between Angles and Sides of Plane Triangles. Let a,b,c — sides of triangle; 

a, 3 . ■> = angles opposite, a, b, c, respectively; A = 
area of triangle: s = 1/2 (o + ^ + c): r = radius of in¬ 
scribed circle (Fig. 3 ). 

n h c 

- - = —: = - (Law of Sines) 

sin a sin p sin -> 

a- — h- -he" — 2hc cos or (T.aw of Cosines) 

a ~ tan 1 •> Ta — 3) 

— (Law of Tangents) 



a h tan t 'o (a + p) 
a -f 3 -h = 1^0° 
a = b cos 7 + c cos p: b = c cos a a cos 7; c = a cos 3 + ^ cos a. 
A = v^s(s — a)(s — b){s — c) 


sin a = — * 4 .: sin P = — A; sin 7 = — A 
DC ca ah 


cos 2 


tan - 


\r 

- ?-)(s 

- C) 

\ 

be 

' 


— a) 

0 

- 

be 

cos ^ 

- 

— b)(s 

- c) 


- 3 . — c)(s ~ a) .7 

sin - - V-; sin - 

2 > m 9 


-4 


{s — a) {s ~ b) 


ab 


ab 


s{s — a) 


8{s — b) 


tan 


i = V' 


(s — a)(s — b) 
s(s — c) 
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Solution of Plane Oblique Triangles. 

Given a, b, c. (If logarithms are to be u.-^ed, u^e 1.) 


1. T = 

a 

tan -- ' 


(s — ahs — l')(s ~ c) 


; -4 = "V s(s — aits — ^'yis — c) = rs; 


s — a ' '2 s — b s — c 


h- 4 - c- — a- . a- 4- c- — h- 

2. cos a —--; cos = -; 


a"- 4- 


cos 7 


2ah 

Given a, b, a. 

h sin a 


• , or 7 = ISO^ — (or 4- d). 


sin i3 


(if a > >5 < 7 and has only one value, if h > a, fS has two values. 


di and f^2 = lbO° — dll, 7 = ISO^ — fa 4 . c = — , .4 == ab sin 7. 

sin a 

Given a. a, d 

, a sin 3 , 7 . , , 

o = -— : 7 = ISO — (a -r P'; c = —:-; -4 = 1.2 ab sin 7. 

sm a sin o: 

Given a, b, 7. (If logarithms aie to he used u^e 1 .) 

a b /I sin 

1 . tan 1' > (a — pi = , cot ^ 2 7 • ^ j + d; = 00 ° — V »7; c =- -; 

a + 0 sin a 

A = h'2 a^./ sm 7. 

2. c = V(i 2 -j- _ 2ab cos 7 . sin a = -—-—- ; 3 =* 1SU° — (a -f 7 ). 

^ a sin 7 . . a >in 7 

3 . tana *= 7-, d *= ISO — (a i- 7), c »= -- 

0 — a cos 7 sin a 

MoUweide’s Check Formulas. 

j a — 6 __ sin 1/2 ~ 

C cos t '2 7 

o ^ ^ - 

C 8111^2 7 

Solution of Plane Right Triangles. Let 7 = 90 ° and c be the hypotenuse Given any 
two sides or one side and an acute angle a 


a = \'c- — = "V' (c -f iA(c — //) = b tan 


a = c sill a 


b — 7 c* — O' — 7 (c — '^‘Ic — a) = - = c cos a 

tan a 


c = V a- 7 - .62 = 


v'.iu <■* cos <x 


cos * - tun T . d = 90° 


ab 


a* 62 Q. f 2 - sin 2 a 
2 2 tan a 2 4 


9. TRIGONOMETRIC FUNCTIONS 

Table 42 gives the values sin cos i, tan t, and cot x for x from 0 to 90“ By 
making use of the periodicity of these functions, values can be determined from this table 

for all values of x. If the angle is given in radians: Numbir of radians X -- (57 295) 
= Number of degrees. ^ 



Q° Table 42. Values and Logarithms of Trigonometric Functions 


CB 

"5 

n 

V 


Natural Values 



Common Logarithms 



ta 

eS 

,§ 


c 









c 


Q 

s 

Sin 

Cos 

Tau 

Cot i 

Sin 

C 03 

Tan 

Cot 

2 


.00 

0 

.00000 

1.00000 

.00300 

4- eo , 

— CO 

10.000000 

— CO 

+ « 

60 

1.00 


1 

.00029 

1.00000 

.00029 

3437 75 j 

6 403726 

.000000 

6.463726 

13.536274 

59 



2 

.00058 

l.OOQOO 

.00058 

1718 87i 

.7o4755 

.000000 

.764756 

.235244 

58 


.05 

3 

.00087 

1.00090 

.00037 

1145.92 ! 

.940847 

.000090 

.940847 

.059153 

57 

.9S 


4 

.00116 

i. 00000 

.00116 

S39 45t 

/.Uj3/6o 

.GGOOOO 

7.065786 

12 934214 

5o 



5 

.00145 

1.00000 

.00145 

637,549 i 

. 1 02590 

.000000 

.162696 

.837304 



.10 

6 

.00175 

1.00000 

.00175 

572.SSt] 

.241377 

9.999993 

.241878 

.758122 

54 

.90 


7 

.00204 

1.00000 

.00204 

491.1G6' 

.3Cc32-i 

.949999 

.308325 

.691175 

53 



8 

.00233 

1.00000 

00233 

429.718! 

.3d6816 

.999959 

.366817 

.633183 

52 


.16 

9' 

.002S2 

1.00000 

,00262 

381.971 .417968 

.999999 

.417970 

.582030 

61 

.85 


10!1 00291 

l.OCOOO 

.00291 

343.774; 

.403720 

.999998 

.403727 

.536273 

50 



111 

00320 

.99999 

.00320 

312 5211 

.505118 

.999998 

.505120 

.494880 

49 


.20 

121 

00349 

.99999 

.00349 

236.473 1 

.542906 

.999997 

.642909 

.457091 

48 

.80 


13! 

.00378 

QQf)f)() 

.0C378 

264.441 1 

.577063 

.999997 

.577672 

.422328 

47 



14' 

.00407 

.99999 

.00407 

245,552, 

.609853 

.999990 

.609857 

.390143 

46 


.25 


.00436 

.99999 

,00436 

229,182! 

.639816 

.999995 

.639820 

.360180 

45 

.75 


lo 

.00465 

.9999) 

.00465 

214.858- 

.667845 

.999995 

.667849 

.332l5i 

44 



17 

00495 

.99999 

.00493 

202.219 1 

.694173 

.999995 

.694179 

.305821 , 

43 


.30 

18 

00524 

.99999 

.00524 

190 984 1 

.718997 

.999994 
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.999338 

.408304 

.59169611 32 



29 

.02589 
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2’^ VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 
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.99935 

.03609 

27.71 !/;( 

557054 
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.999324 

.670870 

.329130 , 19 

.70 42 

04711 

.99889 

.04716 

21.2049' 

.673080 

.999518 

.673563 

.326437': 18 .30 

43 

04740 

9^5888 

.04745 

21.0747 i 

.675751 

999512 

. 67b239 

.323761 i; 17 

44 

.04769 

.99880 

.04774 

20.9400] 

.67840^ 

.99.->30b 

. 078900 

.321100 '' |6 

.75 45 

04798 

.99885 

. 04803 

20.8188! 

681043 

999500 

.681544 

.318456 ' 15 .26 

46 

.04827 

.99833 

. 04633 

20 6932 

. 6836o5 

094493 

.084172 

.315828 |, i4 

47 

04856 

.99882 

04862 

20.5691 1 

.686272 

.999487 

.686784 

.3I32l6j| 13 

CD 

e 

CO 

.04385 

99881 

.04591 

20 4465 : 

.688863 

.999481 

.689381 

.310619 1,12 .20 

4^1 

.04914 

.99879 

.04920 

20 323'i 

.691438 

.999473 

.091963 

.3080371 11 

1 “i 

.04943 

.99878 

.04949 

20.205o 1 

.693998 

.999469 

.094529 

.305471 iO 

.85 61! 

.04972 

.99876 

.04378 

20 0872; 

.696543 

999463 

.697081 

.302919 !| 9 .15 

52 

.05001 

99875 

05007 

19 970:i 

.699073 

90Q456 

.699017 

.300383 i 8 

53 

.05030 

.99873 

.03037 

I9.854o; 

.701589 

.9.^9-»:o 

.702139 

. 297861 1] 7 

.90 64 

.06059 

.99872 

.05066 

19.7403 i 

.704090 

.999443 

.704646 

.29-5354'; 6 10 

55 

.05088 

.99870 

.05093 

19.6273 

.700577 

.909437 

.707140 

.292860 1 5 

56 

.05117 

.99369 

.05J24 

19.5150 

.709049 

.999431 

.709ol8 

.290332 , 4, 

.96 67 

.05146 

.99867 

.05153 

19.4051 

.711507 

999424 

.712083 

.237917 3 .05 

58 

.05175 

.99866 

.05182 

19.2959 

.713952 

.999418 

.714334 

.285466 2 

59 

.05205 

.99864 

.03212 

19.1879 

.716383 

.999411 

716972 

.283028 1 

1.00 60 

.05234 

.99863 

.05241 

19.0811 

8.718800 

9.993404 

8 719396 

11.280604 0 .00 


Coa 

Sm 

Cot 

Tan 

Cos 

Sm 

j Cot 

Tan 1 ? 

’S c 

a S 


Natural Values 



Common Logarithm 

1 a o 

J ' .u « 

, S Q 


87® 
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mathematical Tables 


I 

Natural Values j 

Common Logarithms 

S 

1 

Sm 

Cos 

Tan i 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

c 

o 

Q 

.05234 

.99863 

.05241 

19.0811 

8.718800 

9.999404 

8.719396 

11.280604 

60 

1.00 

.03263 

99861 

.05270 

18.9755 

721204 

.999398 

.721806 

.278194 

59 


.05292 

.99860 

.05299 

18.8711 

.723595 

.999391 

.724204 

,275796 

58 


.05321 

.99858 

.05323 

18.7678 

.725972 

.999384 

.726588 

.2'K412 

57 

.95 

.05350 

.99857 

.05357 

18.6656 

.728337 

.999378 

.728959 

.27104! 

5o 


.05379 

.99855 

.05337 

18.5645 

.730638 

.999371 

.731317 

.268683 , 

55 


.05408 

.99854 

.05416 

18.4645 

.733027 

.999364 

.733663 

.266337 i 

54 

.90 

.05437 

.99852 

.05445 

18.3655 

.735354 

,999357 

.735996 

. 264004 1 

53 


.05466 

.99851 

.05474 

18.2677 

.737o67 

.999350 

.738317 

. 261683 1 

52 


.05495 

.99849 

.05503 

18.1708 

.739969 

.999343 

.740626 

.259374 i 

51 

.85 

4 .05524 

.99847 

.05533 

18.0750 

.742259 

.999336 

.742922 

.257078' 

50 


.05553 

.99846 

03562 

17.9802 

.744536 

.999329 

.745207 

.254793i 

49 


.05582 

. 99844 

.05591 

17.8863 

.746802 

.999322 

.747479 

.252521 ! 

48 

.80 

.05611 

.99842 

.05t>20 

17.7934 

.749055 

.9^^9315 

.749740 

.250260 i 

47 

.05640 

.99841 

,05649 

17.7015 

.7512«>7 

.999308 

.751989 

.248011 j 

45 


.05669 

.99839 

.05678 

17.6106 

.753528 

.999301 

.754227 

.245773 ; 

46 

.78 

.05698 

.99838 

.05708 

17.5205 

.755747 

.999294 

.756453 

.243547 i 

44 

.05727 

,99836 

.05737 

17.4314 

.757955 

.999287 

.758668 

.2413321 

43 


.05756 

.99834 

.05766 

17.3432 

.760151 

.999279 

.760872 

.239128 j 

42 

.70 

05785 

.99833 

.05795 

17,2558 

.7o2337 

.999272 

.763065 

.2369351 

41 


.05814 

.99831 

.05824 

17.1693 

.704511 

.999265 

.765246 

.2347541 

40 


05844 

.99829 

.05854 

17.0837 

.766675 

.999257 

.767417 

.232583 

39 

.66 

.05873 

.99827 

.05883 

16.9990 

.768823 

.999250 

.769578 

.230422 

38 


.05902 

.99826 

.05912 

IO.9I50 

.770970 

.999242 

.771727 

.228273 

37 


.06931 

.99824 

.05941 

16.8319 

.773101 

.999235 

.773866 

.226134 

36 

.60 

.05960 

.99822 

.03970 

16.7496 

.775223 

.999227 

.775995 

. 224005 1 

35 


.05969 

.99321 

.05999 

16.6681 

.777333 

.999220 

.778114 

.221886' 

3-1 


.06018 

.99819 

.06029 

16.6874 

.779434 

.999212 

.780222 

.219778i 

33 

.55 

i .0o047 

.99817 

.0o058 

16.5075 

.781524 

.999205 

.782320 

.2l7o80 

32 

.06076 

.99815 

.06087 

16.4283 

.783605 

.999197 

.784408 

.2155921 

31 


.06106 

.99813 

.06116 

16.3499 

.785675 

.999189 

.786486 

.213514 ! 

30 

.60 

.06134 

.99812 

.06145 

16.2722 

.787736 

.999181 

.788554 

.211446’ 

29 

.06163 

.99810 

.06175 

16.1952 

.789787 

.999174 

.790613 

.209387 1! 28 


.06192 

.99808 

.06204 

16.1190 

.791828 

.999166 

.792662 

.207338 ! 

27 

.45 

06221 

.99806 

.06233 

IO.0435 

.793859 

.999158 

.794701 

.205299 

26 

.06250 

.99804 

.06262 

15.9687 

.795881 

.999150 

.796731 

.203289 

25 


.06279 

.99803 

.06291 

15.8945 

.797894 

.999142 

.798752 

.201248 

24 

.40 

.06308 

.99801 

.0o321 

15.8211 

.799897 

.999134 

.800763 

.199237 

23 

.06337 

.99799 

.06350 

15.7483 

.801892 

.999126 

.802765 

.197235 

22 


1 .06386 

.99797 

.06379 

15.6762 

,803876 

,999118 

.804758 

.195242 

31 

20 

.36 

’ .06395 

.99795 

.06408 

13.6048 

.805852 

.999110 

,806742 

.193258 

1 .06424 

.99793 

.06437 

15.53i0 

.807819 

.999102 

,808717 

.191283 

19 


1 .06453 

.99792 

.06467 

15.4638 

.809777 

.999094 

.810683 

.189317 

18 

.30 

i .06482 

.99790 

.0g496 

15 3943 

.311726 

.999036 

.812641 

.187359 

17 

.06511 

.99788 

.06525 

15.3254 

,8136t)7 

.999077 

.814589 

. 185411 

16 


.06540 

.99786 

.06554 

15.2571 

.815609 

.999069 

.816529 

.183471 

15 

.25 

1 .06569 

.99784 

.06384 

15.1893 

.817522 

.999061 

.818461 

.181539 

14 

j .06598 

.99782 

.06613 

15.1222 

.819436 

.999053 

.820384 

. 179ol6 

13 


.06627 

.99780 

.06642 

15.0557 

.821343 

.999044 

.822298 

.177702 

12 

.20 

.06656 

.99778 

.0607 I 

14.9898 

.823240 

.999036 

,824203 

.175795 

|] 

j .06685 

.99776 

.0O700 

14.9244 

.825130 

.999027 

.826103 

.173897 

10 


.06714 

.99774 

06730 

14 8596 

.827011 

,999019 

.827992 

.172008 

9 

.16 

.06743 

.99772 

.06759 

14.7954 

.828884 

.999010 

.829874 

.170126 

8 

C .06773 

.99770 

.06788 

14.7317 

.830749 

,999002 

,831748 

.168252 

7 


L, .06802 

,99768 

.06817 

14.6685 

.832607 

.998993 

.833613 

.166387 

6 

.10 

, .06831 

,997&6 

. 0('84/ 

14.6'Ja; 

.834430 

.998984 

.835471 

.164529 

5 

5 .06860 

.99704 

.06876 

14.5438 

.836297 

.998976 

.857321 

.162b79 

i 4 


r .06839 

.99762 

.06905 

14.4823 

.S3S130 

.998967 

.339163 

.160837 

3 

.05 

5 .06918 

.99760 

.00934 

14.4212 

1 .S39956 

.998958 

.840998 

.159002 

2 

9; .06947 

.99758 

.06963 

14.3607 

1 .841774 

.99S950 

' .842825 

.157175 

1 


[>| .06976 

.99756 

.06993 

14.3007 

18.853585 

9.998941 

1 8.844644 

11.165356 

0 

.00 

j Cos 

Sm 

Cut 

1 Tan 

1 Cos 

Sm 

j Cot 

Tan 

V 

1 

|j Natural Values 

11 Common Logarithms 

a 

Q 


.10 


.15 


.20 


.25 


.30 


.35 


.40 


.45 


.60 


.65 


.60 


.65 


.70 


.76 


.80 


.85 


.90 


.96 


1.00 


86^ 
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4 


VALUES AND LOGAEITHilS OF TRIGONOMETRIC FUNCTIONS 


3 

i 



Natural Values 


i 

Common Logarithms 

0 

1 

p 

c 

2 

Sin 

Cos 

Tan 

Cot 


Cos 

Tan 

Cot 

_G 

2 

Q 

.00 

0 

.06976 

.99756 

.08993 

14.3007 

j 8.813535 

9.93S941 

8.844S44 

11.155356 

60 

1.00 


1 

i.07005 

.99754 

.07022 

14.2411 

,845387 

.998932 

.846455 

. 153545 

59 



2 

i.07034 

.99752 

.07051 

14.1821 

.847183 

.998923 

.848260 

.151740 

58 


.05 

3 

.07063 

.99750 

.07080 

14.1236 

.848971 

.998914 

.850057 

.149943 

67 

.95 


4 

.07092 

,99748 

.071 IG 

14.0655 

.850751 

.998905 

.851846 

.148154 

56 



5 

.0712) 

.99746 

.07139 

14.0079 

.852525 

.998896 

.853628 

.146372 

! 55 


.10 

6 

.07150 

.99744 

.07168 

13.9507 

.854291 

.998887 

.855403 

.144597 

! 54 

.90 


7 

.07179 

,99742 

.07197 

13.8940 

.85o049 

.998878 

.857171 

.142829 

53 



8 

.07208 

.99740 

.07227 

13.8378 

.85780! 

.998869 

.858932 

.141068 

52 


.15 

9 

.07237 

.99738 

.07256 

13.7821 

.859546 

.998860 

.860686 

.139314 

51 

.85 


10 

.07266 

.99736 

.07285 

13.7267 

.8ol283 

.998851 

.862433 

.137567 

50 



n 

.07295 

,99734 

.07314 

13.6719 

.863014 

.998841 

.864173 

.135827 

49 


.20 

12 

.07324 

.99731 

.07344 

13.6174 

.864738 

.098332 

.865906 

.134094 

48 

.80 


13 

.07353 

.99729 

.07373 

13.5634 

.86o435 

.998823 

.867632 

.132368 

47 



14 

,07382 

.99727 

,07402 

13.5098 

.808165 

.998813 

.869351 

.130649 

46 


.25 

15 

.07411 

.99725 

.07431 

13.4566 

.869868 

.998804 

.871064 

.128936 

45 

.75 


16 

.07440 

.99723 

.07461 

13.4039 

.871565 

.998795 

.872770 

.127230 

44 



17 

.07469 

.99721 

.07490 

13.3515 

.873255 

.998785 

.874469 

.125531 

43 


.30 

18 

.07498 

.99719 

.07519 

13.2996 

.674938 

.998776 

.876162 

.123838 

42 

.70 


19 

.07527 

.99716 

.07548 

13.2480 

.876615 

.998766 

.877849 

.122151 

41 



20 

.07556 

.99714 

.07578 

13.1969 

.878285 

.998757 

.879529 

.120471 

40 


.35 

21 

.07586 

.99712 

.07607 

13.1461 

.879949 

.998747 

.881202 

.118798 

'39 

.65 


22 

.07614 

.99710 

.07636 

13.095$ 

.881607 

.998738 

.862869 

.117131 

I 38 



23 

.07o43 

.99708 

.07665 

13.0458 

.883258 

.998728 

.884530 

.115470 



.40 

24 

07672 

.99706 

.07695 

12.9962 

.884903 

.998718 

.8861.85 

.113815 

! 36 

.60 


25 

,07701 

.99703 

.07724 

12.9469 

, 88'j542 

.998708 

.887833 

.112167 

35 



26 

.07730 

.99701 

.07753 

12.8981 

.888174 

.998699 

,889476 

.110524 

34 


.45 

27 

.07759 

.99699 

.07782 

12.8496 

.889801 

.998689 

.891112 

.108888 

33 

.65 


28 

.07788 

.99696 

.07812 

12.8014 

.891421 

.998679 

.892742 

.107258 

32 



29 

.07817 

.99694 

.07841 

12.7536 

.893035 

.996669 

.894366 

.105634 

31 


.60 

30 

.07846 

.99692 

.07870 

12.7062 

.894643 

.998669 

.895984 

.104016 

30 

.so 


31 

.07875 

.99689 

.07m 

12.6591 

.896246 

.998649 

.897596 

.102404 

29 



32 

,07904 

.99687 

.07929 

12.6124 

.897842 

.998639 

.899203 

.100797 

|2S 


.55 

33 

.07933 

.99685 

,07958 

12 5660 

.899432 

.998629 

.900803 

.099197 

27 

.45 


34 

.07962 

.99683 

,07987 

12.5199 

.901017 

.998619 

.902398 

.097602 

26 



35 

.07991 

.99680 

.08017 

12.4742 

.902596 

.998609 

.903987 

.096013 

25 


.60 

36 

.03020 

.99678 

.08046 

12.4288 

.904169 

.998599 

.905570 

.094430 

24 

.40 


37 

.09049 

.99676 

.08075 

12.3838 

.905736 

.998589 

.907147 

.092853 

23 



38 

.08078 

.99673 

.08104 

12.3390 

.907297 

.998578 

.908719 

.091281 

22 


.66 

39 

.08107 

.99671 

.08134 

12.2946 

.908853 

.998568 

.910285 

.089715 

21 

.35 


40 

.08136 

.99668 

.08163 

12.2505 

.910404 

.998558 

.911845 

.088154 

20 



41 

.08165 

.99666 

,08192 

12.2067 

,911949 

.998548 

.913401 

.086399 

19 


.70 

42 

.08194 

.99664 

.08221 

12.1632 

.913483 

.998537 

.914951 

.085049 

18 

.30 


43 

.08223 

.99661 

.08251 

12.1201 

.915022 

.998527 

.916495 

.083505 

17 



44 

.08252 

.99659 

.08280 

12.0772 

.916550 

.998516 

.918034 

.081966 

16 


.75 

45 

08281 

.99657 

.08309 

12.0346 

.918073 

.998506 

.919568 

.080432 

15 

.26 


46 

.08310 

.99654 

.08339 

11.9923 

,919591 

.9^8495 

.921096 

.078904 

14 



47 

.08339 

.99652 

,08368 

11.9504 

.92!103 

.998485 

.922619 

.077381 

13 


.80 

48 

.08368 

.99649 

.08397 

11.90S7 

.922610 

.998474 

.924136 

.075864 

12 

.20 


49 

.08397 

.99647 

.08427 

11.8673 

.924112 

.998464 

.925649 

.074351 

] i 



50 

.08426 

.99644 

,08456 

11.8262 

,925609 

.998453 

.927156 

.072844 

iO 


.86 

61 

.08455 

.99642 

.08485 

11.7853 

.927100 

.998442 

.928658 

.071342 

9 

.15 


52 

.08484 

.99639 

.08514 

11.7448 

.928537 

.998431 

.930155 

.069845 

8 



53 

.08513 

.99637 

,08544 

11.7045 

.9^0068 

.998421 

.931647 

.068353 

7 


.90 

54 

.08542 

.99635 

.08573 

11.6645 

.931544 

.998410 

.933134 

.066866 

6 

.10 


55 

.08571 

.99632 

.08602 

11.6248 

.933015 

.998399 

.934616 

.005384 1 




56 

.08600 

.99630 

.08632 

11.5853 

,934481 

.998388 

.936093 

.063907 j 

4 


.95 

67 

.0862^ 

.99627 

.08661 

11.5461 

.935942 

.998377 

.937665 

.062436 

3 

.05 


58 

.08658 

.99625 

,08690 

11.5072 

.937398 

.998366 

.939032 

.060958 

2 



59 

.08687 

.99622 

.08720 

11.4685 

.938850 

.998353 

.940494 

.059506 

1 


1.00 

60 

.08716 

.99619 

.08749 

11 4301 : 

8.940296 

9.998344 

8.941962 

11.058048 

0 

.00 

I 


Co3 

Sin 

Cot 

Tan I 

Cos 

Sin 

Cot 

Tan 


"a 

_ 

c 

s 


Natural Values 



Common Logarithms 


3 

2 

ij 

Q 




DopjinalH 


-o 


o 
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3 

Natural Values j 

Common Logarithms j 

J 


5 

Sin 

Cos 

Tan 

Cot j 

Sin 

Cos j 

Tan 

Cot 1 

c 

s 

o 

0 

.08716 

.99619 

.08740 

11.4301 i 

8.940296 

9.398344 

8.941952 

11.058018' 

80 

1.00 

1 

.08745 

.99617 

.08778 

11.3919 

.941738 

.998333 

.943404 

.056596' 

59 


2 

.08774 

.99614 

.08807 

11.3540 

.943174 

.998322 

.944852 

.055U8 ' 

58 


3 

.08803 

,99632 

.08837 

11.3163 

.944606 

.998311 

.946295 

.0537051 

57 

.95 

4 

.08831 

.99609 

.08366 

11.2789 

.940034 

.998300 

.94/734 

.0322661 

56 


5 

.08860 

.99607 

,08893 

11.2417 

.947450 

.998289 

.949168 

.050332 1 

55 


$ 

.08SS9 

.99604 

.08925 

11.2048 

.94S874 

.998277 

.950597 

.048403 

54 

.90 

7 

.08918 

.99602 

.08954 

11 .IbSl 

.950237 

.9982o6 

.952021 

.047979 

53 


8 

.08947 

, 99599 

.08983 

11. 1316 

.951696 

.996255 

.953441 

.046559 j 

52 


9 

.0897G 

.99596 

.09013 

11 0954 

.953100 

.908243 

.954856 

.045144' 

51 

.85 

10 

.09005 

.99594 

.09042 

Ji 059*? 

.954499 

.998232 

.95620? 

.043733 

50 


II 

.09034 

.99391 

.09071 

]1.0.’37 

.955894 

.998220 

.957674 

.042326 

49 


12 

.09063 

.99588 

.00101 

10.9882 

.957284 

.998209 

.959075 

.040925 

48 

.80 

13 

.09092 

.99586 

.09130 

10.9529 

.958670 

.998197 

.960473 

.039527 

47 


14 

.09121 

,99583 

.09159 

10.9178 

.960052 

.998186 

.961866 

.038134 

46 


15 

.09150 

.99580 

.09189 

10.8829 

.961429 

.998174 

.963255 

.036745 

45 

.78 

16 

.09179 

.99578 

.09218 

10.8483 

.962801 

.998163 

.964639 

.035361 

44 


17 

.09208 

.99575 

.09247 

10.8139 

.964170 

.998151 

.966019 

.033981 

43 


18 

.09237 

.99572 

.09277 

10 7707 

.965534 

.998139 

.967394 

.032606 

42 

.70 

J9 

.09266 

.99570 

.09306 

10.7457 

.966893 

.998128 

.968766 

.031234 

41 


20 

.09295 

.99567 

.09335 

10.7119 

.968249 

.998116 

.970133 

.029867 

40 


21 

.09324 

.99564 

.03365 

10.6783 

.969600 

.998104 

.971496 

.028504 

39 

.65 

22 

.09353 

.99562 

.09394 

10.6450 

.970947 

.998092 

.972855 

.027145 

38 


23 

.09382 

.99559 

.09423 

10.6118 

.972289 

.998080 

.974209 

.025791 

37 


24 

.09411 

.99556 

.09453 

10.5789 

.973628 

.998068 

.975560 

.024440 

36 

.60 

25 

.09440 

.99553 

.09482 

10 5462 

.974962 

.998056 

.976906 

.023094 

35 


26 

.09459 

.99551 

.09511 

10.5136 

.976293 

.998044 

.978248 

.021752 

34 


27 

.09498 

.99648 

.09541 

10.4813 

.977619 

.998032 

.979586 

.020414 

33 

.55 

28 

.09527 

.99545 

.09570 

10.4491 

.978941 

.998020 

.980921 

.019079 

32 


29 

.09556 

.99542 

.09600 

10.4172 

.980259 

.998008 

.982251 

.017749 

31 


30 

.09585 

.99540 

.09629 

10 3854 

.981573 

.997996 

.983577 

.016423 

30 

.60 

31 

.09614 

.99537 

.0‘»658 

10.3538 

.982883 

.997984 

.984899 

.015101 

29 

32 

.09642 

.99534 

.09688 

10.3224 

.984189 

.997972 

.986217 

.013783 

28 


33 

.09671 

.99531 

.09717 

10.2913 

.985491 

.997959 

.987532 

.012463 

27 

.45 

34 

.09700 

.99528 

.09746 

10.2602 

.986789 

.997947 

.98G842 

.011158 

26 

35 

.09729 

.99526 

.09776 

10.2294 

,988083 

.997935 

.990149 

.009851 

25 


36 

.09758 

.99523 

.09305 

10.1988 

.989374 

.997922 

.991451 

.008549 

24 

.40 

37 

.09787 

.99520 

.09834 

10.(683 

.990660 

.997910 

.992750 

.007250 

23 

38 

.09816 

.99517 

.09864 

10.1381 

.991943 

.997897 

.994045 

.005955 

22 


39 

.09846 

.99514 

.09893 

10.1030 

.993222 

.997885 

.995337 

.004663 

21 

.36 

40 

,09874 

.99511 

.09923 

10.0780 

,994497 

.997872 

.996624 

.003376 

20 


41 

'To9903 

.99508 

.09952 

10.0483 

.995768 

.997860 

.997908 

.002092 

19 


42 

.09932 

.99506 

.09981 

10 0137 

.997036 

.997847 

.999188 

.000812 

18 

.30 

43 

09961 

.99503 

.10011 

9.9893> 

.998299 

.997835 

9.000465 

10.999535 

17 


44 

.09990 

.99500 

.10040 

9.96007 

.999560 

.997822 

.001738 

.998262 

16 


45 

.10019 

.99497 

.10069 

9.93101 

9.000816 

.997809 

.003007 

.996993 

15 

.35 

46 

! .10048 

.99494 

.10099 

9.90211 

.002069 

.997797 

.004272 

.995728 

14 

47 

.10077 

.99491 

.10128 

9.87338 

.003318 

,997784 

.005534 

.994466 

13 


48 

.10106 

.99488 

.10158 

9.84482 

.C04553 

.997771 

.006792 

.993208 

12 

.20 

49 

.10135 

.99485 

.10187 

9 81641 

.005805 

,997758 

.008047 

.991953 

1 


50 

.10164 

.99482 

.10216 

9.788f7 

.007044 

.997745 

.009298 

.990702 

10 


61 

.10192 

.99479 

.10246 

9.76009 

.008273 

.997732 

.010546 

.989454 

9 

.15 

52 

. 10221 

.99476 

.10275 

9.73217 

.009510 

.997719 

.011790 

.988210 

8 

53 

.10250 

.99473 

.10305 

9.70441 

.010737 

.997706 

.013031 

.986969 

7 


54 

.10279 

’.99470 

.10334 

9.67G80 

.011962 

.997693 

.014283 

.985732 

6 

.10 

55 

.10308 

.99467 

.10363 

9.64935 

.013182 

.997o80 

.015502 

.984498 

5 

56 

.10337 

.99464 

.10393 

9.62205 

.014400 

.997667 

,016732 

.983268 

4 


57 

.10366 

.99461 

.10422 

9.59490 

.015613 

.997654 

.017959 

.982041 

3 

.05 

5^ 

. 10393 

.99458 

. 10452 

9.56791 

.016824 

.997641 

.019183 

.980817 

2 

59 

.10424 

.99455 

. 10481 

9 54106 

.018031 

.997628 

.020403 

.979597 

1 


> SO 

.10453 

.99452 

.10510 

9 51436 

1 

9.019235 

9.997614 

9.021620 

10.978380 

0 

.00 

5 

1 Cog 

Sm 

Cot 

i Tan 

Cos 

li 

Sin 

Cot 

Tan 

il 

1 

c 

is 

1 

Natural Values 

ii 

Common Logarithms 

II 

I 


.00 


.10 


.16 


.20 


.25 


.30 


.35 


.40 


.46 


.60 


.66 


.65 


.70 


.80 


.85 


.90 


.95 


11-74 


84 





6° VALUES AA’D LOGAKITHMS OF TRIGONOMETRIC FUNCTIONS 


B 

-1 

Natural Values 

Common Logarithms 

1 

.3 

rt 

P 

o 

Q 

■| 

Sm 

Cos 

Tan 

Cot 

Sm 

Cos 

Tan 

Cot 

.s 

s 

G 

.00 

0 

.10453 

.99452 

. 10510 

9.61436 

9.019235 

9.997614 

9.021620 

10.978380 

1 60 

1.00 


1 

.I04G2 

.99449 

. 10540 

9.48781 

.020435 

.997601 

.022834 

.977166 

59 


2 

. 10511 

.99446 

.10569 

9.46141 

.021632 

.997588 

.024044 

.975956 

58 


.05 

3 

.10540 

.99443 

.10599 

9.43515 

.022825 

.997574 

.025251 

.974749 

57 

.95 


4 

.10569 

.99440 

. 10628 

9.40904 

.024016 

.997561 

.026455 

.973545 

56 


5 

.10597 

.99437 

.10657 

9.38307 

.025203 

.997547 

.027655 

.972345 

55 


.10 

6 

.10626 

.93434 

.10687 

9.35724 

.026386 

.997534 

.028352 

.971148 

54 

.90 


7 

. 10655 

.99431 

.10716 

9.33155 

.027567 

.997520 

.030046 

.969954 

53 


8 

. 10684 

.99428 

. 10746 

9.30599 

.028744 

.997507 

.031237 

.968763 

52 


.15 

S 

.10713 

.99424 

.10775 

9.28058 

.029913 

.997493 

.032425 

.967575 

1 

51 

.85 


10 

.10742 

.99421 

. 10805 

9.25530 

.031089 

.997480 

.033609 

.966391 

; 50 


n 

. 10771 

.99418 

. 10834 

9.23016 

.032257 

.997466 

.034791 

.965209 

j 49 


.20 

12 

.10800 

.99415 

.10883 

9.20516 

.033421 

.997452 

.033959 

.964031 

4S 

.80 


n 

.10820 

.99412 

. 10893 

9.18028 

.034582 

.907439 

.037144 

.962856 

47 



14 

.10858 

.99409 

.10922 

9,15534 

.035741 

.997425 

.038316 

.961684 

46 


.25 

15 

.10887 

.99406 

.10952 

9.13093 

.oseso-j 

.997411 

.039485 

.960515 

45 

.76 


16 

. 10916 

.99402 

. 1098! 

9.10646 

.038048 

.997397 

.040651 

.959349 

1 44 



17 

.10945 

.99399 

.11011 

9.08211 

.039197 

.997383 

.041813 

.958187 

43 


.30 

13 

.10973 

.99396 

.11040 

9.05739 

.040342 

.997369 

.042973 

.957027 

(42 

.70 


19 

.11002 

.99393 

.11070 

9.03379 

.041485 

.997355 

.044130 

.955870 

i 41 



20 

.11031 

.99390 

.11099 

9.00983 

.042625 

.997341 

.045284 

.954716 

i 40 


.86 

21 

.11060 

.99386 

.11128 

8.98598 

.043762 

.997327 

.046434 

.953566 

1 39 

.65 


22 

.11089 

.99383 

.11138 

8,96227 

.044895 

.997313 

.047582 

.952418 

38 


23 

.11118 

.99380 

.11187 

8.93867 

.046026 

.997299 

.048727 

.951273 

i” 


.40 

24 

.11147 

,99377 

.11217 

8.91520 

.047154 

.997285 

.049869 

.950131 

'36 

.60 


25 

.11176 

.99374 

.11246 

8.89185 

.048279 

.997271 

.051008 

.948992 

35 


26 

,11205 

.99370 

.11276 

8.86862 

.049400 

.997257 

.032144 

.947836 

1^'' 


.46 

27 

.11234 

.99367 

.11305 

8.84551 

.050519 

.997242 

.053377 

.946723 


.55 


28 

.11263 

.99364 

.11335 

8.82252 

.051635 

.997228 

.054407 

.945593 

1 ^2 


29 

.11291 

.99360 

.11364 

8.79964 

.052749 

.997214 

.055535 

,944465 

h‘ 


.60 

30 

.11320 

.99387 

.11394 

8.77689 

.053859 

.997199 

.056639 

.943341 

30 

.50 


31 

.11349 

,99354 

.11423 

8.75425 

.054966 

.9<57!85 

.057781 

.942219 

‘ 29 


32 

.11378 

.99351 

.11452 

8.73172 

.056071 

.997170 

.058900 

.941100 

1 28 


.65 

33 

.11407 

,99347 

.11482 

8.70931 

.057172 

.997156 

.060016 

.939984 

[27 

.45 


34 

.11436 

.99344 

,11511 

8.68701 

.058271 

.997141 

.061130 

.938870 

26 



35 

.11465 

.99341 

.11541 

8.66482 

.059367 

.997127 

.062240 

.937760 

I 25 


.60 

36 

.11494 

.99337 

,11570 

8.64275 

.060460 

.997112 

.063348 

.936652 

' 24 

.40 


37 

.11523 

.99334 

.11600 

8.62078 

.061551 

.997098 

.064453 

.9355471! 23 



38 

.11552 

.99331 

.11629 

8,59893 

.062639 

.997U83 

,06355o 

.934444 

22 


.65 

39 

.IISSO 

.99327 

.11659 

8.57718 

.063724 

.997068 

.066655 

.933343 

21 

.35 


40 

.11609 

.99324 

.11685 

8.55355 

.064806 

.997053 

.067752 

.932248 

; 20 



41 

.11638 

.99320 

.11718 

8,53402 

.065885 

.997039 

.068846 

.931154 

19 


.70 

42 

.11667 

.99317 

.11747 

8.51259 

.066962 

.997024 

.069938 

,930062 

' 13 

.30 


43 

.11696 

.99314 

.11777 

8,49128 

.068036 

.997009 

.071027 

.928^73 

17 



44 

.11723 

.99310 

.11806 

8,47007 

.069107 

.996994 

.072113 

.927887 

16 


.76 

45 

.11754 

.99307 

.11836 

8.44896 

.070176 

.996979 

.073197 

.926803 

, 15 

.25 


46 

.11783 

.99303 

.1J8o5 

8.42795 

.071242 

.996964 

,074278 

.925722 

1 '•* 



47 

.11812 

.99300 

.11895 

8.4C7G5 

.072306 

.990949 

.075356 

.924044 

13 


.80 

48 

.11840 

.99297 

.11924 

8.38625 

.073366 

.996034 

.076-432 

.923568 

12 

.20 


49 

.11869 

.99293 

,11954 

8.36555 

.074424 

.996919 

.077505 

.922495 

I 1 



50 

.11898 

.99290 

.11983 

8.34496 

.075480 

.990904 

.078576 

.921424 

, 10 


.86 

61 

.11927 

.99286 

.12013 

8.32446 

.076533 

.896889 

.079644 

,920353 

; 9 

.15 


52 

. 11956 

.99283 

.12042 

8.3U406 

,077583 

.996874 

.080710 

.91^2^10 

8 



53 

.11985 

.99279 

.12072 

8.28376 

.078o3l 

.996858 

.081773 

.918227 

i 7 


.90 

54 

.12014 

.99276 

.12101 

8.26355 

.079676 

.996843 

.082833 

.917167 

1 6 

.10 


55 

.12043 

.99272 

.12131 

8.24345 

,080719 

.996823 

.033891 

.910109 

5 



56 

.12071 

.99269 

.12160 

8.22344 

.081759 

.990812 

.084947 

.915053 

.914000 



.95 

67 

.12100 

.99265 

.12190 

8.20352 

.082797 

.996797 

.086000 

3 

.05 


58 

.12129 

.99262 

.12219 

8.18370 

.033832 

.990782 

.087050 

.912950 

2 



59 

.12158 

.99258 

.12249 

8.16398 

.084864 

.996706 

.038098 

.911902 

1 


1.00 

60 

.12187 

.39255 

.12278 

8 14435 

9.085S94 

9.996731 

9.089U4 

10.910856 

0 

.00 


s 

Coe 

Sm 

Cot 

Tan 

Coe 

Sm 

Cot 

T. 

Ian 

5 

Decimals 

Q 

2 

j Natural Values 


Common Logarithms 


i 1 

1 


83 ° 


11-75 



Deciioals! 


7 ' 


MATHEMATICAL TABLES 



1 natural Values 


1 

Common Logarithms 


I ^ 


Siu ^ Cos 

i 1 

Tan 

Cot 

1 Sm 

Coa 1 Tan 

Cot 

11 


.CO 

0 

.12187 

.99255 

.12278 i 

8.14435 

9.085894 

9.996751 

9.089144 

10.910856 

60 

1.00 


! 

.12216 

.99251 

.12308 

8.12481 

.086922 

.996735 

.090187 

.909813 

59 



2 

.12245 

.99248 

.12338 

8.10536 

.087947 

.996720 

.091228 

.908772 

58 


.05 

3 

.12274 

.99244 

.12357 

8 08600 

.088970 

.996704 

.092266 

.907734 

57 

.95 


4 

.12302 

.99240 

.12397 

8.06674 

.089990 

.996688 

.093302 

.906698 

56 



5 

.12331 

.99237 

.12426 

8.0‘*756 

.091008 

.996673 

.094336 

.905664 

55 


.10 

6 

.12360 

.99233 

.12456 

8.02848 

.092024 

.996657 

.095367 

.904633 

51 

.90 


7 

.12389 

.99230 

.12485 

8.00948 

.093037 

.996641 

.096395 

.903605 

53 



8 

.12418 

.99226 

.12515 

7.99058 

.094047 

.996625 

.097422 

.902578 

52 


.15 

9 

.12447 

.99222 

.12544 

7 97176 

.095056 

.996610 

.098446 

.901554 

51 

.88 


10 

.12476 

.99219 

.12574 

7.95302 

.096062 

.996594 

.099468 

.900532 

50 



1 i 

.12504 

.99215 

.12603 

7.93438 

.097065 

.996578 

. 100487 

.899513 

: 49 


.20 

12 

.12633 

.99211 

.12633 

7.91582 

.098066 

.996562 

.101504 

.893496 

: 43 

.80 


'3 

.12562 

.99208 

.12662 

7.89734 

.099065 

.996546 

.102519 

.897481 

1 47 



14 

.12591 

.99204 

.12o92 

7.87895 

.100062 

.996530 

.103532 

.896468 

46 


.25 

15 

.12620 

.99200 

.12722 

7.86064 

.101056 

.996514 

.104542 

.895453 

43 

.75 


16 

.12649 

,99197 

.12751 

7.84242 

. 102048 

.996498 

. 105550 

.894450 

44 



17 

.12678 

.99193 

.12781 

7.82423 

. 103037 

.996482 

.106556 

.893444 

43 


.30 

18 

.12706 

.99189 

.12810 

7.80622 

.104025 

.996465 

.107559 

.892441 

42 

.70 


19} 

.12735 

.99186 

. 12840 

7.78825 ' 

. 105010 

.996449 

.108560 

.891440 

41 



20 

.12764 

,99182 

.12869 

7.77035 

.105992 

.996433 

.109559 

.890441 

40 


.35 

21 

.12793 

.93178 

.12899 

7.75254 

. 106973 

.996417 

.110556 

.889444 

39 

.65 


22 

.12822 

.99175 

. 12929 

7.73480 . 

. 107951 

.996400 

.111551 

.888449 

38 



23 

.12851 

.99171 

.12958 

7.71715 

. 108927 

.996384 

.112543 

.887457 

37 


.40 

24 

.12880 

.99167 

.12983 

7.69957 

.109901 

.996368 
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Tan 

J 


1. 

i 


Natural Vahxes 


1 

1 

Common Logarithms 

1 s 

Q 




11-SO 



12° VALUES AND LOGARITHMS OF TEIGONOMETIHC FUNCTIONS 


1 


Natural Values 

Common Logarithms 

-I 

1 

8 

Q 

1 

Sin 

Coa 

Tan 


Sin 1 

Cos' 

Tan 

Cot 

.S 

S 

g 

a 

.00 

0 

.20791 

.97815 

.21256 

4 70483 

9.317879 

9.990404 

9.327475 

10.672525 

GO 

1.00 


1 

.20820 

.97809 

.21286 

4.69791 

.318473 

.990378 

.328095 

.671905 

59 



2 

.20848 

.97803 

.21316 

4.69121 

.319066 

.990351 

.328715 

.671285 

58 


.05 

3 

.20877 

.97797 

.21347 

4.GS152 

.319658 

.990324 

.329334 

.670666 

57 

.95 


4 

.20905 

.97791 

.21377 

4.67786 

.320249 

,990297 

.329953 

.670047 

56 



5 

.20933 

.97784 

.21408 

4.671211 

.320840 

.990270 

.330570 

.669430 

55 


.10 

6 

.20962 

.97778 

.21438 

4.664SSI 

.821430 

.990243 

.331187 

.668813 

54 

.90 


7 

.20990 

.97772 

.214o9 

4. 657971 

.322019 

.990215 

.331803 

.668197 

53 



8 

.21019 

.97766 

.21499 

4.65138. 

.322607 

.9901S8 

.332413 

.667582 

52 


.16 

9 

.21047 

.97760 

.21529 

4.64480 

.323194 

.990161 

.333033 

.660967 

51 

.85 


10 

.21076 

.97754 

.21563 

4.63825- 

.323780 

.990134 

.333646 

.666354 

50 



il 

.21104 

,97748 

.21590 

4.63171 

.324366 

.990107 

.334259 

.665741 

49 


.30 

12 

.21132 

.97742 

.21621 

4.62518 

.324950 

.990079 

.334871 

.665129 

48 

.80 


13 

.21 161 

.97735 

.21651 

4.61868 

.325534 

.990052 

.335482 

.664518 

47 



14 

.21189 

.97729 

.21682 

4.61219 

.326117 

.990025 

.336093 

.663907 

46 


.25 

15 

.21218 

.97723 

.21712 

4.60572 

.326700 

.983997 

.335702 

.663298 

45 

.75 


16 

.21246 

.97717 

.21743 

4.59927 

.327281 

.989970 

.33731 1 

.662689 

44 



17 

.21275 

,97711 

.21773 

4.59283 

.327862 

.989942 

.337919 

.662081 

43 


.30 

18 

.21303 

.97705 

.21804 

4.68641 

.328442 

.989915 

.338527 

.661473 

42 

.70 


19 

.21331 

.97698 

.21834 

4.58001 

.329021 

.989887 

.339133 

.660867 

41 



20 

.21360 

.97692 

,21864 

4.57363 

.329599 

.989860 

.339739 

.660261 

40 


.35 

21 

.21388 

.97686 

.21895 

4.56726 

.330176 

.989832 

.340344 

.659656 

39 

.63 


22 

.21417 

.97680 

.21925 

4.56091 

.330755 

.989804 

.340948 

.659052 

38 



23 

.21445 

.97673 

.21956 

4.55458 

.331329 

.989777 

.341552 

.658448 

37 


.40 

24 

.21474 

.97667 

.21986 

4.S4326 

.331903 

.989749 

.342155 

.657845 

i 36 

.60 


25 

.21502 

.97661 

.22017 

4.54196 

.332478 

.989721 

.342757 

.657243 

35 



26 

.21530 

.97655 

.22047 

4.53568 

.333051 

.989693 

.343358 

.656642 

34 


.45 

27 

.21659 

.97648 

.22078 

4.52941 

.333624 

.989666 

.343958 

.656042 

33 

.65 


28 

.21587 

.97642 

,22108 

4.52316 

.334195 

.989637 

.344558 

.655442 

32 



29 

.21616 

.97636 

.22139 

4.51693 

.334767 

.989610 

.345157 

.654843 

31 


.60 

30 

.21644 

.97630 

.32169 

4.81071 

.335337 

.989582 

.345755 

.654245 

30 

.50 


31 

.21672 

.97623 

.22200 

4.50451 

.335906 

.989553 

.346353 

.653647 

29 



32 

.21701 

.97617 

.22231 

4.49832 

.336475 

.989525 

.346949 

.653051 

28 


.65 

33 

.21729 

.97611 

.22261 

4.49215 

,337043 

.9B9497 

.347645 

.652456 

27 

.45 


34 

.21758 

.97604 

.22292 

4.48600 

.337610 

.989469 

.348141 

.651859 

26 



35 

.21786 

.97598 

.22322 

4.47986 

.338176 

.989441 

.348735 

.651265 

25 


.60 

36 

.21814 

.97592 

.22353 

4.47374 

.338742 

.989413 

.349329 

.650671 

24 

.40 


37 

.21843 

.97585 

.22383 

4,46764 

.339307 

.989385 

.349922 

.650078 

23 



38 

.21871 

.97579 

.22414 

4.46155 

.339871 

.989356 

.350514 

.649486 

22 


.65 

39 

.21399 

.97673 

.22444 

4.45648 

.840434 

.989328 

.361106 

.643894 

21 

.36 


40 

.21928 

.97566 

.22475 

4.44942 

,340996 

.989300 

.351697 

,648303 

20 



41 

.21956 

.97560 

.22505 

4.44338 

.341558 

.989271 

.352287 

.647713 

19 


.70 

42 

.21935 

.97653 

.22536 

4.43735 

.342119 

.989243 

.352876 

.647124 

18 

.30 


43 

.22013 

.97547 

.22567 

4.43134 

.342679 

.989214 

.353465 

.646535 

17 



44 

.22041 

,97541 

.22597 

4.42534 

.343239 

.989186 

.354053 

.645947 

16 


.75 

45 

.22070 

.97534 

. 22628 

4.41936 

.343797 

.989157 

.354640 

.645360 

15 

.25 


46 

.22098 

.97528 

.22658 

4.41340 

.344355 

.989128 

.355227 

.644773 

14 



47 

.22126 

.97521 

.22689 

4.40745 

.344912 

.989100 

.355813 

.644187 

13 


.80 

48 

.22155 

.97515 

.22719 

4.401S2 

.346469 

.989071 

.356398 

.643602 

12 

.20 


49 

.22183 

.97508 

.22750 

4.39560 

.346024 

.989042 

.356982 

.643018 

1 11 



50 

.22212 

.97502 

,22781 

4.38969 

.346579 

.989014 

.357566 

.642434 

1 10 


.85 

51 

.22240 

.97496 

.22811 

4.38381 

.347134 

.988985 

.358149 

.641851 

9 

.13 


52 

,22268 

.97489 

.22842 

4.37793 

.347687 

,988956 

.358731 

.641269 

8 



53 

.22297 

.97483 

.22872 

4.37207 

.348240 

.988927 

.359313 

.640687 

7 


.90 

54 

.22325 

.97476 

.22903 

4.36623 

.348792 

.988898 

.359393 

.640107 

6 

.10 


55 

.22353 

.97470 

.22934 

4.36040 

.349343 

.988869 

.360474 

.639526 

5 



56 

.22382 

.97463 

.22964 

4.35459 

.349893 

.988840 

.361053 

.638947 

4 


.96 

67 

.22410 

,97457 

.22995 

4.34879 

.350443 

.988811 

.361632 

.638368 

3 

.05 


58 

.22438 

.97450 

.23026 

4.34300 

.350992 

.988782 

.362210 

.637790 

2 



59 

.22467 

.97444 

.23056 

4.33723 

.351540 

.968753 

.362787 

.637213 

1 


1.00 

60 

.22495 

.97437 

.23087 

4.33148 

9.362088 

9.988724 

9.363364 

10.635636 

0 

.00 

"1 

1 

Coa 

Sm 

Cot 

Tan 

Cos 

Sm 

Cot 

Tan 

_J 


Q 

g 

S 

Natural Values 

Common Logarithms 

H 

■ 


77 ° 


11-81 
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MATHEMATICAL TABLES 


1 



Natural Values 


Common Logarithms 


1 

s 

o 

2 

S:n 

Coa 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

'S. 

a 

.00 

9; 

.22495 

.97437 

.23037 

4.33148; 

9.352088 

9.988724 

9.363361 

10.636636 

60 

1.00 


ii 

.22523 

.97430 

.23117 

4.32573 

.352635 

.988695 

.363940 

.636060 

59 



21 

.22552 

.97424 

.23148 

4.3200! 

.353181 

.988666 

.364515 

.635485 

58 


.05 

3i 

.22580 

.97417 

.23179 

4.31430 

.353726 

.988636 

.365090 

.634210 

57 

.95 


41 

. 22603 

,97^11 

.23209 

4.30860 

.35427! 

.988607 

.365664 

.634336 

56 



5i 

.22637 

.97404 

.23240 

4.30291 

.354815 

.988578 

.366237 

.633763 

55 


.10 

6 

.22665 

.97398 

.23271 

4.29724 

.355358 

.983548 

.366810 

.633190 

54 

.90 


7l 

.22o93 

.97391 

.23301 

4.29159 

,355901 

.988519 

.367382 

.632618 

53 



8 

.22722 

.97384 

.23332 

4.28595 

.356443 

.988489 

.367953 

.632047 

52 


.15 

9 

.22750 

.97378 

.23363 

4.25032 

.356984 

.983460 

.388524 

.631476 

51 

.85 


10 

.22778 

.97371 

.23393 

4.27471 

.357524 

.988430 

.369094 

.650906 

50 



11 

.22807 

.97365 

.23424 

4.26911 

.358064 

.988401 

.369663 

.630337 

49 


.20 

12 

.22835 

.97358 

.23455 

4.26352 

.358603 

.938371 

.370232 

.629768 

48 

.80 


131 

.22853 

.97351 

.23485 

4.25795 

.359141 

.988342 

.370799 

.629201 

47 



14! 

.22892 

.97345 

.23516 

4.25239 

.359678 

.988312 

.371367 

.628633 

46 


.25 

IS 

.22920 

.97333 

.23547 

4.246 S 5 

.360215 

.988282 

.371933 

.628967 

45 

.75 


16 

.22948 

.97331 

.23578 

4.24132 

.360752 

.988252 

.372499 

.627501 

44 



17 

.22977 

.97325 

.23608 

4.23580 

.361287 

.988223 

.373064 

.626936 

43 


.30 

18 

.23005 

.97318 

.23639 

4.23030 

.361822 

.988193 

.373629 

.626371 

42 

.70 


19 

.23033 

.97311 

.23670 

4.2248! 

.362356 

.988163 

.374193 

.625807 

41 



20 

.23062 

.97304 

.23700 

4.21933 

.362889 

.988133 

.374756 

.625244 

40 


.36 

21 

.23090 

.97298 

.23731 

4.21387 

.363422 

.988103 

.375319 

.624681 

39 

.65 


22 

.23118 

.97291 

.23762 

4.20842 

.363954 

.988073 

.375881 

.624119 

38 



23 

.23146 

.97284 

.23793 

4.20293 

.364485 

.988043 

.376442 

.623558 

37 


.40 

24 

.23175 

.97278 

.23823 

4.19756 

.365016 

.983013 

.377003 

.622997 

36 

.60 


25 

,23203 

.97271 

.23854 

4.19215 

.365546 

.987983 

.377563 

.622437 

35 



26 

.23231 

.97264 

.23885 

4.18675 

.366075 

.987953 

.378122 

.621878 

34 


.45 

27 

.23260 

.97257 

.23915 

4.18137 

.366604 

.987922 

.373681 

.621319 

33 

.65 


28 

.23288 

.97251 

.23946 

4.17600 

.367131 

.987892 

.379259 

.620761 

32 



29 

,23316 

.97244 

.23977 

4. n064 

.367659 

.987862 

.379797 

.620203 

31 


.00 

30 

.23345 

.97237 

.24003 

4.16530 

.368185 

.987832 

.380351 

.619646 

39 

.50 


3! 

.23373 

.97230 

,24039 

4.15997 

.368711 

.987801 

.380910 

.619090 

29 



32 

,23401 

.97223 

.24069 

4.15465 

.369236 

.987771 

.381466 

.618534 

28 


.05 

33 

.23429 

.97217 

.24100 

4.14934 

.369761 

.987740 

.382020 

.617980 

27 

.45 


34 

.23458 

.97210 

.24131 

4.14405 

.370285 

.987710 

.382575 

.617425 

26 



35 

.23486 

.97203 

.24162 

4.13377 

.370808 

.987679 

.383129 

.616871 

25 


.60 

36 

.23514 

.97196 

.24193 

4.13350 

.371330 

.987649 

.383682 

.616313 

24 

.40 


37 

.23542 

.97189 

.24223 

4.12325 

.371852 

.987618 

.384234 

.615766 

23 



38 

.23571 

.97182 

.24254 

4.12301 

.372373 

.987588 

.364786 

.615214 

22 


.65 

39 

.23599 

.97176 

.24285 

4.11778 

.372894 

.987657 

.385337 

.614663 

21 

.35 


40 

.23627 

.97169 

.24316 

4,11256 

.373414 

.987526 

.385888 

.614112 

20 



41 

.23656 

.97162 

.24347 

4.10736 

.573933 

.987496 

.386438 

.613562 

19 


.70 

42 

.23684 

.97165 

.24377 

4.10216 

.374452 

.987465 

.386987 

.613013 

18 

.30 


43 

.23712 

.97148 

.24408 

4.09699 

,374970 

.987434 

.367536 

.612464 

J7 



44 

.23740 

.97141 

.24439 

4.09182 

.375487 

.987403 

.388084 

.611916 

16 


.76 

45 

.23769 

.97134 

.24470 

4.08666 

.376003 

.987372 

.388631 

.611369 

15 

.25 


46 

.23797 

.97127 

.24501 

4.08152 

.376519 

.987341 

.389178 

.6108221 

14 



47 

.23825 

.97120 

.24532 

4.07639 

.377035 

.987310 

.389724 

.610276! 

13 


.so 

48 

.23853 

.97113 

.24662 

4.07127 

.377549 

.987279 

.390270 

.609730! 

12 

.20 


49 

.23882 

.97106 

.24593 

4.06616 

.378063 

.987248 

.390815 

.6091851 

11 



50 

.23910 

.97100 

.24624 

4,06107 

.378577 

.987217 

.391360 

.6086401 

10 


.85 

51 

23938 

.07093 

.24655 

4.05699 

.379089 

.987186 

.391903 

.6080971 

9 

.15 


52 

.23966 

.97086 

.24686 

4.05092 

.379601 

.987155 

.392447 

.607553i 

8 




.23995 

.97079 

.24717 

4.04586 

.380113 

.987124 

.392989 

.607011 

7 


.90 

54 

.24023 

.97072 

.24747 

4.04081 

.380624 

.987092 

.393531 

.606469 

6 

.10 


55 

.24051 

.97065 

.24778 

4.03578 

.381134 

.987061 

.394073 

.605927 

5 



56 

.24079 

.97058 

.24809 

4.03076 

.381643 

.987030 

.394614 

.605386 

4 


.95 

67 

.24108 

.97051 

.24840 

4.02574 

.382152 

.986998 

.395164 

.604846 

3 

.05 


58 

.24136 

.97044 

.24871 

4.02074 

.382661 

.986967 

.395694 

.604306 

2 



59 

.24164 

.97037 

.24902 

4.01576 

.383168 

.986936 

.396233 

.603767 

1 


LOO 

60 

.24192 

.97030 

.24933 

4.01078 

9.383675 

9.986904 

9.396771 

10.603229 

0 

.00 

I 

S 

Coa 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

s 

"3 

Q 

IB 

j Natural Values 

1 Common Logarithms 

Minu 
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14 ° VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


CJ 

B 

1 ! 


Natural Values 


i 

Common Logarithms 


J 

ca 

S 

C 

s 

Sin 

Cos j 

1 

Tan ! 

1 

Cot ; 

! S(n j 

Cos 

Taa 

Cot 

2 

d 

.00 

0 

.241S2 

.97030 

.24933 

4.01078.! 

; 9.383S75 

9.986904 

9.S96771 

10,603223 i 

60 

l.CO 


\ 

. 2422U 

.97023 

.24^-64 

4.90532. 

.384182 

.986873 

.397309 

.6026911 

59 



2 

.24249 

.97015 

.24995 

4.09086 

.384637 

,986841 

.397846 

.602154' 

58 


.05 

Si 

.24277 

.97008 

.25020 

3.99SS2| 

.385192 

.986809 

.398C83 

.601617 

57 

.93 


4! 

.22305 

.97001 

. 250:'6 

3.9^^099, 

.385697 

.986778 

.398919 

.60108)' 

56 



r 

.24333 

.96994 

.25087 

3.98607, 

.38o20l 

.986746 

.399455 

. 6005-^5 1 

55 


.10 

6 

.24362 

.96987 

.25118 

3.9S117| 

.386704 

.986714 

.39S99C 

.600010 

54 

.90 


7 

. 24390 

.96980 

.25149 

3.07627' 

.387207 

.936683 

.400524 

.599476 

53 



8 

.24418 

.96973 

.25180 

3 . 97 : 39 : 

.387709 

.986651 

.401058 

.598942 

52 


.15 

9 I 

24440 

.96960 

.25211 

3.96S51 

.388210 

.986619 

.401591 

.698409 

51 

! .85 


10 

.24474 

.96959 

.25242 

3.96J65! 

.388711 

.986587 

.402124 

.597876, 

50 



11 

.245031 

.96952 

.25273 

3.956801 

.389211 

.986555 

.402656 

.5973441 

49 


.SO 

12 

.24531 

.96945 

.25304 

3 .95196 1 

.389711 

.9SG523 

.403187 

.596813! 

43 

.80 


13 

.24559 

.96937 

.25335 

3.947131 

.390210 

.986491 

.403718 

.596232’ 

47 



14 

,24587 

.96930 

.25366 

3.94232 

.390708 

.986459 

.404249 

.595751; 

46 


.2S 

15 

.24615 

.96923 

.23337 

3.93751 

.391206 

.988427 

.404778 

. 595222 ! 

45 

.75 


16 

.24644 

.96916 

,25428 

3.93271 

.391703 

.986395 

.405508 

.5946921 

44 



17 

.24672 

.%909 

.25459 

3.92793 

.392199 

.986363 

.405836 

.594164 

43 


•SO 

18 

.24700 

.9S9G2 

.25490 

3.92316 

.392695 

.986331 

.408364 

.593636 

42 

.70 


19 

24728 

.96894 

.25521 

3.91839! 

.393191 

.986299 

.406892 

.593108 

41 



20 

.24756 

.96837 

.25552 

3.91364 

.393685 

.986266 

.407419 

.592581 

40 


.^55 

21 

.24784 

.96880 

.28583 

3.90890 

.394179 

.986234 

.407945 

.592055 

39 

.65 


22 

.24813 

.96873 

.256(4 

3.90417 

.394673 

.986202 

.408471 

.591529 

38 



23 

.24841 

.‘96866 

.25645 

3.89945 

.395166 

.986169 

.408996 

.591004 

37 


.40 

24 

.24869 

.96858 

.25676 

3.89474 

.395658 

.986137 

.409521 

.690479 

36 

.60 


25 

.24897 

.96851 

. 25707 

3.89004 

.396150 

.986104 

.410045 

.589955 

35 



26 

.24925 

.96844 

.25738 

3.'88536 

.396641 

.986072 

.410569 

.589431 

34 


.45 

27 

.24954 

.96837 

.25769 

3.88068 

.397132 

.986039 

.411092 

.588908 

33 

.65 


28 

.24982 

.96829 

,25800 

3.87601 

.397621 

.986007 

.411615 

.588385 

32 



29 

.25010 

.96822 

,25831 

3.87136 

.398111 

.985974 

.412137 

.587863 

31 


.60 

SC 

.25038 

.96815 

.25862 

3.86S71 

.393600 

.985942 

.412658 

.587342 

SO 

.60 


31 

.25066 

.96807 

,25893 

3.86208 

.399088 

.985909 

.413179 

.586821 

29 



32 

.25094 

.96800 

.25924 

3.85745 

.399575 

.985876 

.413699 

.586301 

28 


.65 

33 

.25122 

.96793 

.25955 

3.85284 

.400062 

.985843 

.414219 

.685781 

27 

.45 


34 1 

.25151 

.96786 

.25986 

3.84824 

.400549 

.985811 

.414738 

.585262 

26 



35 

.25179 

.96778 

.26017 

3.84364 

.401035 

.985778 

.415257 

.584743 

25 


.60 

36 

.25207 

.96771 

.26048 

3.83906 

.401520 

.985745 

.415775 

.684225 

24 

.40 


37 

.25235 

.96764 

.26079 

3.83449 

.402005 

.985712 

.416293 

.583707 

23 



38 

.25263 

.96756 

,26110 

3.82992 

.402489 

.985679 

.410810 

.583190 

22 


.65 

39 

.25291 

.96749 

.26141 

3.825S7 

.402972 

.985646 

.417326 

.682674 

21 

.35 


40 

.25320 

.90742 

,26172 

3.820831 

.403455 

.985613 

.417842 

.582158 ; 

20 



41 

.25348 

.96734 

.26205 

3.816301 

,403938 

.985580 

.418358 

.581642 

19 


.70 

42 

.25376 

.96727 

.26235 

3.81177 

.404420 

' .985547 

.418873 

.581127 

18 

.30 


43 

.25404 

.96719 

.2o266 

3.80726 

.404901 

,985514 

.419387 

.5806151 

17 



44 

.25432 

.96712 

.26297 

3.80276 

.405582 

.985480 

.419901 

.580099 

16 


.75 

45 

.25460 

,96705 

.26323 

3.7^827 

.405862 

.985447 

.420415 

.679585 

15 

.26 


461 

.25488 

.9669? 

.20339 

3.7^M8 

.406341 

.985414 

.420927 

.579073 

14 



47 

.25516 

.96890 

.26390 

3.78',i3l i 

.406620 

.985381 

; .421440 

.578560: 

13 


.80 

481 

25545 

.96682 

.26421 

3.784851 

.407299 

.985347 

.421952 

.578043 

12 

.20 


491 

.25573 

.96675 

.26452 

3.780401 

.407777 

.985314 

.422403 

.577537' 

11 



50! 

,25601 

.96667 

. 2b4f,i 

3.77595 1 

.408254 

.985280 

.422974 

.5770261 

10 


.85 

51! 

.25629 

.96660 

1 .26515 

3.77152 

.408731 

.985247 

.423484 

.676516; 

9 

.15 


52! 

.25657 

.96653 

.26546 

3.76709, 

.409207 

.985213 

.423993 

.576007. 

8 



53! 

.25685 

.96645 

.26577 

5.76263 j 

.409682 

.985180 

.424503 

.575497' 

7 


.00 

34 1 

25713 

,96638 

.28608 

3.75828 

.410157 

.985146 

.425011 

.674989 , 

6 

.10 


551 

.25741 

.96630 

.28639 

3,75388 

.410632 

,985113 

.425519 

.5744811 

5 



56 

.25769 

.96623 

.26670 

3.74950 

.411106 

.985079 

.426027 

.5739731 

4 


.95 

571 

.25798 

.96615 

.26701 

3.74612 

.411579 

.985045 

.425534 

.5734661 

3 

.05 


58 i 

! .25826 

.96608 

.26753 

3.74075 

.412052 

,985011 

.427041 

.572954 

2 



59 

' .25854 

.96600 

.26764 

3.73640 

.412524 

.984978 

.427547 

.572453, 

1 


1.00 

GO 

ll .25882 

.96593 

.26795 

3.73205 

9.412996 

9.984944 

9.428052 

10.671S48i 

0 

.00 


o 

jl Cos 

Sm 

Cot 

Tan 

1 

1 

Sin 

Cot 

Tan i 

I 

1 
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j[ Common Logarithms 
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1 



Natural Values 

1 

1 


Common Logarithms 




Q 

s 

Sin 

Cos 

Tan 

Cot 1 

1 

Sin 

Cos 

Tan 

Cot 

1 

Q 

.00 

0 

.25882 

.96593 

.26795 

3.73205 

9.412996 

9.984944 

9.423052 

10.671943 

60 

i.oa 


1 

.25910 

.96585 

.26826 

3.72771 

.413467 

.984910 

.428558 

.571442 

59 



2 

.25938 

.96578 

.26857 

3.72358 

.413938 

.984876 

.429062 

.570938 

58 


.05 

3 

.25366 

.96570 

.26383 

3.71907 

.414408 

.98484-2 

.429566 

.570434 

57 

.95 


4 

.25994 

.96562 

.26920 

3.71476 

.414878 

.984308 

.430070 

.569930 

56 



5 

.26022 

.96555 

.26951 

3.71046 

.415347 

.984774 

.430573 

.569427 

55 


J.0 

6 

.26050 

.96547 

.26982 

3.70616 

.415815 

.984740 

.431075 

.583925 

54 

.90 


7 

.25079 

.96540 

.27013 

3.70188 

.416283 

.984706 

.431377 

.568423 

53 



8 

.26107 

.96532 

.27044 

3.69761 

.416751 

.934672 

.432079 

.567921 

52 


.15 

9 

.26135 

.98524 

.27076 

3.69335 

.417217 

.984638 

.432580 

.667420 

61 

.85 


10 

.26163 

.96517 

.27107 

3.68909 

.417684 

.984603 

.433080 

.566920 

50 



1 i 

.26191 

.96509 

.27138 

3.68485 

.418150 

.984569 

.433580 

.566420 

49 


JO 

12 ; 

.26219 

.96502 

.27169 

3.68061 

.418615 

.984535 

.434080 

.565920 

48 

.80 


b! 

.25247 

.96494 

.27201 

3.67638 

.419079 

.984500 

.434579 

.565421 

47 



14 

. 26275 

.96486 

,27232 

3.67217 

.419544 

.984466 

.435078 

.564922 

46 


.25 

15 

.26303 

.96479 

.27263 

3.66796 

.420007 

.984432 

.435576 

.664424 

43 

.75 


16 

.26331 

.96471 

.27294 

3.66376 

.420470 

.984397 

.436073 

.563927 

44 




.26359 

,96463 

.27326 

3.65957 

.420933 

.984363 

.436570 

.563430 

43 


.30 

IS 

.26387 

.96456 

.27367 

3.65538 

.421395 

.984328 

.437067 

.562933 

42 

.70 


19 

.26415 

.96448 

.27388 

3.65121 

.421857 

.984294 

.437563 

.562437 

41 



20 

.26443 

.96440 

.27419 

3.64705 

.422318 

.984259 

.438059 

.561941 

40 


J8 

21 

.26471 

.96433 

.27451 

3.64289 

.422778 

.984224 

.438554 

.561446 

39 

.65 


22 

.26500 

,96425 

.27432 

3.63874 

.423238 

.984190 

.439048 

.560952 

38 



23 

.26528 

.96417 

.273B 

3.63461 

.423697 

.984155 

.439543 

.560457 

37 


.40 

24 

.26556 

.96410 

.27545 

3.63048 

.424156 

.984120 

.440036 

.659964 

36 

.60 


25 

.26584 

,96402 

.27576 

3.62636 

.424615 

.984085 

.440529 

.559471 

35 



26 

.26612 

,96394 

.27607 

3.62224 

.425073 

.984050 

.441022 

.558978 

34 


.45 

27 

.26640 

.96386 

.27638 

3.61814 

.425530 

.984015 

.441514 

.558488 

33 



28 

.26668 

,96379 

.27670 

3.61405 

.425987 

.983981 

.442006 

.557994 

32 



29 

.26696 

.96371 

.27701 

3.60996 

.426443 

.983946 

.442497 

.557503 

31 


M 

30 

.26724 

.96363 

.27732 

3.60588 

.426899 

.983911 

.442988 

.557012 

30 

.60 


31 

.26752 

.96355 

,27764 

3.60I8I 

.427354 

.983875 

.443479 

.556521 

29 



32 

.26780 

.96347 

.27795 

3.59775 

.427809 

.983840 

.443968 

.556032 

23 


.65 

33 

.26808 

.96340 

.27826 

3 59370 

.428263 

.983805 

.444458 

.566542 

27 

.45 


34 

.26836 

.96332 

.27858 

3.58966 

.428717 

.983770 

.444947 

.555053 

26 



35 

.26854 

.96324 

.27889 

3.58562 

.429170 

.983735 

.445435 

.554565 

25 


.60 

36 

.26892 

.96316 

.27921 

3.58160 

.429623 

.983700 

.445923 

.554077 

24 

.40 


37 

.26920 

.96308 

,27952 

3.57758 

.430075 

.983664 

.446411 

.553589 

23 



38 

.26948 

.96301 

.27983 

3.57357 

.430527 

.983629 

.446898 

,553102 

22 


JU 

39 

.26976 

.96293 

.28015 

3.66957 

.430978 

.983594 

.447384 

.652516 

21 

.35 


40 

.27004 

.96285 

.28046 

3.56557 

.431429 

.983558 

.447870 

.552130 

20 



41 

.27032 

.96277 

.28077 

3.56159 

.431879 

.983523 

.448356 

.551644 

19 


.TO 

42 

.27060 

.96269 

.28109 

3.65761 

.432329 

.983487 

.448841 

.661169 

18 

30 


43 

.27088 

.96261 

.23140 

3.55364 

.432778 

.983452 

.449326 

.550674 

17 



44 

.27116 

.96253 

.28172 

3.54968 

.433226 

.983416 

.449810 

.550190 

16 


JT 6 

45 

.27144 

.96246 

.2S203 

3.64573 

.433675 

.983381 

.450294 

.549706 

15 

.25 


46 

.27172 

.96238 

.28234 

3.54179 

.434122 

.983345 

.450777 

.549223 

14 



47 

.27200 

.96230 

.28266 

3.53785 

.434569 

.983309 

.451260 

.548740 

13 


JO 

48 

.27228 

.96222 

.28297 

3.53393 

.435016 

.983273 

.451743 

.548257 

12 

.20 


49 

.27256 

.96214 

.28329 

3.53001 

.435462 

.983238 

.452225 

.547775 

11 



50 

.27284 

.96206 

.28360 

3.52609 

,435908 

.983202 

.452706 

.547294 

10 


JS 

51 

.27312 

.96198 

.28391 

3.62219 

.436353 

.983166 

.453187 

.546813 

9 

JL6 


52 

.27340 

.96190 

.23423 

3.51329 

.436798 

.983130 

.453668 

.546332 

q 



53 

.27368 

.96182 

.28454 

3.51441 

.437242 

.983094 

.454148 

.545852 

7 


JO 

54 

.27396 

.96174 

.28486 

3.51053 

.437686 

.983058 

.454628 

.545372 

6 

10 


55 

.27424 

.96166 

.28517 

3.50666 

.438129 

.983022 

.455107 

.544893 

5 



56 

.27452 

.96158 

.28549 

3.50279 

.438572 

.982986 

.455586 

.544414 

4 


M 

67 

.27480 

.96160 

.28530 

3.49894 

.439014 

.982950 

.456064 

.543936 

3 

.05 


58 

.27508 

.96142 

.28612 

3.49509 

.439456 

.982914 

.456542 

.543458 

2 



59 

.27536 

.96134 

.28643 

3.49125 

.439897 

.982878 

.457019 

.542981 

1 


1.00 

60 

.27564 

.96126 

.23675 

3 48741 

; 9.440338 

9.982342 

9.457496 

10.642504 

0 

.00 

■l 

S 
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Sin 

Cot 

Tan 

t Cos 

Sm 

Cot 

Tan 

u 

1 


1 

I Natural Values 

■ Common Logarithms 

3 

a 
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16° VALUES AND LOGARITHMS OF TEIGONOMETEIC FUNCTIONS 


"rt 

£ 

v i 

Natural Values 

1 Common Logaritkms | 


.a 

a 


G j 

s 

Sm 

Cos 

Tan 

Cot 

Sin 

Coa 

Tan 

Cot 

s 

ii 

1 

.00 

Oi 

.27664 

.96126 

.28675 

3.487411 

9.440338 

9.982842 

9.457496 

10.542504 

60 

1.00 


I , 

.27592 

.96118 

.28706 

3.48359 

.440778 

.982805 

.457973 

.542027 

59 



2_^ 

.27620 

.9oi10 

.28738 

3.47977 

.441218 

.982769 

.458449 

.541551 

58 


.06 

3' 

.27848 

.96103 

.28769 

3.47596 

.441653 

.982733 

.458925 

.541075 i 

67 

.95 


4' 

.27676 

.96u94 

.28800 

3.47216 

.442096 

.982696 

.459400 

.540600; 

56 



5 

.27704 

,9o03o 

.28832 

3.4o837 

.442535 

.982660 

.459875 

.5s0125 

55 


.10 

8 

.27731 

.96078 

.28864 

3.46458 

.442973 

.982624 

.460349 

,539651 

54 

.90 


7 

.27759 

,9o070 

.23895 

3.46080 

.443410 

.982587 

.^60823 

.539177i 

53 



8 

.27737 

.96062 

.28927 

3.45703 

.443847 

.962551 

.461297 

.5387031 

52 


.16 

3 

.27815 

.36054 

.28958 

3.45327 

.444284 

.982514 

.461770 

.53S230 ' 

51 

.88 


10, 

.27843 

.96046 

.28990 

3, 44951 

.444720 

.982477 

.462242 

.537758! 

50 



] 1 

.27871 

.96037 

.29021 

3. 44^76 

.445155 

.982441 

.462715 

.537285! 

49 


.20 

13 ‘ 

.27899 

.96029 

.29053 

3.44202 

.445590 

.982404 

.453186 

.536814! 

48 

.80 


13' 

.27927 

.96021 

.2^084 

3.43829 

.446025 

.982367 

.463658 

.5363421 

47 



14 

.27955 

.96013 

.29110 

3.43456 

.446459 

.982331 

.464128 

.535672,’ 

46 


.25 

15 

.27983 

.96005 

.29147 

3.43034 

.446893 

.982294 

.464599 

.53540111 45 

.75 


! 6 

.23011 

.95997 

.29179 

3.42713 

.447326 

.982257 

.465069 

.534931: 

44 



'^1 

.23039 

.95989 

.29210 

3.42343 

.447759 

.982220 

.465539 

.5344611 

43 


.30 

181 

.23067 

.95981 

.29242 

3.41973 

.448191 

.982183 

.466008 

.533992' 

42 

•TO 


i5i 

.28095 

.95972 

.29274 

3.41604 

.448o23 

.982146 

.466477 

.533523; 

41 



20 j 

.23123 

.95964 

.29305 

3.41236 

.449054 

.982109 

.466945 

.533055; 

40 


.35 

2i: 

.28150 

.95956 

.29337 

3.40869 

.449485 

.982072 

.467413 

.632587 ' 

39 

.85 


22 j 

.28178 

.95948 

.29368 

3.40502 

.449915 

.982035 

.407880 

.532120' 

38 



231 

.28206 

.95940 

.29400 

3.40136 

.450345 

.981998 

.468347 

.531653 

37 


.40 

241 

.28234 

.95931 

.29432 

3.39771 

.450775 

.981981 

.468514 

.531186 

36 

.6G 


25; 

.28262 

.95923 

.29403 

3.3940O 

.451204 

.981924 

.469280 

.530720 

35 


1 26 

.28290 

.93915 

.29495 

3.39042 

.451632 

.981886 

.409746 

.530254] 

34 


A5 ! 27 1 

.28313 

.95907 

.29526 

3.38679 

.462060 

.981849 

.479211 

.529789! 

33 

.6S 


23, 

.28346 

.95898 

.29558 

3.38317 

.452488 

.981812 

.470676 

.529324, 

32 



29! 

.28374 

.95890 

.29590 

3.37955 

.452915 

.981774 

.471141 

.52885911 31 


.30 

30 

,23402 

.95882 

.29621 

3.37594 

.453342 

.981737 

.471605 

.5283951 

30 

.60 


31 1 

.28429 

.95874 

.29053 

3.37234 

.453768 

.981700 

.472069 

.5279311 

29 



32| 

.28457 

.95865 

. 29o85 

3.36873 

.454194 

.981662 

.472532 

.527468 

28 


.65 

331 

.28485 

.95857 

.23716 

3.36516 

.454619 

.981625 

.472995 

.627005 

27 

.45 


34 

.28513 

.95849 

. 29748 

3.36158 

.455044 

.981587 

.473457 

.526543 

26 



35, 

.28541 

.95841 

.29780 

3.35800 

.4554o9 

.981549 

.473919 

.526081 

23 
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8 



53’ 

.32364 

.94618 

.34205 

2.92354 

.510065 

.975974 

.534092 

.465908: 

7 


.90 

64 

. 32392 

.94609 

.34238 

2.92076 

.610434 

.975330 

.634504 

.465496 

6 

.10 


55 

.32419 

.94599 

.34270 

2.91799 

.510803 

.975887 

.554916 

.465084' 

5 



56 

.32447 

.94590 

.54303 

2.91523 

.511172 

.975844 

.535328 

.464672; 

4 


.96 

57 

.32474 

.94580 

.34335 

2.91246 

.511540 

.975800 

.535739 

.464261 1 

3 

.os 


58 

.32502 

.94571 

.34368 

2.90971 

.511907 

.975757 

.536150 

.465850, 

2 



59 

.32529 

.94561 

.34400 

2.90696 

.512275 

.975714 

.53656! 

,463439 

1 


1.00 

60 

.32557 

.94552 

.34433 

2.90421 

9.512642 

9.975670 

9.536972 

10.463023 

0 

.00 

1 

g 

Coe 

Sm 

Cot 

j Taa 

1 Cos 

Sin 

Cot 

Tan i 

S 

.a 

1 

Q 

c 

s 


Natural Values 



Common Logarithms j 

s 

G 


11-S7 


71 



19‘ 


MATHEMATICAL TABLES 


1 

s 

0 

3 

Natural Values 

! 

c 

Q 


Sm 

Cos 

Taa 

Cot 

Sin 

.00 

0 

.32557 

.94552 

.34433 

2.90421 

9.512642 


1 

.32584 

.94542 

.34465 

2.90147 

.513009 


2 

.32612 

.94533 

.34498 

2.89873 

.513375 

.05 

3 

.32639 

.94523 

.34530 

2.89600 

.613741 


4 

.32667 

.94514 

.34563 

2 89327 

.514107 


5 

.32694 

.94504 

.34596 

2.89055 

.514472 

.10 

6 

.32722 

.94495 

,34628 

2.88783 

.514837 


7 

.32749 

.94485 

.34661 

2.88511 

.515202 


8 

.32777 

.94476 

.34593 

2.88240 

.515566 

,15 

9 

.32304 

.94466 

.34726 

2 87970 

.615930 


10 

.32332 

.94457 

.34758 

2.87700 

.516294 


] 1 

.32859 

.94447 

. 3479 ] 

2.87430 

.516o57 

.20 

12 

.32887 

.94438 

.34824 

2.87161 

.517020 


13 

.32914 

.94428 

,34856 

2.86892 

.517332 


14 

.32942 

.94418 

.34889 

2.86624 

.517745 

.25 

15 

.32969 

.34409 

.34922 

2.86356 

.518107 


16 

.32997 

.94399 

.34954 

2.86089 

.518468 


17 

.33024 

.94390 

.34987 

2.85822 

.518829 

.30 

18 

.33051 

.94330 

.35020 

2.35566 

.519190 


19 

.33079 

.94370 

.35052 

2.83289 

.519551 


20 

.33106 

.94301 

.35085 

2.85023 

.519911 

.35 

21 

.33134 

.94351 

.35118 

2 84753 

.520271 


22 

.33161 

.94342 

.35150 

2.84494 

.520o3l 


23 

.33189 

.94332 

.35183 

2.84229 

.520990 

.40 

24 

.33216 

.94322 

.35216 

2.8396S 

.521349 


25 

.33244 

.94313 

.35248 

2.83702 

.521707 


26 

.33271 

.94303 

,35281 

2.83439 

.522066 

.46 

27 

.33298 

.94293 

.35314 

2.83176 

.622424 


28 

.33326 

.94284 

,35346 

2.82914 

.522731 


29 

.33353 

.94274 

.35379 

2 . 82o53 

.523133 

JiD 

30 

.33381 

.94264 

.35412 

2.82391 

.523495 


31 

.33408 

.94254 

.35445 

2.82130 

.523852 


32 

.33436 

.94245 

.35477 

2.81870 

.524208 

.05 

33 

.33463 

.94235 

.36510 

2.81610 

.624564 


34 

.33490 

.94225 

.35543 

2.81350 

.524920 


35 

.33518 

.94215 

.35576 

2.81091 

.525275 

.60 

36 

.33545 

.94206 

.35608 

2.80833 

.525630 


37 

.33573 

.94196 

,35641 

2.80574 

.525984 


38 

.33600 

.94186 

.35674 

2,80316 

.526339 

.65 

39 

.33627 

,94176 

,36707 

2.80059 

.526693 


40 

.33055 

.94167 

.35740 

2.79602 

.527046 


41 

.33082 

.94157 

.35772 

2.79545 

.527400 

.70 

42 

.33710 

.94147 

.35805 

2.79289 

.627753 


43 

.33737 

.94137 

.35838 

2.79033 

,528105 


44 

.33764 

.94127 

.35871 

2.78778 

.528458 

.75 

45 

.33792 

.94118 

.35904 

2.78823 

.523810 


46 

.33819 

.94108 

.35937 

2.78269 

.529161 


47 

.3^346 

.94098 

.35969 

2.78014 

.529513 

.80 

48 

.33874 

.94038 

.36002 

2.77761 

.529864 


49 

.33901 

.94073 

.36035 

2.77507 

.530215 


50 

.33929 

.94068 

.36068 

2.77254 

.530565 

.85 

61 1 

.33956 

.94058 

.36101 

2.77002 

.530915 


521 

.33983 

.94049 

.36134 

2.76750 

. 531265 


53 ! 

.34011 

.94039 

,36167 

2.76498 

.531614 

.90 

54 i 

.34038 

.94029 

.36199 

2.76247 

.531963 



.34065 

.94019 

.36232 

2.75996 

.532312 


56 

.34093 

.94009 

.36265 

2.75746 

.532661 

.96 

sri 

.34120 

.93999 

.36298 

2.75496 

.533009 


58 

.34147 

.93989 

.36331 

2.75246 

.533357 


59 

.34175 

.93979 

.36364- 

2.74997 

.533704 

1.00 

60 

.34202 

.93969 

.36397 

2.74748 

9.634059 

J3 

1 

Cos 

Sm 

Cot 

Tan 


1 

Q 

c 

s 


Natural Values 




Common Logarithms 

111 

■j: 

s 

Cos 

Tan 

j Cot 

1 is 

G 

9.975670 

9.536972 

1 10.463028 

1 60 

1.00 

.975627 

.537382 

! .462618 

1 59 


.973583 

.537792 

i .462208 

1 58 


.975539 

i .538202 

,461798 

! 57 

.95 

.975406 

.538611 

.461389 

I| 56 

.975452 

.539020 

.460980 

'!55 


.975408 

.539429 

.460571 

1 54 

.90 

.975305 

.539837 

.460163 

1 53 

.975321 

.540245 

.459755 

:i52 


.975277 

.540653 

.4593471 51 

.85 

.975233 

.54i0bl 

.458939 

50 

.975189 

.541468 

.458532 

' 49 


.975145 

.541875 

.458125 

48 

.80 

.975101 

.542281 

.457719 

ij 47 


1 .975057 

.542688 

.457312 

1 46 


.975013 

.543094 

.456906 

’ 45 

.73 

.974969 

.543409 

.456501 

44 


.974925 

.543905 

.456095 

43 


.974880 

.544310 

.455690 

42 

.70 

.974336 

.544715 

.455285: 

41 


.974792 

.545119 

.454381i 

40 


.974748 

.545524 

.454476' 

39 

.65 

.974703 

.545928 

.454072' 

38 

.974659 

.546331 

.453669 

37 


.974614 

.646735 

.463265' 

36 

.60 

.974570 

.547138 

.452362' 

35 

.974525 

.547540 

.452460 

34 


.974481 

.547943 

.452057 

33 

.65 

.974436 

.548345 

.4516551 

32 

.974391 

.548747 

.4512531 

31 


.974347 

.649149 

.4508511 

30 

.60 

.974302 

.549550 

.4504501 

29 

.974257 

.549951 

.4500491 

28 


.974212 

,550352 

.4496481 

27 

.45 

.974167 

.550752 

.4492481 

26 

.974122 

.551153 

.448847i 

25 


.974077 

.551552 

.448448' 

24 

.40 

.974032 

.551952 

.448048! 

23 


.973987 

.552351 

: .4476491 

22 


.973942 

.652750 

.447250 

21 

.33 

.973897 

.553149 

.446851 

20 

.973852 

.553548 

.446452 

19 


.973807 

.553946 

446054 

18 

.30 

.973761 

.554344 

.445656 

17 

.973716 

.554741 

.445259 

16 


.973671 

.565139 

.444861 

15 

.25 

.973625 

.555536 

. 444464,1 

! 14 

.973580 

.555933 

.444067 

^ 13 


.973535 

.656329 

.4436711 

12 

.20 

,973489 

.556725 

.4432751 

11 

.973444 

.557121 

.4428791 

10 


.973398 

.657617 

.442483! 

9 

.15 

.973352 

.557913 

.442087 

8 

.973307 

.556308 

.441692 

7 


.973261 

.658703 

.441297 

6 

.10 

.973215 

.559097 

.440903 

5 

.973169 

.559491 

,440509 

4 


.973124 

.659885 

.440115 

3 

.05 

.973078 

.560279 

.439721 

2 

.973032 

.560673 

.439327 

I 


9.972986 

9.661066 

10.438934 

0 

.00 

Sin 

Cot 

Tan 

V. 

-23 






Common Logarithms 


5 

■« 




2 

a 


11-88 


70 






VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


30° 


s 

a 

s 

j Natural Values 

j 

Common Logarithms 

! 1 

,3 

Q 

Q 

s 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

' .2 

0 

0 

Q 

.00 

0 

.34202 

.93969 

.36397 

2.74748 

9.534052 

9.972986 

9.561066 

10.438934 

j 60 

1.00 


1 

.34229 

.93959 

.36430 

2.74499 

.534399 

.972940 

.561459 

.458541 

59 


2 

.34257 

.93949 

.36463 

2.74251 

.534745 

.972894 

.561851 

.438149 

58 


.05 

3 

.34284 

.93939 

.36496 

2.74004 

.535092 

.972848 

.562244 

.437756 

57 

.95 


4 

.34311 

.93929 

.36529 

2.73756 

.535438 

.972802 

.562636 

.437364 

56 


5 

.34339 

.93919 

.36562 

2.73509 

.535783 

.972755 

.563028 

.436972 

55 


.10 

6 

.34356 

.93909 

.36595 

2.73263 

.636129 

.972709 

.563419 

.436581 

54 

.90 


7 

.34393 

.93899 

.36628 

2.73017 

.536474 

,972663 

.563811 

.436189 

53 


8 

,34421 

.93889 

.366ol 

2.72771 

.536818 

.972617 

.564202 

.435798 

52 


.15 

9 

.34448 

.93879 

.36694 

2.72526 

.537163 

.972670 

.564593 

.435407 

51 

.88 


10 

.34475 

.93869 

.36727 

2.72281 

.537507 

.972524 

.564983 

.435017 

50 


11 

.34503 

.93859 

.36760 

2.72036 

.537851 

.972478 

.565373 

.434627 

49 


.20 

12 

.34530 

.93349 

.36793 

2.71792 

.538194 

.972431 

.665763 

.434237 

48 

.80 


13 

.34557 

.93839 

.3o826 

2.71548 

.538538 

.972385 

.566153 

.435847 



14 

.34584 

.93829 

.36859 

2.71305 

.538880 

.972338 

.566542 

.433458 

; 46 


.25 

15 

.34612 

.93819 

.36392 

2 71062 

.539223 

.972291 

.566932 

.433003 

1 45 

.75 


16 

.34639 

.93809 

.30925 

2.70819 

.539565 

.972245 

.507320 

.432680 

I 44 


17 

.34666 

.93799 

.36958 

2.70577 

.539907 

.972198 

.5o7709 

.432291 

143 


.30 

18 

. 34694 

.93789 

.36991 

2.7033S 

.540249 

.972151 

.568098 

.431902 

! 42 

.70 


19 

.34721 

.93779 

.37024 

2.70094 

.540390 

.972105 

.508486 

.431514 

i 41 


20 

.34748 

.93769 

.37057 

2.69853 

.540931 

.972058 

.568873 

.431127 

40 


.35 

21 

.34776 

.93759 

.37090 

2.69612 

.541272 

.972011 

.669261 

.430739 

39 

.65 


22 

.34803 

.93748 

.37123 

2.69371 

.541613 

.971964 

.569648 

.430352 

38 


23 

.34830 

.93738 

.37157 

2.69131 

.541953 

.971917 

.570035 

.429965 

37 


.40 

24 

.34857 

.93728 

.37190 

2.68892 

.642293 

.971870 

.570422 

.429678 

36 

.60 


25 

.34884 

.93718 

.37223 

2.68653 

.542632 

.971823 

.570809 

.429191 

35 


26 

.34912 

.93708 

.37256 

2.68414 

.542971 

.971776 

.571195 

.428805 

34 


.45 

27 

.34939 

.93698 

.37289 

2.6817S 

.543310 

.971729 

.571581 

.438419 ^ 

33 

.55 


28 

.34966 

.93688 

.37322 

2.67937 

.543649 

.971682 

.5719o7 

.428033, 

32 


29 

.34993 

.93677 

.37355 

2.67700 

.543987 

.971635 

.572352 

.427648 

31 


.50 

30 

.35021 

.93667 

.37388 

2.67462 

.544325 

.971588 

.572738 

. 427262 ! 

30 

.60 


31 

.35048 

.93657 

.37422 

2.67225 

.544663 

.971540 

.573123 

.4268771 

29 


32 

.35075 

.93647 

.37455 

2.66989 

.545000 

.971493 

.573507 

.426493 i 

28 


.55 

33 

.35102 

.93637 

.37488 

2.66752 

.645338 

.971446 

.673892 

.426108 I 

27 

.45 


34 

.35130 

.93626 

.37521 

2.66516 

.545674 

.971398 

.574276 

.4257241 

26 


35 

.35157 

.93616 

.37554 

2.66281 

.546011 

.971351 

.574660 

.425340 

25 


.60 

36 

.35184 

.93606 

.37588 

2.66046 

.646347 

.971303 

.575044 

.424956' 

24 

.40 


37 

.35211 

.93596 

.37621 

2.65811 

.546603 

.971256 

.575427 

.424573 

23 


38 

.35239 

.93585 

.37654 

2.65576 

.547019 

.971208 

.575810 

.424190 

22 


.63 

39 

.35266 

.93575 

.37687 

2.65342 

.547364 

.971161 

.676193 

.423807 

21 

.36 


40 

.35293 

.93565 

.37720 

2.65109 

.547689 

.971113 

.576576 

.423424 

20 



41 

.35320 

.93555 

.37754 

2.64875 

.548024 

.971066 

.570959 

.423041 

19 


.70 

42l 

.36347 

.93544 

.37787 

2.64642 

.548359 

.971018 

.677341 

.422669 

18 

.30 


43 

.35375 

.93534 

.37820 

2.64410 

.548693 

.970970 

.577723 

.422277; 

17 



44 } 

.35402 

.93524 

.37853 

2.64177 

.549027 

.970922 

.578104 

.421896! 

16 


.76 

45 

.35429 

.93514 

.37887 

2.63945 

.549360 

.970874 

.578486 

.4216141 

15 

.25 


46 

.35456 

.93503 

.37920 

2.63714 

.549693 

.970827 

.578867 

.421I33| 

14 



47 

.35484 

.93493 

.37953 

2.63483 

.530026 

.970779 

.579248 

.420752 

U 


.80 

48 

.35511 

.93483 

.37986 

2.63262 

.550359 

.970731 

.679629 

.420371 

12 

.20 


49* 

.35538 

.93472 

.38020 

2.63021 

.550692 

.970683 

.580009 

.419991 

11 



50 

.35565 

.93462 

.38053 

2.62791 

.551024 

,970635 

.580389 

.419611 

10 


.85 

61 

.35592 

.93452 

.38086 

2.62561 

.551356 

.970586 

.580769 

.419231 

9 

.15 


52 

.35619 

.93441 

.38120 

2.62332 

.551687 

.970538 

.581149 

.4188511 

6 



53 1 

.35647 

.93431 

.38153 

2.62103 

.352018 

.970490 

.581528 

.4184721 

7 


.90 

64 

.35674 

.93420 

.38186 

2.61874 

.652349 

.970442 

.681907 

.4180931 

6 

.10 


55 

.35701 

.93410 

.38220 

2.61645 

. 552680 

.970394 

.562286 

.4177141 

5 



56 

.35728 

.93400 

.38253 

2.61418 

.553010 

.970345 

.582665 

.417335! 

4 


.95 

57 

.35755 

.93389 

.38286 

2.61190 

.553341 

.970297 

.683044 

.416956! 

3 

.05 


58 

.35782 

.93379 

.38320 

2.60963 

.553670 

.970249 

.583422 

.4I5578| 

2 



59 

.35810 

.93368 

.38353 

2.60736 

.554000 

.970200 

.583800 

.4162001 

1 


1.00 

60 

.35837 

.93358 

.38386 

2.60509 

9.654329 

9.970152 

9.634177 

10.415823: 

1 

0 

.00 

.3 

t3 

5= 

J 

Cos 

Sin 

Cot 

Tan 

Cos 

fein 

Cut 

Tan 1 

-§ 

1 

Q 


Natural Values 

Common Logarithms 


Q 


11-S9 69° 


31° MATHEMATICAL TABLES 


a 

a r 
o 

Natural Values !j 

Common Logarithms jj 


JS 

a 

o 

ft 

2 

Sm j 

Cos 

Tan 

Cot 1 

|! 

Sin 

Cos 

Tan 

Cot 

S 

ij 

.00 

0 

.38837 

.93358 

.38386 

2.60509 1 

9.554329 

9.970152 

9.534177 

10.415823 

60 

1.00 


1 

.35864 

.93348 

.38420 

2.60283! 

.554658 

.970103 

.584555 

.413445 

59 



2 

.35891 

.93337 

.38453 

2.60057! 

.554987 

.970055 

.584932 

.415068 

58 


.05 

3 

.35918 

.93327 

.33487 

2.59831 

.555315 

.970006 

.585309 

.414691 

57 

.98 


4 

.35945 

.93316 

.38520 

2.59606 

.555643 

.969957 

.585686 

.414314! 

56 



5 

.35973 

.93306 

.38553 

2.59381 

.555971 

.969909 

.586062 

.413938;; 

55 


.10 

6 

.36000 

.93295 

.38587 

2.59156 

.556299 

.969860 

.586439 

.4135611 

54 

.90 


7 

.36027 

.93285 

,38620 

2.58932 

. 556t>26 

.969811 

.586315 

.413185 : 

53 



8 

.36054 

.93274 

.38654 

2.58708 

.556953 

.969762 

.587190 

.412810 ! 

52 



9 

.36081 

.93264 

.38687 

2.58484 

.557230 

.969714 

.587563 

.412434 

51 

.85 


10 

.36108 

.93253 

.38721 

2.58261 

.557606 

.969665 

.587941 

.412059 

50 



11 

.36135 

.93243 

.38754 

2.58038 

.557932 

.969616 

.588316 

.411684 

49 


Jto 

12 

.36162 

.93232 

.38787 

2.67815 

.558258 

.969567 

.588691 

.411309 

48 

.80 


13 

.36190 

,93222 

.38821 

2.57593! 

.558583 

.969518 

.589066 

.410934 

47 



14 

.36217 

.93211 

.38854 

2.57371! 

.558909 

.969469 

.589440 

.410560 

46 


^5 

IS 

.36244 

.93201 

.38888 

2.57150 

.559234 

.969420 

.589814 

.410186 

45 

.75 


16 

.36271 

.93190 

.38921 

2.56928 

.559558 

.969370 

.590188 

.409812 

44 



17 

.36298 

.93180 

.38955 

2.56707 

.559883 

.969321 

.590562 

.409438 

43 


.30 

18 

.36323 

.93169 

.38988 

2.56487 

.560207 

.969272 

.590935 

.4090651 

42 

.70 


19 

.36352 

.93159 

.39022 

2.56266 

.560531 

.969223 

.591308 

.408692 

41 



20 

.36379 

.93148 

.39055 

2.56046 

.560855 

.969173 

.591681 

.408319 

40 


.36 

21 

.36406 

,93137 

.39089 

2.55827 

.561178 

.969124 

.592054 

.407946 

! 39 

.65 


22 

.36434 

.93127 

.39122 

2.55608 

.561501 

.969075 

.592426 

.407574 

38 



23 

.36461 

.93116 

.39156 

2.55389 

.561824 

.969025 

.592799 

.407201 

37 


.40 

21 

.36488 

.93106 

.39190 

2.55170 

.562146 

.968976 

.693171 

.406829 

36 

.60 


25 ; 

.36515 

.93095 

.39223 

2.54952 

.562468 

.968926 

.593542 

.406458 

35 



26 

.36542 

.93084 

.39257 

2.34734 

.562790 

.968877 

.593914 

.406086 

1 34 


.45 

27 

.36569 

.93074 

.39290 

2.54516 

.663112 

.968827 

.694285 

.4057 15 

1 33 

.55 


28 

.36596 

.93063 

.39324 

2.54299 

.563433 

.968777 

.594656 

.405344; 

; 32 



29 

.36623 

.93052 

.39357 

2.54082 

.563755 

.968728 

.595027 

.404973 

i3l 


.50 

30 

36650 

.93042 

.39391 

2.63865 

.564075 

.968678 

.595398 

.404602 

1 30 

I .50 


31 

.36677 

.93031 

.39425 

2.53648 

.564396 

.963628 

.595768 

.404232 

1 29 



32 

.36704 

.93020 

.39458 

2.53432 

.564716 

.968578 

.596138 

.403862 

28 


.55 

33 

.36731 

,93010 1 

.39492 

2.53217 

.565036 

.968528 

.596508 

.403492 

27 

.45 


34 

.36758 

.92999 1 

.39526 

2.53001 

.565356 

.968479 

.596878 

.403122 

26 



35 

.36785 

.92988 

.39559 

2.52786 

.565676 

.968429 

.597247 

.402753 

25 


.60 

3S 

.36812 

.92978 ^ 

.39593 

2.52571 

.565995 

.968379 

.697616 

.402384 

21 

.40 


37 

.36839 

.92967 

.39626 

2.52357 

,566314 

.968329 

.597985 

.402015 

23 



38 

.36867 

.92956 

.39660 

2.52142 

.566632 

.968278 

.598354 

.401646 

22 


.65' 

39 

.35894 

.92945 

.39694 

2.619291 

.566951 

.968228 

.598722 

.401273 

i 21 

.35 


40 

.36921 

.92935 

.39727 

2.51715 

.567269 

.968178 

.599091 

.4009091 

20 



41 

.36948 

.92924 

.39761 

2.51502 

.567587 

.968128 

.599459 

.400541 ; 

19 


.70 

42 

.36975 

.92913 

.39798 

2.61289 

.567904 

.968078 

.699827 

.400173 

18 

.30 


43 

.37002 

.92902 

.39829 

2.51076 

.568222 

.968027 

.600194 

.399806 

17 



44 

.37029 

.92892 

.39862 

2.50864 

.568539 

.967977 

.600562 

.399438 

16 


.76 

45 

37056 

.92881 

.39896 

2.50652 

.668856 

.967927 

.600929 

.399071 

15 

.25 


46 

.37083 

.92870 

.39930 

2,50440 

.569172 

.967876 

.601296 

.398704 

14 



47 

.37110 

.92859 

.39963 

2.50229 

.569488 

.967826 

.601663 

.398337 

13 


.80 

48 

.37137 

.92849 

.39997 

2.60018 

.569804 

.967775 

.602029 

.397971 

1 12 

.20 


49 

.37164 

.92838 

.40031 

2.49807 

.570120 

.967725 

.602395 

.397605 

i I! 



50 

.37191 

.92827 

.40065 

2.49597 

.570435 

.967674 

.602761 

.397239 

I 10 


.85 

51 

.37218 

.92816 

.40093 

2.49386 

.670751 

.967624 

.603127 

.396873 

; 9 

.15 


52 

.37245 

.92805 

.40132 

2.49177 

.571066 

.967573 

.603493 

.396507 

1 8 



53 

.37272 

.92794 

.40166 

2.48967 

,571380 

.967522 

.603858 

.396142 

i 7 


.90 

54 

.37299 

.92784 

.40200 

2.48758 

.671695 

.967471 

.604223 

,395777 

! G 

,1G 


55 

.37326 

.92773 

.40234 

2.48549 

! .572009 

.967421 

.604588 

.395412 

1 5 



56 

.37353 

.92762 

.40267 

2.48340 

j .572323 

.967370 

.604953 

.395047 

i 4 

1 

.95 

57 

.37380 

.92751 

.40301 

2.48132 

j .572636 

.967319 

.605317 

.394683 

i 3 

! .05 


58 

.37407 

.92740 

.40335 

2 47924 

1 .572950 

.967268 

.605682 

.394318 

2 



59 

.37434 

.92729 

.40369 

2 47716 

.573263 

.967217 

.606046 

.393954 

1 


1.0C 

1 60 

.37461 
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.40403 
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11 9.573575 
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0 
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23° VALUES AND LOGAEITHMS OP TRIGONOMETRIC FUNCTIONS 


H 


Natural Values 

Common Logarithms j 


St 

B 

Q 


Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

a 

s 

Q 

.00 

0 

.37461 

.92718 

.40403 

2.47509 

9.673575 

9.967166 

9.606410 

10.393590 

60 

1.00 


1 

.37488 

.92707 

.40436 

2.47302 

.573888 

.967115 

.006773 

.393227 

59 



2 

.37515 

.92697 

.40470 

2.47095 

.574200 

.967064 

.607137 

.392863 

58 


.05 

3 

.37542 

.92686 

.40504 

2.46338 

.574512 

.967013 

.607500 

.392500 

57 

.95 


4 

.37569 

.92675 

.40538 

2.46682 

.574824 

.966961 

.607863 

.392137 

56 



5 

.37595 

.92664 

.40572 

2.46476 

.575136 

.966910 

.608225 

.391773 

55 


.10 

6 

.37622 

.92653 

.40606 

2.46270 

.575447 

.966859 

.608588 

.391412 

54 

.90 


7 

.37649 

.92642 

.40640 

2.46065 

.575758 

.966808 

.008950 

.391050 

53 



8 

.37676 

.92631 

.40674 

2.45860 

.576069 

.966756 

.609312 

.390688 

52 


.IS 

9 

.37703 

.92820 

.40707 

2.45655 

.576379 

.966705 

.609674 

.3903261 

51 

.85 


10 

.37730 

.92609 

.40741 

2.45451 

.576689 

.966653 

.610036 

.389964! 

50 



11 

.37757 

.92598 

.40775 

2.45246 

.576999 

.966602 

.610397 

.389603 

49 


.20 

12 

.37784 

.92587 

.40309 

2.45043 

.577309 

.96S350 

.610759 

.380241 

48 

.80 


13 

.37811 

.925?6 

.40843 

2.44839 

.577618 

.966499 

.611120 

.388880 

47 



14 

.37838 

.92565 

.40877 

2.44636 

.577927 

.966447 

.611480 

.388520 

46 


.25 

15 

.37865 

.92554 

.40911 

2.44433 

.578236 

.966395 

.611841 

.383159 

45 

.75 


16 

.37892 

.92543 

.40945 

2.44230 

.578545 

.966344 

.612201 

.387799 

44 



17 

.37919 

.92532 

.40979 

2.44027 

.578853 

.966292 

.612561 

.387439 

43 


.30 

18 

.37946 

.92521 

.41013 

2.43825 

, .579162 

.966240 

.612921 

.387079 

42 

.70 


19 

,37973 

.92510 

.41047 

2.43623 

.579470 

.966188 

.613281 

.386719 

41 



20 

.37999 

.92499 

.41081 

2.43422 

.579777 

.966136 

.613641 

.386359 

40 


.25 

21 

.38026 

,92488 

.41115 

2.43220 

.580085 

.966085 

.614000 

.386000 

39 

.66 


22 

.38053 

.92477 

.41149 

2.43019 

.580392 

.966033 

.614359 

.385641 

38 



23 

.38080 

.92466 

.41183 

2.42819 

.580699 

.965981 

.614718 

.385282 

37 


.40 

24 

.38107 

.92455 

.41217 

2.42618 

.581005 

.965929 

.615077 

.384923 

36 

.GO 


25 

.38134 

.92444 

.41251 

2.42418 

.581312 

.965876 

.615435 

.384565 

35 



26 

.38161 

.92432 

.41235 

2.42218 

.581618 

.965824 

.615793 

.384207 

34 


.45 

27 

.38188 

.92421 

.41319 

2.42019 

.581924 

.965772 

.616151 

.383849 

33 

.65 


28 

.38215 

.92410 

.41353 

2.41819 

.582229 

.965720 

.616509 

.383491 

32 



29 

.38241 

.92399 

.41387 

2.41620 

.582535 

.965668 

.616867 

.383133 

31 


.60 

30 

.38268 

.92388 

.41421 

2.41421 

.582840 

.965615 

.617224 

.382776 

30 

.60 


31 

.38295 

.92377 

.41455 

2.41223 

.583145 

.965563 

.617582 

.382418 

29 



32 

.38322 

.92366 

.41490 

2.41025 

.583449 

.965511 

.617939 

.38206! 

28 


.65 

33 

.38349 

.92355 

.41524 

2.40827 

.683754 

.965458 

.618295 

.381705 

27 

.45 


34 

.38376 

.92343 

.41553 

2.40629 

.584058 

.965406 

.618652 

.381348 

26 



35 

.38403 

.92332 

.41592 

2.40432 

.584361 

.965353 

.619008 

.380992 

25 


.60 

36 

.38430 

.92321 

.41626 

2.40235 

.584665 

.965301 

.619364 

.380636 

24 

.40 


37 

.38456 

.92310 

.41660 

2.40038 

.584968 

.965248 

.619720 

.380280 

23 



38 

.38483 

.92299 

.41694 

2.39841 

.585272 

.965195 

.620076 

.379924 

22 


.66 

39 

.38510 

.92287 

.41728 

2.39645 

.685574 

.965143 

.620432 

.379568 

21 

.35 


40 

.38537 

.92276 

.41763 

2 39449 

.585877 

.965090 

.620787 

.379213 

20 



41 

.38564 

.92265 

.41797 

2.39253 

,586179 

,965037 

.621142 

.378858 

19 


.70 

42 

.38591 

.92254 

.41831 

2.39058 

.586482 

.964984 

,621497 

.378503 

18 

.30 


43 

.38617 

.92243 

.41865 

2.38863 

.586783 

.964931 

.621852 

.378148 

17 



44 

.38644 

.92231 

.41899 

2.38668 

.587085 

.964879 

.622207 

.377793 

16 


.75 

45 

.38671 

.92220 

.41933 

2.38473 

.687386 

.964826 

622561 

.377439 

15 

.25 


46 

.38698 

.92209 

.41968 

2 38279 

.587688 

.964773 

622915 

.377085 

14 



47 

.38725 

.92198 

.42002 

2.38084 

.587989 

.964720 

.623269 

.376731 

13 


.80 

48 

.38752 

.92186 

.42036 

2.37891 

.538289 

.964666 

.623623 

.376377 

12 

.20 


49 

.38778 

.92175 

.42070 

2.37697 

.588590 

.964613 

.623976 

,376024 

11 



50 

.38805 

.92164 

.42105 

2,37504 

.588890 

.964560 

,624330 

.375670 

10 


.86 

51 

.38832 

.92152 

.42139 

2.37311 

.689190 

.964507 

.624633 

.375317 

9 

.16 


52 

.38859 

.92141 

.42173 

2.37118 

.589489 

.964454 

.625036 

.374964 

8 



53 

.38886 

.92130 

.42207 

2.36925 

,589789 

.964400 

.625388 

.374612 

7 


.90 

54 

.38912 

.92119 

.42242 

2.36733 

.590083 

.964347 

,625741 

.374259 

6 

.10 


55 

.38939 

.92107 

.42276 

2.36541 

.590387 

,964294 

.626093 

.373907 

5 



56 

.38966 

.92096 

.42310 

2.36349 

.590686 

.954240 

.626445 

.373555 

4 


.96 

67 

.38993 

.92085 

42345 

2.36158 

.690984 

.964187 

.626797 

.373203 

3 

.05 


58 

.39020 

.92073 

.42379 

2.35967 

.591282 

.964133 

.627149 

.372851 

2 



59 

.39046 

.92062 

.42413 

2.35776 

.591580 

.964080 

.627501 

.372499 

1 


1.00 

60 

.39073 

.92050 

.42447 
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0 
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MATHEMATICAL TABLES 


1 

J 

Natural Values 

Common Logarithms 

1 c 

1 

p 

2 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 S 

P 

.00 

0 

.39073 

.92050 

.42447 

2.3SSS5 

9.591873 

9.964028 

9.627852 

10.372148 

60 

1.00 


1 

.39100 

.92039 

.42482 

2.35395 

.592176 

.963972 

.628203 

.371797 

59 



2 

.39127 

.92028 

.42516 

2,35205 

.592473 

.963919 

.628554 

.371446 

58 


.05 

3 

.39153 

.92016 

.42551 

2 35015 

,692770 

.963865 

.628905 

,371095 

57 

.95 


4 

.39180 

.92005 

.42585 

2.34825 

.593067 

.963811 

.629255 

.370745 

56 



5 

.39207 

.91994 

.42619 

2.34o36 

.593363 

.963757 

.629606 

.370394 

55 


.10 

6 

.39234 

.91982 

.42654 

2 3444? 

.593659 

.963704 

.629956 

.370044 

54 

.90 


7 

.392o0 

.91971 

.42088 

2.34258 

.593955 

.963650 

.630306 

.369694 

53 



8 

.39287 

.91959 

,42722 

2.34069 

.594251 

.963596 

.630656 

.369344 

52 


.15 

9 

.39314 

.91943 

.42757 

2.33881 

.594547 

.963542 

.631005 

.368995 

51 

.85 


10 

.39341 

.91936 

.42791 

2.33693 

.594842 

.963488 

.631355 

.368645 

50 



11 ' 

.39367 

.91925 

.42826 

2.33305 

.595137 

.963434 

.631704 

.368296 

49 


.SO 

12 , 

.39394 

.91914 

.42360 

2.33317 

.595432 

.963379 

.632053 

.367947 

48 

.80 


13 

.39421 

.91902 

.42394 

2.33130 

.595727 

.963325 

.632402 

.367598 

47 



14 

.39448 

.91891 

.42929 

2.32943 

.590021 

.963271 

.632750 

.367250 

46 


^5 

15 

.39474 

.91879 

.42963 

2 32756 

.696315 

.963217 

.633099 

.366901 

46 

.76 


16 

.39501 

.91868 

.42993 

2.32570 

.590009 

.963163 

.633447 

.366553 

44 



17 

.39528 

.91856 

.43032 

2.32383 

.596903 

.963108 

.633795 

.366205 

43 


JO 

IS 

.39555 

.91845 

.43067 

2.32197 

.697196 

.963054 

.634143 

.385857 

42 

.70 


19 

.39581 

.91833 

.43101 

2.32012 

.5^7490 

.962999 

.634490 

.365510 

41 



20 

.39608 

.91822 

.45136 

2.31826 

.597783 

.962945 

.634838 

.365162 

40 


J5 

21 

.39635 

.91810 

.43170 

2.31641 

.69S075 

.962890 

.635185 

.364816 

39 

.65 


22 

.39661 

,91799 

.43205 

2.31456 

.598368 

.962G36 

.635532 

.364468 

38 



23 

.39688 

.91737 

.43239 

2.31271 

.598660 

.962781 

.635879 

.364121 

37 


.40 

24 

.39715 

.91775 

.43274 

2.31086 

.598952 

.962727 

.636226 

.363774 

36 

.60 


25 

.39741 

.91764 

.43308 

2.30902 

.599244 

.962672 

.636572 

.363428 

35 



lb 

.39768 

.91752 

.43343 

2.30718 

.599536 

.962617 

.636919 

.363001 

34 


.45 

27 

.39795 

.91741 

.43378 

2.30534 

.599827 

.962662 

.637265 

.362735 

33 

.66 


28 

.39822 

.91729 

,43412 

2.30351 

.600118 

.962508 

.637611 

.362389 

32 



29 

.39848 

.91718 

,43447 

2.30167 

.600409 

.962453 

.637956 

.362044 

31 


.50 

30 

.39875 

.91706 

.43481 

2.29984 

.600700 

.962398 

.638302 

.361698 

30 

.fin 


31 

.39902 

.91094 

.43516 

2. 29801 

.600990 

.962343 

.636647 

.361353 

29 



32 

.39923 

.91683 

.43550 

2.29619 

.601280 

.962288 

.636992 

.361008 

28 


.05 

33 

.39955 

.91671 

.43535 

2. 294371 

.601570 

.962233 

.639337 

.360663 

27 

4R 


34 

.39982 

.91660 

.43o20 

2.29254 

.601860 

.962178 

.639682 

.360318 

26 



35 

.40008 

.91648 

.43654 

2 29073 

.602150 

.962123 

.640027 

.359973 

25 


.60 

3S 

.40035 

.91536 

.43G89 

2.28891 

.602439 

.963067 

.640371 

.359629 

24 

in 


37 

.40062 

.91625 

.43724 

2.28710 

.602728 

.962012 

.640716 

.359284 

23 



38 

,40088 

.91613 

,43758 

2.28528 

.603017 

.961957 

.641060 

.358940 

22 


.65 

39 

.40115 

.91001 

.43793 

2.28348 

.603305 

.961902 

.641404 

.358596 

21 

UK 


40 

.40141 

.91590 

.43828 

2.23167 

,603594 

.961846 

.641747 

.358253 

20 



41 

.40168 

.91578 

.43862 

2.27987 

.603882 

.961791 

.642091 

.357909 

19 


.70 

42 

.40195 

.91566 

.43897 

2.27806 

.604170 

.961735 

.642434 

.357666 

18 

.30 


43 

.40221 

.91555 

.43932 

2.27626 

,6u4457 

.961680 

.642777 

.357223 

17 


44 

.40248 

.91543 

.43966 

2.27447 

.604745 

.961624 

.643120 

.356880 

16 


.76 

45 

.40275 

.91531 

.44001 

2.27267 

.605032 

.961569 

.643463 

.366537 

15 



46 

.4030! 

.91519 

.44036 

2. 27088 

.605319 

.961513 

.643806 

,356194 

14 



47 

.40328 

.91508 

.44071 

2. 26909 

.605606 

.961458 

.644148 

.355852 

13 


JO 

48 

.40355 

.91496 

.44105 

2.26730 

.605892 

.961402 

.644490 

.355510 




49 

.40381 

.91484 

.44140 

2 265521 

.606179 

.961346 

.644832 

.355168 

11 



50 

.40408 

.91472 

,44175 

2.26374! 

.606465 

,961290 

.645174 

.354826 

10 


.85 

51 

.40434 

.91451 

.44210 

2.261961 

.606751 

.961235 

.645516 

.354484 


1R 


52 

.40461 

.91449 

.44244 

2 2t>018: 

.607036 

,961179 

.645857 

.354143 




53 

.40488 

.91437 

.44279 

2.25840' 

.607322 

.961123 

.646199 

.353801 

7 


.90 

54 

.40514 

.91425 

.44314 

2.25663 

.607607 

.961067 

.646540 

.353460 




55 

,40541 

.91414 

.44349 

2 25486! 

.607892 

.961011 

.646881 

.353119 




56 

.40567 

.91402 

.44384 

2 25309; 

.608177 

,9b0955 

.647222 

.352778 

4 


.95 

67 

.40594 

.91390 

.44418 

2 25132; 

.603461 

.960899 

.647562 

.352138! 


OR 


58 

.40621 

.91373 

.44453 

2 249561 

.608745 

.960843 

.647903 

.3520971 




59 

.40647 

,91366 

.44488 

2 24780! 

.609029 

.960786 

.643243 

.351757 

1 


1.00 

60 

.40674 

.91366 

.44523 

2 24604! 

9.603313 

9.960730 

9.648583 

10.351417 

0 

.00 

1 

n 

Cog 

Sin 

Cot 

Tan 

Cos 

Sill 

c.jt 

Tan 

s 


V 

Q 



Natural Values 



Common Logarithms 


3 

a 

Q 
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24° VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


"3 

a 


Natural Values | 

Common Logarithms | 

S 

.a 

eJ 

a 

c 

"Z 

Sin 

Co3 j 

Tan j 

Cot ! 

Sin 

Cos 

Tan 

Coe 

1 

c 

.00 

0 

.40674 

.91356 

.44523 

2.246041 

9.609313 

9.960730 

9.64S533 

10.351417 

60 

1.00 


1 

.40700 

.91343 

.44558 

2.244281 

.609597 

.9606/4 

.648925 

.3510771 

59 



2 

.40727 

.91331 

.44593 

2.24252| 

.609880 

.960618 

.649263 

.350737 

58 


.05 

3 

.40753 

.91319 

.44627 

2.24077 ; 

.610164 

.960561 

.649602 

.350398 

57 

.96 



.40780 

.91307 

.44062 

2.23902 

.610447 

.960305 

.649942 

.350058 

56 



5] 

.40806 

.91295 

.44697 

2.23727 

.610729 

.960448 

.650281 

.349719 

55 


.10 

6 

.40833 

.91283 

.44732 

2.23553 

.611012 

.960392 

.650620 

.349380 

54 

.90 

7\ 

.40860 

.91272 

.44767 

2.23378 

.611294 

.960335 

.650959 

.349041 

53 



8 : 

.40886 

.91260 

.44802 

2.232041 

.611576 

.960279 

.651297 

.348703 

52 


.15 

91 

.40913 

.91248 

.44837 

2.23030 

.611858 

.960222 

.651638 

.348364 

51 

.85 


10 

.40939 

.91236 

.44872 

2.22857 

.612140 

.960165 

.651974 

.348026 : 

50 



11 

.40966 

.91224 

.44907 

2.22683 

.612421 

.960109 

.652312 

.3476861 

49 


.30 

12 

.40992 

.91212 

.44942 

2.22510 

.612702 

.960052 

.652650 

.347350i 

43 

.80 


13 

.41019 

.912C0 

,44977 

2.22337 

.612983 

.959995 

.652983 

.347012 

47 



14 

.41045 

.91188 

.45012 

2.22164 

.613264 

.939938 

.653326 

.3400741 

46 


.25 

15 

.41072 

.91176 

.45047 

2.21992 

.613545 

.959882 

.653663 

.346337 

45 

.7F 

16 

.41098 

.91164 

.45082 

2.21819 

.613823 

.959825 

.654000 

.346000 

44 



17 

.41125 

.91152 

.45117 

2.21647 

.614105 

.959768 

.654337 

,345663 

43 


.30 

18 

.41151 

.91140 

.45152 

2.21475 

.614385 

.959711 

.654674 

.345326 

42 

.70 

19 

.41178 

.91128 

.45187 

2.21304 

.6146o5 

.959654 

.655011 

.344989 

4i 



20 

.41204 

.91116 

.45222 

2.21132 

.614944 

.959596 

.655348 

.344652 

40 


.35 

21 

.41231 

.91104 

.45257 

2.20961 

.615223 

.959539 

.655684 

.344316 

39 

.65 


22 1 

.41257 

.91092 

.45292 

2.20790 

.615502 

.959482 

.656020 

.343980 

38 



23 

.41284 

.91080 

.45327 

2.20619 

.615781 

.959425 

.656356 

.343644 

37 


.40 

24 

.41310 

.91068 

.45362 

2.20449 

.616060 

.959368 

.656692 

.3433081 

36 

.60 


25 

.41337 

.91056 

.45397 

2.20278 

.616338 

.959310 

.657028 

.342972 

35 



26 

.41363 

.91044 

.45432 

2.20108 

.616616 

.959253 

.657364 

.342630 

34 


.46 

27 

.41390 

.91032 

.45467 

2.19938 

.616894 

.959195 

.657699 

.342301 

33 

.55 


28 

.41416 

.91020 

.45502 

2.19769 

.617172 

.959158 

.658034 

.3419o6 

32 



29 

.41443 

.91008 

.45538 

2.195991 

.617450 

.959080 

.658369 

.341631 

31 


o 

IP 

30 

.41469 

.90996 

,45573 

2.19430 

.617727 

.959023 

.658704 

.341236 

30 

.60 

31 

.41496 

.90984 

.43603 

2,19261 

.618004 

.958965 

.659039 

.340961 

29 



32 

.41522 

.90972 

.45643 

2.19092 

.618281 

.958905 

.639373 

.340627 

23 


.BS 

33 

.41649 

.90960 

.45678 

2,18923 

.618558 

.958850 

.669708 

.340292 

27 

.49 

34 

.41575 

,90948 

.45713 

2.18755 

.618834 

.958792 

.660042 

.339953 

26 



35 

.41602 

.90936 

.45748 

2.18587 

.619110 

.958734 

.660376 

.339624 

25 


.60 

36 

.41628 

.90924 

.45734 

2.18419 

.619386 

.958677 

.660710 

.339290 

24 

.40 

37 

.41655 

.90911 

.43819 

2.18251 

,619062 

.958619 

.661043 

.338957 

23 



38 

.41681 

.90899 

.45854 

2.18084 

,619938 

.958561 

.661377 

.338623 

22 


.65 

39 

.41707 

.90887 

.45889 

2,17916 

.620213 

.958503 

.661710 

.938290 

21 

.35 


40 

.41734 

.90875 

,45924 

2.17749 

.620488 

.958445 

.662043 

.337957 

20 



41 

.41760 

.90863 

.45960 

2.17582 

.620763 

.958387 

.662376 

.337624 

19 


.70 

42 

.41787 

.90851 

.45995 

2.17416 

.621038 

.958329 

.662709 

.337291 

18 

.39 


43 

.41813 

.90839 

.46030 

2.17249 

.621313 

.958271 

.663042 

.336958 

17 



44 

.41840 

.90826 

.46065 

2.17083 

,621587 

.958213 

.663375 

.336625 

16 


.76 

45 

.41866 

.90814 

.46101 

2.16917 

.621861 

.953164 

.663707 

.336293 

15 

.25 


46 

.41892 

.90802 

.46136 

2.16751 

.622135 

.958096 

.664039 

.335961 

14 



47 

.41919 

.90790 

,46171 

2.16585 

.622409 

.958038 

.664371 

.535629 

13 


.80 

48 

.41945 

.90778 

.46206 

3.16420 

.622682 

.957979 

.664703 

.335297 

12 

.20 


49 

.41972 

.90766 

.46242 

2.16235 

.622956 

.957921 

.6d5J35 

.334965 

1 ! 



50 

.41998 

.90753 

.46277 

2.16090 

.623229 

.957863 

.b6536b 

.334634 

10 


.86 

51 

.42024 

.90741 

.46312 

2.15925 

.623502 

.957804 

.665698 

.334302 

9 

.15 


52 

.42051 

.90729 

,46345 

2.15760 

.623774 

.957746 

. 6cib029 

.333971 

8 



53 

.42077 

.90717 

.46383 

2.15596 

.624047 

.957687 

.666360 

.3336-10 

7 


.90 

64 

.42104 

.90704 

.46418 

2.15432 

.624319 

.957628 

.666691 

.333309 

6 

.10 


55 

.42130 

.90b92 

.46454 

2.15268 

.62459! 

.957570 

,667021 

.33297'^ 

5 



56 

.42156 

.90680 

.46489 

2.15104 

.624863 

.957511 

.667352 

.332648 

4 


.96 

57 

.42183 

.90668 

.46525 

2.14940 

.625135 

.957452 

.667682 

.332318 

3 

.05 


58 

.42209 

.90655 

.46560 

2 14777 

.625406 

.957393 

.668013 

.331987 

2 



59 

.42235 

.90643 

.46595 

2.14614 

.625677 

.957335 

.668343 

.331657 

1 


LOO 

60 

.42262 

.90631 

.46631 

2.14461 

9.625948 

1 

9.957276 

9.663673 

10.331327 

0 

.00 

ja 

i 

S 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 

Q 

a 

g 

Natural Values 

Common Logarithms 

1 

s 

Q 


C5° 
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25° MATHEMATICAL TABLES 




Natural Values 

CotamoQ Logarithms 


a 

3 

’3 

y 

a 



Sin 1 

Cos [ 

Tan j 

Cat 1 

Sin 

Cos 

Tan 

Cot 

s 

.GO 

0 | 

.42262 

.90631 

.46631 

2.144511 

9.625948 

9.957276 

9,668673 

10.331327 

60 

1.00 


: 

.42288 

.90t)18 

.4o666 

2.142881 

.626219 

.957217 

.669002 

.330998 

59 



2 ' 

.42315 

.90606 

.46702 

2.14125 

.626490 

.957158 

.669332 

.330668 

58 


.05 

Si 

.42341 

.90594 

.46737 

2.13963 

.626760 

.957099 

.669661 

.330339 

57 

.95 



.42367 

.90582 

.46772 

2.13801 

.627030 

.957040 

.669991 

.330009 

56 



5; 

.42394 

.90569 

.46808 

2.13639 

.627300 

.956981 

.670320 

.329680 

55 


.lo; 

61 

.42420 

.90557 

.46313 

2.13477 

.627570 

.956921 

.670649 

.329351 

54 

.90 

7 

.42446 

.90545 

.46879 

2,133161 

.627840 

.956862 

.670977 

.329023 

53 




.42473 

.90532 

.46914 

2.13154 

.628109 

.956803 

.671306 

.328694 

52 


.15 

9l 

.42489 

.90520 

.46950 

2.12993 

.628378' 

.956744 

.671635 

.328365 

51 

.85 


10 

.42525 

.90507 

.46985 

2,12832 

.628647 

.956084 

.671963 

.328037 

50 



11 

.42552 

.90495 

,47021 

2.12671 

.628916 

.956o25 

.672291 

.327709' 

49 


.20 

12 

.42578 

.90483 

.47056 

2.12511 

.629185 

.956566 

.672619 

.3273811 

48 

.80 


15 

.42604 

.90470 

.47092 

2,12350 

.629453 

.956506 

.672947 

.3270331 

47 



H 

.42631 

.90458 

.47128 

2.12190 

.629721 

.956447 

.673274 

.326726j 

46 


.25 

15 

.42657 

.90446 

.47163 

2.12030 

.629989 

.956387 

.673602 

.326398! 

45 

.75 


I6| 

.42683 

.90433 

.47199 

2.11871 

.630257 

.956327 

.673929 

.3260711 

44 



I?! 

,42709 

.90421 

.47234 

2.11711 

.630524 

.956268 

.674257 

.325743 

43 


.30 

18 

.42736 

.90408 

.47270 

2.11S52 

.630792 

.956208 

.674584 

.325416 

42 

.70 


19 

,42762 

.90396 

.47305 

2.11392 

.631059 

.956148 

.674911 

.325089 

41 



20 

.42788 

.90383 

,47341 

2.11233 

.631326 

.956089 

.675237 

.324763 

40 


.35 

21 

.42815 

,90371 

.47377 

2.11075 

.631593 

.956029 

.675564 

.324436 

39 

.65 


221 

.42841 

.90358 

.47412 

2.10916 

.631859 

.955969 

.675890 

.324110 

38 



23 

.42867 

.90346 

.47448 

2.10758 

.632125 

.955909 

.676217 

.323783 

37 


.40 

24 

.42894 

.90334 

.47483 

2.10600 

.632392 

.955849 

.676543 

.323457 

36 

.60 


25 

.42920 

.90321 

.47519 

2,10442 

.632658 

.955789 

.676869 

.323131 

35 



26 

,42946- 

.90309 

.47555 

2.10284 

.632923 

.955729 

.677194 

.322806 

34 


.4S 

27 

.42972 

.90296 

.47590 

2.10126 

.633189 

.955669 

.677520 

.322480 

33 

.65 


23 

.42999 

.90284 

.47626 

2.09969 

.633454 

.955609 

.677846 

.322154 

32 


29 

.43025 

.90271 

.47662 

2.09811 

.633719 

.955548 

.678171 

.321829 

31 


.50 

30 

.43051 

.90259 

.47698 

2.09654 

.633984 

.955488 

.678496 

.321504 

30 

.50 


31 

.43077 

.90246 

,47733 

2.09498 

.634249 

.955428 

.678821 

.321179 

29 


32 

.43104 

.90233 

.47769 

2.09341 

.634514 

.955368 

.679146 

.320854 

28 


.55 

33 

.43130 

.90221 

.47805 

2.09184 

.634778 

.955307 

.679471 

.320529 

27 

.65 


34 

.43156 

.90208 

,47840 

2.09028 

.635042 

.955247 

.679795 

.320205 

26 



35 

.43182 

.90196 

.47876 

2.08872 

.635306 

.955186 

.680120 

.319880 

25 


.60 

36 

.43209 

.90183 

.47912 

2.08716 

.635570 

.955126 

.680444 

.319556 

24 

.40 


37 

.43235 

.9017! 

.47948 

2.08560 

.635834 

.955065 

.680768 

.319232 

23 


38 

.43261 

.90158 

.47984 

2.08405 

.636097 

.955005 

.681092 

.318908 

22 


.65 

39 

.43287 

.90146 

.48019 

2.08250 

.636360 

.954944 

.681416 

.318584 

21 

.35 


40 

.43313 

.90133 

.48035 

2.08094 

.636623 

.954883 

.681740 

.318260 

20 


41 

.43340 

.90120 

.48091 

2.07939 

.6368861 .954823 

.682063 

.317937 

19 


.70 

42 

.43368 

.90108 

.48127 

2.07785 

.637148 

.954762 

.682387 

.317613 

18 

.30 


43 

.43392 

.90095 

.48163 

2.07630 

.637411 

,954701 

.682710 

.317290 

17 


44 

.43418 

.90082 

,48198 

2.07476 

.637673 

,954640 

.683033 

.316967 

16 


.75 

45 

.43445 

.90070 

.48234 

2.07321 

.637935 

.954679 

.683356 

.316644 

15 

.25 


46 

.43471 

,90057 

.48270 

2.07167 

.638197 

.954518 

.683679 

.316321 

14 


47 

.43497 

.90045 

.48306 

2,07014 

.638458 

.954457 

.684001 

.315999 

13 


.80 

48 

.43523 

.90032 

.48342 

2.06860 

.638720 

.954396 

.684324 

.315676 

12 

.20 


49 

.43549 

.90019 

.48378 

2.06706 

.638981 

.954335 

.684646 

.315354 

11 


50 

.43575 

.90007 

.48414 

2.06553 

.639242 

.954274 

.684968 

.315032 

10 


.85 

61 

.43602 

.89994 

.48450 

2.06400 

.639503 

.954213 

.685290 

.314710 

9 

.15 


52 

.43628 

.89981 

.48486 

2,06247 

.639764 

.954152 

.685612 

.314388 

8 



53 

.43654 

.89968 

.48521 

2.06094 

.640024 

.954090 

.685934 

.314066 

7 


.80 

54 

.43680 

.89956 

.48557 

2.05942 

.640384 

.954039 

.686255 

.313745 

6 

.10 


55 

.43706 

.89943 

.48593 

2.05790 

.640544 

.953968 

.686577 

.313423 

5 


56 

.43733 

,89930 

.48629 

2.05637 

.640804 

.953906 

.686898 

.313102 

4 


.96 

67 

.43759 

.89918 

.48665 

2.05485 

.641064 

.953845 

.687219 

.312781 

3 

.05 


58 

.43785 

.89905 

.48701 

2.05333 

.641324 

.953783 

.687540 

.312460 

2 


59 

.43811 

.89892 

.48737 

2.05182 

.641583 

.953722 

.687861 

.312139 

I 


1.00 

60 

.43837 

.89879 

.48773 

2.05030 

9.641842 

9.953660 

9.6SS1S2 

10.311818 

0 

.00 


1 ^ 

Coe 

Sin 

Cot 

Tan 

;1 Cos 

Sin 

Cot 

Tan 

J 

i 

'C 

Q 

11 

11 Natural Values 

|j Common Logarithms 

•9 

is 

Q 
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VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


36 


o 


2 

a 

at ' 
O 


Natural Values 



Common Logarithms 

I 

J 

JS 

i 

P 

^ 1 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan. 

Cot 

_c 


.00 

ol 

.43837 

.89879 

.48773 

2.05030 

9.641342 

9.953650 

9.688182 

10.311818 

60 

1 00 


!i 

.43863 

.89867 

.48809 

2.04579 

.642101 

.953599 

.688502 

.311498: 

59 



2 | 

.43889 

.89854 

.488-i5 

2.04728 

.642360 

.953537 

.688823 

.311177 

58 


^5 

3 ! 

.43916 

.89841 

.4SSS1 

2.04577 

.642618 

.953475 

.689443 

.310857 j 

57 

.55 


4 

.43942 

.89828 

.48917 

2.04426 

.642877 

.953-^13 

.639463 

.310537' 

56 



5 

.43968 

.89816 

.48953 

2.042761 

.643135 

.953352 

.639783 

.310217! 

55 


.10 

6 

.43994 

.89803 

.48982 

2.041251 

.643393 

.953290 

.690103 

.309397 1 

54 

.90 


7 

.44020 

,85790 

.49026 

2.03973i 

.643653 

.953228 

.690423 

.309577 

53 



3 

.44045 

.8977? 

,490o2 

2.03;25| 

.643908 

.953166 

.690742 

.309258 

52 


.15 

9 

.44072 

.S8764 

.49098 

2.03675, 

.644165 

.953104 

.691062 

.308938 

51 

.85 


10 

.44098 

.89752 

,49134 

2.035261 

.644423 

.953042 

.691381 

.308619 

50 



i I 

.44124 

.89739 

.49170 

2.033761 

.644680 

.952980 

.691700 

.308300 

49 


.20 

12 

.44151 

.89726 

.49206 

2.03227 i 

.644936 

.952918 

.692019 

.307981 

48 

.80 


15 

.44177 

.85713 

,49242 

2.03378 

.645193 

.952355 

.692338 

.307662 

47 



Mi 

.44203 

.89700 

.49278 

2.029291 

.645450 

.952793 

.692656 

.307344 

46 


.25 

15 i 

.44229 

.89687 

.49315 

2.02780 

.645706 

.952731 

.692975 

.307025 

45 

.75 


i 6 

.44255 

.55674 

.49351 

2.0263! 

.645962 

.952669 

.693293 

.306707 

44 



i?! 

.44281 

.85662 

.49387 

2.02483 

.646218 

.952606 

.693612 

.306388 

43 


30 

i 

.4430? 

.89549 

.49423 

2.02335 

.646474 

.952544 

.693930 

.306070 

42 

.70 


Mi 

.44333 

.85636 

.49459 

2.02187 

.646729 

.952481 

.694248 

.305752 

41 



201 

.4I359 

.89623 

.49495 

2.02039 

.646984 

.952419 

, 694566 

.305434 

40 


.35 

211 

.44385 

.89610 

.49532 

2.01391 

.647240 

.952356 

.694883 

.305117 

39 

.es 


22 i 

.44411 

.89597 

.49568 

2.01743 

.647494 

.952294 

.695201 

.304799 

38 



23 

. 44437 

.89584 

.49604 

2.01596 

.647749 

.952231 

.695518 

.304482 

37 


.40 

24 

.44454 

.8SS71 

,49640 

2.01449 

.648004 

.952168 

.695836 

.304164 

36 

.60 


25 

,44490 

.89558 

,49677 

2.01302 

.648258 

.952106 

.696153 

.303847 

35 



26 

.4-‘516 

.89545 

.49713 

2 . 01 155 

.648512 

.952043 

.696470 

.303530 

34 


.45 

27 

.44542 

.89532 

.49749 

2.01008 

.643766 

.951980 

.696787 

.303313 

33 

.55 


28 

.44568 

.89519 

.49786 

2.03862 

.649020 

.951917 

.697103 

.302897 

32 



29 ; 

. 44594 

.89506 

,49322 

2.00715 

.649274 

.951854 

.697420 

.302580 

31 


.50 

30 

.44620 

.89493 

.49853 

2.00569 

.649527 

.951791 

.697736 

.302264 

30 

.50 


21 

.44646 

.89480 

.49394 

2.00423 

.649781 

.951728 

.698053 

.301947 

29 



32 

.44672 

.39467 

.49931 

2.00277 

.650034 

.951665 

.698369 

.301631 

28 


.65 

33 

.44698 

.89454 

.49967 

2.00131 

.650237 

.951602 

.698685 

.301315 

27 

.45 


34 

.44724 

.89441 

.50004 

1.99986 

.650539 

.951539 

.699001 

.300999 

26 



35 

.44750 

.89428 

.50040 

1.99841 

.650792 

.951476 

.699316 

.300684 

25 


.60 

36 

.44776 

.89415 

,50076 

1.99695 

.651044 

.951412 

. 699632 

.300368 

24 

.40 


37 

.44802 

.89402 

.501)3 

1.99550 

.651297 

.951349 

.699947 

.300053 

23 



38 i 

.44828 

.89389 

.50149 

1.99406 

.651549 

.951286 

.700263 

.299737 

22 


.65 

391 

.44854 

.89376 

.50185 

1.99261 

.651800 

.961222 

.700678 

.299422 

21 

.35 


40' 

.44880 

.89363 

.50222 

1.99116 

.652052 

.951159 

.700893 

.299107 

20 



41 

.44906 

.89350 

.50238 

1.98972 

.632304 

.951096 

.701208 

.298792 

19 


.70 

42 

.44932 

.89337 

.50295 

1.98828 

.652555 

.951032 

.701623 

.298477 

18 

.30 


43 

.44958 

.89324 

.50331 

1.98684 

.652806 

.950968 

.701837 

.298163 

17 



44 

.44984 

.893)1 

.50368 

1.98540 

. 653057 

.950905 

.702152 

.297848 

16 


.75 

45 

.45010 

.89298 

.50404 

1.98396 

.653308 

.950841 

.702466 

.297634 

15 

.25 


46 

.45036 

.89285 

.50441 

1.98253 

.653558 

.950778 

.702781 

.297219 

14 



47 

.45062 

.89272 

.50477 

1.98110 

.653808 

.9W14 

.703095 

.296905 

13 


.80 

48 

.45038 

.89259 

.50514 

1.97966 

.654059 

.950650 

.703409 

.296591 

12 

.20 


49 

.45114 

.89245 

.50550 

1.97823 

.654309 

.950586 

.703722 

.296278 

11 



50 

.45140 

.89232 

.50587 

1.97681 

.654558 

.950522 

.704036 

.295964 

10 


.85 

51 

.45166 

.89219 

.50623 

1.97638 

.654808 

.950458 

.704350 

.295650 

9 

.15 


52 

.45192 

.89206 

.50660 

1.97395 

.655058 

.950394 

.704663 

.295337 

8 



53 

.45218 

.89193 

.50696 

1.97253 

.655307 

.950330 

.704976 

. 29502 •? 

7 


,90 

54 

.45243 

.89180 

.60733 

1.97111 

.655556 

.950266 

.705290 

.294710 

6 

.10 


55 

.45269 

.89167 

.50769 

1.96969 

.655805 

.950202 

.705603 

.294397 

5 



56 

.45295 

.89153 

.50806 

1.96827 

.656054 

.950138 

.705916 

.294084 

4 


.95 

57 

.45321 

.89140 

.60843 

1.96685 

. 656302 

.950074 

.706228 

.293772 

3 

.05 


57 

.45347 

.89127 

.50879 

I.96544 

.656551 

.950010 

.706541 

.293459 

2 



59 

.45373 

.89114 

.50916 

1.96402 

.656799 

.949945 

.706854 

.293146 

I 


1.00 

60 

.45399 

.89101 

.60963 

1.96261 

9.657047 

9.949881 

9 707166 

10.292834 

0 

.00 

"rt 

a 

Cos 

Sin 

Cot 

Tan 

Cos 

Sm 

Cot 

Tan 

s 

*3 

Q 

a 

2 


Natural Values 


i 

Common Logarithms 

G 

s 







Dl’ciinals 


27 


MATHEMATICAL 


Natural Values 


Common Logarithms 


I is j| Sin 

.00 oil .45399 
I j .45425 
2\ .45451 
.05 sj .45477 
4 ! .45503 
5i .45529 


,10 i 61 .45554 


.15 9 .45632 

10 .45658 

11 .45684 
.20 12 .45710 

13 .45736 

14 .45762 
.36 15 .45787 

16 .45813 

17 .45839 
.30 IS .45865 

19 .45891 

20 .45917 
.36 21 .45942 

22 .45968 

23; .45994 
40 241 .46020 

25 1 .46046 

26 .46072 
.45 27 . 46097 

28 .46123 

29 .46149 

.80 30 .46176 

31 I .46201 

321 .46226 


.40 I 24 . 

25l . 
26 . 
.46 27 . 
28 . 
29 . 
.80 30 . 

31 . 

32 . 

.66 33 . 

34 . 

35 . 
.60 36 . 

37 . 

38 . 

.65 39 . 

40 

41 . 

.70 42 . 

43 , 

44 , 
.76 45 

46 

47 

.80143 

49 

50 

.85 61 

52 

JO 64 

55 

56 

J5 67 

58 

59 

1.00 60 


.50953 { 1.96261 | 9.657047 

.50989 1.96120 i .657295 

.51026 1,95979 .657542 

.61063 1.95838 .657790 

.51099 1.95698 .658037 

.51136 1.95537 .658284 

.51173 1.95417 .658531 

.51209 1.95277] .658778 

.51246 1.95137 .659025 

.51283 1.94997 .659271 

.51319 1.94858 .659517 

.51356 i.94718 .659763 

.51393 1.94579 .660009 

.51430 1.94440 .6b0255 

.51467 1.9430! .660501 

.61503 1.94162 .660746 

.51540 1.94023 .660991 

.51577 1.93885 .661236 

.61614 1.93746 .661481 

,51651 1.93603 .6617261 

.51688 1.93470 .661970 

.61724 1.93332 .662214 

.51761 1.93195 .662459 

.51798 1.93057 .662703 

.61835 1.92920 .662946 

.51872 1.92782 .663190 

.51909 1.92645 .6o3433 

.51946 1.92508 .663677 

.il9G3 1,92371 .663920 

.52020 1,92235 .664163 

.62057 1.92098 .664406 

.52094 1.91962 .664648 

.52131 1,91526 .664891 

.62168 1.91690 .665133 

.52205 1.91554 .665375 

.522421 1.91418 .665617 


.62279 1.91282 

.52316 I.9II47 1 
.52353 1.91012 
.62390 1.90876 
.52427 I.90741 
.52464 1.90607 
.52501 1.90472 
.52538 1,90337 
.52575 1,90203 
.62613 1.90068 
.52650 1.89935 
.52687 1.89801 
.62724 1.89667 
.52761 1.89533 
.52798 1.89400 
.62836 1.89256 
.52873 1.89133 
.52910 1.89000 
.52947 1.88867 
.52985 1.88734 
.53022 1.88602 
.53059 1.88469 
.53096 1.88337 
.53134 1.88205 
.63171 1.88073 


.665133 
.665375 
.665617 
.665859 
.666100 
.666342 
.666583 
.666824 
.667065 
.667305 
.667546 
.667786 
.666027 
.668267 
.668506 
.668746 
.668986 
.669225 
.669464 
.669703 
.669942 
.670181 
.670419! 
.670658 
.670896 
.671134 
.671372 
9.671609 


Natural Values 


Cos 

Tan 

9.949881 

9.707166 

.949816 

.707478 

.949752 

.707790 

.949688 

,708102 

.949623 

.708414 

.949558 

.708726 

.949494 

.709037 

.949429 

.709349 

.949364 

.709660 

.949300 

.709971 

.949235 

.710282 

.949170 

.710593 

.949105 

.710904 

.949040 

.711215 

.948975 

.711525 

.948910 

.711836 

.948845 

.712146 

.948780 

.712456 

.948715 

.712766 

.9-18650 

.713076 

.943584 

.713386 

.948519 

.713696 

.948454 

.714005 

.948388 

.714314 

.948323 

.714624 

.948257 

.714933 

.948192 

.715242 

.948126 

.715551 

.948060 

.715860 

.947995 

.716168 

.947929 

.716477 

.947863 

.716785 

,947797 

.717093 

.947731 

.717401 

.947665 

.717709 

.947600 

.718017 

.947533 

.718325 

.947467 

.718633 

.947401 

.718940 

.947335 

.719248 

.947269 

.719555 

.947203 

.719862 

.94713$ 

.720169 

.947070 

.720476 

.947004 

.720783 

.946937 

.721089 

.945871 

.721396 

.946804 

.721702 

.946738 

.722009 

.946671 

.722315 

.946604 

.722621 

.946538 

.722927 

.946471 

.723232 

.945404 

.723538 

.946337 

.723844 

.946270 

.724149 

.945203 

.724454 

.946136 

.724760 

,946069 

.725065 

.946002 

.725370 

9.045935 

9.725674 

Sm 

1 


.292522 59 
.292210 58 
.291898 57 .95 

.2915861 56 
.2912741; 55 
.290963 1! 54 90 

.290651 53 

.290340 !i 52 i 
.290029 ! 51 85 

.289718 1 50 
.289407 I 49 
.289096 [148 .80 

.288785^ 47 
.288475 j 46 
.288184 45 75 

.287854 I 44 
.287544 1 43 
.287234 ^42 70 

.286924 , 41 
.286614 j 40 
.286304 { 39 .63 

.283995 ! 38 
.285686 j 37 
.286376 I 36 .60 

.285067 : 35 
.284758 I 34 


.284449 

.284140 

.283832 

.283623 

.283213 

.262907 

.282599 

.282^9I 

.281983 

.281676 

.281367 

.281060 

.280762 

.280445 

.280138 

.279831 

.279524 

.279217 

.278911 

.278604 

.278298 

.277991 

.277685 

.277379 

.277073 

.276768 

.276462 

.276166 

.275851 

.275546 

.276240 

.274935 

.274630 

10.274323 


! 33 .65 

32 
31 

30 .50 

29 
28 

27 .45 


24 .40 

23 

22 

21 .35 

20 

19 

18 .30 


15 .25 

14 


12 .20 

11 


8 

I 7 

I 6 .10 


, 3 .05 

2l 


Common Logarithms 


63 


28° VALUES AXD LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


s 



Natural Values 

1 


ConmoG Logaritiims 


J 

1 

s 

o 

s 

Sin 

Cos 

Tan 

1 

Cot ! 

Sin 

v_ 03 

Tan 

Cot 

a 

i 

ft 

.00 

0 

.46947 

.88295 

.63171 

1.880??!: 9.671609 

9.945935 

9.725674 

10.2743261 

60 

1.00 


1 

. 46973 

.88281 

.53208 

1.87941 .671S'.7 

.945868 

.725979 

.2740211 

59 



2 

.46999 

.88267 

.53245 

1.27209; 

.672CS4 

.955S00 

.726284 

.273716! 

58 


.06 

s 

.470’4 

.88254 

.63283 

1.87677! 

,672321 

.945733 

.726588 

.2734121 

57 

.95 


4 

.47050 

.88240 

.53320 

1. S7546‘ 

.672558 

.945666 

.726892 

.273108 

56 



5 

.47076 

.88226 

.53356 

1.874151 

.672795 

.945598 

.727197 

.272803 

55 


.10 

6 

,47101 

.88213 

.53395 

1.S72S31 

,573032 

.945531 

.727501 

.272499 

64 

.90 


7 

.47127 

.88199 

.53432 

l.G7;52i 

,673io8 

.945464 

.727803 

.272195 

53 



s 

.47133 

.86io5 

.53470 

1.87u21j 

.673505 

.945396 

.728109 

.271891 

52 


as 

9 

.47178 

.88172 

.S35Q7 

1.868911 

.673741 

.945328 

.728412 

.271588 

61 

.35 


lOi 

.47204 

.88158 

.53543 

I.86760! 

.673977 

.945261 

.728716 

.271284 

50 



“1 

.47229 

.88144 

.53562 

1.8663C| 

.674213 

.945193 

.729020 

.270980 

49 


JZQ 

is: 

.47255 

.88130 

.53620 

1.86499! 

.674448 

.945125 

.729323 

.270677 

48 

.80 


’^1 

.47281 

.88117 

.53657 

1.86309 

.674684 

.945058 

.729626 

.270374 

47 



!4 

,4730o 

.83103 

.53694 

1.86239 

.674919 

.944990 

.729929 

.270071 

46 


.26 

15 

.47332 

.8SGS9 

.53732 

1.86109 

.675165 

.944922 

.730233 

.269767 

45 

.75 


16 

.47358 

.0C975 

.53769 

1.85979 

.675390 

.944854 

.730535 

.269465 

44 



17 

.47363 

.86002 

.53807 

1.85850 

.675624 

.944786 

.730838 

.269162 

43 


.30 

18 

.474CS 

.38048 

.63844 

1.85720 

.675859 

.944718 

.731141 

.268859 

42 

.70 


19! 

.47434 

.88034 

.53882 

1.85593 

.676094 

.944650 

.731444 

,268556 

41 



20 

.47460 

.88020 

. 53920 

1.85462 

.676328 

.944562 

.731746 

.268254 

40 


.35 

21 

.47486 

.88006 

.63957 

1,85333 

.676562 

.944514 

.732048 

.267952 

39 

.65 


22 

.47311 

.87993 

.53995 

1.85204 

.676796 

.944446 

.732351 

.267649 

38 



23 

.47537 

.87979 

.54032 

1.85075 

.677030 

.944377 

.732653 

.267347 

37 


AO 

24 

.47562 

.37S65 

.64070 

1.84946 

.677264 

.944309 

.732955 

.267045 

36 

.60 


25 

.47583 

.37951 

.54107 

1.84818 

.677498 

.944241 

.733257 

,266743 

33 



26 

,47614 

.87>37 

.54145 

1.84689 

.677731 

.944172 

.733558 

.266442 

34 


A5 

27 

.47639 

.87923 

.54183 

1.84561 

.677964 

.944104 

.733860 

.266140 

33 

.65 


28 

.47665 

.87509 

.54220 

1.84433 

.678197 

.944036 

.734162 

.265838 

32 



29 

.47690 

.87896 

.54258 

1.84305 

.678430 

.943967 

.734463 

,265537 

31 


.50 

30 

,47716 

.87SS2 

.64296 

1.84177 

.678663 

.943899 

.734764 

.265236 

30 

.60 


31 

.47741 

.37868 

.54333 

1.84049 

.678895 

.943830 

.735066 

.264954 

1 29 



32 

.47767 

.87854 

.54371 

1.83922 

.679128 

.943761 

.735367 

.264533 

28 


.65 

33 

.4*^793 

.87840 

.64409 

1.83794 

.679360 

.943693 

.735668 

.264332 

' 27 

.45 


34 

.47815 

.S7S26 

.54446 

1.83667 

.679592 

.943624 

.735969 

.26403! 

26 



35 

.47844 

.87812 

.54484 

1.83540 

.679824 

.943555 

.736269 

.263731 

25 


.60 

36 

.47869 

.37798 

.64522 

1.83413 

.680056 

.943486 

.736570 

.263430 

24 

.40 


37 

.47393 

.87784 

.54560 

1.83286 

,680288 

.943417 

.736870 

.263130 

23 



38 

.47920 

.87770 

.54597 

1.83159 

.680519 

.943348 

.737171 

.262829 

22 


.66 

S9 

.47946 

.87756 

.6463$ 

1.83033 

.680750 

.943379 

.737471 

.262529 

21 

.35 


40 

.4797! 

.87743 

.54673 

K82906 

,680982 

.943210 

.737771 

.262229 

20 



4! 

i .47997 

.87729 

.54711 

1.82780 

.681213 

.943141 

.738071 

.261929 

19 


.70 

42 

1 .48022 

.87716 

.64748 

1.82654 

.681443 

.943072 

.738371 

.261629 

18 

.30 


43 

[.48048 

.87701 

.54786 

1.82528 

.681674 

.943003 

.738671 

.261329 

17 



44 

.48073 

.87687 

.54824 

1.82402 

.681905 

.942934 

.738971 

.261029 

16 


.75 

45 

.48099 

,87673 

.54862 

1.82276 

.682135 

.942864 

.739271 

.260729 

15 

.25 


46 

.48124 

.87659 

.54900 

1.82150 

.682305 

.942795 

.739570 

.260430 

14 



47 

,,48150 

.87645 

.54938 

1.82025 

.682595 

.942726 

.739870 

.260130 

13 


.80 

4S 

1 .48175 

.87631 

.54975 

1.81899 

.682825 

.942656 

.740169 

.259831 

12 

.20 


49 

,.46201 

.87617 

.53013 

1.81774 

.683055 

.942387 

.740468 

.259532 

11 



50 

1,48226 

.87603 

.55051 

1.81649 

.683284 

.942517 

.740767 

.259233 

10 


.85 

51 

1.43252 

.87589 

.55089 

1.81524 

.683514 

.942448 

.741066 

.258934 

9 

.15 


52 

i .48277 

.87575 

.53127 

1.81399 

.683743 

.942378 

.741355 

.258635 

8 



53 

j .48303 

.87561 

.55165 

I.81274 

,683972 

.942308 

.741664 

.258330 

7 


.90 

5^ 

!.4S32S 

.87546 

.56203 

1.81150 

.684201 

.942239 

.741962 

.258038 

6 

.10 


55 

.48354 

.87532 

.5324} 

1.81025 

.684430 

.942169 

.742261 

.257739 

5 



56 

.48379 

.67318 

.55279 

1.8090I 

.684658 

.942099 

.742559 

.257441 

4 


.95 

57 

.4S1C5 

.87504 

j .55317 

1.80777 

.684887 

.942029 

,742858 

.257142 

3 

.05 


58 

.48430 

.87490 

,55355 

1.80b53 

,685115 

.941959 

.743156 

.256844 

2 



59 

.48456 

.87476 

.55393 

1.605^9 

.685343 

.941889 

.743454 

.256546 

1 


1.00 

60 

.48481 

.87462 

.56431 

1.80405 

' 9.685571 

9.941819 

9.743752 

10.256248 

' 0 

,00 

1 

w 

Co3 

Sin 

Cot 

1 Tan 

1 Cua 

Sin 

C.t 

Tan 

; ^ 

1 

Q 


1 

Natural Values 


1 

y 

Common Logarithms 


i ^ 

'S 

s> 

ft 




Drrhnals 




MATHEMATICAL TABLES 


Common Logarithms 

J j 

c 

Sin 

Cos \ 

Tan. 

Cot 1 


Q 

9.635571 

d.941S19 

9.743752 

10.256243 ij 

60 

1.00 

.685799 

.941749 

.744050 

.255^50 ! 

59 


.68o027 

.941679 

.744348 

.255652! 

58 


.686254 

.941609 

.744645 

.255355' 

57 

.95 

.636482 

.941539 

.744943 

.255057; 

56 


.66S709 

.941469 

.745240 

.254760; 

55 


.S3S93S 

.941398 

.745538 

.2544621; 

54 

.90 

.o37lo3 

.941328 

.745835 

.254165;! 

53 


.687589 

.941258 

.746132 

.2538681: 

52 


.687616 

.941187 

.746429 

.2535711 

51 

.85 

.687343 

.94!117 

.746726 

.253274! 

50 


.688069 

.941046 

.747023 

.252977! 

49 


.688235 

.940975 

,.747319 

.252631 

48 

.80 

.683521 

.940905 

.747016 

.252384 

47 


.688747 

.940834 

.747913 

.252087 

46 


.688972 

.940763 

.748209 

.251791 

45 

.76 

.689198 

.940o93 

.748505 

.25W95 

44 


.689423 

.940622 

.748801 

.251199 

43 


.689643 

.940351 

.749097 

.250903 

42 

.70 

.689J73 

.940480 

.749393 

.250607 

41 


.690098 

.940409 

.749689 

.250311 

40 


.690323 

.940333 

.749985 

.250015 

39 

.65 

.690548 

.9402o7 

.750281 

.249719 

38 


.690772 

.940196 

.750576 

.249424 

37 


.690996 

.940123 

.750872 

.249128 

36 

.60 

.691220 

.940054 

.751167 

.248833 

35 


.691444 

.939982 

.751462 

.248538 

34 


.691668 

.939911 

.751757 

.248243 

S3 

.55 

.691892 

.939340 

.752052 

.247948 

32 


.692115 

.959768 

.752347 

.247653 

31 


.692339 

.939697 

.752642 

.247358 

30 

.50 

.692562 

.939025 

.752037 

.247063 

29 


.692785 

.939554 

.753231 

.246769 

28 


.693008 

.939482 

.753525 

.246474 

2T 

.45 

i| .693231 

.939410 

.753820 

,246180 

26 


j| .693453 

.939339 

.754115 

.245885 

25 


1; ,693676 

.939267 

.754409 

.245591 

24 

.40 

1! .693898 

.939195 

.754703 

.245297 

23 


jl .694120 

.939123 

.754997 

.245003 

22 


l| .694342 

.930052 

.756291 

.244703 

21 

.35 

!i ,694304 

.933980 

.755585 

.244415 

i 20 


|1 .694786 

.938908 

,755878 

.244122 

' 19 


! .695O0T 

.938336 

.756172 

.243823 

1 

.30 

. .695229 

.9337,03 

.756465 

.243535 

! 17 


.695450 

.933691 

.756759 

.243241 

1 16 


tj .695671 

.938619 

.757052 

.242948 

1 15 

.25 

.695892 

.938547 

.757345 

.242655 

. 14 


3 .696113 

.938475 

.757636 

.242362 

13 


)! .696334 

.938402 

.757931 

.242069 

i 12 

.20 

2,1 .696354 

,938330 

.758224 

.241776 

11 


5lj .696775 

.938258 

.758517 

.241483 

10 


ril .696995 

.958185 

.758310 

.241190 

9 

.15 

3l| .697215 

.933113 

.759102 

.240898 

8 


2' .697435 

.938040 

.759395 

.240605 

7 


5'1 .697654 

.937967 

.759687 

.240313 

6 

.10 

8:| .697374 

.937895 

.759979 

.240021 

5 


1 ; .696094 

.937822 

.760272 

.239726 

4 


5,, .693313 

.937749 

.760564 

.239436 

3 

.06 

8 ! .693532 

,937676 

.76085t 

.239M4 

2 


I'l .693751 

.937604 

.761141 

.238852 

1 


5 3.69397C 

1 9.937531 

9,76143= 

10.238561 


.00 

'■ Co3 

j Sin 

Cot 

[ Tan 

1 67 

o 


1 

1. 

Common Logarithms 

il 

11 


Katural Values 


Sin 


oil .48481 

1 1' .48506 
2!i .48532 

48557 

48583 


.05 

3: 

4;: 

^il 

.10 

7 ; 

8 ' 

.15 

S 

IC 

SO 

15!' 

14li 

.25 

17 

.30 

18 

19 

20 

.35 

21 

22 

23 

.40 

24 

25 

26 

.45 

27 

28 

29 

.50 

30 

31 

32 

.65 

33 ^ 

34 1 

35 

.60 

36 

37 

38 

.65 

39 

40 

41 

.70 

42 

43 

44 

.75 

45 

46 

47 

.8C 

48 

49 

50 

.St 

»! 51 


Cos 


Tan j Cot ij 


48862 


,48989 

.49014 

.49040 

.49065 

.49090 

.49116 

.49141 

.49168 

.49192 

.49217 

.49242 

.49263 

.49293 

.49318 

.49344 

.49369 

.49394 

.49419 

.49445 

.49470 

.49495 

.49521 


.87462 

.87448 

.87434 

.87420 

.87406 

.87391 

.87377 

.87363 

.87349 

.87335 

.87321 

.87306 

.87292 

.87278 

.87264 

,87250 


1.80281 ■■ 

1.80158,1 

1 80034' 

1.79911 1 

1.7978S;| 

1.796651 

1 . 7 ’^ 542 ! 

1.794191 

1.79296 I 

1.79174 

1.79051 

1.78929 

1.73307 

1,78685 


.55469 
.55507! 

.55545 
.55583 
.55621 
.55653 
.55697 
.55736 
.65774 
.55312 
.55850 
.55538 
.55926 
.55964 
.56003 1 1.78563 


.87235 .56041 [ 1.78441 


I 53 

.90 I 54 

55 

56 

1 

.95 


.87207 

.87193 

.87178 

.87164 

.87150 

.87136 

,37121 

.87107 

.87093 

.87079 

.87064 

.87050 

.87036 

.87021 

,87007 

.86993 

.86978 

,86964 

.86949 

,86935 

.86921 

.86906 

.86892 

.86878 


.56117 1.78198 
.56136 1.7o077 
.56194 1.77955 


1 .49546 

.86863 

i .49571 

.86849 ! 

1.49596 

.86834 1 

.49622 

,86820 

;.49647 

.86805 ! 

1.49672 

.86791 

j ,49697 

.86777 

!.49723 

.80762 

1.49748 

.80748 

1,49773 

.86733 

'.49798 

.86719 

.49824 

.86704 

.49849 

.86690 

.49874 

.86675 

.49899 

.86661 

.49924 

.86646 

, .49950 

.86632 

' .49975 

.86617 

1 .50000 

.86603 

! Cos 

Sin 


36232 

56270 

56309 

36347 

56385 

56424 

66462 

56501 

,56539 

,66377 

,56616 

,5o634 

.66693 

.56731 

.56769 

.56808 

.56046 

.56885 

.56923 

.56962 

.57000 

.57039 

.57078 

.57110 

.67155 

.57193 

.57232 

.572711 

.57309 

.57348 

.57388 

.57425 

. 57464 

.57503 

.57341 

.57580 

.57619 

.57657 

.57696 

.57735 


1.77334 
1.77713 
1.77592 
1.77471 
1.7735> 
1.77230 
1.77110 
1.76'^90 
1.76869 
1.76749i 
1.76629 
1.76310 
1.76390 
1.76271 
1.76151 
1 .' 

1 . 

1.75794 

1.7567 

1.7555 

1.7543 

1.7533 

1.7320 

1.7308 


1.73205 


Cot 


Natural Values 




60 




30 


VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


*3 

£ 

a 

o 

"S 

Natural Values 

Common Logarithms j 

s 

1 

Q 

s 

Sin 

Cos 

Tan 

C(.t 

Sin 

Cos 

Tan 

Cot 


3 

.00 

0 

.50000 

.86603 

.67736 

1.73205 

9.698970 

9.937531 

9.761439 

10.238561 1 

60 

1.00 


1 

.50025 

.86588 

.57774 

1.73089 

.699189 

.937458 

.761731 

.238269! 

59 



2 

.50050 

.86573 

.57813 

1.72973 

.699407 

.937385 

.762023 

.237977' 

58 


.05 

3 

.50076 

.86559 

57851 

1.72857 

.699626 

.937312 

.762314 

.23768S ' 

67 

.95 


4 

.50101 

.86544 

,57890 

1.72741 

.699844 

.937238 

.762606 

.2373941 

56 



5 

.50126 

.86530 

.57929 

1.72o25 

.700062 

.937165 

.762897 

.237103’ 

55 


.10 

6 

.50151 

.86515 

.57968 

1.72509 

.700280 

.937092 

.763188 

.236312^ 

54 

.90 


7 

.50176 

.86501 

.58007 

1.72393 

.700498 

.937019 

.763479 

.23652! ■ 

53 



8 

.50201 

.86486 

.58046 

1.72278 

.700716 

.936946 

.763770 

.236230 , 

52 


.15 

9 

.60227 

.86471 

. 58085 

1 72163 

.700333 

.936872 

.764061 

.235939! 

51 

.85 


10 

.50252 

.80457 

.58124 

1.72047 

.701151 

.93o799 

.764352 

.235643 ; 

50 



il 

.50277 

.86442 

.58162 

1 71932 

.701368 

.936725 

.764643 

.235357 

49 


.20 

12 

.50302 

.86427 

.53201 

1.71817 

.701535 

.936652 

.764933 

.235367 

48 

.80 


!3 

.50327 

.86413 

.58240 

1 71702 

.701602 

,930578 

.765224 

.2347761 

47 



14 

.50352 

.86398 

.58279 

1.71588 

.702019 

.936505 

.765514 

.2344861 

46 


.26 

15 

60377 

.86384 

.58318 

1.71473 

.702236 

.936431 

.765805 

.234195, 

45 

.75 


!6 

.50403 

.86369 

.58357 

1.71358 

.702452 

.936357 

.766095 

.233905! 

44 



17 

.50428 

.86354 

.58396 

1.71244 

.702669 

.936284 

.766385 

.233615 

43 


.30 

18 

.50453 

.83340 

.58435 

1.71129 

.702885 

.936210 

.766675 

.233325' 

42 

.70 


19 

.50478 

.86325 

.58474 

1 7)015 

.70310! 

.936136 

.766965 

.2330351 

41 



20 

.50503 

.86310 

.58513 

1.70901 

.703317 

.936062 

.767255 

.232745 

40 


.35 

21 

.60528 

.86295 

.585S2 

1 70787 

.703533 

.935988 

.767545 

.2324551 

39 

.65 


22 

.50553 

.86281 

.58591 

1.70O73 

.703749 

.935914 

.767834 

.2321661 

38 



23 

.50578 

.86266 

.58631 

(.70560 

.703964 

.935840 

.768124 

.231876 

37 


.40 

24 

.50603 

86251 

.68670 

1 70446 

.704179 

.935766 

.768414 

.231535' 

36 

.60 


25 

.50628 

86237 

.58709 

1.70332 

.704395 

.935692 

.768703 

.231297' 

35 



26 

.50654 

.86222 

.58748 

1.70219 

.704&I0 

.935618 

.768992 

.231006! 

34 


.16 

27 

60679 

.86207 

.63787 

1 70106 

.704825 

.935543 

.769281 

.230719 

3S 

.55 


28 

.50704 

.86192 

.58826 

i 69992 

.705040 

.935469 

.769571 

.230429 

32 



29 

.50729 

.80178 

.53865 

1.69879 

.705254 

.935395 

.769360 

.230140 

31 


.60 

30 

.60754 

.86163 

.SS90S 

1 69766 

.705469 

.936320 

.770148 

.229852 

30 

.50 


31 

.50779 

.86148 

.58944 

1.09653 

.705683 

.935246 

.770437 

.229563 

29 



32 

.50804 

.86133 

. 58983 

1.69541 

.705898 

.935171 

.77C726 

.229274 

28 


.55 

33 

.50S29 

.86119 

.59022 

1 69428!! .706112 

.935097 

.771015 

.223933 

27 

.45 


34 

50854 

.86104 

.59061 

1 69316 

! .706326 

.935022 

.771303 

.228697 

26 



35 

.50879 

.86089 

.59101 

! .69203 

.706539 

.934948 

.771592 

.228408 

25 


.60 

36 

.60904 

.85074 

59140 

1 69091 

1 .706753 

.934873 

.771883 

.223120 

24 

.40 


37 

.50929 

.86059 

.59179 

1.68979 

.706967 

.934798 

.772168 

.227832 

23 



38 

.50954 

.86045 

.59218 

1 68866 

.707180 

.934723 

.772457 

.227543 

22 


.66 

39 

.50979 

.86030 

.59258 

1.68754 

.707393 

.934649 

.772745 

.227253 

21 

.35 


40 

.51004 

.86013 

.59297 

1.68643 

.707606 

.934574 

.773033 

.226967 

20 



41 

.51029 

.86000 

.59336 

I. 68531 

.707819 

.934499 

.773321 

.226679 

19 


.70 

42 

.61054 

85985 

.59376 

1 68419 

.708032 

.934424 

.773608 

.22S3921 

18 

.30 


43 

.51079 

.85970 

.59415 

1 68308 

.708245 

.934349 

.773896 

.226104 

17 



44 

.51 104 

.85936 

.59454 

1.68196 

.706458 

.934274 

.774184 

. 225816 

lo 


.76 

45 

61129 

.85941 

.69494 

1.68985 

.708670 

.934199 

.774471 

.225523 

15 

.25 


46 

.51154 

.85926 

.59535 

1 67974 

i .708882 

.934123 

.774759 

. 225241 

14 



47 

.51179 

.85911 

.59573 

1.67863 

.709094 

.934048 

.775046 

.224954 

13 


.80 

48 

.61204 

.85896 

.59612 

1 67752 

.709306 

.933973 

.775333 

.224667* 

12 

.20 


49 

.51229 

.85881 

.59651 

1.67641 

.709518 

.933898 

.775621 

.224379 

I 1 



50 

51254 

.83866 

.59691 

1.67530 

.709730 

.933622 

.775908 

.224092^ 

10 


.85 

61 

.51279 

.85851 

.59730 

1 67419 

.709941 

.933747 

.776195 

.2233051 

9 

.15 


52 

51304 

.85836 

.59770 

1.67309 

.710153 

.935671 

.776482 

.223518 

8 



53 

51329 

.85821 

.59809 

1 67198 

.710364 

.933596 

.776768 

.2232321 

7 


.90 

54 

61354 

.85806 

.59849 

1 670S8 

.710575 

.933520 

.777056 

.222945* 

6 

.10 


55 

.51379 

.85792 

.59888 

I 66978 

.710786 

.933445 

.777342 

.222653' 

5 



56 

.51404 

.85777 

.59928 

1.66867 

.710997 

.933369 

.777628 

. 222372 

4 


.95 

67 

.51429 

.85762 

59967 

1 66757 

.711208 

.933293 

.777915 

.222083 

3 

.05 


58 

.51454 

.85747 

.60007 

1 66647 

.711419 

.933217 

.778201 

.221799 

2 



59 

.51479 

.85732 

.60046 

1 66538 

.711629 

.933141 

.778488 

.221512 

1 


1.00 

60 

.51504 

.85717 

.60086 

1.66428 

9 711839 

9.933066 

9.778774 

10.221226 

0 

.00 


s 

Cos 

Sm 

Cot 

Tau 

Cos 

Sin 

Cot 

Tan 


a 

'5 

1 

B 

s 

Natural Values 

Common Logarithms 


1 


11-99 


59 
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*1 


Natural Values 

Common Logarithms 

J 

*3 

a 

o 

c 

s 

s 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

a 

s 

a 

.00 

0 

.61504 

.85717 

.60086 

1.66428 

9.711839 

9.933066 

9.778774 

10.221226 

60 

1.00 


1 

.51529 

.85702 

.60126 

1.66318 

.712050 

.932990 

.779060 

.220940 

59 



2 

.51554 

.85687 

.60165 

1.66209 

.712260 

.932914 

.779346 

.220654 

58 


.05 

3 

.61579 

.85672 

.60205 

1.66099 

.712469 

.932833 

.779632 

.220368 

57 

.95 


4 

.51604 

.85657 

.60245 

1.65990 

.712679 

.932762 

.779^18 

.220082 

56 



5 

.51628 

.85642 

.60284 

1.65881 

.712889 

.932685 

.780203 

.219797 

55 


ao 

6 

.51653 

.85627 

.60324 

1.65772 

.713098 

.932609 

.780489 

.219511 

54 

.90 


7 

.51678 

.85612 

.60364 

1.65663 

.713308 

.932533 

.780775 

.219225 

53 



8 

.51703 

.85597 

.60403 

1.65554 

.713517 

.932457 

.781060 

.218940 

52 


06 

9 

.51728 

.85582 

.60443 

1.65445 

.713726 

.932380 

.531346 

.218654 

51 

.85 


10 

.51753 

.85567 

.60483 

1.65337 

.713935 

.932304 

.781631 

.218369 

50 



n 

.51778 

.85551 

.60522 

1.65228 

.714144. 

.932228 

.781916 

.218084 

49 


oo 

12 

.51803 

.85536 

.60562 

1.65120 

.714352 

.932151 

.782201 

.217799 

48 

.80 


13 

.51828 

.85521 

.60602 

1.65011 

.714561 

.932075 

.782486 

.217514 

47 



14 

.51852 

.85506 

.60642 

1.64903 

.714769 

.931998 

.782771 

.217229 

46 


JSi5 

15 

.61877 

.36491 

.60681 

1.64795 

.714973 

.931921 

.783056 

.216944 

45 

.75 


16 

.51902 

.85476 

.60721 

1.64687 

.715186 

.931845 

.783341 

.216659 

44 



17 

.51927 

.85461 

.60761 

1.64579 

.715394 

.931763 

.783626 

.216374 

43 


.30 

18 

.61952 

.85446 

.60801 

1.64471 

.715602 

.931691 

.783910 

.216090 

42 

.70 


1!^ 

.51977 

.85431 

.60841 

1.64363 

.715809 

.931614 

.784195 

.215805 

41 



20 

.52002 

.85416 

.60881 

1.64256 

.716017 

.931537 

.784479 

.215521 

40 


.35 

21 

.52026 

.85401 

.60921 

1.64148 

.716224 

.931460 

.784764 

.215236 

39 

.66 


22 

.52051 

.85385 

.60960 

1.64041 

.716432 

.931383 

.785048 

.214952 

38 



23 

.52076 

.83370 

.61000 

1.63934 

.716639 

.931306 

.785332 

.214668 

37 


.10 

24 

.52101 

.85355 

.61040 

1.63826 

.716846 

.931229 

.785616 

.214384 

36 

.60 


25 

.52126 

.85340 

.61080 

1.63719 

.717053 

.931152 

.785900 

.214100 

35 



26 

.52151 

.85325 

.61120 

1.63612 

.717259 

.931075 

.786184 

.213816 

34 


.45 

27 

.52176 

.85310 

.61160 

1 . 63 S 05 

.717466 

.930998 

.786468 

.213532 

33 

.65 


28 

.52200 

.85294 

.61200 

1,65398 

.717673 

.930921 

.736752 

.213248 

32 



29 

.52225 

.85279 

.61240 

1.63292 

.717879 

.930843 

.787036 

.212964 

31 


.60 

30 

.62260 

.85264 

.61280 

1.63185 

.718085 

.930766 

.787319 

.212681 

30 

.60 


31 

.52275 

,85249 

.61320 

1.63079 

.718291 

.930688 

.707603 

.212397 

29 



32 

.52299 

.85234 

.61360 

1.62972 

.718497 

.930611 

.787886 

.212114 

28 


06 

33 

.52324 

.85218 

.61400 

1.62866 

.718703 

. 93 C 533 

.788170 

.211830 

27 

.45 


34 

.52349 

.85203 

,61440 

1.62760 

.718909 

.930456 

.788453 

.211547 

26 



33 

. 52374 

.85188 

.61480 

1.62654 

.719114 

.930378 

.788736 

.211264 

25 


.60 

36 

.52399 

.85173 

.61520 

1.62548 

.719320 

.930300 

.789019 

.210981 

24 

.40 


37 

,52423 

.85157 

,61561 

1,62442 

.719525 

.930223 

.789302 

.210698 

23 



38 

. 52448 

.85142 

.61601 

1.62336 

.719730 

.930145 

.789585 

.210415 

22 


.66 

39 

.52473 

.85127 

.61641 

1.62230 

.719935 

.930067 

.789868 

.210132 

21 

.36 


40 

.52498 

.85112 

.61681 

1,62125 

.720140 

.929989 

.790151 

.209849 

20 



41 

. 52522 

.85096 

.61721 

1.62019 

.720345 

.929911 

.790434 

.209566 

19 


.70 

42 

.52547 

.85081 

.61761 

1.61914 

,720549 

.929833 

.790716 

.209284 

IS 

.30 


43 

.52572 

.85066 

.61801 

1,6(808 

.720754 

.929755 

.790999 

.209001 

17 



44 

.52597 

.85051 

.61842 

1.61703 

.720958 

.929677 

.791281 

.208719 

16 


.76 

45 

.62621 

.85035 

.61882 

1.61598 

,721162 

.929599 

.791563 

.208437 

15 

.25 


46 

.52646 

.85020 

.61922 

1.61493 

.721360 

,929521 

.791846 

.208154 

14 



47 

.52671 

.85005 

.61962 

1.61388 

.721570 

.929442 

.792128 

.207872 

13 


JSO 

48 

.62696 

.84989 

.62003 

1.61283 

.721774 

.929364 

.792410 

.207590 

12 

.20 


49 

.52720 

.84974 

.62043 

1.61179 

.721978 

.929286 

.792692 

.207308 

1! 



50 

.52745 

.84959 

.62083 

1,61074 

.722181 

,929207 

.792974 

.207026 

10 


06 

61 

.62770 

.84943 

.62124 

1.60970 

.722385 

.929129 

.793266 

.206744 

9 

.15 


52 

. 52794 

.84928 

.62164 

1,60865 

.722588 

.929050 

.793538 

,206462 

8 



53 

.52819 

.84913 

.62204 

1.60761 

.722791 

.928972 

.793819 

.206181 

7 


SO 

54 

.52844 

.84897 

.62245 

1.60657 

.722994 

.928893 

.794101 

.205899 

6 

10 


55 

.52869 

.84882 

.62283 

1.60553 

.723197 

,928815 

.794383 

.205617 

5 



56 

.52893 

.84866 

.62325 

1.60449 

.723400 

.928736 

.794664 

,205336 

4 


.96 

67 

.62918 

.84851 

.62366 

1.60345 

.723603 

.928667 

.794946 

.205054 

3 

.05 


58 

.52943 

.84836 

.62406 

1.60241 

.723805 

.923578 

.795227 

.204773 

2 



59 

.52967 

.84820 

.62446 

1.60137 

.724007 

,928499 

.795508 

.204492 

1 


1.00 

60 

.52992 

.84805 

.62487 

1.60033 

9.724210 

9.928420 

9.796789 

10.204211 

0 

.00 

J9 

S 

Cos 

Sin 

Cot 

1 Tan 

j Cos 

Sin 

Cot 

Tan 

2 

S 

s 

Q 

s 

j Natural Values 


Common Logarithms 


■ 

■ 


11-100 
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VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


a 

'S 

o 

Q 

Minutes 


Natural Values 



Common Logaritlims 


Minutes 

Deciinala 

Sm 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

.00 

0 

.52992 

.84805 

.62487 

1.60033 

S.724210 

9.928420 

9.795789 

10.204211 

60 

1.00 


1 

.53017 

.84789 

.62527 

1 59930 

.724412 

.928342 

.796070 

.203930 

59 



2 

.53041 

.84774 

.625b8 

1.59820 

.724014 

.928263 

.796351 

.203649 

58 


.06 

3 

.53066 

.84759 

.62608 

1.59723 

1 .724816 

.928183 

.796632 

.203368 

67 

.95 


4 

.53091 

.84743 

.62649 

1.59620 

.725017 

.928104 

.796913 

.203087 




5 

.53115 

.64728 

.62689 

1.59517 

.725219 

.928025 

.797194 

.202806 

55 


.10 

6 

.53140 

.84712 

.62730 

1.69414'! .725420 

.927946 

.797474 

.202526 

54 

.90 


7 

.53164 

.84697 

.62770 

1.59311 

1 .725o22 

.927867 

.797755 

.202245 

53 



8 

.53189 

.84681 

.6231 i 

1.59203 

[ .725823 

.927787 

.798036 

.201964 

52 


.15 

9 

.53214 

.84666 

.62852 

1.59105 

.726024 

.927708 

.798316 

.201684 

51 

.85 


10 

.53238 

.84650 

.62892 

1 5^002 

.726225 

.927629 

.798596 

.201404 

5G 



n 

.53263 

.34635 

.62933 

1.58900 ij .720426 

.927549 

.798877 

.201123 

49 


.20 

12 

.53288 

.84619 

.62973 

1.58797!; .726626 

.927470 

.799157 

.200843 

48 

.80 


13 

.53312 

.84604 

.63014 

i.5S695 

.726827 

.927390 

.799437 

.200563 

47 



14 

.53337 

,84588 

.63055 

i.56593 

.727627 

.927310 

.799717 

.200283 

46 


.25 

15 

.53361 

.84573 

.63095 

1.58490*' .727228 

.927231 

.799997 

.200003 

45 

.75 


16 

.53386 

.84557 

.03136 

1.58388, 

.727428 

.927151 

.800277 

.199723 

44 



17 

.53411 

.84542 

.63177 

1.58280 ji .727628 

.927071 

.800557 

.199443 

43 


.30 

18 

.53435 

.84526 

.63217 

1.581S4!| .727828 

.928991 

.800836 

.199164 

42 

.70 


19 

.53460 

.84511 

.63258 

1 58083 

.728027 

.926911 

.801116 

.198884 

41 



20 

.53484 

.84495 

.63299 

1.5798' 

.728227 

.926831 

.801396 

.198604 

40 


.36 

21 

.53509 

.84480 

.63340 

1.67879 ■ 

.728427 

.926751 

.801675 

.198325 

39 

.65 


22 

.53534 

.84464 

.63380 

1.57778 

.728626 

.926671 

.801955 

.198045 

38 



23 

.53558 

.84448 

.63421 

i.57o76 

.728825 

.926591 

.802234 

. 197766 

37 


.40 

24 

.63583 

.84433 

.63462 

1 57675 

.729024 

.926511 

.802513 

.197487 

36 

.60 


25 

.53607 

.84417 

.63503 

1.57^74 

.729223 

.926431 

.802792 

.197208 

35 



26 

.53632 

,84402 

. 63544 

1.57372 

.729422 

.926351 

.803072 

.196928 

34 


.45 

27 

.53656 

.84336 

.63584 

1.67271 

.729621 

.926270 

.803351 

.196649 

33 

.55 


28 

.53681 

.84370 

.63625 

1.57170 

! .729820 

.926190 

.803630 

.196370 

32 



29 

.53705 

.84355 

.63666 

I.57069 

.750018 

.926110 

.803909 

.196091 

31 


.60 

30 

.63730 

.84339 

.63707 

1.56969 

.730217 

.926029 

.804187 

.195813 

30 

.50 


31 

.53754 

.84324 

.63748 

1.56868 

.730415 

.925949 

.804466 

.195534 

29 



32 

.53779 

.84308 

.63789 

1.56767 

.730613 

.925868 

. 804745 

. 195255 

28 


.66 

33 

.53804 

.84292 

.63830 

1.66667 

.730811 

.925788 

.805023 

.194977 

27 

.45 


34 

.53828 

,84277 

.63871 

1,56566 

.731009 

.925707 

.805302 

.194698 

26 



35 

.53853 

.84261 

.63912 

1.56466 

.731206 

.925626 

.805580 

.194420 

25 


.60 

36 

.53877 

.84245 

.63953 

1.56366 

j .731404 

.925546 

.805859 

.194141 

24 

.40 


37 

.53902 

.84230 

.63994 

1.56265 

.751602 

.925465 

.806137 

, 193863 

23 



38 

,53926 

.84214 

.64035 

1.5dIo5 

.731799 

.925384 

.806415 

.193585 

22 


.69 

39 

.63951 

.84198 

.64076 

1.56065 

.731996 

.925303 

.806693 

.193307 

21 

.36 


40 

.53975 

.84182 

.64117 

f.55966 

.732193 

.925222 

.806971 

. 193029 

20 



41 

. 54000 

.84167 

.64158 

1.558o6 

.732390 

.925141 

.807249 

.192751 

19 


.70 

42 

.54024 

.84151 

.64199 

1.65766 

.732587 

.925060 

.807527 

.192473 

18 

.30 


43 

.54049 

.84135 

.64240 

i.55666 

.732784 

.924979 

.807805 

.192195 

17 



44 

.54073 

.84120 

.64281 

1.55567 

.732980 

.924897 

.808083 

.191917 

16 


.76 

43 

.54097 

.84104 

.64322 

1.55467 

.733177 

.924816 

.808361 

.191639 

15 

.26 


46 

.54122 

.84088 

.64363 

1.55363 

.733373 

.924735 

.808638 

.191362 

14 



47 

.54146 

.84072 

.64404 

1.55269 

1 .753569 

.924654 

.808916 

.191084 

13 


.80 

48 

.54171 

.84057 

.64446 

1.55170 

■ .733765 

.924572 

.809193 

.190807 

12 

.20 


49 

.54195 

.84041 

.64487 

1.55071 

{ .733961 

.924491 

.809471 

.190529 

11 



50 

.54220 

.84025 

.64528 

1.54972 

.734157 

.924409 

.809748 

.190252 

10 


.86 

61 

.54244 

.84009 

.64569 

1 64873 

.734353 

.924328 

.810025 

.189975 

9 

.16 


52 

.54269 

.83994 

.64610 

1.54774 

! .734549 

.924246 

.810302 

.189698 

8 



53 

.54293 

.83978 

.64652 

1.54675 

.734744 

.924164 

.810580 

,189420 

7 


.90 


.54317 

.83962 

.64693 

1.54676 

.734939 

.924083 

.810867 

.189143 

6 

.10 



.54342 

.83946 

.64734 

1.54478 

.735135 

.924001 

.811134 

.188866 

5 




.54366 

.83930 

.64775 

1.54379 

.735330 

.923919 

.811410 

.188590 

4 


.96 


.64391 

.83915 

.64817 

1.64281 

.736525 

.923837 

.811687 

.188313 

3 

.06 


58 

.54415 

.83899 

.64838 

1 54183 

.735719 

.923755 

.811964 

. 188036 

2 



59 

.54440 

.83883 

.64899 

1.54085 

.735914 

.923673 

.812241 

.187759 

1 


1.00 

60 

.64464 

.83867 

.64941 

1.63986 

9.73S109 

9.923591 

9.812517 

10.187483 

0 

.00 

J9 

$ 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

3 

« 

a 

a 

s 


Natural Values 


Common Logarithms 

■■ 

■ 
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MATHEMATICAL TABLES 





Natural Values 



Common Logarithms 



1 

^ 1 

^ I ' 

i 

I 6m 

Cos 

Tan 

Cot 

; Sin 

Cos 1 

Tan 

Cot 

S 

u 

i> 

Q 

.00 

0 

' . 54464 

.83867 

.64941 

1.53986 I 

9.736109 

9.923591 

9.812517 

10.187483 

60 

1.00 


11 

.54488 

.83851 

.6^962 

1,53888 

.736303 

.923509 

.812794 

. 187206 

59 



2| 

1 .54513 

.83835 

.65024 

1.53791 

.736498 

.923427 

.813070 

. 186930 

58 


.05 

3 

1 .64537 

.83819 

.66065 

1.53693 

.736692 

.923345 

.813347 

.186653 

57 

. 9 S 


4 

.54561 

.83804 

.65106 

1.53595 

.736886 

.923263 

.813623 

.186377 

56 



5 : 

.54586 

.83788 

.65148 

1.53497 

.737080 

.923181 

.813899 

.186101 

55 


.10 

6 1 

.64610 

.83772 

.65189 

1.53400 

.737274 

.923098 

.814176 

.185824 

64 

.90 


7 

.54535 

.83756 

.65231 

1,53302 

.737467 

, .923016 

.814452 

.185548 

53 



8i 

.54659 

.83740 

.65272 

1.53205 

.737661 

.922933 

.814728 

.185272 

52 


.16 

9 j 

.64683 

.83724 

.65314 

1.63107 

.737855 

.922851 

.815004 

.184996 

51 

.85 


i0| 

1 .54708 

.83708 

.653^5 

1.53010 

.738048 

' .922768 

.815280 

.184720 

50 



il 1 

.54732 

.83692 

.65397 

1.52913 

.738241 

.922686 

.815555 

.184445 

49 


.20 

12 1 

.54756 

.83676 

.65438 

1.62816 ! 

.738434 

.922603 

.815831 

.184100 

48 

.80 


I3i 

! .54781 

.83660 

.65480 

1.52719 

.738627 

.922520 

.816107! 

.183393 

47 


14' 

' .54805 

.83645 

.65521 

1,52622 

.738820 

.922438 

.816382 

.183618 

46 


.25 

16 

.54829 

.83629 

.65663 

1.62525 

.739013 

.922365 

.816658 

.183342 

45 

.75 


16 

.54854 

. 83613 

.65604 

1.52429 

.739206 

.922272 

.816933 

.183067 

44 


17 

.54878 

.83597 

.65646 

1.52332 

.739398 

.922189 

.817209 

.182791 

43 


.30 

18 

.64902 

.83581 

.esess 

1.52233 

.739590 

.922106 

.817484 

.182316 

42 

.70 


1? 

.54927 

.83565 

.65729 

1.52139 

.739783 

.922023 

.817759 

.182241 

41 


20 

.54951 

.83549 

.65771 

1.52043 

.739975 

.921940 

.818035 

.181965 

40 


.35 

21 

: .54975 

.83533 

.65813 

1.61946 

.740167 

.921857 

.818310 

.181690 

39 

.65 


22 

.54999 

.83517 

.65854 

1.51850 

.740359 

.921774 

.818585 

. 181415 

38 


23 

.55024 

.83501 

.65896 

1.51754 

.740550 

.921691 

.818860 

.181140 

37 


.40 

24 

.55048 

.83485 

.66938 

1.61658 

.740742 

.921607 

.819135 

.180885 

36 

.60 


25 

.55072 

.83469 

,65980 

1.51562 

.740934 

.921524 

.819410 

.1805901 

35 


26 

.55097 

.83453 

.66021 

: 1.51466 

.741125 

.921441 

.819684 

. 180316 

34 


.45 

27 

.66121 

! .33437 

.66063 

1.51370 

.741316 

.921357 1 

.819959 

.180041 

33 

.55 


28 

.55145 

.83421 

,66105 

1.51275 

.7415081 

.921274 

.820234 

.179766 

32 


29 

.55169 

.83405 

.66147 

1.51179 

.741699 

.921190 

.820508 

. 179492 

31 


.60 

30 

.65194 

.83389 

.66189 

1.51034 

.741889: 

.921107 

.820783 

.179217 

30 

.60 


31 

.55218 

.83373 

.66230 

1.50988 

,742080' 

.921023 

.821057 

.173943 

29 


32 

.55242 

.83356 

.66272 

1.50893 

.742271 

.920939 

.821332 

.178668 

28 


.66 

33 

.65266 

.83340 

.63314 

1 . S 0797 

.742462 

.920866 

.821606 

.178391 

27 

. 4 S 


34! 

.55291 

.83324 

.66356 

1.50702 

.742652 

.920772 

.821880 

.178120 

26 


351 

.55315 

.83308 

,66398 

1.50t>07 

.742842 

.920668 

.822154 

.177846 

25 


.60 

36 1 

.66339 

.83292 

.66440 

1.60512 

.743033 

.920604 

.822429 

.177571 

24 

.40 


37 

.55363 

.83276 

.66482 

1.50417 

.743223 

.920520 

.822703 

.177297 

23 


38 

.55388 

.83260 

.66524 

1.50322 

.743413 

.920436 

.822977 

.177023 

22 


.65 

39 

.65412 

.83244 

.66666 

1 . 5022 S 

.743602 

.920362 

.823261 

.176749 

21 

.35 


40 

.55436 

.83228 

.66608 

1.50133 

.743792 

.920268 

.823524 

.176476 

20 


41 

.55460 

.83212 

.66650 

1.50038 

.743982 

.920184 

.823798 

.176202 

19 


.70 

i2 

.55484 

.83195 

.66692 

1.49941 

.744171 

.920099 

.824072 

.175923 

18 

.30 


43 

.55509 

.83179 

.66734 

1.49849 

.744361 

.920015 

.824345 

. 175655 

17 



44 

.55533 

.83163 

.66776 

1,49755 

.744550 

.919931 

.824619 

.175381 

16 


.76 

45 

.65567 

.83147 

.66818 

1.49661 

.744739 

.919846 

.824893 

.175107 

15 

.29 


46 

.55581 

.83131 

.66860 

1.49566 

.744928 

.919762 

.825166 

.174834 

14 


47 

.55605 

.83115 

.66902 

1,49472 

.745117 

.919677 

.825439 

.174561 

13 


.80 

48 

.55630 

.83098 

.66944 

1.49378 

.745306 

.919593 

.825713 

.174287 

12 

.20 


49 

.55654 

.83082 

.66986 

1.49284 

.745494 

.919508 

,625986 

.174014 

n 


50 

.55678 

.83066 

.67028 

I.49190 

.745683 

.919424 

.826259 

.173741 

10 


35 

61 

.55702 

.83050 

.67071 

1.49097 

.746871 

.919339 

.826532 

.173463 

9 

.15 


52 

.55726 

.83034 

.67113 

1.49003 

.746060 

.919254 

.826805 

.173195 

8 


53 

.55750 

.83017 

.67155 

1.48909 

.746248 

.919159 

.827078 

.172922 

7 


50 

64 

.65775 

.83001 

.67197 

1.48816 

.746436 

.919085 

.827351 

.172640 

6 

.10 


55 

.55799 

.82985 

.67239 

1.48722 

.746624 

.919000 

.827624 

.172376 

5 


56 

.55823 

.82969 

.67282 

1.48629 

.746812 

.918915 

.827897 

.172103 

4 


.05 

67 i 

.55847 

.82953 

.67324 

1.48536 

.746999 

.918830 

.828170 

.171830 

3 

.05 


581 

.55871 

.82936 

.67366 

1.48442 

.747187 

.918745 

.828442 

.171358 

2 


591 

.55895 

.82920 

.67409 

1.48349 

.747374 

.918659 

.828715 

.171285 

1 


1.00 

60 * 

.65919 

.82904 

.67461 

1.48256 

9.747562 

9.918674 

9.828987 

10.171013 

0 

.00 

i 

S 

!j Co8 

Sin 

Cot 

Tan 

Coa 

Sin 

Cot 

Tan 

£ 


§ 

O 

e 

S 

Ij Natural Values 

1 Common Logarithms 

3 

C 

S 

o 

Q 
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34° VALUES AND LOGARITHMS OR TRIGONOMETRIC FUNCTIONS 


E 

■ 


Natural Values 


l| 

Common Logaritiims 

-1 

ei 

1 

Q 

a 

Q 

s 

Sin. 

Cos 

Tan 

Cot 

: Sin 

1 

Co3 

Tan 

Cot 

.S 

S 

.00 

0 

.55919 

.82904 

.67451 

1.48256 

9.747562 

9.918574 

9.823987 

10.171013 

60 

1.00 


1 

.55943 

.82887 

.67493 

1.48163 

.747749 

.918489 

.829260 

.170740 

.170468 

59 


2 

.55968 

.82871 

.67536 

1.48070 

.747936 

.918404 

.829532 

58 


.05 

3 

55992 

.82855 

.67578 

1 47977 

.748123 

.918318 

.829805 

.170195 

57 

.95 


4 

.56016 

.82839 

.67620 

1.47885 

.748310 

.918233 

.830077 

.169923 



5 

.56040 

.82822 

.67663 

1.47792 

.748497 

.918147 

.830349 

.169651 

55 


.10 

6 

.56064 

.82806 

.67705 

1.47699 

.743683 

.918062 

.830621 

.169379 

54 

.90 


7 

.56088 

.82790 

.67748 

1,47607 

.748670 

.917976 

.830893 

.169107 



8 

.56112 

,82773 

.67790 

1,47514 

.749056 

.917891 

.831165 

.168835 

32 


.16 

9 

.56136 

.82757 

.67832 

1.47422 

.749243 

.917803 

.831437 

.168563 

51 

.85 


10 

.56160 

.82741 

.67875 

1.47330 

.749429 

.917719 

.831709 

.168291 

50 


11 

.56184 

.82724 

.67917 

1.47238 

.749615 

.917634 

.831981 

.168019 

4? 


.20 

12 

.56203 

.82708 

.67960 

1.47146 

.749801 

.917648 

.832253 

.167747 

43 

,80 


13 

.56232 

.82692 

.68002 

1.47053 

.749987 

.9l74o2 

.832525 

.167475 



14 

.56256 

.82675 

.68045 

l.469o2 

,750172 

.917376 

.832796 

.167204 

46 


JS 

15 

.58230 

.62659 

.68083 

1 . 4687 C 

.750358 

.917290 

.833063 

. 166932 

45 

.75 


16 

.56305 

.82643 

.68130 

1.46778 

.750543 

.917204 

.833339 

.166661 

44 


17 

.56329 

,82626 

.63173 

1.46686 

.750729 

.917118 

.83361i 

.166389 

.166118 

43 


.30 

18 

.56353 

.82610 

.68213 

1.46595 

.750914 

.917032 

.833832 

42 

.70 


19 

.56377 

.82593 

.68258 

1.46503 

. .751099 

.91o946 

.834154 

.163346 

4! 


20 

.56401 

.82577 

.68301 

1.46411 

.751284 

.916859 

.634425 

.165575 

1 40 


.35 

21 

.56423 

.82561 

.68343 

1.46320 

.751469 

.916773 

.834696 

.165304 

33 

.65 


22 

.56449 

.82544 

.68386 

1.46229 

.751654 

.916637 

.834907 

.165033 

’ 38 


23 

.56473 

.82528 

.68429 

1.46137 

.751839 

.916o00 

.835238 

.164762 

37 


.40 

24 

.66497 

.82511 

.68471 

1.46046 

.752023 

.916514 

.835509 

.164491 

36 

.60 


2 j 

.56521 

.82495 

.68514 

1.45955 

.75220.3 

.916427 

.835780 

.164220 
.163949 



26 

.56545 

.82478 

.68557 

1.45364 

.752392 

.916341 

.836051 

31 


.45 

27 

. 66 S 69 

.82462 

.68600 

1.45773 

,752576 

.916254 

.836322 

. 163678 : 

33 

.55 


23 

.56593 

.82446 

.68642 

1.45682 

.752760 

.916167 

.836593 

.163407 

32 


29 

.56617 

.82429 

.68685 

1.45592 

.752944 

.916081 

.836864 

.163136 

3! 


.60 

39 

.56641 

.82413 

.68728 

1.45501 

.763138 

.915994 

.837134 

.162866 

30 

.50 


31 

.56665 

.82396 

.68771 

1.45410 

.753312 

.915907 

.837405 

.1623951 

29 


32 

.56689 

.82380 

.68814 

1.45320 

.753495 

.915820 

.837675 

.1623251 

23 


.65 

33 

.56713 

.82363 

.68857 

1.45229 

.753679 

.915733 

.837946 

. 162054 ! 

27 

.46 


34 

.56736 

,82347 

,68900 

1.45139 

.753862 

.915646 

.833216 

.161784] 

2o 


35 

.56760 

.82330 

.68942 

1.45049( 

.754046 

.915559 

.838487 

. 161513 

25 


.60 

36 

.56784 

.82314 

, 639 S 5 

1.449531 

.754229 

.915472 

.838757 

.161243 

24 

.40 


37 

,56808 

.82297 

,69028 

1.44868 

.754412 

.915305 

.839027 

. 160973 

23 


38 

.56832 

.82281 

.6907! 

1.44778 

.754595 

.915297 

.839297 

,160703 

22 


• .65 

39 

.56866 

.82264 

.69114 

1.44688 

.754778 

.916210 

.839568 

.160432 

21 

.35 


40 

.56880 

.82248 

.69157 

1.44598 

,754960 

.915123 

.839638 

.160162 

20 


41 

.56904 

.82231 

.69200 

1.44508 

.755143 

.915035 

.840108 

.159892 

19 


.70 

42 

.56928 

.82214 

.69243 

1.44413 1 

.755326 

.914948 

.840378 

.1596221 

18 

.30 


43 

.56952 

.82198 

.69286 

1.44329 

,755508 

.9148o0 

.840648 

. 159352 

17 


44 

.56976 

.82181 

.69329 

1.44239 

.755690 

.914773 

.840917 

.159083 

16 


.75 

45 

.57000 

.82165 

.69372 

1.44149 

.755872 

.914685 

.841187 

.158813 

15 

.25 


46 

.57024 

.82148 

.69416 

1.44060 

.756054 

.914598 

.841457 

. 158543 

14 


47 

.57047 

.82132 

.69459 

1.43970 

.756236 

.914510 

.841727 

.158273 

13 


.80 

48 

.67071 

.82115 

.69592 

1.43881 

.756418 

.914422 

.841996 

.158004 

12 

.20 


49 

.57095 

.82098 

,69543 

1.43792 

.756600 

.914334 

.842266 

.157734 

11 



50 

.57119 

.82082 

,69588 

1.43703 

.756782 

.914246 

.842535 

.157465 

10 


.85 

61 

.67143 

.82065 

.69631 

1 . 43 S 14 

.756963 

.914158 

.842805 

.157195 

9 

.15 


52 

.57167 

.82048 

.69675 

1.43525 

.757144 

.914070 

.843074 

.156926 

8 



53 

.57191 

.82032 

.69718 

1.43436 

.757326 

.913982 

.843343 

.156657 

7 


.90 

64 

.57215 

.82015 

.69761 

1.43347 

.757507 

.913894 

.843612 

.156388 

6 

.10 


55 

.57238 

.81999 

.69804 

1.43258 

.757688 

.913806 

.843882 

,156118 

5 



56 

.57262 

.81982 

,69847 

1.43169 

.757869 

.913718 

.844151 

.155849 

4 


.95 

67 

.67286 

.81965 

.69891 

1.43080 

,758050 

.913639 

.844420 

.155580 

3 

.05 


58 

.57310 

.81949 

.69934 

1.42992 

.758230 

.913541 

.844689 

.155311 

2 


59 

.57334 

.81932 

.69977 

1.42903 

.758411 

.913453 

.844958 

.155042 

1 


1.00 

60 

.57358 

.81915 

.70021 

1.42816 

9.758591 

9.913365 

9.845227 

10.164773 

0 

.00 

.5 

s| 

Cos 

Sin 

Cot 

Tan j 

Co3 

Sin 

Cot 

Tan 

a > 

V 

1 

■ 

■ 


Natural Values 

1 

Common Logaritlims | 

1 
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”1 

J 1 


TTatural Values 

•: 


Common Logarithms 

1 

a 


Q 

a ■ ■■ 

Sin 

Cos 

Tan 

Cot 

Sin 

Coa 

Tan 

Cot 1 

s 

Q 

rx) 

O' 

.57358 

.81915 

70021 

1.42815' 

9.758591 

9.913365 

9.846227 

10.154773 j 

60 

1.00 


\ , 

.57381 

,81899 

.70064 

1.42726[ 

.758772 

.913276 

.845496 

.154504 1 

59 



2! 

.57405 

.81882 

.70170 

1.42638; 

.758952 

.913187 

.845764 

.1542361 

58 


flit 

st 

.57429 

.81865 

.70151 

1.42SS0I 

.759132 

.913099 

.846033 

.153967 

67 

.96 


a\ 

.57453 

.81848 

.70194 

1.42462! 

.759312 

.913010 

.846302 

.153698! 

56 



51 

.57477 

.81832 

.70238 

I.423741 

.759492 

.912922 

.84o570 

.1534301 

55 


in 

s! 

.57501 

.81815 

,70281 

1.422861 

.769672 

.912833 

.846839 

.163161! 

64 

.90 


?' 

57524 

.81798 

.70325 

1.42198' 

.759852 

.912744 

.847108 

.152892 

53 



8 

.57548 

.81782 

.70368 

1.42110 

.760031 

.912655 

.847376 

.152624 

52 



9 

.57572 

.81765 

.70412 

1.42022 

.760211 

.912566 

.847644 

.152356! 

61 

.85 


10 

.57596 

.81748 

,70455 

1.41934 

.760390 

.912477 

.8479)3 

,152087! 

50 



n 

.57619 

.81731 

,70499 

1.41847| 

.760569 

.912388 

.848181 

.151819 

49 


JM) 

I 2 I 

.57643 

.81714 

.70542 

1.417591 

.760748 

.912299 

.848449 

.151551 

48 

.80 

A 

13 ! 

.57667 

.81698 

.70586 

1.41672 

.760927 

.912210 

.848717 

.151283 

47 



t-*; 

.57691 

.81681 

.70629 

1.41584 

.761106 

.912121 

.848986 

.151014 

46 



15 ; 

.57716 

.81664 

.70673 

1.41497 

.761285 

.912031 

.849254 

.150746 

45 

.75 



,57738 

.81647 

.70717 

1.41409 

.761464 

.911942 

.849522 

.150478 

44 



17[ 

.57762 

.81631 

.70760 

1.41322 

.761642 

.911853 

.849790 

.150210 

43 


.30 

18 f 

.57786 

.81614 

.70804 

1.41235 

.761821 

.911763 

.850067 

.149943 

42 

.70 


191 

.57810 

.81597 

,70848 

1 .41148' 

.761999 

.911674 

.850325 

. 149675 

41 



20 

.57833 

.81580 

.70891 

1.41061 

.762177 

.911584 

.850593 

.149407 

40 


.35 

21 i 

.67857 

.81563 

.70935 

1.40974' 

.762356 

.911495 

.850861 

.149139 

39 

.65 


22j 

.57881 

.81546 

.70979 

1.40007! 

.762534 

.911405 

.851129 

.148671 

38 



23! 

.57904 

.81530 

.71023 

1.40800 i 

.762712 

.911315 

.851396 

.148604 

37 


.40 

24 ; 

.57928 

,31513 

.71066 

1 . 40714 ’ 

.762889 

.911226 

.851664 

.148336 

36 

.60 


25 i 

.57952 

.81496 

.71110 

1.40627! 

.763067 

.911136 

.851931 

.148069 

35 



26 1 

.57976 

.81479 

.71154 

1,40540 

.763245 

.911046 

.852199 

.147801 

34 


.46 

27 

.57999 

.81462 

.71198 

1,40454 

,763422 

.910956 

.852466 

.147534 

33 

.55 


28 

.58023 

.81443 

.71242 

1,40367 

.763600 

.910866 

.852733 

,147267 

32 



29 

.58047 

.81428 

.71285 

1.40281 

.763777 

.910776 

.853001 

.146999 

31 


.60 

30 

.68070 

.81412 

.71329 

1.40195 

.763954 

.910686 

.853268 

.146732 

30 

JO 


31 

.58094 

.81395 

,71373 

1,40109 

.764131 

.910596 

.353535 

.146465 

29 



32 

.58118 

.81378 

. 7 T 417 

1 .40022 

.764308 

.910506 

.853802 

.146198 

28 


.65 

33! 

.68141 

.81361 

.T’uei 

1.39936 

.764485 

.910415 

.854069 

.145931 

27 

.15 


J4 

.68166 

.81344 

.71505 

1.39850 

.764662 

.910325 

.854336 

.145664 

26 



35 

.58189 

.81327 

.71549 

1.39764 

.764838 

.910235 

,854603 

.145397 

25 


M 

38 

.68212 

.81310 

.71593 

J. 39679 

,765015 

.910144 

.864870 

.145130 

24 

.10 


57 

.55236 

,81293 

.71637 

1.39593 

.765191 

.910054 

.853137 

.144863 

23 



38 

.58260 

.81276 

,71681 

1.39507 

.765367 

.909963 

.855404 

.144596 

22 



39 

.58283 

.81259 

.71725 

1.39421 

.766544 

.909873 

.856671 

.144329 

21 

.35 


40 

.58307 

.81242 

.71769 

1.39536 

.765720 

.909782 

.855938 

.144062 

20 



41 

.58330 

.81225 

.71813 

1.392?0 

.765896 

.909691 

.656204 

.143796 

19 


.TO 

42 

.58354 

.81208 

.71857 

1.39165 

.766072 

.909601 

.856471 

.143529 

18 

.SO 


43 

.58378 

.81191 

.71901 

1.39079 

.766247 

.909510 

.856737 

.143263 

17 



44 

.58401 

.81174 

.71946 

1.38994 

.766423 

.909419 

.857004 

.142996 

16 


.T9 

45 

.58425 

.81157 

.71990 

1.38909 

.766598 

.909328 

.857270 

.142730 

16 

.26 


46 

.58449 

.81140 

.72034 

1.38824 

.766774 

.909237 

.857537 

.142463 

14 



47 

.58472 

.81123 

.72078 

1.38738 

.766949 

.909146 

.857803 

.142197 

13 


JO 

48 

.68496 

.81106 

.72122 

1.38653 

.767124 

.909066 

.859069 

.141931 

12 

.20 


49 

.58519 

.81089 

.72167 

1.38568 

,76730C 

.908964 

.858336 

.141664 

n 



50 

.58543 

.81072 

.72211 

1,38484 

.767475 

,908873 

.858602 

.141398 

10 


J89 

51 

.68567 

.81055 

.72255 

1.38399 

,767649 

.908781 

.858868 

.141132 

9 

.15 


52 

.58590 

.81038 

.72299 

1.38314 

,76782^ 

.908690 

.859134 

.140866 

8 



53 

.58614 

.81021 

.72344 

1.38229 

.767999 

.908599 

.859400 

.140600 

7 


JO 

54 

.68637 

.81004 

.72388 

1.38145 

.768173 

.908507 

.859666 

.140334 

6 

.10 


55 

.5866! 

.80987 

.72432 

1.38060 

.768348 

.908416 

.859932 

, 140068 

5 



56 

.58684 

.80970 

.72477 

1.37976 

.768522 

.908324 

.860198 

.139802 

4 


M 

67 

.58708 

.80953 

.72621 

1.S7891 

,768697 

.908233 

.860464 

.139636 

3 

.05 


58 

.58731 

.80936 

.72565 

1.37807 

.768871 

.908141 

.860730 

.139270 

2 



59 

.58755 

.80919 

.72610 

1.37722 

.769045 

.908049 

.860995 

.139005 

1 


i-IK 

1 60 

.68779 

.80903 

.72654 

1.37638 

I 9.769319 

9.907958 

9.861261 

10.138739 

0 

.00 

1 

1 
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ll 
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s 

f 

1 

c 
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38° VALUES AKD LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


J3 

i 

S 


Natural Values 


I 

Common Logarithms 

1 

i 

Q 

is 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

c 

% 

o 

o 

a 

.00 

0 

.68779 

.80902 

.72654 

1.37638 

9.769219 

9.907958 

9.861261 

10.138739 

60 

1.00 


\ 

,58802 

.80885 

.72699 

1.37554 

.769393 

.907866 

.861527 

.138473 

59 



2 

.58826 

.80867 

.72743 

1.37470 

.769566 

.907774 

.861792 

.138208 

58 


.05 

3 

.58849 

.80850 

.72788 

1.37386 

.769740 

.907682 

.862058 

.137942 

57 

.95 


4 

.58873 

.80833 

.72832 

1.37302 

.769913 

.907590 

.862323 

,137677 

56 



5 

.58896 

.80816 

.72877 

.1.37218 

.770087 

.907498 

.862589 

.137411 

55 


.10 

6 

.68920 

.80799 

.72921 

1.37134 

.770260 

.907406 

.862854 

.137146 

54 

.90 


7 

.58943 

.80782 

.72966 

1.37050 

,770433 

.907314 

.863119 

.136881 

53 


8 

,58967 

.80765 

.73010 

1.36967 

.770606 

.907222 

.863385 

.136615 

52 


.15 

9 

.58990 

.80748 

.73055 

1.36883 

.770779 

.907129 

.863650 

.136350 

51 

.85 


10 

.59014 

.80730 

.73100 

1.36800 

.770952 

.907037 

.863915 

.136085 

50 


u 

.59037 

.80713 

.73144 

1.36716 

.771125 

.906945 

.864180 

.135820 

49 


.20 

12 

.69061 

.80696 

.73189 

1.36633 

.771298 

.906852 

.864445 

.135556 

48 



13 

.59084 

.80679 

.73234 

1.36549 

.771470 

.906760 

.864710 

,135290 

47 


14 

.59108 

.80662 

.73278 

1.36466 

.771643 

.986667 

.864975 

.135025 

46 


.25 

15 

.59131 

.80644 

.73323 

1.36383 

.771815 

.906575 

.865240 

.134760 

45 

.75 


16 

.59154 

.80627 

.73368 

1.36300 

.771987 

.906482 

.865505 

.134495 

44 


17 

.59178 

.80610 

.73413 

1.36217 

.772159 

.906389 

.865770 

.134230 

43 


.30 

18 

.69201 

.80593 

.73457 

1.36134 

.772331 

.906296 

.866035 

.133965 

42 

.70 


19 

.59225 

.80576 

,73502 

1.36051 

.772503 

.906204 

.866300 

. 133700 




20 

,59248 

.80558 

.73547 

1.35968 

.772675 

.906111 

.866564 

. 133436 

40 

1 39 


.35 

31 

.69272 

.80541 

.73592' 

1.35885 

.772847 

.906018 

.868829 

.133171 

.65 


22 

.59295 

.80524 

. 73637 

1.35802 

.773018 

.905925 

.867094 

.132906 

38 


23 

.59318 

.80507 

.73681 

1.35719 

.773190 

.905832 

.867358 

.132642 

37 


.40 

24 

.59342 

.80489 

.73726 

1.35637 

.773361 

.905739 

.867623 

.132377 

36 

.60 


25 

.59365 

.80472 

.73771 

1.35554 

.773533 

.905645 

.867887 

.132113 

35 


26 

.59389 

.80453 

.73816 

1.35472 

.773704 

.905552 

.868152 

.131848 

34 


.45 

37 

.59412 

.80438 

.73861 

1.35389 

1 .773875 

.905459 

.868416 

.131584 

33 

.55 


28 

.59436 

,80420 

.73906 

1.35307 

.774046 

.905366 

.868680 

.131320 

32 


29 

.59459 

,80403 

.73951 

1.35224 

.774217 

.905272 

.868945 

.131055 

31 


.30 

30 

.69482 

.80386 

.73996 

1.35142 

.774388 

.906179 

.869209 

.130791 

30 

.60 


3i 

.59506 

.80368 

.74041 

1.35060 

.774558 

.905085 

.869473 

.130527 

29 


32 

.59529 

.80351 

.74086 

1.34978 

.774729 

.904992 

.869737 

.130263 

28 


.55 

33 

.59552 

.80334 

.74131 

1.34896 

,774899 

.904898 

.870001 

.129999 

27 

.45 


34 

.59576 

,80316 

.74176 

1.34814 

.775070 

.904804 

.870265 

.129735 

26 


35 

.59599 

.80299 

,74221 

1.34732 

.775240 

.904711 

.870529 

.129471 

25 


.60 

36 

.69622 

.80282 

.74267 

1.34650 

.775410 

.904617 

.870793 

.129207 

24 

.40 


37 

.59646 

.80264 

,74312 

1.34568 

.775580 

.904523 

.871057 

.128943 

23 


38 

.59669 

.80247 

.74357 

1,34487 

.775750 

.904429 

.871321 

.128679 

22 


.65 

39 

.59693 

.80230 

.74402 

1.34405 

.775920 

.904335 

.871586 

.128416 

21 

.35 


40 

.59716 

.80212 

.74447 

1,34323 

.776090 

.904241 

.871849 

.128151 

20 


4i 

.59739 

.80195 

.74492 

1.34242 

.776259 

.904147 

.872112 

.127888 

19 


-TO 

42 

.59763 

.80178 

.74538 

1.34160 

.776429 

.904053 

.872376 

.127624 

18 

.30 


43 

.59786 

.80160 

.74583 

1.34079 

.776598 

.903959 

.872640 

. 127360 

17 


44 

.59809 

.80143 

.74628 

1.33998 

,776768 

.903864 

.872903 

.127097 

16 


.76 

45 

.59632 

.80125 

.74674 

1.33916 

.776937 

,903770 

.873167 

.126833 

15 

.25 


46 

.59856 

.80108 

.74719 

1.33835 

.777106 

.903676 

.873430 

.126570 

14 


47 

.59879 

.80091 

.74764 

1.33754 

,777275 

.903581 

,873694 

.126306 

13 


.80 

48 

.59902 

.80073 

.74810 

1.33673 

.777444 

.903487 

.873957 

.126043 

12 

.20 


49 

.59926 

.80056 

.74855 

1.33592 

,777613 

.903392 

.874220 

.125780 

I! 


50 

.59949 

.80038 

.74900 

1,33511 

.777781 

.903298 

.874484 

.125516 

10 


.85 

51 

.59972 

.80021 

.74946 

1.33430 

.777950 

.903203 

,874747 

.125253 

9 

.15 


52 

.59995 

.80003 

.74991 

1.33349 

.778119 

.903103 

.875010 

.124990 

8 


53 

.60019 

.79986 

.75037 

1.33268 

.778287 

.903014 

.875273 

.124727 

7 


.90 

54 

.60042 

.79968 

.75082 

1.33187 

.778455 

.902919 

.876537 

.124463 

6 

.10 


55 

.60065 

.79951 

.75128 

1.33107 

.778624 

.902824 

.875800 

.124200 

5 


56 

.60089 

.79934 

.75173 

1.33026 

.778792 

.902729 

.876063 

.123937 

4 


.95 

67 

.60112 

.79916 

.75219 

1.32946 

.778960 

.902634 

.876326 

.123674 

3 

.05 


58 

.60135 

.79899 

.75264 

1.32865 

.779123 

.902539 

.876589 

.123411 

2 


59 

.60158 

.79881 

.75310 

1.32785 

,779295 

.902444 

.876852 

.123148 



1.00 

60 

.60182 

.79864 

.75355 

1.32704 

9.779463 

9.902349 

9.877114 

10.122886 

0 

.00 

1 
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rt 

E 
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Natural Values 

i 


Common Logarithms 


1 

cS 

o 

s i 

Sin 

Cos 

Taa 

Cot 

Sin 

Coa 


Cot 

S 

Q 

.00 

0 

60182 

.79864 

.75355 

1.32704; 

9.7734G3 

9.902349 

9.877114 

10.122333 

60 

1 00 


1, 

.60205 

.79846 

.75401 

1.32624 

.77'^o31 

.902253 

.877377 

.122623 1 

59 



21 

.60228 

.79829 

.75447 

1.32544 

.77^798 

.902158 

.877640 

.I2236J[ 

58 


.05 

3 

.60251 

,79811 

.75492 

1.32464 

.779966 

.902063 

.877903 

,122097 I 

57 

.95 


4 

.60274 

.79793 

.75538 

1.3238-* 

.780133 

.901967 

.878165 

. 121835 1 

56 



5 i 

.60298 

.79776 

.75584 

1.32304 

.780300 

.901672 

.878423 

. 1215721 

55 


.10 

6 ' 

.60321 

.79758 

.75629 

1.32224 

.780467 

.901776 

.878691 

. 121309 

54 

.90 


7 

.60344 

.79741 

.75675 

1.32144 

.780634 

.931681 

.878953 

.121047 

53 



8 

.60367 

.79723 

.75721 

1,32064 

.780801 

.901585 

.879216 

. 120784 

52 


.15 

9 

.60390 

.79706 

.75767 

1.31384 

.780963 

.901490 

.879478 

.120522 

51 

.85 


lOi 

.60414 

.79688 

.75812 

1.31904 

.761134 

.90i3*^4 

.879741 

. 120259 i 

50 



M 

.60437 

.79671 

.75058 

1.31825 

.781301 

.901293 

.880003 

. n9997| 

49 


.20 

12 

.60460 

.79653 

.75904 

1.31745 

.731468 

.901202 

.880265 

.119735 

48 

.80 


13 

.60483 

.79635 

.75950 

1.31666 

.781634 

.901106 

.880528 

.119472^ 

47 



14 

.60506 

,79618 

.75996 

1.31586 

.781800 

.901010 

.880790 

.119210! 

46 


^3 

13 

.60529 

,79600 

.76042 

1.31507 

.781966 

.900914 

.881052 

.118948! 

46 

.75 


16 

.60553 

,79583 

.76088 

1.31427 

.782132 

.900818 

.881314 

.1186861 

44 



17 

,60576 

.79565 

.76134 

1.31348 

.782298 

.900722 

.881577 

.118423 

43 


»0 

18 

.60599 

.79547 

.76180 

1.31269 

.782464 

.900626 

.881839 

.1131611 

42 

.70 


19 

.60622 

.79530 

,76226 

1.31190 

.782630 

.900529 

.882101 

.117899 

41 



20 

.60645 

.79512 

.76272 

1.31110 

.782796 

.900433 

.882363 

,117637 

40 


.35 

21 

.60688 

.79494 

.76318 

1.31031 

.732961 

.900337 

.882625 

.117375 

39 

.65 


22 

.60691 

.79477 

.76364 

1.30952 

.783127 

.900240 

.882887 

.117113 

38 



23 

.60714 

.79459 

.76410 

1.30873 

.783292 

.900144 

.883148 

.116852 

37 


.10 

24 

.60738 

.79441 

.76456 

1.30795 

.783458 

.900047 

.883410 

.116590 

36 

.60 


25 

,60761 

.79424 

.76502 

1.30716 

.783623 

.899951 

.883672 

.116328 

35 



26 

.60784 

.79406 

.76548 

1.30637 

.783788 

.899854 

.883934 

.116066 

34 


.45 

27 

.60807 

.79388 

.76594 

1.30558 

,783953 

.899757 

.884196 

.115804 

33 

.55 


28 

.60830 

.79371 

.76640 

1.30480 

.784118 

.899660 

.884457 

.115543 

32 



29 

.60853 

.79353 

.76686 

1.30401 

.784282 

.899564 

.884719 

.115281 

31 


.60 

30 

.60876 

.793SS 

.76733 

1.30323 

.784447 

.899467 

.884980 

.115020 

30 

.50 


31 

.60899 

.79318 

.76779 

1.30244 

.784612 

.899370 

.885242 

.114758 

29 



32 

.60922 

.79300 

.76825 

1.30166 

.784776 

.899273 

.885504 

.114496 

28 


.ss 

33 

.60946 

.79282 

.76871 

1.30087 

.784941 

.899176 

.885766 

.114235 

27 

.45 


34 

.60968 

.79264 

1^69 18 

1.30009 

.785105 

.899078 

.886026 

.113974 

26 



35 

.60991 

.79247 

.76964 

1.29931 

.785269 

.898981 

.886288 

.113717 

25 


.60 

36 

.61015 

.79229 

.77010 

1.29853 

.785433 

.898884 

.886549 

.113451 

24 

.40 


37 

.61038 

.79211 

.77057 

1.29775 

.783597 

.898787 

.886811 

.113189 

23 



38 

.61061 

.79193 

.77103 

1,29696 

.783761 

.898689 

.887072 

.112928 

22 


.65 

39 

,61084 

.79176 

.77149 

1.29618 

.785925 

.898592 

.887333 

.112667 

21 

.35 


40 

.61107 

.79158 

.77196 

1.29541 

,786089 

.898494 

.887594 

.112406 

20 



41 

.61130 

.79140 

.77242 

1.29463 

,786252 

.898397 

.887855 

.112145 

19 


.70 

42 

j .81153 

.79122 

.77289 

1.29385 

.786416 

.898299 

.888116 

.111884 

18 

.30 


43 

.61176 

.79105 

.77335 

1.29307 

.786579 

.898202 

.888378 

.111622 

17 



44 

.61199 

.79087 

.77382 

1.29229 

,786742 

.898104 

,888639 

.111361 

16 


.75 

45 

1 51222 

.79069 

,77423 

1.29152 

785906 

.838005 

.838900 

.111109 

15 

25 


46 

,.61245 

.79051 

.77475 

1.29074 

.787069 

.897908 

.839161 

.110839 

14 



47 

1 .61268 

.79033 

.77521 

1.28997 

.787232 

.897810 

.889421 

.110579 

13 


.80 

43 

1 .61291 

.79016 

.77568 

1.23919 

.787395 

.897712 

.889682 

.110318 

12 

20 


49 

:.61314 

.78998 

.77615 

1.23842 

.787557 

.897614 

,889943 

.110057 

11 



50 

1 .61337 

.78980 

.77661 

1.28764 

.787720 

.897516 

,890204 

.109796 

10 


.85 

61 

.61360 

.78962 

.77708 

1 23687 

.787883 

.897418 

.890465 

.109635 

9 

.15 


52 

i .61383 

.78944 

.77754 

1.23610 

.788045 

.897320 

.890725 

.109275 

8 



1 53;, .61406 

.78926 

.77801 

1.28533 

.788208 

.897222 

.890986 

.109014 

7 


.90 

54 

i .61429 

.78908 

.77848 

1.2S456 

.788370 

.897123 

.891247 

.108753 

6 

in 


55 

il .61451 

.78891 

.77895 

1.28379 

788532 

.897025 

.891507 

.108493 

5 



56 

j ,61474 

.78873 

.77941 

1.28302 

.788694 

.896926 

.891768 

.108232 

4 


.96 

57 

.61497 

.78855 

.77988 

1.20225 

.788356 

.896828 

.892028 

.107972 

3 

nx 


58 

.61520 

.78837 

.78035 

1.28148 

.789018 

.896729 

.892289 

.107711 

2 



59 

.61543 

.78819 

.78082 

1.28071 

.789180 

.896631 

.892549 

.10745! 

1 


1.00 

60 

1, .61566 

.78801 

.78129 

1 27994 

9.739342 

9.896532 

9.892313 

10.107130 

0 

.00 

1 

i: 

1 Cos 

Sia 

j Cut 

1| Tan 
|i 

■ Coa 

t 

Sin 

Cot 

Tan 


1 

8 

-S- 



Natural Values 


1 

Common Logarithms 

s 

'i 

Q 


11-106 


52 






Dccimala 
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VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


.00 

.05 

.10 

.15 

.20 

.25 

.30 


.40 

.45 

.60 

.55 

.60 

.65 

.70 

.75 


.80 


.90 

.95 

1.00 

”1 

8 

Q 




Natural Values 

1 


Common Logarithms 


1 

’JZ 

a 

2 1 

Sin 

Cos i 

1 

Tan 

Cot 1 

Sia 

Cos 

Tan 

Cot 


a 

0 

.61566 

.78801 

.73129 1 

1.27394 

9 783342 

9.896532 

9.892310 

10.107190 

60 

ICO 

1 

.61589 

.78783 

.78175! 1.27917 

.739504 

.896433 

.893070 

.106930 

59 


2 

.61612 

.78765 

.78222' 1.27841 

.789665 

.896335 

.893331 

.106669 

58 


3 

.61635 

.78747 

.78269 

T. 27764 

.789827 

.896236 

.893591 

. 1''6409 ' 

57 

.95 

4 

.61658 

.78729 

.78316 

1.27688 

.739988 

.896137 

.893851 

. 106149' 

56 


5 

.61681 

.78711 

,78363 

1.27611 

.790149 

.896038 

.894111 

.105889 ; 

55 


6 

61704 

.78594 

.73410 

1.27535 

.790310 

.895939 

.894372 

.105628 

54 

.90 

7 

.61726 

.78676 

.78457 

1.27453 

.790471 

.895340 

.894632 

.105368: 

53 


8 

.61749 

.78658 

.78504 

1.27382 

.790632 

.895741 

.894892 

.105108, 

52 


9j 

.61772 

.78640 

.78551 

1.2730S 

.790793 

.895641 

.895152 

.104848 

51 

.85 

10 1 

.61795 

.78622 

.73598 

1.27230 

.790954 

.895542 

.895412 

.104588 

50 


1 1 

.61818 

.78604 

.78645 

l.27153| 

.791115 

.895443 

.895672 

. 104328! 

49 


12 

.61841 

.78586 

.78602 

1.27077! 

.791275 

.895343 

.895932 

.104068! 

48 

.80 

13 

.61864 

,78568 

.78739 

1.270011 

.791436 

.895244 

.896192 

.103808, 

47 


14 

.61887 

.78550 

78786 

1.26925 

.791596 

.895145 

.896452 

,103548j 

46 


15 

.61909 

.78532 

.78334 

1.2S849 

.791757 

.895045 

.896712 

.103288: 

45 

.75 

16 

.61932 

,78514 

.78881 

1.26774 

.791917 

.894945 

.896971 

.1030291 

44 


17 

.61955 

.78496 

.78928 

1.26698 

.792077 

.894846 

.897231 

.102769; 

43 


18 

.61978 

.78478 

.78975 

1.26622 

.792237 

.894746 

.897491 

.102509' 

42 

.70 

19 

.62001 

.78460 

.79022 

1.26546 

.792397 

.894646 

.897751 

.102249 

41 


20 

.62024 

.78442 

.79070 

1.26471 

.792557 

.894546 

.898010 

.101990 

40 


21 

.62046 

.78424 

.79117 

1.26395 

.792716 

.894446 

.898270 

.101730 

39 

.65 

22 

.62069 

.78405 

.79164 

1.26319 

.792876 

.894346 

.898530 

.101470 

38 


23 

.62092 

.78387 

.79212 

1.26244 

.793035 

.894246 

.898789 

.101211 

37 


24 

.62115 

.78369 

.79259 

1.26169 

.793195 

.894146 

.899049 

.100951' 

36 

.60 

25 

.62138 

.78351 

.79306 

1.26093 

.793354 

.894046 

.899308 

.100692 

35 


26 

.62160 

.78333 

.79354 

1.26018 

.793514 

.893946 

.899568 

.100432 

34 


27 

.62183 

.78316 

.79401 

1.25943 

.793673 

.893846 

.899827 

. 100173 

S3 

.56 

28 

.62206 

.78297 

.79449 

1.25867 

.793832 

.893745 

.900087 

.099913 

32 


29 

. 62229 

.78279 

.79496 

1.25792 

.793991 

.893645 

.900346 

.099o54 

31 


33 

.62251 

.78261 

.79544 

1.25717 

.794150 

.893544 

.900605 

.099395 

30 

.60 

31 

.62274 

.78243 

,79591 

1.25642 

.794308 

.893444 

.900864 

.099136 

29 


32 

.62297 

.78225 

.79639 

1.25567 

.794467 

.893343 

.901124 

.098876 

28 


33 

.62320 

.78208 

.79686 

1.25492 

.794625 

.893243 

.901383 

.098617 

27 

.45 

34 

.62342 

.78138 

.79734 

1.23417 

.794784 

.893142 

.901642 

.098358 

26 


33 

.62365 

.78170 

.79781 

1.25343 

.794942 

.893041 

.901901 

.098099 

125 


33 

.62383 

.78152 

,79829 

1.23268 

.795101 

.892940 

.902169 

.097840 

24 

.40 

37 

.62411 

.78134 

.79077 

1.25193 

.795259 

.892839 

.902420 

.097580 

23 


38 

.62433 

.78116 

,79924 

1.25118 

.795417 

.892739 

.902679 

.097321 

22 


39 

.62456 

.78098 

.79972 

1.25044 

.795575 

.892638 

.902938 

.097062^121 

.35 

40 

.62479 

.78079 

,80020 

1.24969 

.795733 

,892556 

.903197 

.09^803 

2 J 


41 

.62502 

.78061 

.80067 

1.24893 

.793891 

.892435 

.903456 

.096544 ; 19 


42 

.62524 

.78343 

.80113 

1.24320 

.796049 

.892334 

.903714 

.09C286 

18 

.30 

43 

. 62547 

.78025 

.80163 

1.24746 

,796206 

.892233 

.903973 

.096027 

1 


44 

.62570 

.78007 

.80211 

1.24672 

.796364 

.892132 

.904232 

.0957oS 

16 


45 

.62392 

.77988 

.80253 

1.24597 

.796521 

,892030 

.904491 

.095509 

; 15 

.25 

46 

.62615 

.77970 

.80306 

1.24523 

.796679 

.891929 

.904730 

.095250 

i 


47 

.62638 

.77952 

.80354 

1.24449 

.796336 

.891827 

.905008 

.094992 

! 


43 

.62660 

.77934 

,80402 

1.24375 

.796993 

.891726 

.905267 

.094733 

i 12 

.20 

49 

.62633 

.77916 

.80450 

1.24301 

,797150 

,891624 

.903526 

.094474 

1 1 


53 

.62706 

.77897 

.80498 

1.24227 

.797307 

.891523 

.905785 

.094215 

jio 


61 

.62728 

.77879 

.80546 

1.24153 

.797464 

.891421 

.906043 

093957 

1 3 

.15 

52 

.62751 

.77861 

.80594 

1.24079 

.797621 

.891319 

.906302 

.093690 

i S 


53 

.62774 

,77843 

.80642 

1.24005 

.797777 

.891217 

.906560 

.093440 

i 7 


54 

.62796 

.77824 

.80690 

1.23931 

.797934 

.891115 

.906819 

.093181 

1 6 

.10 

55 

.62019 

.77806 

.80738 

1.23858 

.798091 

.891013 

.907077 

.092923 

5 


56 

.62842 

.77788 

.80786 

1.23784 

.798247 

.890911 

.907336 

.092604 

4 


57 

.62854 

.77769 

.80834 

1.23719 

.798403 

.890809 

.907594 

.092406 

1 ^ 

.05 

53 

.62807 

.77751 

.80882 

1.23637 

.798560 

.890707 

.907853 

.092147 

1 2 


59 

. 62909 

.77733 

.80930 

1.23563 

.793716 

.890605 

.908111 

.091839 

' 


60 

.62932 

.77715 

.80978 

1.23490 

9.798372 

9.890503 

9.908369 

10.091G31 

! 0 

.00 

T 

Cog 

Sin 

Cot 

Tan 

Cca 

Sin 

Cot 

Tan 


1 

c 

Natural Values 

Common Logarithms 

!i s 

1 


11-107 


51 
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MATHEMATICAL TABLES 



Natural Values 

a g 

Sin 

Cos 

Tan 

.00 0 

1 .62932 

.77715 

.80970 

1 

1 62955 

.77696 

,81027 

2 

1.62977 

.77678 

.81075 

U)S 3 

1 .63000 

.77660 

.81123 

4 

! .63022 

.77641 

.81171 

s; 

; .63045 

.77623 

.81220 

00 6 

j . 63068 

.77606 

.81268 

7 

,.63090 

.77586 

.81316 

8 

1 .63113 

.77568 

.81364 

05 9 

1 .63135 

.77550 

.81413 

10 

' .63158 

.77531 

.8146! 

11 

j .63180 

.77513 

.81510 

30 12 

> .63203 

.77494 

.81553 

13 

.63225 

.77476 

.81606 


1 .63243 

.77458 

.81655 

^ 15 

.63271 

.77439 

.81703 

16 

.63293 

.77421 

.81752 

17 

.63316 

.77402 

.81800 

00 

o 

.63338 

.77384 

.81349 

1 19 

.63361 

.77366 

.81898 

20 

.63383 

.77347 

.81946 

.35 21 

.63406 

.77329 

.81995 

22 

.63428 

.77310 

.8204^ 

23 

.63451 

.77292 

.82092 

.40 34 

.63473 

.77273 

.82141 

25 

.63496 

.77255 

.82190 

26 

.63518 

.77236 

.82238 

.is 27 

.63540 

.77218 

.82287 

28 

.63563 

.77199 

.82336 

29 

.63585 

.77181 

.82385 

JSO 33 

63608 

.77162 

.82434 

31 

.63630 

.77144 

,82483 

32 

.63653 

.77125 

.82531 

.55 33 

.63675 

.77107 

.82583 

34 

.63698 

.77088 

.82629 

35 

.63720 

.77070 

.82678 

.60 38 

.63742 

.77051 

.82727 

37 

.63765 

.77033 

.82776 

38 

.63787 

.77014 

.82825 

.65 39 

.63810 

.76996 

.82374 

40 

.63832 

.76977 

.82923 

41 

,63854 

.76959 

.82972 

.70 42 

.63877 

.76940 

.83022 

43 

.63899 

.76921 

.83071 

44 

.63922 

.76903 

,83120 

.75 45 

.63944 

.76881 

.83169 

46 

.63966 

.76866 

.83218 

47 

.63989 

.76847 

.83268 

JBO'48 

.64011 

.76828 

.83317 

49 

.64033 

.76810 

.83366 

50 

.64056 

.76791 

.83415 

.85 51 

.64078 

.76772 

.83466 

52 

.64100 

.76754 

.83514 

53 

.64123 

.76735 

.83564 

JO 51 

.64145 

.76717 

.83613 


.64167 

.76698 

.83662 

56 

.64190 

.76679 

.83712 

J6 57 

.64212 

.76661 

.83761 

58 

.64234 

.76642 

.83811 

59 

.64256 

.76623 

.83860 

100 60 

.64279 

.76604 

.83910 

J 1 

Coe 

Sin 

Cot 

o c 

a s 

Natural Values 


Common Logarithms 


1,23273* 

l.23I96i 

1,23123 

1.23050 

1.22977 

1.229041 

1.22831! 

1.227581 

1.22635 


1.223941| 
1.22321( 
1.222491 
1.22176! 
1.221041 
1.22031 I 
1.21959 
1.21586) 
1.21814; 
1.21742i 
1.21670i 
1,215981 
1.21526! 
1.214541 
1.2i382j 
1.21310 
1.21238 
1.21166 
1.21094 
I.21023 
1.209511 


1.19811 

1.19740* 

1.19669 

1.19599 

1.19528 

1.19457 

1.19387 

1.19316* 

1.192461 


.799399 
.799495 
.799651 
.799806 
.799962 
,800117 
.800272 
.800427 
.800582 
.800737 
.800892 
.801047 
.801201 
.801356 
.801511 
.801665 
.801819 
.801973 
.802128 
.802282 
.802436 
.802589 
.802743 
.802897 
.803050 
.803204 
.803357 
.803511 
.803664 
,803817 
.803970 
.804123 
.804276 
.804428 
.804581 
.804734 
.804886 
,805039 
.805191 
.805343 
,803495 
.805647 
,805799 
,805951 
.806103 
.806254 
.806406 
.806557 
.806709 
.806860 
,807011 
.807163 
.807314 
, 807465 
.807615 
.807766 
.807917 
.808067 


9.890503 
.893400 
.890298 
.890195 
.890093 
.889990 
.889888 
.889785 
.839682 
.889579 
.839477 
.889374 
.839271 
.809168 
.889064 
.838961 
.888858 
.888755 
.888651 
.888548 
.888444 
.888341 
.888237 
.888134 
.888030 
.887926 
.887822 
.887718 
.887614 
.887510 
.887403 
,887302 
.887198 
.887093 
.886989 
.886885 
.886780 
.886676 
.88657! 
.886466 
,886362 
,886257 
.886152 
,886047 
,885942 
.885837 
.885732 
.885627 
.885522 
,885416 
,885311 
.885205 
.885100 
.884994 
.884889 
.884783 
.884677 
.884572 
.884466 
.834360 
).834254 


9.908369 
.908623 
.908886 
.909144 
.909402 
.909660 
.909918 
.910177 
.910435 
.910693 
.910951 
.911209 
.911467 
.911725 
.911982 
.912240 
.912493 
.912756 
.913014 
.913271 
.913529 
.913787 
.914044 
.914302 
.914560 
.914317 
.915075 
.915332 
.915590 
.915847 
.916104 
.916362 
.916619 
.916877 
.917134 
.917391 
.917648 
.917906 
.918163 
.918430 
.918677 
i .918934 
I .919191 
' .919448 
.919705 
.919962 
.920219 
.920476 
.920733 
.920990 
.921247 
.921503 
.921760 
,922017 
.922274 
.922530 
.922787 
.923044 
.923300 
.923557 
9.923814 


10.091531' sol 
.091372|i 59 
.091114;; 58 
.090855 !' 57 
.0905951' 56 
.090340 55 
.0900821 54 
.089823]' 53 
.089565; 52 
.03930?' 51 
.0890491, 50 
.08879! i; 49 
.088533 4S 
.083275! 47 
.OSSOIS;' 46 
,087760* 45 
.087502 !j 44 
.0872'i'| 43 
.036933' 42 
.035729'' 41 
.086471 '40 
.086213,1 33 
.0359561' 38 
.085693! 37 
.085440'; 36 
.085153 ■ 35 
.064925 jl 34 
.084663 33 
.0844101! 32 
.084^53^31 
.083396 I 30 
.0836381 29 
.08338!!; 23 
.083123' 27 
.082866', 26 
,082609 ; 25 
.032352 21 
.002094 ’ 23 j 
.081837. 22 
.081580 21 
.081323 ' 20 
.081066 j 19 
.080809 13 
,080552' 17 
.0802951; 16 
.080038 I 15 
.079781 !* 14 
.079524 13 
.079267 12 
.079010 11 

.078753 10 
.078497 9 

.078240 8 

.077983 7 

.077726 6 

.077470 5 

.077213 4 

.076956 3 

.076700 2 

.076443 1 

10.076186 0 


Common Logarithms 




40° VALI'ES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


eS 

S 

s 

Natural Values i 

Common Logaritlims | 

1 

i 

P 

1 

Sm 

Cos 

Tan 

Cot 1 

Sin 

Cos ! 

Tan 

Cot 1 


c 

p 

.00 

0 

.64279 

.76604 

.83910 

1.191751 

9.808067 

9.881254 

9.923814 

10.0761861 

60 1 

1.00 

1 

.64301 

.70586 

,83900 

1.19105 

.808218 

.884148 

.924070 

.0759301 

59 1 



2 

.64323 

.76567 

.84009 

1.19035 

.808368 

.884042 

.924327 

.075673i 

58, 


.06 

3 

.64345 

.76548 

.84059 

1.18964] 

.808519 

.883936 

.924583 

.075417' 

57 

.9S 

4 

.6^368 

.76530 

.84108 

1.18894! 

,808o69 

.883829 

.924840 

.075160! 

5b 



5 

.64390 

,76511 

.84158 

1.18824 

.808819 

.883723 

.925096 

.074904; 

55 


.10 

6 

.64412 

.76492 

.84208 

1.18754 

.808969 

.883617 

.925352 

.0746481 

S4 

.90 

7 

.64435 

.76473 

,84258 

1.18684 

.809119 

.883510 

.925609 

.074391 I 

53 



8 

.64457 

.76455 

.84307 

1.18614 

.809269 

.883404 

.925865 

.074135; 

52 


.16 

9 

.64479 

.76436 

.84357 

1.18544 

.809419 

.883297 

.926122 

.073878 

51 

.85 

10 

. 64501 

.76417 

.84407 

1.18474 

.809569 

.883191 

.926378 

.073o22: 

50 



11 

.64524 

.76398 

.84457 

1.18404 

.809718 

.883084 

.926634 

.073366' 

49 


.20 

12 

.64646 

.76380 

.84507 

1.18334 

.809868 

.882977 

.926890 

.073110 

48 

.80 

13 

.64568 

.76361 

.84556 

1.18264 

.810017 

.882871 

.927147 

.072853' 

47 



14 

.64590 

.70342 

.84606 

1.18194 

.810167 

.882764 

.927403 

.072597; 

46 


.25 

15 

.64612 

.76323 

.84656 

1.18125 

.810316 

.882657 

.927659 

.072341 

45 


16 

,64635 

.76304 

.84706 

1.18055 

.810465 

.882550 

.927915 

.072085! 

44 



17 

.64657 

.76286 

.84756 

1.17986 

.810614 

.882443 

.928171 

.071629' 

43 


.30 

IS 

.64679 

.76267 

.84806 

1.17916 

.810763 

.882336 

.928427 

.071573 

42 

.70 


19 

.64701 

.76248 

.84856 

1.17846 

.810912 

.882229 

.928684 

.0713161 

4i 



20 

.64723 

.76229 

.84906 

1.17777 

.811061 

.8S2UI 

.928940 

.071060 

40 


.35 

21 

.64746 

,76210 

.84956 

1.17708 

.811210 

.882014 

.929196 

.070804 

39 

.SC 


22 

.64768 

,76192 

.83006 

1,17638 

,811358 

.881907 

.929452 

.070548 

35 



23 

. 64790 

.76173 

.85057 

1.17569 

.811507 

.881799 

.929701- 

.070292J 



.40 

24 

.64812 

,76154 

.85107 

1.17500 

,811655 

.881892 

.929964 

.07003$ 

36 

.60 


25 

.64834 

.76135 

.85157 

1.17430 

.811804 

.881584 

.930220 

.069780' 

35; 


26 

.64856 

.76116 

.85207 

1,17361 

.811952 

.881477 

.930425 

.069525' 



.46 

27 

1 .64878 

.76097 

.85257 

1.17292 

.812100 

.881369 

.530731 

.069269 

33 

5S 


28 

.64901 

,76078 

.85308 

1.17223 

.812248 

.881261 

.930987 

.069013 




29 

.64923 

.76059 

,85338 

(.17154 

.812396 

.881153 

.931243 

.06575/ 

5' 


.60 

30 

,64945 

.76041 

.85408 

1.17085 

.812544 

.851045 

.931499 

,063501' 

. 33 

.50 


31 

.64967 

.70022 

.85458 

1.17016 

.812692 

.850238 

.931755 

.068243 

i 29 



32 

.64989 

.76003 

.85509 

1.16947 

.812840 

.850830 

.93201C 

.06799C 

, 28 


.66 

33 

.66011 

.75984 

.85559 

1.16878 

.812988 

.880*722 

.932266 

.067734 

: 27 

.45 


34 

.65033 

.759o5 

,85609 

1.16809 

.813135 


.^32522 

,0o7478 

,26 



35 

.65055 

.75946 

.85660 

1.16741 

.813283 

.85^505 

.932:rs 

.067222 

1 25 


.60 

36 

.65077 

.75927 

.85710 

1.16672 

.813430 

.880397 

.933033 

,0669£7 

i 24 1 .40 


37 

.65100 

,75903 

.85761 

I.16603 

.813578 

.88fC89 

. ?532>'5 

.06o7-l 

23 

1 


38 

.65122 

.75889 

.85811 

1,16335 

,813725 

. 85*. ’ 80 

.933545 

.066455 

22 

i 

.66 

39 

.66144 

.75870 

.85862 

1.16466 

.813872 

.88CW)72 

.933800 

.066200 

21 

, .35 


40 

.65166 

.75851 

,83912 

1.16398 

.814019 

.8;')^t,3 

.934036 

.065944 

~v 

i 


41 

.65188 

.75832 

.85963 

1.16329 

.814166 

.879855 

.934311 

.065689 

' 19 

I 

.70 

42 

.65210 

.75813 

.86014 

1.16261 

.814313 

.879746 

.934537 

.055433 

1 16 ; .SO 


43 

.65232 

.75794 

.86064 

1.16192 

.814460 

.879637 

.93484*2 

.0;:5 78 

‘ !7 



44 

.65254 

.75775 

.80115 

1,16124 

.814607 

.879529 

.935078 

. Ob-iy 22 

; 

1 

.76 

45 

.65276 

.75756 

.86166 

1.16056 

.814753 

.879420 

.935333 

.064667 

15 

i 


46 

.65298 

.75738 

.86216 

I.15987 

,814900 

.87.^311 

.935569 

.06441 I 

14 

1 


47 

.65320 

.75719 

,86267 

1.159I9 

.815046 

.879202 

.935844 

.0641'6 

13 

j 

.80 

48 

.65342 

.75700 

.86318 

1,15851 

.815193 

.879093 

.936100 

.063900 

12 

1 .20 


49 

.65304 

.75680 

. 86368 

I.15783 

.815339 

.878984 

.936355 


; 1 

1 


50 

.6d386 

.75661 

.86419 

1.15715 

.815485 

.878875 

.936611 

.0633C‘ 

1 in 

1 

.85 

61 

.65408 

.75642 

.86470 

1.15647 

.815632 

.878766 

.936SS6 

.063134 

9 

i 


52 

.65430 

.75023 

.86521 

1.15579 

.815778 

.878b56 

.937121 

.062879 

8 

1 


53 

.65452 

.75604 

.80572 

1. 15511 

.815924 

.878547 

.937377 

.062623 

7 


.90 

54 

.65474 

.75585 

.86623 

1.15443 

.816069 

.878438 

.937632 

.062368 

6 

.10 


55 

.65496 

.75566 

.86674 

1.15375 

.816215 

.878328 

.937887 

.062113 

1 5 



56 

.65518 

.75547 

.86725 

I.15308 

.816361 

.878219 

.938142 

.06185: 

4 


.96 

67 

.65540 

.75528 

.86776 

1.15240 

.816507 

,878109 

.938398 

.061602 

3 

.08 


58 

.65562 

.75509 

.86827 

1.15172 

.816652 

.877999 

.938053 

,061547 

2 



59 

.65584 

.75490 

.86878 

1. 15104 

.816798 

.877890 

.938908 

.06J092 

I 


!.(»} 

60 

.65606 

.76471 

.86929 

1.16037 

9.816943 

9.877780 

9.939163 

10.060337 

0 

.08 

Decimals 

s 

Cos 

Sin 

Cot 

Tan 

Cos 

Sm 

Cot 

Tan 


"1 

a 

s 


Natural Value# 


1 

i 

Common Logaritlims 

' 


Q 


n-109 



41 


MATHEMATICAL TABLES 


rt 

c 

1 S ■ 

1 

natural Values 



Common Logaritimis | 

'1 ^ 

i 

p 

1_■ 

1 Sm 

Cos 

Tan 

Cot ' 

I Sin 

Coa 

Tan 

Cot 


'0 

.00 

1 ® 

1 .65603 

.75471 

.85929 

1.15037 i 

‘9.81C043 

9.S77780 

9.939163 

10.060837 

i 60 



1 ' 

;.65628 

.75452 

.86980 

1. N969 

.8170G8 

,877670 

.939418 

.060582 

i 



i 2 

i .65650 

.75433 

.87031 

i. 14902, 

.817233 

.877560 

.939673 

.06032-7 

■] 58 


.05 

3 

: .65672 

.76414 

.87082 

1.148341 

.817379 

.877460 

.939928 

.060072 

1 57 



4 

I .65694 

.75395 

,87133 

1,14767| 

.817524, 

.877340 

.940163 

.059817; 




5 

.65716 

.75375 

.87184 

!. 14699] 

.8176o8 

.877230 

.940439 

.059561 

i 35 


.10 

6 

1 .65738 

.76356 

.87236 

1.14632. 

1 .817813 

.877120 

.940694 

.0593061 

'! 54 



7 

i . 63759 

.75337 

.87287 

1 . 145o5 J 

.817953 

.877010 

.940949 

! .0550511'^% 



S 

, .65781 

.75318 

.87338, 

1.14493, 

.818103 , 

.876899 

.941204 

.C53796’ 

' 52 


.15 

: 9 

i .65803 

.75299 

.87389 

1.14430 i 

.818247 

.876789 

.941459 

.0SS541 : 

1 51 

,S5 


10 

i .65825 

.75230 

.87441 

1.143631 

.818392 

.87667S 

.941713 

.0532871] 50 


11 

1 .63847 

.7526! 

.87492 

1. 14296 J 

.818536 

.876563 

. 941963 

.C58:'32|; 49 


.20 

12 

, 65839 

.75241 

.87543 

1.14229 

j .818681 

.876457 

.942223 

1 .057777 

i 4^ 



l3' 

' .6539] 

.75222 

.8'^395 

M4I62 

.818825 

.876347 

.942478 

.057522 

47 



14i 

; .65913 

.75203 

.87646 

1.14095, 

.818959 

.876236 

.942733 

.057267 j! 46 


.25 

15' 

j .65335 

.75184 

.87693 

1.1402S 

.819113 

.876125 

.942935 

.057012 

45 



16' 

I . 63956 

.75165 

.87749 

1.13961 ' 

.819257 

.876014 

.943243 

.056757! 

' 44 I 



17' 

i .65978 

.75146 

.87801 

!.13S94' 

.S194'3I 

.875904 

.94349S 

.056502! 

.3 


.30 

11' 

i .65000 

.75126 

.87852 

1.13822' 

.819545 

* .875793 

.943752 

.05654:j 

I 42 



:9 

i .66022 

.75107 

.87904 

1.137oli: 

.819639 

.675682 

.544007 

.055995; 

4! 



20 

1 .06044 

.73088 

.87955 

1.13694 

.S19332 

.87.5571 

.944262 

.055733 



.35 

21: 

i .6G06S 

.75069 

.88037 

1.13627' 

.819975 

.8754^9 

.344617 

.055483 

! 39 

.65 



! .66033 

.73050 

,68039 

1.13561 1 

.820122 

.875343 

1 .944771 

.055229 



231 

.66109 

.75030 

.88110 

I . 154941 

.820263 

.873237 

.945C26 

.054974 

37 


.40 

21 ' 

I .65131 

.75011 

.88162 

1.13423' 

.820406 

.875125 

' .945231 

.054719 

35 

i 


23; 

1 .66153 

.74992 

.85214 

1,13361 

.820550 

.875014 

.945535 


135 



26' 

.66175 

.74973 

.862o5 

1.13295j 

.320693 

.874903 

.945790 

.C542’0 

’ 34 


.45 

211 

1 .66197 

.74953 

.88317 

1.13228! 

.820836 

.874791 

.946015 

.0539551 

I 33 



281 

1 .66218 

.74934 

.68369 

1.131621 

.820979 

.874680 

.946299 

.05370!1 




29 

j.66240 

.74915 

.88421 

1.13096’ 

.821122 

.874568 

.946554 

.0534461 

.31 


.50 

3o! 

( .66252 

.74896 

.88473 

1.13029i 

.321265 

.874456 

.946803 

.053192 , 

30 



3i 

' 66234 

.74876 

.85524 

1 12963' 

.821407 

.874344 

.947063 

.052937] 

1 29 



32;: 

1 .66306 

.74857 

.88570 

1.12897, 

.821550 

.874232 

' .947318 

.0526821 

1 28 


.55 , 

33 ; 

. 6S327 

.74838 

.88628 

1.128311 

.821693 

,874121 

; .947572 

.052428 


.45 



.66349 

.74818 

.88680 

1.12765! 

.821835 

,874009 

.947827 

.052173 



35; 

.66371 

.74799 

.88732 

1.12699 

.821977 

.873896 

i .948081 

.051919 

25 


.60 ' 

33 I 1 

.66393 

.74780 

.88784 

1.126331 

.822130 

.873784 

; .948335 

.051665 


.40 


37li 

.60414 

.74760 

.88836 

1.12567 

.822262 

.873672 

i .948590 

.051410 

23 


38i: 

: .66436 

.7474! 

.88888 

1.12501 

.822404 

.873560 

! .948844 

.051156 

22 


.65 

3o; 

1 .66453 

.74722 

.88940 

1.12435 

.822546 

.873448 

.949099 

.050901 




93 . 

■ . 66430 

.74703 

.83992 

1.123691 

.822688 

.873335 

.949353 

.050647 




41 1 

1 .66501 

.74683 

.89045 

1 123031 

.822830 

.873223 

. 949608 

.050392 

19 


.70 

43 ‘ 

1 66523 

.74664 

,89097 

1.12238 

.822972 

.873110 

.949862 

i .050138 


.30 


43 ; 

.66545 

,74644 

.89149 

1.12172i 

.823114 

.872998 

.950116 

,049884 



44 

.66566 

.74625 

.89201 

1.121061 

. 823255 

,872885 

.950371 

.049629 

16 


.75 

45 ; 

.6353S 

.74606 

.89253 

1 . 12041 !* 

.823397 

.872772 

.950625 

.049375 


.2S 


46! 

.66610 

.74586 

.89306 

I.li975i 

.823539 

,872659 

.950879 

.049121 



47 1 

66632 

.74567 

; .89358 

1.1i909j 

.823680 

.872547 

.951133 

.048867 

13 


.80 

43 

.66653 

.74548 

.89410 

1.11844 

.823821 

.872434 

.951388 

.048612 


i 


49 

.66675 

.74528 

.89463 i 

1.117781 

.823963 

.872321 

.951642 

.048358 




50 

.66697 

.74509 

.89515 

1.117131 

,824104 

.872208 

.951896 

.048104 

10 



51 

.66718 

.74489 

.89567 

1.11648 1 

.824245 

.872095 

.952150 

.047850 



1 

52 

.66740 

.74470 

.89620 

I.II582I 

.824386 

.871981 

.952405 

.047595 




53 

.66762 

.74451 

.89672 

1.115)71 

.824527 

.871868 

.952659; 

.047341 

7 


.90 

54 

.66783 

.74431 

.89725 

1 . 11452 ! 

.824668 

.871755 

.952913 ' 

.047087 


,10 


53 

.66805 

.74412 

.89777 

1.113871 

.824608 

.871641 

.953167 

.046833 



56 

!; .66827 

.74392 

.89830 

1.11321 

.824949 

,871528 

.953421 

.046579 

4 


.95 

67 

i! .66848 

.74373 

.89883 

1.112561 

.826090 

.871414 

.953675 

.048325 




53!| .66870 

.74353 

.89935 

I.III 9 I: 

.825230 

.871301 

.953929 

.046071 

? 



59 

|i .66891 

.74334 

.89988 

1.111261 

.825371 

.871187 

.954183 

.045817 

I 


1.00 

60 '1 .66913 

! !) 

.74314 

90040 

1 11061 1 

9.826511 

9.871073 

9.954437 

10.045563 

o' 

.00 

1 

1 

|l 

Sm 

Cot 

Tan 1 

Coa 

Sin 

Cot 

Tan 

s 


’S 

Q 

c 

il 

Natural Values 

j 

■j Conittiioii Logarithan 

§ 

1 s 

1 

1 Q 


11-110 


48 



42^' VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


J 

3 

Natural Values 

l| Cominon Logarithms 

Is 


Q 

1 

Sin 

Cos 

Tan 

Cot 

: Sin 

1 

C03 

Tan 

Cot 

1 .H 

i ^ 

Q 

.00 

0 

.6G913 

.74314 

.90040 

l.llOGl 

'9.825511 

9.871073 

9.954437 

10.045563 

; 60 

1.00 


1 

.66935 

.74295 

.90093 

1.10996 

• .82565! 

.870960 

.954691 

.045309 

' 59 


2 

.66956 


.90146 

1.10931 

.325791 

.870346 

.954946 

.045054 

1 58 


,05 

3 

.66973 

.74256 

.90199 

1.10S67 

.825931 

.870732 

.955200 

.044800 

: 57 

.95 


4 

.66999 

,74237 

.90251 

1.10302 

.820071 

.870613 

.955454 

.044540 

i 56 


5 

.67021 

,74217 

.90304 

1 .10737 

.826211 

.870504 

.955708 

.044292 

55 


.10 

6 

.67043 

.74198 

.90357 

1.10672 

.823351 

.870390 

.955961 

.044039 

; 54 

.90 


7 

.67064 

.74178 

.90410 

1.10607 

.32649! 

.870276 

.956215 

.043735 

1 53 


8 

.67086 

.74159 

.90463 

1.10543 

i .526631 

.870161 

.956469 

.043531 

1 52 


.15 

9 

.67107 

.74139 

.30516 

1.10478 

.325770 

.370047 

.955723 

.043277 

! 51 

.85 


10 

.67129 

.74120 

.90569 

1.10414 

.826910 

.869933 

.956977 

.043023 

i 50 


II 

.67151 

.74100 

.90621 

1.10349 

.827049 

.869818 

.957231 

.042769 

49 


.20 

12 

.67172 

.74080 

.90674 

1.16235 

.827139 

.S53704 

.957485 

.042515 

48 

.80 


13 

.67194 

.74061 

.90727 

1.10220 

.827323 

.£69389 

.957739 

.042261 

47 


14 

.67215 

.74041 

.90751 

1.10156 

.327467 

.869474 

.957993 

.042007 

46 


.25 

13 

.67237 

.74022 

.30834 

1.10031 

.827606 

.869360 

.958247 

.041753 

45 

.75 


16 

.67258 

.74002 

. 9 : 0:7 

1.10027 

.827745 

.869245 

.958500 

.041500 
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43 
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.868900 
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41 


20 
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.959516 
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21 
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37 
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24 
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.91313 
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36 
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1.09336 

.829131 

.868093 
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.40 


37 

.67709 

.73590 

,92008 

1.08686 

.830646 

.866819 

.963828 

.036172 

23 


38 
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.73274 
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.864481 

.968896 

.031104 

3 

.05 


58 

.68157 

.73175 
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1.07174 
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.837279 

.861041 

.976238 

.023762 

34 


.45 

27 

.68772 

,72697 

.94731 

1.05562 

.837412 

.860922 

.976491 

.023509 

33 

.65 


28 

.68793 

.72577 

.94786 

1.05501 
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33 
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.860082 
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.859962 

.978515 

.021485 
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36 
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.95229 

1.05010 

.838510 
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.979021 
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38 
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.72377 
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22 
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39 
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21 

.36 


40 
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.72337 
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41 
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.72317 
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42 
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VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 
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1 
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.71914 
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.842033 
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.70029 
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.853118 

.992672 

.00732? 

29 



32 

,70132 

.71284 

.98384 

1.01642 

.845919 

.852994 

.992925 

.007075 

28 


.66 

33 

.70153 

.71264 

.98441 

1.01583 

.846047 

.862869 

.993178 

.006822 

,7 



34 

.70174 

.71243 

.98499 

1.01524 

.846175 

.852745 

.993431 

.006569!' 26 



35 

.70195 

.71223 

.98356 

1.01465 

.846304 

.852620 

.993683 

.006317 

25 


.60 

36 

.70215 

.71203 

.98613 

1.01406 

.846432 

.852496 

.993936 

.006064 

24 



37 

.70236 

,71182 

.98671 

1.01347 

,846560 

,852371 

.994189 

.005811 

23 



38 

.70257 

.71162 

.98728 

1.01288 

.846688 

,852247 

.994441 

.005559 

22 


.65 

39 

.70277 

.71141 

.98786 

1.01229 

.846816 

.852122 

.994694 

.005306 

21 



40 

.70298 

.71121 

.98843 

1.GU70 

.846944 

.351997 

.994947 

.005053 

20 



41 

.70319 

.71100 

.98901 

1.01112 

.847071 

.851872 

.995199 

.004801 

19 


.70 

42 

.70339 

.71080 

.98958 

1.01053 

.847199 

.861747 

.995452 

.004548 

18 



43 

.70360 

.71059 

.99016 

1,00994 

.847327 

.851622 

.995705 

.004295 

17 



44 

.70381 

.71039 

.99073 

1.00935 

.847454 

.851497 

.995957 

.004043 

16 


.76 

45 

.70401 

.71019 

.99131 

1.00876 

.847582 

.851372 

.996210 

.003790 

15 



46 

.70422 

.70998 

.99189 

1.00816 

,847709 

.851246 

.996463 

.003537 

14 



47 

.70443 

.70978 

.99247 

1.00759 

.847836 

.851121 

.996715 

.003285 

13 


.80 

48 

.70463 

.70967 

.99304 

1.00701 

.847964 

.850996 

.996968 

.003038 

12 

9A 


49 

.70484 

.70937 

.99362 

1.00642 

.848091 

.850870 

.997221 

.002779 

11 



50 

.70505 

.70916 

.99420 

1.00583 

.848218 

.850745 

.997473 

.002527 

10 


.85 

51 

.70525 

.70896 

.99478 

1.00525 

.848345 

.860619 

.997726 

.002274 

9 

IR 


52 

.70546 

.70875 

.99536 

1.00467 

.848472 

.850493 

.997979 

.002021 

8 



53 

.70567 

.70855 

.99594 

1.00408 

.848599 

,850368 

.998231 

.001769 

7 


.90 

54 

.70587 

.70834 

.99652 

1.00350 

.848726 

.850242 

.998484 

.001616 

6 

in 


55 

.70608 

.70813 

.99710 

1.00291 

.848852 

.850116 

.998737 

.001263 

5 



56 

.70628 

.70793 

.99768 

1.00233 

.848979 

.849990 

.998989 

.001011 

4 


.96 

67 

.70649 

.70772 

.99826 

1.00175 

.849106 

.849864 

.999242 

.000758 

3 

.fUS 


58 

.70670 

.70752 

.99884 

1.00116 

.849232 

.849738 

.999495 

.000505 

2 



59 

.70690 

.70731 

.99942 

1.00058 

.849359 

.849611 

.999747 

.000253 

1 


1.00 

60 

.70711 

.70711 

1.00000 

1.00000 

9.849485 

9.849486 

10.000000 

10.000000 

0 

.00 

S'* 

1 




Tan 

Cos 

Sm 

Cot 

Tan 

s 

JS 

n 













.a 

S 


Natural Values 



Common Logarithms 


.3 

Q 


45 ° 
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10. DIFFERENTIAL CALCULUS 


Definition of a Function. A variable y is said to be a function of a variable x if the 
value of y is determined when the value of x is given. In this definition, x is called the 
independent variable and y the dependent variable. The symbols F{x), f{x), 4>{x), etc., are 
used to represent various functions of x, while the symbol /(a) represents the value of 
f{x) when x = a. 

Limit, Derivative, Differential, Continuity. The constant a is said to be the limit of a 
variable x, if, as the variable changes its value, the numerical difference between the 
variable and constant becomes and remains leas than any small possitive constant which 
may be assigned. The symbol x a or liin x = ais used for this definition. An example 
of a variable becoming equal to its limit is a swinging pendulum finally coming to rest. 
An illustration of a variable never reaching its limit is a polygon of n sides inscribed 
in a circle. No matter how large n is taken, the circumference of area of the polygon 
never equals that of the circle, 

X becomes infinitely large, x —> co, means that the value of x becomes larger than any 
assigned positive number, x —» -* oo means that the value of x becomes smaller than any 
assigned negative number. 

Usually a change in x causes a change in y. A change in x is called an increment of x 
and is denoted by Lx, Similarly a chaiige in y is denoted by Ly. If 


lim 
Ax —* 


fix 4- Aj) - fix) 

0 


has a definite value, it is called the derivative of y with respect to x and is denoted by 


dx 


or f'ix). 

The geometric interpretation of /'(x) is 


f'ix) 


dx 


= tan B 


( 1 ) 


or Fix) is equal to the slope of the tangent to the curve y = fix) at the point of contact 
Pix, y) (Fig. 4), 


lim 

PR-^ 


m 

0 PP 


lim 
Ax —* 


0 


fix + Lx) - fix) 
Lx 


dx 


= Pix) = can B 


( 2 ) 


The differentials of x and y, respectively, are 

dx = Ax 
dy = f'ix)dx 

Continuity of a Function in an Interval. A function is called continxious at x = 6 if 
it has a definite value at b and approaches that value as a limit whenever x approaches b 
as a limit. The notion of continuity at a point suggests that the graph of the function 

is a smooth curve in the neighborhood of the point. 
The analytic conditions that fix) be continuous at 6 
are that fib) have a definite value and that 



l/W — /(ft)l < e for |x — <5 (e) 


(3) 


.\n example of 


where e is any positive number which can be chosen as 
small as desired, while 5(e) depends on e. The bars 
outside of |/{x) — fib) ] show that the absolute val ue or 
value without the algebraic sign is to be taken; thus 
~ ^1 “ ~ 2| = 3. A function which is continuous 

at each point of an interval is said to be continuous 
continuous function is /(x) = x^. The function 


in that interval. 

^ X ~ a values of x other than x = a, at which point it becomes 
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infinite. Every differentiable function is continuous, although the reverse is not always 
true. 

If. in the above definition of continuity, the number S can be chosen the same for all 
points in the interval, the function is said to be iiniformbj continuous in that interval. 

Derivatives of Higher Order. Tlie ile'hntiie of tlie drs/ dciitatiLe of y with respect to 
X is called the second deriiaiiie of y with respect to x and is denoted by 


dx 



d-y 

dx~ 


or fXx) 


(4) 


d''y 

dx'* 


or f"'{x) 


(5) 


is the third derivative of y with respect to x. If y = /(x), the second differential of /lx) is 

d-f = /"(x)dx^ (6) 


Indeterminate Forms 


If a function fix) for x = a (where a can also be = 0 ) has no determined value but ap¬ 
pears in one of the meaningless forms 


0 CO 
0 ’ CO 


, 0-00, 00 — oc, 0 °, cc°, 0 “, 1 


then it may happen that the lim /(x) has a definite value. For the determination of 

X—.a 

this limiting value, if it exists, the following rules can be used: 


^ . If /(x) = , <f)(a) = 0, and (Ka) = 0, then 

0 V'lx) 

lim /(x) = lim ——■ 
x-av!''U) 

If, however, di'(a) = 0 and 4/'{a) = 0, the rule is applied again, with the result 

lim -—• = lim ,, = TP“: 

i-iai If 

unless <f>"(a) = 0 and = 0. In this case, the rule is applied again. 


(L’Hospital’s rule) (7) 


(81 


x-^0 X 


.0 1 


<f>(x) 


—. If/(x) = ~—, <#>(a) = CO, andif(a)= cc , then 
to ii (x) 


,. <p(xl 

lim -— = lim . 
X — »aV(-r) X — *aV (x) 


as before. 


(9) 


O-M. If /(xj = ^(xl-iKx), d>(al = 0, and <lr(a) = co, then placc= a.(x) and 


obtain the previous case 


0 


If f(x) = 4>{x) — \Kx), <#)(a) = 00 , and = cc , then place q>{x) = 


u[x) 


^(x) = --— and obtain 
r(x) 


which takes the form - . 


/M = 


r(x) - n(x) 
u(xjc(x) 


( 10 ) 
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0®, 03°, 1^. An expression of the type may, for x = a, give rise 

to the forms 0°, oc 0^, 1*. 

0 X 

Such an expression may be reduced to a type q or — by the use of logarithms. Thus, 

u = W 1 

loge « = i^(z) - logs j 

If lim <^(x) -loge V^(i) can be found by the pre\uou5 methods, the limit anuroached by 
u can bo found. 

Exam^e. i, -» (1 — for z =» 0 


Therefore lim logg u 
z~>0 


lim ~ 

z-^0 X 
nd Knx u = e“‘ 

s-,0 


1 


Table 43. Differentiation Formulas 

Let u, t, w, . . be functions of a and n be Constants; and e be the base of the natural or 

Napierian logaruhma. Then e = 2.7183”. 


0 


£ 

dx 

i.(n4- r+n:+...) -^+ * + *£ + 
az dx dx dz 

d du 

— au — 

aj dx 

d di . du 

--- uv ti — 4- V — 

dx dx dx 

— 'utw 
dx 


dx i' dz w dz ' 


dx 'r/ 


^ 

dx dx 


dx 


dx 
dx 

d , 1 fa 

— loge u ^ ~ — 
dx u cz 

d , Idu , 

~ iogio w = - — logjo « ' 
ax u dx 


(0 4343) 


i ^ 

u dx 


d 

dx ' 
d 

— t 

dx 

£ 

dx 
(P/fw) 


-/(u) 


dz2 


dx 


dx 

du « dr , 

Du^ 1-r w — ioftf u 

dx dx 

df{u) du 
du dx 
dfiu) ^ I 
dx~ 
du 
dx 
du 
dx 
du 


du 
' C08 u - 

• — sin u - 


u 1 /(«) /duN* 

^ dw2 v^/ 


- tan u = sec- u 


dx 


d . 9 du 

- cot U «=* — CSC* u — 

dx dx 


dx 

d 


du 

sec u tan u — 
dx 


du 


- CSC u “ — CSC u cot u — 
dz _ dx 


Vl-u2 


— j:n -1 u = 

^ 1 

- cos "“I u CBS — _ _ _ 

V 1 — u 2 ctr 
<ir 1 + n2 di 


_ .,2 di v 2 2i 


1 


du 


(0 ^ cos ^ u ^ 


dx ‘ " ' 


£ _ 

dx 




1 du 
1 dx 
1 du ' 


V ,.2 _ 1 di 

1 du * 
71 dx 


iVu 


~ 8inh u • 
dx 

d 

— coan u 
dx 


- tafih u I 


d 

— cotn t 
dx 

—- sech t 
dx 


, du 
cosh u — 
dx 


• sinh 


< ^ 
dx 


V .> du 

» — cscn* u — 
dz 


• — sech u tanh f 


du 
dx 

— each u — — csch u coth u ~ 

dx ax 


dx 


einh u I 


du 


Vu2 


4- 1 


coah"! t 
dx 


— tanh y : 
az 


— coth ”1 u 
dx 


dx 

du 


V«2 _ 1 di 

1 du 


dz 


sech ^ 1 u 


1 — u2 dz 
1 ^ 
1 " u2 dx 
1 


U Vl 


- ^ 
2dz 

“ csch u -- -j:- - ^ 

u Vua 4- 1 dz 


quadrants. UselST^ite "sign in and fourth 
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SERIES EXPANSION OF FUNCTIONS. Taylor’s Formula. If/(x) and all its deriv¬ 
atives are continuous in the neighborhood of the point x = a, then Ax' can be developed 
into a power series arranged according to ascending powers of x — a. The series is. 

fix) = /(o) + (3; _ a) + ^x-a)• + ... +- -(j: - (12) 

1! 21 (n — 1;! 

where nl = nin — l)(n — 2) ... 2-1, and is called factorial n, and 


is the remainder after n terras of the senes and 

. , ^ = a + - a), 0 < 0 < 1 (14) 

Another form: 

fix + h^ = fix) + ^f\x) + ^/"(-r) + ... + A—U,(1^) 

jn 1 ■ -• (ra — 1;' 

where A„ = ^ = x-rdh, 0<S<1 (16) 

Maclaurin’s Form of Taylor’s Formula (for a = 0). 

/(X) = AO) + A? - + -= + ... +f^ CD 

where Bn = —r I = 0 < ^ < 1 OS) 

n! 

Care must be exercised in using these lormulas that the series converges, that lo, lim Bn 

n — x 

— 0. If Taylor’s series converges rapidly, the sum of the first few teirns gives a good 
approximation to /(x) for values of x near x =* a. If Alaclaurin’s senes cunveiges lap- 
i<lly, the sum of the first few terms givts a good appioxirnation to ;\x) foi Milues of x 
near x = 0. That not all functions can be expanded into Maclaunn’s series is shown by 

the examples; /(x) = “ ; ; -y/x, : loge x; cot x; etc. 

X X- V-c 

Example, Expand into a series of ascending powers of x. 

/ IX ) = e '‘^, AO ) = 1 

/Ux) = ne"® /'(O) = n 

/"{X) — n-e’'^, /"{O) = n* 

f"'*0) ~ n* 

e = 1 H-xH--... 

2! 2! 3! 

If X and n are less than unity, this senes converges rapidly. 

Table 44, Functions Expanded into Series 
(log = loge) 

(u+ X)" = a" + na"-' x + AlA " IV" " ^ + ■ ■ ■ 




1 + » log O + 


U a'* , (j l»~>c 


(- 00 < X < oc) 


(— X < X < X) 


<-j2 — ^1--.. 

2! 3! 4! 

dr., - . , 3r4 8r5 3x« , 56x7 

<sln s-l + icH---h , 

2! 4' 51 6! 71 


e(l-^ 

V 2 


I; 4- • 

21 4! 6! ^ 


,tan I „ 1 + 3, + I + . 

x2 x3 X-^ 

log (1 -f- x) = X - 

(!uO“ = [>"r + r + F + --] 


(— oo < X < cr) 


(— oc < X < X) 


(- X < X < X) 

(-2) 


(-1 < I < 1 ) 


(-1 <x < 1) 
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Table 44. Functions Expanded into SQTies-~“CQ7iiinued 




(-1 <x < 1) 


log sin z — X ■ 


log C 03 z - -- 


G ISO 2h;3o 

_ 17zS 
12 45 2520 


( — IT < X < Tt) 

<1) 


— + " 

00 28 Jd 




X < 2 < X ) 


j3 ^ 2r° 17r'^ 62x^ , 

^ ' IF 315 ~ 2S35 ' 

r X'* 2x5 _j-7 

3 45 945 4725 


, , x2 , 5r-4 , 61x5 
sec z =• 1 -t- -r H-77- • 


V-5 

( —■«■ < X < r) 


CSC X “ — -i-H -—; + -7;—: + . . . 

X 3! 00 ! o 7! 

. _ . 3x5 3 5j-7 

sin - X — X -h — -h - -r - — -r . . 

2 3 2-4-5 2-4 6-7 


(-*x < Z <r) 


(-1 < X<1) 


cot X --tan X 


(-1 > X > 1} 


6x3 2-4-5 x5 2-4-6-7x7 


(-1 > X > 1) 


CSC -1 X =-sec - X 

2 

, , x3 , x5 , X^ , 

emh X = X -] - r“—f- r--. 

3’ 5! 7! 

T- X"* T® 

coshx=l-f-+~+~+-+.., 

^ x3 , 2x5 17x7 , 

tanh x = x— — -f- — —-r • • • 

3 15 315 

coth x = —i--~—r + —r “ , + , 


coth x = —i--~-H - --h . . • 

X 3 45 945 4725 

x2 , 5x4 61x6 1385x8 

seen X = 1 — — i" —• — -- *r - — ... 

2' 4! 6! 8! 

lx, 7x3 31x5 

csch z -—1--r . . . 

X 6 360 15120 

x3 3x5 3’5x7 

Binh * X « X--r . . . 

2-3 2-4-5 2-4-6’7 

sinh "3 I sa log 2x -f- —^ ^— 4- —-1- 

2-2x2 2-4-4 x 4 ^ 2 4’6-6xfi 


(log 2i - --1±£-■) 

V 2-2x2 2-4-4jr> 2-4-6-6i« V 


x3 t5 x7 

tanh'l x“x-!-H-1- 

3 5 7 

*U-1 1 1 i i I 1 . 

X 3x3 5x5 ^ 7x7 ^ 


V X 2-2 2-4-4 2’4’6-6 

u-i 1 ^ t 3 35 . 

each 1 X «--(---+ . . . 

X 2-3x3 2-4-5x5 2-4*6 7x7 


:*4*6-6 / 


(—00 < X < oc} 


(—CO < X < CC ) 


(- 7 < - < F 

( —T < X < ir) 

(-1 <i <") 

'•2 2 / 


( —< X < TT) 


(-1 < X < 1 ) 


(-1 < X < 1) 


(-1 > X > 1) 


(0 < X < 1) 


(-1 > X > 1) 
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11. INTEGRAL CALCULUS 


Integration is the inverse operaiiion of differentiation. It is indicated by the symbol 
j followed by the differential function to be integrated. For example, 

= 3j:^ dx (19) 

and ^ J* -r a (20) 

or in general / /'(x) dx — f{x) -j- c (21) 

■where f{x) -r c is indefinite owing to the necessity of adding the arbitrary constant c 
■^'henever the operation of integration is performed. 

f }’(x': (lx = f(h) ~ f(a) (22) 

IS called the definite integral, ■^’uere/‘'(x'J is continuous in the interval a to ^ or has at most 
a finite number of finite discontinuities in the interval. 

Fundamental Forms. Since integration is an anti-differentiation operation, facility in 
integrating depends upon the ability to recognize the forms of the derivatives of elemen¬ 
tary functions and also the knowledge of how to transform a given function into an ele¬ 
mentary form. Table 45 is a hst of fundamental forms to which many integrals may be 
reduced by simple transformation. 

Integration by Parts is a metliod frequently employed if it is advantageous to consider 
the integral of a function as the integral of the product of a function by the differential 
of another function, then 



since d{uv) = udv -|- vdu (24) 


where ii and v are both functions of a variable x. 

Integration of Rational Fractions. If the degree of the numerator is not less than that 
of the denominator in the equation 

= VT 

;(x) 


w’here r5(x) and i(.r) are rational polynomials, B(x) can be put in the form of a polyno¬ 
mial and a remainder by performing the division indicated. The remainder may then 
bo lepresented by partial fractions, and both the polynomial and remainder integrated 
directly by application of formulas o, 6. 17, and 18 m Table 45. 

Integration of Irrational Functions may frequently be accomplished by reducing them 
to rational integrals by changing the variable. The method is called integration by 
r:'’tionlization or integration by substitution. 

For example, integrals containing the following forms may be rationalized by the 
substitutions indicated: 


Form 

/l(ax + 5)P''«] dx 

/[{ax 4- /^‘/nx + &)’■''*] dx 

/[XjV'x^ "b ax -i- ?)] dx 

— x^ + ax + 6] dx 

/[sin X, cos x] dx 

/[x,\/a- — x4 dx 
/[x.V— a^] dx 
/[x,\/x^ + a^] dx 


Si.d(stit ution, 

let ax 4- 6 = y® 

let ax + h = where n is the L C.M. of q, 8 

let \ w^4- ax 4- = y — j_ 

let V — x“ -b ax 4- 5 = ^ (tt -- iHd + x) 

= (a — x}y or = (j3 -b x)y 

let tan ^ = y 
let X = a sin y 

let X ~ a sec ^ or x = a cosh y 
let X = a tan y or x = a sinh y 



11-120 


MATHEMATICAL TABLES 


Table 45. Table of Integrals 
Elementary Indefinite Integrals 


a dx — ax 0 

J' {u -r V w . . .)dx = J* u dx J' v dx J* ic dx -f- , , , 

J"u dv = uv — J'V du, integration by parts 
y"/(x) dx =J'f[9iy)]4>'{y)dy, x = <^( 2 /). change of variable 

6. f dx = —— ■ c,{n 9 ^— 1) 
d n + 1 

/ dx 

~ = loge X + c = log* Cl X, [log. X = log. i—x) + (2 I- + 1) xi] 


7. 

/c-dx 

= -e^ 

a 

H- c 

8. 

J' dx 

a* 

loge a 

H- c 

9. 

y* a^logt 

‘.adz = 

o“ + c 

10. 

J *sin ax 

dx — — 

1 , 

” cos ax -f- c 
a 

11. 

J* cos ax 

dx — - 
a 

sin ax c 


/ I 1 

tan axdx = — - log. cos ax + c = - log. bbc ax + c 

/ I 1 

cot axdx = - log. ein ax + C =-log. esc ax + c 

a a 

14. r sec axdx = - log. (sec ax + tan ax) + c = - log, tan (— 

•' « a V 2 ^ 4/ 

/ I I 

CSC axdx = - log. (oso ax — cot ox) + c = - log, tan — + c 
a a 2 

16. f~ 

J V 

dx 


-= = sin 1 - + c = - cos-‘ - + c (x2 < ah 

Va- — X- “ a ^ 


17. 

18. 

19. 

20. 
21 . 
22 . 

23. 

24. 

25. 

26. 

27. 

28. 


fa^ 

fx^ 


-b X 
dx 


= - tan ^ c 
a a 


1 , X — a 
2a X + a 


1 ,- 1*1 

-cot '■ -he 

a a, 

1 T \ 'T 

— tanh ^ — =-coth”^ — 


/ sinh ax dx = - cosh ax c 
a 

/ cosh ax dx = ~ sinh ax 4- c 
a 

/ tanh axdx — - log« (cosh ax'' 4- c 
a 

/ coth axdx = - log. (sinh ax) + o 
a 

/ sech ax dx = - 8in-‘ (tanh ax) + o 
a 

f each ax dx = - log. ( tanh — ^ J- c 

^ a \ 2 / * 

f ain^ a* dx = ^ X - i ain ax cos ax + c = ^ g - Jl 


7 “ Sin 2ax 4- c 

■xti 


/ooa» - 2 ^ ^ 8“ “* cos ax + c = I g + ± ain 2 ax + ( 

/ tan^ ox Ji = - t-n ix — x -r c 
a 

J" cot^ ox dx = —cot ax — X + c 


+ <? 
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Elementary' Indefinite Integrals —ContiTmed 


29. ax dx — ^ tan ax c 

30. r csc^ ax dx ~ — — cot az c 

^ a 

31. f 3in”^ axdx — X ax ^ "^1 ~ a^ -}- c 

v' a 

32. f cos~^ ax dx ^ X cos~^ ax — - Vl — a- x~ c 

a 

33. f tan"^ ax dx = x tan”^ ox — log^ (1 + a- x®) 

fc' 2a 

34. f cot“^ ax dx =■ X cot“^ ax ~ logg (1 + a~ x~) 4- c 

J la 

35. /'sec”^ axdx — X sec“^ ax -- loge (ax + v'a- x- — 1) C 

t/ a 

36. f csc~^ axdx — X cse-- ax 4- i logg (ax + 'V'^a" x- — ly c 

J a 


Integrals Involving (ax + b) 


37./(ax + b)"dx = ^-^ 


{az + b)""''* (n — 1) 


fxiax + b)" dx = “ V{n + 1) 1, -2) 


r xdx X 6 , . ... 

40. /-r-r “-i 

J ax -{-0 a 

f ^4-M “2 *•“* 

./ (ox + t)- a^{ax + 6) 


^-^^=^3[(ax + 6)-26 1og.(axH 

X- dx If. / I IN I 26 

--—— = — loge (ax + 6) H- - 

(ax + 6)’ a^L ox + 6 

dx _ 1 X 

x(ax + 6) 6 ox + 6 

dx __L 4 _ £, 1 02 ^ 4* b 

x* (ax + 6) 6x "6’ x 

dx _ 1 _. ox + & 

x(ax + by b{ax + 6) 6^ x 


dx + 6) — 26 toge (ox + 6) 


loge (ox + 6) + 




ox + 6J 
6 '^ 1 


ox + 6 2(ax + by 


r dx 1 , 0 , ox n 

46. / ——-—— = — — +. 5 ^ loge- 

J x* (ox + 6) 6x 6’ X 

r dx 1 1 ox + 5 

J x{ax + by ~ 6(ax + b) V- x 

,„ /■ dx 6 + 2 ox I 2a ox + 6 

■^8- / -rTT^N = “ -TT; + "Ta ^08e-- 

J X- (ox + 6)- 6- xvox + 6) 6^ x 


(ox + by- b- xyax + 6) 6^ 

dx 1 , '^'^ox + 6 — 

- , ^- : = - 7 = loge - --—- 

:Vax-r6 V6 "v ax 4-6 + "v 6 


: Vox + 6 V - 6 


tan-i ...+ ^ 


(6 positive) 


(6 negative) 


/* vox-pb , ^ ./-7—r 1 ,/T 1 wx 4 " b — v 5 

51. / -dx = 2 Vax + b + log«— -; - 

X Vax4-bH-Vb 


2 . J' ^ax-\-b ^ = 2 Vox + b - 2 Kin-i 


(b positive) 


negative) 


(Table continued cn p. ll’llS) 
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Integrals Involving (ax 4- b)—Continued 
Vax + h a ,_Vnr + h-Vo 


53. r _ ^ In.. 

*' X' V ax + 5 bx 2b V b Vax'f'b-h'Vb 

54. r _ _ Vax -r b _ ° ^ ^ 

J ^2 V^r 4 - h 6 x b V —b —b 


x^ V ax -|- b bx 

>^ax -\-b ax . hf — ag 


(b positive) 
(b negative) 


F,F^ ro.X -r w , ax , oy — ^ 

56. f -- = - 1 - \oSe(- 

J (u.r + b) 'Jx + g) b/ — ag \ai 

57 . r _ ^ 

J (ax -{- b]{Jx i- g} bf — ag\_a 

58. f _ ^ 

J (ax + b)-ifx + g) bf — ag\ax + 


- - - loge (“2 W 

(u.r + b) ijx + g) bf — ag \ax + b/ 

- - rr^, —^- = 77“^^-r ■ 'oge (ax + bj — ^ logs (Jx T- 1 (ag bf) 

(ax + bi'Jx -r g) bf — agL« .' J 


(ax + b)-Jx + g) bf ■ 


1 , f , fx 

T -r 77-logs- 

+ b bj — ag ax 


iai bf) 


Integrals Involving lax” -i- b) 


59. 

/ 

Cox^ + b)” 

X dx = 

1 

2a 

lax"- + b)" 
n + 1 

— (rt 5^ “ 

60. 

/, 

dx 

ox- + b 

—tan 
V ab 

'(a1) 

(a and b j 

61. 

/• 

dx 

1 


, X 

— 


y 

ax‘ -\- b 

2 V~ 

ab 

loge 

X V a 

+ \ ^ 




1 


, ^'b + 

X V — /* 




2V~ 

ab 

Vb - 

X V — a 


J x{ax^ + b) 2b ax- + b 

63. f __1_5_ 4-- g"-^ f _ ^ _ (ninteeer>l- 

J (ax- + b;" 2(.n - l;b (ax'- + b/-‘ ^ 2(n - l)bJ (ax'- + h)^-^ ^ integer ^ i, 

04 ^ f 

J ax- + b a aJ ax- -f b 


ax- + b a aJ ax- -f b 
ft- r X- r/x 1 X . \ r dx , . 

J (ox^+T/*-2(a - I,a ~a'F+'b7"~ ^ - ij (ax‘ + bj‘-^ ^ 

ftft /• dx I r dx a r dr 

J X"- (ax-^ + b? = bJ x'lfax^+.b;"-! “ iJ 

®~' f Vox- + b dx = - vTr- + b -1-n log* (x Va + ^ax" + bj (a positive) 

- *>\ n 


f Vax' + b dx — ^ "V^ax- -r b H-- ——siii’ 

^ O "V _ 


'(aR) 


(a negative) 


— ;-■ - = — 7 = loge (x^Va + Vox- + b) [a positive) 

Vax-+b Va 


y / ^.'^1 . "" '}-— sin y ^ \ (a negative) 

V ax- + b V—a V' b/ 

71. = 

Vox* + b “ 

79 /* V ax- “T b / ;;—;—r ,/T , Vax“ + b — 

/- dx = 'J ax^ -{- b -(- Vb loge -(b positive) 


/ V ax^ -|- b , /—~—- /- 

-<fx = V ax- “h b — V —b tan~ 

X 

/ X Vax" 4-~b dx = -i (ax^ 4" b;52 
oa 


' ax- b 


(b negative) 
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Integrals lavcliriQg (ai” + b)—Continued 

f VaxH-6 dx= 2 - iax' + b'iie —Vox- + fc — ■ ; ^ loge (i V^ +V'ax^ + t) 

° ° &a V a (a positive) 

/"x' Vox^ + 6 <ix = -^ (ax- + — — 'v'ax- + b - - - 8in“i (x\ 

“la iM baV-a \ ' 6 / 


r dx 1 "V «.r- + b — t» 

/ - " ~ — —= iogc- (b positive) 

x \ _i_ 5 V b 

rfa: 1 , / ^ I a\ 


(a negative) 


j; ^''ax- + 6 V — b 

'* X- cZx X ^ 

— - = — V ax~ 

Vax- + b 2a 

<' x~ dx X ^ 


'('V-3 


(b negative) 


f — - — “ ^''^ax- + b — -^ logri (x 'V'^a + 'V ox- + 6) (a positive) 

^ 2a o^, Vn / V K / 


/" — -"— - = — v^ax“ b - 7 ^ —. sin ^ ( x V „ ? ) (a negative) 

^ 0x2 4- 6 -a 2o V - a V ' b/ 


^ ^ rfx =-—-i-[- iog« (x -j- \''ax2 + b) (a positive) 


log« (x -f- \^ax- + i! 
a sin-i ^x 


/•Vax2”+T_, \^ax2 + 6 ,/- . ^ a\ 

b2. J - 5 -ax --^- V — a sm ^ lx ^ — ~\ 

<ix 1 

i x(ax" -\~b)~ bn ax" -}- b 

oj r dx 1 , Voj" + 6 — Vb . . s 

o4. / -^==- = - 7 = loge —==-^ (b positive) 

*' X V ax" + b n V b V ax" + b + V b 

85. f - :===^= — - ~ - 3ec~^ \/—-£- (,?> negative) 

X V ax" “hb nV—b ^ b 


(a negative) 


‘ dx 

1 

ax- bx -f d 

Vb- — 4 ad 

• dx 

2 

ax- -j- bx -h d 

\ 4 ad — b- 

dx 

2 

OX' + bx "h d 

2 ax -r 6 


Integrals Involving {ax' -{- bx -r d) 


, 2 ax + b — ^'^b- — 4 ^ 

loge- . ■" fb“ > 4 ad) 

2 ax b b‘ — 4. ad 

2 rtx -4- b 

tan ^ — - - — (b 2 < 4 tid; 


(b- = 4 ad ■ 


f — loge (2 ax + b + 2 aCax^ -\- bx d)") (a positive) 

^'ux- + bx + Va 

r 1 . —2 ax — b 

/ — ■ - = - ^ — ■ sm * —r {a negative) 

ax ' hx d — a. b~ — 4 ad 


/ X dx 1 

ax^ + bx + d 


= loge (< 1 x 2 ^ l,jr -\~ d) — f ■ - 

2a 2ad ax^ -r bx -f- a 

_ Vax‘ + bx + d _b r _ dr 

a 2aJ^rtr--\-hr4-d 


ox* 4-bx + d + ^d, b 

-- -i- — 1 (d positive) 

X 2 Vd/ 


X dx V ax‘ + bx 4~ d _b ^_ dr 

^'ax■“ + bx + d Vax2 + bx H- d 

^ Vox- + bx +'d Vd V 2 Vd/ 

r dx 1 . bx + 2d ^ 1 

/ - . = - sin ^- — id negative) 

J X Vax- + bx + d x\ b- - i ad 

/tT7= 


X Vax- V bx 


(Table coniitiubd ju p ll-l 
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Integrals Involving (ex^ bx + d)—Continued 


/• /— :r-, -;— , 2 cx b /— . , , -;—■ , 4 a/i — 6 ^ /* 

/ V ax^ -f* 5x + d cx =- - - V ax- + -f- d ■4~ -^- / 

J -ia ba •/ 

r —r-T—;-^ (ax-bx A-d)^ b f^j —^- 7 - 7 — 

/ X Vox- -}- 6x -t* d ix = -r- TT ! ^ i- ox - 

J oa 2a */ 


(ax- bx d)^ b 


Vax' -r 4" d 


Integieils Ir." living sin” ax 


9S / ax dx =-cos ax ~ ccs^ a.x 


99. f ax dx — ^ X — ~ sin 2 ax + sin 4 "X 
J 8 4o 32 c 

r r, , sin”"-ax cos ax , n — 1 /* . , , ... 

100 . / sin ax dx — --t -/ sm ^ ax dx (n = positive integer) 

J na n J 

/• . , sin ax x cos ax 


, sin ax X cos ax 

lOx. / X sin ax dx —- 7 -- 

J a- a 

/ 2x ^ X" 2 ^ 

3?- sin ax dx = sin ax — -— J ccs ax 

im /~ 3 ■ J ^ 

IIW. / sm ax dx = I —s--i 1 sin aj — I-; I cos ax 

J \a- aV \a av 

/ x” n f* 

x” sin ox =-cos ox -i— / x""* cos ux dx (n > 0) 

o ao 

, /'sin ax , 1 sin ax , a rcos ax , 

105. / —dx =-- —^ -; / -iTTrr dx 

_ r dx 1 cos ax , n — 2 r dx , . 

106. j -r-x — -;-r —snr-i-; / ' : — (n integer > 1) 

J sin ax a{/i — sin ‘ ux ra — Id sm “ox 

/ X dx X , , 1 , 

—— --cot ax + — lode sin ax 

sin“ ax o a- 

108. 

4 / 14 - Sin ax a \ 4 a- / 

/ dx 1 X. ^ 

--:- - - cot [-r - — j 

1 — Sin ax a \4 2 / 


/ X dx X ^ /TT ax\ , 2 _ /t ox\ 

-;- =-loge COS I - “ S 

l4"Smax o \4 2/ \4 2/ 

/ X dx X ^ / TT ax\ , 2 , . / ax\ 

- = cot I “ - j 4- ioge sm ' - -7 

1 —sin ax a \4 2/ 2 / 


r dx “2 

112 / —- =- j= 

J 5 4 - d sm ax ^ V6- — d“ 

r dx — 1 

113. / r- 7 —^- = - . ■ - • 

J h T d sm ax a\'d- — W 




— 1 d 4“ ^ Sin ix 4- ^ d- — cos ax , „ ^ ^ 

■ log«- 7 —:—J- (d^ > 6 ^ 

\ (l~ — }j2 0 -f a sm ux 


, . r . . X , sm (a — h)x sm la 4 " ?>»x , , ^ 

114. / sm ax sm bxdx — — - r - -— —— (o^ 5 *^ 

J 2'U — b) 2(.u T b) 

Integrals Involving cos” ax 

/ I 1 

cos^ ax dx — - sm ax-sin-^ ax 

a 6a 

r , 3,1 ^ , 1 . 

116 / cos^ ax dx — 7 X -T — sm x ax H-sin 4 ax 

' J o 4u 61a 


r. cos” ( 


cos ^ ax sin ax , n — 1 


n — 1 Z' 

4 - -—j CGs”"^ OX dx (n = positive integer) 


r T cosax , X sm ax 

lli5' / xcosaxdx = —r— H- 

J a 
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Integrals Involving cos” ax—Continued 


/ 2 iC 

COB ax dx — ~ cos ax -f- 

/* 1 / 3 * 2 " 6 \ 

120. J x^ cos ax dx — I —- — — 1 


2 \ 

I — - 1 I 8in ax 

\a aV 

/a:’' Gx\ 

cos ax -f- I -; 1 I 

\a a^J 


z' - , /3x- 6\ X (• 

120. J x^ cos ax dx — (—- — — I cos ax -f- I - ~ ~zj 

121. f cos ax dx = -— — ~ — f sin ax dx (n > 0) 

J a a*/ 

/'cosax , 1 cosax a /•sin ax , 

123. ^ 
J cos ax a{n — 1) cos ^ax n — W cos -ax 

. r xdx X ^ i 1 1 

124. / -— = - tan ax -i-; loge cos ox 

J cos- ax a a- 

dx 1 ax 

12o. / —;- = - taii“ 

^ 1 + cos ax a 2 

126. f -^=-ieot^ 

J 1 — cos ox a 2 


- r X dx X ax , 2 , ax 

7 . / _ tan loge cos — 

^ 1 -r cosax a 2 a- 2 

X dx 




dx I , ai , 2 , .ax 

- =-cot — + — logs am — 

cos ax a 2 a- 2 


129. /’.-tt# -: / tan->(\'^tap^) (fc'> > 

J h -{• d cos ax ^ V6^ — d- \'o-|-c 2/ 

,r,n r dx 1 ,<i + 6 003 oi + V _ ^2 gjn aj; 

IqO# / - ss - 1- . loge t 

J h -{■ d cos ax ^ v — 6- 6 -t- <i cos ax 


6 -t- <i cos ax 


{d^ > &*) 


■tot r , , sin fa — b)x , Bin fa 4* Mx , « ^ 

ioi. / cos ox cos bx dx — -r-i-- r~i — 5*^ 

J 2va — b) 2ya 4* b) 


132. r gin axcosbxdx =— 

J 2'i_ a 

133. ^ sin^ ax cos' ax dx = - - -^ 

134. f sin” ax cos ax dx — -i—r- 

J a{.n 4- 1) 


Integrals Involving sin” ax, cos” ac 
If cos fa — b)x , cos fa 4" b)x‘\ 

■ •>[ a~b~ a+~b J 

X sin *1 ax 


(a 2 


sin”ax (n 5*^—1) 


/ 2^ 

sin ax cos” ax dx ~ -—;—-r cos”'*'^ ax fn — i) 

a{n -f- 1) 

C . -n « . ^ ax COS*”ax , n — 1 /• sin”ax cos*” ox {^x 

loo. / ein ax cos axdx - -;-:;- i-;-/ , . 

J ata + rn) n 4" oi-x (m, n pos) 

^sin” ax ^ _ sin” ox _ ra — m 4" 2 r s in” ax _ 

J cos'” ax ^ a(m — 1) cos*”ax m — 1 J cos^''~-c 


cos*” ax a{m — 1) cos*” ^ ax m — 1 J cos ^ - ax 


- dx (m, n pos, m 9^ 1) 


/ cos ax _ — cos ax 

sm" ax “ am - 1) Bin«- 

139. f - - - = iiog. tana* 

J sin ax cos ax a 

140. f - 1£ - = — — 

J b sin ax -r d cos ax ,j V b- 4- d- 


X . n — in — 2 r cos*” a x 
ax m — 1) J 8in”“- 


dx (m, n pos, n 9 ^ 1 ) 


. ( , -td\ 

loge tan t; 2 ^cu: 4" tan ^ -J 


s 

s 


(6 4" cos ox) 


6 4''^ cos ax ad 

.—.— -^ ^ ^ gni ox) 

b d sin ax ad 


{Tiblc n'tr.i:--i 3 r, p 11 - 126 ) 
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Integrals Involving tan" cjc, cot" axy sec" i 
1 


CSC dX 


143. f tala'ax dx = — - — ax — f tan"~-ax dx 6: integer > 1) 

(3V/4 — ij J 

f cot" ax dx ~ — —-—^ ■--- cot"~’ cx ~~ f eot"~" cx dx {n integer > 1) 

^ G \ /I 1J •/ 


ain — Ij 

. r n j i sin a:r 

l-io. / sec ax dx = —... . — • 

d ain — 1) ces ^ ax 


146. J' C3c" ax dx - 


14S 





a(n — 1 

' dx 

1 ] 

5 "T d tan ax 

b- -}- d'j 

' dx 


V 6 + d tan- 

ax a V^i 


n — d r 

-- / sec' - ax ax (/'. integer > 1) 

71 j.»/ 

■f - _ csc"“- ax dx in integer > 1) 


149. f tan ax sec ax dx = - sec ax 

d a 

15U. / tan" ax sec“ ax dx = - 

•J ain + i) 

/'sec-ax dx 1 

1^1 j -log^tanax 




1 sin - I - sin ax J (5 pos, > d^) 


tan ax 


152. J 'cot az CSC axdx — — i 


153. 


/cot” 


ax csc ^axdx 


CSC ax 
1 


a{n 


■q—cot""^^ ax (n 9^—1) 


Integrals InvoMng 6", e®*, sin bx, cos bx 


,., rcsc- ax , 1, 

154. / — 7 — ax -loge cot ax 

J cot ax a 

155. f xlf^ dx = 

J a log€ 0 a-(ioge by 

/ MX 

dx = — (ox — 1) 
a- 

157. / dx = - Vl - tflx , 


158. f xf'e"" dx ^ - x" ( 
J a 

a^L 


C loge b ~ J ^ 


- / x" ^ dx (n positive) 
a«/ 


159. / 

“•/ 

161./ 


ax — loge (b 


b + de° 
r dx 1 
160 - /TAlTAS-x = Al'oSx 


+ 


5 + ad ‘ 

dx 

+ de“ 


_ 

a'^'bd 


: tan ^ 


('"t'D 


(6 and d positive) 


161 


, r® , , I _i_ (aj:)^ (ox)’ 


(Q-t)^ I fox)^ 

2 - 2 ! 3.31 
1 / r \ 

J ~ n — 1 \~ J (" integer > 1) 

/ e“X 

e" sin bx dx = (a sin bx — b cos bx) 

/ e“X 

e“ cos 6x di = <a coabx + h sin jx) 

/ X€^^ 

ie“ sin bx dx = (a sin bx—b cos 5x) 


167 


{a2 + 5:;2 

/ xe“* cos bx dx = (a cos 5x A 5 sin 5x) 

O “F t'" 

r /« 

“ To-rn I " b^) cos 5x -f 2a5 sin bx 


[(a® — sin hx ~ 2 ah cos 5x] 
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Some Definite Integrals 


1. = 

2. r V2 ax dx = 
•/o 

=0 dx 


ira* 

~V 


X 

‘X 


^ fVU b dx dx _ _T 

‘Jo a + bx^ /—>. o. + bx- 4 V 


6 . / 

*'0 


■>/a — hx‘^ 2 Vfc 
«> sin hx 


— {a and h positive) 
dx __ 

'V^ “ + 4 Vt;!) 

(a and 6 positive) 


(a and b positive) 


dx = - 
= 0 


(b > 0) 
(b = 0) 


= (b<0) 


^ /• w tan X . TT 

= 9 

Jq X 2 

8. /" sin” I di = /" 
^0 •'0 


ir/2 


COS"”’*'' xdx = 


2-4-6- 


•2n 


3-5-7- . 


9, 


, /'’•72 1-3-5- . . . -(2 7! - 1) T , ^ 

Bin" xdx ’= cos xdx = — ^ - — -— (n > 0) 


2-4-6- 


■2n 


(2 n + 1) 

T 

2 


(n>0) 


10. r sin ax sin bx dx = f cos ax cos hxdx = 0 (o ^ 6) 

Jo 

/*'* T 

11 . / sin’ardx= / cos*as<2x = — 

Jo •'0 2 

j ^r/2 ^r/2 TT 

' log. cos I d* = / log. Bin xdx = — -r log, 2 
0 Jo 2 

13. /*” e-'^z^dx = 

Jo 2 ’ a 


14, 


. r°° x" di = (o > 0. n = 1, 2, 3,. . . ) j 

Jo 


,, ."l log. X x’ 

15. / ^-dx =-r 

o 


/-I log. 

Jo 

/ 

Jo 


1 log. X 


16. / f^dx=- 
1 + a: 


12 


/•I 1 

17. f - 
Jo 1 


1 log. X , 


ELLIPTIC INTEGRALS 

Reference: Smithsonian Mathematical Foimiulae and Tables of Elliptic Functions by 
E. P. Adams and R. L. Hippisley, Washington, D,C., 1922. 
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SYMBOLS AND ABBREVIATIONS 


Greek Letters 


A 

a 

Alpha 

H 

V 

Eta 


N 


Nu 

1 T 

T 

Tau 

B 


Beta 

0 

i> e 

Theta 


s. 

€ 

Xi 

T 

V 

Epsilon 

r 

7 

Gamma 

I 

1 

Iota 


O 

o 

Omicron 

4> 

4> 

Phi 

A 

0 

Delta 

K 

K 

Kappa 


n 

v 

Pi 

X 

X 

Chi 

E 

€ 

Epsilon 

A 

X 

Lambda 


p 

f> 

Rho 

4^ 


Psi 

Z 

r 

Zeta 

M 

M 

Mu 


2 

o s 

Sigma 

Q 

u 

Omega 


Mathematical Signs and Abbreviations 


+ plus (addition). 

+ positive. 

— minus (subtraction). 

— negative. 

± plus or minus. 

=F minus or plus. 

= equals. 

^ equals or greater than. 
^ equals or is less than. 


approximately equals. 
X multiplied by. 
dfe or a 6 = a X 6. 

-7- divided by. 

/ diNidedby. 


- = a/b ^ a -r b. 
6 

0 2 » 0 002 = 
10 


15/16 

2 

iooo' 


15 

16* 


\/ square root, 
cube root. 

4th root. 

: IS to, : : so is, : to (proportion). 

2:4: : 3 : 6, 2 is to 4 as 3 is to 6. 

: ratio; divided by. 

2 : 4, ratio of 2 to 4 = 2/4. 

> greater than. 

< less than. 

° degrees, arc or thermometer. 

* minutes or feet. 

" seconds or inches. 

' " accents to distinguish letters, as a', a”'. 

oi, U 2 t U 3 » u&, a<r, read a sub 1, a sub b, etc. 

^ ^ j I I - parentheses, brackets, braces, 

vinculumi denoting that the numbers en¬ 
closed are to be taken together; as, 
(a -|- 6)c = 4 -j- X o ^ 3o, 
a^, a^, a squared, a cubed. 


a”, a raised to the nth power. 

= V?. 

a-1 = i, a-J = i. 

a a2 

10® = 10 to the 9th power = 1,000,000,000. 

sin a = the sine of a. 

sin "1 a = the arc whose sine is a. 

, 1 

sm a * --. 

sin a 

log » logarithm. 

loge or hyp log « hyperbolic logarithm. 

% per cent. 

Z angle. 

A triangle, 
sin, sine. 

CoS, cosine, 
tan, tangen*. 
sec, secant 
versin, versed sine, 
cot, cotangent, 
cosec, cosecant, 
covers, co-versed sine. 

In Algebra, the first letters of the alphabet, 
a, b, €, d, etc , are generally used to denote 
known quantities, and the last letters, u>, x, y, z, 
etc., unknown quantities. 


Abbreviations and Symbols commonly used. 


d, differential (in calculus). 
J'^ integral (in calculus). 


, integral between limits a and h. 

\ delta, difference. 

£, sigma, sign of summation, 
jr, pi, ratio of circumference of circle to diam¬ 
eter = 3.14159. 

g. acceleration due to gravity ■» 32.16 ft. per 
second per second. 
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12. INTEREST AND DISCOUNT 


Interest is vioney paid for the use of capital during a period of time. The capital or 
sum of money borrowed is called the principal. 

The Rate of Interest is the ratio of the interest earned in a uniT time to the principal. 
It is usually expressed as the per cent paid for the use of the principal for one year. 

Simple Interest, 1, is computed by the relation 

I - Pit (25) 


where P is the principal, i the rate of interest, and t the time in years. 

The sum, iS, due at the end of the interval of time, t, is 

S = P p I (26) 

In Ordinary Simple Interest calculations, a month is regarded as 30 days, and a year as 
12 months, or 360 days. Thus, if d denotes the time in days 


I = Pi 


360 


(27) 


Exact Simple Interest. Simple interest computed by taking the exact number of days 
or 365 days for the year is called exact simple inlet eet. Thus 




(28) 


where J« is the exact simple interest. To facilitate calculation Table 46 shows the number 
of days between two dates, a year or less apart, and Table 47 the e.xact simple interest on 
$1000 for the number of days indicated. 

Example. To obtain the number of daj’s between .4pnl 13, and December 4, determine the num¬ 
ber of days from April to December, 244, subtract 13, and add 4 Thus, 244 — 13 + 4 = 235 days. 


Table 46. Days between the Same Dates of Different Months 


(Leap year adds one day in February.) 


To-* 

From 

i 

Jan. 

Feb. 

March 

April 

May 

June 

July 

Aug. 

Sept. 

Oct. 

Nov. 

Dec. 

Jan. 

365 

31 

59 

90 

120 

131 

181 

212 

243 

273 

304 

334 

Feb. 

334 

3b5 

28 

59 

89 

120 

150 

181 

212 

242 

273 

303 

March. 

306 

337 

365 

31 

61 

92 

122 

153 

184 

214 

245 

275 

April. 

275 

306 

334 

365 

30 

61 

9! 

122 

153 

183 

214 

244 

May.... 

245 

276 

304 

335 

365 

31 

61 

92 

123 

153 

184 

214 

June. 

214 

245 

273 

304 

333 

365 

30 

61 

02 

122 

153 

183 


184 

215 

243 

274 

304 

335 

365 

31 

62 

92 

123 

153 

Aue. 

153 

184 

212 

243 

273 

304 

334 

363 

3i 

61 

92 

122 

Sept. 

122 

153 

181 

212 

242 

273 

303 

334 

363 

30 

61 

91 

Oct. 

92 

123 

151 

182 

212 

243 

273 

304 

335 

365 

31 

61 


61 

92 

120 

151 

181 

212 

242 

273 

304 

334 

363 

30 

Dec. 

31 

62 

90 

121 

I5I 

182 

212 

243 

274 

304 

335 

365 


Compound Interest is the interest on the principal and its unpaid interest combined 
at regular intervals. The sum S, or amount to which P will accumulate m n equal con¬ 
version periods or time units, is 

S = P(l -^i)^ (29) 


If there are m conversion periods per year, n years, and j is the nominal or quoted inter¬ 
est rate per \ear, 

/ V \ 

(3t; 
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Table 47. Exact Simple Interest on $1000 

I. = lOOOi — 

305 


^ 1 

' i 

2C ! 

^ /C 1 

2 i ' 

3'~c i 

3 V 2 T 1 

1 

4V2'~<- ' 

3‘c 1 

5V2‘'i 1 

6'-,c 

1 ! 

0.04110 

0.05479 ' 

0 06849 . 

0 03219 ' 

0 09589 1 

0.10959 

0 12329 1 

0 i3o99 

0 !50o9 j 

0.16438 

2 ' 

0 08219 ' 

0.10959 , 

0 13699 ; 

0 1 6438 ' 

0.19178 1 

0.21918 

0 2-k)58 ' 

0 27397 1 

0.30137 1 

0.32877 

3 

0.12329 : 

0.16438 1 

0.20548 : 

0 24o58 ' 

0.28767 i 

0 32877 

0 36986 j 

0 41090 1 

0 45206 1 

0.49315 

4 

0 16438 i 

0.21918 i 

0 27397 j 

0 32877 ; 

0.38356 ! 

0.43836 

0 49315 

0 54795 

0 60274 

0.65753 

5 

0.20548 1 

0.27397 ! 

0.34247 ! 

0.41096 ! 

0.47945 ; 

0.54795 

0 61644 

0.68493 

0.75342 i 

1 

0.82192 

6 

0 24653 ' 

0.32877 1 

0.41096 ! 

0.49315 ‘ 

0 57534 ' 

0 65754 

0.73973 

0.82102 ; 

0 90411 

0 98630 

7 

0 28767 

0 33356 ‘ 

C.47945 ' 

0 57534 ' 

0 67123 1 

0 7o7l2 

086301 

0.958-J0 1 

1.05479 , 

1.15068 

8 

0 32877 

C.4383b ' 

0 54795 1 

0.65753 . 

0 76712 1 

0.87671 . 

0.98630 

1 .09589 ! 

1.20548 i 

1.31507 

9 

0.36986 

0.49315 , 

0.6'c44 ; 

0.73973 1 

0.86301 j 

0.98630 

1 10959 

I.2328S 1 

1.35616 1 

1.47945 

10 

0.4109O ! 

0.54795 , 

0.68493 ! 

0 82192! 

0 95890 1 

1.0-9589 

1.23288 

1.36986 ! 

1.50685 ' 

1.64384 

20 

0.82192 j 

1 095S9 ■ 

1 

1.36935 ’ 

L&43S4 : 

1 9I78I 

2.19178 ‘ 

2.46575 

2.73973 1 

3.01370 ' 

3.28767 

30 

1.23288 ! 

1 64384 ! 

2.C5480 

2.46575 1 

2 87671 , 

3.28767 

3 &98o3 

4.10«3Q 

4.52055 ! 

4.93151 

40 

1.64384 1 

2 19178 1 

2.73973 : 

3.28767 ! 

3.83561 1 

4.38357 

4.93151 

5.47945 

6.02740 

6.57534 

50 

2.05479 ] 

2 73973 : 

3.42466 

4.10959 1 

4.79452 1 

5 47946 

6.16438 

6.84932 

7.53425 

821918 

63 

2.46575 ! 

3.28767 

4 10959 ‘ 

4.93151 ; 

5.75342 

6.57535 

7.39726 

8.21918 

9 04110 

9.86301 

70 

2.87671 

3.83562 

4.79452 j 

5.75342 

6.71233 

7.67124 

8 63017 

9 58904 

10.5479 

11.5068 

10 

3 28767 

4.38356 

5.47945 

6 57534 

7.67123 

8.76713 

9 86301 

10 9589 

12.0548 

13 1507 

90 

3.69863 

4.93151 

6.16438 ■ 

7.39726 

8 63014 

9.86302 

11.0959 

12.3288 

13.5616 

14.7945 

100 

4.10959 

5.47945 

6.84932 ' 

8.21918 

9.58904 

10.9589 

12.3288 

13.6986 

15 0685 

16.4384 

no 

4.52055 

6 02740 

7.53425 

9.04U0 

10.5479 

12.0348 

13.5616 

15.0685 

16 5753 

18.0822 

120 

4.93151 

6 57534 

8.21918 

9 86301 

11.5068 

13.1507 

14.7945 

16.4384 

18.0822 

19.7260 

130 

5.34247 

7.12329 

8.90414 

10 684'^ 

12 4658 

14.2466 

16.0274 

17.8082 

19.5890 

21 3699 

140 

5.75342 

7.67123 

9 58904 

11.5068 

13 4246 

15.3423 

17.2603 

19.1781 

21.0959 

23.0137 

ISO 

6.16436 

8.21918 

10 2740 

12 32S8 

14 3836 

16.4384 

18.4932 

20.5479 

22.6027 

24 6575 

100 

6.57534 

8.76712 

10.9589 

13 1507 

15.3425 

17.5343 

19.7260 

21.9178 

24.1096 

26.3014 

170 

6.98630 

9.31507 

11.6438 

13.9726 

163014 

18.6302 

20.9589 

23.2377 

25.6164 

27.9452 

180 

7.39726 

9.86301 

12.3288 

14.7945 

17.2003 

19.7260 

22.1918 

24.6575 

27.1233 

29.5890 

190 

7.80822 

10 41096 

130137 

136164 

18.2192 

20.8219 

23.4247 

26 0274 

28.6301 

31.2329 

200 

8.21918 

10.95890 

! 3.693b 

to.4334 

19.1781 

21.9178 

24 6575 

27.3973 

30 1370 

32 8767 

210 

8.63014 

11.50685 

14.3836 

17 2603 

20.1370 

23.0137 

25.8904 

28.7671 

31.6438 

34.5205 

228 

9.04110 

12.05479 

15.0685 

18.0822 

21 0959 

24.1096 

27 1233 

30.1370 

33.1507 

36.1644 

230 

9.45205 

12.60274 

15.7534 

18 9041 

22.0548 

25.2055 

28.3562 

31.5068 

34.6575 

37.8082 

240 

9.86301 

13.15068 

16.4383 

19.72C0 

23 0137 

26.3014 

29.5890 

32 8767 

36.1644 

39.4521 

250 

10.27397 

13.69863 

17.1233 

20.5479 

23 9726 

27.3973 

30 8219 

34.2466 

37.6712 

41.0959 

260 

10 68493 

14.24658 

17.8082 

21.3699 

24.9315 

28.4932 

32.0548 

35.6164 

39.1781 

42.7397 

270 

11.09589 

14.79452 

18.4931 

22.1918 

23.8904 

29.5891 

33 2877 

36 9863 

40.6849 

44.3836 

280 

11.50685 

15.34247 

19.1781 

230137 

26.8493 

30.6850 

34.5205 

38.3562 

42 1918 

46.0274 

290 

11.91781 

15.89041 

19 8630 

23.8356 

27 8082 

31.7809 

35.7534 

39.7260 

43 6986 

47 6712 

300 

12.32877 

16.43836 

20 5479 

, 24 6575 

28.7671 

32.8767 

36 9863 

41.0959 

45.2055 

49.3151 

310 

12.73973 

16.98630 

21.2329 

25 4795 

i 29.7260 

33.9726 

38 2192 

42.4658 

46.7123 

50.9589 

320 

13 15068 

17.53425 

21 9178 

i 26 3014 

30 6849 

35.0685 

39.4521 

43.8356 

48.2192 

52.6027 

330 

13.56164 

18.08219 

1 22 6027 

i 27.1233 

31 6438 

36.1644 

40.6849 

45.2055 

49.7260 

54.2466 

340 

1 13 97260 

18.63014 

1 23.2876 

1 27.9452 

32 6027 

37.2603 

41.9178 

46.5753 

51 2329 

55 8904 

350 

1 14.33356 

19.17808 

1 23 9720 

' 28 7671 

33 5616 

38.3562 

43.1507 

47.9452 

52.7397 

57 5342 

360 

1 14 79452 

19.72603 

1 24.6575 

, 29 5890 

34 5205 

39 4521 

4-1.3836 

49.3151 

54 2466 

59.1781 


Valut'-i of the sum, S, if P = 1 utmount of omo may be obtained from Table 4.S for values 
of n from 1 to 50 at different rat(*s, i. The value of *S’ for (29) may also be calculated with 
the aid of logarithms, thus 


log -S = log P -!- 71 log (1 -1- i) (31) 

Example. To find the amount of 53900 at 3 1/2 pcr cent compounded annually for 29 years proceed 
in this Vi3,y, Enter the table at tne column headed 3 l/o per cent and opposite ti = 29 read 
2.71188 ' ••, the amount of 1. (t) Multiple this tabular value by 3900 to obtain the result. To use 

the table for a value of time not given use the relation that the amount of 1 for ni + 712 vears is equal 
to the amount for ni years times tne amount for /J 2 year->. Thus if the table extends to only oO periods 
of time, the amount of 1 for 07 periods at the rat? 0.04 is (1.04)®^ = (1.04)^® (1.04)^b and the two fac¬ 
tors of thf second mer.iber can be read from the table. 
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Table 48. Amount of 1 (Compound Interest) 


s = (1 -i- K'” 


n 

1 1/2% 

2% 

2 1/2% 

y^c 

3 1/2% 

4% 

4 2% 

5% 

5 

6% 

1 

1.01500 

1.02000 

1.02500 

1 03000 

1.03500 

1 04000 

1.04500 

1 05000 

1.05500 

1.06000 

2 

1.03023 

1.04040 

1.03062 

1 06090 

1.07122 

i 08160 

1 09203 

1.10250 

1.11303 

1.12360 

3 

1.04568 

I.06121 

1.07689 

1.09273 

1.10872 

1.12486 

1.14117 

1.15763 

1.17424 

1 19102 

4 

1.06136 

1.08243 

1.10381 

1 I255I 

1-14752 

1 16986 

1 19252 

1.21351 

1.23882 

1,26248 

5 

1.07728 

1.10408 

1.15141 

1.15927 

1.187t)9 

1 21665 

1 24618 

1.2:j26 

1.30696 

1 33823 

6 

1.09344 

1.12616 

1.15969 

1.19405 

1.22926 

1 26532 

1 30226 

1,34010 

1.37884 

1 41852 

7 

1.10984 

I 14869 

1.18869 

1 22987 

1 27228 

1 31593 

1 36086 

1.40710 

1.45468 

I 50363 

8 

1.12649 

1.17166 

1.21840 

1 26677 

l.31b81 

1 3o857 

1 42210 

I.47746 

1.53469 

1 59385 

9 

1.14339 

1.19509 

1 24886 

1.30477 

1 3o290 

1 4::51 

i 48610 

1 55133 

I 6)909 

1 08948 

10 

1.16054 

1.21899 

1.28008 

1.34392 

}.410o0 

1 48024 

1.55297 

1.62889 

1.70814 

1.79085 

11 

1.17795 

1.24337 

1.31209 

1 38423 

1.45997 

1 53945 

1 62285 

1.71034 

1.80209 

1 89830 

12 

1.19562 

1.26824 

1.34489 

1.42576 

1.31107 

1 60103 

1 69588 

1.79386 

1 9012! 

2 0I22U 

13 

1.21355 

1.29361 

1.37851 

1.46853 

1.56396 

1.66507 

1.77220 

1.88565 

2 00577 

2.13293 

14 

1.23176 

1 31948 

1.41297 

1.51259 

1 61869 

1 73168 

1 85194 

1.97993 

2.11609 

2 26090 

IS 

1.25023 

1.34587 

1.44830 

1.55797 

1.67535 

1.80094 

1.93528 

2.07893 

2.23248 

2 39656 

16 

1.26899 

1.37279 

1.4845! 

1.60471 

1.73399 

1 87298 

2 02237 

2.18287 

2.35526 

2.54035 

17 

1.28802 

1.40024 

1 52162 

1 65285 

1.79400 

1 94790 

2.11338 

2 29202 

2 48480 

2 69277 

18 

1 30734 

1.42825 

1 55966 

I.70245 

1 85749 

2 02582 

2.20848 

2 40662 

2.62147 

2 85434 

19 

1.32695 

1.45681 

1.59863 

1.75351 

1 92250 

2 10685 

2 30786 

2 52095 

2 76565 

3 02560 

20 

1.34685 

1.48595 

1 63862 

1.80611 

1.9897^ 

2 19112 

2 41171 

2.65330 

2 91776 

3 20714 

21 

I 36706 

1.51567 

1 67958 

1.86029 

2 05943 

2 27877 

2 52024 

2.78396 

3 07823 

3 39956 

22 

1.38756 

1.54598 

1.72157 

1.91610 

2.I3I5I 

2 36992 

2.63365 

2 92526 

3 24754 

3 60354 

23 

t.40838 

1.57690 

1 76461 

1 97359 

2 20611 

2 46472 

2 75217 

3.07152 

3 42615 

3 81975 

24 

1.42950 

1.60844 

1 80873 

2 03279 

2 28333 

2.56330 

2 87601 

3,22510 

3 61459 

4 048^^3 

23 

1.45095 

1.64061 

1.85394 

2 09378 

2 36324 

2 66584 

3 00543 

3.38635 

3.81339 

4.29187 

26 

I.47271 

1 67342 

1 90029 

2.15659 

2 44396 

2 77247 

3 14068 

3.55507 

4 02313 

4 54938 

27 

!,49480 

1.70689 

1.94780 

2.22129 

2 53137 

2.88337 

3 28201 

3.73346 

4 24440 

4.82235 

28 

1.51722 

1.74102 

1 99650 

2 28793 

2 62017 

2 99870 

3 42970 

3 92013 

4 47784 

5 MI69 

29 

1.53998 

1,77584 

2.04640 

2.35657 

2.7il88 

3 11865 

3 58404 

4.11614 

4.72412 

5 41339 

30 

1.56308 

1.81136 

2 09757 

2.42726 

2 80679 

3 24340 

3 74532 

4 32194 

4 98395 

5 74349 

31 

1.58653 

1.84759 

2.15001 

2 50008 

2 90503 

3 37313 

3 91386 

4.53804 

5 25307 

6 08810 

32 

1.61032 

1.88454 

2.20376 

2.57508 

3 00o7l 

3.50806 

4.08998 

4 76494 

5 54726 

6 45339 

33 

1.63448 

1.92223 

2 25885 

2 63234 

3 II194 

3 64838 

4 27403 

5.00319 

5 85236 

6 84059 

34 

1.65900 

1.96068 

2 31532 

2.73191 

3 22086 

3.79432 

4.46636 

5 25335 

6 17424 

7.25103 

35 

1.68388 

1.99989 

2.37321 

2 81386 

3 33339 

3 94609 

4 66735 

5.51602 

6 51383 

7.68609 

36 

1.70914 

2.03989 

2,43254 

2.89828 

3 45027 

4.10393 

4.87738 

5.79182 

6 87209 

8 14725 

37 

1.73478 

2.08069 

2.49335 

2 98523 

3 57103 

4.26809 

5 09686 

6.08141 

7 25005 

8 63609 

38 

1 76080 

2 12230 

2.55568 

3.07478 

3.6960! 

4.43881 

5 32622 

6.38548 

7 64880 

9 15425 

39 

1 78721 

2.16474 

2 61937 

3.16703 

3 82537 

4.61637 

5.56590 

6.70475 

8.06949 

9 70351 

40 

1.81402 

2 20804 

2.68506 

3.26204 

3 93926 

4 80102 

5 81636 

7.03999 

8.51331 

10 2857 

41 

1.84123 

2 23220 

2 75219 

3 33990 

4 09783 

4 99306 

6 07810 

7.39199 

8.98154 

10 9029 

42 

I 86885 

2.29724 

2 82100 

3 46070 

4 24126 

3 19278 

6.35162 

7.76159 

9.47553 

11.5570 

43 

1.89688 

2.34319 

2 89152 

3 3^452 

4 38470 

5.40050 

6 63744 

8 14967 

9 99668 

12 2505 

44 

1.92533 

2 39005 

2.96381 

3.67145 

4 34334 

5.61652 

6 93612 

8 55713 

10 5465 

12 9855 

45 

1.95241 

2.43783 

3.03790 

3 78160 

4.70236 

5 84118 

7.24825 

8.98501 

11.1266 

13.7646 

46 

1.98353 

2.48661 

3,11385 

3 89504 

4 86694 

6 07482 

7.57442 

9 43426 

11.7385 

14.5905 

47 

2 01328 

2 53634 

3 19170 

4 01190 

5 03728 

6 31782 

7 91527 

9 90597 

12 3841 

15.4659 

48 

2.04348 

2 58707 

3 27149 

4.13225 

5 21359 

6 57053 

8.27146 

10 4013 

13 0653 

16.3939 

49 

2.07413 

2.63881 

3 35328 

4 25622 

5 3^606 

6 83335 

8 64367 

10 9213 

13 7538 

17.3775 

SO 

2.10524 

2 69159 

3 43711 

4.38391 

5 58493 

7.10668 

9 03264 

!i.4674 

14.5420 

18 4202 


The Present Value of a sum 5 due in n years is defined as the principal P which draw¬ 
ing a given rate of (compound) interest i will in n years amount to <S, 

P = 5(1 4-1) = 5i", if r = (1 + r) 

Values of P or r" for 5=1, may be obtained from Table 49. 


(32) 
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Table 49. Present Value of 1 


i" = U + i'“’' 


n 

1 1 

2 % 

2 1/2% 

3rr 

51,2^0 1 

! 

^ 0 i 

4 I, -fTc 

5% 

51 / 2 % 

6% 

1 

0.98522 1 

0.98039 

0.97561 

0.97087 

0.96618 ! 

0.9oi54 ( 

0.95604 

0.95238 

0.94787 

0.94340 

2 1 

0.97066 1 

0.96117 

0.95181 

0.94260 

0 93351 

0 92456 1 

0.91573 

0 90703 

0.89845 

0.89000 

3 ; 

0.95632 

0.94232 

0.928b0 

0.91514 

0.90194 

0.88900 • 

0.87630 

0 86384 

0.85161 

0.83962 

4 

0.94218 

0.92385 

0.90595 

0.88849 

0 87144 

0 85480 i 

0.83856 

0.82270 

0.80722 

0.79209 


0.92826 

0.90573 

0.88385 

0.86261 

0.84197 

0 82193 ; 

0.80245 

0.78353 

0.76513 

0.74726 

6 i 

0.91434 

0.88797 

0.86230 

0.83748 

0.31350 

0 79031 ; 

0.76790 

0.74622 

0.72525 

0.704% 

7 1 

0 90103 

0.87056 

0.84127 

0 81309 

0.78599 

0.75992 i 

0.73483 

0.71068 

0.68744 

0.66506 

s 1 

0 88771 

0.85349 

0.82075 

0.78941 

0.75941 

0 73069 1 

0 70319 

0 67684 

0 65160 

0.62741 

9 i 

0 87439 

0 83676 

0.80073 

0 76t)42 

0.73373 

0 70259 i 

0 67290 

0.64461 

0.61763 

0.59190 

10 ! 

0 86167 

0.82035 

0.78120 

0.74409 

0.70892 

0.67356 ' 

0.64393 

0.61391 

0.58543 

0.55839 

11 

0.84893 1 

0.80426 

0.76214 

0.72242 

0.68495 

0.64958 ! 

0 61620 

0.58468 

0 55491 

0 52679 

13 

0.83639 

0.78849 

0.74356 

0.70138 

0 66178 

0 62460 1 

0.58966 

0.55684 

0.52598 

0.49697 

13 

0 82403 

0.77303 

0.72542 

0.68095 

0.63940 , 

0 60057 ‘ 

0 56427 

0.53032 

0.49856 

0.46884 

14 i 

0.81185 

0.75788 

0.70773 

0.66112 

0 fci778 ! 

0.57748 : 

0 53997 

0.50507 

0.47257 

0.44230 

15 < 

0.79985 

0.74301 

0.69047 

0 64186 

0.3%89 \ 

0 33526 

0 51672 

0.48102 

0.44793 

0.41727 

16 

0.78803 

0.72845 

0.67362 

0 62317 

0.57671 

0 5339! 

0.49447 

0.45811 

0.42458 

0 39365 

17 

0.77639 

0.71416 

O.t.5720 

0 60502 

0 55720 

0.51337 

0.47318 

0 43630 

0.40245 

0.37136 

18 

0 76491 

0.70016 

0.64117 

0 58739 

0 53836 

0.49363 

0.45280 

0 41552 

0.38147 

0.35034 

19 

0.75361 

0.68643 

0.62553 

0 57029 

0.52016 1 

0.47464 

0.43330 

0.39573 

0.36158 

0.33051 

20 

0.74247 

0.67297 j 

0.61027 

0.55368 

0.50257 

0.45639 

0.41464 

0.37689 

0.34273 

0.31180 

21 

0.73150 

0.65978 

0 59539 

0 53755 

0.48557 ! 

1 0 43883 

0.39679 

0.35694 

0.32486 

0.29416 

22 

0.72069 

0.64684 

0.58086 

0.52189 

0 46915 

1 0.42196 

0.37970 

0.34185 

0.30793 

0 27751 

23 

0 71004 

0.63416 

0.56670 

0 50669 

0 45329 

0 40573 

0.36335 

0.32557 

0 29187 

0.26180 

24 

0.69954 

0.62172 1 

0 55288 

0.49193 

0.43796 

' 0.39012 

0 34770 

0 31007 

0.27666 i 

0.24698 

25 

0.68921 

0.60953 : 

0.53939 

0.47761 

0.42315 

i 0.37512 

0.33273 

0.29530 

0.26223 

0.23300 

26 

0 67902 

0.59758 

0 52623 

0 46569 

0 40884 

1 0 36069 

0 31840 

0.28124 

0.24856 

0.21981 

27 

0.66899 

0.58586 

0.51340 

0.45019 

0.3950! 

1 0 34682 

0.30469 

0.26785 

0.23560 

0.20737 

28 

0.65910 ; 

0.57437 

0.50088 

0.43708 

0.38165 

0 33348 

0.29157 

0.25509 

0.22332 

0 19563 

29 

i 0.64936 

0.56311 

0.48866 

0.42435 

0.36875 

0 32065 i 

0.27902 

0.24295 

0.21168 

0 18456 

30 

0.63976 

0.55207 

0.47674 

0.41199 

0.35628 

0.30832 i 

0.26700 

0.23138 

0.20064 

0.17411 

31 

0 63031 

0.54125 

0.46511 

0 39999 

0.34423 

0.29646 

0.25550 

0.22036 

0.19018 

0.16425 

32 

0.62099 

0.53063 

0.45377 

0.38834 

0 33259 

0.28506 

0 24450 

0.20987 

0.18027 

0.154% 

33 

0 61182 

0.52023 

0.44270 

0 37703 

0.32134 

1 0.27409 

0.23397 

0.19987 

0.17087 

0.14619 

34 

0.60277 

0.51003 

0.43191 

0.36604 

0.31048 

0.26355 

0.22390 

0.19035 

0.16196 

0.13791 

35 

0.39387 

0.50003 

0.42137 

0.33538 

0.29998 

0.25342 

0.21425 

0.18129 

0.15352 

0.13011 

36 

0.58509 

0.49022 

0.41109 

0.34503 

0.28983 

0.24367 

0.20503 

0.17266 

0 14552 

0.12274 

37 

0.57644 

0.48061 

0 40107 

0.33498 

0.28003 

1 0.23430 

0.19620 

0.16444 

0.13793 

0.11579 

38 

0.56792 

0.47119 

0.39128 

0.32523 

0.27056 

1 0.22529 

0.18775 

0.15661 

0.13074 

0 10924 

39 

0.55953 

0.46195 

0.38174 

0.31573 

0.26141 

] 0 21662 

0.17967 

0.14915 

0.12392 

0.10306 

40 

0.55126 

0.45289 

0.37243 

0.30656 

0.25257 

1 0 20829 

0.17193 

0.14205 

0.11746 

0.09722 

41 

0.54312 

0.4440! 

0.36335 

0.29763 

0 24403 

1 0 20028 

0.16453 

0.13528 

0.11134 

0.09172 

42 

0.53509 

0.43530 

0.35448 

0.28896 

0 23578 

1 0 19257 

0 15744 

0 12884 

0.10554 

0.08653 

43 

0.52718 

0.42677 

0 34584 

0.28054 

0 22781 

1 0.18517 

0.15066 

0.12270 

0.10003 

0.08163 

44 

0.51939 

0.41840 

0.33740 

0.27237 

! 0 22010 

1 0 17805 

0.14417 

0 11686 

0 09482 

0.07701 

45 

0.51171 

0.41020 

0.32917 

0.26444 

j O.21260 i 0 17120 

0.13796 

0 11130 

0.08988 

0.07265 

46 

0.50415 

0.40215 

0.32115 

0.25674 

1 0 20547 

1 

! 0.16461 

0.13202 

0 10600 

0.08519 

0.06854 

47 

0.49670 

0.39427 

0.31331 

0.24926 

0.19852 

I 0 15828 

0 12634 

0.10095 

0 08075 

0.06466 

48 

0.48936 

a. 38654 

0.30567 

0 2-1200 

1 0 19181 

1 0 15219 

0.12090 

0 09614 

0.07654 

0.06100 

49 

0.48213 

0 37896 

0.29822 

0 23495 

1 0 18532 i 0 14634 

1 0 11569 

1 0.09156 

0.07255 

0 05755 

50 

0.47500 

0 37153 

0 29094 

0.22811 

' 0 17905 

i 0.14071 

! 0.11071 

! 0.08720 

i 0 06877 

0.05429 


Example. The present value of $3900 due in 17 years with the (compound) interest rate 3 1/2 per 
cent is found in the following way: (a) Enter the table at the column headed 3 I/2 per cent and oppo¬ 
site n = 17 read 0.35720 • • •, the present value of 1. (6) Multiply this tabular value by 3900 to ob- 

tarn the result. 

Discount is the money paid at the beginning of an interval of time for the use of capital 
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during that interval. Denote the rate of interest by i, and the rate of discount by d. Then 


d = 


i 

1 + i 


(33) 


In place of the type of discount just defined, which can be called compound discount, it 
is usual practice for the banker to give for each unit of the bill an amount 1 — d/m, in 
which d is the rate of discount per year and \/m indicates the fractional part of a year. 
For fractional parts of a year, then, the banker uses what is called simple discount. 

The Average Due Time for a number of sums, due at different times, is the time at 
which they may all be paid with due regard to the equities involved. Denote by Si, 
^ 2 , ' •', Sr the sums due at the ends of ni. n‘>, • * - , nr years, respectively, and the average 
due time by T. On the assumption that money is worth a (compound) rate of interest i. 


T = 


*-1 




log (1 + i) 


(34) 


If the times are small, the following approximate relation may be employed: 

f 

nkSk 

T, Sk 

k-l 


(35) 


13. ANNUITIES AND SINKING FUNDS 


An Annuity Certain is a succession of periodic payments for a definite (certain) term 
of years. The first payment of an annuity is supposed to be made at the end of the first 
period. The sum or amount to which the payments accumulate is called the amount of 
the annuity. Ordinarily the nominal rate of interest j and the number m of conversion 
intervals per year are known, so the effective rate i can be determined. It is given by 




(36) 


Denote the amount of an annuity of 1 per year payable annually for n years by Then 

(1 + f)” - 1 

SnI = ——^- (37) 

The yearly payment of an annuity is called the annual rent. Denote the annual rent of 
an annuity by R, and the amount for n years by S. Then 


S = iisHi = 

This relation may be solved for n. 


fi((i + 0" - IJ 


log (Si + R) — log R 
log (1 + i) 


(38) 


(39) 


a relation which is exact if n is an integer and approximate if n is not an integer. 

The Present Value of an Annuity Certain is the sum of the present values of all the 
future payments. Denote the present value of an annuity certain of 1 per year for n 
years by o^n and the effective rate of interest by i. Then 


(1 + f) ■ 


Denote the present value of an annuity certain of R per year by A. Then 
. „ _ I?(l - (1 + i) -"] 

i 

As in the preceding paragraph, 




(40) 

(41) 

(42) 
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MATHEMATICAL TABLES 


Table 50. Amount of 1 per Annum 

_ (1 + .■)» - 1 

Snl ~ -:- 

% 


n 

1 1/2% 

2% 1 

2 1/2% 

3% 

3 1,2% 

4% 

4 1/2% 

5% 

5 1/2% 

6% 

1 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 1 

1.00000 

1.00000 

1.00000 

2 

2.01500 

2.02000 

2.02500 

2.03000 

Z03500 

2.04000 

2.04500 

2.05000 

2.05500 

2.06000 

3 

3.04522 

3.06040 

3.07562 

3 09090 

3.10623 

3.I2I60 

3.13702 

3 15250 

3.16803 

3.18360 

4 

4.(KK)90 

4.12161 

4.15252 

4.18363 

4.21494 

4.24646 

4.27819 

4.31013 

4.34227 

437462 

5 

5.15227 

5.20404 

5.25633 

5.30914 

5.36247 

5.41632 

5.47071 

5.52563 

5.58109 

5.63709 

6 

6.22955 

6.30812 

6.38774 

6.46841 

6.55015 

6.63298 

6 71689 

6.80191 

6.88805 

6.97532 

7 

7.32299 

7.43428 

7.54743 

7.66246 

7.77941 

7.89829 

8.01915 

8.14201 

8.26689 

8J9384 

8 

8.43284 

8.58297 

8.73612 

8.89234 

9.05169 

9.21423 

9.38001 

9.54911 

9.72157 

9.89747 

9 

9.55933 

9 75463 

9.95452 

10.1591 

10.3685 

10.5828 

10.8021 

11.0266 

11.2563 

11.4913 

10 

10.70272 

10.94972 

11.2034 

11.4639 

11.7314 

12.0061 

12.2882 

12.5779 

12.8754 

13.1808 

11 

n.86326 

12.16872 

12.4835 

12.8078 

13.1420 

13.4864 

13.8412 

14J068 

14.5835 

14.9716 

12 

13.04121 

13.41209 

13.7956 

14.1920 

14.6020 

15.0258 

15.4640 

15.9171 

16.3856 

16.8699 

13 

14.23683 

14.68033 

15.1404 

15.6178 

16.1130 

16.6268 

17.1599 

17.7130 

18.2868 

18.8821 

14 

15.45038 

15.97394 

16.5190 

17 0863 

17.6770 

18.2919 

18.9321 

19.5986 

20.2926 

21.015! 

15 

16.68214 

17.29342 

17.9319 

18.5989 

19.2957 

20.0236 

20.7841 

21.5786 

22.4087 

23.2760 

16 

17.93237 

18.63929 

19.3802 

20.1569 

20.9710 

21.8245 

22.7193 

23.6575 

24.6411 

25.6725 

17 

19.20136 

20 01207 

20.8647 

21.7616 

22.7050 

23.6975 

24.7417 

25.8404 

26.9964 

28.2129 

18 

20.48938 

21.41231 

22.3863 

23.4144 

24.4997 

25.6454 

26.8551 

28.1324 

29.4812 

30.9057 

19 

21.79672 

22 84056 

23.9460 

25.1169 

26.3572 

27.6712 

29.0636 

30.5390 

32,1027 

33.7600 

29 

23.12367 

24.29737 

25.5447 

26.8704 

28.2797 

29.7781 

31.3714 

33.0660 

34.8663 

36.7856 

21 

24.47052 

25.78332 

27.1833 

28.6765 

30.2695 

31.9692 

33.7831 

35.7193 

37.7861 

39.9927 

22 

25.83753 

27.29899 

28.8629 

30.5368 

32.3289 

34.2480 

36.3034 

38.5052 

40.8643 

43.3923 

23 

27.22514 

28.84496 

30.5844 

32.4529 

34.4604 

36.6179 

38.9370 

41.4305 

44.1118 

46.9958 

24 

28.63352 

30.42186 

32 3490 

34.4265 

36 6665 

39.0826 

41.6892 

44.5020 

47.5380 

50.8156 

25 

30.06302 

32.03030 

54.1578 

36.4593 

38.9499 

41.6459 

44.5652 

47.7271 : 

51.1526 

54.8645 

28 

31.51397 

33.67091 

36.0117 

38.5530 

41.3131 

443117 

47.5706 

51.1135 

54.9660 

59.1564 

27 

32.98668 

35.34432 

37.9120 

40.7096 

43.7591 

47 0842 

50.7113 

54.6691 

58.9891 

63.7058 

28 

34.48148 

37.05121 

39.8598 

42.9309 

46.2906 

49.9676 

53.9933 

58.4026 

63.2335 

68.5281 

29 

35.99870 

38.79223 

41.8563 

45.2189 

48.9108 

52.9663 

57.4230 

62.3227 

67.7114 

73.6398 

38 

3733868 

40.56808 

43.9027 

47.5754 

51.6227 

560849 

61.0071 

66.4388 

72.4355 

79.0582 

31 

39.10176 

42.37944 

46 0003 

50.0027 

54.4295 

59.3283 

64.7524 

70.7608 

77.4194 

84.8017 

32 

40.68829 

44.22703 

48.1503 

52.5028 

57.3345 

62.7015 

68.6662 

75.2988 

82.6775 

90.8898 

33 

42.29861 

46.11157 

50.3540 

55.0778 

60 3412 

66.2095 

72.7562 

80.0638 

88.2248 

97.3432 

34 

43.93309 

48.03380 

52.6129 

57.7302 

63.4532 

69.8579 

77.0303 

85,0670 

94.0771 

104.184 

35 

45.59208 

49.99448 

54.9282 

60.4621 

66.6740 

73.6322 

81.4966 

90.3203 

100.251 

111.435 

38 

47.27597 

51.99437 

57.3014 

63.2759 

70.0076 

77.5983 

86 1640 

95.8363 

106.765 

119.121 

37 

48.98511 

54.03425 

59.7339 

66.1742 

73.4579 

81.7022 

91.0413 

101,628 

113.637 

127368 

38 

50.71989 

56.11494 

6Z2273 

69.1594 

77.0289 

85.9703 

96.1382 

107.710 

120.887 

135.904 

39 

52.48068 

58.23724 

64.7830 

72.2342 

80.7249 

90.4091 

101.464 

114.095 

128.536 

145.058 

48 

54.26789 

60.40198 

67.4026 

75.4013 

84.5503 

95.0255 

107.030 

120.800 

136.606 

134.762 

41 

56.08191 

62.61002 

70.0876 

78.6633 

88.5095 

99 8265 

112.847 

127.840 

145.119 

165.048 

42 

57.92314 

64.86222 

72.8398 

82.0232 

92.6074 

104.820 

118.925 

135.232 

154.100 

175.951 

43 

59.79199 

67.15947 

75.6608 

85 4839 

96.8486 

110012 

125.276 

142.993 

163 576 

187.508 

44 

61.68887 

69.50266 

78.5523 

89.0484 

101.238 

115.413 

131.914 

151.143 

173.573 

199.758 

45 

63.61420 

71.89271 

81.5161 

92.7199 

105.782 

121.029 

138.850 

159.700 

184.119 

212.744 

48 

65.56841 

74.33056 

84.5540 

%.50t5 

110.484 

i 26.871 

146.098 

168.685 

195 246 

226.508 

47 

67.55194 

76.81718 

87.6679 

ioa.397 

115.351 

132.945 

153.673 

178.119 

206.984 

241.099 

48 

69.56522 

79.35352 

90.8596 

104.408 

120.388 

139.263 

161.588 

188.025 

219.368 

256.565 

49 

71.60870 

81.94059 

94.1311 

108 541 

125.602 

145.834 

169.859 

198.427 

232.434 

272.958 

58 

73.68283 

84.57940 

97 4843 

11Z797 

130 998 

152.667 

178.503 

209.348 

246.217 

290336 


Ex^ple. The amount of an annuity certain yielding an annual rent of $400 for 10 years with 
effective interest at 4 per cent may be found in the following way: (a) Enter the table m the column 
headed 4 per cent and opposite n = 10 read 12.0061 • • •, the amount of 1. (,b) Multiply this tabular 

value by 400 to obtain the result. 
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Table 51. Present Value of 1 per Annum 

1 - (1 + i)“" 
a;7i -- 


n 

I 1/2% 

2% 

2 1/2% 

3% 

1 31/2% 

4% 

4 1/2% 

5% 

5 1/2% 

6% 

1 

0.98522 

0.98039 

0.97561 

0.97087 

0.96618 

0.96154 

0.95694 

0.95238 

0.94787 

0.94340 

2 

1.95588 

1.94156 

1.92742 

1.91347 

1.89%9 

1.88609 

1.87267 

1.85941 

1.84632 

1.83339 

3 

2.91220 

2.88388 

2.85602 ; 

2.82861 

2.80164 

2.77509 

2.74896 

2.72325 

2 69793 

2.67301 

i 

3.85438 

3.80773 

3.76197 

3.71710 

3.67308 

3.62990 

3.58753 

3.54595 

3.50515 

3.46511 

S 

4.78264 

4.71346 

4.64583 

4.57971 

4.51505 

4.45182 

4.38998 

4 32948 

427028 

421236 

6 

5.69719 

5.60143 

5.50813 

5.41719 

5.32855 

5.24214 

5.15787 

5.07569 

4.99553 

4.91732 

7 

6.59821 

6.47199 

6.34939 

6.23028 ! 

6.11454 

6.00205 

5.89270 

5.78637 

5.68297 

5.58238 

8 

7.48593 

7.32548 

7.17014 

7.01969 

6.87396 

6.73274 

6.59589 

6.46321 

6.33457 

6.20979 

9 

8.36052 

8.16224 

7.97087 

: 7.78611 

7.60769 

7.43533 

7.26879 

7,10782 

6 95220 

6.80169 

19 

9J2218 

8.98258 

8.75206 

8.53020 

8.31661 j 

8.11090 

7.91272 

7.72173 

7.53763 

736009 

11 

10.07112 1 

9.78685 

9.51421 

9.25262 

9.00155 

8.76048 i 

8.52892 

8.30641 ‘ 

809254 

7.88687 

12 

i 10.90751 1 

10.57534 

; 10.2578 

: 9.95400 

9.60333 

9.38507 

9.11858 

8.86325 

8.61852 

8.38384 

13 

1 11.73153 

11.34837 

1 10.9832 

10.6350 

103027 

9.98565 

9.68285 

9.39357 

9.11708 

8.85268 

li 

1 12.54338 

12.10625 

11.6909 

11.2961 

10.9205 

10.5631 

1 10.2228 

9.89864 ! 

9.58965 

9.29498 

15 

; 13.34323 

12.84926 

12.3814 

11.9379 

11.5174 

M.II84 

10.7395 

10.3797 

10.0376 

9.71225 

16 

14.13126 

13.57771 

13.0550 

12.5611 

12.0941 

n.6523 

11.2340 

10.8378 

10.4622 

10.1059 

17 

14.90765 

14.29187 

13.7122 

13.1661 

12.6513 

12.1657 

11.7072 

11.2741 ' 

10.8646 

10.4773 

18 

15.67256 

14.99203 

14.3534 

13.7535 

13.1897 

12.6593 

12.1600 ' 

11.6896 

11.2461 

10,8276 

19 

16.42617 

15.67846 

14.9789 

14.3238 

1 13.7098 

13.1339 

12.5933 

12.0853 

11.6077 

11.1581 

20 

17.16864 

16.35 MS 

15.5892 

14.8775 

14.2124 

13.5903 

13.0079 ' 

12.4622 

11.9504 

11.4699 

21 

17.90014 

17.01121 

16.1845 

15.4150 

14.6980 

14.0292 

13.4047 

12.8212 

12.2752 

11.7641 

22 

18.62082 

17.65805 

16.7654 

15.9369 

15.1671 

14.4511 

13J844 

13.1630 

115832 

12.0416 

23 

19.33086 

18.29220 

17.3321 

16.4436 

15.6204 

14.6568 

14.1478 

13.4886 

12.8750 

12.3034 

24 

20.03041 

18.91393 

17.8850 

16.9355 

16.0584 

15.2470 

14.4955 

13.7966 

13.1517 

12.5504 

25 

20.71961 

1932346 

18,4244 

17.4131 

16.4815 

15.6221 

14.8282 

14.0939 

13,4139 

12.7834 

26 

21.39863 

20.12104 

18.9506 

17.8768 

16.8904 

15.9828 

15.1466 

14.3752 

13 6625 

13.0032 

27 

22,06762 

20.70690 

19.4640 

183270 

1 17J854 

16J296 

15.4513 

14.6430 

13.8981 

13.2105 

28 

22.72672 

21.28127 

19.9649 

18.7641 

17.6670 

16.6631 

15.7429 

14.8981 

14.1214 

13.4062 

29 

23.37608 

21.84438 

20.4535 

19.1885 

18.0358 

16.9837 

16.0219 

15.1411 

14.3331 

13.5907 

30 

24.01584 

22.39646 

20.9303 

19.6004 

18.3920 

17.2920 

16.2889 

15.3725 

14.5337 

13.7648 

31 

24.64615 

22.93770 

21.3954 

20.0004 

18.7363 

17.5885 

16.5444 

15.5928 

14.7239 

13.9291 

32 

25.26714 

23.46833 

21.8492 

20.3888 

, 19.0689 

17.8736 

; 16.7889 

15.8027 

14.9042 

14.0840 

33 

25.87895 

23.98856 

22.2919 

20 7658 

19.3902 

18.1476 

17.0229 

i 16.0025 1 

15.0751 

142302 

34 

26.48173 

24.49859 

22.7238 

21.1318 

19.7007 

; 18.4112 

17.2468 

i 16.1929 1 

15.2370 

14.3681 

35 

27.07559 

24.99862 

23.1452 

21.4872 

20.0007 

18.6646 

17.4610 

16.3742 

15.3906 

14.4982 

36 

27.66068 

25.48584 

23.5563 

21.8323 

20.2905 

18.9083 

17.6660 

16.5469 

1 15.5361 

14.6210 

37 

28.23713 

25.96945 

23.9573 

22.1672 

20.5705 

19.1426 

17.8622 

16.7113 

j 15.6740 

14.7368 

38 

28.80505 

26.44064 

24.3486 

22.4925 

; 20.8411 

19.3679 

18.0500 

1 16.8679 

15.8047 

14.8460 

39 

29.36458 

26.90259 

24.7303 

22.8082 

21.1025 

19.5845 

18.2297 

17.0170 

: 15.9287 

14.9491 

40 

29.91585 

27.35548 

25.1028 

23.1148 

21.3551 

19.7928 

18.4016 

17.1591 

' 16.0461 

15.0463 

41 

30.45896 

' 27.79949 

25.4661 

23.4124 

21.5991 

19.9931 

18.5661 

17.2944 

16.1575 

15.1380 

42 

30.99405 

28.23479 

25.8206 

23.7014 

21.8349 

20.1856 

18.7235 

17.4232 

16.2630 

15.2245 

43 

31.52123 

, 28.66156 

26 1064 

23.9819 

22.0627 

20.3708 

18.8742 

17.5459 

16.3630 

15.3062 

44 

; 32.04062 

1 29.07996 

26.5038 

24.2543 

22.2828 

20.5488 

19.0184 

17.6628 

16.4579 

15.3832 

45 

32.55234 

29.49016 

26.8330 

24.5187 

22.4955 

20.7200 

19.1563 

17.7741 

16 5477 

15.4558 

46 

33.05649 

29.89231 

27.1542 

24 7754 

; 22.7009 

20.8847 

19.2884 

17.8801 

16.6329 

15.5244 

47 

33.55319 

30.28658 

27.4675 

25.0247 

22.8994 

21.0429 

19.4147 

17.9810 

16.7137 

15.5890 

48 

34.04255 

30.67312 

27.7732 

25.2667 

23.0912 

21.1951 

19.5356 

18.0772 

16.7902 

15.6500 

49 

34.52468 

1 31.05208 

28.0714 

25.5017 

I 23.2766 

21,3415 

19.6513 

18.1687 

16.8628 

15.7076 

50 

34.99969 

! 31.42361 

28.3623 

25.7298 

1 23.4556 

1 21.4822 

19.7620 

18.2559 

1 16.9315 

15.7619 


Example. The present value of $39 per year for ^ years with an effectiv'e interest rate of 5 per 
cent is found in the following way: (a) Enter the table at the column headed 5 per cent and opposite 
n = 20 read 12.4622 • • •, the present value of I per year. (6) Multiply the tabular value by 39 to 
obtain the result. 

The Anniiity Which 1 Will Purchase is the annuity whose present value is 1. Denote 
the annual rent of such an annuity by r. Then 
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_ 

If the purchase price is A, the annual rent is 



Ai 

l~(i ^ 


(43) 

(44) 


Table 52. Annuity Which 1 Will Purchase 





aja 

1 - t 

1 + 

or-h t 

«nl 




n 

1 1/2% 

2% 

21/2% 

3% 

31/2% j 

4% 1 4 1/2% 

5% 

5 1/2% 

6% 

1 

1.015000 1 

1.020000 1 

1.025000 ! 

1 030000 1 

1.035000 j 

1.040000 , 1.045000 

1.050000 

1.055000 

1.060000 

2 

0.511278 1 

0.515050 ' 

0.516827 ! 

0.522tn ! 

0.526400 1 

0 530196 . 0.533998 

0.537805 

0.341618 

0.545437 

3 

0.343383 

0.346755 [ 

0 350137 i 

0.353530 : 

0.356934 . 

0 360349 i 0.363773 

0.367209 

0.370654 

0 374110 

4 

0.259445 1 

0.262624 > 

0.265818 I 

0.269027 1 

0.272251 

0.275490 : 0.278744 

0.282012 

0.285294 

0J88591 

5 

0.209089 

0.2I2I58 

0.215247 j 

0.218355 1 

0.221481 : 

0.224627 j 0.227792 

0.230975 

0.234176 

0.237396 

6 

0.175525 

0.178526 

0 181550 ! 0.184598 1 

0.187668 ! 

0.190762 1 0.193878 

0.197017 

0.200179 

0.203363 

7 

0.151556 

0.154512 

0.157495 i 

0.160506 j 

0.163544 1 0.166610 1 0.169701 

0.172820 

0.175964 

0.179135 

8 

0.133584 

0.136510 

0 139467 ' 

0 142436 1 

0.145477 ‘ 

0.148528 1 0.151610 

0.134722 

0.157864 

0.161036 

9 

0.119610 

0.122515 

0 125457 : 

0.128434 ! 

0.131446 

0.134493 i 0.137574 

0.140690 

0.143839 

0.147022 

10 

0.108434 

0.111327 

0.114259 

0.117231 i 

0.120241 j 

0.123291 0.12o379 

0.129505 

0.132668 

0 135868 

11 

0.099294 

0 102178 

0105106 

0.108077 j 

0.111092 ! 

0.114149 1 0 117248 

0.120389 

0.12357! 

0.126793 

12 

0.091680 

0.094560 

0.097487 

0.100462 

0.103484 ' 0.106552 0.109666 

0.112825 

0,116029 

0.119277 

13 

0.085240 

0.088118 

0.091048 

0.094030 ! 0.097062 | 

0 100144 0.103275 

0.106456 

0 109684 

0.112960 

14 

0.079723 

0.082602 

0.085537 

0.088526 

0091571 ' 

0.094669 1 0.097820 

0.101024 

0.104279 

0107585 

15 

0.074944 

0.077826 

0.080766 

0,083767 

0.086825 1 

0 089941 ; 0.093114 

0.096342 

0.099626 

0 102963 

16 

0.070765 

0.073650 

0.076599 

0.079611 

1 , 

0.032685 ! 0.085820 i 0.089015 

0.092270 

0,095583 

0.098952 

17 

0.067080 

0.069970 

0.072928 

0.075953 

0.079043 

0.082199 t 0.085418 

0.088699 

0.092042 

0.095445 

13 

0.063806 

0.066702 

0 069670 

0.072709 

0.075817 

0.078993 0.082237 

0.085546 

0.088920 

0.092357 

19 

0.060879 

0.063782 

0.066761 

0.069814 

0.072940 1 0 076139 1 0.079407 

0 082745 

0.086150 

0.089621 

20 

0.058246 

0.061157 

0.064147 

0.067216 

0.070361 

0.073582 1 0.076876 

0.080243 

0.083679 

0 087185 

21 

0.055866 

0.058785 

0.061787 

0.064872 

0.068037 

0 071280 1 0.074601 

0.077996 

0.081465 

0.085005 

22 

0.053703 

0.056631 

0.059647 

0.062747 

0.065932 

0.069199 0.072546 

0.075971 

0.079471 

0.083046 

23 

0.051731 

0.054668 

0.057696 

0.060814 

0.064019 

0 067309 ^ 0 070682 

0.074137 

0.077670 

0.081278 

24 

0.049924 

0.052871 

0.055913 

0.059047 

0.062273 

0.065587 1 0.068987 

0.072471 

0.076036 

0.079679 

25 

0.048264 

0.051220 

0.034276 

0.057428 

0.060674 1 0.064012 i 0.067439 

0.070952 

0.074549 

0.078227 

28 

0 046732 

0.049699 

0.052769 

0.055938 

0.059205 

0.062567 ; 0.06602! 

0.069564 

0.073193 

0.076904 

27 

0.045315 

0.048293 

0.051377 

0.054564 

0 057852 

0 061239 0.064719 

0.068292 

0.071952 

0.075697 

28 

0.044001 

0.046990 

0.050088 

0.053293 

0.056603 

0.060013 ! 0 063521 

0.067123 

0.070814 

0.074593 

29 

0.042779 

0.045778 

0.048891 

0.052113 

0.053443 

0 058880 0 062415 

0.066046 

0 069769 

0 073580 

30 

0.041639 

0.044630 

0.047778 

0.051019 

0.034371 

0.057830 0.061392 

0.065051 

0.068805 

0.072649 

31 

0.040574 

0.043596 

0.046739 

0.049999 

0.053372 

0.056855 0.060443 

0.064132 

0.067917 

0.071792 

32 

0.039577 

0.042611 

0 045768 

0.049047 

0.052442 

0.035949 0.059563 

0.063280 

0 067095 

0 071002 

33 

' 0.03864! 

0.041687 

0.044839 

0.048156 

0 051572 

0 055104] 0.058745 

0.062490 

0.066335 

0.070273 

34 

0.037762 

0 040819 

0.044007 

0,047322 

0 050760 

0 054315 1 0.057982 

0.061755 

0.065630 

0 069598 

35 

0.036934 

0.040002 

0.043206 

0.046539 

0.049998 

0053577 0.057270 

0.061072 

0.064975 

0.068974 

38 

0 036152 

0.039233 

0.042452 

0.045804 

0.049284 

0 052887 0.056606 

0.060434 

0.064366 

0.068395 

37 

0.033414 

0.038507 

0.041741 

0.045112 

0.048613 

0.052240 0.055984 

0.059840 

0.063800 

0 067857 

33 

0.034716 

0.037821 

0.041070 

0.044459 

0.047982 

0.051632 0.055402 

0.059284 

0.063272 

0.067358 

39 

0 034055 

0.037171 

0 040436 

0.043844 

0.047388 

0.051061 0.054856 

0.058765 

0 062780 

0.066894 

40 

0 033427 

0.036556 

0.039836 

0.043262 

0.046827 

0.050523 0.054343 

0.058278 

0.062320 

0.066462 

41 

' 0.032831 

0.033972 

0039268 

0.042712 

0.046298 

0.050017 0.053862 

0.057822 

0.061891 

0.066059 

42 

1 0 032264 

0.035417 

0.038729 

0.042192 

0.045798 

0 049540 0.053409 

0.057395 

0.061489 

0.065683 

43 

1 0.031725 

0.034890 

0.038217 

0.041698 i 0.045325 

0.049090 0.032982 

0.056993 

0.061113 

0.065333 

44 

! 0 031210 

0.034388 

0.037730 

0.041230 

0 044878 

0.048665 0 032581 

0.056616 

0.060761 

0.065006 

45 

j 0.030720 

0^33910 

0.037268 

0.040785 

0,044453 

0.048262 0.052202 

0.056262 

0.060431 

0.064701 

46 

1 0.030251 

0.033453 

0.036827 

0.040363 

0.044051 

0.047882 0.051845 

0.055928 

0.060122 

0.064415 

47 

1 0.029803 

0.033018 

0.036407 

0.039961 

0.043669 

0.047522 0,051507 

0.055614 

0.059831 

0.064148 

43 

0.029375 

0.032602 

0.036006 

0.039578 

0 043306 

0 047181 0.051189 

0.055318 

0.059559 

0.063898 

49 

! 0 028%5 

1 0 032204 

t 0 035623 

0 039213 

' 0.042962 

0.046857 0.050887 

0.055040 

0.059302 

0.063664 

50 

0 028572 

; 0.031823 

, 0 035258 

1 0 038865 

0 042634 

0.046550 i 0.050602 

0 054777 

0 059061 i 0 063444 
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Example. The annual rent for 10 years which $3900 purchase at an effective interest rate 
of 5 per cent is found in the foliowi'ing way. (a) Enter the table at the column headed 5 per cent and 
opposite n = 10 read 0.12950o • • •, the rent purchased by 1. (6) Multiply the tabular value by 3900 

to obtain the result. 

A Sinking or Amortization Fund is a fund set aside to provide a definite sum (usually 
for canceling a debt) at a certain time; it is usually created equal and regular contri- 

Table 63. Annuity Which Will Amount to 1 (Sinking Fund) 


SfT 11 — i — 1 ajT. 


n j 

1 V2% 

2% 

2 1/2'^c 

1 

3V2'^c 1 

4^,. 1 

1 

^ V2% j 

S'Vr 

5 y-i^Tc 

6'”r 

1 

1.000000 

1.000000 

1.000000 

1.000000 ' 

1.000000 ! 

LOGOOOO ' 

i 000000 1 

1.000000 

1.000000 

I.OOOCOO 

2 

0.496278 

0.495049 

0.493827 

0.49261 ! 

0.491400 

0.490196 . 

0.488998 1 

0.487805 

0.486618 

0.485437 

3 

0.328383 

0.326755 

0.325137 1 

0.323530 

0.321934 

0.320349 , 

0 318773 

0.317209 

0.315654 

0.314110 

i 

0.244445 

0.242624 

0.240818 1 

0.239027 

0.237251 

0 235490 ; 

0 233744 

0.232012 

0.230294 

0.228591 

S 

0.194089 

0.192158 

0.190247 

0 188355 

0.186481 

0.184627 ■ 

1 

0 182792 

0 180975 

0 179176 

0.177396 

6 

0.160525 

0 158526 

0.156550 

0 154598 

1 

0.152668 ! 

0 150762 j 

0.148878 

0.147017 

0.145179 

0.143363 

7 

0 136556 

0.134512 

0.132495 

0.130506 

0.128544 1 

0.126610 1 

0.124701 

0.122820 

0 120%4 

0 119135 

g 

0.118584 

0.116510 

0 114467 

0.112456 

0.110477 1 

0 108528 ‘ 

0.106610 

0 104722 

0.102864 

0.101036 

9 

0.104610 

0.102515 

0.100457 

0.098434 1 

0.096446 1 

0 094493 

0.092574 

0.090690 

0.088839 

0.087022 

10 

0 093434 

0.091327 

0.089259 

0.087231 1 

0.085241 j 

0.083291 

0.081379 

0.079505 

0.077668 

0.075868 

11 

0.084294 

0.082178 

0 080106 

Q 078077 

0.076092 1 

0 074149 

0.07224S 

0.070389 

0 068571 

0.066793 

12 

0.076680 

0.074560 

0.072487 

0.070462 i 

0.068484 1 

0 0b6552 

0.064666 

0.062825 

0.06 i 029 

0.059277 

13 

0.070240 

0.068(18 

0.066048 

0.064030 1 

0.062062 1 

0.060144 

0 038273 

0.056456 

0 054684 

0.052960 

14 

0.064723 

0.062602 

0.060536 

0.058526 

0 056571 ' 

0.054669 j 

0.052820 ; 

0.051024 

0 049279 

0.047585 

15 

0.059944 

0.057823 

0.055766 

0.053767 

0.051825 

0 049941 

0.048114 

0.046342 

0 044626 

0.042963 

16 

0 055765 

0.053650 

0 051599 

0.049611 

' 0.047685 

0 045820 

0 044015 

0.042270 

; 0.040583 

0.038952 

17 

0.052080 

0.049970 

0.047928 1 

0.045953 

i 0.044043 

0 042199 

0.040418 

1 0.038699 

i 0.037042 

0 035445 

13 

0,048806 

0.046702 

0.044670 

0.042709 

1 0 040817 

, 0 038993 

0 037237 ' 

1 0.035546 

1 0 033920 

1 0.032357 

19 

0.045878 

0.043782 

0.041760 

0 039814 

! 0.037940 

1 0 036139 

0 034407 

0.032745 

1 0031)50 

0 029621 

20 

0.043246 

0.041157 

0.039147 

0.037216 i 

0.035361 I 

0.033582 

0 031876 

0.030243 

0 028679 

0.027185 

21 

0.040865 

0.038785 

0.036787 

0 034872 

0.033037 ' 

0 03I2S0 

0 029601 

0.027996 

0 026465 ; 

0.025005 

22 

0 038703 

0.036631 

0 034646 i 

0 032747 

0.030932 

0.029199 

1 0 027546 

0.025971 

0 024471 : 

0.023046 

23 

0.036731 

0.034668 

0.032696 

0 030814 

0.029019 1 

1 0.027309 

0 025682 

0.024137 

0 022670 

0 021278 

24 

0 034924 

0.032871 

0.030913 

0029047 

i 0.027273 

0 025587 

i 0 023987 

0.022471 

0.021036 : 

0.019679 

25 

0.033263 

0.031220 

0.029276 

0.027428 

j 0.025o74 : 

1 0.024012 

0.022439 

0.020952 

0.019549 

0.018227 

25 

0.031732 

: 0.029699 

0 027769 

0.025938 

! 0.024205 

1 0.022567 

0.021021 

0.019564 

0.018193 

0 016904 

27 

0.030315 

0.028293 

0.026377 

0 024564 

1 0.022652 

1 0.021239 

0019719 

0 018292 

0.016952 

0 015697 

2S 

0.029001 

0.026990 

0.025088 

0 023293 

1 0.021603 

1 0.020013 

0.018521 

0.017123 

0.015814 ' 

0.014593 

29 

0.027779 

0.025778 

0.023891 

1 0.022115 

1 0.020445 

: 0.018880 

0.017415 

0.016046 

0.014769 ! 

0.013580 

30 

0.026639 

0.024650 

i 0.022778 

1 

1 0.021019 

0.019371 

S 0.017830 

0.016392 

0015051 

0.013805 , 

0.012649 

31 

0.025574 

0.023596 

1 0.021739 

0 019999 

0 018372 

1 0 016835 

0.015443 

0.014132 

0.012917 

0 011792 

32 

0 024577 

0.022611 

i 0 020768 

0 019047 

0.017442 

! 0 013949 

, 0 014563 

0.013280 

0.012095 

0 011002 

33 

0.023641 

0.021687 

0.019859 

0018156 

0.016372 

! 0015104 

! 0013745 

0.012490 

0.011335 

0.010273 

34 

0.022762 

0.020819 

0 019007 

0.017322 

0 015760 

0014315 

1 0.012982 

0011755 

0.010630 

0 009598 

35 

0.021934 

0.020002 

0.018206 

0.016539 

0 014998 

0.013577 

^ 0 012270 

0.011072 

0.009975 

0.008974 

30 

0.021152 

0.019233 

0.017452 

0.015804 

0.014284 

0.012887 

' 0.011606 

0.010434 

0.009366 

0 008395 

37 

0 020414 

0 018507 

0 016741 

0.015112 

0.013bl3 

0.012240 

0.010984 

0 009840 

0 008800 

0 007857 

33 

0019716 

0.017821 

0.016070 

0014459 

0 012982 

0.011632 

. 0.010402 

0.009284 

0 008272 

0.007358 

39 

0.019055 

0017I7I 

0015436 

! 0 013844 

[ 0 012388 

0 011061 

, 0 009856 

. 0.008765 

0.007780 

0 006894 

40 

0.018427 

0.016556 

0.014836 

' 0.013262 

[ 

1 0 011827 

0.010323 

1 0.009343 

0 008278 

0.007320 

0.00M62 

41 

0.017831 

0.015972 

0 014263 

' 0.012712 

1 0011298 

0.010017 

' 0.008862 

0.007822 

0.006891 

0.006059 

42 

0.017264 

0.015417 

0 013728 

j 0.012192 

j 0.010798 

i 0 0095*«) 

: 0 008409 

0 0073^5 

0.006489 

0 005683 

43 

0.016725 

0.014890 

0.013217 

! 0.011698 

i 0 010325 

0.000090 

0.007982 

0.006993 

0.006113 

0.005333 

44 

0.016210 

0.014388 

0.012730 

0.011230 

' 0.009878 

0.008665 

0 007581 

1 0 006616 

0.005761 

0 005006 

45 

0.015720 

00I39I0 

0.0I226S 

0.010785 

: 0.009453 

0.008262 

0.007202 

0.006262 

0.005431 

0.004701 

45 

0.015251 

0.013453 

0.011827 

0.010363 

1 0.009051 

0.007882 

0.006845 

0.005928 

0.005122 

0.004415 

47 

0.014803 

0.013018 

0.011407 

i 0 009961 

j 0 008669 

0 007522 

0.006507 

0.005614 

0.004831 

0.004148 

43 

0.014375 

0 012602 

00II006 

: 0 009578 

1 0 008306 

0.007181 

! 0006189 

j 0 005318 

0.004559 

0.003898 

49 

0 0I3%5 

0.012204 

0.010623 

: 0009213 

1 0.007962 

' 0.006857 

0 005887 

1 0 005040 

0.004302 

0.003664 

50 

0.013572 

0.011823 

0.010258 

, 0.008865 

1 0 007634 

• 0.006550 

1 0.005602 

' 0.004777 

0.004061 

0.003444 
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MATHEMATICAL TABLES 


butions and their interest earnings, conip 
eariiiim." Deiioie the annual instalmciu 
ing fund by -S, the nuiubcr of yeais foi 
bv i. Then 

.9 

R = — = 

$77 


lunded. tliat is. by an annuity and its interest 
or lent required by R. tiie amount of the sink- 
cjeation by n, and the effective late of interest 


Si 

\1 T — 1 


(45) 


Example. The annual inptaln.rnt rc-q'iii».‘i to crea*'e a fund of $22,000 in 25 years at 4 ])er Ct-nt 
n.ay he rcii'd ;u cfic z><ll ujiiu n h'-U t tii« tab''- ‘it ilie olurun headed 4 per ecut .md ui'posUe 

i, = 25 read I '.02 lU 12 , tne aui-uei a.italiue.it to accumulate 1. l.5.t Multiply tins tabular \alue bj’ 

22,UUU to obtciiu tiie ir^ult. 

A Life Annuity is one vlio^c- payiimr-t'' continue only duiirig the lifetime of the recijiient. 
Its cost and {Ueaciit value depend nut uniy upon the late of interest but also upon the 
prohabilitij oj luing and differs in tins rc-'Pect fxori an annuity certain. 

Morialit\- laldfs (Table 54) aie eoii't:acted from the e.<perience of agencies such as 
iiisuianco i(>ini>:inirT T ) indicate ii»e ,>>'d,able deatLs occuiriiig in each succeeding year 
from a iialml g.’oup. Denuto tn<. agL of the group by x. the number lirag by Ir, 


Table 54. American Experience Table cf Mortality 


Age 

X 

Number 

living 

Iz 

Number 
:>f deaths 
dz 

Yearly 
preb- 
ability 
of d.\ ing 

Qx 

Yearly 
prob¬ 
ability 
of hviag 

Px 

Age 

X 

Number 

living 

L 

Number 
af deaths 
dz 

Y’early 
prob¬ 
ability 
of dying 

Qx 

Y early 
prob¬ 
ability 
of living 

Pz 

10 

100,000 

749 

0 007 490 

G 992 5IU 

53 

66,797 

1.091 

0.016 333 

0 983 667 

n 

^9,251 

746 

0 007 516 

0 992 4S4 

54 

65.706 

1,143 

0.017 396 

0 932 604 

12 

98,505 

743 

0 007 543 

0 992 457 

55 

64,563 

1,199 

0 018 571 

0 981 429 

13 

97,762 

740 

0.007 569 

0 992 431 

56 

63,364 

1,260 

0 019 835 

0.980 115 

U 

97,022 

737 

0.007 596 

0 992 404 

57 

62,104 

1,325 

0.021 335 

0.978 665 

15 

96,285 

735 

0 007 634 

0 992 366 

58 

60,779 

’,394 

0 022 936 

0.977 064 

16 

95,550 

732 

0.007 661 

0 992 339 

59 

59,385 

1,468 

0.024 720 

0 975 280 

17 

94,818 

729 

0 007 688 

0 992 31.2 

60 

57,917 

1,546 

0 026 693 

0.973 307 

18 

94,039 

727 

0.007 727 

0 992 273 

61 

56,371 

1,628 

0.028 880 

0 971 120 

19 

93,362 

725 

0.007 765 

0 992 235 

ea 

54,743 

1,713 

0.031 292 

0.968 708 

20 

92,637 

723 

0 007 805 

0 992 !95 

63 

53.03J 

1,800 

0.033 943 

0.966 057 

21 

91,914 

722 

0 007 855 

0.992 145 

64 

51,230 

1,889 

0 036 873 

0.963 127 

22 

91,192 

721 

0 007 906 

0 992 094 

65 

49,341 

1,980 

0 040 129 

0 959 871 

23 

90.471 

720 

0 007 958 

0 992 042 

66 

47,361 

2,070 

0 043 707 

0.956 293 

24 

89,751 

719 

0.008 on 

0 991 989 

67 

45,291 

4158 

0.047 647 

0.952 353 

25 

89.032 

718 

0 008 065 

0 991 935 

68 

43,133 

4243 

0.052 002 

0.947 998 

26 

88,314 

718 

0 008 130 

0 991 870 

69 

40,890 

2,321 

0.05b 762 

0.943 238 

27 

87,596 

718 

0 008 197 

0 991 803 

70 

38,569 

2,391 

0 061 993 

0 938 007 

28 

86,878 

718 

0 008 26-1 

0 991 735 

71 

36,178 

2,448 

0.067 665 

0.932 335 

29 

86,160 

719 

0 008 345 

0 991 653 

72 

33,730 

2,487 

0.073 733 

0 926 267 

30 

85,441 

720 

0 008 42? 

0 <>91 573 

73 

31,243 

2,505 

0.080 178 

0 919 822 

31 

84.721 

72) 

0 008 310 

0 991 490 

74 

28,738 

2,50! 

0.087 028 

0.912 972 

32 

84,000 

723 

0 008 e07 

0 99! 393 

75 

26,237 

2,476 

0.094 371 

0.905 629 

33 

83.277 

726 

0 008 718 

0 09! 282 

76 

23.761 

2,431 

0. 102 311 

0 897 689 

34 

82,551 

729 

0.008 831 

0.991 169 

77 

21,330 

2,369 

0.111 064 

0.888 936 

36 

81,822 

732 

0 008 946 

0 901 034 

78 

13,961 

2,291 

0 120 827 

0 879 173 

36 

81,090 

737 

0 009 089 

0 900 911 

79 

16,670 

2,196 

0 131 734 

0.868 266 

37 

80.333 

742 

0 009 234 

0 090 766 

80 

14,474 

2.091 

0 144 466 

0 855 534 

38 

79.6! 1 

7i9 

0.009 408 

0 990 592 

81 

12,383 

1,964 

0.158 605 

0.841 395 

39 

78.862 

756 

0 009 586 

0 990 414 

82 

10,419 

1,816 

0.174 297 

0.825 703 

40 

78.106 

765 

0 009 794 

0 990 206 

83 

0.603 

1,648 

0 191 561 

0 808 439 

41 

77,341 

774 

J OIC 008 

‘ 0 980 097 

84 

6,955 

1,470 

0.21 1 359 

0 78b 641 

42 

76,5f>7 

783 

0.010 252 

G 989 74S 

85 

5,485 

1,292 

0.235 552 

0 764 448 

43 

75,782 

797 

0 010 317 

0 989 483 

86 

4,193 

1.1 14 

0.265 68! 

0 734 319 

44 

74,985 

812 

0.010 829 

0 989 17 1 

S7 

3,079 

933 

0 303 020 

0.696 980 

45 

74,173 

828 

0 O: I 165 

0 938 837 

S8 

2,145 

744 

0 346 692 

0 653 308 

46 

73,345 

848 

0011 552 

0 988 438 

89 

1,402 

555 

0 395 863 

0 604 137 

47 

72,4^7 

870 

0012 000 

0 988 000 

90 

847 

385 

0 454 543 

0 545 455 

48 

71,627 

896 

0 012 509 

0 987 491 

91 

462 

246 

0 532 468 

0 467 532 

49 

70,731 

927 

0.013 lOo 

0 986 894 

92 

216 

137 

0.634 259 

0.365 741 

50 

69,804 

962 

0 0J3 781 

0 986 219 

93 

79 

58 

0 734 177 

0 265 823 

81 

68,842 

1,01 1 

1 0 014 541 

i 0 985 459 

S4 

21 

18 

0.557 M3 

0.142 857 

62 

67.841 

1,044 

j 0.015 5S9 

1 0 984 611 

95 

3 

3 

1.000 000 

0 000 000 
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the number dying in the year interval frora r to ar -|- 1 by dx, the probability of living 
during the year x by px, and the piobabilitv of dying within the year by Qx, then: 


dx — f JT lx +1 

(46) 

II 

(47) 

c'l 

= ^ = 1 - Pi 

lx 

(48) 

The probability of a person age x living p yeais is: 


lx 

= — 

(491 

and of not living n years is: 


tiQx ~ 1 nPz 

(50) 


Present Value of a Life Annuity. If p is the probability of receiving a certain sum of 
money S, the value of the expectation is pS and the present value of S due in n years is, 

pS(\ +!)“« = (51) 


The present value of the expectation of a person, x years of age, who is to receive 1 if 
he lives n more years is called the n-ijcor pure enfh'cment of 1 denoted by nEx- 

nEx - (52) 

Similarly, the present value of a life annuity of 1 beginning at age x + pi to a person 
of age X is, 

9& -z 

a^z +m ~ ^ j iiEx 
n 

since 95 is the upper bound of age in the American Experience Table of Mortality. 


(53) 
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Abbreviations, mathematical, li-128 
Abney level, 2-120 
Abutments, bridge, 8-49 
Accidents, traffic, 3-27, 3-86 
tunneling, 10-46 
Aerial cameras, 2-61 

maps, highway surveys, 4-OS 
photographs, see also Photogrammetry 
engineering uses, 2-61 
flights, 2-63 
highway surveys, 4-05 
interpretation, 2 - 6 S 
oblique, 2-60 
overlap, 2-83 

radial-line procedure, 2-66 
stereoscopic perception, 2-67 
vert'cal, 2-60 

difference from map, 2-61 
mosaics, 2-69 
photo-maps, 2-69 
relief displacements, 2-63 
scale, 2-61 
tilt effect, 2-64 

reconnaissance, highway surveys, 4-06, 4-07 
Aerotriangulation, 2-71 

Aggregates, load-bearing, use in highway con¬ 
struction, 4-71 

Air, compressed, in subaqueous tunneling, 10-30 
Aircraft, maintenance facilities at airports, 5-65 
types, 5-03 

iet-powered, 5-48 
Airport engineering, 5-02 
Plan, National, 5-02, 5-03 
Airports, aircraft maintenance facilities, 5-65 
airspace requirements, 5-10 
approaches, ICAO standards, 5-09 
aprons, ICAO standards, 5-09 

pavement design, 5-32, 5-33, 5-38, 5-42, 5-44 
position, 5-64 
service requirements, 5-65 
beacons, 5-56 
buildings, 5-61, 5-66 
CAA role, 5-02 
cargo areas, 5-65 
clearances, ICAO standards, 5-09 
o\cr highwa>s and railroads, 5-06 
commercial facilities, 5-65 
compaction, 5-24 

special requirements, CAA and Engineers 
Corps, 5-50 

design standards, CAA, 5-05 
ICAO. 5-07 
drainage, see Drainage 
economic studies, 5-03 
embankments, 5-21 
emergency equipment, 5-66 
erosion control, 5-30 
excavation, 5-21 
federal aid, 5-02 
fueling, 0-65 
gate positions, 5-64 
grading, 5-21 
hangars, 5-65 
heliports, 5-66 


Airports (continued) 

highway access, 5-11, 5-62 
ICAO design standards, 5-07 
landing area plans, 5-11 

strips, CAA standards, 5-05 
ICAO standards, 5-08 
lighting, 5-57 
landscaping, 5-54, 5-69 
lighting, 5-56 

CAA recommendations, 5-56 
maintenance, 5-69 
maintenance, 5-68 
marking, 5-60 

motor vehicles, parking, 5-62 
obstructions, CAA allowable heights, 5-06 
pavements, 5-30 
base ■ *>urses, 5-50 
bituminous surfaces, 5-49 
flexible, 5-35, 5-46 

Bureau of Yards and Docks d«s'gn pro¬ 
cedure, *>-44 

CAA design ^Tocedure, 5-3S 
Engineers Corps dtSign prociuiro, 5-i2, 
5-46 

jer-powered aircraft, 5-i8 
maintenance 5-65 
mateiud-* s irvey, 5-17 
rigid, 5-D- 

strencthetung, Portland t tin-nt Association 
■ ’"'nula. 5-IS 
subb ♦s is. ">-50 
personal, navements, 5-49 
plaiimiia lasontial facoirs, 5-02 
lavoui 5-11 
niviate plan, o-iu 
runa-cV', CAA sTandards, 5-05 
cuniiu- '••ition, 5-] 3 
gradt ' itiinges. 5-07 
veiticul curves, 5-Ji7 
ICAO standards, 5-07 
light-ng, 5-57 

orient ition f 'r wind rr)ver;.as 5-12 
paveuu cits, 5-32, 5-33, 5 - 35 , 5-42, .5-44 
seaplane facilities, 5-67 
secondtii, i.>avement 8 , 5-49 
sight d.slanfea, .5-07 
sites, ' lej.i 2 ng, 5-21, 5-22 

comtuuruty planning tacinrs, 5-ji 
ecjiionnc factor.^. .5-10 
safety la'tors, 5-1'< 
subaurfute boriiia, 7-( G 
soil, (lassifi.’ation, .5-1^ 

CAA system, 7-27, 7-30 
Cisugrande system, 7-27, 7-2S 
survey, 5-17 
tests, 0-18 
SDiihvajs, 5-30 
subgrade classififation, .5-is 
taxiways, ronfiguraiion, 5-16 
CAA standards, 5-05 
ICAO standards, 5-09 
lighting, 5-57 

pavements, -5-32, 5-33. 5-38, 5-42, 5-44 
topographic survey, 5-16 
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Airports (continued) 

traffic, accelerated, tests, 5-4S 
relation to nearby airports, 5-10 
studies, 5-03 

volume related to building layout, 5-63 
transformer \ault, 5-58 
turfing, 5-51, 5-68 

wmd-iirection indicators, 5-12, 5-13, 5-58, 5-60 
zoning, 1-CO 

Alidade, telescopic, 2-13 
Alignments, see Roads 
Altimeter, aneroid, 2-29 
Altimetry, barometric, 2-2S 
American Association of State Highway Officials, 
see Roads and highways 

American Railway Engineering Association, see 

Railroads 

Amortization fund, 11-137 
Analytic geometry, 11-63 
Aneroid altimeter, 2-29 
barometer, 2-28 

use for topograpluc survey elevations, 2-75 
Angles, also Trigonometry 
measurement for traverse, 2-15 
with sextant, 2-34 
plane, circular functions, 11-63 
values, 11-64 
Annuities, 11-133 

amount of 1 per annum, 11-131 
annuity certain, 11-133 
life, 11-138 

present value, 11-139 
present value of 1 per annum, 11-135 
that which 1 will purenase, 11-135, 11-136 
which will amount to 1, 11-137 
Amnulus, mensuration formulas, li-oS 
Anti-trigonometric functional relations, I1-G7 
functions, 11-65 

Apothecaries’ fluid measure, English svsiem, 
11-45 

metric equivalents, 11-4S 
weight measure, English system, 11-45 
metric equivalents, 11-47 
Aqueduct tunnels, 10-72 
Arcs, circular, 11-50 
Areas, circles, 11-55 

measures, English system, 11-45 
metiic equivalents, 11-47 
reconnaissance, higliway surveys, 4-05 
tracts, computation methods, 2-46, 2-47, 2-50 
Armor coat treatment for roads, 4-100. 4-102 
Ashpits, railroad, 6-62 
Asphalt, sheet, pavements, 4-84, 4-85, 4-96 
maintenance, 4-103 
use m higliway construction, 4-74 
Asphaltic concrete, cold, 4-96, 4-103 
hot. 4-^4, 4-&5, 4-93, 4-1U3 
Astronomical observations, azimuth data,'2-19 
geodetic sur% eying, 2-51 
Athletic grounds, sur\eying problems, 2-35 
Atterberg test, 5-18, 7-il, 7-32 
Auger, soil boring, 7-12 
“Authorities,” public, 1-55, 1-64 
Avoirdupois weight, English system, 11-45 
metric eipaivalents. Ii-47 
Azimuth, angle measurements for traverse, 2-15 
by astronomic observations, 2-19 

Backsight lengths in leveling, 2-26 
Badminton courts, surveying problems, 2-39 
Barometer, aneroid, 2-28 

use tor topographic survey elevations, 2-75 
Barometric altimetry, surveying use, 2-28 
Baseball diamonds, surveying problems, 2-37 


Basketball courts, surveying problems, 2-39 
Batter-boards, setting, 2-34 
Beacons, airport, 5-56 

Bearing values, foundations, 8-02, 8-05, 8-27 
8-2S, S-33 

Belgian method of tunneling, 10-23 
Belt conveyors for earth hauling, 9-10 
Benchmark levels, 2-26, 2-Sl 
in road surveys, 4-12 
three-wire leveling, 2-27 

Bessel’s method for Three-Point (surveying) 
Problem, 2-31 

Bituminous materials, airport surfaces, 5-38, 5- 
49 

highway construction, 4-"4 
maintenance, 4-103 
resurfacing. 4-100, 4-101, 4-102 
shoulder maintenance, 4-105 
surfacing, 4-79, 4-81, 4-83 
Blasting, 9-18 

rock tunneling, 10-14 
submarine, 9-23 
Block pavements, 4-97 
Board measure, 11-45 
Boring, see aho Soil 
exploratory for tunnels, 10-13 
rock, 7-23 
subsurface, 7-C5 

Borrow, m road construction, 4-66 

investigation of need for, during road location 
survey, 4-15 
pits, 2-125 

i sectioning, 4-59 

Boundaries, crooked or curved, computation, 2-16 
straightening, 2-16 

Boundary surveys, see Property surveys 
Braking, railroad. 6-60, 6-70 

dynamic, with diesel locomotives, 6-71 
regenerative, with electric locomotives, 6-85 
Brick, for tunnel lining, 10-39 
pavements, 4-97 

Bridges, highway location survey factors, 4-13, 
4-16 

piers and abutments, built-m cofferdams, 8-53 
caissons, 8-63 
box, S-63. 8-66 

combination open and pneumatic, 8-70 
Moran, 8-68 

mulciwalled with open di edging wells, S-62, 
8-63, 8-68 
pneumatic, 8-70 
single-wall open, S-63, 8-67 
earth pressures, 8-51 
foundations, 8-52 
scour, 8-53 

ice pressures, 8-49, 8-50 
loads on, S-49 

stream flow interference; Nagler’s formula, 
8 -oi 

thrust on, 8-,>0 
types, 8-oi 

use of cofferdams rJuring construction, 8-53 
wind loads. S-.50 

prehniinaij ccjnsTruction plans, 4-20 

setting construction stakes, test surveys, 4-59 

tolls, 3-80 

Brunton pocket transit, 2-06 
Buildings, airport, 5-61, 5-66 

projection in bed of mapped streets, 1-54 
setting batter-boards, 2-34 
subsurface site exploration, 7-05 
Bulldozers, 9-10 
Buses, motor, 1-29 

bus stop length regulations, 3-86 
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Business disiricts, central, 1-24 

design, New York City, 1-24, 1-25 
not central, 1-25 

volume, effect of highway bypasses, 3-45 

Caissons, bridge pier, see Bridges, piers 
combination open and pneumatic, 8-40 
drilled-in, 8-15, 8-20, 8-29, 8-35 
Gow, 8-35 
Moran, 8-6S 
open, S-35 

pneumatic, S-37, 8-70 
tunnels, 10-35, 10-37 
Calculus, 11-114 
differential, 11-114 

differentiation formulas, 11-116 
functions expanded into series, li-117 
indeterminate forms, 11-115 
senes expansion of functions, 11-117 
Taylor’s formula, 11-117 
Maclaunn’s form of, 11-117 
integral, 11-110 

integration of iriadonal functioris, 11-119 
integration of rational fractions, 11-119 
table of integrals, 11-120 
California Bearing Ratio, 5-lS, 5-42, 7-59, 7-78 
Capacity measures, English system, 11-45, 
metric equivalents, 11-48 
Capital program, budget charts, 1-65 
changes, 1-67 

effect on borrowing capacity and tax rates, 

1- 65, 1-66, 1-67 

improvement schedules, 1-64, 1-65, 1-67 
long-range planning need, 1-63 
New York City, 1-63 

non-tax-supported projects, exclusion, 1-63,1-64 
Carat weight, 11-45 

Cast iron, for tunnel lining, 10-39, 10-81 
Catch basins, 4-32, 4-34, 4-36 
urban design, 4-51 

Catenary, mensuration formulas, 11-59 
Cements, see Concrete 
Census Bureau, C. S., 1-03, 1-08 
Center line, see Railroads; Roads 
Chains, surveying, 2-02 
Chords, 1 l-oU 
Circle, area, 11-27, 11-55 
ciu'uinference, 11-27, 11-55 
diaiueter, 11-55 
geometry of, 11-50 
mensuration formulas, 11-57 
Circular arc, 11-50 

mensuration formulas, 11-57 
curve, arc dehnition table, 2-90 
compound, 2-107 
problems, 2-lOS 
degree, 2-91 
elements, 2-83 
externals to 1® curve, 2-92 
inaccessible P.I. problem, 2-103 
length of arcs, radius 1, 2-88 
lengths to 1° curve, 2-92 
obstacles, 2-111 

parallel tangent problems, 2-105 
problems, 2-101 
radius, 2-91 

reversed, connecting non-parallel tangents. 

2- 109 

connecting parallel tangents, 2-109 
fixed P.C. and P.i’., 2-110 
fixed P.I., 2-110 

spiral curves, basic formulas, 2-111 
equal-length spirals, 2-115 
functions of unit-length spiral, 2-112 


Circular curve, spiral curves (continued) 

revising alignment to introduce spirals, 
2-116 

spiral deflection, 2-114 
transition to, 2-111 
unequal length spirals, 2-116 
staking on ground, chord-offset method, 
2-100 

deflection method, instrument point on 
curve, 2-98 

deflection method, instrument point on 
tangent, 2-101 

middle ordinate method, 2-99 
tangent-offset method, 2-99 
tangent joining two, length and bearing 
problem, 2-101 
tangents to 1® curve, 2-92 
functions of plane angles, 11-63 
values, 11-64 
meas.ire, 11-46 

Circumferences of circles, 11-55 
Civic centers, 1-45 
subcenters, 1-46 

Ci/il Aeronautics Administration, see Airports 
Civil engineering, photogrammetry uses, 2-61,2-72 
Clamshell bucket, 9-03, 9-08 
Clay, see also Soil 
sensitivity, 7-43 
stability of sideslopes m, 7-94 
Clothoid spiral, 2-111 
Coaling, railroad facilities, 6-62 
Cofferdams, S-53 

cellular, ^54, S-60, 8-62 
earth dike, 8-53 
land. 8-42 

pumping, 8-63, 8-64 
sand island, 8-54, S-62, 8-70 
steel sheet pile, 8-54 
stability, 8-55 

supported by rock-filled onb, S-54, 8-57 
timber, 8-54, 8-55 

Community planning, airport site factors, 5-11 
capital programs, 1-63 
definition, 1-02 
economic base, 1-03 
law, 1-51 
procedures, 1-51 
program, 1-02 
Compaction, ses Fill; Soil 
Compass, adjustments, 2-06 
declination, 2-08 
index error, 2-08 
isogonic chart of U. S., 2-07 
pocket, 2-06 

precautions for use, 2-06 
surveyor’s, 2-05 
surveys, 2-45 
variation, annual, 2-08 
daily, 2-08 
irregular, 2-OS 

Compressed air, in subaqueous tunneling, 10-30 
Concrete, asphaltic, cold, 4-96, 4-103 
hot, 4-84, 4-85, 4-93, 4-103 
foundation piles, S-X3, 8-14, 8-15, 8-18, 8-20, 
8-29, 8-45. 8-46 
Portland cement, curbs, 4-92 
for airports, 5-31 

Portland Cement Association strengthen¬ 
ing formula, 5-48 

in highway construction, 4-75, 4-84, 4-85, 4-92 
pavements, maintenance, 4-103 
tunnel hmng, 10-39 
mat and fioatmg foundations, 8-11 
use in footings, S-OS 
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Conduits, in airport drainage, 5-26, 5-29, 5-30 
Cones, mensuration formulas, 11-61 
Constants containing e. and -n-, 11-26 
Construction engineering, highway, 4-58 
Continuity (differential calculus), definition, 11- 
114 

of function in interval, 11-114 
Contours, 2-79 

Control surveys for topographic mapping, 2-73 
horizontal, 2-73 
vertical, 2-74 

Convergence of meridians, 2-20, 2-58 
Coulomb theory, 7-108 
Cross-section surveys, 2-73, 2-118 
Abney level, 2-120 
areas, 2-122 
dumpy level, 2-1 IS 
hand level, 2-120 
in road surveys, 4-09, 4-13, 4-14 
notes, 2-119, 2-120 
Rhodes arc, 2-120 
wye level, 2-118 
Cross sections, areas, 2-122 
volumes, 2-123 

Cube, mensuration formulas, 11-60 
roots, 11-27 
Cubes, 11-27 

Cubic feet, gallon equivalents, 11-44 
measure, English system, 11-45 
metric equivalents, 11-48 
Culverts, aes Drainage 
Curbs, 4-49 

Portland cement concrete, 4-92 
Curves, circular, see Circular curves 
highway, 3-56, 3-57, 4-20, 4-27, 4-51 
railroad track, 6-34, 6-95 
spiral, zte Circular curves 
vertical, see Vertical curves 
Curvilinear figures, plane, mensuration formulas, 
11-57 

Cut and fill, see also Fill; Route surveys 
airport slopes, 5-30 
areas of cross sections, 2-122 
contours, 2-126 

highway slopes, design plans, 4-20, 4-25 
maintenance, 4-108 
Cycloid, mensuration formulas, 11-59 
Cylinders, mensuration formulas, 11-61 
Cylindrical slides, 7-94 

Dams, subsurface site boring, 7-06 
Datum, benchmark levels, 2-26 
Decimals, equivalents, 11-27 

of a degree, in minutes and seconds, 11-53 
minutes in, 11-54 
seconds in, 11-54 

Deed, priority of, in property surveys, 2-42 
Degrees, decimals of, in minutes and seconds, 
11-53 

minutes in, 11-54 
seconds in, 11-54 
in radians, 11-53 
radians in, 11-53 
Demographic data, sources, 1-08 
Density, English-metric svstem equivalents, 11- 
48 

Derivative (differential calculus), definition, 11- 
114 

of higher order, 11-115 

Differential calculus, age Calculus, differential 
Dipper dredge, 9-22 
Discount, 11-129, 11-132 
Distances, inaccessible, surveying, 2-17, 2-18 
Ditches, see Drainage 


Diving, underwater foundation work, 8-70 
Double meridian distance (D.M.D.) 8 urve 5 dng 
method, 2-16, 2-50 
Double-rodded level lines, 2-118 
Dragline excavators, 9-03, 9-07, 9-12 
Drainage, airports, 5-19, 5-20, 5-21, 5-23, 5-24 
conduits, 5-26, 5-29, 5-30 
maintenance, 5-68 
manholes and inlets, 5-26 
runoff, coefficients, 5-25 

collection and disposal, 5-26 
determination by overland flow method 
(Engineers Corps'), 5-25 
determination by rational method (CAA), 
5-24 

subsurface, 5-28 
surface, 5-24 

railroads, cross drains, 6-13 
culverts, 6-13 
design, 6-15 

empirical formulas, 6-14 
end walls, 6-15 
location, 6-16 
maintenance, 6-17 
types, 6-15 
ditches, 6-13 
roadbeda, 6-08, 6-12 
yards, 6-55 

roads and highways, berms on embankments, 
4-32, 4-33 

catch basins, 4-32, 4-34, 4-36, 4-51 
culverts, cross, 4-33 
ditch drainage, 4-33 
end walls, 4-39 
instaUation, 4-68 

location survey factors, 4-13, 4-14, 4-16 
longitudinal, 4-36 
pipe, 4-33 

setting construction stakes; test surveys, 
4-59 

stream flow, 4-39 

Talbot's formula and drainage area table, 
4-38.4-39 
definition, 4-64 
design, 4-28 

ditch and gutter sections, 4-20, 4-25 
ditches, erosion, 4-31 
intercepting, 4-32 
diWded highways, 4-32 
drop inlet, 4-32, 4-36 

elevation determinations during highway 
location survey, 4-14 
embankment foundations, 4-67 
end walls, 4-32, 4-40 
maintenance, 4-106 
manholes, 4-36, 4-37, 4-51 

setting construction stakes, 4-59 
preliminary plans, 4-20 
problems, 4-29 
rights, 4-49 
side ditches, 4-29 
sounding swamps and bo^, 4-59 
storm sewers, 4-36 
subbase, 4-41, 4-43 
subsurface, 4-41 
surface, 4-29 
survey, 4-14 
underdrain pipe, 4-41 
trenches, 4-41 
urban, 4-49, 4-50, 4-51 
soil. 4-28, 7-87 
deep-well, 7-91 
during excavation, 7-91 
predramage, 7-88 
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Dredges, bucket, 9-21, 9-22 
dipper, 9-22 
hydraul'.c, 9-21 
ladder, 9-22, 9-23 
Dredging, 9-20 

Drilling rock for tunnels, 10-14 
soil, 7-14 

Drivers, motor vehicle, habit factors, 3-02 
licensing, 3-30 
reaction time, 3-02 
\asion, 3-02 
Driveways, 3-o0 
Drop inlet, 4-32, 4-36 
Dry measure, English system, 11-45 
metric equivalents, 11-48 
Dumpy level, 2-11 
adjustmenis. 2-12 
use in cross-section survey, 2-118 
Durand’s rule, 11-59 

Earth, see also Soil 
pressures, 7-lOS 
coefficients, 7-112 
Coulomb theory, 7-lOS 
on bridge abutments and piers, 8-51 
Rankine theory, 7-1 lu 
Earthquake loads on foundations, 8-03 
Earthwork, 2-122, 9-02 

See also Embankments; Excavation; Grades; 
Railroads; Roads; Route surveys; Soil; 
Tunnels 

classification, 9-19 

combination excavating and hauling equip¬ 
ment, 9-10 

earth-moving project plan, 9-12 
hauling equipment, 9-09 
site preparation and compaction, 9-13 
surveys, 2-1 IS 

Echo-sounding instruments, 2-34 
Economic base of metropolitan and community 
planning, 1-03 

causes of growth and retrogression, communitv, 
1-04 

Elevations, highway location survey determina¬ 
tions, 4-13 

Ellipse, mensuration formulas, 11-58 
Ellipsoid, mensuration formulas, 11-62 
Embankments, see also Railroads, Roads 
airports, 5-21 

drairaj^e of foundations, 4-67 
effect on permafrost, 8-46 
site preparation and compaction, 9-13 
Employment, basic vs. service, 1-03 
manufaftunng, 1-03 

Energy, English-metric system equivalents, 11- 
48 

Engineering, see types, e.g.. Traffic engineering 
Engineers Corps, U. S. Army, see Airports 
English system of weights and measures, 11-45 
metric equivalents, 11-47 
Ephemeris, 2-19 

Epicycloid, mensuration formulas, 11-59 
Equivalents, culiic feet, 11-44 
flow, 11-44 
gallon, 11-14 

metric and English systems, 11-47 
Erosion, airports, control, 5-30 
railroad roadbeds, 6-US 
Excavation, airports, 5-21 
blasting, 9-18 
classification, 9-19 
hand, 9-02 

horse-drawn equipment, 9-02 
in shiehi tunneling, 10-20 


Excavation {c-mtinued) 

methods for tunnels, rock, 10-14 
soft mater’als, 10-19 
with shields, 10-24 
roadway, 4-65, 4-G6, 4-67 
sluicing, 9-10 

Excavators, cableway, 9-10, 9-11 
clamshell bucket, 9-03, 9-08 
combination equipment for hauling, 9-10 
dragline, 9-03, 9-07, 9-12 
loaders, 9-03, 9-09 
orange-peel bucket, 9-03, 9-09 
power, 9-03 
dru'es, 9-C6 

shovels, 9-03, 9-06, 9-12 
walking pads, 9-03 
trenching machines, 9-03, 9-00 
Exponentials, values and logarithms of, 11-24 
Expressway, definition, 3-46 
urban, design, 4-51 

Factorials, 11-26 

Fathom, 11-41 

Fences, railroad, 8-02, 6-f)4 

Field hockey grounds, suiveying problems, 2-38, 
2-39 

Fifth roots, 11-27 

Figures, irregular, mensuration formulas, 11-59 
plane curvilinear, mensuration formulas, 11- 
57 

plane rectilinear, mensuration formulas, 11-56 
Fill, see aho Cut and fill; Route surveys 
compaction, 5-21, 5-24, 5-5U, 9-13 
rolling, 9-17, 9-lS 
shock, 9-17, 0-18 
vibration, 9-18 
watering, 9-17 
effect of permafrost, 8-40 
preparation, 9-13 
Finance, mathematics of, 11-129 
Financial planning, 1-63 
New York City, 1-63 
Flood-control tunnels, 10-72 
Flood-water elevations, determinations during 
highway location surveys, 4-14 
Flow equivalents, 11-4 4 
net, 7-82 

for cofferdams, 8-42 

Football grounds, surveying problems, 2-37 
Footings, see Foundations 

Force, Enghsh-rnetne system equivalents, 11-48 
Foresight lengths in le\elmg, 2-26 
Foundation engineering, 7-02 
Foundations, bearing value code, 8-02 
deformations, 8-03 
design, cities, 8-02 
floating, 8-11 
footings, S-Oo 

allowable bearing values, S-05 
areas, 8-05 

at different levels, 8-OS 
concrete, 8-08 
depth, 8-05 
dimensions, 8-06 
firm seating, 8-10 
on permafrost, 8-43, S-44 
settlement and stabilit\, S-OS 
steel-grillage, 8-07 
structural design, 8-07 
subjected to horizontal loads, 8-09 
towers, 8-09 
unusual structures, 8-10 
impact loads, S-03 
land cofferdams, 8-42 
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Foundations {continued) 
loads, earthquake, 8-03 
dead, 8-03 
live, 8-03 
wind, 8-03 
mat, natural, 8-10 

on permafrost, 8-43, 8-44, 8-46 
reinforced concrete, 8-11 
on land, 8-02 

on permafrost, 8-43, 8-44, 8-46 
insulation, 8-46 
thaw depth, 8-43, 8-44 
pier, on land, 8-33 
bearing values, 8-33 
Chicago method, 8-33, 8-34, 8-35 
open shaft excavation method, 8-33 
pile, 8-11 

bearing capacity, 8-27 

caissons, combination open and pneumatic, 
8-40 

open, 8-35 
pneumatic, 8-37 
classification, 8-14 
composite, 8-15, 8-16, 8-20, S-29 
concrete, cast in place, 8-14, 8-15, 8-20, 8-29 
in permafrost, 8-45, S-46 
precast, 8-13, 8-15, 8-18, 8-29 
design, 8-28 
d^i^^ng, 8-28, 8-31 
end-bearing, 8-14, 8-29 
friction, 8-14, 8-29 
groups, 8-29, 8-30 
lateral loads, 8-28 
on permafrost, 8-43 
sand, 8-15, 8-26 

settlement estimates, 8-28, 8-31 
steel, drilled-in caissons, 8-15, 8-20, 8-29 
H beam, 8-15, 8-20, 8-29 
pipe, 8-15, 8-25, 8-29 
timber, in permafrost, 8-43, 8-45 
treated, 8-15, 8-17, 8-18, 8-29 
untreated, 8-14, 8-15 
uplift, anchorage against, 8-28 
settlement, 7-99, 8-03 

stability against shear failure, 7-99, 7-108, 8-28 
under water, 8-48 
diving, 8-70 

Fractions, rational, integration of, 11-119 
Freeway, definition, 3-46 
Freezing process for tunnel shafts, 10-37 
Freight, rail, 1-32 
houses, 6-63 

Port of New York Authority terminal, 1-33 
Progs, railroad, 6-39 

Frost, airport construction considerations, 5-19, 
5-20, 5-21 

foundations on permafrost, 8-43, 8-44, 8-46 
heave, 7-87 

Fuel oil, railroad facilities, 6-62 
Functional relations, trigonometric, 11-65 
Functions, circular, of plane angles, 11-63 
values, 11-64 

differential calculus, see Calculus, differential 
hyperbolic, values and logarithms of, 11-24 
irrational, integration of, 11-119 
trigonometric, see Trigonometric functions 

Gage of track, 6-34 
Gallons, cubic feet equivalents, 11-44 
Garages, parking, 3-90, 3-95 
Geodesy, 2-51 

Geodetic control surveys, 2-51 
leveling, 2-59 
traverse, 2-oS 


Geology, engineering, 7-03 
sue profiles, 7-78, 7-80 
tunnels, 10-13 
Geometry, 11-50 
analytic, 11-63 
Gow caisson, S-3a 

Grade line, highways, 4-14, 4-20, 4-27 
railroads, 6-06 

Grades and grading, see also Railroads; Roads; 

Route surveys 
airports, 5-21 
calculation sheet, 2-124 
definitions, 2-120 

effect on motor vehicle speed, 3-56 
tunnels, railroad, 10-02 

rapid transit and subway, 10-06 
vehicular, 10-07 
Gravel, for road surfacing, 4-77 
in highwaj' construction, 4-73 
Greek letters, 11-128 
Gridiron plat, rearrangement, 1-21, 1-22 
Ground surveys, for highways, 4-05, 4-09 
Gunter’s measure, Enghsh system, 11-45 
metric equivalents, 11-47 
Gutters, 4-49, 4-50 

Hachure lines, 2-78 

Hand level, in cross-section survey, 2-120 
Hauling, earth, equipment, 9-09 
Heliports, 5-66 

Helix, mensuration formula, 11-59 
Hemisphere, mensuration formulas, 11-61 
Highway classification for design, 3-46 
Highway engineering, 4-02 
Highways, see Roads 

Holland Tunnel, 10-09,10-12,10-28,10-31,10-52, 

10- 54, 10-58, 10-83, 10-85 
Hopper dredge, 9-22 

Houses, see Residences; Residential areas; 

Zoning 

Hydrographic surveying, 2-32, 9-20 
echo-sounding instruments, 2-34 
sextant use, 2-33 
sounding location methods, 2-32 
Hyperbola, mensuration formulas, 11-58 
Hyperbolic functions, values and logarithms, 11-24 
logarithms of numbers, 11-22 
Hyperboloid of revolution, mensuration formula, 

11- 62 

Hypocycloid, mensuration formula, 11-59 

Ice, pressures on bridge piers, 8-49, 8-50 
Icing, railroads, 6-63 
Identities, trigonometric, 11-65 
Ilford Tube, 10-39 

Inaccessible distances, surveying, 2-17, 2-18 
Industrial areas, development, 1-27 

heavy-manufacturing districts, old, 1-27 
light-manufacturing districts, old, 1-27 
location factors, 1-04 
planned, 1-28 

Insulation, of building foundations on permafrost, 

8-46 

Integral calculus, see Calculus, integral 
! Integrals, definite, 11-127 
! elementary indefinite, 11-120 
elliptic, 11-27 
table of. 11-120 
Interest, 11-129 

average due time, 11-133 
compound, 11-129 
amount of 1, 11-131 
present value, 11-131 
of 1, 11-132 
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Interest (coyitioaed) 
extiti S'lHiile, 11-129 
on ^I'lOO, 11-13() 
ortlinaiv sonple, 11-129 
rate, 11-129 

Interior angle measurement for traverse, 2-45 
International Civil Aviation Organization, see Air¬ 
ports 

Interstate Highw-^ay System, 4-25, 4-26, 4-48 
Interurban railroads, 6-80, 6-S5, 6-S8 
Intef^val, (ounmuiv of function in, 11-114 
Inverse ii .iionoinotric functional relations, il- 
67 

ti ivonometrie functions, 11-65 
Irrational functions, intearation of, 11-119 
Isogonic rharls and lines, 2-07, 2-08 

Lacrosse grounds, surveying problems, 2-39 
Land coiTerdanis, 8-42 
cost. 1-21, 1-23 

measuie, Englisli sj’siem, 11-45 
metric eiiuivalents, 11-47 
surveys, Property surveys 
use, effect on paiking space demand, 3-84 

mapping, 1-12 

New York City and Region, 1-14 
proportions, 1-12 
specific, tiathi gcaeiation, 1-36 
Landscaping, airports, 5-54, 5-69 
railroads, 6-07 
roadside, 3-50 

Law, see su^jjects involved, e g , Metropolitan iilan- 
nmg 

Lehmann’s method for Three-Point Csurvcyma:/ 
Problem, 2-31 

Length measures, Knglish system, 11-45 
metric equivalents, 11-47 
Levees, subsurface site boring, 7-06 
Level and adjustments, 2-11 

Leveling, see alau types of leveling, e.g.. Trigono¬ 
metric leveling 

ba* ksight and foresight lengths, 2-26 
curNaLLire correction, 2-27 
geodetic, 2-59 
recij-rocal, 2-27 
refi action correction, 2-27 
rods, Philadelphia, 2-13 
self-reading, 2-13 
Target, 2-13 

Life annuity, 11-138, 11-139 
Lighting, airports, 5-56, 5-58 
vehicular tunnels, 10-08 
Limit (d.iferential calculus) definition, 11-114 
Lincoln Tunnel, 10-27, 10-55, 10-61, 10-66, 10-83, 
10-85 

Linings, tunnel, se? Tunnels 
Liquid measure, English system, 11-45 
metric equivalents, 11-48 
old, 11-45 

Livestock facilities, railroad, 6-63 
Loaders, 9-U3, 9-09 
Loading, otT-strcct, 3-S8 

zoning i“quiremenls, 1-38, 1-60 
Neu \o'k J-39 

Loads, Eouiidutions; 8od 
Local conditions, opiriicn ■survey, 1-05 
Location survey, highv, aj,, 4-05, 4-13 
LocKe hand level, 2-11 
Locoutotive^, sft Railioads 
Loess, SI oi Mi’esltipcs in, 7-93, 7-94 

Logarithms, 11-02 
evpomuii’ols, 11-24 
h\,)cili()U< niiK lions, 11-24 
nuiubcifc iroiii i to lOu, 11-04 


Logarithms {continued) 

of numbers, common, 11-05 

natural (Napiciian, hyperbolic), 11-22 
Long measure, English system, 11-45 
metric equivalents, 11-47 
Lots, zoning requirements for residences, 1-61 
Lubricating oil, railroads, 6-63 

Macadam, bituminous, 4-79, 4-83 
waterbound, for road surfacing, 4-79 
Maclaurin's form of Tajlor’s formula, 11-117 
Magnetic compass, use in property surveys, 2-45 
Manholes, 4-36, 4-37, 4-51, 4-59 
Maps and mapping, see also Photogrammetry; 
Topographic mai>pmg; Route surveys 
aerial, m highway surveys, 4-OS 
highway location survey, 4-16 
land use, 1-12 

official, for municipal planning, 1-52 
photo-maps, 2-69 
right-of-way, preparation, 4-58 
Mass diagram, 2-128 

(weight) measures, English system, 11-45 
metric equivalents, 11-47 
Mat foundations, 8-11, 8-46 
Mathematical abbreviations, 11-128 
signs, 11-128 
tables, 11-02 

Mathematics of finance, 11-129 
Measures, 11-44 
abbre\ lations, 11-45 
Mensuration, 11-56 

Meridians, convergence of, in determining azi¬ 
muth, 2-20, 2-58 

Mersey Tunnel, 10-30, 10-39, 10-53, 10-54, 10-59, 
10-Sl, 10-82, 10-84, 10-S5, 10-89 
Metric system, 11-46 

English system equivalents, 11-47 
units, 11-46 

Metropolitan planning, 1-02 
capital program, 1-63 
law, 1-51 

legal authority, outside mumctpal boundarke, 
1-54 

firocedures, 1-51 
stages, 1-03 
Mine surveying, 2-25 
patent surveying, 2-26 
Miner’s inch, 11-45 
Mming, for tunnel construction, 10-20 
Minutes, decimals of a degree m, 11-53 
in decimals of a degree, 11-54 
in radians, 11-53 

Mollweide’s check formulas, 11-68 
Months, days between dates, 11-129 
Mortality, American experience table, 11-138 
Mosaics from aerial photographs, 2-69 
Motor vehicles, see also Traffic; types, e.g.. 
Trucks; Driveis 
brakes, 3-31 
commercial, sizes, 3-30 

inaMinuin legal d.incnsions, 3-31 
weights, 3-30 

legal. 3-31 

controls, 3-30 

thHolvr.qioii, i‘oe:II'')enta of friction required, 
3-04 

without brakes, 3-03 
dimensions, 3-03 
Iicudhghts, 3-32 
iiisj^ection, 3-30 

leading siamlarils, A.\C>HO, 3-30 
registration, 3-30 
I rtsisiame to motion, 3-03 
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Motor vehicles fcontinued) 
stopping, 3-03 
types, 3 -<j3 

Municipal planning, local ordinances, 1-51 
map, official, 1-52 
master plan, 1-51 
plats, approval, 1-53 

relation of traffic and highway engineering, 3-43 
state enabling acts, 1-51 
subdivision regulations, 1-53 

Nagler’s formula, 8-51 

Napierian (natural) logarithms of numbers, 11-22 
Nautical measure, 11-45 
New Jersey Turnpike, 3-73, 3-78, 4-85, 4-93 
New York State Thruway, 3-73, 3-78, 4-30, 4- 

85 

Numbers, 11-02 

common, logarithms of, 11-05 
logarithms of, natural (Napierian, hyperbolic), 
11-22 

properties, 11-26, 11-27 

Observations, astronomical, 2-19, 2-51 
Obstacles, surveying, 2-17 
Ohio Turnpike, 3-73, 3-78 
Oil, fuel, railroad facilities, 6-62 
lubricating, railroads, 6-63 
Orange-peel bucket, 9-03, 9-09 
Ordinances, sfe subjects involved, e.g., Municipal 
planning 

Origin and destination, see Traffic 
Overhaul, 2-128 

Parabola, mensuration formulas, 11-58 
Paraboloid of revolution, mensuration formulas, 
11-62 

Parallelepiped, rectangular, mensuration formu¬ 
las, 11-60 

Parallelogram, mensuration formulas, 11-56 
Parking, 3-Sl 

aciMininlation, 3-Sl 
airport, 5-62 
area layouts, 3-89 
curb, 3-8-1 

urban areas, 3-87 
demand, 1-37 
generators, 3-84 
surveys, 3-84 
duration, 3-82, 3-83 
garages, 3-90 
operation, 3-95 
load, 3-S2 

location, walking-distance from destination, 
3-84, 3-85 
lots, 3-90 

operation, 3-95 
meters, 3-S7 
off-street loading, 3-S8 
zoning, 1-60 
regulation, 3-84, 3-86 
space and time, 3-86 
rural roads, 3-S7 
stall dimensions, 3-89 
suburban shopping centers, 1-25 
turnover, 3-S3 
volume, 3-82 

zoning requirements, 1-38 
Parkway, definition, 3^6 
Parks, 1-40 
regional, 1-45 
standards, 1-40 

Pavements, see Airports; Roads 
Pedestrians, general rules, 3-32 


Pennsylvania Turnpike, pavement, 4-85 
tunnels, 10-56, 10-63, 10-66 
Permafrost, fills and embankments on, 8-4& 
foundations on, 8-43, 8-44, S-46 
Photogrammetry, 2-60 
aerial, 2-61 

civil engineering uses, 2-61, 2-72, 2-80 
flights, 2-63 

highway location uses, 4-05 
mapping instruments, 2-60 
terrestrial, 2-61 
topographic mapping, 2-71 
surveying, 2-73 

Photographs, see Aerial photographs 
Photo-maps, 2-69 
Pier foundations on land, 8-33 
under water, S-4S 
Piers, bridge, S-49 
Piles, see Foundations; Soil 
Plane angles, circular functions of, 11-63 
values, 11-64 

curvilinear figures, mensuration formulas, 11- 
57 

rectilinear figures, mensuration formulas, 11-56 
surveying, Surveying; types of surveys, e.g , 
Triangulation 
table ami alidade, 2-13 
leveling, 2-14 
surveying, 2-29 

use for topographic mapping, 2-75 
Planimeter, area calculation by, 2-50, 2-122 
Planning, see name of planned activity or project, 
e.g., Community planning; Roads 
boards, county, 1-54 
regional, 1-54 

Plat, gridiron, rearrangement, 1-21, 1-22 
municipal planning, approval of, 1-53 
property survey, 2-40 
U. S. public land surveys, 2-44 
Playgrounds, 1-40 
standards, 1-40 

use of airport approach areas, 5-11 
Pneumatic caissons, 8-37, 8-70, 10-37 
Polaris, use in determining azimuth, 2-19 
Polygons, mensuration formulas, 11-57 
Polyhedrons, regular, mensuration formulas, 11- 
60 

Population, 1-05 
age, 1-10 
composition, 1-09 
distribution, 1-08 
future, estimates, 1-05 
growth, 1-05 

New Y'ork City, 1-08 
nationality, 1-10 
race, 1-10 

Vital statistics. West Orange, N. J., 1-11 
Port facilities, 1-32 

of New York Authority, 1-31, 1-33, 1-34, 1-55, 
1-64 

Portland cement, see Concrete 
Power, English-metric system equivalents, 11-48 
stations, railroad, 6-86 
tunnels, 10-72 

Powers (of numbers), 11-27 
Preliminary survey, highways, 4-05, 4-08 
Pressure, English-metric system equivalents, 11- 
48 

Prismatoid, mensuration formula, 11-60 
Prisms, mensuration formulas, 2-126, 11-60 
Produce, railroad facihties, 6-63 
Profile levels, 2-118 

Profiles in road surveys, 4-09, 4-10, 4-13, 4-14, 
4-20 
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Property surveys, 2-40 

conflicts in resurveya, 2-41 
legal aspects, 2-40 
occupation, 2-41 
technical standards, 2-42 
values, effect of highway improvements, 3-45 
Public buildings, mdn'idual and isolated, 1-46 
sites, 1-45 

land rertangular surveys, Umted States, 2-42 
resurveys, 2-44 

Roads Administration, U. S., 7-27 
Pumps and pumping, cofferdams, 8-63, 8-64 
Pyramids, mensuration formulas, 11-60 

Quadrilaterals, mensuration formulas, 11-56, 
11-57 

Quays, subsurface site boring, 7-05 
Quoits grounds, survejung problems, 2-40 

Radians, degrees and minutes in, 11-53 
in degrees, 11-53 
Railroad engineering, 6-02 
Railroads, aee also Drainage 

acceleration and deceleration, 6-92 
AREA, 6-02 
ashpits, 6-62 
ballast, 6-18 
cleamng, 6-20 
bank protection, 6-07 
bar punchings recommended, 6-29 
bonds, 6-33 

brake resistance, 6-69, 6-70 

braking, regenerative, with electric motors, 6-85 

bumping blocks, 6-33 

car stops, 6-33 

coaling stations, 6-62 

commuting, 1-30 

costs, 6-102 

crossings, 6-38, 6-46, 6-48, 6-49, 6-50 
curvature, compensation for, 6-69 
derails, 6-33 
drawbar pull, 6-70 
earth-hauling cars, 9-10 
economics, curvature, 6-95 
distance, 6-95 
grades, 6-96 
location, 6-93 

electric, autotransformer sj-stem, 6-87 
cars, 6-81, 6-85 

economic differences between systems, 6-80 
power stations, 6-86 
substations, 6-86 

technological differences between systems, 
6-SO 

third-rail systems, 6-89 
traction, 6-80 
transformer stations, 6-87 
transmission and distribution systems, 6-87 
trolley systems, 6-87 
electrification, 1-30 
enginehouses, 6-59 

fences, AREA recommendations, 6-02 
freight, 1-32 
houses, 6-63 

Port of New York Authority terminal, 1-33 
frogs, 6-39 

fuel oil facilities, 6-62 
grade line, 6-06 

crossings at highways, 4-04, 6-51 
grades, balanced, 6-99 
minor, 6-96 
pusher, 6-97 

ground instability problem, 6-OS 
iirouting roadbed, 6-U9 


Railroads (continued) 
icing facilities, 6-63 
inspection pits, 6-63 
interlockings, 6-64 
interurban, 6-80, 6-85, 6-88 
ladders, 6-45 
livestock facilities, 6-63 
locomotives, classification, 6-70 

diesel (diesel-electric), 6-70, 6-73, 6-74, 6- 
79 

electric, 6-70, 6-73, 6-81 
advantages, 6-86 
motors, 6-82 
gas turbine, 6-70, 6-71 
ratings, 6-92 

steam, 6-70, 6-71, 6-72, 6-79 
terminals, 6-56 

wheel arrangement classification, 6-70, 6-72 
lubricating oil storage, 6-63 
motive power, 6-65, 6-70 
operating statistics, 6-93, 6-102, 6-105 
operation, 6-65 
passenger stations, 6-64 
power stations, 6-86 
produce facilities, 6-63 
rails, 6-23 
anchors, 6-28 
continuous welded, 6-27 
design, 6-26 
guard, 6-39, 6-42 
joints, 6-29 
laying, 6-26 

recommended drillings, 6-29 
renewal, 6-27 
specifications, 6-23 
weights and sections, 6-23 
right of way, area, 6-02 
width, 6*02 
roadbed, erosion, 6-08 
grouting, 6-09 
sideslopes, 6-07 
stabilization, 6-09 
grouting, 6-09 
piling, 6-11 
width, 6-06 
roadway, 6-02 
sand protection, 6-06 
sanding facilities, 6-62 
section tool house, 6-51 
signals, 6-64 
slides, 6-08 
snow fences, 6-04 
snowsheds, 6-05 
spikes, 6-30 
stations, 6-64 
stock guards, 6-51 
street, 6-80 
subgrade, 6-06 
construction, 6-OS 
subsurface site boring, 7-06 
switches, stub, 6-38 
slip, 6-48 
spht, 6-38, 6-40 
tongue, 6-39, 6-42 
terminals, 6-53, 6-59, 6-63 
tie plates, 6-31 
ties, 6-21 

tracks, bolts recommended, 6-29, 6-30 
classification, 6-18 
crossover, 6-45, 0-46 
curvature, 6-34 
elasticity, 6-36 
fastenings, 6-28 
gage, 6-34 
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Railroads, tracks (continued) 
maintenance, gage, 6-37 
line, 6-37 
surface, 6-3S 
tanks (pans), 6-51 
vertical curves, 6-36 
tractive force and effort, 6-70, 6-92 
diesel locomotives, 6-71 
electric locomotives, 6-83 
steam locomotives, 6-71 
train resistance, 6-65 

transmission and distribution systems, 6-87 
tunnels, alignment, 10-02 

clearances, 10-02, 10-03, 10-04 
data, 10-47 
grades, 10-02 
ventilation, 10-04 
turnouts, 6-38, 6-46 

connecting curves from, 6-43 
design, 6-39, 6-42 
diverging route, 6-43 
installation, 6-43 
unit costs, 6-102 
velocity heads, 6-99 
wash racks, 6-63 
water, 6-60 
wheel stops, 6-34 
yards, 6-53 

hump yard, 6-55 
retarders, 6-56 
tracks, 6-53 
Ramps, parking, 3-90 
Random line traverse, 2-17 
Rankine theory, 7-109 
Rapid-transit systems, see Subways 
Rational fractions, integration of, 11-119 
Reciprocals of numbers, 11-27 
Reconnaissance, area, highway surveys, 4^5 
report, 4-')7 
route, 2-SO, 4-07 
Recreation areas, 1-40 
adequacy, 1-44 
master plan, 1-45 
proposed system, 1-50 
space deficiency correction, 1-44 
use of airport approach areas, 5-11 
Rectangle, mensuration formulas, 11-56 
Rectilinear ^ures, plane, mensuration formulas, 
11-56 

Regional planning, public "authorities," 1-55 
shopping centers, suburban, 1-26, 1-27 
Residences, see also Residential areas; Zoning 
acreage lot requirements, 1-61 
housing demand and family size, 1-11, 1-12 
Residential areas, see also Zoning 
neighborhood boundaries, 1-15, 1-18 
new, development, 1-20 
old, rebuilding, 1-18 
planning, 1-15 

redevelopment, 1-16, 1-17, 1-18 
New York City, 1-19 
substandard, 1-16, 1-17, 1-18 
types, 1-15 
Chicago, 1-15 
New York City, 1-15 
Retail trade indices, 1-04 
Retaining walls, subsurface site boring, 7-05 
Revolution, hyperboloid and paraboloid of, men¬ 
suration formulas, 11-62 
surface and solid of, mensuration formulas, 
11-63 

Rhodes arc, use in cross-section survey, 2-120 
Rhomboid, mensurition formulas, 11-56 
Rhombus, mensuration formulas, 11-56 


Right of way, see also Railroads; Roads 
traffic, 3-32 

Riparian rights, property surveys, 2-42 
Roads and highways, see also Motor vehicles; 
Streets; Traffic 
access, control of, 3-44 
to airports, 5-11, 5-62 
airport clearance over, 5-06 
alignment, horizontal, 3-57 
vertical, 3-56 
base courses, 4-70 
concrete, 4-92 
materials, 4-71 
for low-cost roads, 4-73 
base line location, 2-82, 4-09 
binders, 4-74 
borrow, 4-66 
boundary lines, 4-49 
bridges, preliminary plans, 4-20 
See also Bridges 

bypasses, effect on business volume, 3-45 
center line, location, 2-S2, 4-13 

^ross sections and profiles at, 2-118, 4-13 
plotting ground-surface profile, 4-14 
reestablishment during construction sur¬ 
veying, 4-5S 
staking, 4-13 
preliminary, 4-09 
field review, 4-13 

Michigan Highway Department policies, 
4-12 

plotting, 4-12 

connections with other roads, surv’ey of, 4-12 
construction, engineering, 4-5S 

inspection, final, and acceptance, 4-63 
inspector’s duties, 4-59 
report and log, 4-61, 4-62 
interim estimates, 4-59 
preparing cost estimate, 4-57 
report, 4-64 
surveying, 4-58, 4-59 
work estimates, 4-61 
final, 4-64 

contract specifications, 4-57 
cost estimates, 4-54, 4-55 
cross sections, 4-58 

earthwork quantities, 4-59 
sheet, final, 4-53, 4-55 

preliminary, 4-20, 4-24, 4-51, 4-52 
curbs, 3-49, 4-92 

Portland cement concrete, 4-92 
curves, 3-57 

superelevation and pavement widening, 4-20, 
4-27 

vertical. 3-56, 4-27, 4-51 
cut and fill slopes, see Roads, cross sections 
design, classification, 3-46 
completion, 4-56 

Connecticut State Highway Department fac¬ 
tors, 3-73, 3-74 
drawings, 4-18, 4-53, 4-64 
end products, 4-18 
estimates, 4-18, 4-54, 4-55 
field inspection, 4-52 
functional, 3-43 
plans, 4-18 

preliminary, 4-20 
report, 4-57 
section sheet, 4-26 
specifications, 4-18 
standards, 3-70 

AASHO recommendations, 3-72, 3-73 
design factors of Connecticut State High¬ 
way Department, 3-73 
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Roads and highways, design, standards {continued) 
National Interregional Highway Commit¬ 
tee recommendations, 3-70 
National System of Interstate Highways, 
3-70 

typical design criteria for turnpikes, 3-73, 

3- 78 

standards sheets, 4-55 
steps, 4-18 

structural sheets, 4-55 
transverse distribution of vehicles, 3-19 
divided highway location problems, 4-04 
dividers, 3-48 

channels, 3-63, 3-64 
islands, 3-63, 3-64 
median strips, 4-20, 4-25 
drainage, see Drainage 

earthwork, see Roads, cross sections; Route 
surveys 

effect on property values, 3-45 
embankment construction, 4-67 
engineering, relation to traffic engineering and 
city planning, 3-43 
excavation, roadway, 4-65 
transporting material, 4-67 
trench, 4-66 

express highways, traffic generation. 1-36 

expressways, urban, 4-51 

extension related to airport planning, 5-11 

final survey, 4-59 

financing, 3-80 

frontage, 3-50 

tunneling, 3-63 

grade line establishment, 4-14, 4-20, 4-27 
grade separations, 3-65, 3-66 
grades and grading, 3-56 

changes in, location survey study, 4-13, 4-16 
clearing and grubbing, 4-65 
control problems, 4-26 
definition, 4-64 
urban highway's, 4-51 
gravel, 4-78 
guard rails, 3-49 

and posts, 4-20, 4-45, 4-47, 4-48 
construction, 4-69 

high-traffic-volume, maintenance, 4-103 
pavements, 4-84 
shoulders, 4-97 

intermediate-traffic-volume, maintenance, 

4- 102 

pavements, 4-79 
intersections, 3-60 
curves, 3-60, 3-61 
grade separations, 3-65, 3-66, 4-04 
islands vs channels, 3-63, 3-64 
location survey factors, 4-13, 4-16 
railroad crossings, 6-51 
rotary, 3-63, 3-65 
lanes, number, 3-47 

speed change, 3-61, 3-62 
widths, 3-47 
location, 3-43, 4-02 
control points, 4-04 
location surveys, 2-82, 4-05, 4-13 
bridges, 4-13, 4-16 

elevations of intersecting and adjacent fea¬ 
tures, 4-13, 4-16 
map prints, 4-19 
report, 4-16 

Connecticut Highway Department outline, 
4-16 

right of way investigations, 4-15 
soils investigations, 4-14 
topographic map plotting, 2-82, 4-14 


Roads and highways (continued) 

low-traffic-volume, construction materials, 4-77 
maintenance, 4-98 
maintenance, 4-98 
margins, 3-50 

materials, investigation during location survey, 
4-15 

local, 4-77 

quantity estimate sheets, 4-54, 4-55 
transportation facilities, 4-15 
natural soil, 4-77 
treated, 4-77 

pavements, asphaltic concrete, cold, 4-96 
hot, 4-84, 4-85, 4-93 
maintenance, 4-103 
bituminous macadam, 4-79, 4-83 
plant imxed, 4-79, 4-81 
road mixed, 4-79, 4-80 
brick and block, 4-97 
cross sections, AASHO specifications, 4-24 
light reflection, 3-47 

Portland cement concrete, 4-75, 4-84, 4-85 
joint-filling material, 4-76 
joints, 4-76, 4-S7, 4-88, 4-89, 4-103 
maintenance, 4-103 
steel reinforcing, 4-76, 4-88, 4-89, 4-90 
cheet asphalt, 4-S4, 4-85, 4-96 
maintenance, 4-103 
smoothness, 3-47 
width and cross-slope, 4-20, 4-24 
plan-profile sheet, final, 4-53 
index, 4-55 
preliminary, 4-19 
completion, 4-51 
plan sheet, final, 4-53 
index, 4-55 
preliminary, 4-52 
tracing, 4-19 
planning, 3-43 

preliminary survey, 2-81, 4-05, 4-08 
aerial maps, 2-81, 4-08 
ground survey, 2-Sl, 4-09 
topographic map use, 2-82, 4-08 
prime coat, 4-76 
profile sheet, final, 4-53 
index, 4-55 
preliminary, 4-52 
tracing, 4-19 

reconnaissance, report, 4-07 
route, 4-05, 4-07 
topographic map-use, 2-81, 4-08 
right of way, maps, 4-58 
preliminary plans, 4-20 
w’ldths, 4-48 
roadbed stabihty, 4-29 
sand-clay, 4-77 
seal coat, 4-76 

secondary, widths, AASHO specifications, 4-49 
setting of offset, structure, and pavement 
stakes, 4-59 
shoulders, 3-50 

AASHO specifications, 4-25 
formation, 4-69 
maintenance, 4-105 
width and cross-slope, 4-20, 4-24 
slag, 4-78 

slopes, construction, 4-65 
finishing, 4-69 
rights, 4-49 

soil classification system, Public Roads Admin¬ 
istration, 7-27 

subgrade, 4-65, 4-68, 4-69, 4-104 
subsurface site boring, 7-06 
sufficiency ratings, 3-SO 
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Roads and highways {continued) 
superelevation, 3-57, 3-58 
surface, courses, 4-70 
friction, 3-46 
maintenance, 4-98 

surveys, area reconnaissance, 2-80, 4-05 
ground vs. aerial, 2-81, 4-05 
sods, 4-14 

subsurface conditions, 4-14 
tack coat, 4-76 
title sheet, 4-56 
traffic separators, 3-48 
tunnels, 10-07 
alignment, 10-07 
capacity, 10-09 
clearances, 10-07 
data, 10-52 

emergency equipment, 10-08 
grades, 10-07 
history, 10-07 
lighting, 10-08 
pavement, 10-08 
shield-driven, 10-24, 10-81 
size, 10-07 
toll collection, 10-08 
ventilation, 10-09 
urban, 4-49 

waterbound macadam, 4-79 
Roadsides, maintenance, 4-107 
Rock, excavation for tunnels, 10-14 

preliminary construction engineering, 4-59 
subsurface boring, 7-23 
Rods, leveling, 2-13, 2-60 
stadia, 2-21 

Roots (of numbers), 11-27 
Route reconnaissance, 4-05, 4-07 
surveys, 2-80 

See also Maps; Photogrammetry; Railroads; 

Hoads; Topographic maps 
grades, 2-120 
location methods, 2-80 
survey, 2-82 
mass diagram, 2-128 
overhaul, 2-128 
preUminary survey, 2-81 
projecting location on topographic map, 2- 
82 

setting stakes for structures, 2-133 

slope stakes, 2-130 

volume computations, 2-123 

between contours and plane, 2-126 
borrow pits, 2-125 
cross sections from contours, 2-127 
curvature correction, 2-125 
cut and fill contours, 2-126 
cut and fill between contours, 2-126 
dredged material, 2-127 
from contours, 2-126 
from cross sections, 2-123 
Routes, see Traffic; types of routes, e.g., Railroads 
Running tracks, surveying problems, 2-35 

Safety, in tunneling, 10-46 
traffic, 3-27, 3-86 
Sand, see also Soil 

compaction and use in site preparation, 9-17 
critical void ratio, 7-42 
piles (sand drains), 8-15, 8-26 
railroad protection against, 6-06 
stability of sideslopes in, 7-92 
use in cofferdams, 8-54, 8-62, 8-70 
Sand-clay, for road surfacing, 4-77 
Scrapers, horse-drawn, 9-02 
power, 9-10 


Schools, public, 1-46 
capacity, 1-46 
future enrollments, 1-49 
future requirements data, 1-47 
Los Angeles, 1-47. 1-48 
plant capacity, required increments, 1-49 
space standards, 1-46 
tributary areas, 1-47 
Seaplane facilities, 5-67 
Seconds, decimals of a degree in, 11-53 
in decimals of a degree, 11-54 
Sectors, 11-50 

circular, mensuration formula, 11-58 
Secular change for magnetic compass surveys, 2-08 
Seepage, soil, 7-79, 7-82, 7-92 
Segments, 11-50 
areas, 11-52 

circular, mensuration formulas, 11-58 
Semicircle, mensuration formula, 11-58 
Settlement, see Foundations; Soil 
Sewers, storm, 4-36, 4-51 
tunnels, 10-79 

Sextant, use in hydrographic surv'eying, 2-33 
Shafts, see Tunnels 

Shields, in tunnel construction, 10-20, iO-24, 
10-26, 10-30, 10-81, 10-88 
Shipping measure, 11-45 
Shopping centers, suburban regional, 1-26 
neighborhood, 1-25 
subcenters, 1-25 
Shovels, power, 9-03, 9-06, 9-12 
Sidewalks, 3-50, 4-49 
Sight distances, airport, 5-07 
highway, 3-50 
intersections, 3-52 
night, 3-54 
safe passing, 3-52 
safe stopping, 8-51 
vertical curve effects, 3-55, 3-56 
Signals, railroad, 6-64 
traffic, 3-39 
Simpson’s rule, 11-59 
Sinking funds, 11-133, 11-137 
Site, see also Soil; Airports 
appearance, 7-04 
dry sample boring, 7-06 
examination, 7-02 
preliminary, 7-04 
preparation, compaction, 9-13 
subsurface exploration, 7-04 
Slag, for road surfacing, 4-77 

use in highway construction, 4-73 
Slides, soil, 7-94 
Slope stakes, 2-130 
Slopes, stability, 7-79 
Sluicing, 9-10 

Snow, railroad protection against, 6-04, 6-05 
Soccer grounds, surveying problems, 2-39 
Soil, see also Drainage; Excavation 
airports, 5-17, 5-18 
bearing value code, 8-02 
boring, 7-05 
auger, 7-12 

combination drilling rigs, 7-14 
drilling fluids, 7-12 
dry sample method, 7-06 
percussion drilling, 7-12 
rotary drilhng, 7-12 
uncased, 7-12 
wash, 7-14 

California Bearing Ratio field test, 7-78 
laboratory teat, 5-18, 7-59 
capillarity, 7-86 

classification, by grain size, 7-25, 7-27 
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Soil, classification {continued) 

Casagrande system, 7-27, 7-28 
preliminary field, 7-24 
systems, 7-27 

uniformity coefficient, 7-26 
U. S. Sons Bureau, 7-26 
compaction, 9-13 
tests, 7-31, 7-57 
Proctor needle test, 7-78 
consolidation tests, 7-31, 7-43, 7-51, 7-52 
log fitting method, 7-50, 7-51 
continuous sampling, 7-15 
direct shear tests, 7-31, 7-36 
earth pressures, 7-108 
coefficients, 7-112 
Coulomb theory, 7-108 
Rankine theory, 7-109 
erosion, airports, 5-30 
railroad roadbeds, 6-08 
flow net, 7-82 
frost heave, 7-87 
geological profiles, 7-78, 7-80 
liquid limit, Atterberg test, 5-18, 7-31, 7-32 
loading tests, 7-59 

mechanical analysis for grain size distribution, 
5-18, 7-31, 7-33 
mechanics, defimtion, 7-02 
field testa, 7-59 
laboratory tests, 5-lS, 7-31 
nomenclature, 7-02 
subsurface exploration, 7-04 
natural and treated, for road surfacing, 4-77 
permeability tests, 7-31, 7-49, 7-52, 7-76 
pile formulas, dynamic, 7-65 
static, 7-65, 7-70 
Engineering News, 7-65 
Hiley, 7-66 

piston samplers, 7-15, 7-16 
plastic limit, Atterberg test, 5-18, 7-31, 7-32 
plasticity index, Atterberg test, 5-18, 7-31, 7-32 
pore pressure determination, 7-22 
porosity determination, 7-35 
preconsoUdation pressure, 7-46 
predramage, 7-88 
electro-osmosis, 7-90 
Siemen's method, 7-91 
sumps, 7-91 
vacuum method, 7-90 
well points, 7-88 
probing, 7-14 
pumping tests, 7-76 
road survey investigations, 4-14 
roadbed, in highway design, 4-29 
seepage problems, 7-79, 7-82, 7-92 
settlement, cohesive and non-cohesive, 7-99, 
7-100 

shear tests m situ, 7-77 
shrinkage limit, Atterberg test, 7-31, 7-33 
slides, cylindrical or circular (Swedish breaks;, 
7-94 

specific gravity determination, 7-31, 7-34 
stability, cohesive soils, 7-94 
loess, 7-93, 7-94 
of CUTS m clay, 7-94 
of embankments, 7-97 
problems, 7-79 
sand, 7-92 

strength tests, 7-31, 7-36 
test piles, 7-64, 7-71 
Boston code, 7-73 
New York code, 7-73 
skin friction, 7-70 
test pits, 7-15, 7-18 
thermo-osmosis, 7-87 


Soil {continued) 

triaxial shear tests, 7-31, 7-40 
unconfined compression tests, 7-31, 7-43 
undisturbed sampling, 7-14 
void ratio, critical, 7-42 
determination, 7-31, 7-35 
pressure curve, 7-46, 7-47 
water content determination, 7-31 
ground, conditions, 7-20 
Solid, irregular, mensuration methods, 11-63 
having curved surfaces, mensuration formulas, 
11-61 

with plane surfaces, mensuration formulas, 
11-60 

Speed, see Traffic 

Sphere, mensuration formulas, 11-61 
Spherical sector, mensuration formulas, 11-61 
segment, mensuration formulas, 11-62 
zone, mensuration formulas, 11-62 
Spheroids, mensuration formulas, 11-62 
Spillways, airports, 5-30 
Spiral curves, see Circular curves 

of Archimedes, mensuration formulas, 11-59 
Spirit leveling, 2-26, 2-58 
Square measure, English system, 11-45 
metric equivalents, 11-47 
mensuration formula, 11-56 
roots, 11-27 
Squares, 11-27 

Stadia surveying, Beaman’s arc, 2-24 
computations, 2-24 
distance reading, 2-24 
fieldwork order, 2-24 
fundamental principle, 2-21 
inclined sights, 2-21, 2-24 
method, 2-21 

reductions of observations, 2-22 
vertical angle taking, 2-24 
Standards, U. S. National Bureau of, tape length 
determination, 2-03 

State plane coordinates, U. S. Coast and Geodetic 
Survey system, 2-51, 2-58 
Stations, railroad, 6-64 

Steel, for concrete reinforcement, 4-76, 4-88, 4-89, 
4-90 

foundation piles, 8-15, $-20, 8-29 
grillage footing foundations, 8-07 
m tunnels, excavations, 10-21 
lining, 10-40 
shafts, 10-36 

sheet pile, use in cofferdams, 8-54 
Stereoscope for aerial photographs, 2-87 
Stone for tunnel lining, 10-39 

use in highway construction, 4-71 
Storm sewers, 4^6, 4-51 
Stream flow, in culverts, 4-39 
interference by bridge piers, 8-51 
Streams, see Waterways 
Street lines, 1-54 
railways, 6-80 

rail design, 6-26, 6-27 
Streetcars, 1-29, 1-31 

Streets, capacity affected by curb parking, 3-86 
one-way, 3-32 

related to airport planning, 5-11 
through, 3-33 

Subbase, airports, 5-33, 5-38, 5-50 
roads, 4-15, 4-41, 4-43, 4-51 
Subgrade, airport, 5-17, 5-18 
highways, 4-65, 4-68, 4-69, 4-104 
railroad, 6-06 

Suburban regional shopping centers, 1-26 
Subways (rapid-transit systems), alignment, 
10-06 
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Subways (roniinued) 
cars, 6-85 

Chicago, 10-88, 10-92 
cicy systems, foreign, 10-93 
United States, 1-29, 10-92 
clearances, 10-06 
construction, 10-35 
grades, 10-06 
New York City, 10-92 

clearance diagram, 10-05, 10-06 
tunnel construction, 10-82, 10-85, 10-86, 
10-8S, 10-90, 10-91 
shield-driven tunnels, 10-24, 10-81 
third-rail system, 6-S9 
ventilation, 10-07 
Sumps, 7-91 

Sun, observations for azimuth determination, 2- 
20 

Surveying and surveys, 2-02 

See also types of siTveys^ e.g.. Property sur¬ 
veys; names of instruments 
circular curve, 2-83 
crooked boundaries, 2-16 
in highway location, 4-05 
inaccessible distances, 2-17, 2-18 
instruments, 2-02 
obstacles, 2-17 

plane and geodetic contrasted, 2-51 
procedures, 2-14 

Three-Po’nt Problem, 2-31 
Surveyors measure, English system, 11-45 
metric equivalents, 11-47 
Swedish breaks, 7-94 
Symbols, mathematical, 11-128 

Talbot’s formula and table, 4-38, 4-39 
Tapes, surveying, 2-02 

standardization of length, 2-03, 2-52 
Tars, use in highway construction, 4-74 
Taylor’s formula, 11-117 
!Nfaclaurin’s form of, 11-117 
Tennis courts, surveying problems, 2-37 
Terminals, bus, 1-31 

Port of New York Authority, 1-31 
railroad, 6-53, 6-59, 6-63 
streetcar, 1-31 
truck, 1-34 
Boston, 1-35 
New York Region, 1-34 
St. Louis, 1-34 

Union Motor, Port of New York Authoritv, 
1-34 

Test piles, see Soil 
Theodolite, optical-reading, 2-10 

use in geodetic tnangulation surveys, 2-55 
Thermo-osmosis, soil, 7-87 
Three-halves powers, 11-27 
Three-wire leveling, 2-27 

Through facility (throughway) definition, 3-46 
Timber cofferdams, 8-54, 8-55 
for tunnel lining, 10-39 
foundation piles, 8-14, 8-15, 8-18, 8-29, 8-45 
headings, 10-21 
shafts, 10-35 
Time, 11-46 

days between dates, 11-129 
Toll roads and bridges, 3-80 

routes, induced traffic factors, 3-10, 3-11, 3-12 
tunnels, 10-08 

Topographic maps and surveys, 2-73 
accuracy, 2-79 
airport surveys, 5-16 
control surveys for, 2-73 
conventions and symbols, 2-77, 4-10, 4-11 


Topographic maps and surveys {continued) 
finishing procedures, 2-76 
highw'ay surveys, 4-05, 4-08, 4-09, 4-10, 4-11, 
4-12, 4-13, 4-14. 4-19 
photogrammetry m, 2-71 
photographic copying procedure, ASCE, 2-77 
plane-table meiiiods, 2-75 
preparing original sheets, 2-76 
printing, 2-77 
route surv'eys, 2-82 
survej's, 2-73 
airports, 5-16 

Topography, determinations in highway location 
surveys, 4-09, 4-13, 4-14 
site, 7-04 

Torus, mensuration formulas, 11-62 
Tower foundations, footings, S-09 
Track, see Railroads 

Tracks, running, surveying problems, 2-35 
Tracts, areas of, computation methods, 2-50 
Traffic (motor vehicular), see also Transit 
access control, 3-44 
accidents, analyses, 3-28 
costs, 3-29 

Lansing, Mich., 3-29 
data significance and uses, 3-27 
rates, by road types (tangents), 3-29 
fatality, 3-28 
reporting, 3-28 
street parking effects, 3-S6 
trends, 3-27 
alternative routes, 3-43 
bypass, 3-1$ 
comf'onents, 3-02 
control dences, 3-35 
crossing maneuver, 3-24 
directional distribution, 3-09 
distribution of vehicles, longitudinal, 3-20 
transverse, 3-19 
diverging maneuver, 3-24 
diversion curves, 3-44 
driver's role, 3-02 
driving on right, 3-32 
engineering, 3-02 

relation to highway engineering and city 
planning, 3-43 
flow, 3-02 

regulation, 3-30 
variations, 3-08 

mam rura.l highways, 3-09 
funneling, 3-63 
generation, 1-36 

business district, 1-38 
city size, 1-40 
express highways, 1-40 
land uses, specific, 1-36 
office building, 1-37 
headway, 3-21 
induced, 3-09 

toll crossing factors, 3-10, 3-11, 3-12 
intersections, 3-23 
lane change, 3-22 
laws, 3-30 

markings and markers, 3-35, 3-36 
merging maneuver, 3-24 
one-way regulations, 3-32 

effect on volume and speed, 3-33 
origin and destination, collection and analysis 
of data, 3-13 

by passable traffic, 3-18, 3-19 
right of way, 3-32 
j road surface, 3-46 

j friction, smoothness, and light reflection, 3-4)) 
I rules of road, 3-32 
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Traffic {continued) 
safety, 3-27, 3-86 
sight distances, 3-50 

effect of vertical curves, 3-55 
intersection, 3-53 
night, 3-54 
passing, 3-52 
stort)ing, 3-51 
signals, 3-39 
act'uition, 3-41 
wai rants, 3-39, 3-40 
signs, 3-37 

speed, and delay studies, 3-04, 3^6 
change lanes, 3-61, 3-62 
control, 3-34 
devices, 3-34 
eiliu-ation, 3-34 
enforcement, 3-34 
legislation, 3-34 
grade effects, 3-56 
operating, 3-04 
spot, 3-04, 3-05 
sustained, definition, 3-56 
zoning, 3-35 
stop, four-way, 3-34 
rule, 3-33 
time loss, 3-26 
stream flow, elements, 3-19 
random distribution, 3-21 
streets, capacitv affected by curb parking, 3-86 
one-way, 3-32 
through, 3-33 

trip generation, by cities, 3-16. 3-17 
length, 3-16, 3-17 
mode, by cities, 3-17 
purpose, 3-17 
turns, 3-34 

vehicle inspection, 3-30 
vehicles, 3-03 
volume, 3-06 

capacity, 3-66, 3-68, 3-69, 3-70 
definition, 3-66 
comijosition, 3-06 
counting, 3-06 
cyclical variations, 3-07 
highway design considerations, 3-09, 3-10 
maximum observed hourly, 3-67 
trtmds, 3-09 

WvUting time loss, 3-26, 3-27 
yield right of way, 3-34 
Trailers, earth-hauling, 9-09 
Transformer stations, railroad, 6-87 
Transit iinstrument), 2-08 
ad]-icitinents, 2-09, 2-10 

and tape traverse, see Traverse, transit and tape 

attachments, 2-09 

engineer's, 2-i)S 

plain, 2-OS 

precauT'ons, 2-09 

stadia surveys, 2-21, 2-73 

surveyor’s, 2-08 

telcsco[)c, 2-08 

uses, 2-14 

Transit and transportation, 'ce also Airports; Rail- 
loails. Rijads; Traffic 
capacities of fachties, 1-29 
movenwni of goods, 1-32 
new-route analysis, 1-31 
objectives, i-28 
operating practices, 1-32 
planning, 1-28 
riding habit analysis, 1-31 
routing lines, 1-30 
systems, piihhc ownership, 1-3''' 


Transit and transportation {continued) 
terminals, 1-31 
truck, 1-32 
types of facility, 1-29 
water, 1-32 

Trapezium, mensuration formula, 11-57 
Trapezoidal rule, 11-59 
Trapezoids, mensuration formulas, 11-56 
Traverse surveys, angle measurement, 2-14 
checks, 2-15 
closing side, 2-16 
equilateral triangular, 2-17 
error of closure, 2-15 
geodetic, 2-58 
accuiacy, 2-51 
computations, 2-5S 
in ground survey for roads, 4-09, 4-12 
parallel line past obstacle, 2-17 
idane-t.ilile, 2-30 
random line, 2-i7 
transit and rape, 2-46 
accuracies, 2-49 
adjustment, 2-49 
horizontal distances, 2-49 
loop closure, 2-46 
position closure, 2-46, 2-49 
use in transit-stadia surveys, 2-73 
Trenching machines, 9-03, 9-09 
Triangles, mensuration formulas, 11-56 

plane, relations between angles and side::, 11-67 
solution, 11-67, 11-68 
Triangulation surveys, accuracy, 2-51 

angle observation by direction theodolite, 2-55 
by repetition method, 2-56 
angles, 2-5o 
base lines, 2-53 
computations, 2-56 

eccentric rcfiuction, 2-56 
position, 2-5S 
general procedure, 2-52 
reconnaissance, 2-52 
strength of figure formula, 2-52 
Trigonometric functions, 11-63, 11-68 
anti- (inverse), 11-65 
relations, 11-67 
signs, 11-64 
values, 11-64 

and logarithms, 11-69 
leveling, 2-27 

geodetic surveying, 2-51 
observation at one station, 2-28 
rough method, 2-28 
simultaneous observations, 2-28 
Trigonometry, 11-63 
Trips, Traffic 
Trolley s}’stems, 6-87 
Troy weight, English system, 11-45 
metric equivalents, 11-47 
Trucks, earth-hauling equipment, 9-09 
off-street loading, 3-88 
terminals, 1-34, 1-35 

Tunnels and Tunneling, see also Railroads. Roads; 

Subways 

aqueduct, flood I'ontrol and power, 10-72 
caissons, 10-35, 10-37 
clay blanket, 10-31 
lomruesscd air, use, 10-30 
construction, in rock, 10-14 
in S')it niitenals, 10-19 
nutliods, American, 10-22 
At'Stnan, lU-23 
BelgMii, 10-23 
Kngl.sh, 10-22 

r*ermau, 10-23 
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Tunnels and Tunneling, construction, methods 
(conhnued) 

Italian, 10-24 
mining, 10-20 

’Pi'ith roof shields, 10-30, 10-88 
with shields, 10-24, 10-81 
with steel supports and liner plates, 10-21 
definition, 10-02 
economy of, 10-02 
geologic investigation, 10-13 
lining, design, 10-40 
loadings, 10-40 
materials, 10-39, 10-81 
stress analysis, 10-42 
railroad, 10-02, 10-48 
rapid transit, 10-06 
safety, 10-16 

sewers and miseellaneous, 10-79 
shafts, drop, 10-37 

freezing process, 10-37 
steel, 10-36 
timbered, 10-35 
subaqueous, 10-30 

built from surface, 10-33, 10-90 
compressed air use, 10-30 
New Yoik State regulations, 10-32 
subsurface site boring, 7-06 
surface and subsurface surveys, 10-13 
timbered headings, 10-21 
vehicular, 10-07, 10-52 
ventilation, 3 0-04, 10-09 

Turfing, airports, 5-51, 5-68 

Underdrains, 4-51 

Units of weights and measures, 11-44 

Vehicles, see Motor vehicles; Traffic: Transit; 
Trucks 

Velocity, Enghsh-metnc system equivalents, 
11-48 

Ventilation, railroad tunnels, 10-04 
subways, 10-07 
vehicular tunnels, 10-09 

Vernier, 2-04 
direct, 2-05 
retrograde, 2-05 
single, 2-05 
transit, 2-05 

Vertical curves, 2-121 
airports, 5-07 

highways, 3-55, 3-56, 4-27, 4-51 
railroad track, 6-36 

Volume measures, English sj’stem, 11-45 
metric equivalents, 11-48 

Water, see also Drainage; Soil; Waterways 
distilled, specific gravity, 7-32 
inflows in rock excavations, 10-19 


Water (continued) 
railroad supply, 6-60 
riparian rights in property surveys, 2-42 
tank capacities, 6-61 

Waterways, highway location survey factors, 4-14, 
4-16 

stream flow in culv'erts, 4-39 

interference by bridge piers, 8-51 
Weddle’s rule, 11-59 
Wedge, mensuiation formula, 11-60 
Weights, 11-44 

abbre\'iations, 11-45 
measures, English system, 11-45 
Wind, airports, data for runways, 5-13 
direction indicators, 5-60 
iliummated, 5-58 
loads on bridge piers, 8-50 
on foundations, S-03 
rose, 5-12 

Work, English-metric system equivalents, 11-48 
Wye level, 2-11 
adjustments, 2-11 
use in cross-section survey, 2-118 

Zone, mensuration formulae, 11-62 
Zoning, 1-55 

airport protection, 1-60 
appeals boards, 1-58 

business, in residential neighborhoods, 1-62 
extent in Unites States, 1-55 
floor-area ratio, 1-61 

houses, mimmum and “look-alike,” 1-60 
industrial, exclusion of new residential con¬ 
struction, 1-61 

in residential neighborhoods, 1-62 
large-scale developments, 1-62 
legahty, 1-55 

legislative purposes, statement, 1-60 
loading requirements, l-3i, 1-60 
New York City, 1-39 
new departures, 1-60 

non-conforming uses, retroactive elimination, 
1-59 

ordinances, 1-56 

New York City, 1-56 
overzoning, 1-59 
parking, off-street, 1-60 
requirements, 1-38 

residential, acreage lot requirements, 1-61 
light access to windows, 1-61 
‘’mixed,” 1-62 

non-nuisance business and industry in, 1-62 
usable open space, 1-61 
rural, 1-63 
speed, 3-34 

state enabling acts, 1-55 
Pennsylvania, 1-56 
transition, 1-62 
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